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This supplemental appendix gives proofs for the theorems in the main text. All
notation is as defined in the main text unless noted otherwise.

Appendix A: Additional lemmas and theorems

In this appendix, we state a number of preliminary results that will be used in the proofs
of the four theorems in the main text. Detailed proofs of the results listed below may be
found in Appendix C below. The proofs of the main results are given in Appendix B.

The proof of Theorem 4.1 uses Lemmas A.1 and A.2 below. Theorems 5.1 and 5.2
use Lemmas A.3–A.12, A.14, A.15, Theorem A.2, and Lemmas A.16–A.18. Theorem 5.3
uses Lemmas A.9–A.12, A.14, Theorem A.3, and Lemmas A.24–A.28. Theorem 5.4 uses
Lemmas A.9–A.14, Theorem A.1, and Lemmas A.19–A.23.

Definition A.1 (Sobolev Norm). The norm that we use for functions g :Z ⊂ R
L → R

that are at least j times continuously differentiable is the Sobolev norm

|g|j = sup
z∈Z�|λ|≤j

∣∣∣∣∂g|λ|

∂zλ
(z)

∣∣∣∣�
Lemma A.1. Let f :X �→ R, with X = [xl�xu] a compact subset of R, be a twice continu-
ously differentiable function, and let g :R �→ R satisfy a Lipschitz condition, |g(x + y) −
g(x)| ≤ c · |y|. Then∣∣∣∣f (g(λ))−

(
f
(
g(0)

)+ ∂

∂x
f
(
g(0)

) · (g(λ)− g(0)))∣∣∣∣≤ 1
2

· sup
x∈X

∣∣∣∣ ∂2

∂x2 f (x)

∣∣∣∣ · c2 · λ2�
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Lemma A.2. LetX be a real-valued random variable with support X= [xl�xu], with den-
sity fX(x) > 0 for all x ∈ X, and let h :X �→ R be a continuous function. Suppose that
E[|h(X) ·X] is finite. Then

Cov
(
h(X)�X

)= E

[
∂

∂x
h(X) · γ(X)

]
�

where

γ(x)= FX(x) · (1 − FX(x)
fX(x)

· (E[X|X > x] −E[X|X ≤ x])
and FX(x) is the cumulative distribution function ofX .

For completeness, we state a couple of results from Athey and Imbens (2006; AI here-
after).

Lemma A.3 (Lemma A.2 in AI). SupposeY is a real-valued, continuously distributed ran-
dom variable with compact support Y = [yl� yu], with the probability density function
fY (y) continuous, bounded, and bounded away from zero, on Y. Then, for any δ < 1/2,

sup
y∈Y

Nδ · ∣∣F̂Y (y)− FY (y)
∣∣ p−→ 0�

Lemma A.4 (Lemma A.3 in AI). SupposeY is a real-valued, continuously distributed ran-
dom variable with compact support Y = [yl� yu], with the probability density function
fY (y) continuous, bounded, and bounded away from zero, on Y. Then, for any δ < 1/2,

sup
q∈[0�1]

Nδ · ∣∣F̂−1
Y (q)− F−1

Y (q)
∣∣ p−→ 0�

Lemma A.5 (Lemma A.5 in AI). Suppose Y is a real-valued random variable with com-
pact support Y = [yl� yu], and suppose that the cumulative distribution function FY (y) is
twice continuously differentiable on Y, with its first derivative fY (y) = ∂FY

∂y (y) bounded
away from zero on Y. Then, for 0<η< 3/4 and δ >max(2η− 1�η/2),

sup
y∈Y�x≤N−δ�x+y∈Y

Nη · ∣∣F̂Y (y + x)− F̂Y (y)− (FY (y + x)− FY (y)
)∣∣ p−→ 0�

Lemma A.6 (Lemma A.6 in AI). Suppose Y is a real-valued random variable with com-
pact support Y = [yl� yu], and suppose that the cumulative distribution function FY (y) is
twice continuously differentiable on Y, with its first derivative fY (y) = ∂FY

∂y (y) bounded
away from zero on Y. Then, for all 0<η< 5/7,

sup
q∈[0�1]

Nη ·
∣∣∣∣F̂−1
Y (q)− F−1

Y (q)+ 1

fY (F
−1
Y (q))

(
F̂Y
(
F−1
Y (q)

)− q)∣∣∣∣ p−→ 0�
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Lemma A.7. Suppose X and Y are real-valued, continuously distributed, random vari-
ables with compact support Y = [yl� yu] and X = [xl�xu], with the probability density
functions fY (y) and fX(x) continuous, bounded, and bounded away from zero, on Y

and X. Then, for any δ < 1/2,

sup
x∈X

Nδ · ∣∣F̂−1
Y

(
F̂X(x)

)− F−1
Y

(
FX(x)

)∣∣ p−→ 0�

Lemma A.8. Suppose Y is a real-valued random variable with compact support Y =
[yl� yu], and the cumulative distribution function FY (y) is twice continuously differen-
tiable on Y, with its first derivative fY (y)= ∂FY

∂y (y) bounded away from zero on Y. Then,
for 0<η< 3/4 and δ >max(2η− 1�η/2),

sup
y∈Y�x≤N−δ�x+y∈Y

Nη · ∣∣F̂Y (y + x)− F̂Y (y)− fY (y) · x∣∣ p−→ 0�

The next three lemmas are given without proof. Proofs can be found in Imbens and
Ridder (2009). The first gives a bound on the bias of the NIP estimator.

Lemma A.9 (Bias). If form= 1�2 Assumptions 4.1–5.1 hold, and q≥ 2s− 1 and r ≥ s− 1,
then

sup
z∈Z

∣∣E[ĥm�nip�s(z)
]− hm(z)∣∣=O(bs)�

Note that by matching the order of the kernel and the degree of the polynomial in
the NIP estimator, we obtain the same reduction in the bias on the full support as on the
internal region, that is, the NIP estimator has a bias that is of the same order as that of the
NW estimator on the internal region. The variance is bounded in the following lemma.
We only use the following two results for the case with L = 2, but for convenience we
give the general results.

Lemma A.10 (Variance). If Assumptions 4.1–5.1 hold and q≥ s− 1, r ≥ s− 1 +L, then

sup
z∈Z

∣∣ĥm�nip�s(z)−E
[
ĥm�nip�s(z)

]∣∣=Op
((

logN
NbLN

)1/2)
�

This is the same bound as for the NW estimator on the internal set.
The two lemmas imply a uniform rate for the NIP estimator.

Lemma A.11 (Uniform Convergence). If Assumptions 4.1–5.1 hold and q ≥ 2s − 1, r ≥
s− 1 +L, then

sup
z∈Z

∣∣ĥm�nip�s(z)− hm(z)
∣∣=Op

((
logN
N · bLN

)1/2

+ bsN
)
�
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Lemma A.12. If ĥ(z) is a nonparametric estimator of h(z), then

inf
z∈Z
∣∣ĥ(z)∣∣= inf

z∈Z
∣∣h(z)∣∣+Op(sup

z∈Z

∣∣ĥ(z)− h(z)∣∣)�
Therefore, if supz∈Z |ĥ(z)− h(z)| = op(1) and infz∈Z |h(z)|> 0, then infz∈Z |ĥ(z)| con-

verges in probability to a positive number. This lemma is useful if ĥ(z) appears in the
denominator. In this paper, z = (w�x) or z =w.

Lemma A.13. Suppose Assumptions 4.1–5.2 hold. Moreover, suppose that in these as-
sumptions q≥ 2s− 1, r ≥ s. Then

sup
w∈W

∣∣m̂(w)−m(w)∣∣=Op
((

ln(N)
N · bN

)1/2

+ bsN
)
�

Lemma A.14. Suppose Assumptions 4.1–5.2 hold. Moreover, suppose that q≥ 2s+ 1 and
r ≥ s+ 3. Then

(i) sup
w∈W�x∈X

∣∣ĝ(w�x)− g(w�x)∣∣=Op
((

ln(N)
N · b2

N

)1/2

+ bsN
)
�

(ii) sup
w∈W�x∈X

∣∣∣∣ ∂ĝ∂w(w�x)− ∂g

∂w
(w�x)

∣∣∣∣=Op
((

ln(N)
N · b4

N

)1/2

+ bsN
)
�

and

(iii) sup
w∈W�x∈X

∣∣∣∣ ∂2ĝ

∂w2 (w�x)− ∂2g

∂w2 (w�x)

∣∣∣∣=Op
((

ln(N)

N · b6
N

)1/2

+ bsN
)
�

The next lemma shows that we can separate out the uncertainty in β̂pam into
five components: the uncertainty from estimating g(·), the uncertainty from estimat-
ing F̂−1

W (·), the uncertainty from estimating F̂X(·), the uncertainty from averaging
g(F−1

