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In this Supplemental Appendix, we present supporting materials for “Estimating de-
mand for differentiated products with zeroes in market share data” (hereafter “main
text”). The Supplemental Appendix is organized as follows:

Section A provides further illustration of the power law pattern in homicide and in-
ternational trade data sets. This section complements the illustration in Section 2
in the main text.

Section B gives the proofs of Lemmas 1 and 2 presented in Sections 4 and 5 in the
main text, respectively. Lemma 1 establishes the validity of the bounds for the gen-
eral model. Lemma 2 proves that the bounds collapse for the dominant products.

Section C proves Theorems 1 and 2 presented in Sections 6 and 7 in the main text,
respectively. Theorem 1 establishes the consistency of our proposed estimator and
Theorem 2 proves the asymptotic normality.

Section D proves alemma that establishes Assumption 1 in Section 4 of the main text
for the random coefficient logit model.

Section E provides analytical evidence for the bound validity in Section 3 in the main
text. The two lemmas presented here reinforce the numerical proof given in Sec-
tion 3.

APPENDIX A: FURTHER ILLUSTRATIONS OF ZIPF'S LAW

In Figure S1, we illustrate this regularity using data from the two other applications that
were mentioned in Section 2: homicide rates and international trade flows. The left-
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F1GuRre S1. Zipf’s law in crime and trade data.

hand graph shows the annual murder rate (per 10,000 people) for each county in the
US from 1977-1992 (for details about the data, see Dezhbakhsh, Rubin, and Shepherd
(2003)). The right-hand side graph shows the import trade flows (measured in millions
of US dollars) among 160 countries that have a regional trade agreement in the year 2006
(for details about the data, see Head, Mayer et al. (2013)). In each of these two cases,
we see the characteristic pattern of Zipf’s law—a sharp decay in the frequency for large
outcomes and a large mass near zero (with a mode at zero in each case).

APPENDIX B: PROOF OF LEMMAS 1 AND 2

Proor oF LEMMA 1. We start with the case where Assumption 1 holds. We show the ar-
gument for the upper bound only because the lower bound is analogous. Consider the
derivation

8% (s, Xo) — 8j:(71, Xo)
= [log((resj + w)/ne) —log(mje) ] + [8¢ (e, Ao) — 8¢, Ao)]- (S1)
Let e}‘t = Sjt(ﬁt, Ao) — Sj,(m, Ao). Then by Assumption 1(b),
E[8% (51, Ao) — 8¢ (71, Ao) — €| mju, zjt]
= E[log((nsj: + w)/ni) — log(mjo)|mjs, zji] = 0. (S2)
Since E[&j|zj] =0, we have E[5,(7, Ao) — X Bo|zj:] = 0. Thus,

E[8Y(s1, Xo) — xjeBo — €¥ze] = 0. (S3)
n1/2 . . .
Let u, stand for TI/Z—J}/Z Now we show that sup iU ,|e;.‘t| = 0,(1). Consider the derivation:

sup u; |e'4| = sup u¢|8;¢ (51, Ao) — 8j¢ (s, Ao
it it
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8j1(51, Ao) — (774, Ao) .
< p’ o ANl | Up\/jtutnst_ﬂ't”f
= 15 — ell o/ i

= 0, (V) (supur/Ti15, = silly + supuey/Tillsy = mill )
t t=1
=0p(1) +Op(L)supur/Jellse — mell (54)
t

where the second inequality holds by Assumption 1(a) and the second equality holds by
Assumption 1(b). To bound u;/7;||s; — || #»note that n;s;, is a binomial random variable
with parameters (n;, 7;;). Thus,

Pr( sup utJtl/2||s,—7rt||f>s) u,J/ lIse — el p > €)

t=1,...,T

IA

T

2"

XT: 128utJ? (3n, +ny)
5_

IA

(85)

where the second inequality holds by Lemma S6. The expression in the last line does not
depend on T and it can be made arbitrarily small by making ¢ big. This shows that

sup  urd,Pllse — mllp = Op(1), (S6)
t=1,...,T

which implies sup; , u,|e7t| = 0,(1) when combined with (S4).

Now we move on to the case where Assumption 2 holds instead. In this case, the up-
per bound and the lower bound need slightly different arguments. For the upper bound,
consider the derivation:

Sﬁ(sn A0) — 8ji (s, Ao) = 8:(3j1, Ao) — 8 (72, Ao) + log((nssje + vu)/ne) —log(3j¢)
Zajl(gj[r AO)_S]'[(WZ‘!AO): (87)

where the inequality holds because §;; = sj; + 1/n, and ¢, > 1 both by Assumption 2(c).
Equation (S7) combined with Assumption 2(b) implies the first line of (25) with e;’[ =
For the lower bound, consider the derivation:

8%, (s, Xo) — 8je(m1, Xo)
= 81(31, Xo) — 8¢ (1, Xo) +log((nesj + ve)/ny) — log(mjr) (S8)
By v; < 1¢ (Assumption 2(c)) and the definition of 7, we have
E[log((nysj: + ve)/n:| —log(mji)|ns, m] < 0. (S9)

This combined with Assumption 2(a) implies the second line of (25) with eft =0. O
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ProoF oF LEMMA 2. Observe that

ne |84 (s, A) — 85, (51, )| = n|log(sje + vu/ne) —og(sji + ve/ne)]
1

- (o — 1), S10
_Sjt—irbz/nz(bu te) (§10)

using the concavity of the logarithm function. Thus,

a e
sup supnt|8;-4[(st, A) — 8jt(s,, )\)|1{zjt € Zo}
j=1,.Jit=1,..,T A
< U 1izj € Zo)
< sup ——1{zj;€ 2o
L. Jii=1,..,T Sjt + “i/”t

bu — L . (S11)

=1,...,Jitr;ltf=l,...,T{(sjt + ve/n)Uzjr € Zo} + 1zji ¢ Zo}}

IA

The denominator of (S11) is greater than or equal to

ot B, € Z0) Mz & Z0l)

- sup |mje — St — ve/ e 1{zjr € Zp}. (512)
j=1,..,05t=1,..,T
Consider that

Pr(j=1,...,1i,l;lzf=1,,,,,T{thl{zﬂ € 2o} + 1izj1 ¢ ZO}} < §0)

< Z Pr(mj1{zj; € Zo} + Uzji ¢ Z0} < &)
j=1,...Ji5t=1,..,T
= > Pr(mj; < go|zji € 20)P(zj; € Z0)
=1,...,J4t=1,...,T
=0, (S13)

where the first equality holds since 1 > g, and the second equality holds by Assump-

tion 3.
Also, consider the derivation:

Pr( sup |7r,~t—s,~,—u/n,|1{zjtezo}>§0/2)
i=1,...,Jt=1,...,T

< Pr( sup |lse — el f > §0/4) +Pr< sup te/ng > §0/4)

t=1,...,T t=1,..,T

r(llse — el > £9/4) + 0(1)

Mw

128(3n? +n,) 44

”z 80

+o(1) —0, (S14)

fi
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where the first inequality holds by the triangular inequality, the second inequality and
the convergence hold Assumption 4(g), and the third inequality holds by Lemma S6.
Equations (S11), (S13), and (S14) together imply that

Pr( sup supn[|3;‘t(sl, A)— Sft(st, N|1{zj € Zo} > fu Le)
j=L...Ji5t=1,..,T A £0/2

— 0. (S15)

This proves the lemma. O

APPENDIX C: PROOFS OF THE THEOREMS

In this section, we prove the theorems that establish the consistency and the asymptotic
normality of our proposed estimator.

C.1 Proofof Theorem 1: Consistency
The proof of Theorem 1 uses the following lemma, which is proved in Section C.2 below.
LemMMA S1. Suppose that either Assumption 1 holds and T-'Y.[_, J?/J% is bounded, or

Assumption 2 holds and sup,_,  J; is bounded. Also, suppose that Assumptions 3-6
hold. Then:

(@) supyep SUPeeg, |n_1?"(0’ g) — mr(0,8)| = op(1) and SUPye@ SUPgeg, |"_7§"(9’ g) —
mr (0, g)| = o0,(1).

(b) Yogeg m() MY (B0, )12 = 0p(1) and Y-, n(8) M7 (60, )15 = 0,(1).

ProOOF OF THEOREM 1. First, note that QT(OO) = deg w(g)mi (0o, 91> +
Y geg 1(8) [m% (60, §)1%. Thus, Lemma S1(b) implies that

Or(60) = 0,(1). (S16)

Define an auxiliary criterion function:

Oo,7(0)=Y_ {([m46, )] + [m(6, )] )u(8)}-
g<%o

Below we show that

suply/Qo.7(0) =/ Q1] = 0,1, 517)
Consider an arbitrary ¢ > 0. The theorem is implied by the following derivation:
Pr([0% — 03] = ©) < Pr(,/03@1) = VC(©))
= Pr(\/Q\?(@T) - \/QO,T(gT) + \/’Q\O,T(gT) > W)
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< Pr(sup|y/o,7(0) —/T5(0)| +/ o, 1B = V(@)
sup \/QO,T(G)—\/Q?(G) +\/QT(§T)2m)

sup V0o1(0) —\[0;(0)] +/Or(09) = VT())

< Pr(sup|y/Qo,7(6) —\/03(8)| = VC()/2) + Pr(Dr(6) = C()/4)

-0, (S18)

where the first inequality holds by Assumption 7, the third inequality holds because
@T(/B\T) differs from Qo,T(aT) only in that the former takes the summation over a larger
range, the fourth inequality holds because ’Q\T@T) < QT(GO) by the definition of 5T and
the convergence holds by (516) and (S17).

