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This supplement is composed of two parts. Appendix A contains the proofs of the
main results in the paper. Appendix B provides some technical lemmas that are used in
the proofs of the main results.

Appendix A: Proofs of the main results

Proof of Theorem 3.1. Let ûi = (ûi1� � � � � ûiT )
′ and P̄Xi = Xi(X

′
iM0Xi)

−1X ′
i . Then, by

(2.7) and the fact that P̄XiM0Xi =Xi, we have

ûi =M0ui +M0Xi

(
β0
i − β̂i

)
(A.1)

and √
VNT J1NT (K0)

=
(
N−1/2

N∑
i=1

u′
iM0P̄XiM0ui −BNT

)
+N−1/2

N∑
i=1

(
β0
i − β̂i

)′
X ′

iM0Xi

(
β0
i − β̂i

)

+ 2N−1/2
N∑
i=1

u′
iM0Xi

(
β0
i − β̂i

)
≡ (A1NT −BNT )+A2NT + 2A3NT � say�

(A.2)

We complete the proof by showing that under H0(K0), (i) A1NT − BNT →DN(0� V0),
(ii) A2NT = oP(1), and (iii) A3NT = oP(1), where V0 = lim(N�T)→∞ VNT . We prove (i)–(iii)
in Propositions A.1–A.3 below.
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Proposition A.1. We have A1NT −BNT →DN(0� V0) under H0(K0).

Proof. Recall that Hi = M0P̄XiM0 and that hi�ts denotes the (t� s)th element of Hi:
hi�ts = T−1∑T

r=1
∑T

q=1 ηtrX
′
ir(T

−1X ′
iM0Xi)

−1Xiqηqs, where ηtr = 1tr − T−1 and 1tr =
1{t = r}. Let h̄i�ts ≡ T−1∑T

r=1
∑T

q=1 ηtrX
′
irΩ

−1
i Xiqηqs. Observe that A1NT − BNT =

2N−1/2∑N
i=1
∑

1≤s<t≤T uit ×uish̄i�ts+2N−1/2∑N
i=1
∑

1≤s<t≤T uituis(hi�ts−h̄i�ts) ≡A1NT�1 +
A1NT�2. It suffices to show that (i) A1NT�1 →DN(0� V0) and (ii) A1NT�2 = oP(1).

First, we show (i). Using ηtr = 1tr − T−1, we have
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T
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≡ A1NT�11 +A1NT�12 +A1NT�13 +A1NT�14 +A1NT�15� say�

By Lemma B.4(ii)–(v), A1NT�12 +A1NT�13 +A1NT�14 +A1NT�15 = oP(1). We are left to show
that A1NT�11 →DN(0� V0). Observe that

A1NT�11 = 2

T
√
N

N∑
i=1

∑
1≤s<t≤T

uituisX
†
it

′Ω−1
i X†

is =
T∑
t=2

ZNT�t�
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where ZNT�t ≡ 2T−1N−1/2∑N
i=1
∑t−1

s=1 uituisb̄
′
it b̄is and b̄it ≡Ω

−1/2
i X†

it . By Assumption 1(v),

E(ZNT�t | FNT�t−1) ≡ 2T−1N−1/2
N∑
i=1

t−1∑
s=1

uisb̄
′
it b̄isE(uit |FNT�t−1) = 0�

That is, {ZNT�t , FNT�t } is an m.d.s. By the martingale central limit theorem (CLT) (e.g.,
Pollard (1984, p. 171)), it suffices to show that

Z ≡
T∑
t=2

EFNT�t−1

[|ZNT�t |4
]= oP(1)� and

T∑
t=2

Z2
NT�t − VNT = oP(1)� (A.3)

where EFNT�t−1 denotes expectation conditional on FNT�t−1. Observing that Z ≥ 0, it suf-
fices to show that Z = oP(1) by showing that E(Z) = oP(1) by Markov inequality. By
Assumption 1(iv) and (v),

E(Z) = 16

T 4N2

×
T∑
t=2

N∑
i=1

N∑
j=1

N∑
k=1

N∑
l=1

∑
1≤r�s�q�v≤t−1

E
(
b̄′
it b̄isb̄

′
jt b̄jr b̄

′
kt b̄kqb̄

′
lt b̄lvuisujrukqulvuitujtuktult

)
= 48Z1 + 16Z2�

where

Z1 ≡ 1

T 4N2

T∑
t=2

N∑
i=1

N∑
j=1�j 	=i

∑
1≤r�s�q�v≤t−1

(A.4)
×E
(
b̄′
it b̄isb̄

′
it b̄iruisuiru

2
it

)
E
(
b̄′
jt b̄jqb̄

′
jt b̄jvujqujvu

2
jt

)
�

Z2 ≡ 1

T 4N2

T∑
t=2

N∑
i=1

∑
1≤r�s�q�v≤t−1

E
(
b̄′
it b̄isb̄

′
it b̄ir b̄

′
it b̄iqb̄

′
it b̄ivuisuiruiquivu

4
it

)
� (A.5)

For the moment we assume that p = 1 so that we can treat the p × 1 vector b̄it as a
scalar. (The general case follows from the Slutsky lemma and the fact that b̄′

it b̄isb̄
′
it b̄ir =∑p

k=1
∑p

l=1 b̄it�kb̄is�kb̄it�lb̄ir�l, where b̄it�k denotes the kth element of b̄it .) To bound the
summation in (A.4), we consider three cases for the time indices in S ≡ {r� s� q� v� t − 1}:
(a) #S = 5, (b) #S = 4, and (c) #S ≤ 3. We use EZ1a, EZ1b, and EZ1c to denote the corre-
sponding summations when the time indices are restricted to cases (a), (b), and (c), re-
spectively. In case (a), applying Davydov inequality (e.g., Hall and Heyde (1980, p. 278))
yields ∣∣E(b̄it b̄isb̄it b̄iruisuiru2

it

)∣∣≤ 8Ci�tsr(t� s� r)α
(
t − 1 − (s ∨ r)

)(1+σ)/(2+σ)
� (A.6)

where a∨ b ≡ max(a�b) and C1i�tsr ≡ maxi�t�s�r ‖b̄isb̄iruisuir‖4+2σ‖b̄2
itu

2
it‖4+2σ . A similar in-

equality holds for E(b̄jt b̄jqb̄jt b̄jvujqujvu2
jt). By the repeated use of Cauchy–Schwarz and
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Jensen inequalities and Assumption 1(i),

|C1i�tsr | ≤ 1
2
[‖b̄isb̄iruisuir‖2

4+2σ + ∥∥b̄2
itu

2
it

∥∥2
4+2σ

]
≤ 1

4
{‖b̄isuis‖2

8+4σ + ‖b̄iruir‖2
8+4σ + 2

∥∥b̄2
itu

2
it

∥∥2
4+2σ

}≤ C1

(A.7)

for some C1 <∞. With this, we can readily show that under Assumption 1(iii),

EZ1a ≤ 64C2
1

T 4

T∑
t=2

{ ∑
1≤s�r≤t−1

α
(
t − 1 − (s ∨ r)

)(1+σ)/(2+σ)
}2

=O
(
T−1)�

In case (b), we consider two subcases: (b1) one and only one of r, s, q, v equals t − 1;
(b2) #{r� s� q� v} = 3. We use EZ1b1 and EZ1b2 to denote the corresponding summations
when the individual indices are restricted to subcases (b1) and (b2), respectively. In sub-
case (b1), wlog we assume that v = t − 1 and apply∣∣E(b̄jt b̄jqb̄jt b̄j�t−1ujquj�t−1u

2
jt

)∣∣≤ 8C2j�tqα(t − 1 − q)(1+σ)/(2+σ)

for C2j�tq ≡ ‖b̄jqujq‖8+4σ�D‖b̄2
jt b̄j�t−1uj�t−1u

2
jt‖(8+4σ)/3�D ≤ C2 for some C2 < ∞ and (A.6)

and (A.7) to obtain

EZ1b1 ≤ 64C1C2

T 3

T∑
t=2

{
1
T

∑
1≤s�r≤t−1

α
(
t − 1 − (s ∨ r)

)(1+σ)/(2+σ)
}

×
{ ∑

1≤q≤t−1

α(t − 1 − q)(1+σ)/(2+σ)

}
= O
(
T−2)�

In subcase (b2), wlog we assume that q = v and r < s < t − 1. We consider two subsub-
cases: (b21) either t − 1 − s > τ∗ or s− r > τ∗; (b22) t − 1 − s ≤ τ∗ and s− t ≤ τ∗. In the first
case, we have

∣∣E(b̄it b̄isb̄it b̄iruisuiru2
it

)∣∣≤ {8C3i�tsrα(τ∗)(1+σ)/(2+σ) if t − 1 − s > τ∗�
8C4i�tsr(t� s� r)α(τ∗)(1+σ)/(2+σ) if s − r > τ∗�

where C3i�tsr ≡ ‖b̄it b̄itu2
it‖4+2σ‖b̄isb̄iruisuir‖4+2σ ≤ C3 < ∞ and C4i�tsr ≡ ‖b̄it b̄isb̄ituis ×

u2
it‖(8+4σ)/3 × ‖b̄iruir‖8+4σ ≤ C4 < ∞. These results, in conjunction with the fact that the

total number of terms in the summation in subcase (b22) is of O(N2T 3τ2∗) and Assump-
tion 1(iii), imply that

EZ1b2 ≤O
[
T 2α(τ∗)(1+σ)/(2+σ) + T−4N−2N2T 3τ2∗

]
= O
(
T 2α(τ∗)(1+σ)/(2+σ) + T−1τ2∗

)= o(1)�

Consequently, EZ1b = o(1). In case (c), we have EZ1c = O(T−1) as the number of terms
in the summation is O(N2T 3) and each term in absolute value has a bounded expecta-
tion. It follows that Z1 = oP(1).
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To bound Z2, we consider two cases for the set of indices S ≡ {r� s� q� v� t−1}: (a) #S =
5 and (b) all the other cases. We use EZ2a and EZ2b to denote the corresponding sum-
mations when the individual indices are restricted to subcases (a) and (b), respectively.
In the first case, letting c = max(s� r� q� v), we have∣∣E(b̄4

it b̄isb̄ir b̄iqb̄ivuisuiruiquivu
4
it

)∣∣≤ 8C5i�t�s�r�q�v(t� s� r� q� v)α(t − 1 − c)σ/(2+σ)�

where C5i�t�s�r�q�v ≡ ‖b̄isb̄ir b̄iqb̄ivuisuiruiquiv‖2+σ‖b̄4
itu

4
it‖2+σ ≤ C5 < ∞. Then EZ2a ≤

8CN−1∑T
s=1 α(s)

σ/(2+σ) = O(N−1). In case (b), we have EZ2b = O(N−1). It follows that
Z2 =O(N−1) and thus Z = oP(1). Consequently the first part of (A.3) follows.

For the second part of (A.3), by Assumption 1(iv) and (v), we have

T∑
t=2

E
(
Z2
NT�t

) = 4T−2N−1
T∑
t=2

E

[
N∑
i=1

t−1∑
s=1

uituisb̄
′
it b̄is

]2

= 4T−2N−1
T∑
t=2

N∑
i=1

t−1∑
s=1

t−1∑
r=1

E
(
u2
ituisuir b̄

′
it b̄isb̄

′
it b̄ir
)= VNT �

In addition, we can show by straightforward moment calculations thatE(
∑T

t=2 Z
2
NT�t)

2 =
V 2
NT +o(1). Thus Var(

∑T
t=2 Z

2
NT�t)= o(1) and the second part of (A.3) follows. This com-

pletes the proof of (i).
In addition, by Lemma B.4(i), A1NT�2 = oP(1). �

Proposition A.2. We have A2NT = oP(1) under H0(K0).

