Supplementary Material

Supplement to “A more powerful subvector Anderson Rubin test

in linear instrumental variables regression”
(Quantitative Economics, Vol. 10, No. 2, May 2019, 487-526)

PATRIK GUGGENBERGER
Department of Economics, Pennsylvania State University

FRANK KLEIBERGEN
Amsterdam School of Economics, University of Amsterdam

SOPHOCLES MAVROEIDIS
Department of Economics, University of Oxford

This online supplement contains additional tables of critical values, computational
details, and additional numerical results.

APPENDIX C: ADDITIONAL TABLES OF CRITICAL VALUES

10%, 5%, and 1% conditional critical values c¢;_,(k1, kK — my) were computed by nu-
merically integrating the density (2.12) at different values of the conditioning variable
k1 for the cases k — my =6, ...,20 (cases k —my = 1,...,5 are reported in the main
paper). The results are reported in Tables 8 to 22. The conditional quantiles are rounded
upwards to one decimal place, and the initial value of k; in each table is the smallest
for which the rounded quantile is less than .

APPENDIX D: COMPUTATIONAL DETAILS
D.1 Computation of the hypergeometric function

The function OF](Z) of two matrix arguments, which appears in the kernel of the density
(A.16), involves an infinite series of Jack functions that converge very slowly and it is no-
toriously hard to compute accurately. We use the recently developed algorithm of Koev
and Edelman (2006) which is efficient and fast. The algorithm approximates 0F1(2) using
a finite sum of terms M terms, so we need to choose M large enough for an accurate
approximation. By extensive experimentation with different values of M up to 500, we
found that M = 200 seems to be sufficiently large for all the cases we considered, be-
cause the results are unchanged when M is increased further. Hence, we used M = 200
in all calculations.
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TaBLE 8. 1 — o quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(kK1, kK — my ) at different values of the conditioning variable ;. Computed by numerical

integration.
k— my = 6

I3t cv K1 cv K1 cv K1 cv K1 cv K1 cv K1 cv

a=10%
1.1 1.0 26 24 46 4.0 6.8 5.6 9.5 72 137 8.8 394 104
1.2 1.1 29 26 49 42 7.1 5.8 9.9 7.4 145 9.0 819  10.6
1.3 1.2 3.1 2.8 5.1 4.4 7.4 6.0 10.3 7.6 15.5 9.2 1000 10.634
1.5 14 34 3.0 54 46 7.7 6.2 10.8 7.8  16.6 9.4 ) 10.645
1.7 16 36 32 57 48 8.0 64 113 8.0 18.1 9.6
2.0 1.8 3.8 3.4 5.9 5.0 8.4 6.6 11.8 8.2 20.1 9.8
22 20 41 36 62 52 8.7 6.8 124 84 23.0 10.0
24 22 43 38 65 54 9.1 7.0 13.0 86 282 10.2

a=5%
1.6 15 33 31 54 49 7.7 6.7 104 85 144 103 309 121
1.7 1.6 3.5 33 5.6 5.1 7.9 6.9 10.8 8.7 15.1 10.5 41.6 12.3
1.8 1.7 37 35 59 53 8.2 7.1 11.1 89 158 107 75.0 125
20 19 40 37 61 55 8.5 73 115 9.1 16.7 109 1000 12.579
2.2 2.1 4.2 3.9 6.4 5.7 8.8 7.5 11.9 9.3 17.7 11.1 o0 12.592
24 23 44 41 6.6 59 9.1 77 124 95 189 113
26 25 47 43 69 6.1 9.4 79 128 9.7 204 115
29 27 49 45 71 63 9.7 8.1 133 9.9 225 11.7
3.1 29 5.1 47 74 65 10.1 83 139 10.1 257 119

a=1%
37 36 55 54 78 75 103 9.6 13.1 11.7 171 13.8 28.7 159
3.8 3.7 5.9 5.7 8.2 7.8 10.7 9.9 13.6 12.0 17.9 14.1 35.5 16.2
40 39 62 60 85 81 11.1 102 141 123 188 144 524  16.5
43 42 65 63 89 84 115 105 146 12,6 198 147 159.8  16.8
4.6 4.5 6.8 6.6 9.2 8.7 11.9 10.8 15.2 12.9 21.1 15.0 1000 16.796
49 48 72 69 96 9.0 123 111 15.7 132 228 153 ) 16.812
52 51 75 72 99 93 127 114 164 135 251 15.6

D.2 Size calculations

The computation of the NRP in Section 2 was conducted using numerical integration of
the exact density (A.17). Their accuracy depends in part on the accuracy of the compu-

tation of OF{Z). To assess that, we compare in Figure 7 the NRP computed using Monte
Carlo integration with 1 million replications to the one reported in Figure 2. The results

are essentially identical to 3 decimals.
Further results on the size of conditional subvector AR test are given in Section E.1.

D.3 Power bounds

In this section, we explain how we compute bounds to the power of the rank testing
problem in Section 2.4 using the methods of Andrews, Moreira, and Stock (2008, Sec-
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TaBLE 9. 1 — o quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(K1, kK — my) at different values of the conditioning variable k. Computed by numerical
integration.

k— my = 7
R’l Ccv f<1 Ccv R’l Ccv IA<1 Ccv ;(1 Cv Rl Ccv fq Ccv
a=10%
1.2 1.1 29 27 5.1 4.5 7.5 63 103 81 147 9.9 385 117
1.3 12 32 29 53 4.7 7.7 6.5 10.7 83 155 101 65.0 119

14 13 34 31 5.6 4.9 8.0 6.7 111 85 163 103 1121 12.0
1.6 15 36 33 5.8 5.1 8.3 69 115 87 173 105 1000 12.005
1.8 1.7 39 35 6.1 53 8.7 7.1 12.0 89 184  10.7 () 12.017
20 19 41 37 6.4 5.5 9.0 73 124 91 199 109

23 21 43 39 6.6 5.7 9.3 75 129 93 218 111

25 23 46 41 6.9 59 9.6 7.7 135 95 247 113

27 25 48 43 7.2 6.1 10.0 79 141 9.7 293 115

a=5%

1.9 1.8 3.8 3.6 6.1 5.6 8.6 7.6 11.5 9.6 159 11.6 35.6 13.6
2.0 1.9 4.0 3.8 6.3 5.8 8.9 7.8 11.9 9.8 16.5 11.8 49.0 13.8
2.1 2.0 4.3 4.0 6.6 6.0 9.1 8.0 12.2 10.0 17.2 12.0 94.6 14.0
2.3 2.2 4.5 4.2 6.8 6.2 9.4 8.2 12.6 10.2 18.0 12.2 1000 14.053
2.5 2.4 4.7 4.4 7.1 6.4 9.7 8.4 13.0 10.4 19.0 12.4 00 14.067
2.7 2.6 4.9 4.6 7.3 6.6 10.0 8.6 13.4 10.6 20.1 12.6

2.9 2.8 5.2 4.8 7.5 6.8 10.3 8.8 13.9 10.8 21.4 12.8

3.1 3.0 5.4 5.0 7.8 7.0 10.6 9.0 14.3 11.0 23.2 13.0

3.4 3.2 5.6 5.2 8.1 7.2 10.9 9.2 14.8 11.2 25.6 13.2

3.6 34 5.9 5.4 8.3 7.4 11.2 9.4 15.3 11.4 29.3 13.4

a=1%

4.2 4.1 6.4 6.2 9.0 8.6 11.8 11.0 15.1 13.4 20.1 15.8 62.0 18.2
4.3 4.2 6.7 6.5 9.3 8.9 12.1 11.3 15.6 13.7 21.0 16.1 117.1 18.4
4.5 4.4 7.0 6.8 9.6 9.2 12.5 11.6 16.1 14.0 22.2 16.4 1000 18.459
4.8 4.7 7.3 7.1 10.0 9.5 12.9 11.9 16.6 14.3 23.6 16.7 0 18.475
5.1 5.0 7.6 7.4 10.3 9.8 13.3 12.2 17.2 14.6 25.5 17.0

5.4 53 8.0 7.7 10.7 10.1 13.7 12.5 17.8 14.9 28.1 17.3

5.7 5.6 8.3 8.0 11.0 10.4 14.2 12.8 18.5 15.2 32.4 17.6

6.0 5.9 8.6 8.3 11.4 10.7 14.6 13.1 19.2 15.5 40.5 17.9

tion 4.2) and Elliott, Miiller, and Watson (2015) (henceforth AMS and EMW respectively).
The testing problem is

Hy:ky=0, k1 >0 versus Hj:kp>0, K1 > K3,

where k1, k; are the eigenvalues of the noncentrality parameter «;(M’'M) of the 2 x 2
noncentral Wishart matrix 5’5 ~ W (k, I,, M' M), and k; = k;(5'5). The joint density
of the eigenvalues f;, ,(x1, X2; k1, k2) is given in (A.17).