Now we show (S17). Consider the derivation

J0or(6)—\/050),

sup
0O

=sup| [ Y w(@){[m(0, 9 + [m5(0, 13} = [ Y mig){mr(6,8)?)
001\ ¢egy 8<Go

< sup J S w@{ ([0, ) + [l (0, )12 — |z (6, g)|)2}‘
€t g<€Go

<sup| [5 w(e) | (70, )]_~ [r 6, 0] + (75,9, ~ [rt6, ).}
€OV gedo

< sup 3 w(@){ (6, 8) — iy (6, 8))* + (6, ) — iy (6, g))z}‘
e gego

_ _ 2 - - 2
5\/sup sup |m% (0, g) — mr(6, g)|” + sup sup |m4%(0, §) — mr(6, g)|
0e0 geGy 0€0 geGo

—,0, (S19)

where the first inequality holds by the triangular inequality for the norm

laO)] = [ w@)a@)?/ Y mg),

g€%o g€%o

the second inequality holds by the triangular inequality for the Euclidean norm, the
third inequality holds because |[x]- — [y]-| < |x — y| and [x];+ = [—x]—, and the fourth
inequality holds because u : G — [0, 1] is a probability measure on G and Gy € G, and the
convergence holds by Lemma S1(a). Therefore, (S17) is proved. O
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C.2 Proofof Lemma S1

Proor oF LEmMA S1. First, we show part (a). Let sup jt:zjie 2 abbreviate
SUP (=1,.., T SUPj=1, /2, 2o Consider the derivation:

sup sup |6, g) — mr(6, 8)|
0e0 geGo

T J:

=Ssup sup | — ZZ % (50, A) — 81 (711, M) g(2)r)

)\eAgego T, 1j=1

<sup sup |5]t(Sz,)\) 8jt(mm1, A)|
AeAj t:zjieZy

< sup _|[log(sji + tu/ne) —log(5j)| +sup sup [8(5r, A) — 8 (s, M),
jtzjreZo AeAj t:zjieZy

where the first inequality holds by the definition of Gy.
Assumptions 4(f) and 0 < ¢, < co (Assumption 1(b) or Assumption 2(b)) together
imply that SUD; 1:2,e 2, |$j¢ + tu/n: —5j¢| = p 0. Also, by equation (S6) and Assumption 4(f),

1/2
n;
T1/4 sup IS¢ — 7l f = Op(1). (520)

These and Assumptions 3, 4(g), and 5(a) together imply that

Pr( inf iy Amo > g0, nf i+ ty/m; > £0/2,  inf 5 ASos > & 2)—>1.
j,t:Zj,eZO ! _O,j,t:theZO ] u/ _0/ ’j,t:zj,eZO J _0/

This combined with (S20), Assumptions 4(g), and Assumption 6 implies that

sup sup |8¢(5, A) — 8j;(m;, A)| > 0.
AeAj, t:zji€Zy

Also, we have

sup  ([log(sjr + tu/ns) = log(3j1)| = 0
J» IZthGZO

because the logarithm function is uniformly continuous on the closed interval [g,/2, 1].
Therefore, the first convergence in Lemma S1(a) holds. The second convergence holds
by analogous arguments.

Now we show part (b). We separate the two cases, one where Assumption 1 is satis-
fied and the other where Assumption 2 is satisfied and J; is bounded.

Case 1: Assumption 1 is satisfied. In this case, the arguments for the first convergence
and the second convergence in part (b) are exactly analogous. Thus, we only discuss the
first. Consider the derivation:

T J;

(60, &) = —ZZ 8% (s, Ao) — x,Bo) g (zji)

T[l]l
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T J:

Zijtg(zjt)

tljl

T J:

ZZ log(sjs + v,/ n:) — log(mj))g(zji)

Ttl]—

T J:

1 . 3
o D> (87600 Xo) = 8je(mr, A0))g(2j0), (S21)

4 et j=1

where the inequality holds because v, > v,,, §j; = 8/ (7, Ao) —x}tﬁo and 5(~, A)=8(,A)—
log(-j). We analyze the three summands one-by-one. For the first summand, observe
that E [sz't] < M by Assumption 4(e). We can then apply Lemma S5 in Appendix C.4 (with
wj, = &j;) and get

T
) CMZJZZ

T I

ZZ £j18(zj1) — gjtg(zjt)]}
Tt

t=1 j=1

Esup|— =0(T™"), (S22

8eg

T2J%

where the equality holds because we assume 7! Zthl T2/ 2 is bounded when Assump-
tion 1 holds. Lemma S5 applies due to Assumptions 4(c)—(e). Also, by Assumption 4(c),
E[&j:g(zj;)] = 0. This and (S22) together imply that

T I

ZZ £i18(zj)| =

Ttl]l

sup| — 0,(T7172). (S23)

geg| T

Similar arguments apply to the second summand in (521) and yield

T J;

L— (log(sjr + ,/ne)
J

T =1 j=1

Esup
g€y

2
—log(7j1))g(zjs) — E[(log(sjs + v,/ne) — log(mjs))g(zjr) ]

CZJZ

— 257 maxE[(log(sj + ,/n0) ~log(mj)’]
T

T
2CY J?
< —Ttgzji% mtaX[\IOg(Au/nt)\z + [log(e,/n0)|*]
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T
4C " J2(2(lognir)? + (logy,)? + (log £1)%)

<=1 (S24)
T%J%

— 0,

where the second inequality holds by s;; € [0, 1] and Assumption 5(b) and the conver-
gence holds by Assumptions 4(f) and the boundedness of 7-' Y.7_ J2/j2, By the defi-
nition of v,,, we have E[(log(sj; + v, /n;) — log(mj:))|7js, zj:] > 0, which then implies that

Zu

E[(log(sj; + v,/n,) —log(mj:))g(z:)] = 0 for all g € G. Therefore, for any ¢ > 0,

T J;
lim P f — l —1 —c ) =0. S25
Jim r(;relg JT;]Z; og(sjt + v,/n) — log(mj))g(zjr) < c) (S25)

For the third summand in (S21), consider the derivation

T I

1 < y
Tir ZZ((SMS“ Ao) — 8ji (711, X0))g(2j1)

T =1 j=1

sup
geg

<sup|8¢(;, Ao) — 8j:(ms, Ao)|
Jot

-5 0, (S26)

by (520) and Assumptions 1(a) and 4(g). Finally, (§21), (523), (§25), and (526) combined
imply that for any ¢ > 0,
Th_I)nooPr<1nf m4(0o, g) < —c) 0,

which then implies the first convergence in Lemma S1(b) since [m%.(60, g)]- = max{0,

—m (6o, §)}-

T

Case 2: Assumption 2 is satisfied. We begin with the first convergence in Lem-
ma S1(b). Consider the decomposition:

T I

(60, &) = —ZZ 8% (s1, Ao) — X/, B0)8(zj0)

Ttl]l

T J:

Zijtg(th)

tl]l

T J:

Z > (log(sje + w/ne) —log(51)) g (zj¢)

T']Ttljl

T J:

ZZ 81 (51, Ao) — 8ji (71, X0))8(2j0). (S27)

Ttl]l

The first summand is O, (7~1/?) uniformly over g € G by (S23). The second summand is
nonnegative almost surely because §;; = sj; +1/n; and ¢, > 1 (Assumption 2(d)). For the
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third summand, similar to (S24), we get for some generic constant C,

T U 2

Esug ZZ 8j1(5t» Ao) — 8ji (71, A0))8(zji) — E[(8¢(51, Ao) — 8j¢ (774, 10))&(2j1) ]
g€ Tt 1j=1

T
cy J?
t=1 - 2
————maxFE|(6;(5, Ag) — 6 (7¢, A
2z [(8j:(31, Ao) = 8j¢(7m1, A0))” ]
T
2CCo Y _JZlog(nr)?
=1
T%J%

=

— 0, (528)

where the second inequality holds by Assumption 2(d) also using Assumptions 2(c)
and 5(b), and the convergence holds by Assumption 4(g) and the boundedness of
sup,_; .. rJ+- Moreover, Assumption 2(b) implies that E[(3¢ (S, Ao) — 8¢ (71, A0))g(2ji)] =
0. This combined with (§28) implies that, for any ¢ > 0,

T J;
lim Pr(lnf—zz 811, Ao) — 8j¢(71, 10))8(zje) <—c) =0. (S29)

This combined with the arguments for the first two summands of (521) above yields: for
any ¢ >0,

T—o0

lim Pr(lnf m7(6o, g) < —c) 0,
geg

which then implies the first convergence in Lemma S1(b) because [m% (6o, g)]- =
max{0, —m7 (6o, &)}
Now we show the second convergence in Lemma S1(b) for Case 2. Note that

