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Supplementary Appendix SA: Proof of Proposition 1

The proof starts with an auxiliary lemma, which gives the interim utility for any oppo-
nent strategy profile μ−i and will be useful later on. To this end, I define

Wi(q|bi, μ−i ) = 1 −
∫
Vn−1

∫
Bn−1

Hb
i (q) dμ1(b1|v1 ) � � � dμi−1(bi−1|vi−1 )

dμi+1(bi+1|vi+1 ) � � � dμn(bn|vn ) dη−i(v−i ),

which returns the (decreasing) probability that the allocated quantity qci for bidder i with
valuation vi strictly exceeds q ∈ [0, Q] when the submitted demand schedule is bi and
the opponent strategy profile is μ−i. Writing Vi(q) = ∫ q

0 vi(q) dq and Bi(q) = ∫ q
0 βbi(q) dq

for the respective gross valuation and gross payment accruing to bidder i, we have the
following.

Lemma S1. Given an opponent strategy profile μ−i ∈ Mn−1, interim utility �i(bi, vi, μ−i )
for bidder i ∈ {1, � � � , n} of type vi when submitting a bid schedule bi ∈ B is

�i(bi, vi, μ−i ) =
k∑

j=1

∫ qj

qj−1
φ′(Vi(q) −Bi(q)

)[
vi(q) −p

j
i

]
Wi(q|bi, μ−i ) dq. (S1)

Proof of Lemma S1. Let

H
(bi ,v−i )
i (q)

=
∫
Bn−1

H
(bi ,b−i )
i (q) dμ1(b1|v1 ) � � � dμi−1(bi−1|vi−1 ) dμi+1(bi+1|vi+1 ) � � � dμn(bn|vn )

(S2)
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be the distribution of the quantity qci that bidder i submitting bi receives when his op-
ponents play according to their strategies in μ−i and the opponent type profile is v−i.
Combining (1) and (S2), the interim utility �i(bi, vi, μ−i ) of player i can be written as

�i(bi, vi, μ−i ) =
∫
Vn−1

∫ Q

0
φ

(
Vi(q) −Bi(q)

)
dH(bi ,v−i )

i (q) dη−i(v−i ). (S3)

Because φ(Vi(q) − Bi(q)) is continuous and H(bi ,v−i )(q) is monotone, the inner integral
of the right-hand side in (S3) can be integrated by parts (cf. Apostol (1974), Theorem
7.6), yielding

�i(bi, vi, μ−i ) =
∫
Vn−1

[
−

∫ Q

0
φ′(Vi(q) −Bi(q)

)[
vi(q) −βbi(q)

]
H

(bi ,v−i )
i (q) dq

+φ
(
Vi(q) −Bi(q)

)
H(bi ,v−i )(q)|Q0

]
dη−i(v−i ). (S4)

We can rewrite (S4) as

�i(bi, vi, μ−i ) = −
∫
Vn−1

∫ Q

0
φ′(Vi(q) −Bi(q)

)[
vi(q) −βbi(q)

]
×H

(bi ,v−i )
i (q) dqdη−i(v−i ) +φ

(
Vi(Q) −Bi(Q)

)
. (S5)

Because f (v−i, q) = φ′(Vi(q) − Bi(q))[vi(q) − βi(q)]H(bi ,v−i )(q) is measurable and
bounded on Vn−1 × [0, Q], the Fubini–Tonelli theorem (cf. Rudin (1970), Theorem 8.8)
can be applied to get that (S5) is

�i(bi, vi, μ−i ) = −
∫ Q

0
φ′(Vi(q) −Bi(q)

)[
vi(q) −βbi(q)

]

×
∫
Vn−1

H(bi,v−i )(q) dη−i(v−i ) dq+φ
(
Vi(Q) −Bi(Q)

)
. (S6)

By definition, we have

Wi(q|bi, μ−i ) = 1 −
∫
Vn−1

H(bi ,v−i )(q) dη−i(v−i ),

which allows to rewrite (S6) as

�i(bi, vi, μ−i ) = −
k+1∑
j=1

∫ q
j
i

q
j−1
i

φ′(Vi(q) −Bi(q)
)[
vi(q) −p

j
i

](
1 −Wi(q|bi, μ−i )

)
dq

+φ
(
Vi(Q) −Bi(Q)

)
,

yielding (S1), because Wi(q|bi, μ−i ) = 0 for all q ∈ (qki , Q] holds by assumption (a bidder
never wins a quantity for which her price bid was zero).