All simulations in this section are performed using importance sampling. The pa-
rameter space for i under Hy is discretized into N,, = 42 points, in the same way

as for the size calculations before, that is, k1 € {k11,..., k1, Ni }, where k1 ; are equally
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TaBLE 10. 1 — a quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(kK1, kK — my ) at different values of the conditioning variable ;. Computed by numerical

integration.
k— my = 8

I3t cv K1 cv K1 cv K1 cv K1 cv K1 cv I3t cv

a=10%
1.4 1.3 33 3.1 5.7 5.1 8.3 7.1 11.4 9.1 16.1 11.1 47.8 13.1
1.5 14 36 33 5.9 53 8.6 73 118 93 169 113 933 133
1.6 1.5 3.8 3.5 6.2 5.5 8.8 7.5 12.2 9.5 17.7 11.5 1000 13.348
1.8 1.7 4.0 3.7 6.4 5.7 9.1 7.7 12.6 9.7 18.6 11.7 00 13.362
20 19 43 39 6.7 5.9 9.4 79 13.0 99 197 119
2.2 2.1 4.5 4.1 6.9 6.1 9.7 8.1 13.4 10.1 21.0 12.1
24 23 47 43 7.2 63 10.1 83 139 103 227 123
27 25 50 45 7.5 6.5 104 85 144 105 251 125
2.9 2.7 5.2 4.7 7.7 6.7 10.7 8.7 14.9 10.7 28.7 12.7
31 29 54 49 8.0 69 11.1 89 155 109 348 129

a=5%
21 20 42 40 6.7 6.2 9.4 84 125 10,6 17.1 12.8 37.6  15.0
2.2 2.1 4.4 4.2 6.9 6.4 9.6 8.6 12.9 10.8 17.7 13.0 50.0 15.2
23 22 46 44 7.1 6.6 9.9 88 132 11.0 184 132 86.5 15.4
25 24 49 46 7.4 6.8 10.2 9.0 13.6 11.2 19.1 134 155.6 155
27 26 51 48 7.6 7.0 104 92 139 114 199 13.6 1000 15.492
29 28 53 50 7.9 72 10.7 94 143 11.6 209 138 00 15.507
31 30 55 52 8.1 7.4 11.0 9.6 147 11.8 22.0 14.0
3.3 3.2 5.8 5.4 8.4 7.6 11.3 9.8 151 12.0 23.4 14.2
35 34 60 56 8.6 78 11.6 10.0 15,6 122 252 144
38 36 62 58 8.9 80 119 102 161 124 277 146
4.0 3.8 6.4 6.0 9.1 8.2 12.2 10.4 16.6 12.6 31.4 14.8

a=1%
4.7 4.6 6.8 6.7 9.4 9.1 12.2 11.5 15.2 13.9 19.3 16.3 28.5 18.7
48 47 72 170 9.7 94 125 11.8 157 142 199 16.6 31.8  19.0
50 49 75 73 101 9.7 129 121 161 145 206 169 372 193
53 5.2 7.8 7.6 10.4 10.0 13.2 12.4 16.6 14.8 21.4 17.2 48.4 19.6
56 55 81 79 108 103 136 127 17.0 151 224 175 829 199
59 58 84 82 111 106 140 130 176 154 234 178 1184  20.0
6.2 6.1 8.8 8.5 11.4 10.9 14.4 13.3 18.1 15.7 24.7 18.1 1000 20.073
65 64 91 88 11.8 112 148 13.6 18.7 160 263 184 00 20.090

spaced in log-scale between 0 and 100. We will compute point-optimal power bounds
over a grid of point alternatives. Let F denote a distribution over Hy, so that Hy r € H;
is a point alternative, and let g denote the density of the data under H; r. For the
power envelope, we consider one-point distributions F, whose support varies over
the range «; € [0.1, kp(k)], discretized into 30 equally spaced points, and k; — k; €
{0,1,2,4,8, 16, 32, 64}. We do not consider greater values of k; — k; because the power
curves of k; are already indistinguishable at x; — k; = 64. The upper bound of «; un-
der Hy, ky(k), is chosen to be about just high enough for the power of the conditional
subvector AR test ¢, to be above 0.99, and it necessarily varies with k (larger values are
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TaBLE 11. 1 — o quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(K1, kK — my) at different values of the conditioning variable k. Computed by numerical
integration.

k—mW:9

K1 Ccv K1 Ccv K1 Ccv K1 Ccv K1 Ccv K1 cv K1 Ccv

a=10%
1.5 1.4 3.4 3.2 5.7 5.2 8.2 7.2 11.0 9.2 14.6 11.2 21.6 13.2
1.6 1.5 3.6 3.4 5.9 5.4 8.4 7.4 11.3 9.4 15.1 11.4 23.0 13.4
1.7 1.6 3.9 3.6 6.2 5.6 8.7 7.6 11.6 9.6 15.6 11.6 24.8 13.6
1.9 1.8 4.1 3.8 6.4 5.8 9.0 7.8 11.9 9.8 16.1 11.8 27.3 13.8
2.1 2.0 4.3 4.0 6.7 6.0 9.2 8.0 12.3 10.0 16.6 12.0 31.0 14.0
2.3 2.2 4.5 4.2 6.9 6.2 9.5 8.2 12.6 10.2 17.3 12.2 37.3 14.2
2.5 2.4 4.8 4.4 7.2 6.4 9.8 8.4 13.0 10.4 17.9 12.4 50.3 14.4
2.8 2.6 5.0 4.6 7.4 6.6 10.1 8.6 13.4 10.6 18.7 12.6 91.8 14.6
3.0 2.8 5.2 4.8 7.7 6.8 10.4 8.8 13.8 10.8 19.5 12.8 1000 14.669
3.2 3.0 5.5 5.0 7.9 7.0 10.7 9.0 14.2 11.0 20.5 13.0 o0 14.684

a=5%

2.3 2.2 4.5 4.3 7.2 6.7 10.0 9.1 13.4 11.5 18.1 13.9 36.9 16.3
2.4 2.3 4.8 4.6 7.5 7.0 10.4 9.4 13.8 11.8 18.9 14.2 53.5 16.6
2.6 2.5 5.1 4.9 7.8 7.3 10.8 9.7 14.3 12.1 19.9 14.5 154.4 16.9
2.9 2.8 5.5 5.2 8.2 7.6 11.2 10.0 14.9 12.4 21.0 14.8 1000 16.903
3.2 3.1 5.8 5.5 8.6 7.9 11.6 10.3 15.4 12.7 22.4 15.1 [ee) 16.919
3.5 3.4 6.1 5.8 8.9 8.2 12.0 10.6 16.0 13.0 24.1 154

3.8 3.7 6.5 6.1 9.3 8.5 12.5 10.9 16.6 13.3 26.5 15.7

4.2 4.0 6.8 6.4 9.7 8.8 12.9 11.2 17.3 13.6 30.2 16.0

a=1%

5.2 5.1 7.6 7.5 10.5 10.2 13.6 12.9 17.1 15.6 22.1 18.3 44.1 21.0
5.3 5.2 8.0 7.8 10.9 10.5 14.0 13.2 17.6 159 22.9 18.6 61.9 21.3
5.5 5.4 8.3 8.1 11.2 10.8 14.4 13.5 18.1 16.2 23.8 18.9 143.4 21.6
5.8 5.7 8.6 8.4 11.5 11.1 14.7 13.8 18.5 16.5 24.8 19.2 1000 21.647
6.1 6.0 8.9 8.7 11.9 11.4 15.1 14.1 19.0 16.8 26.0 19.5 0 21.666
6.4 6.3 9.2 9.0 12.2 11.7 15.5 14.4 19.6 17.1 27.5 19.8

6.7 6.6 9.6 9.3 12.6 12.0 15.9 14.7 20.1 17.4 29.4 20.1

7.0 6.9 9.9 9.6 12.9 12.3 16.3 15.0 20.7 17.7 32.2 20.4

7.3 7.2 10.2 9.9 13.3 12.6 16.7 15.3 21.4 18.0 36.4 20.7

needed for higher k). With some experimentation, we picked k,(2) = 25, k2(5) = 30,
k2(10) = 38, k2(20) = 46. We index the density of the data under the alternative by
r=1,...,N,=30x 8, sothat g,(-) = f;q);(z(-; K1,r» K2,1)-