T J:

(6o, g) = TZZ 84, (51, ho) — ¥, Bo) g (zji)

t=1 j=1

T J;

Z Y (log(sjc +Te/ne) — log(mj)) g (2)0)

t=1 j=1

T J; 5 5

=Y (8j:(5, Xo) — 8je(mm1, Xo))g(zj), (S30)

T =1 j=1
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where the inequality holds because ¢, < 7, by Assumption 2(d). The first summand is
O,(T~1/2) by (S23). Arguments analogous to those for (525) apply to the second sum-
mand to yield, for any ¢ > 0,

T J;
lim P f—— 1 —1 =0. S31
fim r(gn;g Th;}zl og(sji + ¢/ 1) og(wﬂ))g(zﬂbc) (S31)

For the third summand in (S30), we can apply the same arguments as those for (S29)
where we use Assumption 2(a) in place of Assumption 2(b). Such arguments yield, for
allc >0,

T U
lim Pr| inf — St Ag) — T A zis)>c | =0. (S32)
Jim_ <gegTJT;; 8¢(3t, Ao) — 8j¢(m¢, X0))g(2j1) )

Therefore, for any ¢ > 0,

Th_r)nooPr(;nf mT(Oo, g) > c) 0,
which then implies the second convergence in Lemma S1(b) because we have
[/ (60, )1+ = max{0, m7.(6o, £)}- O

C.3 Proof of asymptotic normality

To prove Theorem 2, we first give an auxiliary theorem that shows the convergence rate
of or.

THEOREM S1. Suppose that either Assumption 1 holds and T~'Y._, J?/J2 is bounded,
or Assumption 2 holds and sup,_, 1 J; is bounded. Also, suppose that Assumptions 3-9
hold. Then we have 05 05=0, (T-1/2),

Theorem S1 is proved using the following three lemmas. Theorem S1 and two of the
lemmas together imply Theorem 2 as we explain immediately below. We give the proofs
of Theorem S1 and the three lemmas in turn following the proof of Theorem 2.

LEMMA S2. Suppose that either Assumption 1 holds and T~' Y., J?/J2. is bounded,
or Assumption 2 holds and sup,_, _ rJ; is bounded. Also, suppose that Assumptions 3—
9 hold. Then for any sequence 0t such that 05 — 05 = 0,(T~Y/2), we have Or(0r) —
Qo,7(07) = 0p(T71).

LEMMA S3. Suppose that either Assumption 1 holds and T~! Zthl J2/J2 is bounded, or
Assumption 2 holds and sup,_,  J; is bounded. Also, suppose that Assumptions 3-9
hold. Then we have

(a) for an open ball B.(6}) of radius ¢ > 0 around 6y, we have that

\/QO,T(O) - \/Q’}(G)‘ =0,(T""?%), and

sup
0€0:0°B.(6))

(b) 0%(60) = O, (T 1).
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LEMMA S4. Suppose that either Assumption 1 holds and T Zthl J2 /T % is bounded, or
Assumption 2 holds and sup,_, _ rJ: is bounded. Also, suppose that Assumptions 3-8
hold. For T any sequence of random vectors 0t such that |65 — 6| — 0, we have

(a) Q*(OT) Q* (60) = (67 — 63) YT((?S - 6p) + ZW’((?S 05) + 0p(1)[165 — 63112,
where

Yr=Y w@Tr@lr(g),
g<€9o

Wr=>" w(g)mr(6o, )T1(g),
g<Go

T J:

Tr()=(TIn) ™YY g(zj)omj(Ao), and
t=1 j=1

b)Yr =, Y and TV2Wr —4 N (0, V).

Proor oF THEOREM 2. We use Theorem 2 of Sherman (1993) to prove the theorem. By
Theorem 2 of Sherman (1993), the conclusion of our Theorem 2 holds under two condi-
tions:

M) 185 — 63 = 0,(T~V/2),

(ii) unlformly over ¢° in a O,(T~"/2) neighborhood of 63, Or(0) — Or(60) = (6° —
03)Y (65 — 63) + 2T~ Y/2B.(6° — Os) + 0,(T~1) for arandom vector By such that By —,
N(O, V).

Condition (i) is implied by Theorem S1. To establish condition (ii), consider the
derivation: for any sequence 67 such that 65 — 65 = 0, (T~1/?),

Or(67) — Or(6o)
=[0r(01) — Qo,7(07)] + [Qo,7(67) — O (67)]
+[05(07) — 03(60)] + [0 (60) — Do, 7(60)]
+[0o,7(60) — Or(60)]
=0,(T7Y) + [Qo,r(67) — 0% (67)]
+[0%(07) — O%(00)] + [O%(80) — Qo,7(00)] + 0,(T7Y), (S33)

where the second equality holds by Lemma S2. For the summand [QO,T(HT) - ’Q\’}(BT)],
consider the derivation:

0o, 1(0r) ~ O} (0r) = (/0o r(0r) — 05 (0m)

+2<\/QO,T(9T) - \/Q"}(GT))Q/@%(OT))

=o0p(T7h) + OP(T_I/Z)\/Q’%(GT) - /Q\?(Oo) + /Q\“}(Oo)

— 0, (T™") + 0, (T72),/04(07) — O}(80) + O, (T)
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= 0p(T™") +0,(T712), /0, (T 1) + 0, (1)

= 0,(TY), (534)

where the second equality holds by Lemma S3(a), the third equality holds by Lem-
ma S3(b), and the fourth equahty holds by Lemma S4(a)-(b). Similar arguments show
that the summand [Qo 7(6o) — QT(HO) = 0,(T71). Therefore,

07(0) — O1(80) = 0,(T™") + 05(67) — O%(60) (S35)
This combined with Lemma S4(a)—(b) shows the condition (ii) where By = TY/2Wy. This

concludes the proof of Theorem 2. O

ProoOF OF THEOREM S1. We prove Theorem S1 using Lemmas S2-S4. The three lemmas
imply that
. ~ 2 - -~
(cigmin(Y) + 0, (D) |07 = 63" + O (T71/%) [ 67 — 6]
< 07(8r) - 07(60)

< (00,7 (07) + 0,(T~V/?))* = 0%(60)

<2Q0,7(07) + 0,(T™Y) — 0% (60)

<2QT(9T)+0p( - 0%(60)

<207(00) + 0,(T7") = O7(69)

<2(0r(60) — 0o, 7(60)) +200,7(60) + 0,(T")

=0,(T™), (S36)
where eig;,(Y) is the smallest eigenvalue of Y, the first inequality holds by Lem-
ma S4(a)-(b), the second inequality holds by Lemma S3(a), the third inequality holds by
the algebralc inequality (a + b)? < 2a? +2b?, the fourth inequality holds because Qo ()
and Qr(-) are defined to be exactly the same, both being weighted sums of nonnegative
terms, except that the former sums over fewer terms, the fifth 1nequa11ty holds because
Or is the minimizer of QT( ), the sixth inequality holds because Q* (6g) > 0, and the

equality holds by Lemmas S2 and S3(a)-(b). Let { be an arbitrary positive number. We
next show that we can find a constant M; large enough so that

lrrnsupPr(Tl/2 ” 07 — 65)| > M1) < ¢. (S37)

T—o0

This shows that |85 — 65| = O, (T~'/2). To show (S37), consider that
Pr(T'2( 0% - 65| > M1)
<Pr(TV2|[6% — 65| > M1, 0(1) = — €igpin(Y)/2) + Pr(0,(1) < — eigpin (Y)/2)

. 2
eigmin (Y)M] T1/2 ”’e‘s
2 ' T

< Pr<T||5ST — 03))° (cigmin(Y) + 0,(1)) > — 03| > M1> +o(1)
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eigmin (Y)M %

§Pr(T||§ST—08||2(eigmin(Y)+0p(1)) > Semin 1

V2|65 — 63| > M1, 0,(1) = —M,

N———"

+Pr(0,(1) < —M3) +o(1)

eigmin (Y)M7

< Pe( T — 03 P eitain (V) + 0, (1) + O,(TV) |3 5] > “Emins

—M1M2>

+Pr(0,(1) < —Ma) + o(1)

eigmin(Y)M%

SPr(Op(l) > >

- Mle) +Pr(0,(1) < —M3) + o(1),

where the last inequality holds by (S36), and the different O, (1) terms appearing above

are not necessarily the same ones. Fix M» at a value such that the limsup of the second
. X 2

term in the last line is less than ¢/2. Note that w — M1 M> can be made arbitrarily

large by increasing M; (by Assumption 8(d), eig;,(Y) > 0). Thus, we can choose a M;

large enough so that the limsup of the first term in the last line is also less than ¢/2.

Therefore, a large enough M exists such that (§37) holds. O
Proor oF LEMMA S2. Note that

Or(07) - Qor(0r) = Y w@[mhor, 9 + Y w@mior, ).
g€G\Go g€G\Go

Thus, it suffices to show that

3 w0, 9] =o,(T7Y), and (S38)
g€G\Go

3 w@)[mk (07, 9] = 0p(T7). (S39)
g€9\%o

We separate the two cases: one where Assumption 1 is satisfied and the other where
Assumption 2 is satisfied.