W (FX(Xi))�Xi) over the sample, and a remainder term that is op(N−1/2). As defined
in Section 6,

β̂
pam
g = 1

N

N∑
i=1

ĝ
(
F−1
W

(
FX(Xi)

)
�Xi

)
�

β̂
pam
W = 1

N

N∑
i=1

g
(
F̂−1
W

(
FX(Xi)

)
�Xi

)
�

β̂
pam
X = 1

N

N∑
i=1

g
(
F−1
W

(
F̂X(Xi)

)
�Xi

)
�

and

gpam = 1
N

N∑
i=1

g
(
F−1
W

(
FX(Xi)

)
�Xi

)
�
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Lemma A.15. Suppose Assumptions 4.1, 5.1, and 5.2 hold with q ≥ 2s+ 1, r ≥ s+ 3, and
0 ≤ δ < 1/6. Then

β̂pam −βpam = (β̂pam
g − gpam)+ (β̂pam

W − gpam)+ (β̂pam
X − gpam)

(A.1)
+ (gpam −βpam)+ op(N−1/2)�

The next two results are special cases of theorems in Imbens and Ridder (2009; IR
hereafter). The first one refers to the full mean case, and focuses on the case where we
take full means of regression functions and their first derivatives. The second result fo-
cuses on partial means of regression functions. The results in IR allow for more general
dependence on higher order derivatives, even in the partial mean case. Here we also re-
strict the analysis to the case where the regressors are the pair (Wi�Xi). We also state the
conditions that IR invoke.

Let Zi = (Wi�Xi), with Xi ∈ X ⊂ R
LX , Wi ∈ W ⊂ R

LW , Zi ∈ W × X ⊂ R
LZ , with LZ =

LX +LW . As before, h(z)= (h1(z)�h2(z))
′, with h1(z)= fZ(z), and h2(z)= E[Y |Z = z] ·

fZ(z). Let n :RK �→ R, tx :X �→ W, and ω :X �→ R, and define Ỹ = (Ỹi1 Ỹi2)
′, with Ỹi1 = 1

and Ỹi2 = Yi. We are interested in full means (possibly depending on derivatives) of the
regression function,

θfm = E
[
ω(Z)n

(
h[λ](Z)

)]
� (A.2)

or partial means,

θpm = E
[
ω(X)n

(
h
(
X� t(X)

))]
� (A.3)

Note that in the full mean case, ω :Z �→ R, and in the partial mean case, ω :X �→ R: the
weight function depends only on the covariates that are being averaged over. In the full
mean example, h[λ] denotes the vector with elements including all derivatives h(μ) for
μ≤ λ. The estimators we focus on are

θ̂fm = 1
N

N∑
i=1

ω(Zi)n
(
ĥ[λ]

nip�s(Zi)
)

and θ̂pm = 1
N

N∑
i=1

ω(Xi)n
(
ĥnip�s

(
t(Xi)�Xi

))
�

It will also be useful to define the averages over the true regression functions and their
derivatives,

θ
fm = 1

N

N∑
i=1

ω(Zi)n
(
h[λ](Zi)

)
and θ

pm = 1
N

N∑
i=1

ω(Xi)n
(
h
(
t(Xi)�Xi

))
�

Assumption A.1 (Distribution).

(i) The random vectors (Y1�Z1)� (Y2�Z2)� � � � , are independent and identically dis-
tributed.

(ii) The support of Z is Z ⊂ R
L, Z =⊗L

m=1[zml� zmu], zll < zul for all l= 1� � � � �L.

(iii) We have supz∈ZE[|Y |p|Z = z]<∞.
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(iv) The function g(z)= E[Y |Z = z] is q times continuously differentiable on the inte-
rior of Z with the qth derivative bounded.

(v) The density fZ(z) is bounded and bounded away from zero on Z, and is q times
continuously differentiable on the interior of Z with the qth derivative bounded.

Assumption A.2 (Kernel).

(i) We haveK :RL →R, withK(u)=∏L
l=1 K(ul).

(ii) We haveK(u)= 0 for u /∈U, with U= [−1�1]L, U1 = [−1�1]LW , and U2 = [−1�1]LX .

(iii) The kernel K is r times continuously differentiable, with the rth derivative
bounded on the interior of U.

(iv) The kernelK is a kernel of order s, so that
∫
U
K(u)du= 1 and

∫
U
uλK(u)du= 0 for

all λ such that 0< |λ|< s for some s ≥ 1.

(v) The kernelK is a kernel of derivative order d.

Assumption A.3. The bandwidth bN =N−δ for some δ > 0.

Assumption A.4 (Smoothness of n and ω).

(i) The function n is t times continuously differentiable with its tth derivative bounded.

(ii) The function ω is t times differentiable on X with bounded tth derivative, and
∂μω
∂zμ (z) is zero on the boundary of Z.

Assumption A.5 (Smoothness of t). The function t :X �→W is twice continuously differ-
entiable on X with its first derivative positive, bounded, and bounded away from zero.

Theorem A.1 (Generalized Full Mean and Average Derivative (Theorem 4.2, IR)). If As-
sumptions A.1, A.2, A.3, and A.4 hold with q≥ |λ| + 2s− 1, r ≥ |λ| + s− 1 +L, t ≥ |λ| + s,
p≥ 3, d ≥ max{λ1� � � � � λL} + s− 1, all μ≤ λ, 0 ≤ |μ| ≤ |λ| − 1, and

1
2s
< δ <min

{ 2 − 4
p

2L+ 4 max{1� |λ|} �
1

2L+ 4|λ|

}
�

then θ̂fm is asymptotically linear with

√
N
(
θ̂fm − θfm) = 1√

N

N∑
i=1

(
ω(Zi)n

(
h[λ](Zi)

)−E
[
ω(Zi)n

(
h[λ](Zi)

)])

+ 1√
N

N∑
i=1

(∑
κ≤λ

(−1)|κ|
2∑

m=1

(
α(κ)κm(Xi)Ỹim −E

[
α(κ)κm(X)Ỹm

]))

+ op(1)�
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with

α(κ)κ1 (z)= fX(z)ω(z) ∂n

∂h
(κ)
1 (z)

(
h[λ](z)

)
and

α(κ)κ2 (z)= fX(z)ω(z) ∂n

∂h(κ)2 (z)

(
h[λ](z)

)
�

and Ỹ = (Ỹi1 Ỹi2)′, with Ỹi1 = 1 and Ỹi2 = Yi.

The second theorem from IR gives the asymptotic properties of the generalized par-
tial mean (GPM) estimators

Theorem A.2 (Generalized Partial Mean (Theorem 4.3, IR)). If Assumptions A.1, A.2,
A.3, A.4, and A.5 hold with q≥ 2s− 1, r ≥ s− 1 +L, t ≥ s, p≥ 4, d ≥ s− 1, and

1
2s
< δ <min

{ 2 − 4
p

2L+ 4
�

1
2L

}
�

then θ̂pm is asymptotically linear with

√
N
(
θ̂pm − θpm)

= √
N · (θpm − θpm)+ 1

b
LW
N

√
N

·
N∑
i=1

2∑
m=1

(
αm(Xi)

′Ỹim
∫
U2

K

(
Wi − t(Xi)

bN
+ ∂

∂x
t(Xi) · u2�u2

)
du2

−E

[
αm(X)

′Ỹm
∫
U2

K

(
W − t(X)

bN
+ ∂

∂x
t(X) · u2�u2

)
du2

])
+ op(1)�

with

α1(x)= fZ
(
t(x)�x

)
ω(x)

∂n

∂h1

(
h
(
t(x)�x

))
and

α2(x)= fZ
(
t(x)�x

)
ω(x)

∂n

∂h2

(
h
(
t(x)�x

))
�

Moreover,(( √
N · (θpm − θpm

)
√
Nb

LW /2
N

(
θ̂pm − θpm)

))
d−→ N

((
0
0

)
�

(
V1 0
0 V2

))
�

with

V1 = E
[(
ω(X)n

(
h
(
t(X)�X

))− θpm
)2]
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and

V2 =
2∑

m=1

2∑
m′=1

∫
X

μmm′
(
x� t(x)

)
αm(x)αm′(x)

×
∫
U2

(∫
U1

K

(
u1�

∂t

∂x
(x)u1 + u2

)
du1

)2

du2fX
(
x� t(x)

)
dx1�

with μmm′(x)= E[ỸimỸim′ |X = x] form�m′ = 1�2.