Let x;; € %% denote a draw from Ws(k, I, diag(x1,j,0)). We draw Ny simulations
from each of N, data generating processes (DGPs). We abbreviate by f;(x; ;) the joint
density (A.17) at parameter / evaluated at the ith draw x; ; from DGP j, that is,

Ji(xi ) = fi iy (X105 X2,1,55 k1,15 0),
xs,i,szS(Xi)’ S=1729 XlNWZ(kalzadlag(Kl,],O))>
l,j:1,--~;NK17i=1""7N0'
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TaBLE 12. 1 — « quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(kK1, kK — my ) at different values of the conditioning variable ;. Computed by numerical
integration.

k—my =10
I3t cv K1 cv K1 cv K1 cv K1 cv K1 cv K1 cv
a=10%

1.7 1.6 39 37 6.7 6.1 9.7 85 132 109 184 133 544 157
1.8 1.7 43 4.0 7.0 6.4 10.1 88 13.7 112 194 13.6 98.3 159
20 19 46 43 7.4 6.7 105 91 142 115 205 139 1000 15.971
23 22 49 4.6 7.8 7.0 109 94 148 11.8 219 142 00 15.987
26 25 53 49 8.1 73 113 9.7 154 121 23.6 145

29 28 56 52 8.5 76 11.8 10.0 161 124 260 1438

33 31 6.0 55 8.9 79 122 103 168 127 297 151

36 34 63 538 9.3 82 127 106 175 13.0 366 154

a=5%

2.5 2.4 5.0 4.8 8.0 7.5 11.2 10.2 15.0 12.9 20.8 15.6 183.9 18.3
2.6 2.5 5.3 5.1 8.3 7.8 11.6 10.5 15.5 13.2 21.8 15.9 1000 18.289
2.8 2.7 5.6 5.4 8.7 8.1 12.0 10.8 16.0 13.5 23.0 16.2 o) 18.307
3.1 3.0 6.0 5.7 9.0 8.4 12.4 11.1 16.6 13.8 24.4 16.5

3.4 3.3 6.3 6.0 9.4 8.7 12.8 11.4 17.1 14.1 26.3 16.8

3.7 3.6 6.6 6.3 9.7 9.0 13.2 11.7 17.7 14.4 28.9 17.1

4.0 3.9 7.0 6.6 10.1 9.3 13.6 12.0 18.4 14.7 32.9 17.4

44 42 7.3 6.9 10.5 9.6 14.1 12.3 19.1 15.0 40.4 17.7

47 45 7.6 7.2 10.8 9.9 14.5 12.6 19.9 15.3 59.3 18.0

a=1%
57 5.6 8.1 8.0 11.0 10.7 14.0 13.4 17.4 16.1 21.6 18.8 30.6 21.5
5.8 5.7 8.5 8.3 11.3 11.0 14.4 13.7 17.8 16.4 22.2 19.1 33.0 21.8
6.0 59 8.8 8.6 11.7 11.3 14.7 14.0 18.2 16.7 22.9 19.4 36.7 22.1
6.3 6.2 9.1 8.9 12.0 11.6 15.1 14.3 18.6 17.0 23.6 19.7 42.7 22.4
6.6 6.5 9.4 9.2 12.3 11.9 15.5 14.6 19.1 17.3 24.4 20.0 54.9 22.7
6.9 6.8 9.7 9.5 12.7 12.2 15.8 14.9 19.6 17.6 25.2 20.3 90.9 23.0
7.2 7.1 10.0 9.8 13.0 12.5 16.2 15.2  20.0 17.9 26.2  20.6 221.2 23.2
7.5 7.4 10.4 10.1 13.3 12.8 16.6 15.5 20.5 18.2 27.4 20.9 1000 23.190
7.8 7.7 10.7 104 13.7 13.1 17.0 15.8 21.1 18.5 28.8 21.2 0 23.209

The rejection probability of any test ¢(x), under DGP j, RP;(¢), is computed by Monte
Carlo integration with importance sampling using the formula

Ny Ny

BD f]( tl)
RPi(¢) = 5 xi0), D.1
i(e)= quNOZ L lf( zl) D (D.1)

where £() = Ng' S0 £,

Let A denote a dlstrlbutlon over the space of the nuisance parameter «q, that is, a
distribution over Hy. A point null hypothesis Hy 4 € Hy is defined by the distribution
[ f«, dA, and is approximated here by Zj\i{f fi(hwy 4, where wy 4, I =1,..., N,, are the
weights over the (discretized) support of A. A least favorable distribution ALF for test-
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TaBLE 13. 1 — o quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(K1, kK — my) at different values of the conditioning variable k. Computed by numerical
integration.

k—my =11

K1 Ccv K1 Ccv K1 Ccv K1 Ccv K1 Ccv K1 cv K1 Ccv

a=10%
1.8 1.7 4.0 3.8 6.7 6.2 9.6 8.6 12.8 11.0 17.1 13.4 25.7 15.8
1.9 1.8 4.3 4.1 7.1 6.5 10.0 8.9 13.3 11.3 17.7 13.7 28.3 16.1
2.1 2.0 4.7 4.4 7.4 6.8 10.3 9.2 13.8 11.6 18.5 14.0 324 16.4
2.4 2.3 5.0 4.7 7.8 7.1 10.7 9.5 14.2 11.9 19.3 14.3 40.1 16.7
2.7 2.6 5.3 5.0 8.1 7.4 11.1 9.8 14.8 12.2 20.2 14.6 60.3 17.0
3.0 2.9 5.7 5.3 8.5 7.7 11.6 10.1 15.3 12.5 21.2 14.9 112.6 17.2
34 3.2 6.0 5.6 8.8 8.0 12.0 10.4 15.8 12.8 22.4 15.2 1000 17.258
3.7 3.5 6.4 59 9.2 8.3 12.4 10.7 16.4 13.1 23.9 15.5 o) 17.275

a=5%

28 2.7 53 51 8.2 7.8 114 105 149 132 197 159 32.8 18.6
29 28 56 5.4 8.6 81 11.7 10.8 154 135 204 16.2 38.3 18.9
31 3.0 59 57 8.9 8.4 121 11.1 15.8 138 212 165 49.8 19.2
34 33 63 6.0 9.3 87 125 114 163 141 220 16.8 86.7 19.5
3.7 3.6 6.6 6.3 9.6 9.0 12.9 11.7 16.8 14.4 23.0 17.1 127.1 19.6
4.0 3.9 69 6.6 10.0 93 133 120 173 147 241 174 1000 19.656
43 42 72 69 103 9.6 13.7 123 179 150 255 177 00 19.675
4.6 4.5 76 72 107 99 141 126 184 153 272 18.0

5.0 4.8 79 75 11.0 102 145 129 19.1 15,6 294 183

a=1%

6.1 6.0 8.9 8.8 12.3 12.0 16.0 15.2 20.1 18.4 26.5 21.6 208.0 24.7
6.2 6.1 9.4 9.2 12.8 12.4 16.4 15.6 20.8 18.8 27.7 22.0 1000 24.705
6.5 6.4 9.8 9.6 13.2 12.8 16.9 16.0 21.4 19.2 29.3 22.4 [e9) 24.725
6.9 6.8 10.2 10.0 13.7 13.2 17.4 16.4 22.1 19.6 31.3 22.8

7.3 7.2 10.6 104 14.1 13.6 17.9 16.8 22.8 20.0 34.2 23.2

7.7 7.6 11.1  10.8 14.6 14.0 18.5 17.2 23.6 20.4 38.9 23.6

8.1 8.0 11.5 11.2 15.0 14.4 19.0 17.6 24.4 20.8 48.3 24.0

8.5 8.4 11.9 11.6 15.5 14.8 19.6 18.0 25.4 21.2 75.7 24.4

ing Hy against a particular point alternative H; g (if it exists) is such that the a-level
Neyman-Pearson test of H, ,.r against H r has size « under Hy.