Case 1: Assumption 1 is satisfied. In this case, arguments for (538) and (S39) are anal-
ogous. Thus, we give the detailed proof for (S38) only. First, consider that

3 u@mpor, 9 < > w@)[Ar(g) +Br(g) + Cr(®)],

2€G\Go £€9\%
where
1 T Ji
Ar(8) = ==Y > (8;i(m, A7) — X}, Br)8(2j0),
Tir o j=1
1 T Jt o «
Br(g) = — ZZ(Sﬂ(gt’ AT) = 8ji(m1, AT))8(2)0), (540)
Tr I3



Supplementary Material Estimating demand with zero shares 15

T J:

1
Cr(g) = Tin ZZ(IOg(sz + 1, /1) —log (1)) g (zjs)-

T =1 j=1

The inequality holds because ¢, > ¢, (Assumption 1(b)). For A7(g), consider that

T J T 7
AT(g) _Zzgﬂg(zﬂ) + _ZZ ][(7Tt, )\T) jt(’n-ty AO))g(Z]t)
T =1 j=1 T =1j=1
T J;
szjt(BT_BO)g(Zﬂ)
T = 1j=1

Equation (S23) in the proof of Lemma S1 implies that

T J;
sup| — Zijtg(th) 0,(T7 ). (S41)
se6| TIT | 1j=1
Also,
T J;
sup| — ZZ 8j: (i, AT) — 8j¢(1, 0))8(2j1)
geg| T Tt 1 j=1
T J
L 38; (W,AT)
=sup|—— ZZ TR (A — A0)g(z)0)
56| TIT = 1j=1
L& as,t(m,m
ZZ A7 = Aol
TJT
=0,(1)[IA7 — Aoll, (S42)

where the first equality holds by a mean-value expansion for A7 lying on the line seg-
ment connecting A7 and A, the inequality holds because g(zj;) € (0, 1), the first equality
holds by Assumption 8(c), and the condition that A7 — ¢ given in the lemma. Moreover,

T I

sup X .3 - By g(zt)
e TJT;JZI t\PT — P0)8\2j

T I

ZZHxﬁHHBT Bsl =0, 8% — B,

tl]l

(543)
where the equality holds by Assumption 8(c).
Therefore, combining (S41), (542), (S43), and || 6. — 65| = O,(T~1/?), we have

sup| A7(g)| = 0,(T7V?). (S44)
8eg
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Now consider Br(g). Let B}(8) = 7~ Y 20 (8ji(5e, 20) = 8¢ (1, X0))g(zj0). Con-
sider that

T J:
sup|Br(g) — BY(8)| < sup| ==Y > "(8¢(m, Ar) — 8s(m1, A0))g(zj0)
Y geG[ 1T =1 j=1
T J:
+sup| — ZZ 8je(51, A1) — 8j1 (51, X0)) 8 (1) .
g€y T T t=1 j=1

The first summand is less than or equal to O, (1)|[A7 — Aol by (S42). The second sum-
mand is also less than or equal to O,(1)||A7 — Agll due to the same arguments as those
for (542) and the convergence sup,_; 7 lls; — ||y — , 0 implied by (S6) and Assump-
tion 4(g). Those combined with |65, — 65| = O, (T ~'/2) shows that

sulga\BT(g) ~ BY%(g)| = 0,(T7172). (S45)
ge

For BY.(g), consider that

T J;
BY(g) = ZZ 8;1(51, Ao) — 81 (1, X0))g(2j1)
Tt 1j=1
T J
- 35t(771» Ao))
= TJT[XI:]X;g( Zj)—————— ! (8¢ —51)
T J;
,/\
ZZ&’( Zjt) jt( d O))(t—ﬂ't)
T = 1j=1
T J;
, A
T oy ZZg(z,t)(st my” ”m Tl Mol 5 ), (S46)
t=1 j=1

where 7 is a point on the line segment connecting §5; and ;. For the first summand,
note that by the Cauchy-Schwartz inequality and g(z) € [0, 1], its absolute value is less
than or equal to

1 T J;
( sup n,n&,—sznf)(”— 2.2

t=1,...,T TRt =1 j=1

98 ¢(1, Ao)) _1
D) o0, )
=o0p(T7?),

where the first equality holds by Assumption 4(f),

T I [95”(7”,)\0)) &Sﬂ(m,)\o)) max
) e 452 ot

t=1 j=1
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(by Assumption 9(b)), and Markov’s inequality, and the second equality holds by As-
sumption 4(g). For the second summand of (S46), we can apply Lemma S5 and get

T J 2
! 38 ,/\
|:sup< E E 8(zj)) ———— jt(m o) (st — Wz)) j|

gEg Ttl]l

c§ :JZ 5
98¢ (m1, Xo)) z
maxE| 2" (s, — )
TzfZ jot dm' ! !

C§ :12 5 5
30t (7, Ao)) diag(ar) — 77, 30t (771, o))
= max E
TZJ_2 it dr’ ny dmr

)

t v

— 96 (774,
%maxEQ‘ﬂ(ig
T2J3ny jt am

=O(ny ' T7H7™)
= O(T_l),

where the first equality holds by E[(s; — ;) (s; — ) |7, 4] w which holds
under Assumption 4(b), the second inequality holds because dlag(m) — 7y is positive
semidefinite and its largest eigenvalue of does not exceed the highest j;, which does
not exceed 1 and because n; > ny forall 1 =1, ..., T, the second equality holds by As-
sumption 9(b) and the boundedness of Zthl J?/ (TJ_%), and the last equality holds by
Assumption 4(g). Therefore, the Markov inequality applies and shows that the second
summand of (S46) is 0, (T~1/?) uniformly over g € G. For the third summand of (S46),

consider that

T ][ 2 & ~
90 , A .
— ) 86— m)’%m —m)

T =1 j=1

sup
geg

7 5]t(ﬂ Ao))

=w.p.a.1. SUP sup Jmm

Jt mllm—m||<c

<0, (T7™)2 [ IZnst—stn +T° IZnst mll]

” 1X:(St—m) (St — )

= 0p(JF™)0p(n7") + 0, (VT T 1Znst—mn

=0,(J7™)0,(n7") + Op(J7*)O0p (n7")
—o, (1)
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where the first inequality holds because sup, ||5; — 7| < sup, ||5; — 7|y < c w.p.a.1. by As-
sumption 4(f,g) and equation (S6) and also because g(z) € [0, 1], the second inequality
holds by Assumption 9(b), the first equality holds by Assumption 4(f), the second equal-
ity holds by Markov’s inequality and E||s; — m; I2=E Z]J.tzl mj (1 — 7)) /ng < Q}l, and the
last equality holds by Assumption 4(g). Combining the arguments for all the three sum-
mands in (S46), we have

sug|B%(g); =0,(T71?). (S47)
ge

This and (545) together imply that

sup|Br(g)| = 0p(T7'/?). (S48)
geg
Next, consider Cr(g). Using the moment bound derived in (S24) in the proof of
Lemma S1 and Markov’s inequality, we can derive

log ﬁT) (log T)
sup|C —E[C =0, == )=0,| == ), (S49)
g€g| T(8) [ T(g):H p( Tl/z D Tl/z
where the second equality holds by nr T2 » 0 (Assumption 8(e)).

Let rr(g) denote Ar(g) + Br(g) + Cr(g) — EICr(g)]. Then m%.(07,8) > rr(g) +
E[C7(g)]. And by equations (S44), (S48), and (549), we have

sup|rr(g)| =OP(T*1/2 log T). (S50)
geg

For a sequence cr such that T-1/2log T = o(c7), consider
_ 2 2
> n(@)[m4 (07, )] < > w(@[rr(g) +er]”
geG\Go:E[Cr(g)]>cr g€G\Go:E[CT(g)]>cT
2
<sup[rr(g) +ecr]”
g€y
2
=[op(cr) +cr]”
=w.p.a.l 0, (851)
where the first inequality holds because [-]*> is nonincreasing, the second inequality
holds because u(g) is a probability mass function, the first equality holds by (S50). Thus,
the expression deg\go:E[Cr(g)]>CT w(g)miy (67, 2)12 converges in probability to zero at
arbitrary rate. Further restrict c7 so that cr = o((log T) —2/m), This is possible because for
any finite n > 0, log(7T)!*?/7 = o(T'/?). Also, consider

3 w07, )] < 3 w@[rr(g)]

geG\Go:E[Cr(g)]1<cT g€G\Go:E[Cr(g)]<cT

2
<suplrr(g)] > n(g)
geg geG\Go:E[CT(g)1<cT

2
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=0, (T '(log T)z)c¥
—o0,(T7Y), (S52)
where the first inequality holds because m.(0r, g) =rr(g) + E[Cr(g)] and
T J;
E[Cr()] = (TIr)™" )Y E[log(sji + v,/ne) = log(mj)g(2j1)] = 0

t=1 j=1

by the definition of +,, and the first equality holds by the first part of Assumption 9(a).
Therefore, combining (S51) and (S52), we have

3 wg)[mkor, 97 =o,(T 7). (S53)
g€G\Go

Case 2: Assumption 2 is satisfied. We prove (S38) first. Observe that

Y w@mor, 9 = Y w@)[Are) +Ar(e) +Sr()],

g€9\%o g€G\Go
where

T J:

Ar(g) = ZZ 8je(mi, A1) — X, Br)8(2)1),
t=1 j=1
T J:

Ar(g) = —ZZ 8ji(31, Ar) — 8j1 (1, A1))8(2j1), (S54)
=1 j=1
T J:

Sr(g) = 7 D0 (loglsje + u/ne) —10g(5j0)) 8 (zji).