Now, for finite natural h, let Bi,h be a discrete action space for bidder i defined as

Bi,h = {{
p
j
i , q

j
i

}
j=1, ���,k ∈ [Pi,h ×Qh]k : pj

i ≥ p
j+1
i , qji ≤ q

j+1
i , qk+1

i = Q, pk+1
i = 0

}
,
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where

Pi,h =
{

0,
i

nh2 ,
1
h

[
p+ i

nh

]
,

1
h

[
2p+ i

nh

]
, � � � ,

1
h

[
(h− 1)p+ i

nh

]}
,

Qh =
{
Q

h
, 2

Q

h
, 3

Q

h
, � � � , Q

}
.

For h large enough, we have Bi,h ⊂ B. Moreover, limh→∞ Bi,h = B. The strategy of the
proof is to first establish existence of an equilibrium μ∗

h in the restricted auction with
bidder-specific action spaces Bi,h and, second, to use these equilibria to construct a se-
quence μ∗

h of equilibria whose limit μ∗ is an equilibrium of the unrestricted auction
with action space B for all bidders. For this approach, it is crucial that ties cannot occur
at positive prices by the construction of the action spaces Bi,h (cf. the proof to Lemma
S3 below).

Let Mi,h be the space of distributional strategies on Bi,h × V for player i. The next
lemma, which is a direct application of Milgrom and Weber (1985), establishes existence
of an equilibrium μ∗

h in the restricted auction for any h ∈N+.

Lemma S2. There is an equilibrium μ∗
h ∈ ×i∈{1, ���,n}Mi,h in the restricted auction for

any h.

Proof. From the Helly’s selection theorem (Exercise 13 in Chapter 7 of Rudin, 1964), the
space of decreasing functions from [0, Q] to [0, v] is compact. From the Arzela–Ascoli
theorem (Theorem 7.25 in Rudin, 1964), the space of Lipschitz continuous functions
from [0, Q] to [0, v] is compact. Because the intersection of two compact sets is itself
compact, we obtain that V is compact, and thus complete and separable. Because the
action spaces Bi,h are finite, they are compact and condition (a) in Proposition 1 of Mil-
grom and Weber (1985) is satisfied. Together with the type space assumption (A1), the
assumptions of Theorem 1 in Milgrom and Weber (1985) are thus satisfied, and we have
existence of an equilibrium that we denote by μ∗

h.

Having existence of an equilibrium μ∗
h ∈ ×i∈{1, ���,n}Mi,h allows me to show existence

of an equilibrium with a distinct structure that we will need in the following. For q ∈Qh,
let

θi(q; vi ) = max
{
p ∈ Pi,h : p ≤ vi(q−Q/h)

}
,

and let M̄i,h ⊂ Mi,h be the set of strategies on

{
(bi, vi ) ∈ Bi,h × V : βbi(q) ≤ θi(q; vi ), ∀q ∈Qh

}
.

That is, the support of the strategies in M̄i,h consists of bids such that, in the limit
h→ ∞, the corresponding step functions lie weakly below the marginal valuation func-
tion. For further reference, let M̄ = limh→∞ M̄i,h ⊆ M be the strategy space in this limit,
which is independent of the bidder’s identity, because limh→∞ Bi,h = B as observed
above.
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Lemma S3. An equilibrium μ∗
h satisfying μ∗

h ∈ ×i∈{1, ���,n}M̄i,h exists for any h.