Lemma A.16. Suppose Assumptions 4.1, 5.1, and 5.2 hold, with q≥ 2s−1, r ≥ s+1,p≥ 4,
d ≥ s− 1, and 1/(2s) < δ < 1/8. Then

√
N
(
β̂

pam
g − gpam)

= 1√
NbN

N∑
i=1

(
Yi − g(Wi�Xi)

)

·
∫
u2

K

(
Wi − F−1

W (FX(Xi))

bN
+ fX(Xi)

fW (F
−1
W (FX(Xi)))

· u2�u2

)
du2

+ 1√
NbN

N∑
i=1

{(
g(Wi�Xi)− g(F−1

W

(
FX(Xi)

)
�Xi

))

·
∫
u2

K

(
Wi − F−1

W (FX(Xi))

bN
+ fX(Xi)

fW (F
−1
W (FX(Xi)))

· u2�u2

)
du2

−E

[(
g(W �X)− g(F−1

W

(
FX(X)

)
�X
))

·
∫
u2

K

(
Wi − F−1

W (FX(X))

bN
+ fX(X)

fW (F
−1
W (FX(X)))

· u2�u2

)
du2

]}

+ op(1)

and

√
Nb

1/2
N

(
β̂

pam
g − gpam)

d−→ N
(

0�E
[
σ2(F−1

W

(
FX(X)

)
�X
)

·
∫
u1

(∫
u2

K

(
u1 + fX(X)

fW (F
−1
W (FX(X)))

· u2�u2

)
du2

)2

du1

· fW |X
(
F−1
W

(
FX(X)

)|X)])�
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Lemma A.17. Suppose Assumptions 4.1, 5.1, and 5.2 hold, with q≥ 2. Then

β̂
pam
W − gpam = 1

N

N∑
i=1

ψ
pam
W (Wi)+ op

(
N−1/2)�

Lemma A.18. Suppose Assumptions 4.1, 5.1, and 5.2 hold, with q≥ 2. Then

β̂
pam
X − gpam = 1

N

N∑
i=1

ψ
pam
X (Xi)+ op

(
N−1/2)�

Define

β̂lc
g = 1

N

N∑
i=1

∂ĝ

∂w
(Wi�Xi) · d(Wi) · (Xi −m(Wi))�

β̂lc
m = 1

N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (Xi − m̂(Wi))�

and

glc = 1
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (Xi −m(Wi))�

Lemma A.19. Suppose Assumptions 4.1, 5.1, and 5.2 hold. Moreover, suppose that the
estimators for g(w�x) andm(w), and ĝ(w�x) and m̂(w), respectively, satisfy

sup
w∈W�x∈X

∣∣∣∣ ∂ĝ∂w(w�x)− ∂g

∂w
(w�x)

∣∣∣∣= op(N−η) and

sup
w∈W

∣∣m̂(w)−m(w)∣∣= op(N−η)
for some η> 1/4. Then

β̂lc −βlc = (β̂lc
g − glc)+ (β̂lc

m − glc)+ (glc −βlc)+ op(N−1/2)� (A.4)

Lemma A.20. Suppose Assumptions 4.1, 5.1, and 5.2 hold, with q≥ 2s, r ≥ s, p≥ 3, d ≥ s,
and 1/(2s) < δ < 1/12. Then

β̂lc
g − glc = 1

N

N∑
i=1

ψlc
g (Yi�Wi�Xi)+ op

(
N−1/2)� (A.5)

where

ψlc
g (Y�W �X) = − 1

fW �X(W �X)

∂fW �X(W �X)

∂W

(
Y − g(W �X))d(W )(X −m(W ))

− ∂m(W )

∂W
d(W )

(
Y − g(W �X))

+ ∂d

∂w
(W )

(
X −m(W ))(Y − g(W �X))�
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Lemma A.21. Suppose Assumptions 4.1–5.2 hold, with q ≥ 2s− 1, r ≥ s, p≥ 3, d ≥ s− 1,
and

1
2s
< δ <

1
3

− 2
3p
�

Then

sup
w∈W

∣∣∣∣ 1

f̂W (w)

(
f̂W (w)− fW (w)

)2∣∣∣∣= op(N−1/2)�
Lemma A.22. Let h(w) = (h1(w)�h2(w))

′ = (E[X|W = w]fW (w)� fW (w))′ and suppose
Assumptions 4.1–5.2 hold, with q≥ 2s− 1, r ≥ s, p≥ 3, d ≥ s− 1, and

1
2s
< δ <

1
3

− 2
3p
�

Then

sup
w∈W

∣∣∣∣ 1

ĥ2(w)

(
ĥ1(w)− h1(w)

)(
ĥ2(w)− h2(w)

)∣∣∣∣= op(N−1/2)�
Lemma A.23. Suppose Assumptions 4.1–5.2 hold, with q≥ 2s− 1, r ≥ s, p≥ 3, and

1
2s
< δ <

1
8
�

Then

β̂lc
m − glc = 1

N

N∑
i=1

E
[
gW (Wi�Xi)|Wi

] · d(Wi) · (Xi −m(Wi))+ op(N−1/2)� (A.6)

Before the next theorem, we need some additional definitions. We split Zi into
(Z′

i1�Z
′
i2)

′, with the dimension of Zi1 equal to LZ1 and the dimension of Zi2 equal to
LZ2, so that L=LZ1 +LZ2. We are interested in the distribution of

V = √
N ·
(

1
N2

N∑
j=1

N∑
k=1

n
(
ĥnip�s(Z1j�Z2k)

)− 1
N2

N∑
j=1

N∑
k=1

n
(
h(Z1j�Z2k)

))
� (A.7)

We show that this is, to first order, equivalent to a single normalized sum.

Theorem A.3. Suppose that Assumptions A.1–A.4 hold, with q ≥ 2s − 1, r ≥ s − 1 + L,
1/(2s) < δ < 1/(2L), and t ≥ 2. Then

V = 1√
N

N∑
i=1

{
∂n

∂h

(
h(Zi)

)′
ỸifZ1(Z1i)fZ2(Z2i)

(A.8)

−EZ

[
∂n

∂h

(
h(Z)

)′
Ỹ fZ1(Z1i)fZ2(Z2i)

]}
+ op(1)�
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(To be clear here, we index the expectation by the random variable that the expectation is
taken over, in this case Z.)

Before stating some additional lemmas that will be used for proving Theorem 5.3,
we need some additional definitions. Define

gcm = 1
N2

N∑
i=1

N∑
j=1

g(Wi�Xj)
φc(�

−1
c (FW (Wi))��

−1
c (FX(Xj));ρ)

φc(�
−1
c (FW (Wi)))φc(�

−1
c (FX(Xj)))

�

β̂cm
g = 1

N2

N∑
i=1

N∑
j=1

ĝ(Wi�Xj)
φc(�

−1
c (FW (Wi))��

−1
c (FX(Xj));ρ)

φc(�
−1
c (FW (Wi)))φc(�

−1
c (FX(Xj)))

�

β̂cm
W = 1

N2

N∑
i=1

N∑
j=1

g(Wi�Xj)
φc(�

−1
c (F̂W (Wi))��

−1
c (FX(Xj));ρ)

φc(�
−1
c (F̂W (Wi)))φc(�

−1
c (FX(Xj)))

�

β̂cm
X = 1

N2

N∑
i=1

N∑
j=1

g(Wi�Xj)
φc(�

−1
c (FW (Wi))��

−1
c (F̂X(Xj));ρ)

φc(�
−1
c (FW (Wi)))φc(�

−1
c (F̂X(Xj)))

�

Lemma A.24. Suppose Assumptions 4.1–5.2 hold with q ≥ 2s+ 2, r ≥ s+ 3, and 1/(2s) <
δ < 1/4. Then

β̂cm(ρ�0)−βcm(ρ�0) = (β̂cm
g − gcm)+ (β̂cm

W − gcm)+ (β̂cm
X − gcm)

+ (gcm −βcm(ρ�0)
)+ op(N−1/2)�

Lemma A.25. Suppose Assumptions 4.1–5.2 hold. Then

β̂cm
g − gcm = 1

N

N∑
i=1

ψcm
g (Yi�Wi�Xi)+ op

(
N−1/2)�

where

ψcm
g (y�w�x)= fW (w) · fX(x)

fWX(w�x)

(
y − g(w�x))ω(w�x)�

Lemma A.26. Suppose Assumptions 4.1–5.2 hold. Then

β̂cm
W − gcm = 1

N

N∑
i=1

ψcm
W (Yi�Wi�Xi)+ op

(
N−1/2)�

where

ψcm
W (y�w�x)=

∫ ∫
g(s� t)eW (s� t)

(
1(w≤ s)− FW (s)

)
fW (s)fX(t)dsdt�

Lemma A.27. Suppose Assumptions 4.1–5.2 hold. Then

β̂cm
X − gcm = 1

N

N∑
i=1

ψcm
X (Yi�Wi�Xi)+ op

(
N−1/2)�
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where

ψcm
X (y�w�x)=

∫ ∫
g(s� t)eX(s� t)

(
1(x≤ t)− FX(t)

)
fW (s)fX(t)dsdt�

Lemma A.28. Suppose Assumptions 4.1–5.2 hold. Then

gcm −βcm(ρ�0)= 1
N

N∑
i=1

ψcm
0 (Yi�Wi�Xi)+ op

(
N−1/2)�

where

ψcm
0 (w�x) = (E[g(W �x) ·ω(W �x)]−βcm(ρ�0)

)
(A.9)

+ (E[g(w�X) ·ω(w�X)]−βcm(ρ�0)
)
�

The following theorem is a simplifed version of the V -statistics results in Lehmann
(1999).