T =1 j=1

The same arguments showing (S44) in Case 1 still applies in Case 2 since neither As-
sumption 1 or Assumption 2 is involved. Thus, (S44) holds. For Ar(g), the same argu-
ments as those for (S45) show that

T J:

AT(g)——ZZ 8j1(31, o) — 8je(m1, 10))g(2j1)| = Op(V)IIAT — Aol (S55)
JTt 1j=1

sup
g€G\Gy

Equation (S28) in Case 2 of the proof of Theorem S1 shows that

T U 2

ZZ 8j1(1, ho) = 8ji (11, X0))8(2je) — E[(84(51, Ao) — 8j (1, Xo))g(2j1)]

T[ljl

_ (log(nr)
ofloEm?),

E sup
geg| T
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Thus, by the Markov inequality,

T Jt
sup| — ZZ 8j1(51, ho) — 8j: (11, X0))8(2js) — E[(84(51, Ao) — 8j (1, Xo))g(zj1)]
56| Tt t=1 j=1
log(nr)
o[22
=0, (log(T)T~1/?), (S56)

where the second equality holds by iy T2 — , 0 (Assumption 8(e)). By Assumption 2(b),
E[(8j:(5¢, Ao) — 8j:(71, Ao))g(zj;)] = 0. This combined with (S55), (S56), and ||§ST — 0yl =
O,(T~1/?) implies that

inf A7 (g) = O, ((log(T)T~1?). (S57)
F4S]
For S7(g), note that

T J:

Sr(8) = — ZZ(s,t + /1) ((sje + vu/ne) = (57))8(2j1)
t=1 j=1
L& gz
= (b 1) Zzn,s]t—i-bu

Applying Lemma S5 and using the fact that E[(nsj; + t,) ~%] < 1,2, we have

Esu L XT:i 821) —E[ 8(zjr) } 2—O(T_l)
E\ 77, < nesj+ b j B '

g€g = 1] nlsjt + Ly

Then by Markov’s inequality we have

1 S glzih) g(zjr)
sup|—— i —E[ i ] =0,(T7'?).
geg| Tt 1 i neSjr + Ly nesSjr + Ly
Thus, we have
Sr(g) > 0,(T ) + E[ I } (S58)
T8 p( T ;Z NS + Ly

Using (S44), (S57), (S58), and the third part of Assumption 9(a), we can apply the same
arguments as those for (S53) (from (S51) to (S53)) to conclude that (538) holds.
Finally, we prove (§39) for Case 2. Note that

Y w@mbor, 91, < Y w@[Ar(g) +Br(g) + CH©)],
g€G\Go g€G\Go
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where

T J;
Ar(g) = ZZ (8j¢(mm1, A1) — X, BT)8(2)2),
tl]l
T J;
Br(g) = ZZ 8715ty A1) — 8j1 (e, A1) g (2j0), (S59)
t].jl
T J:

Cr(g) = ZZ log(sj: +Te/n) —log(min))g(zjo).

tljl

The same arguments showing (S44) in Case 1 still applies in Case 2 since neither As-
sumption 1 or Assumption 2 is involved. Thus, (S44) holds. For Br(g), the same argu-
ments for (S45) in Case 1 still applies here as well. Thus, (S45) holds, and we only need
to study BY 7(g) to understand the behavior of Br(g). Note that

T J:
BY(g) = ZZ 81 (51, Xo) — 8ju (1, 10))&(zje) — E[(8)e(51, ho) — 8ju (71, 10))8(2))]
Tt 1j=1
T J:
L 55" (l0g(5) — log(m)g(z;0) — E[ logGy) — log(m) g (zje)]
TJT =1 j=1
T J:

TJTZZE 81(51, o) — 8ju(m1, Ao))g(zj1) .

t=1 j=1

Equation (S56) shows that the first summand is O, (log(7)7~'/?) uniformly over g € G,
equation (524), and Markov inequality combined show that the second summand is
O, (log(T)T~1/?) uniformly over g € G. The third summand is nonpositive by Assump-
tion 2(a). Therefore,
sup Br(g) < Op(log(T)T~'/?). (S60)
g€y
The same arguments as those for the second summand above shows thatsup, . |Ch(g) —
E[C4(8)]] = O, (log(T)T~Y/?). Using this, (S44), (S60), and the second part of Assump-

tion 9(a), we can apply similar arguments as those for (S53) (from (S51) to (S53)) to
conclude that (S39) holds. O

Proor oF LEMMA S3. (a) By equation (§19) in the proof of Theorem 1, we have

sup
0€@:05€B.(6))

V0o ()~ /050)]

_ _ 2 _ _ 2
< sup sup |m¥%.(6, g) — mr (6, &)|” + sup sup |m4.(0, g) —mr (6, &)|°.
0<0:6°cB.(67) g€Go 0<0:6°€B.(65) g€5o

(S61)
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Now note that

m%(6, g) — mr(6, g)

T Jt
= (TTr)™' Y > (8% (se, X) = 8je(mms, N))g(z)e)
t=1 j=1
_ T Jt
= (T77)"' Y > (log(sje + tu/ns) —log(sji))g(zje)
t=1 j=1
_ T It
H(TIT) Y0 855, A) = 8ji (i, M)g(zjn). (S62)
t=1 j=1

For the first summand, consider that

T J;

sup |(TJ7) ™" ) ) "(log(sjr + tu/ne) —log(sjr))g(zje)
8<% =1 j=1

T
<(TIn)'w) | Y (sie+i/n)  npt
t=1j:zjieZy

-1

Sﬂ;lbu sup s].t

jht:zjr€Zo
=0y (n7") = 0, (T712), (563)

where the first inequality holds with © € [0, ¢, ] by mean-value expansion and [g(zj/)| < 1,
the second inequality holds by the definition of Gy, the first equality holds because s;,
is bounded away from zero by Assumptions 3 and equation (S5), and the last equality
holds by Assumption 8(e). For the second summand in (S62), we can apply the same
arguments as those for (S48) to show that this second summand is o0, (7~!/2) with the
following adjustment: (1) Replace G by Gy, (2) replace S jt(+, -) with 8, (-, -) and (2) replace
the Case 1 version of Assumption 9(b) by the Case 2 version. Therefore, we have

sup sup |mY.(0, g) — mr(6, 8)| = op(T_l/z).
6<0:0°cB.(6) g€Go
Analogous arguments can be used to show that sup,p (g,)SUPgeg, |m%(0,8) —

mr(0, g)| = 0,(T~1/2). That concludes the proof of part (a).

(b) Recall that Q% (6) = Y_4cq, #(8) (77 (60, 8))?, and note that

T J;

1
mr (00, 8) = == »_ _(8js(m1, Xo) — x},B0)&(zj1)

Tr 1353

T J;

= % Z ijzg(zjt)~

T=1 j=1
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Then by equation (S23) in the proof of Theorem S1, we have

sup |mr (6o, 8)| = Op(T~1/?). (S64)
g€%o

This implies part (b). O
ProoF oF LEMMA S4. (a) First, consider that, for g € Gy,

mr (0, g) — mr (6o, g)
T Jt

= (TJr)"' Y > 8(zj)[8je(m, Ar) — 8ji(me, do) + x3,(BY — BY)]

=1 j=1

T Jt
= (TIr) ™YY glzjdamji(ho) (6% — 63)
t=1 j=1
1 Ll jt(ﬂ't’ A)
+(TIT) ™)) gz (Ar = ho)’ Wur — A0)/2
t=1 j=1

=T7(8) (6% — 63) + (AT — X0)' D1(8) (AT — )o),
where 1 is a point on the line segment connecting A and Ag, and

T J:

_1 7* Sjt('“'tr )\)
Dr(g) = (2TJr) ;;;g(zﬂ) YT
Thus, we have
03(07) — 07 (60)
=" w(@)(mr(0r, §) — iz (6o, 8))°
g<€%o
+2 )" u(@)mr(, &) (mr (07, ) — mr (6o, 8)) (S65)
g<Go
= (07— 65) > w@Tr(Tr(g) (6% — 6))
g€Go
+2 ) w(@) A7 — 2o)' Dr(8)(Ar — Ao)T7(8) (05 — 6)
g€Go
+ 3" w@ {1 — M) Dr(g) (AT — Ao)}?
g<Go

+2 3" w(g)mr (6o, Tr(g) (65 — 65)
8<%
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+2 Z r(g)mr (0o, &) (AT — Ao) DT (8)(AT — Ag). (566)
g<Go

Since A € B.(Ag) whenever A7 € B.(A¢) (which holds with probability approaching one
because |A7 — Agll — , 0), we have for any g € Gy,

