Appendix C to Hellwig and Schmidt:
Discrete-Time Approximations of the Holmstrom-Milgrom
Brownian-Motion Model of Intertemporal Incentive Provision

(not to be published)

In this appendix, we provide a detailed proof of Proposition 4. We begin with a few
remarks on the mathematical structure underlying the analysis. As before, we let C
be the space of continuous functions from [0, 1] into IRY . endowed with the topology of
uniform convergence, and for a given set K c IRV , we let Cg be the subspace of those
functions F € CV that have a Radon-Nikodym derivative fz taking values in K, so the
representation

F(o) = [ Cfe(t)ar (1)

A ~

is valid for some function fr € Ly([0, 1], K), where L, ([0, 1], K) is the space of (equivalence
classes of almost everywhere equal) measurable functions from the time interval [0, 1] into

the set K , endowed with the usual L;- norm.

Heuristically, the function fp(-) in (C.1) is the time path of controls fp(t) € K which
generates the cumulative control path F(-). Thus, (C.1) establishes a one-to-one relation
between control paths and cumulative control paths, between Ly ([0, 1], K) and Cg . Given

this relation, the cumulative total effort cost associated with a cumulative control path

F(-) is defined as

0(F) = [ e(e(t)it (C2)

In terms of economic substance, it does not make any difference whether we study
the agent’s problem in terms of control paths or in terms of cumulative control paths.
In terms of mathematics, the following lemma shows that if K is compact and convex,
then C’g is compact and the function I": CIQ(] — IR is lower semi-continuous. In contrast,
L1([0,1], K) is not compact, but cumulative total effort cost is continuous on Ly ([0, 1], K).
The net effect of these two considerations will be that it is easier to work with cumulative

control paths rather than control paths, i.e., with the space Cg rather than L, (][0, 1], K)
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Lemma C.1 Let K be a compact and convex subset of IRY. Then C’g 15 compact and

the function T : C’g — IR that is defined by (C.2) is lower semi-continuous.

Proof: Let ||.|| denote the Euclidean norm on IRY, and let &k := max,, [|pl| . For any
f € CY, one obviously has [|[F(t') — F(t")]| < k |t' —t"] for all # and ¢". Since (C.1)
implies F(0) = 0, one also has ||F(t)|| < k for all . By the Arzela-Ascoli theorem
(Billingsley, 1968, p.221), it follows that the closure of C’g is compact. To establish

compactness, it is therefore sufficient to show that C’g is closed.

For this purpose, we show that any function ' € OV that is a limit of a sequence
{F"} of elements of C'Y must itself be an element of C'¥. As a limit of Lipschitz functions
with the common Lipschitz constant k, F' must itself be Lipschitzian and hence absolutely
continuous. By the Radon-Nikodym theorem, it follows that F' satisfies (C.1) for some
function fp : [0,1] — IR™. To prove that F' € C¥ it suffices to show that fr(t) € K for

almost all ¢.

By Lebesgue’s theorem on the differentiation of a function of bounded variation, for
almost all ¢ € [0, 1], we have
. F({t+h)—F(t—h)
h—0 2h '
By the specification of F' as a limit of the sequence {F™}, it follows that for almost all
t € 10,1],

L FMt+h)—Fr(t—h)
fr(t) = lim lim 5 = lim lim ¢"(t +h,t — h),

where e
tjh fen () dt!
2h ‘
Given that K is convex and ¢"(t + h,t — h) is an average of frn(t') for t' € [t + h,t — h],
we have ¢"(t+ h,t — h) € K. Given that K is also compact, it follows that fz(t) € K for

almost all ¢, and hence that F' € Cg .

¢"(t+h,t—h):=

To prove that the function I'(.) is lower semi-continuous, let {F™} be any sequence
in C'Y that converges to a limit F, and consider the associated sequence {I'(F™)}. For any

nand h=1,2 .. (C.2) yields

Vb b s 1/h ih §
F(Fn) _ Zh f(z—l)h (}J:F (t))dt > Zh @ (f(z—l)h .];LF (ﬂdt)
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_ ”Zhh ; (F%’h) - f:«z' - 1>h>> |

i=1
where we use the fact that ¢(.) is a convex function. Given the convergence of F"(ih) and
F™((i — 1)h) to F(ih) and F((i — 1)h), it follows that
S (F(ih) = F((i —1
lim inf I(F") > sup) hé ( (ih) (@ )h)>
h =1

n—oo n>n

where we again use the fact that for almost all t, fr(t) = lim,_o[F([t/h]h + h) —
F([t/hh)]/h. Q.E.D,

Any control processes p2(.), u(.) in the discrete-time models and the continuous-
time model can be thought of as random variables on some underlying probability space
(Q, F,v) with values in Ly ([0, 1], K). The associated cumulative control processes M2 (.)
and M (.) can be thought of as random variables on (€2, , v) with values in C¥. Finally, as
discussed in Appendix B, the associated processes X2 (.) and X (.) of cumulative deviations

from the means are treated as random variables on (£, F,v) with values in C¥.

The control processes p?(.), u(.) in the discrete-time models and the continuous-
time model are determined by the agent’s control strategies and the cumulative-deviations

processes in these models. As discussed in Appendix B, a control strategy in the discrete-

A, T\m
=1

time model with period length A corresponds to a sequence {/i such that for any
7, i®7(.) is a function that indicates how the control chosen in period 7 depends on the
profit levels 721, ..., #*7~1 in periods 7/ prior to 7. Given that there is a one-to-one relation

AT in any period 7 and the vector X27 = ()~(1A’T, ...,Xﬁ”) of

between the profit level 7
increments of the cumulative-deviations process from period 7 — 1 to period 7, we can
equivalently think of a control strategy in the discrete-time model with period length A
as a sequence {17}, of functions ji7 of X1, .., X271, Given such a sequence, the
corresponding cumulative-control strategy is a sequence {MA7}™ | of functions M2 of

XA X271 guch that for any A and 7 = 2, ...m,

T—1
MAT(XA XA = 3 ST (XA XA, (C.3)
T'=1
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In terms of continuous-time representations of control processes and cumulative-control
processes as well as cumulative-deviations processes, control strategies in the discrete-time
models then correspond to suitably measurable functions from CV into Ly([0, 1], K), and

cumulative-control strategies correspond to suitably measurable functions from C¥ into

cy.

The following result, which is fundamental for the entire analysis, exploits the com-

pactness of the space C’g .

Proposition C.1 For m=1,2,..., and A = %, let {]\ZA’T}T:1 be a cumulative-control
strategy for the discrete-time model with period length A, and let {(M*>(-), X2(-)} be the
induced process of cumulative controls and cumulative deviations from the means. Any
subsequence of this sequence has a further subsequence which converges in distribution to
a process (M(-), X(-)) such that X (-) is the Gaussian process with initial value X (0) = 0,
zero drift, and covariance matriz X, and, moreover, for any t € [0,1), the continua-
tion {X(t')}v>t of the process X(-) and the history {(M (1), X (7)},<: are conditionally
independent given X (t).