The least favorable distribution ALF is not known in this application. As shown in
Elliott, Miiller, and Watson (2015, Lemma 1), any Neyman-Pearson test ¢ 4 of size o un-
der Hy 4 will provide an upper bound on the power of tests of Hy. But the power bound
may be quite conservative in the sense that it could be far above the least upper bound.
The procedures in AMS and EMW are designed to produce bounds that are close to the
least upper bound obtained using A“F. AMS consider one-point distributions A, and
provide upper and lower bounds on the power envelope. The upper bound is obtained
by looking for the (one-point) distribution A* that gives the smallest size under Hy, that
is, max,, Ex, (¢ +) < max,, Ex, (¢,) for all one-point distributions A, where E,, (-) is ex-
pectation w.r.t. the Null distribution indexed by «;. When the size of ¢ 4+ exceeds « this
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TaBLE 14. 1 — « quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(kK1, kK — my ) at different values of the conditioning variable ;. Computed by numerical

integration.
k— my = 12

I3t cv K1 cv K1 cv K1 cv K1 cv K1 cv K1 cv

a=10%
20 19 45 43 7.5 7.0 10.8 9.7 145 124 197 151 37.6 17.8
21 20 49 4.6 7.9 73 112 100 150 127 204 154 493  18.1
2.3 2.2 5.2 4.9 8.2 7.6 11.6 10.3 15.5 13.0 21.3 15.7 89.6 18.4
26 25 55 52 8.6 79 120 106 160 133 223 16.0 139.0 185
29 28 59 55 9.0 82 124 109 165 136 234 163 1000 18.531
3.2 3.1 6.2 5.8 9.3 8.5 12.8 11.2 17.1 13.9 24.8 16.6 00 18.549
3.6 3.4 6.5 6.1 9.7 8.8 132 115 177 142 265 16.9
39 3.7 69 6.4 10.0 9.1 13.6 11.8 183 145 288 172
4.2 4.0 7.2 6.7 10.4 9.4 14.1 12.1 18.9 14.8 32.0 17.5

a=5%
3.0 2.9 5.8 5.6 9.1 8.6 12.5 11.6 16.6 14.6 22.2 17.6 56.7 20.6
31 3.0 6.1 59 9.4 89 129 119 170 149 23.0 179 109.1 209
3.3 3.2 6.4 6.2 9.7 9.2 13.3 12.2 17.5 15.2 23.9 18.2 181.6 21.0
3.6 3.5 6.8 6.5 10.1 9.5 13.7 12.5 18.0 15.5 25.0 18.5 1000 21.006
39 3.8 71 6.8 104 9.8 141 128 185 158 262 18.8 00 21.026
4.2 4.1 7.4 7.1 10.8 10.1 14.5 13.1 19.0 16.1 27.6 19.1
45 44 77 74 111 104 149 134 196 164 295 194
4.8 4.7 81 7.7 115 107 153 13.7 202 167 320 19.7
5.2 5.0 8.4 8.0 11.8 11.0 15.7 14.0 20.8 17.0 35.8 20.0
55 53 87 83 122 113 161 143 215 173 424 203

a=1%
6.6 6.5 94 93 128 125 164 157 204 189 257 221 455 253
6.7 6.6 99 9.7 132 129 168 161 209 193 267 225 61.7 25.7
7.0 6.9 10.3 10.1 13.7 13.3 17.3 16.5 21.5 19.7 27.7 22.9 136.8 26.1
74 73 107 105 141 137 178 169 221 201 289 233 232.0 26.2
78 7.7 111 109 146 141 183 173 227 205 304 237 1000 26.197
8.2 8.1 11.5 113 15.0 14.5 18.8 17.7 23.4 20.9 32.2 24.1 [ee) 26.217
86 85 120 11.7 155 149 193 181 241 213 348 245
90 89 124 121 159 153 198 185 249 21.7 38.6 249

bound may be too high. We will report here only the upper bound of AMS, because it is
close to, and often indistinguishable from, the bound obtained by the ALFD method of
EMW.

D.3.1 AMS bound The AMS algorithm for the upper bound on power, with a slight

modification to do importance sampling, is as follows:

draws must be independent across i and j.

1,...,Ng,i=1,...,N.

1. Foreachj,j=1,..., Ny, generate Ny draws x; j, i =1, ..., No with density f;. The

2. Compute and store the importance sampling weights w; ; ; = fi(x; j)/ f (xij) 1, j=
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TaBLE 15. 1 — o quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(K1, kK — my) at different values of the conditioning variable k. Computed by numerical
integration.

k—my =13
R’l Ccv Rl Ccv Rl Ccv Rl Ccv IA<1 Ccv Rl cv Rl Ccv
a=10%

21 20 49 47 8.3 7.7 119 107 161 137 222 16.7 109.7  19.7
22 21 53 50 8.6 80 122 11.0 165 140 231 17.0 1922 198
24 23 56 53 9.0 83 126 11.3 17.0 143 241 17.3 1000 19.793
27 26 59 56 9.3 86 130 11.6 176 146 254 17.6 0 19.812
30 29 63 59 9.7 89 134 119 181 149 268 179

33 32 6.6 62 10.0 9.2 138 122 187 152 287 182

36 35 69 65 104 95 143 125 193 155 311 185

40 38 73 6.8 107 98 147 128 199 158 348 188

43 41 76 71 111 101 151 131 206 161 412 191

46 44 79 74 115 104 156 134 214 164 553 194

a=5%

3.2 3.1 6.0 5.8 9.2 8.8 12.6 11.8 16.4 14.8 21.3 17.8 32.0 20.8
3.3 3.2 6.3 6.1 9.5 9.1 13.0 12.1 16.8 15.1 21.9 18.1 34.9 21.1
3.5 3.4 6.6 6.4 9.9 9.4 13.3 12.4 17.3 154 22.6 18.4 39.3 21.4
3.8 3.7 6.9 6.7 10.2 9.7 13.7 12.7 17.7 15.7 23.3 18.7 47.4 21.7
4.1 4.0 7.3 7.0 10.6 10.0 14.1 13.0 18.2 16.0 24.0 19.0 66.2 22.0
4.4 4.3 7.6 7.3 10.9 10.3 14.5 13.3 18.6 16.3 24.9 19.3 154.5 22.3
4.7 4.6 7.9 7.6 11.2 10.6 14.8 13.6 19.1 16.6 25.9 19.6 1000 22.341
5.0 4.9 8.2 7.9 11.6 10.9 15.2 13.9 19.6 16.9 27.0 19.9 o0 22.362
5.3 5.2 8.6 8.2 11.9 11.2 15.6 14.2 20.2 17.2 28.3 20.2

57 55 8.9 8.5 12.3 11.5 16.0 14.5 20.7 17.5 29.9 20.5

a=1%
7.1 7.0 9.9 9.8 13.3 13.0 16.8 16.2  20.7 19.4 25.5 22.6 35.6 25.8
7.2 7.1 10.3 10.2 13.7 13.4 17.3 16.6 21.2 19.8 26.2 23.0 38.9 26.2
7.5 7.4 10.8 10.6 14.2 13.8 17.7 17.0 21.7 20.2 27.1 23.4 44.4 26.6
7.9 7.8 11.2 11.0 14.6 14.2 18.2 17.4 22.3 20.6 28.0 23.8 55.8 27.0
8.3 8.2 11.6 114 15.0 14.6 18.7 17.8 22.9 21.0 29.0 24.2 90.7 27.4
8.7 8.6 12.0 11.8 15.5 15.0 19.2 18.2 23.5 21.4 30.2 24.6 162.1 27.6
9.1 9.0 124 122 15.9 15.4 19.6 18.6 24.1 21.8 31.6 25.0 1000 27.668
9.5 9.4 129 12.6 16.4 15.8 20.1 19.0 24.8 22.2 33.3 25.4 ) 27.688

3. Setr=1.
4. Compute LR[(xi’j) = gr(x,-,j)/fl(xi,j), Lj=1,..., NK1’ i=1,...,Np.
5. Computation of cvs under Hy: For each / = 1,...,N,,, find s by solving

ﬁl\’l(gol) = a, where ¢; := 1[LR; > 3] is the LR test of f; against g, with critical value
», and RP;(¢;) is the Monte Carlo estimate (D.1) with the weights o, ; ; computed in
step 2.

6. Computation of size of each test: Foreach/, j=1, ..., N,,, compute RP i(¢1), and
obtain D; = maij{],...,NKl}[RPj(QDl) —al.