T J:

Sup ”DT(g)” _wpal ZZ

3?81 (my, A) H
ge 0 1/\||/\ )\0||<c

IAIN

=0,(1),  (S67)

where the first inequality holds because 0 < g(z) < 1, and the equality holds by Markov’s
inequality and Assumption 8(c). This combined with [|67. — 63| = 0, (1) implies that

3" w@{(Ar — A0) Dr(8) (A1 — 20}’ < sup [ Dr(g)|* |65 — 03] = 0, (1)] 65 — 63
gego gego

Also, using Assumption 8(c) and the same arguments as those for (S67), we can show
that SUP,eg, ITT(8) I = Op(1). This combined with (S67) and |65 — 63|l = 0, (1) implies
that

> m(@)(Ar — Ao) Dr(g)(Ar — A0)T'7(8) (65 — 65)
g<%o

< 65— 03] sup | Dr(2) | |[Tr(2)|
g<Go

= op(1)] 65 - 6]

Next, apply Lemma S5 with wj, = &;; and we get

T 2
E sup (7 (6o, 8))° = E sup ((TJT) IZZ@g(z,t))

8<% g€%o =1 j=1

T
CcY J;

t=1

supE[sz-tl(zjt € Zy)] = o(T™),
T It

where the second equality holds by Assumption 4(e) and the boundedness of
713" J2/J2. Therefore,

sup |z (0o, 8)| = Op(T~1/?). (S68)

g<%o

This combined with (S67) implies that

> w(@)mr(6o, 8)(Ar — Ao) Dr(8) (AT — ho) = O, (T~V/2) |65 — 65|,
8<€%o

Therefore, part (a) holds.
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(b) Apply Lemma S5 with wj, being an element of the random vector dm;(Ag), do so
for every element of dmj;(Ao), and we get

T
Ccy J?
t=1

EsupHFT(g) (g _—supE[Ham,t(Ao)H 1(zjr € Z0)] =O(T).

g€%o

The equality is implied by Assumptions 8(c) and the boundedness of J;. Thus, we have

sup ITr(8) = Tr(8)] = 0,(T77). (S69)

g<bo
Assumption 8(c) also implies that

T I

sup ITr(8)] < sup(TJT) PSS CE[|omjir0)gzin ]
8<% t=1 j=1

< sup sup E[ | dm;;(Ao) | 1(zj; € Z0)]
g€Go jit

=0(1). (§70)
This and (S69) together imply that

Yr=) w@lr@lr(g) =o0,(1)+ Y w@r(glr(g) —pY
g€Go g€%o

where the convergence holds by Assumption 8(d).

For W,,, first consider the derivation

< sup\mT(Oo,gﬂ sup T'/? ||FT(g) I'r(8)

g<%o 8<%

‘TW 3 w(g)nr (6o, §)(Tr(g) — Tr(g))
g€Go

=0,(T71%) = 0,(1),
by equations (S68) and (S69). Thus,

T2 Wy =0,(1) +T"* Y~ w(g)mr (6o, )T (g)
g€9o

T
=0,(1)+T7 12> v,

=1

where v, = J;! Z;t:ﬂfjt(dego n(8)8(zj)T'7(8))]. Observe that {v,}_; is independent
across ¢ by Assumption 4(d). Also, consider the derivation:

Jt
Elv] = EZ[E[fthth] < Z M(g)g(zjt)rT(g)ﬂ =0,
j=1

8<€Go
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T
7! ZE[vtv;]
t=1
T ~ Ji B Ji
=71 Z Z Cov(]}l Z§jtg(2jt), J}I Z§jtg*(zj,)>FT(g)FT(g)’,u(g)M(g*) -V,
t=1g,g*€Go j=1 j=1

where the second equality in the first lines holds by Assumptions 4(c), and the conver-
gence holds by 8(d). Also, for the ¢ in Assumption 4(e),

E(l[olI?¢) < sup E|€j:1**¢ sup | Tr(g)]|* ™
Jrt g<€Go

by Assumptions 4(d) and equation (S70) above. Therefore, we can apply the Lindeberg
central limit theorem and conclude 7-'/2%"_ v, —, N(0, V). Therefore,

TY2W, -4 N(©O, V). O

C.4 Auxiliary lemmas

In this subsection, we present two auxiliary lemmas. Lemma S5 establishes a maximal
inequality for certain empirical processes indexed by g in a subset of G. This is used
above to establish the convergence rates of several empirical processes. Lemma S6 es-
tablishes a concentration inequality for the L; distance between a multinomial random
vector and its expectation. This is used to derive a tighter tail bound for |s; — 7¢|| than
that implied by Chernoff’s inequality when J; is large.

LEMMA S5. Let{zj;:j=1,...,J;,t=1,..., T}r=1 bean array of random vectors. Let G be
the set of instrumental functions defined in (16). Let Z* be a subset of supp(zj,) and let G*
be a subset of G for which g(z) =0 forall z ¢ Z*for all g € G*. Let {wj; : j=1,...,J;, t =
1,..., Tir>1 be an array of random variables such that E[wjz.tl(zj, € Z")]<Mrforallj,t
for some Mt < oo. Let w; = (wiy, ..., wy,) and z; = (z14, ..., z5,¢). Suppose that (wy, z;)
is independent across t. Then

T 2 T
E sup <Z Z(wjtg(zjt) - E[wjtg(Zj,)])) =CMr thzv

8€9* \1=1 j=1 t=1
for some constant C > 0.

Proor. Recall that J;7* = max,—;, 7 J;. First, observe that Z]].’Zl wjg(zj;) can be writ-

ten as f;(g) := ijix wj1(j < J;)g(zj;). Observe that the triangular array of random pro-
cesses {g(zj): g€ G*:t=1,..., T}r>1 is manageable with respect to the envelope 17
for all j in the sense of Pollard (1990) because G is the collection of indicator functions
for a Vapnik-Cervonenkis class of sets. Then by parts (a) and (c) of Lemma E1 in An-
drews and Shi (2013), we have that the triangular array {f;(g) : g€ G*:¢t=1,..., T; T > 1}



Supplementary Material Estimating demand with zero shares 27

is manageable with respect to the envelope function Fr = (Fry1, ..., Frr) where Fr, =

Y1 LU =Jn zjr € Z9)|wje| = ZJJ.’ZI |wj(|1(z; € Z*). Therefore, by the maximal inequal-
ity (7.10) in Pollard (1990), we have, for some constant C > 0,

T I 2 T

Esup|Y > (wjiglzj) — E[wjig(z;)])| <C > E[(Fri)?]

8€9%1=1 j=1 =1

T
SCZJt

=1 Jj=

Ji
E[wi1(zjr € 27)]
1

T
<CMr Y J, (S71)

t=1

proving the lemma. O

The following lemma presents a concentration inequality for the L distance from
the mean for multinomial random vectors. The tail bound presented here does not de-
pend on the length of the multinomial random vector, and thus can be applied for multi-
nomial distributions with an arbitrarily large number of categories. The proof of the
lemma uses Poissonization, a technique that Devroye (1983) employs in his Lemma 3
to derive a concentration inequality for the L; distance from the mean for multinomial
random vectors. Devroye’s bound applies when the number of categories is smaller than
a scalar multiple of the sample size.

LemmaA S6. Let (X1, ..., X5) be a multinomial (n, p1, ..., py) random vector, where
pP1,--., pJ are nonnegative numbers that sum up to 1 and n is a positive integer. Then,
forall e >0,

/ . o5\ 128(3n% +n)
Pr(jg()(,—npl) > n‘e ) s— i (S72)
Proor. Let Uy, Uy, ... be asequence of independent and identically distributed {1, ...,
J}-valued variables with probability mass given by P(U; = j) = pj,1 <j<J.Let N bea
Poisson(n) random variable independent of {Uy, Ua, ...}. Let X; be the number of occur-
rences of the value j among Uj, ..., U,, and let X, ; be the number of occurrences of the
value jamong Uy, ..., Uy.Itis clear that X1, ..., X;isamultinomial (n, p;, ..., py) ran-
dom vector, and that X Lo X 7 are independent Poisson random variables with means
npi, ..., npy. By the inequality (a + b)? < 2a® + 2b%, we have

J J J
X —npp? =2y (X - K242 (X —npp)?. (573)
j=1 j=1 J=1
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Thus,

J
Pr(Z(Xj — npj)2 > nzsz)

=1

J J
< Pr(Z(Xj - Xj)? > n282/4> + Pr(Z(i{j —npj)* > n282/4>. (S74)

j=1 J=1

For ZJJ'=1 (Xj— X ), consider the derivation:

N 2 n 2
(X;—X;)?= ( > l{Ui=j}> 1{n<N}+( > l{Ui=j}> 1{n> N}
i=n+1 i=N+1
N
= ( Y Wui=ji+2 ) 1{Ui=j}1{Ui'=j}>1{n<N}
i=n+1 i#l',i,i'=n+1,...,.N
+( Y WUi=jp+2 ) l{Ui=j}1{Ui/=]'}>
i=N+1 i#l,i,i'=N+1,...,n
x 1{n > N}. (S75)