Proof. Fix an equilibrium μ∗
h ∈ ×i∈{1, ���,n}Mi,h. I first argue that it is without loss of gen-

erality to assume that all bids bi in the support of the equilibrium strategy of any bidder
i with valuation vi ∈ V satisfy

q
j
i ≤ q

j+1
i −Q/h whenever pj

i > 0

for all j ∈ {1, � � � , k− 1}. To see this, consider a bid bi for which this is not the case, that is,
suppose we have bi with q

j
i = q

j+1
i for at least one j ∈ {1, � � � , k−1}. As the price-quantity-

pairs (p
j+1
i , qj+1

i ) will be ignored by the auctioneer and there is zero probability to win a
quantity q for which the price bid is zero, such a bid bi yields the same payoff as a bid b′

i

that is equal to bi except that the price-quantity-pairs (p
j+1
i , qj+1

i ) are deleted and there
is an equal number of price-quantity pairs (0, Q) appended at the end. For example, if
there is one such pair j, then we have

b′
i =

{(
p1
i , q1

i

)
, � � � ,

(
p
j
i , q

j
i

)
,
(
p
j+2
i , qj+2

i

)
, � � � ,

(
pk
i , qki

)
, (0, Q)

}
.

Any bid b′
i that is thus altered does not change the utility of the other players, and hence,

for any equilibrium strategy μ∗
i,h having bi in its support there is an alternative strategy

μ′
i,h constructed from μ∗

i,h with all the mass on bi appropriately shifted to b′
i, so that

μ∗′
h = (μ′

i,h, μ∗
−i ) is also an equilibrium.

So, suppose bi = {(p1
i , q1

i ), � � � , (pk
i , qki )} ∈ Bi,h with q

j
i ≤ q

j+1
i −Q/h for j ∈ {1, � � � , �i−

1} where �i ≤ k, and, if �i < k, with (p
j
i , q

j
i ) = (0, Q) for j ∈ {�i + 1, � � � , k} is in the support

of the equilibrium strategy of bidder i with valuation vi. I now show that βbi(q) ≤ θi(q; vi )
holds for all q ∈ Qh. By optimality, we get from interim utility (S1) that it holds, for any
j ∈ {1, � � � , �i} (taking qk+1

i =Q and pk+1
i = 0),

∫ q
j
i

q
j−1
i

φ′(Vi(q) −Bi(q)
)[
vi(q) −p

j
i

]
W

j
i (q|bi, μ−i ) dq

+
∫ q

j+1
i

q
j
i

φ′(Vi(q) −Bi(q)
)[
vi(q) −p

j+1
i

]
W

j+1
i (q|bi, μ−i ) dq

≥
∫ q

j
i−Q/h

q
j−1
i

φ′(Vi(q) −Bi(q)
)[
vi(q) −p

j
i

]
W

j
i

(
q|b′

i, μ−i

)
dq

+
∫ q

j+1
i

q
j
i−Q/h

φ′(Vi(q) −Bi(q)
)[
vi(q) −p

j+1
i

]
W

j+1
i

(
q|b′

i, μ−i

)
dq, (S7)

where b′
i is equal to bi except for the jth quantity point, qji , which is replaced by q

j
i −Q/h.

Because ties at positive prices cannot happen and no quantities for which the price
bid is zero are ever allocated, the probability to win a certain quantity only depends
on the price bid for that quantity. That is, we have W

j
i (q|bi, μ−i ) =W

j
i (q|b′

i, μ−i ) on
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[q
j−1
i , qji −Q/h] and W

j+1
i (q|bi, μ−i ) = W

j+1
i (q|b′

i, μ−i ) on [q
j
i , qj+1

i ]. Consequently, it
follows from (S7) that

∫ q
j
i

q
j
i−Q/h

φ′(Vi(q) −Bi(q)
)[
vi(q) −p

j
i

]
W

j
i (q|bi, μ−i ) dq

≥
∫ q

j
i

q
j
i−Q/h

φ′(Vi(q) −Bi(q)
)[
vi(q) −p

j+1
i

]
W

j+1
i

(
q|b′

i, μ−i

)
dq. (S8)