Theorem A.4 (V -Statistics). Suppose Z1� � � � �ZN are independent and identically dis-
tributed random vectors with dimensionK, with support Z ⊂R

K . Letψ :ZK ×Z
K �→R be

a real-valued function. Define

θ= E
[
ψ(Z1�Z2)

]
� ψ1(z)= E

[
ψ(z�Z)

]
� ψ2(z)= E

[
ψ(Z�z)

]
�

σ2 = Cov
(
ψ(Z1�Z2)�ψ(Z1�Z3)

)+ Cov
(
ψ(Z2�Z1)�ψ(Z1�Z3)

)
+ Cov

(
ψ(Z1�Z2)�ψ(Z3�Z1)

)+ Cov
(
ψ(Z2�Z1)�ψ(Z3�Z1)

)
�

and

V = 1
N2

N∑
i=1

N∑
j=1

ψ(Zi�Zj)�

Then if 0<σ2 <∞,

V = 1
N

N∑
i=1

{(
ψ1(Zi)− θ)+ (ψ2(Zi)− θ)}+ op

(
N−1/2)

and
√
N · (V − θ) d−→ N

(
0�σ2)�

Appendix B: Proofs of theorems stated in the main text

In this appendix, we provide proofs of the results in the main text. We use the lemmas
and theorems stated in Appendix A throughout. Some details that are omitted here may
be found in Appendix C.
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Proof of Theorem 4.1. Define

Vλ�i = λ ·Xi · d(Wi)+Wi�
h(λ�a)= pr(Vλ ≤ a)= FVλ(a)� and k(w�x�λ)= h(λ�λ · x · d(w)+w)�

First we focus on

βlr�v(λ)= E
[
g
(
F−1
W

(
FVλ(Vλ�i)

)
�X
)]= E

[
g
(
F−1
W

(
k(Wi�Xi�λ)

)
�Xi

)]
�

We then prove four results. First, we show that for small λ, βlr�v(λ) and βlr(λ) are close
or

βlr�v(λ)= βlr(λ)+ o(λ)� (B.1)

Second, we show that

βlr�v(λ) = E
[
g(W �X)

]
(B.2)

+E

[
∂g

∂w
(Wi�Xi)

1
fW (Wi)

(
k(Wi�Xi�λ)− k(Wi�Xi�0)

)]+ o(λ)�

Next we show thatβlc has the two representations in Theorem 4.1. In particular, the third

part of the proof shows that βlc�v = ∂βlc�v

∂λ (0) satisfies

βlc�v = E

[
∂g

∂w
(Wi�Xi) · (Xi · d(Wi)−E

[
Xi · d(Wi)|Wi

])]
� (B.3)

Fourth, we show that βlc�v satisfies

βlc�v = E

[
δ(Wi�Xi) · ∂2g

∂w∂x
(Wi�Xi)

]
� (B.4)

We start with the proof of (B.1). Define

u(w�x�λ)= λ · x · d(w)1−|λ| +
√

1 − λ2 ·w and v(w�x�λ)= λ · x · d(w)+w�

Then

sup
w∈W�x∈X

∣∣u(w�x�λ)− v(w�x�λ)∣∣=O(λ2)�
Define also

hU(λ�a)= pr(Uλ ≤ a) and kU(w�x�λ)= hU
(
λ�u(w�x�λ)

)
�

Then

sup
a

∣∣hU(λ�a)− h(λ�a)∣∣=O(λ2)
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and

sup
w∈W�x∈X

∣∣kU(w�x�λ)− k(w�x�λ)∣∣=O(λ2)�
Combined with the smoothness assumptions, this implies that

βlc�v(λ)−βlc(λ) = E
[
g
(
F−1
W

(
k(Wi�Xi�λ)

)
�Xi

)]−E
[
g
(
F−1
W

(
kU(Wi�Xi�λ)

)
�Xi

)]
= O

(
λ2)�

This finishes the proof of (B.1).
Next, we prove (B.2). Let c1 and c2 satisfy

sup
x�w�γ�λ

∣∣k(w�x�λ+ γ)− k(w�x�λ)∣∣≤ c1 · γ

and

sup
w∈W�x∈X

∣∣∣∣ ∂2

∂w2 g(w�x)

∣∣∣∣≤ c2�

respectively. Then applying Lemma A.1 with f (a)= g(F−1
W (a)�x) and h(λ)= k(w�x�λ),

we obtain∣∣∣∣∣g(F−1
W

(
k(w�x�λ)

)
�x
)−
(
g
(
F−1
W

(
k(w�x�0)

)
�x
)

+
∂

∂w
g(F−1

W (k(w�x�0))�x)

fW (F
−1
W (k(w�x�0)))

(
k(w�x�λ)− k(w�x�0)

))∣∣∣∣∣
≤ c2c

2
1λ

2 = o(λ)�

Since the bound does not depend on x and w, we can average over W and X , and it
follows that∣∣∣∣∣E[g(F−1

W

(
k(W �X�λ)

)
�X
)]−E

[
g(W �X)

]

−E

[ ∂

∂w
g(W �X)

fW (W )

(
k(W �X�λ)−W )

]∣∣∣∣∣= o(λ)�
where we also use the fact that k(w�x�0)= FW (w). This finishes the proof of (B.2).

Now we prove (B.3). By definition,

h(λ�a) = Pr(Vλ�i < a)= Pr(Vλ�i < a�Wi < wm)+ Pr(Vλ�i < a�Wi ≥wm)
= Pr

(
λ ·Xi · d(Wi)+Wi ≤ a�Wi < wm

)
+ Pr

(
λ ·Xi · d(Wi)+Wi ≤ a�Wi ≥wm

)
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= Pr
(
λ ·Xi · (Wi −wl)+Wi ≤ a�Wi < wm

)
+ Pr

(
λ ·Xi · (wu −Wi)+Wi ≤ a�Wi ≥wm

)
= Pr

(
Wi ≤ min

(
wm�

a+ λ ·Xi ·wl
1 + λ ·Xi

))

+ Pr
(
wm ≤Wi ≤ a− λ ·Xi ·wu

1 − λ ·Xi
)
�

For λ sufficiently close to zero, we can write this as

h(λ�a) = 1a>wm · Pr(Wi ≤wm)+ 1a≤wm · Pr
(
Wi ≤ a+ λ ·Xi ·wl

1 + λ ·Xi
)

+ 1a>wm · Pr
(
wm <Wi ≤ a− λ ·Xi ·wu

1 − λ ·Xi
)

= 1a≤wm · Pr
(
Wi ≤ a+ λ ·Xi ·wl

1 + λ ·Xi
)

+ 1a>wm · Pr
(
Wi ≤ a− λ ·Xi ·wu

1 − λ ·Xi
)

= 1a≤wm ·E
[

Pr
(
Wi ≤ a+ λ ·Xi ·wl

1 + λ ·Xi
∣∣∣Xi
)]

+ 1a>wm ·E
[

Pr
(
Wi ≤ a− λ ·Xi ·wu

1 − λ ·Xi
∣∣∣Xi
)]

= 1a≤wm ·
∫
FW |X

(
a+ λ · z ·wl

1 + λ · z
∣∣∣z)fX(z)dz

+ 1a>wm ·
∫
FW |X

(
a− λ · z ·wu

1 − λ · z
∣∣∣z)fX(z)dz�

Substituting a= λ · x · d(w)+w, we get

k(w�x�λ) = 1λ·x·d(w)+w≤wm ·
∫
FW |X

(
λ · x · d(w)+w+ λ · z ·wl

1 + λ · z
∣∣∣z)fX(z)dz

+ 1λ·x·d(w)+w>wm ·
∫
FW |X

(
λ · x · d(w)+w− λ · z ·wu

1 − λ · z
∣∣∣z)fX(z)dz

= 1λ·x·(w−wl)+w≤wm1w≤wm

·
∫
FW |X

(
λ · x · (w−wm)+w+ λ · z ·wl

1 + λ · z
∣∣∣z)fX(z)dz

+ 1λ·x·(wu−w)+w≤wm1w>wm

·
∫
FW |X

(
λ · x · (wu −w)+w+ λ · z ·wl

1 + λ · z
∣∣∣z)fX(z)dz

+ 1λ·x·(w−wl)+w>wm · 1w≤wm
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·
∫
FW |X