Thus,

I=n+

J N
X - X)) = << > 1) + > HU; = U,-r})l{n <N}
j=1 1

j i#l':0,i'=n+1,...,N

+<<Z 1>+ > 1{Ui=Ui'})1{”>N}

i=N+1 i#i:1,i'=N+1,..,n
<|IN—n+((N-n)(N-n-1)
= (N —n)?. (S76)

Therefore, using Markov’s inequality, we have

J
Pr(Z(Xj - X))?> n282/4) <Pr(IN —n|* > n*&?/4)
j=1
16E[(N —n)*]

n484
16(3n° + n)

=——7 (§77)
I’l4 84
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where the equality holds by N ~ Poisson(n). For Z,J':1 (X j—np j)z, consider the deriva-

tion:
7 2
j=1
J ~ ~ ~
:ZE[(X,-—np;)ﬂ-l— Z E[(Xj_”Pj)z]E[(Xj’ —”Pj/)z]
j=1 JEI =1 d
J
:Z(E’)nzpf—i-npj)—i- > n’ p;p|
j=1 JE =100
J
:ZnZijz»+n+n2§3n2+n. (S78)
j=1
Therefore,
J 2
- 16(3n°“ +n
Pr(Z(Xj —npj)* > n232/4> < % (S79)
j=1
Equations (S74), (S77), and (S79) together conclude the proof. O

APPENDIX D: RANDOM COEFFICIENT LOGIT

In this section, we prove a lemma that establishes Assumption 1 for the random coeffi-
cient logit model.

Lemwma S7. Consider the random coefficient logit model in Example 4.2. Also, assume
that (i) wj; is bounded, that is, |wj|| < w; (ii) sup)cp sup‘lwllfwfexp(Zw’v) dF(v; A\) < oo,
(iii) inf,—y, T infmeAgt mor > gy > 0 forall T, and (iv) there exists e; > 0 and 0 < ex < g4/2
such that the maximum eigenvalue of

~—1

T, 0 0
0 0
/%z(v)frt(v)/dF(v; A)
0
0o 0 0 5,

is less than 1 — ey for all A € A, and all 7, eAjfforallt: 1,..,Tand T=1,2,3,...,
where

exp(w}tv—i— 8ji (715 A))

Ji
14+ ) exp(w),v+ 8k (7 A))

k=1

7~sz(v) =

Then Assumption 1(a) is satisfied.
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Proor. Without loss of generality, consider the derivative with respect to . For
j=1,...,J; take partial derivative with respect to 7;; on both sides of (24), and we
get

98¢ (7 A)

Iy
exp(w),v) exp (8¢ (771; A))
_ / i .
<1 + Z exp(ék,(%t; A+ w}([v)ﬁ'kt>
k=1

J: X -
v L - v L o) ;A
X (eXp(5zt(7n; A) +wy,v) + Z ks eXp(w),v) exp(Sk (7713 A))%ﬂ) dF(v; )
k=1 !
/i 981, (7ris A)
:ﬁz—tlﬁj—,l/%ﬁ(v)fm(v)dF(v; A)+Z{[%j_tl/frjt(v)%k[(v)dF(v; A)}"(’T“}.
k=1 t

Stacking the J, equations in matrix form, we find that

N AC AP ~
H (7, \)———22 = by (743 M),
dm1y

where
w0 0
0 ... 0
H(Gro \) =1 — / (07 (v) dF (v A) . ,
eee .00
0 0 0y,
and

%Zfl%ilfﬁ'ﬂt(v)%lt(v)dF(v; A)

. 7743177231 f o (V) 72, (V) dF (v A)
bo (5 A) =

] f 20 (0) 7,0 (0) dF (05 )

By condition (iv), we have that the eigenvalues of H,(7, A) are positive and bounded
away from zero for all ¢, all A and all 7; € A;f Next, we show that the elements by (7; A)
are bounded uniformly over ¢ and ¢, which will then imply that

<M < 0.

sup sup  sup sup

30t (15 A) ’
1=, TT=1,2,. =1, )1, e A2 AEA et
t
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for some M. Consider the derivation

98¢ (73 A)
(97T;

A

8jt(Fr; A) — 8¢ (i3 A) = (e — 7m)

) 98¢ (7 A)
< |\ — m ||| =
oy

< VI:M |7 — |
<VIM | — . (S80)

Thus, Assumption 1(a) holds.
To show that by (7; A) is uniformly bounded, we first show that 5 (75 A) is uni-
formly bounded. Without loss of generality, consider 8, (7; A):

exp(w}tv)

81(F; A) = —log/ dF(v; )

Jy
1+ Zexp(ékt(ﬁy; A) + Wi, V) Ty
k=1

> —log/ exp(w}tv) dF(v; A)

> —logsup sup fexp(w/v) dF(v; M),
AeA lwl<w

where the second inequality holds by condition (i). Then by condition (ii), we have

inf, ) 7, 81,(771; \) > —oo. To show that supt',\,;,téll(%t; A) < oo, consider the outside

share:

Jy
1+ Z exp Ok (745 A) + W, v) Tks
k=1

or :/ L dF(v; ).

By |7o: — moe| < |71 — |l < e2 < gy3/2 and mp; > g, we have 7ro; > g5/2. Then there

L 1 .
must exist v large enough such that f\lv\lsﬁ 1+Z£’ e —— dF(v; A) > gy/4.
= ’ t

Then
814(7; \)
exp(w’;,v
< log / . p(yet) dF(v; \)
Iol< ‘ . oo
1+ Zexp(Skt(m; A) + wj, V) g,
k=1
. / 1
<—log [ min _exp(w v)] dF(v; A)
lwl=<w, [lv|<v lvll<v

Ji
1+ Z exp (O (713 A) + W, v) ks
k=1
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< —[‘ min (w/v)] —log(gy/4).

lwll<w, [v]<v

Thus, Sup; 7, 81:(774; ) < oo.
Now we show that by;(7; A) is uniformly bounded. By the Cauchy-Schwarz inequal-
ity, it suffices to consider the ¢th element of by, (7r; A):

v 2
/ Sut (713 A
7~Tziszret(v)zdF(v; A)=/< ,exp(wmwr u(fi 1) ) dF(v; A)

1+ Z exp(Wje,v + Sy, (715 A)) i
k=1
< eXp(ZSgt(%t; A)) / exp(2wj,v) dF (v; A).

Then by condition (ii) and sup, A Sgt(in; A) < oo, we have

supsup  sup
LA = <ez

< Q.

ir;f/%@[(v)zdF(v; A)

This shows the uniform boundedness of the elements of by, (74; A). O

APPENDIX E: APPROXIMATE LOG SHARE

In this section, we show some theoretical derivation that provides further support for
the finiteness of i, and the approximate value of +,,. Lemma S8 shows that «*(n, nw) ap-
proaches (1 — 7)/2 when n is large. Lemma S9 shows that *(n, n7) approaches nw
when n is small. Both align well with the numerical results shown in Figure 2 and Ta-
ble 2. Thus, we are confident that the conclusions regarding the approximate values of
1¢ and ., drawn in Section 3.3 are correct, even though a complete theoretical proof is
out of reach due to the lack of an analytical solution for the expectation of the logarithm
of mean-shifted binomial or Poisson random variables. For two sequences of positive
numbers g, and b,, we denote a,, x b, if a,,/b, = O(1) and b, /a,, = O(1).

LeMmmA S8. Let q follow a binomial distribution with parameters (n, 7). Consider a se-
quence of binomial distributions such that w ocn™" with v € [0, 1). Then along this se-
quence we have:

(a) For any fixed constant v > 0,

L 1—m 1
E[log(q + ) —log(nm)] = — - +o((nm)™),
where the o((nm)~') is uniform over « in any bounded closed subinterval of (0, c0).
(b) *(n, nw) — (1 — ) /2 — 0.

LEMMA S9. Let q follow a binomial distribution with parameters (n, 7). Consider a se-
quence of binomial distributions such that w xn™" with v > 1. Then along this sequence,
we have

(n, nr)
— 1.
nm



Supplementary Material Estimating demand with zero shares 33

Proor oF LEMMA S8. (a) First, note that by Chernoft’s inequality, we have for any ¢ > 0,

Pr(|g — nar| > (nm)>+¢) < 2exp (— (”7;)26). (S81)
Decompose E[log(g + ¢) — log(nr)] as
E[log(q + t) — log(nm)]
= E[(log(q + v) — log(nm))1{|q — nm| < (nm)**}]
+ E[(log(g + v) — log(nm))||q — nm| > (nm)*57]
x Pr(lq — nm| > (nm)*°7) (S82)

To bound each of the summands of the right-hand side of (S82), first consider the deriva-
tion
exp(— (nw)zc/s) = exp(—(1171-)26/3)11211_2
:e-,)(p(—(rz77-)2"/13+210gn)n_2 = o(n_z), (S83)

where the last equality holds because (n7)%¢/(3logn) oc n?1=") /(3logn) — oco.
Now consider the second summand of the right-hand side of (582). By (S81), it is
bounded by

2max{|log(¢) — log(n)|, |log(n+ 1) —log(nm)|} exp(—(nﬂ-)zc/?))
< Clog(n) exp(—(nw)zc/?:)
= o(n*2 logn) = 0((n77)*1), (S84)

where C is a universal constant, the inequality holds because . is a fixed positive con-
stant and log(n) < logn, the first equality holds due to (S83) and the second equality
holds because n7 oc n(1=") = o(n?/ log(n)). It is easy to see that the o(-)’s are uniform in «
on any compact interval on (0, co).