Proof. Noting that 1{i ∈G0
k} = 1{i ∈ Ĝk}+1{i ∈G0

k \Ĝk}−1{i ∈ Ĝk \G0
k}, under H0(K0)

we have

A2NT = N−1/2
K0∑
k=1

∑
i∈G0

k

(
α0
k − β̂i

)′
X ′

iM0Xi

(
α0
k − β̂i

)

= N−1/2
K0∑
k=1

∑
i∈Ĝk

(
α0
k − α̂k

)′
X ′

iM0Xi

(
α0
k − α̂k

)

+N−1/2
K0∑
k=1

∑
i∈G0

k\Ĝk

(
α0
k − β̂i

)′
X ′

iM0Xi

(
α0
k − β̂i

)

−N−1/2
K0∑
k=1

∑
i∈Ĝk\G0

k

(
α0
k − α̂k

)′
X ′

iM0Xi

(
α0
k − α̂k

)
≡ A2NT�1 +A2NT�2 −A2NT�3� say�

Let ‖ · ‖sp denote the spectral norm. Note that ‖A‖ ≤ rank(A)‖A‖sp and ‖A‖sp ≤ ‖A‖ for
any matrix A. By these properties, the submultiplicative property of the spectral norm,
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the fact that ‖M0‖sp = 1, and Assumptions 1(i) and 2(ii),

A2NT�1 ≤ N−1/2
K0∑
k=1

∥∥α0
k − α̂k

∥∥2 ∑
i∈Ĝk

∥∥X ′
iM0Xi

∥∥≤ pN−1/2
K0∑
k=1

∥∥α0
k − α̂k

∥∥2 ∑
i∈Ĝk

‖Xi‖2

= N−1/2OP

(
(NT)−1 + T−2)OP(NT) =N−1/2OP

(
1 +NT−1)= oP(1)�

By Assumption 2(iii), for any ε > 0,

P(A2NT�2 ≥ ε)≤ P

( K0⋃
k=1

ÊkNT

)
→ 0� and P(A2NT�3 ≥ ε) ≤ P

( K0⋃
k=1

F̂kNT

)
→ 0�

It follows that A2NT�2 = oP(1) and A2NT�3 = oP(1). Consequently, A2NT = oP(1) under
H0(K0). �

Proposition A.3. We have A3NT = oP(1) under H0(K0).

Proof. As in the proof of Proposition A.2, we make the decomposition

A3NT = N−1/2
K0∑
k=1

∑
i∈G0

k

u′
iM0Xi

(
α0
k − β̂i

)

= N−1/2
K0∑
k=1

∑
i∈Ĝk

u′
iM0Xi

(
α0
k − α̂k

)+N−1/2
K0∑
k=1

∑
i∈G0

k\Ĝk

u′
iM0Xi

(
α0
k − β̂i

)

−N−1/2
K0∑
k=1

∑
i∈Ĝk\G0

k

u′
iM0Xi

(
α0
k − α̂k

)
≡ A3NT�1 +A3NT�2 −A3NT�3� say�

Using the same arguments as those used in the study of A2NT�2 and A2NT�3, we can show
that A3NT�2 = oP(1) and A3NT�3 = oP(1). Noting that α0

k − α̂k = OP((NT)−1/2 + T−1) for
k = 1� � � � �K0 under H0(K0) by Assumption 2(ii), it suffices to prove that A3NT�1 = oP(1)
by showing that

Ā3NT�1k ≡N−1/2
∑
i∈Ĝk

X ′
iM0ui = oP

(
min
(
(NT)1/2�T

))
for k= 1� � � � �K0�

By the fact that 1{i ∈ Ĝk} = 1{i ∈G0
k}+ 1{i ∈ Ĝk \G0

k}− 1{i ∈G0
k \ Ĝk} and the arguments

used in the study of A2NT�2 and A2NT�3, we can show that Ā3NT�1k ≡ Ȧ3NT�1k + oP(1),
where Ȧ3NT�1k = N−1/2∑

i∈G0
k
X ′

iM0ui. Using X ′
iM0ui =∑T

t=1 Xit(uit − ūi·), we can de-

compose Ȧ3NT�1k as

Ȧ3NT�1k = N−1/2
∑
i∈G0

k

T∑
t=1

Xituit −N−1/2T−1
∑
i∈G0

k

T∑
t=1

T∑
s=1

Xituis
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= (1 − T−1)N−1/2
∑
i∈G0

k

T∑
t=1

Xituit −N−1/2T−1
∑
i∈G0

k

∑
1≤t<s≤T

Xituis

−N−1/2T−1
∑
i∈G0

k

∑
1≤s<t≤T

Xituis

≡ Ȧ3NT�1k1 − Ȧ3NT�1k2 − Ȧ3NT�1k3� say�

Using Chebyshev inequality, we can readily show that Ȧ3NT�1k1 = OP(T
1/2) under As-

sumption 1(i), (iv), and (v). Let ωp = (ωp1� � � � �ωpp)
′ be an arbitrary p × 1 nonrandom

vector with ‖ωp‖ = 1. By Assumption 1(i), (iv), and (v) and Jensen inequality,

E
[(
ω′

pȦ3NT�1k2
)2] = N−1T−2

∑
i∈G0

k

∑
j∈G0

k

∑
1≤t<s≤T

∑
1≤r<q≤T

E
(
ω′

pXituisω
′
pXjrujq

)
= N−1T−2

∑
i∈G0

k

∑
1≤t<s≤T

∑
1≤r<q≤T

E
(
ω′

pXituisω
′
pXiruiq

)
= N−1T−2

∑
i∈G0

k

∑
1≤t�r<s≤T

E
(
ω′

pXitω
′
pXiru

2
is

)= O(T)�

Then Ȧ3NT�1k2 = OP(T
1/2) by Chebyshev inequality. Next,

E
[(
ω′

pȦ3NT�1k3
)2] = N−1T−2

∑
i∈G0

k

∑
1≤s<t≤T

∑
1≤q<r≤T

E
(
ω′

pXituisω
′
pXiruiq

)
+N−1T−2

∑
i∈G0

k

∑
j∈G0

k�j 	=i

∑
1≤s<t≤T

∑
1≤q<r≤T

E
(
ω′

pXituis
)
E
(
ω′

pXjrujq
)

≡ I + II� say�

Let S ≡ {t� s� q� r}. To bound I, we consider two cases, (a) #S = 4 and (b) #S ≤ 3, and
denote the corresponding summations as Ia and Ib such that I = Ia + Ib. Apparently,
Ib = O(T). For Ia, wlog we consider three subcases, (a1) s < t < q < r, (a2) s < q < t < r,
and (a3) s < q < r < t, and denote the corresponding summations as Ia1, Ia2, and Ia3,
respectively. (Note that Ia = 2(Ia1 + Ia2 + Ia3).) In subcase (a1), we apply Davydov in-
equality to obtain

|Ia1| ≤ 8N−1T−2
∑
i∈G0

k

∑
1≤s<t<q<r≤T

ci�tsrqα(t − s)(1+σ)/(2+σ)

≤ 8CT

∞∑
τ=1

α(τ)(1+σ)/(2+σ) = O(T)�

where ci�tsrq = ‖uis‖8+4σ‖ω′
pXitω

′
pXiruiq‖(8+4σ)/3 ≤ C < ∞ by Assumption 1(i) and

Jensen inequality. Analogously, we can show that Ia2 = O(T) and Ia3 = O(T). It follows
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that I = O(T). For II, we apply Davydov inequality to obtain

|II| ≤ N−1T−2
{∑
i∈G0

k

∑
1≤s<t≤T

∣∣E(ω′
pXituis

)∣∣}2

≤ N−1T−2
{∑
i∈G0

k

∑
1≤s<t≤T

ci�tsα(t − s)(3+2σ)/(4+2σ)
}2

= N−1T−2O
(
N2T 2)=O(N)�

where ci�ts = ‖ω′
pXit‖8+4σ‖ω′

pXit‖8+4σ ≤C < ∞ by Assumption 1(i). Consequently,

E
{[
ω′

pȦ3NT�1k1(3)
]2}=O(N + T) and Ȧ3NT�1k3 =OP

(
N1/2 + T 1/2)�

In sum, we have Ȧ3NT�1k = OP(N
1/2 + T 1/2). It follows that Ā3NT�1k = oP(min((N ×

T)1/2�T )). �
�

Proof of Theorem 3.2. By Theorem 3.1 and the Slutsky lemma, it suffices to prove the
first two parts of the theorem.

Step 1: We prove (i) B̂NT (K0) = BNT + oP(1) under H0(K0). Let ιt denote a T × 1
vector with 1 in the tth position and 0s everywhere else. Then hi�ts = ι′tM0P̄XiM0ιs =∑T

r=1
∑T

q=1 ηtrX
′
ir(XiM0Xi)

−1Xiqηqs . Using û2
it − u2

it = (ûit − uit)
2 + 2(ûit − uit)uit , we

decompose B̂NT −BNT as

B̂NT (K0)−BNT = 1√
N

N∑
i=1

T∑
t=1

(ûit − uit)
2hi�tt + 2√

N

N∑
i=1

T∑
t=1

(ûit − uit)uithi�tt

≡ B̂NT�1 + 2B̂NT�2� say�

Noting that diag(Hi) is p.s.d., we have by (A.1) and Cauchy–Schwarz inequality that

B̂NT�1 = N−1/2
N∑
i=1

(ûi − ui)
′ diag(Hi)(ûi − ui)

≤ 2N−1/2
N∑
i=1

u′
iP0 diag(Hi)P0ui

+ 2N−1/2
N∑
i=1

(
β̂i −β0

i

)′
X ′

iM0 diag(Hi)M0Xi

(
β̂i −β0

i

)
≡ 2B̂NT�11 + 2B̂NT�12� say�

We will show that B̂NT�1s = oP(1) for s = 1 and 2. By the fact that
∑T

t=1 ιtι
′
t = IT and

M0 is idempotent, we have i′T diag(Hi)iT = tr[i′T diag(Hi)iT ] =∑T
t=1 tr(ι′tM0P̄XiM0ιt) =

tr(M0P̄XiM0) = tr[M0 ×Xi(X
′
iM0Xi)

−1X ′
iM0] = p. This, in conjunction with Davydov in-
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equality, implies that

E|B̂NT�11| = T−2N−1/2
N∑
i=1

E
[
u′
iiT
(
i′T diag(Hi)iT

)
i′Tui
]= pT−2N−1/2

N∑
i=1

E
(
u′
iiT i′Tui

)
= pT−2N−1/2

N∑
i=1

T∑
t=1

E
(
u2
it

)+ 2pT−2N−1/2
N∑
i=1

∑
1≤t<s≤T

E(uituis)

= O
(
N1/2T−1)+O

(
N1/2T−1)= O

(
N1/2T−1)�

Consequently B̂NT�11 = OP(N
1/2T−1) = oP(1) by Markov inequality. Using 1{i ∈ G0

k} =
1{i ∈ Ĝk} + 1{i ∈G0

k \ Ĝk} − 1{i ∈ Ĝk \G0
k}, following similar arguments as those used in

the proof of Proposition A.2, and by Assumptions 1(i) and 2(ii), we can show that under
H0(K0),

B̂NT�12 = N−1/2
K0∑
k=1

∑
i∈Ĝk

(
α̂k − α0

k

)′
X ′

iM0 diag(Hi)M0Xi

(
α̂k − α0

k

)+ oP(1)

≤ N−1/2
K0∑
k=1

∥∥α̂k − α0
k

∥∥2 ∑
i∈Ĝk

∥∥X ′
iM0 diag(Hi)M0Xi

∥∥+ oP(1)

= N−1/2OP

(
(NT)−1 + T−2)OP(N)+ oP(1) = oP(1)�

based on the fact that M0AM0 ≤A for any p.s.d. matrix A, and∑
i∈Ĝk

∥∥X ′
iM0 diag(Hi)M0Xi

∥∥
≤
∑
i∈Ĝk

∥∥X ′
i diag(Hi)Xi

∥∥≤
∑
i∈Ĝk

T∑
t=1

∥∥X ′
it ι

′
tM0P̄XiM0ιtXit

∥∥
≤
∑
i∈Ĝk

T∑
t=1

∥∥X ′
it ι

′
t P̄XiιtXit

∥∥=
∑
i∈Ĝk

T∑
t=1

∥∥X ′
itXit

(
X ′

iM0Xi

)−1
X ′

itXit

∥∥
≤ max

1≤i≤N

∥∥Ω̂−1
i

∥∥T−1
∑
i∈Ĝk

T∑
t=1

‖Xit‖4 = OP(N) by Lemma B.3(v)�

Consequently, we have shown that B̂NT�1 = oP(1).
For B̂NT�2, we first apply (A.1) to decompose it as