7. Find test with size closest to «: /* = arg minle{l’___,Nq} D.
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TaBLE 16. 1 — o quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(kK1, kK — my ) at different values of the conditioning variable ;. Computed by numerical

integration.
k — my = 14
;(1 Ccv Rl Ccv IA<1 Ccv IAq Ccv Rl Ccv R’l Ccv ;(1 Ccv
a=10%
2.3 2.2 5.1 49 8.4 7.9 11.9 109 159 139 211 16.9 34.9 19.9
2.4 2.3 54 52 8.8 82 123 11.2 164 142 218 17.2 39.9  20.2
2.6 2.5 58 55 9.1 8.5 12.7 11.5 16.8 145 226 17.5 49.5  20.5
2.9 2.8 6.1 5.8 9.5 8.8 13.1 11.8 173 14.8 234 17.8 754 208
3.2 3.1 6.4 6.1 9.8 9.1 13.5 12.1 17.8 15.1 24.3 18.1 1452 21.0
3.5 3.4 6.8 6.4 10.1 9.4 13.8 124 183 154 253 18.4 1000 21.044
3.8 3.7 71 6.7 105 9.7 142 12.7  18.8 157  26.4 18.7 o0 21.064
4.2 4.0 74 7.0 109 100 146 13.0 193 16.0 27.8 19.0
4.5 4.3 7.8 1.3 11.2 103 15.1 13.3 19.9 16.3  29.5 19.3
4.8 4.6 81 7.6 11.6 10.6 15.5 13.6 205 16.6  31.7 19.6
a=5%
34 3.3 6.5 6.3 10.0 9.6 13.8 129 18.0 162 237 19.5 434 228
3.5 3.4 6.8 6.6 104 9.9 14.1 132 184 165 243 19.8 53.7 231
3.7 3.6 71 69 107 102 145 13.5 18.9 16.8 251  20.1 80.3 234
4.0 3.9 74 72 11.0 105 14.9 13.8 193 17.1 259 204 1459  23.6
4.3 4.2 7.8 1.5 114 10.8 152 141 19.8 174 26.8 20.7 1000 23.663
4.6 4.5 81 7.8 11.7 111 15.6 144 203 177 279 21.0 00 23.685
4.9 4.8 8.4 8.1 120 114 16.0 14.7  20.8 18.0  29.1 21.3
5.2 5.1 8.7 84 124 11.7 164 15.0 213 183 305 21.6
5.5 5.4 9.1 87 127 120 16.8 153 218 186 323 219
5.9 5.7 94 9.0 13.1 12.3 172 15,6 224 189 346 222
6.2 6.0 9.7 93 134 12.6 17.6 159 230 192 380 225
a=1%
7.6 7.5 10.8 10.7 14.6 143 18.6 179 231 21,5 293 251 75.0  28.7
7.7 7.6 113 11.1 15.1 147  19.1 183 236 219 303 255 216.0  29.1
8.0 7.9 11.7 115 15.5 15.1 19.5 18.7 242 223 315 259 1000 29.120
8.4 8.3 12.1 119 159 15.5  20.0 19.1 248 227 328 263 o0 29.141
8.8 87 125 123 164 159 205 195 255 231 344 267
9.2 9.1 129 127 16.8 16.3  21.0 199 261 235 366 271
9.6 9.5 13.4 13.1 17.2 167 215 203 268 239 395 275
10.0 9.9 13.8 135 17.7 171 22.0 207 276 243 442 279
104 103 142 139 182 175 225 21.1 284 247 53.0 283

of (k1, kp) with density g;.

9. Ifr < N,, setr =r+1and go to step 4.

8. Compute the AMS upper bound 7, = N, 1 Zf\;l] o (x;), where x; are i.i.d. draws

All the reported results are based on Ny = 10,000 and N = 100,000. (We can use a

smaller number of simulations under H,, for a similar level of precision due to impor-

tance sampling.)
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TaBLE 17. 1 — o quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(K1, kK — my) at different values of the conditioning variable k. Computed by numerical

integration.
k— my = 15
K1 cv K1 cv K1 cv K1 cv K1 cv K1 cv I3t cv
a=10%
2.4 2.3 55 53 9.2 86 13.0 119 174 152 235 185 55.6 218
2.5 2.4 59 56 9.5 89 134 122 179 155 243 188 91.2  22.1
2.7 2.6 6.2 59 9.8 9.2 13.8 12.5 18.3 15.8 25.1 19.1 2248 223
3.0 2.9 65 6.2 102 95 141 128 188 161 261 19.4 1000 22.286
3.3 3.2 68 6.5 105 98 145 131 193 164 271 197 00 22.307
3.6 3.5 72 6.8 10.9 10.1 14.9 13.4 19.8 16.7 284  20.0
3.9 3.8 75 7.1 112 104 153 137 204 17.0 299 203
4.2 4.1 78 74 116 107 157 140 209 173 317 20.6
4.6 4.4 8.1 7.7 11.9 11.0 16.1 14.3 21.5 17.6 342 209
4.9 4.7 85 80 123 113 166 146 221 179 378 212
5.2 5.0 88 83 126 116 17.0 149 228 182 437 215
a=5%
3.7 3.6 7.0 6.8 10.9 10.4 14.9 14.0 19.6 17.6 262 21.2 104.1 24.8
3.8 3.7 7.4 7.2 11.3 10.8 154 144 202 18.0 272 21.6 146.4 249
4.1 4.0 78 7.6 11.7 112 159 148 20.8 184 285 22.0 1000 24.973
4.5 4.4 83 8.0 12.2 11.6 16.4 152 214 18.8 299 224 [e%e) 24.996
4.9 4.8 87 84 126 120 169 156 221 192 317 228
53 5.2 91 88 131 124 174 160 228 19.6 341 232
5.7 5.6 95 92 135 128 180 164 235 200 375 236
6.1 6.0 10.0 9.6 14.0 13.2 18.5 16.8 243 20.4 434 240
6.6 6.4 104 100 145 13.6 19.0 172 252 208 562 244
a=1%
8.1 80 113 112 151 148 19.0 184 234 220 29.0 256 4.5 292
8.2 8.1 11.7 11.6 15.5 15.2 19.5 18.8 239 224 298 26.0 51.8 29.6
8.5 84 122 120 160 156 200 192 245 228 30.7 264 67.8  30.0
8.9 88 12.6 124 164 160 204 196 250 232 31.6 268 129.2 304
9.3 9.2 13.0 12.8 16.8 16.4 209 200 256 236 328 272 185.6  30.5
9.7 9.6 134 132 173 168 214 204 262 240 341 27.6 1000 30.557
10.1 100 138 13.6 17.7 172 219 208 268 244 357 28.0 00 30.578
10.5 10.4 143 14.0 18.1 17.6 224 212 275 248 3777 284
109 108 147 144 186 18.0 229 21.6 282 252 404 2838

Because the size of the test ¢+ can exceed «, the AMS upper bound 7 may be higher

than the least upper bound. To gauge this, Figure 8 plots (Monte Carlo estimates of) the
size of ¢+ across the different alternatives r. Note that for most alternatives the size of
the test ¢}« is close to «, so 7, could be close to the least upper bound in those cases.
However, for alternatives close to Hy the size of ¢« deviates substantially from «, and
the AMS upper bound 7 may be higher than the least upper bound. These are precisely
the cases in which the conditional subvector AR test has the highest deviations from the
power bound.
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TaBLE 18. 1 — a quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(K1, kK — my ) at different values of the conditioning variable ;. Computed by numerical

integration.
k—my =16
;(1 Ccv Rl Ccv IA<1 Ccv IAq Ccv IA<1 Ccv R’l Ccv ;(1 Ccv
a=10%
2.6 2.5 5.7 55 9.3 8.8 13.1 12.1 17.3 154 227 18.7 349 220
2.7 2.6 6.0 5.8 9.6 9.1 13.5 124 178 157 234 19.0 38.0 223
2.9 2.8 64 6.1 10.0 94 138 127 182 16.0 24.0 19.3 429 226
3.2 3.1 6.7 6.4 10.3 9.7 142 13.0 186 163 247 19.6 51.8 229
3.5 3.4 7.0 6.7 107 10.0 14.6 13.3 19.1 16.6 255 19.9 73.1 23.2
3.8 3.7 73 7.0 11.0 103 15.0 13.6 19.6 169 263 20.2 1843 235
4.1 4.0 77 1.3 114  10.6 15.3 139 200 172 272 205 1000 23.519
4.4 4.3 80 7.6 11.7 109 15.7 142 205 17.5 283 208 o) 23.542
4.8 4.6 83 79 120 112 16.1 145 21.0 178 295 211
5.1 4.9 87 82 124 115 16.5 148 216 181 309 214
5.4 5.2 9.0 85 12.8 11.8 16.9 15.1 22.1 184 32,6 21.7
a=5%
3.9 3.8 72 7.0 11.0 10.6 15.0 142 195 17.8 253 214 40.8  25.0
4.0 3.9 7.6 7.4 11.5 11.0 155 14.6  20.1 182  26.1 218 48.1 254
4.3 4.2 80 7.8 119 114 16.0 15,0 206 18.6 27.0 222 65.4 258
4.7 4.6 84 82 123 11.8 16.5 154 212 19.0 28.0 22.6 153.6  26.2
5.1 5.0 89 8.6 128 122 17.0 15.8 218 194  29.1 23.0 1000 26.272
5.5 5.4 9.3 9.0 132 126 17.4 162 224 19.8 305 234 o) 26.296
5.9 5.8 9.7 94 137 130 179 16.6 231 202 320 238
6.3 6.2 102 98 141 13.4 185 170 238 20.6 34.0 242
6.8 6.6 106 102 146 138 19.0 174 245 21.0 36.7 24.6
a=1%
8.5 84 120 119 162 159 20.6 199 255 239 325 279 1754 319
8.6 8.5 12.6 124 16.8 164 21.2 204 262 244 338 284 1000 31.979
9.0 8.9 13.1 129 173 169 21.8 209 270 249 354 289 o) 32.000
9.5 94 13.6 134 178 174 224 214 277 254 374 294
10.0 9.9 14.1 139 184 179 23.0 219 285 259 40.0 299
10.5 104 146 144 189 184 23,6 224 294 264 440 304
11.0 109 152 149 195 189 242 229 303 269 514 309
11.5 114 157 154 200 194 249 234 314 274 69.6 314

D.3.2 EMW bound The PO power bound reported in Figure 3 is based on the ALFD
approach of EMW. The ALFD is designed to produce tests that are at most ¢ away from
the true (unknown) power envelope. We apply the algorithm with a slight modification
to allow ¢ to vary across alternatives—for some alternatives, we may be able to get closer
to the least upper bound than for others.