Proof: For any A, let ®* be the distribution of the joint process (M?2(-), X2(-)). As
discussed in Appendix A, the cumulative control process M2(-) takes values in the set
C’g; by Lemma C.1, this is a compact subset of CV. The process X*(-) of cumulative
deviations from the means take values in CV. Thus ®2 is an element of the space
M(Cﬁ x OV of probability measures on C’g x ON. By Prohorov’s Theorem (Billingsley,
1968, p.240), the sequence {®2} is sequentially compact if and only if it is tight, i.e., if
and only if for any 7 > 0, there exists a compact subset K, C C’g x OV such that, for any
A, ®2(K,) > 1 —n. Since CY itself is a compact subset of OV, it suffices to show that
for any n > 0, there exists a compact subset K, C C such that @A(Cg x K,) >1-n
for all A. For this purpose, consider the marginal distributions U2 of the cumulative-
deviations processes (X2(+), ..., X&(-)). By Proposition B.1 in Appendix B, the sequence
{WA} converges to the distribution of the process X (+). By Prohorov’s Theorem, it follows
that the sequence {U2} is tight, so for any > 0, there exists a compact subset [_(,7 ccoN
such that, for any A, U2(K,) > 1 — 7. Since ¥2(K,)) = ®*(C¥ x K,), this implies that

the sequence {®2} is tight and, hence, sequentially compact.
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Let ® be a limit point of the sequence {®}, and let (M (-), X (-)) have the distribution
®. If ¥ is the marginal distribution on CV that is induced by ®, then by standard
arguments, ¥ coincides with the limit of the marginal distributions U2 of the processes
X2(.). By Proposition B.1 in Appendix B, it follows that X(-) is Gaussian with initial

value X (0) = 0, zero drift, and covariance matrix X.

It remains to be shown that for any ¢ € [0,1), the continuation {X (¢')}+~; of the
process X () and the history {(M (1), X (7)},<: are conditionally independent given X (¢).
For this purpose we note that, by (C.3), formulae (B.7) - (B.12) in the proof of Proposition
B.1in Appendix B remain valid if the symbol F2 in these formulae refers to the o-algebra
that is generated by the random variables MAL ZALAAL/AL ZAL/A] pather than just

A /AL Appealing to Theorems 6 and 7 of Gihman

the o-algebra generated by 721, ...
and Skorokhod (1979, p. 195) and using the equation X2(.) = (Q')"'Xg, as before,
we may therefore conclude that the (regular) conditional distributions of the continu-
ations {X2(t') }ueway given MAL 781 MAE/AL ZA/A] converge in distribution®! to
the conditional distribution of the continuation { X (') }s¢( 1) of the process X (-) given the
“Initial” value X (t). By an argument given in Hellwig (1996, pp. 452 ff.), this convergence
property of conditional distributions is sufficient for the desired conditional-independence

property in the limit. Q.E.D.

Let {(M*'(-), X2'(-))} be the subsequence of joint cumulative-control and cumulative-
deviations processes which corresponds to the specified subsequence {s2'(-)} of incentive
schemes. Any subsequence of {(M%'(-), X*'(-))} has yet a further subsequence which
converges in distribution to a pair (M(-), X(-)) such that X(-) is the driftless Brown-
ian motion specified in Theorem 1, and moreover, for any ¢, the history of the process
(M(-), X (-)) up to t and the continuation of the process X (-) from ¢ on are conditionally
independent given X (). Convergence of the sequence {(M2'(-), X2'(:))} itself is assured
if all convergent subsequences have the same limit. For this it suffices to show that the
control process f(-) which corresponds to the cumulative control process M (-) is actu-
ally an optimal control process for the agent in the continuous-time model with incentive

scheme s(-). This is so because, with a strictly convex cost function, by the results of

C-1Note that the conditional distributions themselves can be regarded as measure-valued random vari-
ables, i.e., functions from the appropriate spaces of histories into spaces of measures on continuations.
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Schéttler and Sung (1993, Theorems 4.1 and 4.2), regardless of the incentive scheme, the
solution to the agent’s problem in the continuous-time model is unique in the sense that

any two optimal control processes must have the same values almost surely for almost all

t € 10,1].

In an abuse of notation, we also write {(M*'(-), X2'(-))} for any convergent sub-
sequence, and we show that if {(M%'(-), X?'(-))} converges in distribution to a pair
(M(-), X(+)), then the limiting cumulative control process M (-) must almost surely coin-
cide with the process M*(-) which is optimal for the agent in the continuous-time model
with incentive scheme s(-). As discussed in the text, the argument proceeds in three
distinct steps. The first step involves showing that the agent’s expected payoff from
the limit pair (M(.), X(.)) in the continuous-time model with incentive scheme s(-) is
not significantly worse than his expected payoffs from the pairs {(AM2'(.), X2'(.))} in the

N N . . . / i
discrete-time models with incentive schemes s2" when A’ is small.

Proposition C.2 Under the assumptions of Proposition 4, if {(M*'(-), X*'(:))} con-
verges in distribution to (M(-), X(-)), then
lim sup [~Eexp{—r[s*(z*) = T(M*())]}]

A—0 Ar<A
N

< —Bep{-rls (040 + X)) - TOIO), ()

i=1

where 22 = YN Z8 (1) = SN [MA (1) + XA (1))

Proof: By Skorokhod’s theorem (see, e.g., Hildenbrand (1974), pp. 50 f.), convergence
in distribution of {(M%'(.), X2'(.))} to (M(.), X(.)) implies the existence of a measure
space (A, A, ) and measurable functions (f£}, f& ) and (far, fx) of A into Cg x O™ such
that, for any A’, the distribution of (M2'(.), X2'(.)) is awo (f&), f&) ™", the distribution of
(M(.), X(.)is ao(far, fx)~", and moreover, for a-almost every a € A, (& (.,a), f{'(.,a))
converges to (fu(.,a), fx(.,a) as A’ goes to zero. By the change-of-variables formula

(Hildenbrand (1974), p. 50), (C.4) is equivalent to the inequality

tin sup - [exo(—r(s¥ (U3 (1.0 + 2(1,0]) = P ) da)]
< — [ exp{=rls (;[fMiu,afoiu,a)])—r<fM<.,a>>]}da<a>. (©.5)
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By Fatou’s lemma, the left-hand side of (C.5) is no greater than
N
= fetor fin sl (SR + £ 1.0]) - TUR (O o). (Co
A—oo A< i=1
By construction of s(.), for any a € A, for which (£ (., a), f£'(.,a)) converges to ( far(., a),
fX(" CL)) )

lim sup s (i[fﬁ;u,anf;%;u,a)]) < o m i[fﬁ;u,awf)%;(l,a)])

AHO A’SA =1 A’—)O i=1
N
. (Z[fml,a) s fxxl,a)]) @)
=1

By Lemma C.1, for any such a € A,

lim sup [~T(f2 (a))] < ~T(lim f3 () = =T (far(.,a). (C8)

A—0 A/SA A’—0
Therefore, (C.6) is no greater than the right-hand side of (C.5). This proves (C.5) and
hence (C.4). Q.E.D.