B̂NT�2 = 1√
N

N∑
i=1

(ûi − ui)
′ diag(Hi)ui

= 1√
N

N∑
i=1

u′
iP0 diag(Hi)ui + 1√

N

N∑
i=1

(
β̂i −β0

i

)′
X ′

iM0 diag(Hi)ui ≡ B̂NT�21 + B̂NT�22�
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Observe that

B̂NT�21 = 1

T 2
√
N

N∑
i=1

T∑
t=1

T∑
s=1

uitι
′
sM0XiΩ̂

−1
i X ′

iM0ιsuis

= 1

T 2
√
N

N∑
i=1

T∑
t=1

T∑
s=1

uitι
′
sM0XiΩ

−1
i X ′

iM0ιsuis

+ 1

T 2
√
N

N∑
i=1

T∑
t=1

T∑
s=1

uitι
′
sM0Xi

[
Ω̂−1

i −Ω−1
i

]
X ′

iM0ιsuis

≡ B̂NT�211 + B̂NT�212� say�

Noting that ‖ι′sM0Xi‖ ≤ ‖ι′sXi‖ = ‖Xis‖, we apply Lemma B.3(v) to obtain

|B̂NT�212| ≤ max
1≤i≤N

∥∥Ω̂−1
i −Ω−1

i

∥∥ 1

T 2
√
N

N∑
i=1

∣∣∣∣∣
T∑
t=1

uit

∣∣∣∣∣
T∑
s=1

‖Xis‖2‖uis‖

= OP(aNT )OP

(
N1/2T−1/2)= oP(1)�

For B̂NT�211, we have

B̂NT�211 = 1

T 2
√
N

N∑
i=1

T∑
t=1

T∑
s=1

T∑
r=1

T∑
q=1

uitηsrX
′
irΩ

−1
i Xiqηqsuis

= 1

T 2
√
N

N∑
i=1

T∑
t=1

T∑
s=1

uitX
′
isΩ

−1
i Xisuis − 2

T 3
√
N

N∑
i=1

T∑
t=1

T∑
s=1

T∑
r=1

uitX
′
irΩ

−1
i Xisuis

+ 1

T 4
√
N

N∑
i=1

T∑
t=1

T∑
s=1

T∑
r=1

T∑
q=1

uitX
′
irΩ

−1
i Xiquis

≡ B̂NT�211a − 2B̂NT�211b + B̂NT�221c� say�

We further decompose B̂NT�211a as B̂NT�211a = 1
T 2

√
N

∑N
i=1
∑T

t=1 X
′
itΩ

−1
i Xitu

2
it + 1

T 2
√
N

×∑N
i=1
∑

1≤t<s≤T uitX
′
isΩ

−1
i Xisuis + 1

T 2
√
N

∑N
i=1
∑

1≤s<t≤T uitX
′
isΩ

−1
i Xisuis = B̂NT�211a(1) +

B̂NT�211a(2)+ B̂NT�211a(3). Apparently, B̂NT�211a(1) = OP(N
1/2T−1) by Markov inequality.

Noting that E[B̂NT�211a(2)] = 0, by Davydov inequality we can readily show that

E
[
B̂NT�211a(2)

]2 = 1

T 4N

N∑
i=1

∑
1≤t<s≤T

∑
1≤r<q≤T

E
[
uitX

′
isΩ

−1
i XisuisuirX

′
iqΩ

−1
i Xiquiq

]
= O
(
T−1)�

It follows that B̂NT�211a(2) = OP(T
−1/2). Similarly, B̂NT�211a(3) = OP(T

−1/2). Then
B̂NT�211a = OP(N

1/2T−1 + T−1/2) = oP(1). Analogously, we can show that B̂NT�211s =
oP(1) for s = b� c. Then we have B̂NT�211 = oP(1) and B̂NT�21 = oP(1).
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For B̂NT�22, using the same arguments as those used in the proof of Proposition A.2,
we can show that under H0(K0),

B̂NT�22 = 1√
N

K0∑
k=1

(
α̂k − α0

k

)′ ∑
i∈Ĝk

X ′
iM0 diag(Hi)ui + oP(1)

= 1√
N

K0∑
k=1

(
α̂k − α0

k

)′ ∑
i∈G0

k

X ′
iM0 diag(Hi)ui + oP(1) ≡ B̄NT�22 + oP(1)�

Let Bk = 1√
N

∑
i∈G0

k
X ′

iM0 diag(Hi)ui. Then as in the proof of Proposition A.2 and the

analysis of B̂NT�211a(2), we can show that

Bk = 1

T
√
N

∑
i∈G0

k

T∑
t=1

T∑
s=1

XitηtsιsM0XiΩ̂
−1
i X ′

iM0ιsuis

= 1

T
√
N

∑
i∈G0

k

T∑
t=1

T∑
s=1

XitηtsιsM0XiΩ
−1
i X ′

iM0ιsuis + oP(1)

= 1

T
√
N

∑
i∈G0

k

T∑
t=1

T∑
s=1

T∑
r=1

T∑
q=1

XitηtsηsrX
′
irΩ

−1
i Xiqηqsuis + oP(1) =OP

(
N1/2 + T 1/2)�

It follows that B̂NT�22 = OP((NT)−1/2 +T−1)OP(N
1/2 +T 1/2) = oP(1). This completes the

proof of (i1).
Step 2: We prove (ii) V̂NT (K0)= VNT +oP(1). Observe that V̂NT (K0)−VNT = 4VNT�1 +

4VNT�2, where

VNT�1 = T−2N−1
T∑
t=2

N∑
i=1

{[
ûit b̂

′
it

t−1∑
s=1

b̂isûis

]2

−
[
uit b̄

′
it

t−1∑
s=1

b̄isuis

]2}
�

VNT�2 = T−2N−1
T∑
t=2

N∑
i=1

{[
uit b̄

′
it

t−1∑
s=1

b̄isuis

]2

−E

[
uit b̄

′
it

t−1∑
s=1

b̄isuis

]2}
�

Noting that E(VNT�2) = 0 and Var(VNT�2)= o(1) by direct moment calculations, we have
VNT�2 = oP(1) by Chebyshev’s inequality. Thus we are left to show that VNT�1 = oP(1).
Again, using a2 − b2 = (a− b)2 + 2(a− b)b, we have

VNT�1 = T−2N−1
T∑
t=2

N∑
i=1

[
ûit b̂

′
it

t−1∑
s=1

b̂isûis − uit b̄
′
it

t−1∑
s=1

b̄isuis

]2

+ 2T−2N−1
T∑
t=2

N∑
i=1

[
ûit b̂

′
it

t−1∑
s=1

b̂isûis − uit b̄
′
it

t−1∑
s=1

b̄isuis

]
uit b̄

′
it

t−1∑
r=1

b̄iruir

≡ VNT�11 + 2VNT�12�
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Let V̄NT�12 ≡ T−2N−1∑T
t=2
∑N

i=1[uit b̄′
it

∑t−1
r=1 b̄iruir]2. By Cauchy–Schwarz inequality,

VNT�12 ≤ {VNT�11}1/2{V̄NT�12}1/2. It is straightforward to show that V̄NT�12 = OP(1) so
that we can prove that VNT�1 = oP(1) by showing that VNT�11 = oP(1). Using ûit b̂it =
(ûit b̂it − uit b̄it)+ uit b̄it and Cauchy–Schwarz inequality,

VNT�11 ≤ 3T−2N−1
T∑
t=2

N∑
i=1

[
(ûit b̂it − uit b̄it)

′
t−1∑
s=1

b̄isuis

]2

+ 3T−2N−1
T∑
t=2

N∑
i=1

[
uit b̄

′
it

t−1∑
s=1

(b̂isûis − b̄isuis)

]2

+ 3T−2N−1
T∑
t=2

N∑
i=1

[
(ûit b̂it − uit b̄it)

′
t−1∑
s=1

(b̂isûis − b̄isuis)

]2

≡ 3VNT�111 + 3VNT�112 + 3VNT�113�

We complete the proof of (ii) by showing that (ii1) VNT�111 = oP(1), (ii2) VNT�112 = oP(1),
and (ii3) VNT�113 = oP(1).

We first show (ii1) VNT�111 = oP(1). Using ûit b̂it −uit b̄it = (ûit −uit)b̄it +uit(b̂it − b̄it)+
(ûit − uit)(b̂it − b̄it) and Cauchy–Schwarz inequality, we have

VNT�111 ≤ 3T−2N−1
T∑
t=2

N∑
i=1

[
(ûit − uit)b̄

′
it

t−1∑
s=1

b̄isuis

]2

+ 3T−2N−1
T∑
t=2

N∑
i=1

[
uit(b̂it − b̄it)

′
t−1∑
s=1

b̄isuis

]2

+ 3T−2N−1
T∑
t=2

N∑
i=1

[
(ûit − uit)(b̂it − b̄it)

′
t−1∑
s=1

b̄isuis

]2

≡ 3VNT�111a + 3VNT�111b + 3VNT�111c�

By Markov and Davydov inequalities, we can show that T−2N−1∑T
t=2
∑N

i=1[b̄′
it

∑t−1
s=1 b̄is ×

uis]2 = OP(1). By Boole inequality and Doob inequality (e.g., Hall and Heyde (1980,
pp. 14–15)) for m.d.s., and then Davydov inequality, for any ε > 0 we have

P

(
max

1≤i≤N
max

2≤t≤T

∥∥∥∥∥T−1/2
t−1∑
s=1

b̄isuis

∥∥∥∥∥>N1/8ε

)
≤

N∑
i=1

P

(
max

2≤t≤T

∥∥∥∥∥T−1/2
t−1∑
s=1

b̄isuis

∥∥∥∥∥>N1/8ε

)

≤ 1

NT 4ε8

N∑
i=1

E

∥∥∥∥∥
T−1∑
s=1

b̄isuis

∥∥∥∥∥
8

=O(1)�

It follows that

max
1≤i≤N

max
2≤t≤T

∥∥∥∥∥
t−1∑
s=1

b̄isuis

∥∥∥∥∥=OP

(
T 1/2N1/8)� (A.8)
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The same conclusion follows when one replaces b̄is by Xis or 1. Let B̄i = diag(‖b̄i1‖2� � � � �

‖b̄iT ‖2). By (A.1), we can readily show that

N−1
N∑
i=1

‖ûi − ui‖2 ≤ 2N−1
N∑
i=1

‖P0ui‖2 + 2N−1
N∑
i=1

∥∥M0Xi

(
β0
i − β̂i

)∥∥2

= OP(1)+ oP(1) =OP(1)

(A.9)

and

N−1
T∑
t=2

N∑
i=1

(ûit − uit)
2‖b̄it‖2

=N−1
N∑
i=1

(ûi − ui)
′B̄i(ûi − ui)

≤ 2N−1
N∑
i=1

u′
iP0B̄iP0ui + 2N−1

N∑
i=1

(
β0
i − β̂i

)′
X ′

iM0B̄iM0Xi

(
β0
i − β̂i

)
=OP(1)+ oP(1) = OP(1)�

(A.10)

By (A.8), (A.10), and Assumption 3,

VNT�111a = T−2N−1
T∑
t=2

N∑
i=1

(ûit − uit)
2

[
b̄′
it

t−1∑
s=1

b̄isuis

]2

≤ T−2 max
1≤i≤N

max
2≤t≤T

∥∥∥∥∥
t−1∑
s=1

b̄isuis

∥∥∥∥∥
2{

N−1
T∑
t=2

N∑
i=1

(ûit − uit)
2‖b̄it‖2

}

= T−2OP

(
TN1/4)OP(1) = oP(1)�

To determine the probability order of VNT�111b and VNT�111c , we use the uniform proba-
bility order of b̂it − b̄it . We decompose b̂it − b̄it as

b̂it − b̄it = Ω̂
−1/2
i

[
Xit − T−1

T∑
r=1

Xir

]
−Ω

−1/2
i

[
Xit − T−1

T∑
r=1

E(Xir)

]

= eiXit − eiT
−1

T∑
r=1

Xir −Ω
−1/2
i T−1

T∑
r=1

[
Xir −E(Xir)