First, consider step j = �i. Because no quantities for which a prize of zero is bid are ever
won, condition (S8) becomes

∫ q
�i
i

q
�i
i −Q/h

φ′(Vi(q) −Bi(q)
)[
vi(q) −p

�i
i

]
W

�i
i (q|bi, μ−i ) dq ≥ 0,

which together with the assumptions that φ′(·) > 0 and that the marginal value vi is
decreasing gives us that

p
�i
i ≤ vi

(
q
�i
i −Q/h

)
(S9)

must hold.
But with inequality (S9) at hand, I can now argue that pj

i ≤ vi(q
j
i − Q/h) must hold

for every j ∈ {1, � � � , �i}: Suppose, to the contrary, that it does not hold for some j < �i;
that is, we have p

j
i > vi(q

j
i −Q/h). Because vi is decreasing, this implies that the left side

of (S8) is strictly negative, so that it must hold that pj+1
i > vi(q

j
i ), which is necessary for

the right side of (S8) to be strictly negative, too. But because q
j
i ≤ q

j+1
i − Q/h holds and

vi is decreasing, pj+1
i > vi(q

j
i ) in turn implies that pj+1

i > vi(q
j+1
i − Q/h) holds, as well.

Repeating this for every j′ > j, ultimately yields p
�i
i > vi(q

�i
i − Q/h), which contradicts

(S9). As we can apply this argument to any j < �i, we get that

p
j
i ≤ vi

(
q
j
i −Q/h

)
, ∀j ∈ {1, � � � , k}

must hold for any vi, thus giving us the claim.

Next, consider a sequence of auctions with restricted action space ×i∈{1, ���,n}Bi,h hav-
ing equilibria μ∗

h ∈ ×i∈{1, ���,n}M̄i,h for h → ∞. Because the space M of probability mea-
sures on B × V is compact in the weak*-topology (Milgrom and Weber, 1985), the se-
quence μ∗

h ∈ ×i∈{1, ���,n}M̄i,h ⊂ Mn has a converging subsequence. Pick such a subse-
quence and suppose it converges to some μ∗. By Remark 3.1 in Reny (1999), μ∗ is an
equilibrium in the unrestricted auction if the unrestricted auction with strategy space
M̄n is better reply secure and if for every ε > 0 there is H > 0 such that for all h >H the
profile μ∗

h in the respective subsequence is an ε-equilibrium of the unrestricted auction.
In the following, I write Ui(μ) = ∫

�i(bi, vi, μ−i ) dμi for player i’s payoff function, where
�i is player i’s interim utility as defined in Lemma S1.
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Definition S1 (Better-reply security, cf. Reny 1999). Game G = (M̄, Ui )i∈{1, ���,n} where
each player i = 1, � � � , n has a strategy space M̄ and a payoff function Ui(μ), μ ∈ M̄n, is
better-reply secure if whenever (μ∗, u∗ ) is in the closure of the graph of its vector payoff
function U , {(μ, u) : u =U(μ)}, and μ∗ is not a Nash equilibrium, then some player i can
secure a payoff strictly above u∗

i at μ∗: There exists some μ̃i such that Ui(μ̃i, μ−i ) > u∗
i

for all μ−i in some open neighborhood of μ∗
−i.

Definition S2 (ε-equilibrium). A strategy profile μ ∈ M̄n is an ε-equilibrium of game
G = (M̄, Ui )i∈N if for all players i ∈N it holds Ui(μ̂i, μ−i ) −Ui(μ) ≤ ε for every μ̂i ∈ M̄.

Step I: Better-reply security. I start by showing better reply security, for which I adapt
the argument given in Reny (1999) for the multiunit auction case. For opponent profile
μ−i ∈ M̄n−1, let

Bε(μ−i ) =
{
μi ∈ M̄ :

∣∣∣Ui(μi, μ−i ) − sup
μ̃i∈M̄

Ui(μ̃i, μ−i )
∣∣∣ ≤ ε

}

be the set of strategies μi that yield utility within ε > 0 of the supremum. The following
observation is needed below.