(
λ · x · (w−wm)+w− λ · z ·wu

1 − λ · z
∣∣∣z)fX(z)dz

+ 1λ·x·(wu−w)+w>wm · 1w>wm

·
∫
FW |X

(
λ · x · (wu −w)+w− λ · z ·wu

1 − λ · z
∣∣∣z)fX(z)dz

= 1w≤wm(1+λxwl/wm)/(1+λx)

·
∫
FW |X

(
λ · x · (w−wm)+w+ λ · z ·wl

1 + λ · z
∣∣∣z)fX(z)dz

+ 0 ·
∫
FW |X

(
λ · x · (wu −w)+w+ λ · z ·wl

1 + λ · z
∣∣∣z)fX(z)dz

+ 1wm(1+λxwl/wm)/(1+λx)≤w≤wm

·
∫
FW |X

(
λ · x · (w−wm)+w− λ · z ·wu

1 − λ · z
∣∣∣z)fX(z)dz

+ 1w≥wm ·
∫
FW |X

(
λ · x · (wu −w)+w− λ · z ·wu

1 − λ · z
∣∣∣z)fX(z)dz�

The last equality uses the following four facts: (i) λ · x · (w − wl) + w ≤ wm implies
w ≤ wm(1 + λxwl/wm)/(1 + λx)≤ wm, (ii) λ · x · (wu −w)+w ≤ wm implies w ≤ wm(1 −
λxwu/wm)/(1−λx) < wm, (iii) λ ·x ·(w−wl)+w>wm impliesw≥wm(1+λxwl/wm)/(1+
λx), and (iv) λ · x · (wu −w)+w>wm implies w≥wm(1 − λxwu/wm)/(1 − λx).

Now we will look at

E

[
∂g

∂w
(Wi�Xi)

1
fW (Wi)

k(Wi�Xi�λ)

]

=
∫ xu

xl

∫ wu

wl

∂g

∂w
(w�x)

1
fW (w)

k(w�x�λ)fW �X(w�x)dwdx�

Substituting the three terms of k(w�x�λ) in here, we get

E

[
∂g

∂w
(Wi�Xi)

1
fW (Wi)

k(Wi�Xi�λ)

]

=
∫ xu

xl

∫ wm(1+λxwl/wm)/(1+λx)

wl

∂g

∂w
(w�x)

fW (w)
(B.5)

×
∫
FW |X

(
λ · x · (w−wl)+w+ λ · z ·wl

1 + λ · z
∣∣∣z)fX(z)dzfW �X(w�x)dwdx

+
∫ xu

xl

∫ wm

wm(1+λxwl/wm)/(1+λx)

∂g

∂w
(w�x)

fW (w)
(B.6)

×
∫
FW |X

(
λ · x · (w−wl)+w− λ · z ·wu

1 − λ · z
∣∣∣z)fX(z)dzfW �X(w�x)dwdx



Supplementary Material Assortative matching 17

+
∫ xu

xl

∫ wu

wm

∂g

∂w
(w�x)

fW (w)
(B.7)

×
∫
FW |X

(
λ · x · (wu −w)+w− λ · z ·wu

1 − λ · z
∣∣∣z)fX(z)dzfW �X(w�x)dwdx�

Next, we take the derivative with respect to λ for each of these three terms and evaluate
that derivative at λ= 0. For the first term, (B.5), this derivative consists of two terms: one
that corresponds to the derivative with respect to the λ in the bounds of the integral, and
one that corresponds to the derivative with respect to λ in the integrand. For the second
term, we only have the term that corresponds to the derivative with respect to the λ in
the bounds of the integral, since the other term vanishes when we evaluate it at λ = 0.
The third term, (B.7), only has λ in the integrand. So

∂

∂λ
E

[
∂g

∂w
(Wi�Xi)

1
fW (Wi)

k(Wi�Xi�λ)

]∣∣∣∣
λ=0

= (wl −wm) ·E
[
∂

∂w
g(wm�Xi)

∣∣∣Wi =wm
]

+
∫ xu

xl

∫ wm

wl

∂

∂w
g(w�x)

1
fW (w)

×
∫ xu

xl

fW |X(w|z)(x · (w−wl)+ z ·wl − z ·w)fX(z)dzfW �X(w�x)dwdx

− (wl −wm) ·E
[
∂

∂w
g(wm�Xi)

∣∣∣Wi =wm
]

+
∫ xu

xl

∫ wm

wl

∂

∂w
g(w�x)

1
fW (w)

×
∫ xu

xl

fW |X(w|z)(x · (wu −w)+ z ·w− z ·wu
)
fX(z)dzfW �X(w�x)dwdx

=
∫ xu

xl

∫ wm

wl

∂

∂w
g(w�x)

×
∫ xu

xl

fX|W (z|w)
(
x · d(w�x)− z · d(w�z))dzfW �X(w�x)dwdx

+
∫ xu

xl

∫ wm

wl

∂

∂w
g(w�x)

×
∫ xu

xl

fX|W (z|w)
(
x · d(w�x)− z · d(w�z))dzfW �X(w�x)dwdx

=
∫ xu

xl

∫ wu

wl

∂

∂w
g(w�x)

×
∫ xu

xl

fX|W (z|w)
(
x · d(w�x)− z · d(w�z))dzfW �X(w�x)dwdx
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=
∫ xu

xl

∫ wu

wl

∂

∂w
g(w�x)

× (Xi · d(w�Xi)−E
[
Xi · d(w�Xi)|Wi =w

])
fW �X(w�x)dwdx

= E

[
∂g

∂w
(Wi�Xi) · (Xi · d(Wi�Xi)−E

[
Xi · d(Wi�Xi)|Wi

])]= βlc�v�

This finishes the proof of (B.3).
Finally, we show (B.4) by showing the equality of

βlc�v = E

[
∂g

∂w
(Wi�Xi) · (Xi · d(Wi)−E

[
Xi · d(Wi)|Wi

])]
(B.8)

and

E

[
δ(Wi�Xi) · ∂2g

∂w∂x
(Wi�Xi)

]
� (B.9)

Define

b(w) = E

[
∂g

∂w
(w�Xi) · (Xi · d(w)−E

[
Xi · d(w)|Wi =w

])∣∣∣Wi =w
]

= E

[
∂g

∂w
(w�Xi) · d(w) · (Xi −E[Xi|Wi =w])∣∣∣Wi =w

]
�

so that βlc�v = E[b(W )]. Apply Lemma A.2, with h(x)= ∂g
∂w(w�x) · d(w), to get

b(w)= E

[
∂2

∂w∂x
g(w�X) · δ(w�X)

]
�

with

δ(w�x) = d(w) · FX|W (x|w) · (1 − FX|W (x|w))
fX|W (x|w)

· (E[X|X > x�W =w] −E[X|X ≤ x�W =w])�
Thus

βlc�v = E
[
b(W )

]= E

[
∂2

∂w∂x
g(W �X) · δ(W �X)

]
� �

Proof of Theorem 5.1. We apply Lemmas A.15–A.18. The assumptions in the theorem
imply that the conditions for those lemmas are satisfied. �

The proof of Theorem 5.2 is essentially the same as that for Theorem 5.1 and is omit-
ted.

Proof of Theorem 5.3. We apply Lemmas A.24–A.28 to get an asymptotic linear rep-
resentation for β̂cm(ρ�τ). The assumptions in the theorem imply that the conditions for
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the applications of these lemmas are satisfied. Therefore, by Lemma A.24, we have

β̂cm(ρ�0) = βcm(ρ�0)+ (β̂cm
g − gcm)+ (β̂cm

W − gcm)+ (β̂cm
X − gcm)

+ (gcm −βcm(ρ�0)
)+ op(N−1/2)�

By Lemmas A.25–A.28, this is equal to

βcm(ρ�0)+ 1
N

N∑
i=1

{
ψcm
g (Yi�Wi�Xi)+ψcm

W (Yi�Wi�Xi)

+ψcm
X (Yi�Wi�Xi)+ψcm

0 (Yi�Wi�Xi)
}+ op

(
N−1/2)

= βcm(ρ�0)+ 1
N

N∑
i=1

ψ(Yi�Wi�Xi)+ op
(
N−1/2)�

withψcm
g (y�w�x) given in (5.42),ψcm

W (y�w�x) given in (5.43),ψcm
X (y�w�x) given in (5.44),

ψcm
0 (y�w�x) given in (5.41), and ψ(y�w�x) given in (5.45). Then we have an asymptotic

linear representation for β̂cm(ρ�τ):

β̂cm(ρ�τ) = τ ·Y + (1 − τ) · β̂cm(ρ�0)