In the second step of the proof of Proposition 4, we show that the agent’s payoff
from the limit pair (M (.), X(.)) in the continuous-time model with incentive scheme s(.)
is no better than his mazimal payoff in the continuous-time model with this incentive
scheme. For this purpose we will show that the pair (M (.), X(.)) can be interpreted as the
result of the agent’s choosing a mixed strategy, i.e., as the result of a prior randomization

over admissible pure strategies in the continuous-time model.

Proposition C.3 Let W € M(CN) be the distribution of the Brownian motion X (.)
with zero drift, variance-covariance matriz 3, and initial condition X(0) = 1, and let
F(CHN, C]]\([) be the space of functions from CN to C’g that are adapted to the filtration on
CN that results from augmenting the filtration generated by the N -dimensional Brownian
motion by the addition of null sets. There exists a measure P € M(}"(CN,CI]A}[)) such
that

d=(PxW)oy !, (C.9)
where ® € M(CY x CN) is the distribution of the limit (M(.), X(.)) in Proposition C.1
and 7y : ]—“(C’N,C’g) x ON — Cg x CN is defined by the formula

v(9, B) = (9(B), B). (C.10)
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Proposition C.3 is essentially a version of Kuhn’s Theorem for the continuous-time
agency problem. A measure ® € M(CY x C") that exhibits the conditional-independence
property established in Proposition C.1 can be interpreted as a behaviour strategy in the
sense that it allows for distinct randomizations at different information sets. Specifically,
if we think of a pair (F,Y) € C’g x O as a possible outcome resulting from the agent’s
behaviour, then ® is a mixture over such outcomes; moreover, for any ¢, the conditional
distribution over continuations {(M (1), X (7)},>; given the history up to and including
t corresponds to a mixture over the possible outcomes of these continuations, and the
“sequence” of such conditional distributions that is inherent in the specification of the
measure ¢ provides an analogue to the distinct randomizations at different informations
sets in the conventional specification of a behaviour strategy in a discrete-time model.
The proposition asserts that such a “behaviour strategy” can actually be interpreted as
the result of a prior randomization over pure strategies, where the latter are defined as
suitably measurable functions from the space C of time paths of cumulative deviations

to the space C’g of time paths of cumulative controls.

Proof of Proposition C.3: Given the measure ® € M(CY x CV), let ®(.|.) be a regular

conditional distribution on C¥ given {C¥} x B(CY). Formally, we treat ®(. | .) as a

measurable function from C into M(C’g ). By Lusin’s Theorem (see, e.g., Halmos, P.
(1950), Measure Theory, Princeton: Van Nostrand, p. 243), for n = 1,2, ..., there exists
a compact set CY € C such that W(C)') > 1 — % and, moreover, the restriction of the
function ®(. | .) to the set C¥ is continuous.

For any n, let C(CY, C]fg ) be the space of continuous functions from C¥ into Cg ,
adapted so that for any g € C(C}Y,CY), and any t € [0,1] and any B € C" the value
of the image g(.) at ¢, g(t;.), satisfies g(t; B) = g(t;B) for all B and B € CN with
B(t') = B(t') for all ' < t. The space C(CY,C¥) will be endowed with the topology of

uniform convergence.

Given a countable dense set of points Bl B2 ... in C¥  consider the sequence of

subsets P}, P2, ... of M(C(CY,CY)) such that

Pr={P € M(C(CY,CY))| for any Borel set Y € B(CY),
®(Y | B,) = P({g € C(C,. CR)| 9(B,) € Y}, (C.11)
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and, for 1 = 2,3, ...,

P, ={P € P,"| for any Borel set Y € B(C})
®(Y | B,) = P({g € C(C;.CY)| 9(B,) € Y})}. (C.12)
Clearly, for any i, the set P} is a nonempty and closed subset of M(C(C)Y,C¥)), and

one has Pi*1 C Pi. Tt follows that the sequence {P’} has a limit P,, which is again a
nonempty closed subset of M(C(CY, CY)).

We claim that any measure P € P, satisfies
(Y | B) = P({g € C(CY,CP)| 9(B) € Y})} (C.13)

for all sets Y € B(CY) and all B € CY. To verify this claim, fix B, € C}, and let {B"}
be any subsequence of the sequence {B!} such that B, = lim;_.., B}f. Given that the
restriction of ®(. | .) to C¥ is continuous, we have

lim [ f(M)d®(M| BY) = /C]y F(M)d®(M| B,) (C.14)

k—o0 JCOR
K

for any bounded continuous function f of C’g into IR. Given that P € P, = N2, P!, the
measure P satisfies (C.13) for B = B.', B”, ... This implies that

/C]y F(M)d®(M| B') = F(g(BE))dP(g) (C.15)

/C(c,fy,cg )

for all k. Given that the elements of C(CY, C’g ) are continuous, convergence of BY to B,
implies convergence of f(g(B.)) to f(g(By)) for any g € C(CY, CY) and any bounded

continuous f : Cg — IR. By Lebesgue’s bounded-convergence theorem, it follows that

5oy FOBNP@ = [ F(a(Ba)APLo) (C.16)

for any bounded continuous function f on C¥. Upon combining (C.14), (C.15), and
(C.16), one concludes that

[, sanaen By = [ fg(B.)P(9)

i(eiel))

for any bounded continuous function f on Cg. The validity of (C.13) for B = B,, follows

immediately.
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Recalling that C(CY ,C’g) is endowed with the topology of uniform convergence,
we can use the Borel g-algebra B(C(C,,CY) to specify on the underlying function
space F(CN,CY) itself a o-algebra A, of cylinder sets taking the form A = {g €
F(CY,CN)| (gICY) € Y} for some Y € B(C(Cy,CY); here (g|C)) denotes the re-

striction of g to C¥. The formula
Qp({g € F(CV,CHI (9ICY) €Y} = P(Y) (C.17)

etsablishes a natural bijection between measures P on (C(C)Y,C¥),B(C(C),CY)) and

measures Qp on (F(CV,CY), Ay).

Now consider the class A = U;Z, A, of all cylinder subsets of F(C™,CY), and let Q
be the set of countably additive set functions on (F(CY,CY), A). For any n, we define
Q™" as the set of measures () € Q such that the restriction of @ to A, satisfies (C.17) for
some P € P,.

We may assume that the sequence {CY} of compact subsets of C* in the application
of Lusin’s Theorem is nondecreasing. This implies that the sequence {A,} of o-algebras
on F(C¥V, CI]A\([ ) is nondecreasing, and in turn that the sequence {Q"} of sets of measures
on (F(CN,C¥), A) is nonincreasing. It follows that the limit Q* = NP2, Q" is a well
defined nonempty subset of Q.