Lemma S4. Fix μ̃−i ∈ M̄n−1. Then, for every ε > 0 sufficiently small and for any μi ∈
Bε(μ̃−i ), Ui(μi, μ−i ) is continuous in μ−i at (μi, μ̃−i ).

Proof. By contradiction. Take μi ∈ Bε(μ̃−i ) and suppose Ui(μi, μ−i ) is not continuous
in μ−i at (μi, μ̃−i ). If Ui(μi, μ−i ) is not continuous in μ−i at (μi, μ̃−i ), then there must
be a bidder j ∈ {1, � � � , n} \ i and a clearing price pc such that bidder i and bidder j tie at
pc with positive probability. That is, there are X , Y ⊂ V with ηi(X ), ηj(Y ) > 0 such that
both bidders have price points pmi

i = pc and p
mj

j = pc (where the steps mi and mj might
be distinct for the two bidders) in the support of their strategies μi(·|vi ) and μj(·|vj )
whenever they are of a type vi ∈ X and vj ∈ Y , respectively.

The discontinuity together with the fact that
∑

i∈N qci = Q implies that at least one
tying bidder is rationed with positive probability. Without loss, suppose this to be bid-
der i. From Assumption (A4), we then obtain that the expected allocated quantity lies in
[qmi−1

i , min{qmi
i , Q − limp↘pc

∑
j =i β

−1
bj

(p)}). Moreover, (A4) implies that bidder i could

secure a quantity of at least min{qmi
i , Q− limp↘pc

∑
j =i β

−1
bj

(p)} by marginally raising the

price point p
mi
i . Now, recall that it follows from (A2) that there are X ′, X ′′ ⊂ X1 with

ηi(X ′ ), ηi(X ′′ ) > 0 where ∀f ∈ X ′ and ∀g ∈ X ′′ it holds that f (q) > g(q), ∀q ∈ [0, 1]. Be-
cause φ is strictly increasing, this gives us that there is indeed a set of bidder i types with
strictly positive measure that strictly prefer to avoid the tie by marginally raising p

mi
i . As

the increase in utility is strict, we have, for any ε > 0 sufficiently small, a contradiction
to the assumption that μi ∈ Bε(μ̃−i ).

Next, consider some (μ∗, u∗ ), which is in the closure of the graph of the payoff func-
tion (i.e., there is a sequence μm → μ∗ such that u∗ = limm→∞ U(μm )) without μ∗ being
an equilibrium. To show better-reply security, we need to establish that there is some
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bidder i that can secure a payoff strictly above u∗
i by deviating from μ∗

i even if the other
bidders also slightly deviate. Two cases need to be considered: (i) U(·) is continuous at
μ∗ and (ii) U(·) is not continuous at μ∗.

(i) Consider first the case of U(·) being continuous at μ∗. Then there is a bidder i, an
ε > 0 small enough, and some μi ∈ Bε(μ∗

−i ) such that Ui(μi, μ∗
−i ) >U(μ∗ ) = u∗. As

Ui(μi, .) is continuous at μ∗
−i by Lemma S4, we have better reply security.

(ii) Second, consider the case of U(·) being discontinuous at μ∗: There must be at
least two bidders i and j, a clearing price pc , and a sequence μm → μ∗ such that
both bidders have a positive measure of types that have price points p

ti
i = pc and

p
tj
j = pc (where the steps ti and tj might be distinct for the two bidders) in the

support of their strategies in the limit μ∗ but do not tie at pc for any μm along the
sequence whenever m is sufficiently high. Without loss, suppose p

ti
i < p

tj
j for any

μm with sufficiently high m.
To continue, observe that there is some sufficiently small ε > 0 and some μ̂i ∈

Bε(μ∗
−i ) such that Ui(μ̂i, μ∗

−i ) > Ui(μ∗ ), which by the same argument as in the
proof to Lemma S4, involves a positive mass of types marginally increasing the
price point, which was equal to the clearing price pc . But then μ̂i yields for these
types a strictly higher utility than μi,m does against μ−i,m for any sufficiently high
m (because by marginally raising the respective price point discontinuously raises
the winning probability for the respective quantities for all sufficiently high m);
that is, there is δ > 0 and M > 0 such that

Ui(μ̂i, μ−i,m ) −Ui(μm ) > δ, ∀m>M .