]
≡ b1it − b2it − b3it �

(A.11)

where ei ≡ Ω̂
−1/2
i − Ω

−1/2
i . By Lemma B.3 and the fact that max1≤i≤N max1≤t≤T ‖Xit‖ =

oP((NT)1/(8+4σ)) by Boole and Markov inequalities, we have max1≤i≤N max1≤t≤T ‖b1it‖ =
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oP(aNT × (NT)1/(8+4σ)). Following the proof of Lemma B.3(v), we can show that

max
1≤i≤N

∥∥∥∥∥T−1
T∑
r=1

Xir

∥∥∥∥∥≤ max
1≤i≤N

∥∥∥∥∥T−1
T∑
r=1

[
Xir −E(Xir)

]∥∥∥∥∥+ max
1≤i≤N

∥∥∥∥∥T−1
T∑
r=1

E(Xir)

∥∥∥∥∥
= OP

(
max
{
(NT)1/(8+4σ) log(NT)/T�

(
log(NT)/T

)1/2})
+O(1)

= O(1)�

(A.12)

It follows that max1≤i≤N max1≤t≤T ‖b2it‖ = OP(aNT ). Also, max1≤i≤N max1≤t≤T ‖b3it‖ =
OP(aNT ). Thus max1≤i≤N max1≤t≤T ‖b̂it − b̄it‖ = oP(aNT (NT)1/(8+4σ)). In addition, using
(A.11) and the above bounds, we have

T−1N−1
T∑
t=2

N∑
i=1

u2
it‖b̂it − b̄it‖2

≤ 3T−1N−1
T∑
t=2

N∑
i=1

u2
it‖b1it‖2 + 3T−1N−1

T∑
t=2

N∑
i=1

u2
it‖b2it‖2 + 3T−1N−1

T∑
t=2

N∑
i=1

u2
it‖b3it‖2

≤ 3T−1N−1
T∑
t=2

N∑
i=1

u2
it‖b1it‖2 +OP

(
a2
NT

)+OP

(
a2
NT

)=OP

(
a2
NT

)
�

where the last equality follows from the fact that T−1N−1∑T
t=2
∑N

i=1 u
2
it‖b1it‖2 ≤

max1≤i≤N ‖ei‖2T−1N−1 ×∑T
t=2
∑N

i=1 u
2
it‖Xit‖2 = OP(a

2
NT ). Then by Assumption 3,

VNT�111b = T−2N−1
T∑
t=2

N∑
i=1

[
uit(b̂it − b̄it)

′
t−1∑
s=1

b̄isuis

]2

≤ T−1 max
1≤i≤N

max
1≤t≤T

[
t−1∑
s=1

b̄isuis

]2[
T−1N−1

T∑
t=2

N∑
i=1

u2
it‖b̂it − b̄it‖2

]

= T−1OP

(
TN1/4)OP

(
a2
NT

)= oP
(
N1/4a2

NT

)= oP(1)

and

VNT�111c = T−2N−1
T∑
t=2

N∑
i=1

[
(ûit − uit)(b̂it − b̄it)

′
t−1∑
s=1

b̄isuis

]2

= T−2 max
1≤i≤N

max
1≤t≤T

‖b̂it − b̄it‖2 max
1≤i≤N

max
1≤t≤T

∥∥∥∥∥
t−1∑
s=1

b̄isuis

∥∥∥∥∥
2

N−1
T∑
t=2

N∑
i=1

(ûit − uit)
2

= T−2oP
(
a2
NT (NT)1/(4+2σ))OP

(
TN1/4)OP(1) = oP

(
N1/4a2

NT

)= oP(1)�

It follows that VNT�111 = oP(1).
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To show (ii2) and (ii3), we find that it is convenient to bound Sit ≡ T−1/2∑t−1
s=1(b̂isûis−

b̄isuis). Using ûit b̂it − uit b̄it = uit(b̂it − b̄it)+ (ûit − uit)b̄it + (ûit − uit)(b̂it − b̄it), we have

Sit ≡ T−1/2
t−1∑
s=1

uis(b̂is − b̄is)+ T−1/2
t−1∑
s=1

(ûis − uis)b̄is + T−1/2
t−1∑
s=1

(ûis − uis)(b̂is − b̄is)

≡ S1it + S2it + S3it � say�

By (A.11), S1it = T−1/2∑t−1
s=1 uis(b1is −b2is−b3is)≡ S1it�1 −S1it�2 −S1it�3, say. By the Remark

after (A.8), (A.12), and Lemma B.3,

max
1≤i≤N

max
1≤t≤T

‖S1it�1‖ ≤ max
1≤i≤N

‖ei‖ max
1≤i≤N

max
1≤t≤T

∥∥∥∥∥T−1/2
t−1∑
s=1

Xisuis

∥∥∥∥∥
= OP(aNT )OP

(
N1/4)= oP(1)�

max
1≤i≤N

max
1≤t≤T

‖S1it�2‖ ≤ max
1≤i≤N

‖ei‖ max
1≤i≤N

∥∥∥∥∥T−1
T∑
r=1

Xir

∥∥∥∥∥ max
1≤i≤N

max
1≤t≤T

∥∥∥∥∥T−1/2
t−1∑
s=1

uis

∥∥∥∥∥
= OP(aNT )OP(1)OP

(
N1/8)= oP(1)

and

max
1≤i≤N

max
1≤t≤T

‖S1it�3‖

≤ max
1≤i≤N

∥∥Ω−1/2
i

∥∥ max
1≤i≤N

∥∥∥∥∥T−1
T∑
r=1

[
Xir −E(Xir)

]∥∥∥∥∥ max
1≤i≤N

max
1≤t≤T

∥∥∥∥∥T−1/2
t−1∑
s=1

uis

∥∥∥∥∥
=O(1)OP(aNT )OP

(
N1/8)= oP(1)�

It follows that max1≤i≤N max1≤t≤T ‖S1it‖ = oP(1). Similarly we can show max1≤i≤N

max1≤t≤T ‖S2it‖ = oP(1) and max1≤i≤N max1≤t≤T ‖S3it‖ = oP(1). Hence max1≤i≤N

max1≤t≤T ‖Sit‖ = oP(1). It follows that

VNT�112 = T−2N−1
T∑
t=2

N∑
i=1

[
uit b̄

′
it

t−1∑
s=1

(b̂isûis − b̄isuis)

]2

≤
{

max
1≤i≤N

max
1≤t≤T

‖Sit‖2
}{

T−1N−1
T∑
t=2

N∑
i=1

∥∥uit b̄′
it

∥∥2
}

= oP(1)OP(1) = oP(1)

and

VNT�113 = T−2N−1
T∑
t=2

N∑
i=1

[
(ûit b̂it − uit b̄it)

′
t−1∑
s=1

(b̂isûis − b̄isuis)

]2

≤
{

max
1≤i≤N

max
1≤t≤T

‖Sit‖2
}{

T−1N−1
T∑
t=2

N∑
i=1

‖ûit b̂it − uit b̄it‖2

}
= oP(1)oP(1) = oP(1)�
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as one can readily show that T−1N−1∑T
t=2
∑N

i=1 ‖ûit b̂it −uit b̄it‖2 = oP(1). Thus VNT�11 =
oP(1). This completes the proof of (ii). �

Proof of Theorem 3.3. Observe that
√
V̂NT (K0)Ĵ1NT (K0) = A1NT − B̂NT (K0) +

A2NT +2A3NT , where A1NT , A2NT , and A3NT are as defined in (A.2). We study the prob-
ability order of each term in the last expression.

Noting that ‖X ′
iM0ui‖2 ≤ 2‖X ′

iui‖2 +2‖X ′
iP0ui‖2, we have N−1T−2∑N

i=1 ‖X ′
iM0ui‖2 ≤

2a1 + 2a2, where a1 = 2N−1T−2∑N
i=1
∑T

t=1
∑T

s=1 uitX
′
itXisuis and a2 = N−1T−4 ×∑N

i=1
∑T

t=1
∑T

s=1
∑T

r=1
∑T

q=1 uitX
′
isXiruiq. By Assumption 1 and Markov inequality, we

can readily show that a1 =OP(T
−1) and a2 = OP(T

−1). It follows thatN−1T−2∑N
i=1 ‖X ′

i ×
M0ui‖2 = OP(T

−1). Then by Lemma B.3(v),

N−1/2T−1A1NT = N−1T−1
N∑
i=1

u′
iM0P̄XiM0ui

≤ max
1≤i≤N

λmax(Q̂i)N
−1T−2

N∑
i=1

u′
iM0XiX

′
iM0ui

= OP(1)OP

(
T−1)=OP

(
T−1)�

By (A.1) and Cauchy–Schwarz inequality,

N−1/2T−1B̂NT = N−1T−1
N∑
i=1

T∑
t=1

û2
ithi�tt =N−1T−1

N∑
i=1

û′
i diag(Hi)ûi

≤ 2N−1T−1
N∑
i=1

u′
iM0 diag(Hi)M0ui�

+ 2N−1T−1
N∑
i=1

(
β0
i − β̂i

)′
X ′

iM0 diag(Hi)M0Xi

(
β0
i − β̂i

)
≡ 2b1 + 2b2� say�

By Cauchy–Schwarz inequality, b1 ≤ 2N−1T−1∑N
i=1 u

′
i diag(Hi)ui+2N−1T−1∑N

i=1 u
′
iP0 ×

diag(Hi)P0ui ≡ 2b1�1 +2b1�2, say. By the fact Hi =M0P̄XiM0 ≤ [λmin(Q̂i)]−1T−1M0XiX
′
iM0

and Lemma B.3(v), we have

b1�1 ≤ [λmin(Q̂i)
]−1

N−1T−2
N∑
i=1

u′
i diag

(
M0XiX

′
iM0
)
ui

= [λmin(Q̂i)
]−1

N−1T−2
N∑
i=1

T∑
t=1

T∑
s=1

T∑
r=1

uitηtsX
′
isXirηtruir =OP

(
T−1)�

as we can readily show that N−1T−2∑N
i=1
∑T

t=1
∑T

s=1
∑T

r=1 uitηtsX
′
isXirηtruir = OP(T

−1)

based on the fact that ηts = 1{t = s} − T−1 and Markov inequality. As in the analysis of
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B̂NT�11, we can readily apply the fact that i′T diag(Hi)iT = p to obtain

b1�2 = N−1T−3
N∑
i=1

u′
iiT i′T diag(Hi)iT i′Tui = pN−1T−3

N∑
i=1

u′
iiT i′Tui

= pN−1T−3
N∑
i=1

T∑
t=1

T∑
s=1

uituis = OP

(
T−2)�

It follows that b1 = OP(T
−1). By Cauchy–Schwarz inequality, b2 ≤ 2N−1T−1∑N

i=1(β
0
i −

β̂i)
′X ′

i diag(Hi) × Xi(β
0
i − β̂i) + 2N−1T−1∑N

i=1(β
0
i − β̂i)

′X ′
iP0 diag(Hi)P0Xi(β

0
i − β̂i) ≡

2b2�1 + 2b2�2, say. Noting that diag(M0XiX
′
iM0) ≤ diag(XiX

′
i), we have

b2�1 ≤ [λmin(Q̂i)
]−1

N−1T−2
N∑
i=1

(
β0
i − β̂i

)′
X ′

i diag
(
M0XiX

′
iM0
)
Xi

(
β0
i − β̂i

)
≤ [λmin(Q̂i)

]−1
N−1T−2

N∑
i=1

(
β0
i − β̂i

)′
X ′

i diag
(
XiX

′
i

)
Xi

(
β0
i − β̂i

)
= [λmin(Q̂i)

]−1
N−1T−2

N∑
i=1

(
β0
i − β̂i

)′
XitX

′
itXitX

′
it

(
β0
i − β̂i

)
≤ T−1[λmin(Q̂i)

]−1 max
1≤i≤N

T−1
T∑
t=1

‖Xit‖4N−1
N∑
i=1

∥∥β0
i − β̂i

∥∥2

= T−1OP(1)OP(1)OP(1) = OP

(
T−1)�

Using i′T diag(Hi)iT = p, we have

b2�2 = N−1T−3
N∑
i=1

(
β0
i − β̂i

)′
X ′

iiT i′T diag(Hi)iT i′TXi

(
β0
i − β̂i

)
= pN−1T−3

N∑
i=1

(
β0
i − β̂i

)
X ′

iiT i′TXi

(
β0
i − β̂i

)
≤ T−1 max

1≤i≤N
‖X̄i·‖2N−1

N∑
i=1

∥∥β0
i − β̂i

∥∥2 = OP

(
T−1)�

It follows that b2 = OP(T
−1) and N−1/2T−1B̂NT (K0)= OP(T

−1).
By Assumption 4(ii) and Lemma B.3(v), w.p.a.1,

N−1/2T−1A2NT = N−1T−1
N∑
i=1

(
β0
i − β̂i

)′
X ′

iM0Xi

(
β0
i − β̂i

)