Now let P be any element of Q*. By Kolmogorov’s Extension Theorem (see, e.g.,
Gihman, I. and A.W. Skorokhod (1972), Theory of Stochastic Processes, Vol. 1, Heidel-
berg: Springer, p.46), there exists a unique extension of P to the o-algebra generated
by A. In an abuse of notation, we refer to this extension also as P. Extending the set

function P still further, we introduce the set
Fo=A{g € }"(CN,Cg)\g(B) =0 for all B € [CM\ U™, CN]}

of those functions in F(CN,CY) that assign the null function to all B outside the sets

CN,C¥ | ..., and we define, for any A € A,
P(ANFy) = P(A)

and
P(AN[F(CN,CIN\F)) = 0.
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With this specification of a measure P on F(CV, C’g), it is now easy to see that the
distribution of the pair (9(B), B) € C¥ x CV that is induced by the product measure

P x W is exactly the same as the original measure ® on C¥ x CV. Q.E.D.

Corollary C.1 Let g* € ]:(C'N,C'g) be an optimal cumulative-control strateqy of the
agent in the continuous-time model with incentive scheme s(.), and let (M*(-), X*(+))
be the associated cumulative-control and cumulative-deviations process. Then the limit
(M(.), X(.)) in Proposition C.1 satisfies

N

Bexp{—rls @Mim . m») ST

<~ Bexp{—1[s (2<M:<1> ; XZ-<1>>) )] (C.18)

i=1

Proof: By the definition of (M*(-), X*(-)) and ¢*, we trivially have
N

~Bexp{—rls (S04 + X)) - TOr O

i=1
N
= [exp{rls (Z<g:<1,B>+Bi<1>>) ST(g (L B} AW(B),  (C.19)
i=1
where B € C¥ is any realization and W € M(C?¥) is the distribution of the Brownian
motion X (-).

The optimality of the strategy ¢* for the agent in the continuous-time model with

incentive scheme s(-) implies that

- femtorls (S 0.8+ B - T B ()
>~ [ exp{-rls (;@i(l, B)+ Bi<1>>) ST B aW(B)  (C20)
for g € F(CV, C’g ), i.e., for any admissible pure strategy of the agent in the continuous-

time model. From (C.20), we immediately obtain
~ [ew{-r ( (00,8 + B(1) ) = Tl B aw () (c21)
- [ Jestorts (St@t.8) + ) = Tlal B P x Wis. )
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where P € M(F(CN,CY)) is given by Proposition C.3. Since Proposition C.3 in turn
implies

N

 Bexp{rfs (zmm ; m») —TMO))

i=1

S - (é@i(l, B) + Bi<1>>) T(g( BY]} d(P x W) (9. B),

the validity of (C.18) follows immediately. Q.E.D.

In the third step of the proof of Proposition 4, we argue that the agent’s maxi-
mal payoff in the continuous-time model with the incentive scheme s(.) is not significantly
better than his maximal payoffs in the discrete-time models with incentive schemes s2(.)

when A’ is small. This is the point of

Proposition C.4 Under the assumptions of Proposition 4, if {(M*'(-), X% (-))} con-
verges in distribution to (M (-), X(-)), then

lim inf [~ B exp{—r{s* (%) = T(\M ()]}

N

> Bl (SOL0) + X0)) - TOrO) (C.22)

i=1
where (M*(-), X(+)) is the cumulative-control and cumulative-deviations process that is

generated by an optimal cumulative-control strategy g* € F(CV, C’g) of the agent in the

continuous-time model with incentive scheme s(.).

To establish this result, we shall exhibit a sequence of cumulative-control strategies
for the discrete-time models whose payoffs for small period lengths are not significantly
worse than the payoff from choosing the optimal cumulative-control process ¢g* at the
incentive scheme s(-) in the continuous-time model. Trivially, this will imply that for
small period lengths the payoffs of the optimal control processses in the different discrete-
time models are also not significantly worse than the agent’s payoff from choosing the

optimal control process p*(.) at the incentive scheme s(.) in the continuous-time model.
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The discrete-time cumulative-control strategies that we shall exhibit can be seen
as approximations to the optimal cumulative-control process ¢g* at the incentive scheme
s(+) in the continuous-time model. Complications arise because, apart from the need to
adapt control processes to the time structures of the discrete-time models, we need to
take account of possible discontinuities of the cost function I'(-) and the incentive scheme
s(.) as well as the strategy ¢*. The discontinuities in I'(-) and g¢* are taken care of by
the following preliminary lemmas. In (C.23) below, as in the text, £ is the maximum
of YN, yi; on the set K, and u(E) is the vector in K which minimizes ¢(;) under the

constraint "N, p; = E.

Lemma C.2 For any function g € ]:(C'N,C’g) and any h > 0, define a new function
function g(h,g) so that for any B € CV, g(-, B; h,g) € C’g is given as

9(t,B;h,g) = w(E)t if t<h (C.23)
and

it Bitg) = (1= h(; — [ ]atil[] - 1.B)

t t

+h(—M>g(h M,B), if t>h, (C.24)

where {%] is the largest integer not exceeding . Then g(h, g) € F(CV, C’g), and, for any
BeCV,
%in%g(-, B;h,g) = g(-, B), uniformly in B, (C.25)
and
lin T(3(- Bs h. g)) = T(g(B). (€.26)

Proof: Since g(-, B) € C for all B, (C.23) and (C.24) imply that for any € (0,1] and
any B € CV | the function §(-, B; h, g) has a Radon-Nikodym derivative fa(.,B:hg) Satisfying

fot.Bag)(t) = W(E), if t<h, (C.27)
and
hit|,B)—g(h(|t| -1),B
fat.Brg(t) = i), 7) i((m W
1 h[%] / / :
_ h/h([z]_l)fg(,,B)(t)dt, it t>h (C.28)



Since u(E) € K and, for any t, f,.p)(t) € K, and K is convex, it follows that
fo.Brg)(t) € K for all t, and hence that §(-, B;h,g) € CY. (C.23) and (C.24) also
imply that the map B — §(-, B; h, g) has the same measurability properties as the map
B — g(-, B). Therefore g(h, g) € F(CV,CY).

Since fy..5)(t") € K for all B, the difference g(h [ﬂ ,B) — g(h([ﬂ — 1), B) on the
right-hand side of (C.24) is bounded, uniformly in ¢, B, and h. For any ¢ € (0, 1] then,
(C.24) implies (C.25) because

) t
fim (5] -1 =1

and the functions g(-, B) are equicontinuous. Finally, we note that (C.2), (C.27), and
(C.28) yield

DG Bihg) = [ fsman(®)i

T Fs(®) d
= BN+ 3 hi (f<z—1>hf}(L7B>() )

for any h > 0 and any B € CV. By the convexity of ¢, it follows that

I'(g(-, B;h,g))

IN

- [Z-1
BN+ X [ () d

< ¢(u(E)h+T(g(-, B)) (C.29)

and hence that limy,_qsup,<; I'(g(-, B; h, g)) < I'(g(-, B)). By Lemma C.1 and (C.25), we
also have limy,_qinf, <z T'(g(-, B; h,g)) > I'(g(-, B)). (C.26) follows immediately. Q.E.D.

Lemma C.3 Let g € F(CV,CY) be such that the function

B = fy.5() (C:30)

of CN into L1([0,1], K) that is defined by the Radon-Nikodym derivatives of the images of
g is continuous. Then the functions B — g(-, B) of CY into CY and B — T'(g(-, B)) of
CN into IR are continuous, and the convergence in (C.26) is uniform over any compact

subset of CN.