We use the following modified version of the algorithm in Elliott, Miiller, and Watson

(2015, Appendix A.2) without switching, assuming the parameter space for the nuisance
parameter is compact. The modification relates to steps 6 to 8 of the original algorithm
and cannot underestimate the true power bound.
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TaBLE 19. 1 — o quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(K1, kK — my) at different values of the conditioning variable k. Computed by numerical
integration.

k—mW:17

K1 Cv K1 Ccv K1 Ccv K1 Ccv K1 Ccv K1 Ccv K1 Ccv

a=10%

2.7 2.6 6.0 5.8 9.9 9.4 14.1 13.0 18.7 16.6 24.8 20.2 446 238
2.8 2.7 6.4 62 104 9.8 14.5 134 193 17.0 257 20.6 582 242
3.1 3.0 6.9 6.6 10.8 10.2 15.0 13.8 19.8 174 267 210 112.6 24.6
3.5 34 73 7.0 11.3 10.6  15.5 142 20.5 17.8 278 214 166.2  24.7
3.9 3.8 77 74 117 11.0 16.0 14.6  21.1 18.2  29.1 21.8 1000 24.745
4.3 4.2 82 7.8 12.2 11.4 16.5 15.0 21.7 18.6  30.6 22.2 00 24.769
4.7 4.6 8.6 82 126  11.8 17.1 154 224 19.0 325 226

5.2 5.0 9.0 8.6 13.1 122 17.6 15.8 232 194 349 230

5.6 5.4 9.5 9.0 13.6 12.6 18.1 16.2 24.0 19.8 38.5 23.4

a=5%
4.1 4.0 74 72 11.2  10.8 152 144 19.5 18.0 247 21.6 343 252
4.2 4.1 7.8 7.6 11.6 11.2 15.6 148 20.0 184 255 220 36.5 256
4.5 4.4 8.2 8.0 12.1 11.6 16.1 15.2 20.5 18.8 262 224 39.6 26.0
4.9 4.8 8.6 8.4 12.5 12.0 16.6 15.6 21.1 19.2  27.0 22.8 44.5 26.4
5.3 5.2 9.1 88 129 124 17.0 16.0 21.6 19.6 279 232 53.8 26.8
5.7 5.6 9.5 92 134 128 17.5 16.4 222 200 288 236 789 27.2
6.1 6.0 9.9 9.6 13.8 13.2  18.0 16.8 22.8 204 299 240 167.6  27.5
6.5 6.4 103 10.0 143 13.6  18.5 17.2 234 208 31.1 24.4 1000 27.562
7.0 6.8 10.8 10.4 14.7 14.0 19.0 17.6 24.1 21.2 325 24.8 00 27.587

a=1%
9.0 8.9 125 124 16.7 16.4 21.1 20.4 258 244 321 28.4 55.9 32.4
9.1 9.0 13.0 129 172 169 21.6 209 265 249 332 289 795 329
9.5 94 13.6 134 178 174 222 214 272 254 344 294 298.9 334
10.0 9.9 14.1 139 18.3 17.9 22.8 21.9 279 259 35.8 29.9 1000 33.388
10.5 104 146 144 188 184 234 224 2806 264 374 304 0 33.409
11.0 109 151 149 194 189 240 229 294 269 396 309
11.5 11.4 15.7 154 19.9 19.4  24.6 23.4 30.3 274 425 31.4
120 119 16.2 159  20.5 19.9 252 239 311 279 471 31.9

1. Foreachj,j=1,..., Ny, generate No draws x; j, i =1, ..., No with density f;. The
draws must be independent across i and j.

2. Compute and store f;(x; ;) and f_(xi,j), L,j=1,...,Ny,i=1,...,Np.
3. Setr=1.

4. Set u©® = (=2,...,-2) e KV«
(_s+1)
j
e® = 1[g, > Z?i“l exp(,ul(-s)) f;] and RP;(¢®) is the Monte Carlo estimate (D.1) with
weights computed in step 2, and repeat this step O = 600 times. Denote the resulting
0)

).

5. Compute xStV from u® via u = pJ;S) + w(RPj(¢®)) — @) and w =2, where

N R R N Ny
element in the simplex by A* = (A4, ..., /\NK1 ), where A; = exp(,u;.o))/ it exp(,ug
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TaBLE 20. 1 — a quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(kK1, kK — my ) at different values of the conditioning variable ;. Computed by numerical

integration.
k—my =18
;(1 Ccv Rl Ccv IA<1 Ccv IAq Ccv Rl Ccv R’l Ccv ;(1 Ccv
a=10%
2.9 2.8 62 6.0 10.1 96 142 132 18,6 168 242 204 352 240
3.0 2.9 6.6 64 105 100 146 136 192 172 250 20.8 382 244
3.3 3.2 71 6.8 11.0 104 151 140 197 17.6 258 212 42.8 248
3.7 3.6 75 72 114 108 156 144 203 18.0 26.7 21.6 51.6 252
4.1 4.0 79 76 119 112 16.1 148 209 184 276 220 752 25.6
4.5 4.4 84 80 123 116 166 152 215 18.8  28.7 224 158.1 259
4.9 4.8 8.8 84 128 120 17.1 15.6 221 19.2 299 228 1000 25.965
5.4 5.2 9.2 88 132 124 176 160 228 196 313 232 o) 25.989
5.8 5.6 9.7 92 137 128 18.1 16.4 235 20.0 33.0 23.6
a=5%
4.3 4.2 80 7.8 122 11.8 167 158 21.6 19.8 279 238 48.8  27.8
4.4 4.3 84 82 127 122 171 16.2  22.1 20.2 288 242 61.3 28.2
4.7 4.6 8.8 8.6 13.1 126 17.6 16.6 227 20.6 29.7 24.6 101.2  28.6
5.1 5.0 92 9.0 135 13.0 181 17.0 232 21.0 307 25.0 190.8  28.8
5.5 5.4 9.7 94 140 134 185 174 238 214 31.8 254 1000 28.843
5.9 58 101 98 144 138 190 17.8 244 218 331 258 00 28.869
6.3 6.2 105 102 148 142 195 182 251 222 347 262
6.7 6.6 109 106 153 146 200 186 257 226 366 26.6
7.1 7.0 114 11.0 157 150 205 19.0 264 23.0 39.1 270
7.6 74 11.8 114 162 154 21.0 194 272 234 427 274
a=1%
9.5 94 13.0 129 172 169 215 209 262 249 320 289 452 329
9.6 9.5 135 134 17.7 174 221 214 268 254 329 294 50.5 334
10.0 99 141 139 182 179 226 219 275 259 339 299 61.4 339
105 104 146 144 188 184 232 224 281 264 350 304 93.8 344
11.0 109 151 149 193 189 238 229 288 269 363 309 1000 34.785
11,5 114 156 154 199 194 244 234 296 274 377 314 00 34.805
120 119 161 159 204 199 250 239 303 279 395 319
125 124 167 164 209 204 256 244 31.1 284 419 324

NK 1 .
6. Compute the number »* such that the test ¢ ;, == 1[g, > »* Y, | Al fi] is ex-

NK N .
actly of (Monte Carlo) level « when x is drawn with density )", Aff;, that is, solve

Nej ny s
Yo Aj(RPj(¢4.) — ) =0.

7. Compute the estimate of the power bound 7, = Ny 1 Zﬁﬁl ® 4 (xi), where x; are

i.i.d. draws of (k1, k) with density g;.