≥ λmin(Q̂i)N
−1

K0∑
k=1

∑
i∈Ĝk

∥∥β0
i − α̂k

∥∥2 ≥ 1
2
λmin(Qi)¯cK0 �
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Now we decompose N−1/2T−1A3NT as N−1/2T−1A3NT = N−1T−1∑N
i=1 u

′
iXi(β

0
i − β̂i) −

N−1T−2 ×∑N
i=1 u

′
iiT i′TXi(β

0
i − β̂i) ≡ A3NT�1 + A3NT�2, say. For the first term, we apply

Cauchy–Schwarz inequality to obtain

|A3NT�1| ≤ T−1/2

{
N−1T−1

N∑
i=1

∥∥u′
iXi

∥∥2
}1/2

×
{
N−1

K0∑
k=1

∑
i∈Ĝk

∥∥β0
i − α̂k

∥∥2
}1/2

= T−1/2OP(1)OP(1) = oP(1)�

where we use the fact that N−1T−1∑N
i=1 E‖u′

iXi‖2 =O(1) under Assumption 1. Similarly,

|A3NT�2| ≤ max
1≤i≤N

∥∥T−1u′
iiT
∥∥ max

1≤i≤N

∥∥T−1X ′
iiT
∥∥N−1

N∑
i=1

∥∥β0
i − β̂i

∥∥
≤ max

1≤i≤N

∥∥T−1u′
iiT
∥∥ max

1≤i≤N

∥∥T−1X ′
iiT
∥∥{N−1

K0∑
k=1

∑
i∈Ĝk

∥∥β0
i − α̂k

∥∥2
}1/2

= OP(αNT )OP(1)OP(1) = oP(1)�

It follows that N−1/2T−1A3NT = oP(1).

In sum, we have N−1/2T−1
√
V̂NT (K0)Ĵ1NT (K0) ≥ 1

2λmin(Qi)¯cK0 + oP(1) w.p.a.1. In

addition, we can show that V̂NT (K0) has a positive probability limit under H1(K0).

It follows that under H1(K0), P(Ĵ1NT (K0) ≥ cNT ) → 1 as (N�T) → ∞ for any cNT =
o(N1/2T). �

Proof of Theorem 4.1. (i) Let ÿi = (ÿi1� � � � � ÿiT )
′, üi = (üi1� � � � � üiT )

′, and X̃i =
(X̃i1� � � � � X̃iT )

′. The minimization problem in (4.4) can be rewritten as

min
β�α

Q
(K0)
2NT�λ(β�α) = 1

NT

N∑
i=1

∥∥∥∥∥ÿi − X̃iβi + 1
N

N∑
j=1

X̃jβj

∥∥∥∥∥
2

+ λ

N

N∑
i=1

K0∏
k=1

‖βi − αk‖� (A.13)

Let β = β0 + T−1/2v, where v =(v1� � � � � vN) is a p × N matrix. We want to show that for

any given ε∗ > 0, there exists a large constant L = L(ε∗) such that for sufficiently large N

and T , we have

P
{

inf
N−1∑N

i=1 ‖vi‖2=L
Q

(K0)
2NT�λ

(
β0 + T−1/2v� α̃

)
>Q

(K0)
2NT�λ

(
β0�α0)}≥ 1 − ε∗� (A.14)

where α̃ ≡ α̃(v) is chosen such that (β0 + T−1/2v� α̃) minimizes Q
(K0)
2NT�λ(β�α) for some

given v. This implies that w.p.a.1 there is a local minimum {β̃� α̃} such that N−1, where

b̃i = β̃i −β0
i .
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Observe that

T
[
Q

(K0)
2NT�λ

(
β0 + T−1/2v� α̃

)−Q
(K0)
2NT�λ

(
β0�α0)]

≥ 1
N

N∑
i=1

{∥∥∥∥∥ÿi − X̃i

(
β0
i + T−1/2vi

)+ 1
N

N∑
j=1

X̃j

(
β0
j + T−1/2vj

)∥∥∥∥∥
2

− ‖üi‖2

}

= 1
N

N∑
i=1

{∥∥∥∥∥üi − T−1/2

(
X̃ivi − 1

N

N∑
j=1

X̃jvj

)∥∥∥∥∥
2

− ‖üi‖2

}
(A.15)

= 1
NT

N∑
i=1

∥∥∥∥∥X̃ivi − 1
N

N∑
j=1

X̃jvj

∥∥∥∥∥
2

− 2

NT 1/2

N∑
i=1

üi

(
X̃ivi − 1

N

N∑
j=1

X̃jvj

)

= 1
NT

N∑
i=1

v′
iX̃

′
iX̃ivi − 1

N2T

N∑
i=1

N∑
j=1

v′
iX̃

′
iX̃jvj − 2

NT 1/2

N∑
i=1

ü′
iX̃ivi

= 1
N

v′Ω̂v − 1
N

v′Av − 2

NT 1/2

N∑
i=1

ü′
iX̃ivi�

where Ω̂ ≡ diag(Ω̂1� � � � � Ω̂N), A is an Np×Np matrix with a typical p×p block subma-
trix (NT)−1X̃ ′

iX̃j , and we use the fact that
∑N

i=1 üi = 0. By Lemma B.3(v) and Assump-
tion 1(ii),

1
N

v′Ω̂v ≥ 1
N

‖v‖2 min
1≤i≤N

λmin(Ω̂i) ≥ 1
N

‖v‖2

¯cXX/2 w.p.a.1� (A.16)

Define the upper block-triangular matrix

A1 = 1
NT

⎛⎜⎜⎜⎜⎝
X̃ ′

1X̃1 X̃ ′
1X̃2 · · · X̃ ′

1X̃N

0 X̃ ′
2X̃2 · · · X̃ ′

2X̃N
���

���
� � �

���

0 0 · · · X̃ ′
NX̃N

⎞⎟⎟⎟⎟⎠ �

Note that A = A1 + A′
1 − Ad , where Ad = N−1Ω̂. By the fact that the eigenvalues of

a block upper/lower triangular matrix are the combined eigenvalues of its diagonal
block matrices, Weyl inequality, Lemma B.3(v), and Assumption 1(ii), we have λmax(A) ≤
2λmax(A1)− λmin(Ad)≤ 2N−1 max1≤i≤N λmax(Ω̂i)= OP(N

−1). It follows that

1
N

v′Av ≤ 1
N

‖v‖2λmax(A) = 1
N

‖v‖2OP

(
N−1)� (A.17)

In addition, by Cauchy–Schwarz and Markov inequalities, we can readily show that

1

NT 1/2

∣∣∣∣∣
N∑
i=1

ü′
iX̃ivi

∣∣∣∣∣≤
{

1
N

N∑
i=1

v′
ivi

}1/2{
1

NT

N∑
i=1

ü′
iX̃iX̃

′
i üi

}1/2

=N−1/2‖v‖OP(1)� (A.18)
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Combining (A.15)–(A.18) yields

T
[
Q

(K0)
2NT�λ

(
β0 +T−1/2v� α̃

)−Q
(K0)
2NT�λ

(
β0�α0)]≥ 1

N
‖v‖2[

¯cXX/2 −oP(1)
]−N−1/2‖v‖OP(1)�

The first term dominates the second term in the last display for sufficiently large L. That
is, T [Q(K0)

2NT�λ(β
0 +T−1/2v� α̃)−Q

(K0)
2NT�λ(β

0�α0)] > 0 for sufficiently large L. Consequently,

the minimizer β̃ must satisfy N−1∑N
i=1 ‖b̃i‖2 = OP(T

−1).
(ii) Given (i), we can readily argue the pointwise convergence of β̃i as in the proof

of (iii) below. Let PNT (β�α) = 1
N

∑N
i=1
∏K0

k=1 ‖βi − αk‖ and c̃iNT (α) =∏K0−1
k=1 ‖β̃i − αk‖ +∏K0−2

k=1 ‖β̃i −αk‖ × ‖β0
i − αK0‖ + · · · +∏K0

k=2 ‖β0
i − αk‖. By the repeated use of Minkowski

inequality (see, e.g., Su, Shi, and Phillips (2016, SSP hereafter)), we have that as (N�T) →
∞, ∣∣∣∣∣

K0∏
k=1

‖β̃i − αk‖ −
K0∏
k=1

∥∥β̃0
i − αk

∥∥∣∣∣∣∣≤ c̃iNT (α)
∥∥βi −β0

i

∥∥ and

c̃iNT (α)≤ CK0NT (α)
(
1 + 2

∥∥β̃i −β0
i

∥∥)�
where CK0NT (α) = max1≤i≤N max1≤s≤k≤K0−1

∏s
k=1 aks‖β0

i − αk‖K0−1−s = max1≤l≤K0

max1≤s≤k≤K0−1
∏s

k=1 aks‖α0
l − αk‖K0−1−s = O(1) and akss are finite integers. It follows

that as (N�T) → ∞,

∣∣PNT (β̃�α)− PNT

(
β0�α

)∣∣≤ CK0NT (α)
1
N

N∑
i=1

‖b̃i‖ + 2CK0NT (α)
1
N

N∑
i=1

‖b̃i‖2

≤ CK0NT (α)

{
1
N

N∑
i=1

‖b̃i‖2

}1/2

+OP

(
T−1)= OP

(
T−1/2)�

(A.19)

By (A.19) and the fact that PNT (β
0�α0) = 0, we have

0 ≥ PNT (β̃� α̃)− PNT

(
β̃�α0)= PNT

(
β0� α̃

)− PNT

(
β0�α0)+OP

(
T−1/2)

= 1
N

N∑
i=1

K0∏
k=1

∥∥β0
i − α̃k

∥∥+OP

(
T−1/2) (A.20)

= N1

N

K0∏
k=1

∥∥α̃k − α0
1

∥∥+ · · · + NK0

N

K0∏
k=1

∥∥α̃k − α0
K0

∥∥+OP

(
T−1/2)�

Then by Assumption 2(i), we have
∏K0

k=1 ‖α̃k − α0
l ‖ = OP(T

−1/2) for l = 1� � � � �K0. It fol-
lows that (α̃(1)� � � � � α̃(K0)) − (α0

1� � � � �α
0
K0
) = OP(T

−1/2) for some suitable permutation
(α̃(1)� � � � � α̃(K0)) of (α̃1� � � � � α̃K0).