Proof: Given the continuity of the function (C.30) and the boundedness of ¢ on K,
continuity of the functions B — g¢(-,B) and B — I'(g(-, B)) follows from Lebesgue’s
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bounded-convergence theorem. To complete the proof, consider any sequences {h*}
converging to zero and {B*} converging to B* € CV¥. Then from (C.29), we have
L(g(-, B¥; h*, g)) < é(u(E))h* +T(g(-, B¥)) for all k, and hence

lim SupF<g<7Bkuhk7g)) < lim supF(g(,Bk)) :

Given that B* converges to B* and the map B — T'(g(-, B)) is continuous, it follows
that limy ., sup,z I'(g(-, B A", g)) = T'(g(-, B*)). By Lemma C.1 and the continuity of
the map B — g(-, B), we also have limg_,, inf,-z T(g(-, B¥; k¥, g)) > T'(g(-, B*)). Thus
limy oo T'(g(+, B¥; h*, g)) = T(g(-, B*)), and the convergence in (C.26) must be uniform

over compacta. Q.E.D.

Lemma C.4 For any g € F(CN,CY) and k = 1,2,..., there exist functions g"(g) €
F(CN,CF), such that (i) for W - almost every B € CV, g*(-, B; g) and T'(g"(-, B; g))
converge to g(-, B) and T'(g(-, B)) as k goes out of bounds, and (ii) for any k, the function
B — fyr(.5.g)(-) of CN into L1([0,1], K) that is defined by the Radon-Nikodym derivatives

of the images of g*(g) is continuous.

Proof: Using Lemma C.2, for the given g € F(C¥, Cﬁ) and k = 1,2,..., let h* be such
that for all B € C' and all t € [0, 1],

o(t, B; h*, g) — g(t, B)| <

E

Note that for each k, the Radon-Nikodym derivatives f;. g.ur o) (+) of G(-, B; h*, g) take the

form
f§(~,B;hk,g)(t) = dﬁ/hk](B)7

where d¥,j = 0,1,...,1/hy, — 1, are suitably adapted functions on CV. By Lusin’s Theo-
rem (see, e.g., Halmos, 1950, p.243), for each k and j, there exists a compact subset C’,i\]f- of
CN, with W(CP) > 1 — h¥ /2%, such that the restriction of the function d¥ to the set C}Y
is continuous. By Tietze’s extension theorem, for each k£ and j, there exists a continuous
function 3? of CV into K such that E?(B) = dj(B) for all B € Cj. Without loss of

generality, we may assume that for each k and 7, E? shares the measurability properties
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of df so 8?(3) is independent of the behaviour of B(t) for t > jhy. If we define ¢*(g)
inductively by setting
g"(t.Big) = tdy(B) if t<hy

and
06, Big) = gt/ halh, Brg) + (¢ — hilt/))dlyy (B) iF t € (hy,1]

we therefore have g*(g) € F(CN,CY). For any B € C, the Radon-Nikodym derivative of
g*(B) satisfies:

forBg(t) = 3@/@](3) ;
so that indeed the function B — fyi(. p.o(-) of CV into Ly ([0, 1], K) is continuous. If we

write CfY = mg.l:/{;k]‘l C, then for B € CyY, we also have

fg’“(wB;g)(t) - fé(wB;h’“,g)(t)
for all ¢, hence ¢*(-, B; g) = g(-, B; h*, g).

For r = 1,2,..., let CN" = Nk>r C}), and CN* = lim, .., C". By elementary set

theory we have

[1/hk]—1
chr = CN\U[CN\C,ﬁV] and Cy = CN\ U [CN\C,Z-],
k>r j=0
hence,
W(EN) > 1= W(EN\ ) = 1= (1-W(C}))
k=r k=r
and
N [1/hg]-1 N v [1/hy]—1 N 1
W(ECY) > 1= > WEY\Cy) > 1= > (1-W(Cy) = 1-5
§=0 §=0

because W (CJ}) > 1 — h*/2% for j =0,...,[1/h] — 1. It follows that for any r,

) < /1 1
W(CNT) > 1—2(20 - 1- 2,

k=r

and hence that W (CV*) = 1.

For any B € C™* though, we have B € CN" for some 7, and hence B € CY for any

sufficiently large k. But then B € CV* implies wy(B) = w (B) for any sufficiently large
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k and hence, by Lemma C.2, limy_ .o ¢*(-, B;g) = g(-, B) and limy_. I'(¢*(-, B; g)) =
I'(g(-, B)). The subset of C for which ¢*(-, B;g) and I'(¢*(-, B; g)) converge to g(-, B)
and ['(g(-, B)) contains C™* and hence has W-measure equal to one. Q.E.D.

We now turn to the specification of cumulative-control strategies for the discrete-time
models that will approximate the payoff from the optimal strategy ¢* at the incentive
scheme s(-) in the continuous-time model. Let ¢g*(g*), k = 1,2,..., be the continuous
approximations to the strategy ¢g* that are given by Lemma C.4. For any k& and any

e > 0, define g™ (g*) so that
g (t,B) = (1 —¢)g"(t, B) + etu(E) (C.31)

for any t € [0,1] and any B € CV. For any k, € > 0, and A’ > 0, use Lemma C.2 to
define discrete-time approximations 2% = g(A’, g*(¢g*)) and g~ = §(A’, g**(g*)) of the

cumulative-control strategies g*(g*) and ¢g**(g*), and note that, trivially,
g2 (t,B) = (1 — &)g™™*(t, B) + etu(E) (C.32)

for all ¢ € [0,1] and all B € CV.

For any k,e, and A/, ¢®* is an admissible cumulative-control strategy for the
discrete-time model with period length A’. To see this, note that the Radon-Nikodym
derivative fjare( pyof g~'*e(., B) satisfies
k t 1 * k t ! *
9"((|&]) A, By g*) = 9"((| 2] = DA, B g7) _
st = (12 = kd +en(E)

for almost all ¢ € [0, 1]. For t < A/, we have

foaree( gy (1) = p(E);
and for 7 =1,2,..., 5, and t € (TA/, (7 +1)A],

TN
SN oy ()t _
Fopnne( (1) = (1—g)f“ L4 fgkA(';B’g () +eu(E), (C.33)

indicating that f am( p)(t) is constant on (TA', (7 4+ 1)A], that fam( p)(t) is a convex

combination of elements of K and hence itself an element of K, and that foare( ) (1)

C-17



depends on information about B only to the extent that such information is available as
of TA' = | 4| A

Given the cumulative-control strategy ¢®**(., .), an admissible control process p

A’ke(_)
and associated process X2*¢(.) of cumulative deviations from the mean are defined by
a recursion argument. For t < A/, u2'*(t) = u(E), and, in accordance with (19) and
(20) in the main text, X2A%(t) = th,A'2(AX! — p&'(u(E))). For 7 = 1,2, ..., ~, and
te (tA, (t+1)A],

PR = e (8): (C.34)
and

ke e t t 1 ~A/7 ’ ke

X0 = X[ | A0+ (0= | o] At (AN = (). (0.35)