NK N .
8. Compute the number s such that the test ¢ ;, = 1[g, > %Zi=11 A% fi] is exactly

of (Monte Carlo) level « when x is drawn with density f;, i =1, ..., N, that is, solve

MaXje(l,...,Ny, }(R.Pj(@/{*) —a)=0.
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TaBLE 21. 1 — o quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(K1, kK — my) at different values of the conditioning variable k. Computed by numerical

integration.
k—my =19
K1 cv K1 cv K1 cv K1 cv K1 cv K1 cv I3t cv
a=10%
3.0 2.9 67 6.5 110 105 156 145 207 185 274 225 573  26.5
3.1 3.0 71 69 115 109 161 149 212 189 284 229 90.4  26.9
3.4 3.3 76 7.3 11.9 11.3 16.5 153 218 19.3 294 233 2809 27.2
3.8 3.7 80 7.7 124 117 17.0 157 224 19.7 305 23.7 1000 27.178
4.2 4.1 84 81 128 121 175 161 23.0 20.1 31.8 24.1 00 27.204
4.6 4.5 8.9 85 13.3 12.5 18.0 16.5 237 205 333 245
5.0 4.9 93 89 13.7 129 185 169 243 209 351 249
5.5 53 97 93 142 133 190 173 251 213 375 253
5.9 57 102 97 146 137 19.6 17.7 258 21.7 409 257
6.3 6.1 10.6 10.1 15.1 14.1  20.1 18.1 26.6 22.1 463  26.1
a=5%
4.5 44 82 80 124 120 168 160 21.6 20.0 274 240 39.0 28.0
4.6 4.5 8.6 84 128 124 172 164 221 204 28.1 244 419 284
4.9 4.8 90 88 133 128 177 168 226 20.8 289 248 463 28.8
53 5.2 94 92 137 132 182 172 231 212 297 252 540 29.2
5.7 5.6 98 96 141 136 186 17.6 237 21.6 30.6 256 715  29.6
6.1 6.0 103 100 146 140 191 180 243 220 315 26.0 146.7  30.0
6.5 6.4 107 104 150 144 19.6 184 248 224 326 264 229.3  30.1
6.9 6.8 11.1 10.8 154 14.8 20.1 18.8 254 228 338 268 1000 30.116
7.3 72 115 112 159 152 206 192 261 232 352 272 00 30.144
7.8 7.6 120 11.6 163 156 21.0 19.6 267 236 369 27.6
a=1%
10.0 99 140 139 187 184 236 229 291 274 369 319 201.8  36.1
10.1 10.0 14.6 144 19.3 189 242 234 298 279 382 324 1000 36.171
10.5 104 151 149 198 194 248 239 305 284 398 329 00 36.191
11.0 109 156 154 203 199 254 244 312 2809 417 334
11.5 114 161 159 209 204 259 249 320 294 443 339
12.0 119 16.6 164 214 209 265 254 328 299 481 344
125 124 171 169 220 214 272 259 337 304 545 349
13.0 129 177 174 225 219 278 264 347 309 682 354
13.5 134 182 179 231 224 284 269 357 314 1167 359

are thei.i.d. draws in step 7, and &, = 7, — 7.

10. If r < N,, setr =r+ 1 and go to step 4.

9. Compute another estimate of the power bound 7, = N, 1 Zﬁll ¢ 4. (xi), where x;

All the reported results are based on Ny = 10,000 and N; = 100,000. (We can use a

smaller number of simulations under H, for a similar level of precision due to impor-

tance sampling.)
Up to step 7, the algorithm is identical to EMW (Appendix A.2.1). The difference is in

step 7, which replaces steps 6 to 8 of the original algorithm. The number &, is an estimate



16 Guggenberger, Kleibergen, and Mavroeidis

Supplementary Material

TABLE 22. 1 — « quantile of the conditional distribution, with density given in (2.12), cv =
c1—q(K1, kK — my ) at different values of the conditioning variable ;. Computed by numerical

integration.
k —my =20
;(1 Ccv Rl Ccv IA<1 Ccv IAq Ccv IA<1 Ccv R’l Ccv ;(1 Ccv
a=10%
3.1 3.0 6.8 6.6 11.1 10.6 15.6 14.6 205 18.6  26.6 22.6 39.9  26.6
3.2 3.1 72 7.0 11.5 11.0 16.0 15.0 210 19.0 274 23.0 43.8  27.0
3.5 3.4 7.7 7.4 12.0 11.4 16.5 154 21.6 19.4 28.2 234 50.3 27.4
3.9 3.8 8.1 7.8 12.4 11.8 17.0 15.8 221 19.8  29.1 23.8 64.4 278
4.3 4.2 8.5 8.2 12.9 12.2 17.5 16.2 227 20.2 30.1 24.2 114.8  28.2
4.7 4.6 8.9 8.6 13.3 12.6 18.0 16.6 233 20.6 31.1 24.6 273.1 28.4
5.1 5.0 9.4 9.0 13.8 13.0 18.5 170 239 21.0 323 250 1000 28.385
5.5 5.4 9.8 94 14.2 13.4 19.0 174 246 214 337 254 o) 28.412
6.0 5.8 10.2 9.8 14.7 13.8 19.5 178 252 21.8 353 25.8
6.4 6.2 10.7 10.2 15.1 14.2  20.0 182 259 222 373 262
a=5%
4.8 4.7 89 8.7 13.5 13.1 18.4 17.5 23.8 219 308 263 64.7  30.7
4.9 4.8 9.3 9.1 14.0 13.5 18.8 179 243 223 317 26.7 101.7  31.1
5.2 5.1 9.7 9.5 14.4 13.9 19.3 18.3 248 2277 326 271 299.7 314
5.6 5.5 10.1 9.9 14.8 14.3 19.8 187 254 231 33.7 275 1000 31.382
6.0 5.9 10.6 10.3 15.3 147 20.3 19.1 26.0 235 348 279 o] 31.410
6.4 6.3 11.0 10.7 15.7 15.1 20.7 19.5 26.6 239 36.2 283
6.8 6.7 114 11.1 16.1 15.5 21.2 199 272 243 378 287
7.2 7.1 11.8 11.5 16.6 159 21.7 203 279 247 398 29.1
7.6 7.5 122 119 17.0 163 222 207 285 251 424 295
8.1 7.9 12.7 123 17.5 16.7 227 211 29.3 255 46.1 29.9
8.5 8.3 13.1 127 17.9 17.1 232 215 30,0 259 523 30.3
a=1%
10.4 10.3 144 143 19.1 18.8 24.0 233 293 278 363 323 72.0 36.8
10.5 10.4 149 148 19.6 193 245 23.8 299 283 373 32.8 126.7 373
10.9 10.8 155 153 202 19.8 251 243 30.6 28.8 385 333 231.5 37.5
11.4 11.3 16.0 158 20.7 203 257 248 313 293 399 338 1000 37.547
11.9 11.8 16.5 16.3 21.2 208 262 253 320 298 415 34.3 o0 37.566
12.4 12.3 170 168 21.8 213 268 258 328 303 43.6 348
12.9 12.8 17.5 173 223 218 274 263 33.6 308 46.3 353
13.4 13.3 181 17.8 229 223 280 268 344 313 502 358
13.9 13.8 18.6 18.3 234 228 286 273 353 318 571 36.3

of the maximum distance of the power bound 7, from the unknown least upper bound.
7, is the PO power bound used in Figure 3. Figure 9 plots &, across all alternatives. In
most cases ¢, is equal to zero to 3 decimals, indicating that the ALFD upper bound is
essentially least favorable. The only exceptions are for a handful of alternatives very close
to the null. Hence, the ALFD upper bound is arguably a good approximation of the PO

power envelope.
The bound 7, (which is obtained from step 5 in the original EMW algorithm) can

also serve as an upper bound on the power, similar to the AMS bound in the previous
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F1GURE 7. Comparison of estimates of NRP obtained by numerical integration (NI) and Monte
Carlo simulation (MC) with 1 million draws. NRP of 5% level conditional (2.15) (red solid) and
GKMC subvector AR (blue dotted) tests as a function of the nuisance parameter ;. The num-
ber of instruments is k = 5 and the number of nuisance parameters is myy = 1.

section. The only difference is the use of a distribution A* with full support on the dis-
cretized Hy, as opposed to a one-point candidate least favorable distribution in AMS.
But as for AMS, 71, can be far from the least upper bound if ¢ ;, is oversized under Hy. To
gauge this, Figure 10 plots (Monte Carlo estimates of) the size of ¢ 4+ across the different
alternatives r. The figure is directly comparable to Figure 8 for the AMS algorithm in the
previous subsection. Compared to AMS, the EMW procedure has size much closer to «
across most (but not all) alternatives.