(iii) We invoke subdifferential calculus (e.g., Bertsekas (1995, Appendix B.5)). A nec-
essary condition for {β̃i}, and {α̃k} to minimize the objective function in (A.13) is
that for each i = 1� � � � �N (resp. k = 1� � � � �K0), 0p×1 belongs to the subdifferential of
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Q
(K0)
2NT�λ(β�α) with respect to βi (resp. αk) evaluated at {β̃i} and {α̃k}. That is, for each

i = 1� � � � �N and k= 1� � � � �K0, we have

0p×1 = − 2
T

N − 1
N

X̃ ′
i

(
ÿi − X̃iβ̃i + 1

N

N∑
j=1

X̃jβ̃j

)
+ λ

K0∑
j=1

ẽij

K0∏
l=1�l 	=j

‖β̃i − α̃l‖� (A.21)

where ẽij = β̃i−α̃j

‖β̃i−α̃j‖ if ‖β̃i − α̃j‖ 	= 0 and ‖ẽij‖ ≤ 1 if ‖β̃i − α̃j‖ = 0. Noting that ÿi = X̃iβ
0
i −

1
N

∑N
j=1 X̃jβ

0
j + üi, (A.21) implies that

Ω̂ib̃i = 1
T
X̃ ′

i üi +
1

NT

N∑
j=1

X̃ ′
iX̃jb̃j − λN

2(N − 1)

K0∑
j=1

ẽij

K0∏
l=1�l 	=j

‖β̃i − α̃l‖� (A.22)

where b̃i = β̃i −β0
i . Ω̂i is asymptotically nonsingular uniformly in i by Lemma B.3(v) and

Assumption 1(ii). Using the arguments as used in the proof of Lemma B.3, we can readily
show that

max
1≤i≤N

∥∥∥∥ 1
T
X̃ ′

i üi

∥∥∥∥ = max
1≤i≤N

∥∥∥∥∥ 1
T

T∑
t=1

(Xit − X̄i·)(uit − ū·t )
∥∥∥∥∥

≤ max
1≤i≤N

∥∥∥∥∥ 1
T

T∑
t=1

Xituit

∥∥∥∥∥+ max
1≤i≤N

∥∥∥∥∥ 1
T

T∑
t=1

Xitū·t

∥∥∥∥∥
+ max

1≤i≤N
‖X̄i·‖ max

1≤i≤N
|ūi·| + max

1≤i≤N
‖X̄i·‖ū

= OP(aNT )�

where aNT = max{(NT)1/(4+2σ) log(NT)/T� (log(NT)/T)1/2}. By Assumption 1 and
Lemma B.3,

1
NT

∥∥∥∥∥
N∑
j=1

X̃ ′
iX̃jb̃j

∥∥∥∥∥≤ max
1≤i≤N

1

T 1/2 ‖X̃i‖
{

1
NT

N∑
j=1

‖X̃j‖2

}1/2{
1
N

N∑
j=1

‖b̃j‖2

}1/2

≡ c1NT = OP

(
T−1/2)�

Let Ri = λN
2(N−1)

∑K0
j=1 ẽij

∏K0
l=1�l 	=j ‖β̃i − α̃l‖. By the fact that |∏K0

l=1�l 	=j ‖β̃i − α̃l‖ −∏K0
l=1�l 	=j ‖β0

i − α̃l‖| ≤ CK0(α̃)(1 + 2‖β̃i −β0
i ‖) for some CK0(α̃) =OP(1), we have

‖Ri‖ ≤ λ

K0∑
j=1

K0∏
l=1�l 	=j

‖β̃i − α̃l‖

≤ λ

K0∑
j=1

( K0∏
l=1�l 	=j

‖β̃i − α̃l‖ −
K0∏

l=1�l 	=j

∥∥β0
i − α̃l

∥∥)+ λ

K0∑
j=1

K0∏
l=1�l 	=j

∥∥β0
i − α̃l

∥∥
≤ 2λK0CK0(α̃)‖b̃i‖ + rNT �
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where rNT = λK0CK0(α̃) + λmax1≤i≤N
∑K0

j=1
∏K0

l=1�l 	=j ‖β0
i − α̃l‖ = O(λ) as β0

i s can only
take K0 values. It follows that

‖b̃i‖ ≤ ∥∥Ω̂−1
i

∥∥
sp

(∥∥∥∥ 1
T
X̃ ′

i üi

∥∥∥∥+
∥∥∥∥∥ 1
NT

N∑
j=1

X̃ ′
iX̃jb̃j

∥∥∥∥∥+ 2λK0CK0(α̃)‖b̃i‖ + rNT

)

≤ ∥∥Ω̂−1
i

∥∥
sp

(∥∥∥∥ 1
T
X̃ ′

i üi

∥∥∥∥+ c1NT + 2λK0CK0(α̃)‖b̃i‖ + rNT

)
and

max
1≤i≤N

‖b̃i‖ ≤ c2NT

1 − 2c2NTλK0CK0(α̃)

(
max

1≤i≤N

∥∥∥∥ 1
T
X̃ ′

i üi

∥∥∥∥+ c1NT + rNT

)
= OP(c2NT )

{
max

1≤i≤N

∥∥∥∥ 1
T
X̃ ′

i üi

∥∥∥∥+ c1NT + rNT

}
=OP(aNT + λ)�

where ‖ · ‖sp denotes the spectral norm and c2NT = [min1≤i≤N λmin(Ω̂i)]−1 = OP(1) by
Lemma B.3(v). �

Proof of Theorem 4.2. (i) Fix k ∈ {1� � � � �K0}. By the consistency of α̃k and β̃i in The-
orem 4.1, we have β̃i − α̃l →P α0

k −α0
l 	= 0 for all i ∈ G0

k and l 	= k, and c̃ki =
∏K0

l=1�l 	=k ‖β̃i −
α̃l‖→P c0

k ≡∏K0
l=1�l 	=k ‖α0

k − α0
l ‖ > 0 for i ∈ G0

k. Now suppose that ‖β̃i − α̃k‖ 	= 0 for some

i ∈ G0
k. Then the first order condition (with respect to βi) for the minimization problem

implies that

0p×1 = − 2√
T
X̃ ′

i

(
ÿi − X̃iβ̃i + 1

N

N∑
j=1

X̃jβ̃j

)
+ N

√
Tλ

N − 1

K0∑
j=1

ẽij

K0∏
l=1�l 	=j

‖β̃i − α̃l‖

= − 2√
T
X̃ ′

i

[
üi − X̃i

(
β̃i −β0

i

)+ 1
N

N∑
j=1

X̃j

(
β̃j −β0

j

)]

+ N
√
Tλ

N − 1

K0∑
j=1

ẽij

K0∏
l=1�l 	=j

‖β̃i − α̃l‖
(A.23)

= − 2√
T
X̃ ′

i üi +
(

2
T
X̃ ′

iX̃i + N

N − 1
λc̃ki

‖β̃i − α̃k‖Ip
)√

T(β̃i − α̃k)

+ 2
T
X̃ ′

iX̃i

√
T
(
α̃k − α0

k

)
− 2√

TN

N∑
j=1

X̃ ′
iX̃j

(
β̃j −β0

j

)+ N
√
Tλ

N − 1

K0∑
j=1�j 	=k

ẽij

K0∏
l=1�l 	=j

‖β̃i − α̃l‖

≡ B̃i1 + B̃i2 + B̃i3 + B̃i4 + B̃i5� say�

where ẽij = β̃i−α̃j

‖β̃i−α̃j‖ if ‖β̃i − α̃j‖ 	= 0 and ‖ẽij‖ ≤ 1 if ‖β̃i − α̃j‖ = 0.
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Let χNT = T−1/2(lnT)3+υ + λ(lnT)υ. Following SSP and using Assumption 5(i), we
can strengthen the result in Theorem 4.1 to obtain that

P
(

max
1≤i≤N

‖b̂i‖ ≥ CχNT

)
= o
(
N−1) for any C > 0� (A.24)

This, in conjunction with the proof of Theorem 4.1(ii), implies that

P
(∥∥α̃k − α0

k

∥∥≥ CT−1/2(lnT)υ
)= o

(
N−1) and

P
(

max
i∈G0

k

∣∣c̃ki − c0
k

∣∣≥ c0
k/2
)

= o
(
N−1)� (A.25)

By (A.24) and (A.25), Lemma B.4(v), and Assumption 1,

P
(

max
i∈G0

k

‖B̃i3‖>C(lnT)3+υ
)

= o
(
N−1) and P

(
max
i∈G0

k

‖B̃i5‖>C
√
TκχNT

)
= o
(
N−1)�

Noting that 1√
TN

‖∑N
j=1 X̃

′
iX̃j(β̃j − β0

j )‖ ≤ T−1/2‖X̃i‖{ 1
TN

∑N
j=1 ‖X̃j‖2}1/2{ TN

∑N
j=1 ‖β̃j −

β0
j ‖2}1/2 = OP(1), we can readily show that P(maxi∈G0

k
‖B̃i4‖ > C(lnT)3+υ) = o(N−1). It

follows that P(ΞkNT ) = 1 − o(N−1), where

ΞkNT ≡
{

max
i∈G0

k

∣∣c̃ki − c0
k

∣∣≤ c0
k/2
}

∩
{

max
i∈G0

k

‖B̃i3‖ ≤ C(lnT)3+υ
}

∩
{

max
i∈G0

k

‖B̃i4‖ ≤ C(lnT)3+υ
}

∩
{

max
i∈G0

k

‖B̃i5‖ ≤ C
√
TλχNT

}
�

Then, conditional on ΞkNT , we have that uniformly in i ∈G0
k,∥∥(β̃i − α̃k)

′(B̃i2 + B̃i3 + B̃i4 + B̃i5)
∥∥ ≥ ∥∥(β̃i − α̃k)

′B̃i2
∥∥− ∥∥(β̃i − α̃k)

′(B̃i3 + B̃i4 + B̃i5)
∥∥

≥ N

N − 1

√
Tλc̃ki‖β̃i − α̃k‖

−C‖β̃i − α̃k‖{2(lnT)3+υ + √
TλχNT

}
≥ √

Tλc0
k‖β̃i − α̃k‖/4 for sufficiently large (N�T)�

where the last inequality follows because c̃ki ≥ c0
k/2 on ΞkNT ,

√
Tλ � 3(lnT)3+υ +√

TλχNT under Assumption 5(ii). It follows that for all i ∈G0
k,

P(ẼkNT�i) = P
(
i /∈ G̃k | i ∈G0

k

)
= P(−B̃i1 = B̃i2 + B̃i3 + B̃i4 + B̃i5)

≤ P
(∣∣(β̃i − α̃k)

′B̃i1
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≤ P
(‖β̃i − α̃k‖‖B̃i1‖ ≥ √

Tκc0
k‖β̂i − α̂k‖/4�ΞkNT

)+ P
(
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)
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(‖B̃i1‖ ≥ √

Tκc0
k/4
)+ P

(
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)= o
(
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where Ξ∗
kNT denotes the complement of ΞkNT and the convergence follows by As-

sumptions 1(i), 2(iv), and 3(i) (see the Remark after Assumption 3), and the fact that
P(Ξ∗

kNT ) = o(N−1). Consequently, we can conclude that with probability 1 − o(N−1),
that β̃i − α̃k must be in a position where ‖βi − αk‖ is not differentiable with respect to
βi for any i ∈ G0

k. That is,

P
(‖β̃i − α̃k‖ = 0 | i ∈G0

k

)= 1 − o
(
N−1) as (N�T) → ∞�

Then the rest of the proof follows SSP. �

Proof of Theorem 4.3. For the post-Lasso estimates α̂k, we have the first order con-
ditions

1
NkT

∑
i∈Ĝk

̂̃
X

′
i

(
ÿi − X̃iα̂k + 1

N

K0∑
l=1

∑
j∈Ĝl

X̃jα̂l

)
= 0 for k= 1� � � � �K0�

where ̂̃Xi = X̃i − 1
N

∑
j∈Ĝk

X̃j for i ∈ Ĝk. It follows that vec(α̂K0) = Q̂
−1
NT V̂NT . Let Q̂kNT ,

Q̂k�l, and V̂kNT be analogously defined as QkNT , Qk�l, and VkNT for k� l = 1� � � � �K0. By
Theorem 4.2 and using similar arguments as used in the proof of Proposition A.2, we
can readily show that Q̂kNT = QkNT + oP((NT)−1/2), Q̂k�l = Qk�l + oP((NT)−1/2), and
V̂kNT =VkNT + oP((NT)−1/2). It follows that

vec(α̂K0) =Q−1
NTVNT + oP

(
(NT)−1/2)�

That is, α̂ is asymptotically equivalent to the infeasible oracle estimator ᾱK0 under

H(K0). Using ÿi = X̃iα
0
k − 1

N

∑K0
l=1
∑

j∈G0
l
X̃jα

0
l + üi, we can readily show that
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(
α̂K0 −α0

K0

)= Q−1
NTU

0
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(
(NT)−1/2)�

where U0
NT = (U0′

1NT � � � � �U
0′
K0NT )

′ and UkNT = 1
NkT

∑
i∈G0

k
X̃

′
iüi. Noting that üi = M0ui −

ū· + ūiT and X̃i = X̃i − 1
N

∑
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k
X̃j for i ∈G0

k, we have
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kNT = 1

NkT

∑
i∈G0

k

T∑
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(
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N

∑
j∈G0

k

X̃jt

)
(uit − ū·t )�

It is easy to show that U0
kNT =OP((NT)−1/2 + T−1) by moment calculations and Cheby-

shev inequality under Assumptions 1 and 2(i). Then vec(α̂K0 − α0
K0
) = OP((NT)−1/2 +

T−1) under Assumption 6.
(ii) We make the decomposition

U0
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k
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k
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1
N
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)
(uit − ū·t )
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kNT�1 −U0

kNT�2�
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Under Assumptions 1 and 2(i), we can readily show that