= βcm(ρ�τ)+ τ · (Y −βcm(ρ�1)
)+ (1 − τ) · (β̂cm(ρ�0)−βcm(ρ�0)

)
= βcm(ρ�τ)+ τ · (Y −βcm(ρ�1)

)+ (1 − τ) · 1
N

N∑
i=1

ψ(Yi�Wi�Xi)�

Since by the law of large numbers,Y → βcm(ρ�1) and
∑
i ψ(Yi�Wi�Xi)/N → E[ψ(Yi�Wi�

Xi)] = 0, it follows that β̂cm(ρ�τ)→ βcm(ρ�τ). By the central limit theorem, the second
part of the theorem follows. �

Proof of Theorem 5.4. The proof uses Lemmas A.13, A.14, A.19, A.20, and A.23.
By the conditions on q, r, s, and δ, Lemma A.13 implies that for some η> 1/4,

sup
w∈W

∣∣m̂(w)−m(w)∣∣= op(N−η)�
Moreover, by the same conditions, Lemma A.14 implies that for some η> 1/4,

sup
w∈W�x∈X

∣∣∣∣ ∂ĝ∂w(w�x)− ∂g

∂w
(w�x)

∣∣∣∣= op(N−η)�
Then the conditions for Lemma A.19 are satisfied, so we can write

√
N
(
β̂lc −βlc)

= 1√
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (X −m(Wi)

)− √
N ·βlc

+ 1√
N

N∑
i=1

∂ĝ

∂w
(Wi�Xi) · d(Wi) · (X −m(Wi)

)
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− 1√
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (X −m(Wi)

)

+ 1√
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (X − m̂(Wi)

)

− 1√
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (X −m(Wi)

)+ op(1)�
By Lemma A.20,

1√
N

N∑
i=1

∂

∂w
ĝ(Wi�Xi) · d(Wi) · (Xi −m(Wi))

− 1√
N

N∑
i=1

∂

∂w
g(Wi�Xi) · d(Wi) · (Xi −m(Wi))

= 1√
N

N∑
i=1

ψlc
g (Yi�Wi�Xi)+ op(1)�

where

ψlc
g (y�w�x) = − 1

fW �X(w�x)

∂fW �X(w�x)

∂W

(
y − g(w�x))d(w)(x−m(w))

− ∂m(w)

∂W
d(w)

(
y − g(w�x))+ ∂

∂w
d(w)

(
x−m(w))(y − g(w�x))�

By Lemma A.23,

1√
N

N∑
i=1

∂

∂w
g(Wi�Xi) · d(Wi) · m̂(Wi)

− 1√
N

N∑
i=1

∂

∂w
g(Wi�Xi) · d(Wi) ·m(Wi)

= 1√
N

N∑
i=1

ψlc
m(Yi�Wi�Xi)+ op(1)�

where

ψlc
m(y�w�x)= E

[
∂g(w�Xi)

∂W

∣∣∣Wi =w
]

· d(w) · (x−m(w))�
Combining these results implies that

√
N
(
β̂lc −βlc)= 1√

N

N∑
i=1

ψlc(Yi�Wi�Xi)+ op(1)�
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with

ψlc(y�w�x) =
(
∂g(w�x)

∂w
· d(w) · (x−m(w))−βlc

)

+ψlc
g (y�w�x)+ψlc

m(y�w�x)�

Using the law of large numbers then implies the first result in the theorem, and using
the central limit theorem implies the second result in the theorem. �

Appendix C: Proofs of results listed in Appendix A

In the following proofs, c is a generic constant.

Proof of Lemma A.1. Because f (·) is twice continuously differentiable on X, a compact
subset of R, it follows that for all a�b ∈X, by a Taylor series expansion,

f (b)= f (a)+ ∂f

∂x
(a) · (b− a)+ 1

2
· ∂

2f

∂x2 (c) · (b− a)2

for some c ∈X. Hence∣∣∣∣f (g(λ))−
(
f
(
g(0)

)+ ∂f

∂x

(
g(0)

) · (g(λ)− g(0)))∣∣∣∣
≤ 1

2
· sup
x∈X

∣∣∣∣∂2f

∂x2 (x)

∣∣∣∣ · (g(λ)− g(0))2�
By the Lipschitz condition on g(λ), this is bounded by

1
2

· sup
x∈X

∣∣∣∣∂2f

∂x2 (x)

∣∣∣∣ · c2 · λ2� �

Proof of Lemma A.2. Let μ= E[X] and write h(x)= h(xl)+ ∫ xxl ∂∂xh(z)dz. Then

Cov
(
h(X)�X

)
= E

[
h(X) · (X −μ)]

= E

[(
h(xl)+

∫ X

xl

∂

∂x
h(z)dz

)
· (X −μ)

]

= E

[∫ X

xl

∂

∂x
h(z)dz · (X −μ)

]

= E

[∫ xu

xl

1X>z · ∂
∂x
h(z)dz · (X −μ)

]

=
∫ xu

xl

∂

∂x
h(z) ·E[1X>z · (X −μ)]dz
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=
∫ xu

xl

∂

∂x
h(z) ·E[X −μ|X > z] · Pr(X > z)dz

=
∫ xu

xl

∂

∂x
h(z) · FX(z) · (1 − FX(z)

) · (E[X|X > z] −E[X|X ≤ z])dz

=
∫ xu

xl

∂

∂x
h(z) · FX(z) · (1 − FX(z))

fX(z)
· (E[X|X > z] −E[X|X ≤ z])fX(z)dz

= E

[
∂

∂x
h(X) · γ(X)

]
� �

Proof of Lemma A.7. By the triangle inequality,

sup
x∈X

Nδ · ∣∣F̂−1
Y

(
F̂X(x)

)− F−1
Y

(
FX(x)

)∣∣
≤ sup
x∈X

Nδ · ∣∣F̂−1
Y

(
F̂X(x)

)− F−1
Y

(
F̂X(x)

)∣∣+ sup
x∈X

Nδ · ∣∣F−1
Y

(
F̂X(x)

)− F−1
Y

(
F̂X(x)

)∣∣
≤ sup
q∈[0�1]

Nδ · ∣∣F̂−1
Y (q)− F−1

Y (q)
∣∣+ sup

x∈X�y∈Y
Nδ · 1

fY (y)

∣∣F̂X(x)− FX(x)
∣∣�

The first term is op(1) by Lemma A.4, and the second by the fact that fY (y) is bounded
away from zero, in combination with Lemma A.3. �

Proof of Lemma A.8. By the triangle inequality,

sup
y∈Y�x≤N−δ�x+y∈Y

Nη · ∣∣F̂Y (y + x)− F̂Y (y)− fY (y) · x∣∣
≤ sup
y∈Y�x≤N−δ�x+y∈Y

Nη · ∣∣F̂Y (y + x)− (FY (y + x)− FY (y)
)∣∣

+ sup
y∈Y�x≤N−δ�x+y∈Y

Nη · ∣∣FY (y + x)− FY (y)− fY (y) · x∣∣�
The first term on the right-hand side converges to zero in probability by Lemma A.5. To
show that the second term converges to zero, note that

sup
y∈Y�x≤N−δ�x+y∈Y

Nη · ∣∣FY (y + x)− FY (y)− fY (y) · x∣∣
≤ sup
y∈Y�x≤N−δ�x+y∈Y�λ∈[0�1]

Nη · ∣∣fY (y + λx) · x− fY (y) · x∣∣

≤ sup
y∈Y�z∈Y�x≤N−δ�x+y∈Y�λ∈[0�1]

Nη ·
∣∣∣∣∂fY∂y (z)

∣∣∣∣ · λx2

≤ sup
y∈Y�x≤N−δ

Nηx2 ∂fY
∂y
(y)→ 0�

because ∂fY
∂y (y) is bounded, x <N−δ, and δ > η/2. �
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Proof of Lemma A.12. By the inequality |a| ≥ |b| − |a− b|,
inf
z∈Z
∣∣ĥ(z)∣∣≥ inf

z∈Z
∣∣h(z)∣∣− sup

z∈Z

∣∣ĥ(z)− h(z)∣∣�
from which the result follows. �

The proofs of Lemmas A.13 and A.14 follow directly from Theorem 7.1 in IR.