Let 7#2MS and 7FMW denote the power bounds obtained from the AMS and EMW al-
gorithms, respectively. Since they are both upper bounds to the true PO power envelope,
so is their minimum, 7™ = min(7#2MS, 7EMW) We can therefore use 7™ as a possibly
tighter upper bound on the power envelope.

D.4 The ACZ test reported in Section 4
The test is constructed as follows:
1. Compute Cy = {y: AR(B0, V) < X} 1_q, )-
2. Reject Hy if minyec, ARg(Bo; ¥) > X1 1_q,-

The ARg(Bo; v) statistic is a C(«) score test in the present case because the model is
just-identified. It is defined as

AR(0) =ng(0)'g(0),

ARg(Bo; ¥) =ng(Bo, V) Mpg, . 8(Bo, v),
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FiGURE 8. Size of the AMS test for each point under Hi, k; € [0.1, ka(k)], k2(2) = 25,
k2(5) = 30, kp(10) = 38, k2(20) = 46, discretized into 30 equally spaced points, and
k1 — k2 €{0,1,2,4,8, 16,32, 64}. Calculated over 42 points of the nuisance parameter under Hy,
using 10,000 Monte Carlo replications with importance sampling.

ZB. V=302 gi0)/n, 0=(B.v),

i=1
8i(0)=Zi(yi— Y8 —Wyy),

n
gn(0)=n"">" Zi(yi— YiB — Wiy),
i=1

3(0)=n"""(2i(0) — 2n(6))(8i(6) — &n(6))',
i=1

D(9) = 3(6)"2D(#),

D(6) =—n"'Z'W —T(6)3(6)"'8.(6),

n
L0)=—n"1> (ZWi—n'Z'W)gi(0).
i=1
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F1GURE 9. Estimates of the distance of the ALFD power bound from the least favorable bound,
e = 7 — 7, for each point under Hi, «; € [0.1, k2(k)], k2(2) = 25, k2(5) = 30, k2(10) = 38,
k2(20) = 46, discretized into 30 equally spaced points, and «; — «; € {0, 1,2, 4, 8, 16, 32, 64}. Cal-
culated over 42 points of the nuisance parameter under Hy, using 10,000 Monte Carlo replica-
tions with importance sampling.

The second step size «; is chosen as

oa— o, if ICS < K
an =
Na If1CS = K |
where
(W'23o, 1) 2W) "

naoy

2
n n
A3=n-12(uziwiu —n-lznsziu)
i=1 i=1

ICS =

>

and K; = 0.05 Andrews (2017, p. 34).
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FiGure 10. Size of the test ¢ ;, in step 5 of EMW’s ALFD algorithm for each point under Hy,
k2 € [0.1, ko(k)], k2(2) = 25, ka(5) =30, k2(10) = 38, k2(20) = 46, discretized into 30 equally
spaced points, and «; — k3 € {0, 1,2, 4, 8, 16, 32, 64}. Calculated over 42 points of the nuisance
parameter under Hy, using 10,000 Monte Carlo replications with importance sampling.

APPENDIX E: ADDITIONAL NUMERICAL RESULTS
E.1 Size

We computed the size of ¢, at significance levels 1%, 5%, and 10% for k =2, ...,21,and
myy = 1 using a grid of 42 points in «; equally spaced in log-scale between 0 and 100.
The reported size is the maximum of « or the estimated NRPs. The results are reported
in Table 23. In all cases, the size of the test is controlled to two decimals, in accordance
with Theorem 2.

E.2 Power

Here, we report supplementary power comparisons for Section 2.4. The power of the
conditional subvector AR test ¢ and the unconditional test ¢gxnmc are compared to the
ALFD estimate of the point-optimal power envelope for k =2, 5, 10, and 20.

Figure 11 gives the difference between the power of 5% level ¢. test and the point-
optimal ALFD power bound 7 defined in the step 9 of the algorithm in Section D.3.2,
across all alternatives. The power of ¢, is well within 1% of the power bound except for
alternatives very close to Hy. The largest deviations from the power bound occur when
K1 = K2.
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TABLE 23. Size of the conditional subvector AR test with nominal size « for different k with my =
1, using critical values given in Tables 3 to 22 and linear interpolation. Computed using 1 million
Monte Carlo replications.

a o

k 0.1 0.05 0.01 k 0.1 0.05 0.01
2 0.1000 0.0500 0.0100 12 0.1003 0.0504 0.0101
3 0.1000 0.0504 0.0100 13 0.1004 0.0504 0.0102
4 0.1000 0.0500 0.0100 14 0.1007 0.0506 0.0102
5 0.1000 0.0500 0.0100 15 0.1007 0.0503 0.0102
6 0.1000 0.0500 0.0100 16 0.1013 0.0507 0.0101
7 0.1000 0.0500 0.0100 17 0.1006 0.0509 0.0101
8 0.1000 0.0502 0.0100 18 0.1014 0.0508 0.0101
9 0.1000 0.0500 0.0101 19 0.1017 0.0508 0.0101
10 0.1001 0.0505 0.0101 20 0.1014 0.0511 0.0102
11 0.1005 0.0504 0.0100 21 0.1019 0.0510 0.0102

Figure 12 repeats the comparison of the power of ¢, but with 7 replaced by
min(73MS| ZEMW) - where #AMS, 7EMW are computed using the algorithms in Sec-

0.00
0

-0.01
-0.02 -0.01

0
0

-0.02 -0.01
-0.02 -0.01

Ko

F1GURE 11. Power of 5% level conditional subvector AR test ¢, minus the ALFD power bound 7
computed by the algorithm in Section D.
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FIGURE 12. Power of 5% level conditional subvector AR test ¢, minus min(7*MS, 7EMW) power
bound, where 7#MS, 7EMW were computed by the algorithms in Section D.

tions D.3.1 and D.3.2, respectively. Since min(7#*MS, zEMW) > % the differences are
larger than in Figure 11, but not by much.

Figures 13 through 16 report power comparisons in 2D, where k| — k; is kept fixed in
each figure, and the alternative only varies across «;. The figures plot the power curves
of both test ¢, ogxmc at 5% level, and both power bounds, min(7#AMS, 7EMW) and 7. We
notice that the power of ¢, is very close to both power bounds, which are in turn very
close to each other, while the power of the unconditional subvector AR test ¢gxmc iS
noticeably below the power bounds. As k| — k; increases, both power curves get closer to
the power bounds, and they essentially collapse on top of each other when x| — x; = 64.
This is why we do not consider values higher than that in the simulations. The distance
of ogxmc from ¢, and the power bounds is also somewhat increasing in k.
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FiGuRre 13. Power curves and power bounds of 5% level ¢, and ¢gxmc tests as a function of «;,
at different values of k; — k2 when the number of instruments k = 2.
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F1GURE 14. Power curves and power bounds of 5% level ¢, and ¢gxmc tests as a function of «;,
at different values of k; — k; when the number of instruments k£ = 5.
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F1GURE 15. Power curves and power bounds of 5% level ¢, and ¢gxmc tests as a function of «;,
at different values of k; — k; when the number of instruments k£ = 10.



26 Guggenberger, Kleibergen, and Mavroeidis Supplementary Material

10 - k=20, x -x,=0 10 - k=20, x,-x,=1
0.5 __ —— Upper bound 0.5 __ — Upper bound
-=-=-ALFD -==-ALFD
TR L TR,
Perkmc T T ®ekmc
il et E T T R B e N S S B
0 10 20 30 40 0 10 20 30 40
10 K520, 1K ,=2 8, 10 - K20, K —Kk,=4 K
0.5 __ —— Upper bound 0.5 __ —— Upper bound
----ALFD ----ALFD
TR, TR,
T T %kmc T T ®ekmc
Sl B B B R sl S R B RS R
0 10 20 30 40 0 10 20 30 40
10 - k=20, « | —kK,=8 K, 10 - k=20, « 17](2:]6](2
0.5 r —— Upper bound 0.5 __ —— Upper bound
-=-=-ALFD -=-=-ALFD
TR L TR,
T T %gkmc T T ®ekmc
P B B R B EC e
0 10 20 30 40 0 10 20 30 40
10 - k=20, K17K2:32K2 10 ¢ k=20, «x 17142:643(2
0.5 r —— Upper bound 05 —— Upper bound
-=-=-ALFD -=-=-ALFD
TTTO . TTe,
T T %gkmc T T ®ekmc
I BTN EE S S S B N B S B B
0 10 20 30 40 0 10 20 30 40
Ky Ky

F1GURE 16. Power curves and power bounds of 5% level ¢, and ¢gkumc tests as a function of «;,
at different values of k; — k; when the number of instruments k£ = 20.
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