U0
kNT�1 = 1

NT

N∑
i=1

T∑
t=1

uit

{
N

Nk
1
{
i ∈ G0

k
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(
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where BkNT is defined in Section 4.2. It follows that

U0
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(k)
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(
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(
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Then by Assumption 6(i) and (ii),
√
NT vec(α̂K0 − α0

K0
+ Q−1

NTBNT ) = Q−1
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√
NTUNT +

oP(1)→DN(0�Q−1
0 Ω0Q

−1
0 ). �

Proof of Theorem 4.4. Let ū· = (ū·1� � � � � ū·T )′. Noting that ̂̈ui = üi + X̃i(β
0
i − β̂i) +

1
N

∑N
j=1 X̃j(β̂j − β0
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N
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j=1 M0Xj(β̂j − β0

j ),
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≡ D1NT +D2NT +D3NT + 2D4NT + 2D5NT + 2D6NT � say�

We analyze DlNT , l = 1�2� � � � �6, in turn.
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(i) For D1NT , we make the decomposition

D1NT = N−1/2
N∑
i=1

u′
iM0P̄XiM0ui +N−1/2

N∑
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N∑
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≡ D1NT�1 +D1NT�2 − 2D1NT�3�

The term D1NT�1 is identical to A1NT studied in the proof of Theorem 3.1 and thus we
have D1NT�1 −BNT →DN(0� V0). Using M0 = IT − 1

T iT i′T , we can decompose D1NT�2 as
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Note that D1NT�2a = T−1N−1/2∑N
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i X ′

i ū· ≤ c2NT D̄1NT�2a, where c2NT ≡
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t=1 ujtXit , and by straightforward moment cal-
culations and Assumption 1(iv) and (v), we can show that
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Then D̄1NT�2a =OP(N
−1/2) by Markov inequality and D1NT�2a =OP(N

−1/2). For D1NT�2b,
we have
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ū′·iT i′T ū·
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Then D̄1NT�2b = OP(N
−1/2) by Markov inequality and D1NT�2b = OP(N

−1/2). By the
Cauchy–Schwarz inequality, |D1NT�2c| ≤ {D1NT�2a}1/2{D1NT�2b}1/2 = OP(N

−1/2). Conse-
quently we have shown that D1NT�2 =OP(N

−1/2).
Now we study D1NT�3. Recall that hi�ts denotes the (t� s) element of M0P̄XiM0:
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−1
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i Xiqηqs,

where ηtr = 1{t = r} − T−1. Following the proof of Lemma B.4(i), we can show that
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(A.26)

we make the decomposition
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uitujsX
′
itΩ

−1
i Xir

− T−2N−3/2
N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

T∑
r=1

uitujsX
′
irΩ

−1
i Xis

+ T−3N−3/2
N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

T∑
r=1

T∑
q=1

uitujsX
′
irΩ

−1
i Xiq

≡ D̄1NT�3a − D̄1NT�3b − D̄1NT�3c + D̄1NT�3d�

By Assumption 1(iv) and (v), we can show that E(D̄2
1NT�3a) = O(N−1), implying that

D̄1NT�3a = OP(N
−1/2). For D̄1NT�3b, we have

E(D̄1NT�3b) = T−2N−3/2
N∑
i=1

T∑
t=1

T∑
s=1

T∑
r=1

E
(
uituisX

′
itΩ

−1
i Xir

)

= T−2N−3/2
N∑
i=1

∑
1≤t 	=s 	=r≤T

E
(
uituisX

′
itΩ

−1
i Xir

)+O
(
N−1/2)

= d1 + d2 +O
(
N−1/2)�
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where d1 = T−2N−3/2∑N
i=1
∑

1≤t<s<r≤T E(uituisX
′
itΩ

−1
i Xir) and d2 = T−2N−3/2∑N

i=1∑
1≤s<t<r≤T E(uituisX

′
itΩ

−1
i Xir). By Assumption 1(i), (iii), and (v) and Davydov inequal-

ity,

|d1| ≤ CT−2N−1/2
∑

1≤t<s<r≤T

α(s − t)(1+σ)/(2+σ) =O
(
N−1/2)�

Similarly, d2 = O(N−1/2) and E(D̄1NT�3b) = O(N−1/2). Analogously, we can show that
E(D̄2

1NT�3b) = O(N−1). It follows that D̄1NT�3b = OP(N
−1/2). By the same token, we can

show that D̄1NT�3c = oP(1). Noting that

D̄1NT�3d = T−3N−3/2
N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

T∑
r=1

T∑
q=1

uitujsX
′
irΩ

−1
i Xiq�

we have

E
(
D̄2

1NT�3d
)

= T−6N−3
∑

1≤i1�i2�i3�i4≤N

∑
1≤t1�t2������t8≤N

E
(
ui1t1ui2t2ui3t5ui4t6X

′
i1t3

Ω−1
i1

Xi1t4X
′
i3t7

Ω−1
i3

Xi3t8

)
�

Clearly, the expectation in the last summation is 0 if #{i1� i2� i3� i4} ≥ 3. With this obser-
vation, we can readily apply Assumption 1(i)–(v) and Davydov inequality to show that
E(D̄2

1NT�3d) = O(N−1 + N−2T) = o(1). Then D̄1NT�3d = oP(1). Consequently, we have
D1NT�3 = oP(1).

In sum, we have shown that D1NT −BNT →DN(0� V0).
(ii) The term D2NT is the same as A2NT in the proof of Theorem 3.1 and thus is oP(1).
(iii) Noting that M0P̄XiM0 is a projection matrix with maximum eigenvalue given by

1 and using Cauchy–Schwarz inequality, we have

D3NT ≤ N1/2

(
1
N

N∑
j=1

(
β̂j −β0

j

)′
X ′

j

)(
1
N

N∑
j=1

Xj

(
β̂j −β0

j

))

= TN1/2

{
1
N

N∑
j=1

∥∥β̂j −β0
j

∥∥2
}{

1
NT

N∑
j=1

‖Xj‖2

}

= TN1/2OP

(
(NT)−1 + T−2)OP(1) = oP(1)�

(iv) For D4NT , we make the decomposition

D4NT = N−1/2
N∑
i=1

u′
iM0Xi

(
β0
i − β̂i

)−N−1/2
N∑
i=1

ū′·M0Xi

(
β0
i − β̂i

)≡D4NT�1 −D4NT�2�

The term D4NT�1 is the same as A3NT studied in the proof of Theorem 3.1 and thus
D4NT�1 = oP(1). For D4NT�2, we can apply the Cauchy–Schwarz inequality to obtain

|D4NT�2| ≤
{

N∑
i=1

ū′·M0XiX
′
iM0ū·

}1/2{
N−1

N∑
i=1

∥∥β0
i − β̂i

∥∥2
}1/2

= OP

(
T 1/2)OP

(
(NT)−1/2 + T−1)= oP(1)
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because
∑N

i=1 ū
′·M0XiX

′
iM0ū· = ∑N

i=1 tr(M0XiX
′
iM0ū·ū′·) ≤ ∑N

i=1 tr(XiX
′
iM0ū·ū′·) ≤∑N

i=1 ū
′·XiX

′
i ū· and

N∑
i=1

E
(
ū′·XiX

′
i ū·
)= 1

N2

N∑
i=1

N∑
j=1

N∑
k=1

T∑
t=1

T∑
s=1

E
(
ujtuksX

′
itXis

)= 1

N2

N∑
i=1

N∑
j=1

T∑
t=1

E
(
u2
jtX

′
itXit

)
=O(T)�

Hence D4NT = oP(1).
(v) For D5NT , we make the decomposition

D5NT = N−1/2
N∑
i=1

u′
iM0P̄XiM0

(
1
N

N∑
j=1

Xj

(
β̂j −β0

j

))

−N−1/2
N∑
i=1

ū′·M0P̄XiM0

(
1
N

N∑
j=1

Xj

(
β̂j −β0

j

))
≡ D5NT�1 −D5NT�2�

Using M0 = IT − 1
T iT i′T , we can decompose D5NT�1 as

D5NT�1 = N−3/2
N∑
i=1

N∑
j=1

u′
iM0P̄XiM0Xj

(
β̂j −β0

j

)

=
K0∑
k=1

N−3/2
∑
j∈Ĝk

N∑
i=1

u′
iM0P̄XiM0Xj

(
α̂k − α0

k

)= K0∑
k=1

D5NT�1k
(
α̂k − α0

k

)
�

where D5NT�1k = N−3/2∑
j∈Ĝk

∑N
i=1 u

′
iM0P̄XiM0Xj . Let bNT = min((NT)1/2�T ). To show

that D5NT�1 = oP(1), it suffices to prove that D5NT�1k = oP(bNT ) for k= 1� � � � �K0 as α̂k −
α0
k = OP((NT)−1/2 +T−1). Following the proofs of Propositions A.3 and A.1, we can show

that

D5NT�1k = N−3/2
∑
j∈G0

k

N∑
i=1

u′
iM0P̄XiM0Xj + oP(1)

= N−3/2
∑
j∈G0

k

N∑
i=1

T∑
t=1

T∑
s=1

uithi�tsXjs + oP(1) = D̄5NT�1k + oP(bNT )�

where D̄5NT�1k = N−3/2∑
j∈G0

k

∑N
i=1
∑T

t=1
∑T

s=1 uitXjsh̄i�ts. Now using (A.26) we make the

decomposition

D̄5NT�1k = T−1N−3/2
∑
j∈G0

k

N∑
i=1

T∑
t=1

T∑
s=1

uitXjsX
′
itΩ

−1
i Xis

− T−2N−3/2
∑
j∈G0

k

N∑
i=1

T∑
t=1

T∑
s=1

T∑
r=1

uitXjsX
′
itΩ

−1
i Xir
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− T−2N−3/2
∑
j∈G0

k

N∑
i=1

T∑
t=1

T∑
s=1

T∑
r=1

uitXjsX
′
irΩ

−1
i Xis

+ T−3N−3/2
∑
j∈G0

k

N∑
i=1

T∑
t=1

T∑
s=1

T∑
r=1

T∑
q=1

uitXjsX
′
irΩ

−1
i Xiq

≡ D̄5NT�1k(1)− D̄5NT�1k(2)− D̄5NT�1k(3)+ D̄5NT�1k(4)�

As in the analysis of D̄1NT�3, we can show that D̄5NT�1k(l) = oP(bNT ) for l = 1� � � � �4.
For example, we can easily show that D̄5NT�1k(1) has the same probability order as
T−1N−1/2∑N

i=1
∑T

t=1
∑T

s=1 uitX
′
itΩ

−1
i Xiscs with cs = 1

N

∑
j∈G0

k
E(Xjs), and the squared

Frobenius norm of the last term has expectation given by

T−2N−1
N∑
i=1

N∑
j=1

T∑
t=1

T∑
s=1

T∑
r=1

T∑
q=1

E
(
uitujrX

′
itΩ

−1
i XisX

′
jsΩ

−1
j Xjr

)
c′
scq

= T−2N−1
N∑
i=1

T∑
t=1

T∑
s=1

T∑
r=1

T∑
q=1

E
(
uituirX

′
itΩ

−1
i XisX

′
isΩ

−1
i Xir

)
c′
scq

+ T−2N−1
N∑
i=1

N∑
j=1�j 	=i

T∑
t=1

T∑
s=1

T∑
r=1

T∑
q=1

E
(
uitX

′
itΩ

−1
i Xis

)
E
(
ujrX

′
jsΩ

−1
j Xjr

)
c′
scq

= O(T)+O(N)

by the repeated use of Davydov inequality. It follows that D̄5NT�1k(1) = OP(N
1/2 +T 1/2) =

oP(bNT ). Then we have D5NT�1k = oP(bNT ).
For D5NT�2, we apply M0 = IT − 1

T iT i′T to make the decomposition

D5NT�2 = N−1/2
N∑
i=1

ū′·Xi

(
X ′

iM0Xi

)−1
X ′

iM0

(
1
N

N∑
j=1

Xj

(
β̂j −β0

j

))

− T−1N−1/2
N∑
i=1

ū′·iT i′T
(
X ′

iM0Xi

)−1
X ′

iM0

(
1
N

N∑
j=1

Xj

(
β̂j −β0

j

))