If we write M2%(.) for the associated cumulative-control process and ®2'* for the
joint distribution of the pair (M4*(-), X2'%¢(.)), we obtain the agent’s expected payoff
A/ks(.)

from choosing the control process u in the discrete-time model with period length

. . ’
A’ and incentive scheme s2'(.) as

N

- exp{—r[s® (Z(Mi(l) + Bi(l))> —T(M())} ™M, B).  (C.36)

Ny ON
CKXC i—1

To prove Proposition C.4, we will show that if A’ is small, then for suitably chosen k and
e, this payoff is close to the expected payoff (C.19) from the optimal strategy ¢* in the
continuous-time model with incentive scheme s(.). Formally, we shall claim that for any

given 1 > 0 and any sufficiently small A’ > 0, there exist k and ¢ such that

= oo exp{—r[s® (;(Mi(l) + Bi(l))> — D(M())]} d®*™ (M, B) (C.37)
> ) [, el (SOR) + ) - T0r O] (0 5),
where ®* is the joint distribution of M*(-) and X (-). Since n > 0 is arbitrary and, trivially,
for any A’
—Bexp{—r[s® (%) = T(M* ()]} (C.38)
> [ el (SR + B)) - T} a0¥ (01, 5),
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this will be enough to establish (C.22) and prove Proposition C.4.

As a first step towards proving (C.37), we show that for any e > 0 and any k, the
distributions ®2%* converge to the distribution ®* of the pair (¢*(B;g¢*), B) that is
induced by the measure W on C¥. Indeed, controlling also for the behaviour of T'(M),

we obtain the following slightly stronger result:

Lemma C.5 For any e > 0 and any k, as A\’ converges to zero, the distributions ®~'% of
the triples (M,T'(M), B) that are induced by ®*'* converge to the distribution ® of the
triple (g**(B; g*),T(g*(B; g*)), B) that is induced by the measure W on CV.

Proof: We need to show that
Jim [ hOM,TO0), B) d9¥ (M, B) = [ h(g*(B:g"). T(9" (B:g")), B) dW(B) (C.39)

for all bounded, continuous functions h : C’g x IR x CV. By construction, for any A/, k,

and e, we have

[ RO D), B) 40X =(M, B) = [ h(g* " (B; ") T(g*"(B; ")), B) (D),

(C.40)
where A% is the distribution of the process X“*¢(.), i.e., the marginal distribution
on CV that is induced by ®2'*. By Proposition B.1 in Appendix B, as A’ converges
to zero, the distributions W2* converge to W. By Skorokhod’s Theorem (Hildenbrand,
1974, p. 50), it follows that there exists a measure space (A, A, «) and random variables
BA% B* on (A, A, «) such that for any A’, k, and &, U4'* = q o (B2*¢(.))~! and
W = ao (B*(.))"!, and moreover, as A’ converges to zero, B2**(a) converges to B*(a)
for a-almost all @ € A. Using the change-of-variables formula, we can write (C.40) in the

form
/ h(M,T(M), B) dd>*(M, B)
= [ B (B ) ). D0 (B a): "), B (a) dafa).  (CAD

Observe that for any ¢ > 0 and k, g*(g*) satisfies the conditions of Lemma C.3. By
Lemmas C.2 and C.3, it follows that the convergence of B2*(a) to B*(a) implies

the convergence of g2*(BA*(a); ¢*) = G(B2*(a); A, g*(g*)) to ¢"(B*(a);g*) and
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of (g™ (BA*(a); g%)) = T(3(B**(a); A', ¢*(g))) to T(¢**(B*(a); ¢")). With h con-

tinuous and bounded, it follows that

Jim Bg™ (B (a); 7). D(g™(BY(a): 7)), B ()

= h(g™(B*(a);97), T(¢*(B*(a); g7)), B*(a))
for a-almost all a € A and hence, by Lebesgue’s bounded-convergence theorem, that
lim [ h(M,T(M), B) A2 (M, B)

= lim [ (g (BY(a);9"), D(g™ ™ (BY () 9%), B (a)) daa)

= [ B (B (@) g). (g™ (B(a): g")). B (a)) daa).

Given that W = a o (B*¥(.))™!, (C.39) follows by another application of the change-of-
variables formula. Q.E.D.

Whereas in Lemma C.5 the continuous approximations of the strategy ¢* were kept
fixed, the following lemma shows that in fact the conclusion of the lemma remains valid
even if we let k£ go out of bounds as A’ goes to zero. Notice that as k goes out of bounds,

the functions ¢g**(g*) converge to the function g*¢ satisfying

§*(t,B) = (1 — £)g*(t, B) + etu(E) (C.42)

for any ¢t € [0,1] and B € CV.

Lemma C.6 For any ¢ > 0, there exists a sequence {k;A/} such that, as A" converges
to zero, the distributions AR of the triples (M,T'(M), B) that are induced by AR
converge to the distribution ®° of the triple (¢*(B),T'(¢**(B)), B) that is induced by the

measure W on CN.

Proof: Let p denote the Prohorov metric on M(C’g x IR x CV). Lemma C.5 implies
Jlim. p(DAFe DRy = (C.43)
for all k£ and . Also, Lemma C.4, in combination with Theorem 5.5, p.34, of Billlingsley
(1968), implies
lim p(®*, &%) =0 (C.44)

k—oo
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for all e. Fix £ > 0. Then for each integer n, there exists k, such that p(®™¢, &) < L.
By (C.43), for each integer n, there also exists A/, > 0 such that p(@4»F=¢, §*=¢) < 1 For
any A’ > 0, define

n*(A') := sup{n|A!, > A’}

and
A
k‘ = kn* (A’) .

Then, by construction,

p(éA/kA/g’ (T)a) < p(@A/kn*(A/>e’ (i)kn*(A/)E) + p((i)k"*(A’)e,(i)E) <

(D) (C.45)
so we have lima/_ p(@A/kAle,@e) = 0 if lima/on*(A") = co. Suppose to the contrary
that limas_on*(A’) # oco. Since n*(A’) is obviously nondecreasing in A’; there exists n =
limas—on*(A’). Consider A% . Since n+1 > n*(A’) for all A’ > 0, we must have AL | =
0, contrary to the specification of AL . The assumption that lima/_on*(A’) # oo thus
leads to a contradiction and must be false. By (C.45), it follows that limas_ p(@A/kAIE, Pe) =
0. Q.E.D.

Using Lemma C.6, in (C.37) set k = k%', and note that, by the definition of @A"“A/S,

= oo exp{—r[s* (;(Mi(l) + Bl-(l))> —T(M(-)]} d®~"* (M, B) (C.46)
= T ov IR exp{—r[s® (Z;(Mi(l) + Bi(l))> — T} d®2'* (M, T, B).