Proof of Lemma A.15. First note that by the assumptions in the lemma, the condi-
tions for Lemma A.14 are satisfied. Moreover, by the assumption that 0< δ < 1/6, it fol-
lows that Op(bN)= op(N

−η) for η < δ · s, and Op(ln(N)N−1b−2
N )= Op(ln(N)N−1+2δ)=

op(1),Op(ln(N)N−1b−4
N )=Op(ln(N)N−1+4δ)= op(N−η) for η< 1−4δ, andOp(ln(N)×

N−1b−6
N )=Op(ln(N)N−1+6δ)= op(1). Hence the results from Lemma A.14 imply

sup
w∈W�x∈X

∣∣ĝ(w�x)− g(w�x)∣∣=Op
((

ln(N)
N · b2

N

)1/2

+ bsN
)

= op(1)� (C.1)

sup
w∈W�x∈X

∣∣∣∣ ∂ĝ∂w(w�x)− ∂g

∂w
(w�x)

∣∣∣∣=Op
((

ln(N)
N · b4

N

)1/2

+ bsN
)

= op
(
N−η) (C.2)

for η<min(1 − 4δ�δ · s), and

sup
w∈W�x∈X

∣∣∣∣ ∂2ĝ

∂w2 (w�x)− ∂2g

∂w2 (w�x)

∣∣∣∣=Op
((

ln(N)

N · b6
N

)1/2

+ bsN
)

= op(1)� (C.3)

Now

β̂pam −βpam

= 1
N

N∑
i=1

ĝ
(
F̂−1
W

(
F̂X(Xi)

)
�Xi

)−E
[
g
(
F−1
W

(
FX(X)

)
�X
)]

= 1
N

N∑
i=1

ĝ
(
F̂−1
W

(
F̂X(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F̂−1
W

(
F̂X(Xi)

)
�Xi

)
(C.4)

−
(

1
N

N∑
i=1

ĝ
(
F−1
W

(
FX(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
W

(
FX(Xi)

)
�Xi

))
(C.5)

+ 1
N

N∑
i=1

ĝ
(
F−1
W

(
FX(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
W

(
FX(Xi)

)
�Xi

)
(C.6)

+ 1
N

N∑
i=1

g
(
F̂−1
W

(
F̂X(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
W

(
F̂X(Xi)

)
�Xi

)
(C.7)

−
(

1
N

N∑
i=1

g
(
F̂−1
W

(
FX(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
W

(
FX(Xi)

)
�Xi

))
(C.8)
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+ 1
N

N∑
i=1

g
(
F̂−1
W

(
FX(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
W

(
FX(Xi)

)
�Xi

)
(C.9)

+ 1
N

N∑
i=1

g
(
F−1
W

(
F̂X(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
W

(
FX(Xi)

)
�Xi

)
(C.10)

+ 1
N

N∑
i=1

g
(
F−1
W

(
FX(Xi)

)
�Xi

)−E
[
g
(
F−1
W

(
FX(X)

)
�X
)]
� (C.11)

Since (C.6) is equal to β̂pam
g −gpam, (C.9) equals β̂pam

W −gpam, (C.10) equals β̂pam
X −gpam,

and (C.11) equals gpam − βpam, we only need to show that the sum of (C.4) and (C.5),
and that of (C.7) and (C.8) are op(N−1/2).

First consider the sum of (C.4) and (C.5) that is equal to

1
N

N∑
i=1

ĝ
(
F̂−1
W

(
F̂X(Xi)

)
�Xi

)− 1
N

N∑
i=1

ĝ
(
F−1
W

(
FX(Xi)

)
�Xi

)

−
(

1
N

N∑
i=1

g
(
F̂−1
W

(
F̂X(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
W

(
FX(Xi)

)
�Xi

))
�

By a second order Taylor series expansion of ĝ and g in F−1
W (FX(Xi)) this is, for some W̃i

andW i, equal to

1
N

N∑
i=1

∂ĝ

∂w

(
F−1
W

(
FX(Xi)

)
�Xi

)(
F̂−1
W

(
F̂X(Xi)

)− F−1
W

(
FX(Xi)

))
(C.12)

+ 1
2N

N∑
i=1

∂2ĝ

∂w2 (W̃i�Xi)
(
F̂−1
W

(
F̂X(Xi)

)− F−1
W

(
FX(Xi)

))2

− 1
N

N∑
i=1

∂g

∂w

(
F−1
W

(
FX(Xi)

)
�Xi

)(
F̂−1
W

(
F̂X(Xi)

)− F−1
W

(
FX(Xi)

))
(C.13)

− 1
2N

N∑
i=1

∂2g

∂w2 (W i�Xi) · (F̂−1
W

(
F̂X(Xi)

)− F−1
W

(
FX(Xi)

))2

= 1
N

N∑
i=1

(
∂ĝ

∂w

(
F−1
W

(
FX(Xi)

)
�Xi

)− ∂g

∂w

(
F−1
W

(
FX(Xi)

)
�Xi

))

× (F̂−1
W

(
F̂X(Xi)

)− F−1
W

(
FX(Xi)

))+ op(N−1/2)
≤ sup
x∈X

∣∣∣∣ ∂ĝ∂w
(
F−1
W

(
FX(x)

)
�x
)− ∂g

∂w

(
F−1
W

(
FX(x)

)
�x
)∣∣∣∣ (C.14)

× sup
x∈X

∣∣(F̂−1
W

(
F̂X(x)

)− F−1
W

(
FX(x)

))∣∣+ op(N−1/2)� (C.15)
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We used the fact that (C.13) is op(N−1/2) because ∂2g(w�x)/∂w2 is bounded and because
supx∈X(F̂

−1
W (F̂X(x))−F−1

W (FX(x)))
2 is op(N−1/2) by Lemma A.7. Also, (C.12) is op(N−1/2)

by the same argument because the bandwidth choice implies supw∈W�x∈X |∂2ĝ(w�x)/

∂w2 − ∂2g(w�x)/∂w2| = op(1) by (C.3), so that

sup
w∈W�x∈X

∣∣∣∣∂2ĝ(w�x)

∂w2

∣∣∣∣ ≤ sup
w∈W�x∈X

∣∣∣∣∂2g(w�x)

∂w2

∣∣∣∣+ sup
w∈W�x∈X

∣∣∣∣∂2ĝ(w�x)

∂w2 − ∂2g(w�x)

∂w2

∣∣∣∣
= sup
w∈W�x∈X

∣∣∣∣∂2g(w�x)

∂w2

∣∣∣∣+ op(1)�
Finally, by Lemma A.7,

sup
x∈X

∣∣F̂−1
W

(
F̂X(x)

)− F−1
W

(
FX(x)

)∣∣= op(N−1/2+η)
for all η> 0. By the assumption of the lemma,

sup
x∈X

∣∣∣∣ ∂ĝ∂w
(
F−1
W

(
FX(x)

)
�x
)− ∂g

∂w

(
F−1
W

(
FX(x)

)
�x
)∣∣∣∣= op(N−η)

for some η> 0. We conclude that the sum of (C.4) and (C.5) is op(N−1/2).
Next, consider the sum of (C.7) and (C.8) that is bounded by

sup
x∈X

∣∣[g(F̂−1
W

(
F̂X(x)

)
�x
)− g(F−1

W

(
F̂X(x)

)
�x
)]

− [g(F̂−1
W

(
FX(x)

)
�x
)− g(F−1

W

(
FX(x)

)
�x
)]∣∣�

By a second order Taylor series expansion, with intermediate values W̃ (x) and W (x),
and the triangle inequality, this is bounded by

sup
x∈X

∣∣∣∣ ∂g∂w
(
F−1
W

(
F̂X(x)

)
�x
)[
F̂−1
W

(
F̂X(x)

)− F−1
W

(
F̂X(x)

)]

− ∂g

∂w

(
F−1
W

(
FX(x)

)
�x
)[
F̂−1
W

(
FX(x)

)− F−1
W

(
FX(x)

)]∣∣∣∣
+ sup
x∈X

1
2

∣∣∣∣ ∂2g

∂w2

(
W̃ (x)�x

)[
F̂−1
W

(
F̂X(x)

)− F−1
W

(
F̂X(x)

)]2∣∣∣∣
+ 1

2
sup
x∈X

∣∣∣∣ ∂2g

∂w2

(
W (x)�x

)[
F̂−1
W

(
FX(x)

)− F−1
W

(
FX(x)

)]2∣∣∣∣�
where because the second derivative of g(w�x) is bounded on W×X, by Lemma A.4, the
expression on the last line is op(N−1/2). The first term is bounded by

sup
x∈X

∣∣∣∣
[
∂g

∂w

(
F−1
W

(
F̂X(x)

)
�x
)− ∂g

∂w

(
F−1
W

(
FX(x)

)
�x
)]

× [F̂−1
W

(
F̂X(x)

)− F−1
W

(
F̂X(x)

)]∣∣∣∣



26 Graham, Imbens, and Ridder Supplementary Material

+ sup
x∈X

∣∣∣∣ ∂g∂w
(
F−1
W

(
FX(x)

)
�x
)

× [F̂−1
W

(
F̂X(x)

)− F−1
W

(
F̂X(x)

)− F̂−1
W

(
FX(x)

)+ F−1
W

(
FX(x)