= D5NT�2a −D5NT�2b�

By Cauchy–Schwarz inequality, we have D5NT�2a ≤ {D5NT�2a(1)}1/2{D5NT�2a(2)}1/2, where
D5NT�2a(1) = T−1∑N

i=1 ū
′·XiX

′
i ū· and

D5NT�2a(2) =N−1T

N∑
i=1

(
1
N

N∑
j=1

Xj

(
β̂j −β0

j

))′

×M0Xi

(
X ′

iM0Xi

)−2
X ′

iM0

(
1
N

N∑
j=1

Xj

(
β̂j −β0

j

))1/2

�
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By Markov inequality, we can readily show that D5NT�2a(1) = OP(1). In addition, noting
that M0P̄XiM0 is a projection matrix and has maximum eigenvalue 1, we have

D5NT�2a(2) ≤ c2NTN
−1

N∑
i=1

(
1
N

N∑
j=1

Xj

(
β̂j −β0

j

))′
M0P̄XiM0

(
1
N

N∑
j=1

Xj

(
β̂j −β0

j

))1/2

≤ c2NT

∥∥∥∥∥ 1
N

N∑
j=1

(
β̂j −β0

j

)′
X ′

j

∥∥∥∥∥
2

≤ Tc2NT
1
N

N∑
j=1

∥∥β̂j −β0
j

∥∥2 1
NT

N∑
j=1

‖Xj‖2

= TOP(1)OP

(
(NT)−1 + T−2)OP(1) =OP

(
N−1 + T−1)�

It follows that D5NT�2a = OP(N
−1/2 + T−1/2) = oP(1). Similarly, we can show that

D5NT�2b = oP(1). Thus D5NT�2 = oP(1) and D5NT = oP(1).
(vi) By the Cauchy–Schwarz inequality and the results in (ii) and (iii), D6NT ≤

{D2NT }1/2{D3NT }1/2 = oP(1).
Combining the results in (i)–(vi) completes the proof of the theorem. �

Appendix B: Some technical lemmas

Define the mth order U statistic UT = ( Tm )−1∑
1≤t1<···<tm≤T ϑ(ξt1� � � � � ξtm), where ϑ is

symmetric in its arguments. Let Ft(·) denote the distribution function of ξt . Let ϑ(0) =∫ · · · ∫ ϑ(vt1� � � � � vtm)
∏m

s=1 dFts (vts ) and ϑ(c)(v1� � � � � vc) = ∫ · · · ∫ ϑ(v1� � � � � vc� vtc+1� � � � �

vtm)
∏m

s=c+1 dFts (vts ) for c = 1� � � � �m. Let h(1)(v) = ϑ(1)(v) − ϑ(0) and h(c)(v1� � � � � vc) =
ϑ(c)(v1� � � � � vc) − ∑c−1

j=1
∑

(c�j) h
(j)(vt1� � � � � vtj ) − ϑ(0) for c = 2� � � � �m, where the sum∑

(c�j) is taken over all subsets 1 ≤ t1 < t2 < · · · < tj ≤ c of {1�2� � � � � c}. Let H(c)
T =(

T
c

)−1∑
1≤t1<···<tc≤T h(c)(ξt1� � � � � ξtc ). Then by Theorem 1 in Lee (1990, p. 26), we have

the Hoeffding decomposition

UT = ϑ(0) +
m∑
c=1

(
m
c

)
H(c)

T � (B.1)

To study the second moment of H(c)
T for 3 ≤ c ≤m, we need the following lemma.

Lemma B.1. Let {ξt� t ≥ 1} be an l-dimensional strong mixing process with mixing coeffi-
cient α(·) and distribution function Ft(·). Let the integers (t1� � � � � tm) be such that 1 ≤ t1 <

t2 < · · · < tm ≤ T . Suppose that max{∫ |ϑ(v1� � � � � vm)|1+σ̃ dFt1�����tm(v1� � � � � vm)�
∫ |ϑ(v1�

� � � � vm)|1+σ̃ dFt1�����tj (v1� � � � � vj)dFtj+1�����tm(vj+1� � � � � vm)} ≤ C for some σ̃ > 0 , where, for
example, Ft1�����tm(v1� � � � � vm) denotes the distribution function of (ξt1� � � � � ξtm). Then∣∣∣∣∫ ϑ(v1� � � � � vm)dFt1�����tm(v1� � � � � vm)

−
∫

ϑ(v1� � � � � vm)dF
(1)
t1�����tj

(v1� � � � � vj)dFtj+1�����tm(vj+1� � � � � vm)

∣∣∣∣
≤ 4C1/(1+σ̃)α(tj+1 − tj)

σ̃/(1+σ̃)�

For the proof, see Lemma 2.1 in Sun and Chiang (1997).
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Lemma B.2. Let {ξt� t ≥ 1} be an l-dimensional strong mixing process with mixing coef-
ficient α(·) and distribution function Ft(·). Suppose that α(s) = O(s−3(2+σ)/σ−ε). If there
exists σ > 0 such that

LT ≡ max

{∫ ∣∣ϑ(vt1� � � � � vtm)
∣∣2+σ

m∏
s=1

dFts (vts )�E
∣∣ϑ(ξt1� � � � � ξtm)

∣∣2+σ

}
≤

m∑
q=1

Cq(tq)

and T−1∑m
q=1
∑T

tq=1 Cq(tq) =O(1), then E[H(c)
T ]2 = OP(T

−3) for 3 ≤ c ≤m.

The proof is analogous to that of Lemma A.6 in Su and Chen (2013), who consider
conditional strong mixing processes instead.

Lemma B.3. Recall that Ω̂i ≡ X ′
iM0Xi/T and Ωi ≡ E(Ω̂i). Let Ω̂1i ≡ X ′

iXi/T and Ω1i ≡
E(Ω̂1i). Suppose Assumptions 1–3 hold. Then (i) λmax(Ω̂1i) ≤ λmax(Ω1i) + OP(T

−1/2),
(ii) λmin(Ω̂1i) ≥ μmin(Ω1i) − OP(T

−1/2), (iii) max1≤i≤N ‖Ω̂1i − Ω1i‖ = OP(aNT ), (iv)
max1≤i≤N ‖Ω̂−1

1i − Ω−1
1i ‖ = OP(aNT ), and (v) max1≤i≤N ‖Ω̂i − Ωi‖ = OP(aNT ) and

max1≤i≤N ‖Ω̂−1
i − Ω−1

i ‖ = OP(aNT ), where aNT ≡ max{(NT)1/(4+2σ) × log(NT)/T�

(log(NT)/T)1/2}.

Proof. The results in (i) and (ii) follow from Lemma A.1(iv) and (v) in Su and Jin (2012).
Su and Chen (2013, Lemma A.7) prove (iii) for the conditional strong mixing process. The
result also holds for strong mixing processes with a simple application of the Bernstein-
type inequality for strong mixing processes (see, e.g., Lemma 2.2 in Sun and Chiang
(1997)). Result (iv) follows from (i)–(iii) and the submultiplicative property of the Frobe-
nius norm.

Now we show (v). Using M0 = IT − T−1iT i′T , we can decompose Ω̂i −Ωi as

Ω̂i −Ωi = T−1[X ′
iM0Xi −E

(
X ′

iM0Xi

)]
= (Ω̂1i −Ω1i)− X̄i·X̄ ′

i· +E
(
X̄i·X̄ ′

i·
)

= (Ω̂1i −Ω1i)− [X̄i· −E(X̄i·)
][
X̄i· −E(X̄i·)

]′ − [X̄i· −E(X̄i·)
]
E
(
X̄ ′

i·
)

−E(X̄i·)
[
X̄i· −E(X̄i·)

]′ + [E(X̄i·X̄ ′
i·
)−E(X̄i·)E

(
X̄ ′

i·
)]
�

Following the proof of (iii), we can show that max1≤i≤N ‖X̄i· −E(X̄i·)‖ = OP(a1NT ), where
a1NT ≡ max{(NT)1/(8+4σ) log(NT)/T , (log(NT)/T)1/2} = O(aNT ). max1≤i≤N ‖E(X̄i·)‖ =
O(1) by Assumption 1(i). Let bi�kl denote the (k� l)th element of E(X̄i·X̄ ′

i·)−E(X̄i·)E(X̄ ′
i·)

fork� l = 1� � � � �p. Then by triangle inequality, Davydov inequality, and Assumption 2(iii),

|bi�kl| = 1

T 2

∣∣∣∣∣
T∑
t=1

T∑
s=1

cov(Xit�k�Xis�l)

∣∣∣∣∣
≤ 1

T 2

T∑
t=1

∣∣cov(Xit�k�Xit�l)
∣∣+ 1

T 2

∑
1≤t 	=s≤T

∣∣cov(Xit�k�Xis�l)
∣∣

≤ O
(
T−1)+ 8ckcl

T

∞∑
τ=1

α(τ)(3+2σ)/(4+2σ) =O
(
T−1)�
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where ck ≤ supT�N≥1 max1≤i≤N max1≤t≤T ‖Xit�k‖8+4σ . Then by the triangle inequality, we

have max1≤i≤N ‖Ω̂i −Ωi‖ = OP(aNT ). Result (vi) follows from (v) and Assumption 1(ii). �

Lemma B.4. Let hi�ts and h̄i�ts be as defined in the proof of Theorem 3.1. Suppose Assump-
tions 1–3 hold. Then

(i) D1NT ≡N−1/2∑N
i=1
∑

1≤s 	=t≤T uituis(hi�ts − h̄i�ts) = oP(1),

(ii) D2NT ≡ T−2N−1/2∑N
i=1
∑

1≤s<t≤T

∑T
r=1 uituis[Xir −E(Xir)]′Ω−1

i Xis = oP(1),

(iii) D3NT ≡ T−2N−1/2∑N
i=1
∑

1≤s<t≤T

∑T
q=1 uituisX

′
itΩ

−1
i [Xis −E(Xiq)] = oP(1),

(iv) D4NT ≡ T−3N−1/2∑N
i=1
∑

1≤s<t≤T

∑T
r=1
∑T

q=1 uituis[Xir − E(Xir)]′Ω−1
i [Xiq −

E(Xiq)] = oP(1),

(v) D5NT ≡ T−3N−1/2∑N
i=1
∑

1≤s<t≤T

∑T
r=1
∑T

q=1 uituis[Xir − E(Xir)]′Ω−1
i E(Xiq) =

oP(1).

Proof. The proof of (i) is analogous to that of Lemma A.8 in Su and Chen (2013) except
that we replace their Lemmas A.5–A.7 by Lemmas B.1–B.3. To show (ii), letting ci�ts ≡
[Xit −E(Xit)]′Ω−1

i Xis , we can decompose D2NT as

D2NT = 1

T 2
√
N

N∑
i=1

∑
1≤s<t≤T

T∑
r=1�r 	=t�s

uituisci�rs + 1

T 2
√
N

N∑
i=1

∑
1≤s<t≤T

uituisci�ts

+ 1

T 2
√
N

N∑
i=1

∑
1≤s<t≤T

uituisci�ss

≡ D2NT�1 +D2NT�2 +D2NT�3� say�

Let ξit = (uit�X
′
it )

′, ϕ0(ξit� ξis� ξir) = uituisci�rs, and ϕ(ξit� ξis� ξir) = [ϕ0(ξit � ξis� ξir) +
ϕ0(ξit� ξir� ξis) + ϕ0(ξis� ξit� ξir) + ϕ0(ξis� ξir� ξit) + ϕ0(ξir� ξit� ξis) + ϕ0(ξir� ξis� ξit)]/6.
Let diNT ≡ ( T3 )−1∑

1≤r<s<t≤T ϕ(ξit� ξis� ξir). Then D2NT�1 = aT√
N

∑N
i=1 diNT , where aT =

(T−1)(T−2)
2T . By Assumption 1 and Lemma B.2, E(D2

2NT�1) = a2
T
N

∑N
i=1 E(d

2
iNT ) = a2

T ×
OP(T

−3) = OP(T
−1). It follows that D2NT�1 = OP(T

−1/2). Noting that ED(D2NT�2) = 0
and E(D2

2NT�2) = 1
T 4N

∑N
i=1
∑

1≤s�r<t≤T E(u2
ituisuirci�tsci�tr) = OP(T

−1), we have D2NT�2 =
OP(T

−1/2). Similarly, D2NT�3 = OP(T
−1/2). Then (ii) follows. The proofs of (iii)–(v) are

analogous to that of (ii) and thus are omitted. �
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