Write (¢ 4+ v)/(n7) =1+ (¢ — nm + )/ (n7), and use a Taylor series expansion of the
logarithm around 1, and we can write the first summand of the right-hand side of (S82)
as

E[(log(g +v) — log(nm))1]lg — nm| < (nm)*3+¢}]
= (nm) " E[(q — nm + )1{lq — nmr| < (nm)**¢]]

— 27 (nm) 2E[(q — nm + 0 1{lq — 7| < (nm) "5t}

+2@) ' (em) BE[A+ )3 (g —nm+0)°

x 1{lg — nm| < (nm)°*¢}], (S85)

where X is a value on the interval [0, (¢ — n7 + ¢)/(n)]. Consider the derivation:
(nm)CE[(1+ %) (g — nm + 0°1{lg — nar| < (nm) Y] < Clnm) 7 (& + (nm) 1915

=o((nm)™), (S86)



34 Gandhi, Ly, and Shi Supplementary Material

where C is a universal constant, and the equality holds when we pick a ¢ € (0, 1/6). Also,
consider the derivation

E[(g —nm+0)?1{lqg — nw| < (nm)*>*¢}]
= E[(q —nm+ 0] = E[(q — nm + 0?|lq — nw| > (nm)***]Pr(|q — nar| > (nm)*07€)
= E[(q — nm + 1)*] — O(n® exp(—(nm)*/3))
=E[(g—nm+1)?]+0(1)
=nm(l1— )+ +o(1), (S87)
where the second equality holds by (S81) and g < n, the third equality holds by (S83),

and the last equality holds because ¢ follows the binomial distribution with parameters
(n, 7). By similar derivation, we have

E[(q —nm +V1{lg — nm| < (nm)*>T}] = o+ 0(1). (S88)
Combining (585)-(S88), we have

E[(log(q +v) — log(nm))1{|g — nm| < (nm)*>¢}]
= (nm) (1 —271(1 = m) + o(1)). (S89)

Equations (S82), (S84), and (589) together prove part (a) of the lemma.

(b) It is without loss of generality to assume that = — 7 for some 7 € [0, 1] as
n — oo. (If not, we can consider subsubsequences of arbitrary subsequences of {n} along
which 7 converges. Such subsubsequences always exist because [0, 1] is a compact set.)
We consider two cases:

(i) 7 = 1. Suppose there exists a ¢ > 0 such that .*(n, n7) > ¢ infinitely often. Then
by the monotonicity of the logarithm function, we have, infinitely often,

(nm)E[log(q + ¢) — log(n)]
< (nm)E[log(q + *(n, nm)) — log(nm)] =0, (S90)

where the equality holds by the definition of .*(#n, n7). On the other hand, part (a)
of the lemma implies that

(nm)[log(g + ¢) — log(nm)] - ¢ > 0. (S91)

This and (S90) form a contradiction. Thus, there does not exist a ¢ > 0 such that
v*(n, nm) > c infinitely often. This implies that .*(n, n7) — 0, and in turn implies
part (b) of the lemma.

(i) 7o € (0,1). Let ¢ = (1 — 7o0)/4 and ¢ = (1 — 7). Suppose that *(n, n7) < ¢
(t*(n, n) > ¢) infinitely often. Then by the monotonicity of the logarithm func-
tion, we have, infinitely often, (n7)E[log(q + ¢) —log(nm)] > 0 ((nm)E[log(q +¢) —
log(n)] < 0). But part(a) of the lemma implies that (n7)E[log(g +¢) — log(nm)] —
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c—(1—7x)/2 <0 ((nm)E[log(g+7c) —log(nm)] - ¢ — (1 — ) /2 > 0). These form
a contradiction. Thus, t*(n, nw) € [c, ] eventually. This, the compactness of the
interval [¢, ¢], and part (a) of the lemma together imply that

(nm)[log(q + *(n, nw)) —log(nm)] — (v*(n, nw) — (1 — 7)/2)
— 0. (892)

Butlog(g+ ¢*(n, nm)) —log(nm) = 0 by the definition of v*(n, n7). Thus, *(n, n7) —
(1 — 7)/2 — 0, which shows part (b) of the lemma. O

ProoOF oF LEMMA S9. By the definition of +*(n, n), we have

0 = E[log(q + v*(n, nm)) — log(nm)]
= E[log((gq + v*(n, nm))/(nm))]
= (1 - m)"log(v*(n, nm)/(n))
+ (1 — (1 —m)")E[log((q + ¢*(n, nm))/(nm))|q > 0]. (S93)

Thus,

E[log((g + v*(n, nm))/(nm))|q > 0] (S94)

<L*(n,nﬂ')> 1-(1-—m)"
log =—

nw (1—m)"

For 1 < g < n, since *(n, nm) < n, we have 0 < log((g + t*(n, nm))/(nm)) < log(2) —
log(7). Thus,

|E[log((q + v*(n, nm))/(nm))|q > 0]| < (log(2) — log()) < 2|log()|, (S95)

where the second inequality holds for large enough » since n7 — 0. Also, consider

1-(1—m)"= (’11)77— (’2’)772+..-+(—1)”+1(Z>w”

n(1 — (nm)")

<nm+(nm)? + -+ (nm)" = (S96)
1—nm
Thus, for large enough n, we have
* 1— n
‘log( (n, nﬂ')) < 2llog | na(1— (nm)")
nir 1 —nm—nm(l— (nm)")
=2nm|log(7)|(1 + o(1))
=o0(1), (897)

where the inequality holds by (S95) and (S96), and the equalities hold by 7 « n~? with
v > 1. This proves the lemma. O



36 Gandhi, Ly, and Shi Supplementary Material

REFERENCES

Andrews, Donald W. K. and Xiaoxia Shi (2013), “Inference based on conditional moment
inequality models.” Econometrica, 81. [26]

Devroye, Luc (1983), “The equivalence of weak, strong and complete convergence in L;
for kernel density estimates.” The Annals of Statistics, 11, 896-904. [27]

Dezhbakhsh, Hashem, Paul H. Rubin, and Joanna M. Shepherd (2003), “Does capital
punishment have a deterrent effect? New evidence from postmoratorium panel data.”
American Law and Economics Review, 5 (2), 344-376. [2]

Head, Keith, Thierry Mayer et al. (2013), “Gravity equations: Workhorse, toolkit, and
cookbook.” Handbook of International Economics, 4. [2]

Pollard, David (1990), “Empirical process theory and application, NSF-CBMS regional
conference series in probability and statistics.” II, Institute of Mathematical Statistics.
(27]

Sherman, Robert P. (1993), “The limiting distribution of the maximum rank correlation
estimator.” Econometrica, 61, 123-137. [12]

Co-editor Andres Santos handled this manuscript.

Manuscript received 6 April, 2020; final version accepted 8 August, 2022; available online 9
September, 2022.


https://www.e-publications.org/srv/qe/linkserver/setprefs?rfe_id=urn:sici%2F1759-7323%282023%2914%3A2%2B%3C1%3ASTEDFD%3E2.0.CO%3B2-8
https://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:2/Devroye1983&rfe_id=urn:sici%2F1759-7323%282023%2914%3A2%2B%3C1%3ASTEDFD%3E2.0.CO%3B2-8
https://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:3/dezhbakhsh2003does&rfe_id=urn:sici%2F1759-7323%282023%2914%3A2%2B%3C1%3ASTEDFD%3E2.0.CO%3B2-8
https://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:6/Sherman1993&rfe_id=urn:sici%2F1759-7323%282023%2914%3A2%2B%3C1%3ASTEDFD%3E2.0.CO%3B2-8
https://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:2/Devroye1983&rfe_id=urn:sici%2F1759-7323%282023%2914%3A2%2B%3C1%3ASTEDFD%3E2.0.CO%3B2-8
https://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:3/dezhbakhsh2003does&rfe_id=urn:sici%2F1759-7323%282023%2914%3A2%2B%3C1%3ASTEDFD%3E2.0.CO%3B2-8
https://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:3/dezhbakhsh2003does&rfe_id=urn:sici%2F1759-7323%282023%2914%3A2%2B%3C1%3ASTEDFD%3E2.0.CO%3B2-8
https://www.e-publications.org/srv/qe/linkserver/openurl?rft_dat=bib:6/Sherman1993&rfe_id=urn:sici%2F1759-7323%282023%2914%3A2%2B%3C1%3ASTEDFD%3E2.0.CO%3B2-8

	Appendix A: Further illustrations of Zipf's law
	Appendix B: Proof of Lemmas 1 and 2
	Appendix C: Proofs of the theorems
	Proof of Theorem 1: Consistency
	Proof of Lemma S1
	Proof of asymptotic normality
	Auxiliary lemmas

	Appendix D: Random coefﬁcient logit
	Appendix E: Approximate log share
	References