By the definition of ®*, we also have

—(1+7) /CMN exp{—7[s (f:l(Mi(l) + Bi(l))> — D(M*(-)]}d®* (M, B) (C.A7)
= ) fewfrls (Y B+ BO)) - Tl BN av (5
so (C.37) is equivalent to the requirement that
~Jowetren exp{—r[s* (é(Mi(n + Bi(l))> — T} ¥ (M, T, B)  (C.48)

N

> () few(rls (Y0, B)+ B)) T () W (B)

i=1
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By another application of Skorokhod’s Theorem, there exists a measure space (4, A, )
and random variables (M2'c, T'A¢, BA'€) (M¢, T, B?), such that for any A’ and ¢, AR e
oo (M2, T2 BA9) =1 and ®° = avo (M¢, T, B°)~!, and moreover,

Jlim (M4%(a), T%*(a), B%*(a)) = (M*(a),[*(a), 5*(a)) (C.49)

for a-almost all a € A. Another application of the change-of-variables formula yields
N

- exp{—r[s® (Z(Mi(l) + Bi(l))> — T} d®A*e(M,T, B) (C.50)

CgXIRXCN i1
N
= = J el (SO0 + B (10)) - P ) dato)
i=1
Lemma C.7 For a-almost every a € A,

MWMM[<&W%M@WW%WWH

A—=0AT<A i=1
N

< exp{rls (L0050 + Biltsa)) ) - Fal) (51

i=1

Proof: To establish (C.51), we first note that (C.49), the definition of ¢ = ao(M¢, I, B<)~!
and (C.42) imply

N N
. YA DA'e /1. _ re(q. RE(.
Bim S O1(150) + B (1) = ;M@@@H4ML®) (C.52)
N ~
= E:g"“elBE ZBf(l;a)
i=1
= eE+(1-¢) ZgleE ZBHa

1=1
for a-almost every a € A. By the definition of the incentive scheme s(.), it follows that

N
. A/ YACIED PA’e (1.
Jim s (;li(Mz- (La) + B; (1,a)>>

= s<5E+ (1—¢) ZgleE +ZBala> (C.53)

1=1 =1
whenever ¢F + (1 — &) X, g7(1, B*(a)) + XN, Bi(1;a) is a continuity point of s(.). By
the definition of s(.) in combination with the monotonicity of s2'(.) and s(.), we also have

i(M?/‘E(l; a) + BE(1; a)))

=1

> (zgm,ma» +zés<l;a>) (C.54)

i=1 i=1

lim inf s®
A0 A'<A
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whenever YV, ¢#(1, B*(a)) < E. Upon combining (C.53) and (C.54), we see that (C.54)
holds for any a € A which satisfies (C.49) and for which E + Y, B:(1;a) is a continuity
point of s(.). Since ®° = o (M®, 1, B5)~" implies a o (B*)~' = W, under the measure
o, E+YN, B:(1;a) has a normal distribution; because this distribution assigns mesaure
zero to any countable set and because the monotone function s(.) has at most countably
many points of discontinuity, it follows that the set of a € A for which (C.54) holds
is the intersection of two sets of full measure and must itself have full measure. Thus
(C.54) holds for a-almost all a € A. Since (C.49) also implies lima/_o ' (a) = T*(a) for
a-almost all a € A, the validity of (C.51) follows immediately. Q.E.D.

Lemma C.8 For any ¢ > 0 and any null sequence {A’}, the corresponding sequence of

integrands in (C.50) is uniformly integrable.

Proof: By the definition of ®**’, the integrals in (C.50) can also be written as

— [, exp{—rls® (2@?’“'&(1, B)+ Bi<1>>) —D(g*5(B)]} dU¥5(B),

1=

where WA*'e s the marginal distribution on CV that is induced by AR Given that
the integrands are nonnegative-valued, it suffices to show that there exist measurable

functions A%'(.) of O into IR, such that, for all A,

exp{—r[s® (Z@f”f”a(l, B) + BM))) —T(¢™*'(B)]} < ¥ (B) (C.55)

i=1
for almost all B € C, and moreover, the sequence {h*'(.)} is uniformly integrable. With

hA'(B) > 0 for all A’ and all B, uniform integrability of the sequence {h*'(.)} is equivalent

to the requirements that, as A’ goes to zero, h*'(.) converge in distribution to A(.) and

Jon B2 (B) d\IfA/kA/S(B) converge to [on h(B) dW(B) (Hildenbrand (1974), p. 52).

Construction of the majorizing functions h*'(.) involves three arguments. First, for

any y € IR, standard analysis yields

(e’ yu [e’e] y2v o0 y2v ) y2v ) [e’e] y2v
— 7 < < 1
Pl) = 2 S22 o YL i S 2o T Y L oy
0o y2v 00 y2v
< 2 2420—1)=2+2 C.56
S 2L iU =242) 5 (€56



Second, for any n, the cost term in (C.55) satisfies
(g™ e(1.B) <@, (C.57)

where ¢ := max,_; ¢(p). Third, for any A’, the incentive payment in (C.55) satisfies

& (Zl@?”f”ea, B)+ Bi<1>>)
1/A" N
> S+ 3 S (Bi(rAsa) — Bi((r — 1)Aa)) &(p”™) (C.58)

=1 i=1

with probability one for some constant S; for any A’ the marginal-cost terms ¢ () in

(C.58) correspond to the control process u'(+) that the incentive scheme s2'(.) serves to

implement.

Before proving (C.58), we note that if we apply (C.56) - (C.58) jointly to (C.55), we

obtain

exp{—rls® (zl<g?’kA’f<1, B+ BD) - T 0.
(S, S24 (BirA) = Bi((r — DA é(u7))
= Bt Z 20— 1) }

< h*(B)

for WA*'e_almost all B € N , where
A (B) = 2eTA9{14

o 2 N 1/A 2
S @ (Z > (Br) = Bil(r - 1>A'>> 5
with 7 := max, ; max; ¢;(u). If we define h(B) := 2¢7 742 (1 4 4202), then Proposition

B.1in Appendix B implies that h*'(.) converges in distribution to h(.) and [~ h*'(B) d\IJA/kA/E(B)
converges to [on h(B) dW(B) and, hence, that the sequence {h*'(.)} is uniformly inte-

grable.

To establish (C.58), we recall that, by assumption, for any A’ > 0, the incentive
scheme s2'(.) serves to implement the control process ' (-) and, moreover, this process

takes values in the interior of K. By Theorem 4 of Holmstrém and Milgrom (1987) and
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(27) in the main text, this implies that if cumulative aggregate output is equal to

, N , /A N
SARA e 3 zZ5 ke Z i Z (A2 ker _ Pi), (C.59)
i=1 =1
then the incentive payment to the agent is equal to
al, N /A A’
SA (ZA k Z Z AA k= et A 7 (060)
=1 7=1
where, for any 7 and 1 =1,2,..., N,
A'r Iaf AT 1 A (AT It S Alr "
sp o= Ae(ptT) = —In |1 —ré(p )? Z 5 (2 Tk (A)2
r —
> Net+é (ki (A)? — Z P (A7) (A Tk (A3, (C.61)

and therefore

NI

N N
~ ’A/&‘T 'r ~ ’A/&"T / ' ~ 'r
DOATTTTSET > Nt 3O (AF T — i (uS )& (S ki (A)
=1

)
=1

N , N )
= Net (22T = 2 a () +

=1 b3

(B — p2 (7)) (™ ")k (A)2

s

Il
—

A AT ()

NE

N , N )
= Neb 3o (X - X (i) 4
i=1 1

-
Il

N , A /
> NA+ S (XARY e xARTeT Tl 6 (AT, (C.62)
=1

where A =c+min,, ZZ V(i —p17) ¢ (). Given that under the control process uA/kAIE(-)

the random variable z2'**¢ takes the form (C.59) with probability one, (C.60) and (C.61)

imply that the incentive payment SA/(zA/kAle) must satisfy the inequality
’ 1.0 1A' N 1.0 Al ’
8A<ZAk e) > A+ZZXAk eT XAk e,T— I)C(MAT> (063)
=1 i=1

with probability one. This means that (C.58) holds for any A’ and AR almost all
BecCN. Q.E.D.