Because Ui(μ̂i, μ−i ) is continuous in μ−i at μ∗
−i by Lemma S4, it follows that

Ui

(
μ̂i, μ

∗
−i

)
> lim

m→∞Ui(μm ) = u∗
i ,

giving us better-reply security in this case, too.

Step II: ε-Equilibria. I follow Reny (2011) and show that for every ε > 0 there is h

high enough such that for every feasible action bi there is a feasible action bi,h such that
the ex post loss from choosing bi,h rather than bi is smaller than ε, and that this holds
uniformly in the strategies μ−i of the other players.

Fix some finite natural h, some bidder i with type vi and any bi for which it holds
that βbi(q) ≤ θi(q; vi ), ∀q ∈Qh. If bi ∈ Bi,h, then we are done. So, consider bi /∈ Bi,h. Let

bi =
{(
p1
i , q1

i

)
, � � � ,

(
pk
i , qki

)}
,

and define

bi,h = {(
p1
i,h, q1

i,h

)
, � � � ,

(
pk
i,h, qki,h

)}
,

with

p
j
i,h = min

{
p ∈ Pi,h : p ≥ p

j
i

}
,

q
j
i,h = max

{
q ∈ Qh : q ≤ q

j
i and p

j
i,h ≤ vi(q−Q/h)

}
,
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for all j ∈ {1, � � � , k}. The above definitions guarantee that βbi,h(q) ≤ θi(q, vi ) holds for all
q ∈Qh, and hence, that bi,h is a feasible action, as well as that qji,h → q

j
i . The ex post loss

sources from switching from bi to bi,h are threefold:

1. There might be shares q at which it holds that βbi,h(q) > βbi(q) and that are won

under bi, that are also won under bhi yet at a higher price. The loss from such quan-
tities is bounded above by

φ
(
Vi

(
qki

) −Bi

(
qki

)) −φ

(
Vi

(
qki

) −Bi

(
qki

) −
k∑

j=1

(
q
j
i − q

j−1
i

)p
h

)
. (S10)

2. There might be shares q at which it holds that βbi,h(q) > vi(q) ≥ βbi(q) and that are

not won under bi, but that are won under bhi . The loss from such quantities is also
bounded above by

φ
(
Vi

(
qki

) −Bi

(
qki

)) −φ

(
Vi

(
qki

) −Bi

(
qki

) −
k∑

j=1

(
q
j
i − q

j−1
i

)p
h

)
. (S11)

3. There might be shares q at which it holds that βbi,h(q) < βbi(q) and that are won

under bi, but that are not won under bhi . The loss from such quantities is bounded
above by

k∑
j=1

∫ q
j
i

q
j
i,h

φ′(Vi(q) −Bi(q)
)
vi(q) dq. (S12)

All three bounds (S10)–(S12) vanish as h → ∞ independently, and hence, uniformly, in
the strategies μ−i of the other players, because φ′(·) is bounded on R. Consequently, we
have that μ∗

h is a sequence of ε-equilibria of the unrestricted auction where ε → 0 when
h→ ∞, as required.

We can conclude that an equilibrium exists. Moreover, the absence of ties follows
from the same argument as in the proof of Lemma S4: If a tie were to happen with pos-
itive probability then there would always be a nonnegligible set of types for at least one
of the bidders that strictly prefer to avoid the tie.

Supplementary Appendix SB: Inequality violations by auction groups

This appendix provides more details on the shares of inequality violations in the three
auction groups that I use for estimation.

For simplicity, I assume that all bidders have the same risk-aversion parameter ρ. Let
Ta ⊂ {1, � � � , T } be the set of auctions in auction group a= 1, 2, 3. Analogous to the main
analysis, I compute

�Q,a(ρ) ≡ 1
|Ta|

∑
t∈Ta

[
1∑

i∈Nt

�i,t

[∑
i∈Nt

�i,t−1∑
j=1

[
1
{

min
m≤j

{
v̂
m

i (ρ)
}
< max

m≥j+1

{
v̂mi (ρ)

}}]]]
.
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Figure SB.1. The fractions of share of inequality (15)–(16) violations among the submitted
price-quantity pairs for the different auction groups used for estimation.

For all “last” price-quantity pairs j = �i,t and whenever the inequality in (15) holds for a
price-quantity pair j < �i,t , I additionally check the inequalities in (16) for that j. To this
end, I let the set of such price-quantity pairs j be L̂i,t and define

�P ,a(ρ)

≡ 1
|Ta|

∑
t∈Ta

[
1∑

i∈Nt

�i,t

[∑
i∈Nt

∑
j∈L̂it

[
1
{(
F
j
i

(
bi, v̂i(ρ), ρ

)
> 0

)
or

(
F
j
i

(
bi, v̂i(ρ), ρ

)
< 0

)}]]]
.

From Figure SB.1, we see that the estimate �Q,a(ρ) + �P ,a(ρ) is U-shaped for all
three groups. Ideally, the minimizers of this function are the same for all auction groups
a = 1, 2, 3, which would indicate that risk preferences remain stable across auctions. Yet,
the values of ρ that minimize the estimated �Q,a(ρ) +�P ,a(ρ) differ between groups 1–
2, for which the minimum is at ρ = 0.0041, and group 3, for which the minimum is at
ρ= 0.0111.

Nevertheless, the estimates do not allow to conclude that the assumption of sta-
ble risk preferences does not hold. To see this, consider the value that minimizes
�Q,a(ρ) + �P ,a(ρ) for groups 1 and 2, ρ = 0.0041. From Table SB.1, the 95% confidence
interval around the estimated value of �Q,3(ρ) +�P ,3(ρ) at ρ= 0.0041 overlaps with the
confidence interval around �Q,3(ρ) +�P ,3(ρ) at ρ= 0.0111. In other words, the share of
inequality violations at the minimum of �Q,3(·) + �P ,3(·) does not substantially differ
from that at ρ= 0.0041.

Supplementary Appendix SC: An alternative functional form for the cdf of

Dg,t(p)

In this appendix, I analyze an alternative assumption about the distribution family for
residual demand. Specifically, I assume that residual demand Dg,t(p) follows a log-
normal distribution on (0, ∞) and compare it to the gamma distribution used in the
main analysis (cf. Assumption (A6) in the main text).

To this end, I compute the fraction of best-response violations under the assump-
tion that all bidders have the same risk-aversion parameter ρ. Analogous to the main
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Figure SC.1. The left graph shows the share of inequality (15)–(16) violations among the
price-quantity pairs when W ∗

i and w∗
i are estimated under the assumption of a log-normal dis-

tribution for Dg,t(p). The right graph shows the shares under the assumption of a gamma distri-
bution.

analysis, I compute

�P (ρ) ≡ 1
T

T∑
t=1

[
1∑

i∈Nt

�i,t

[∑
i∈Nt

�i,t∑
j=1

[
1
{

min
m≤j

{
v̂
m

i (ρ)
}
< max

m≥j+1

{
v̂mi (ρ)

}}]]]

and, letting L̂it be the set of price-quantity pairs j of bidder i in auction t for which
minm≤j{v̂

m

i (ρ)} ≥ maxm≥j+1{v̂mi (ρ)} holds,

�Q(ρ) ≡ 1
T

T∑
t=1

[
1∑

i∈Nt

�i,t

[∑
i∈Nt

∑
j∈L̂it

[
1
{(
F
j
i

(
bi, v̂i(ρ), ρ

)
> 0

)
or

(
F
j
i

(
bi, v̂i(ρ), ρ

)
< 0

)}]]]
.