Proof of Proposition C.4: Suppose that the Proposition is false. Then there exists n >

0, and there exists a null sequence {A’} such that

—Eexp{—r[s® (z%) = (M~ ()]}

N

< —(1+2n)Eexp{—rls (Z(M*(l) + X@'(l))> = LM ()} (C.64)

=1
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for all A’ along the sequence. By the optimality the strategy x*'(-) in the discrete-time

model with period length A’ and incentive scheme s2(-), it follows that

- /ngcw exp{—rfs™ (;(Mi“) + Bi(l))> —T(M(-))]} d®* (M, B)  (C.65)
= T JordReos exp{—r[s® (;(Mi(l) +Bi(1))> — T]} dBAFE (ML T, B)
< —(1+2n) /CN exp{—r|s (.21(93(17 B) + Bﬁ))) —T(g*(, B))]}dW(B)

for any € > 0 and associated sequence {k*'} given by Lemma C.6. Then (C.50) yields

— [ explrls® (;Wf’eu; 0) + B a>>) ~ 4% (a))} dafa) (C.66)

<~ [ epl-rls (Y5 + B0)) - Tl ( B

i=1
for any e > 0 and any A’ along the null sequence in question.

However, from Lemmas C.7 and C.8 in combination with the Generalized Lebesgue’s

Theorem (Hildenbrand (1974), p. 50), one also obtains

lim inf —/ exp{—r[s® (é(MiA/E(l;a) + Be(1; a))) —T%*(a)]} dafa)

N

> [ expl-rls (Z<g:<1,és<a>>+éf<1;a>>)—ff<a>]}da<a> (C.67)

i=1
for any ¢ > 0. By the definition of ® = o o (M¢,I'°, B)~! and the change-of-variables

formula, (C.67) can be rewritten as

i ot = el (D01 + 5110 ) < (o)} et
> = [ el (S5 4 B)) - T BaVE). (Co)

By the definition (C.42) of ¢*¢, in combination with the monotonicity of s(.) and the
convexity of I'(.), it follows that

N

tim inf — [ exp{—rfs* (ZWZA'%L a) + BA(1; a>>) — T%%(a)]} da(a)

=1

> — /CN exp{—r (Z g: (1, B) + B; (1))) —eé(u(E)) — (1 —¢e)(g*(., B))|}dW (B)
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for any € > 0. If ¢ > 0 is chosen so that

exp{refe(u(E)) — miné(u)]} <1+,

it follows that

lim inf —/Aexp{ (g: (1;a) + B2®(1; a))) — P2 (q)]} dafa)

A—0 A'<A Pt
> () [ owrls (Y6008 + B ) - Tl BN ()60

which contradicts (C.66). The assumption that Proposition C.4 is false has thus led to a

contradiction, which proves the proposition. Q.E.D.

Proof of Proposition 4: Given that

lim inf [-F exp{—r[sA,(zA/) — F(MA/(-))]}]

< iim sup [-E exp{—r[s®' (z%) = T(MY ()]}, (C.70)
—0 A'<A

the three inequalities (C.4), (C.18), and (C.22) imply that

Jimy =B exp{—r[s¥ (%) = T(M¥ ()]}

_ Bexp{rls <ZI<Mi<1> ; XZ-<1>>) ()]} ©.1)
and
_Bexp{rls (z:luwi(l) " XZ»<1>>) ()]}

N

— _Bexp{—rls <Z<M:<1> ‘ m») _rarO)), )

i=1

i.e., that the limit pair (M(.), X(.)) provides the agent with the maximal payoff that
he can obtain in the continuous-time model with incentive scheme s(.). Given that, by
the results of Schéttler and Sung (1993, Theorems 4.1 and 4.2), with strict convexity of
the cost function ¢, the solution to the agent’s problem in the continuous-time model
is unique, this implies that the measure P in Proposition C.3 is degenerate and assigns

all mass to the strategy ¢*. Any limit (M (.), X(.)) of (a subsequence) of the sequence
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{(MA'(-), X2'(-))} must therefore satisfy M(-) = M*(-) almost surely. This implies that
the sequence {(M*2'(-), X2'(-))} itself is converging to (M*(-), X(-)).

To complete the proof, we note that, by (C.71), (C.5) can be rewritten as

i [ el (U0 + R 010]) - IO ) data)

[ exp—rls (;[fml,a) " fxiu,a)]) ()} dafa).  (C.73)

Thus, all the inequalities in the proof of Proposition C.2 must in fact be equations, i.e.,

we must have

i fesp{orls®
= el s (

as well as

Mz

[fin(La) + f3(1, a)]) —T(fii ()]} da(a)]

@
Il
—

Mz

[fin(L,a) + in/(lva)]> =T (fir (@)} da(a))(C.74)

1

1

o (U3 00+ R 00 = (Slwo + feal) @

!
Al—0 i=1 i=1

and

lim [~T(f3 (..a))] = ~T(fur(- ) (C.76)

A/ —o0

for a-almost all a € A.

In view of (C.75), convergence of expected incentive payments is guaranteed if the
sequence {s& (ZN (L) + f2(1, )])} = {s& (zA')} is uniformly integrable. The

argument is similar to the one given in Lemma C.8: For any A/, s*'(.) satisfies

s (2Y) = é/z:: Al AT (C.77)

where
N / N 1 I/Al ~ Al
=3"ZM1) =Y k(A2 (AN - ), (C.78)
i=1 i=1 =1

and, for any 7 and i = 1,2,..., N,

r

NJ\»—‘
i M =

/ / 1 I 1
8T = ANe(pA ™)== 1In (1 — e (pt & (A (A )2) (C.79)

C-28



and
so = Ae(utT) - - ln (1 + TZPJ T)éj(uA'T)/fj(A’)é) (C.80)

7j=1

Upon using Taylor expansions, as before, we can write (C.77) as

1/A N 1/A
() = AT AT+ 30 Y a(A XA (rA) — XE (7 — DA
=1 =1 =1
N 1/A . N 2 )
+5 ZZMA é Zﬁé ATV | 4+ O((A)2)(C.81)
=1 =1 j=1

with higher-order terms being uniformly small. Uniform integrability follows immediately.

This completes the proof of Proposition 4. Q.E.D.
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