Figure SC.1 compares the estimate �P (ρ)+�Q(ρ) for the log-normal (left panel) and
the gamma distribution (right panel). Under either assumptions, �P (ρ) + �Q(ρ) is U-
shaped and its the lowest value is at ρ = 0.0067. The numbers in Table SC.1 show that the
fraction of best response violations are indeed comparable under the two assumptions.
I conclude that the posited risk preference has a much higher impact on model fit than
the specific assumption about the distribution of residual demand.
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Table SC.1. The tables show the values of �P (ρ) +�Q(ρ) when W ∗
i and w∗

i are estimated under
the assumption of a log-normal distribution for Dg,t(p) and when assuming a gamma distribu-
tion (as in the main analysis). The reported standard errors are those of �P (ρ) +�Q(ρ).

Gamma distribution Log-normal distribution

ρ �Q �P �Q +�P s.e. ρ �Q �P �Q +�P s.e.

0.0 0.0762 0.472 0.548 0.0141 0.0 0.0758 0.447 0.523 0.0153
4.54e−5 0.0722 0.43 0.502 0.0131 4.54e−5 0.0737 0.41 0.483 0.0145
7.49e−5 0.0671 0.412 0.479 0.0128 7.49e−5 0.0695 0.394 0.464 0.0141
0.000123 0.0612 0.387 0.448 0.0125 0.000123 0.0645 0.374 0.438 0.0138
0.000203 0.0552 0.358 0.413 0.0119 0.000203 0.0591 0.349 0.408 0.0136
0.000335 0.0494 0.326 0.375 0.0114 0.000335 0.0536 0.322 0.375 0.0133
0.000553 0.0445 0.292 0.336 0.0109 0.000553 0.0497 0.291 0.341 0.013
0.000912 0.0418 0.258 0.3 0.0108 0.000912 0.048 0.26 0.308 0.0128
0.0015 0.0422 0.228 0.27 0.0113 0.0015 0.0486 0.231 0.28 0.0131
0.00248 0.0446 0.201 0.245 0.0115 0.00248 0.0517 0.204 0.256 0.0131
0.00409 0.0473 0.184 0.231 0.012 0.00409 0.0547 0.186 0.241 0.0132
0.00674 0.0506 0.181 0.231 0.0125 0.00674 0.058 0.18 0.238 0.0136
0.0111 0.0544 0.192 0.246 0.0125 0.0111 0.061 0.186 0.247 0.0129
0.0183 0.0572 0.216 0.273 0.0127 0.0183 0.0629 0.206 0.269 0.0131
0.0302 0.0594 0.254 0.314 0.0125 0.0302 0.0643 0.238 0.303 0.013
0.0498 0.0613 0.301 0.363 0.0126 0.0498 0.065 0.28 0.345 0.0132
0.0821 0.0627 0.356 0.419 0.0134 0.0821 0.0654 0.33 0.395 0.0138
0.135 0.0645 0.416 0.481 0.0146 0.135 0.0664 0.384 0.45 0.0143
0.223 0.0674 0.475 0.542 0.015 0.223 0.0684 0.439 0.508 0.0149
0.368 0.0707 0.524 0.594 0.0144 0.368 0.0707 0.488 0.559 0.0145
0.607 0.0734 0.562 0.635 0.0137 0.607 0.0727 0.528 0.601 0.0144
1.0 0.0753 0.589 0.665 0.0125 1.0 0.0743 0.559 0.634 0.0137

Supplementary Appendix SD: All estimates

This Appendix reports the estimated bounds for all auctions t = 1, � � � , 39 (Table SD.1)
and their standard errors (Table SD.2).

The estimates are obtained using the standard bounds (Tight = no) both under risk
neutrality ( �ρ = (0, 0, 0)) and under risk aversion ( �ρ = �ρ∗), as well as using the tighter
bounds (Tight = yes) under risk aversion. Estimates are bagged from 200 bootstrap runs.
The reported standard errors are bootstrap standard errors obtained from the same 200
bootstrap estimates.
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