)]∣∣∣∣�
By a first order Taylor series expansion of ∂g∂w(F

−1
W (F̂X(x))�x) in FX(x), we have, because

the second derivative of g(w�x) is bounded and the density of W is bounded from 0 on
its support, that by Lemmas A.4 and A.3, the expression on the first line is op(N−1/2).
The bound on the expression in the second line is proportional to

sup
x∈X

∣∣F̂−1
W

(
F̂X(x)

)− F−1
W

(
F̂X(x)

)− F̂−1
W

(
FX(x)

)+ F−1
W

(
FX(x)

)∣∣�
This expression is bounded by

sup
x∈X

∣∣∣∣ 1

fW (F
−1
W (F̂X(x)))

[
F̂W
(
F−1
W

(
F̂X(x)

))− F̂X(x)]

− 1

fW (F
−1
W (FX(x)))

[
F̂W
(
F−1
W

(
FX(x)

))− FX(x)]
∣∣∣∣

+ sup
x∈X

∣∣∣∣F̂−1
W

(
F̂X(x)

)− F−1
W

(
F̂X(x)

)

− 1

fW (F
−1
W (F̂X(x)))

[
F̂W
(
F−1
W

(
F̂X(x)

))− F̂X(x)]
∣∣∣∣

+ sup
x∈X

∣∣∣∣F̂−1
W

(
FX(x)

)− F−1
W

(
FX(x)

)

− 1

fW (F
−1
W (FX(x)))

[
F̂W
(
F−1
W

(
FX(x)

))− FX(x)]
∣∣∣∣�

By Lemma A.7, the expressions in the last two lines are op(N−1/2). The expression in the
first line is bounded by

sup
x∈X

∣∣∣∣
[

1

fW (F
−1
W (F̂X(x)))

− 1

fW (F
−1
W (FX(x)))

][
F̂W
(
F−1
W

(
F̂X(x)

))− F̂X(x)]
∣∣∣∣

+ sup
x∈X

∣∣∣∣ 1

fW (F
−1
W (FX(x)))

× [F̂W (F−1
W

(
F̂X(x)

))− F̂X(x)− F̂W
(
F−1
W

(
FX(x)

))+ FX(x)]
∣∣∣∣�

The expression in the first line is bounded by

sup
x∈X

∣∣∣∣ 1

fW (F
−1
W (F̂X(x)))

− 1

fW (F
−1
W (FX(x)))

∣∣∣∣× sup
x∈X

∣∣F̂W (F−1
W

(
F̂X(x)

))− F̂X(x)∣∣�
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By a first order Taylor series expansion of 1
fW (F

−1
W (F̂X(x)))

in FX(x), the fact that fW (w) is

bounded from 0 and its derivative is bounded on W, and Lemma A.3, the first factor is
op(N

−δ) for all δ < 1/2 and by Lemma A.3, the same is true for the second factor, so that
the product is op(N−1/2). Because fW (w) is bounded from 0 on W, the expression on the
second line has a bound that is proportional to

sup
x∈X

∣∣F̂W (F−1
W

(
F̂X(x)

))− F̂X(x)− F̂W
(
F−1
W

(
FX(x)

))+ FX(x)∣∣�
We rewrite this as

sup
x∈X

∣∣F̂W (F−1
W

(
F̂X(x)

))− F̂W (F−1
W

(
FX(x)

))
− (FW (F−1

W

(
F̂X(x)

)− FW (F−1
W

(
FX(x)

))))∣∣
≤ sup
x∈X

∣∣F̂W (F−1
W

(
F̂X(x)

))− F̂W (F−1
W

(
FX(x)

))
− (FW (F−1

W

(
F̂X(x)

)− FW (F−1
W

(
FX(x)

))))∣∣1supx∈X |F−1
W (F̂X(x))−F−1

W (FX(x))|≤N−δ

+ 4 · 1supx∈X |F−1
W (F̂X(x))−F−1

W (FX(x))|>N−δ �

By Lemma A.7 and the mean value theorem, the final term is op(1) if 1/3< δ< 1/2. By

F−1
W

(
F̂X(x)

)= F−1
W

(
FX(x)

)+ [F−1
W

(
F̂X(x)

)− F−1
W

(
FX(x)

)]
�

and defining w= F−1
W (FX(x)) and w̃= F−1

W (F̂X(x))− F−1
W (FX(x)), we have that the first

term on the right-hand side is bounded by

sup
w∈W�|w̃|≤N−δ�w̃+w∈W

∣∣F̂W (w+ w̃)− F̂W (w)− (FW (w+ w̃)− FW (w)
)∣∣= op(N−2/3)

by Lemma A.5, with 1/3 < δ < 1/2�η = 2/3, so that we finally conclude that the sum of
(C.7) and (C.8) is op(N−1/2). �

Proof of Lemma A.16. The proof involves checking the conditions for Theorem A.2
from IR (given in Appendix A in this supplement) and simplifying the conclusions from
that theorem to the case at hand.

Define

h1(w�x)= fWX(w�x) and h2(w�x)= fWX(w�x) · g(w�x)�

n(h)= h2

h1
�

so that

ω(x)= 1�

∂n

∂h1
(h)= − h2

(h1)2
= − g(F−1

W (FX(x))�x)

fW X(F
−1
W (FX(x))�x)

�
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∂n

∂h2
(h)= 1

h1
= 1

fWX(F
−1
W (FX(x))�x)

�

t(x)= F−1
W

(
FX(x)

)
�

∂

∂x
t(x)= fX(x)

fW (F
−1
W (FX(x)))

�

α1(x)= −g(F−1
W

(
FX(x)

)
�x
)
� α2(x)= 1�

With Ỹi = (Ỹi1 Ỹi2)′ = (1 Yi)′, we have

α(x)′ỹ = y − g(F−1
W

(
FX(x)

)
�x
)
�

Applying the results in Theorem A.2, we have∫
U2

K

(
Wi − t(Xi)

bN
+ ∂t

∂x
(Xi) · u2�u2

)
du2

=
∫
u
K

(
u�
Wi − F−1

W (FX(Xi))

bN
+ fX(Xi)

fW (F
−1
W (FX(Xi)))

· u
)

du�

Substituting this into the result from Theorem A.2, we get
√
N
(
θ̂

pam
g − gpam)

= 1√
NbN

N∑
i=1

((
Yi − g

(
F−1
W

(
FX(Xi)

)
�Xi

))

·
∫
u
K

(
Wi − F−1

W (FX(Xi))

bN
+ fX(Xi)

fW (F
−1
W (FX(Xi)))

· u�u
)

du

−E

[(
Y − g(F−1

W

(
FX(X)

)
�X
))

·
∫
u
K

(
W − F−1

W (FX(X))

bN
+ fX(X)

fW (F
−1
W (FX(X)))

· u�u
)

du
])

+ op(1)�
Adding and subtracting g(Wi�Xi) in both terms, this is equal to

1√
NbN

N∑
i=1

{(
Yi − g(Wi�Xi)

)

·
∫
u
K

(
Wi − F−1

W (FX(Xi))

bN
+ fX(Xi)

fW (F
−1
W (FX(Xi)))

· u�u
)

du

−E

[(
Y − g(W �X))

·
∫
u
K

(
W − F−1

W (FX(X))

bN
+ fX(X)

fW (F
−1
W (FX(X)))

· u�u
)

du
]}
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+ 1√
NbN

N∑
i=1

{(
g(Wi�Xi)− g(F−1

W

(
FX(Xi)

)
�Xi

))

·
∫
u
K

(
Wi − F−1

W (FX(Xi))

bN
+ fX(Xi)

fW (F
−1
W (FX(Xi)))

· u�u
)

du

−E

[(
g(W �X)− g(F−1

W

(
FX(X)

)
�X
))

·
∫
u
K

(
W − F−1

W (FX(X))

bN
+ fX(X)

fW (F
−1
W (FX(X)))

· u�u
)

du
]}

+ op(1)

= 1√
NbN

N∑
i=1

(
Yi − g(Wi�Xi)

)

·
∫
u2

K

(
Wi − F−1

W (FX(Xi))

bN
+ fX(Xi)

fW (F
−1
W (FX(Xi)))

· u2�u2

)
du2

+ 1√
NbN

N∑
i=1

{(
g(Wi�Xi)− g(F−1

W

(
FX(Xi)

)
�Xi

))

·
∫
u2

K

(
Wi − F−1

W (FX(Xi))

bN
+ fX(Xi)

fW (F
−1
W (FX(Xi)))

· u2�u2

)
du2

−E

[(
g(W �X)− g(F−1

W

(
FX(X)

)
�X
))

·
∫
u2

K

(
Wi − F−1

W (FX(X))

bN
+ fX(X)

fW (F
−1
W (FX(X)))

· u2�u2

)
du2

]}

+ op(1)�

Having checked the conditions for Theorem A.2, the second part of the result in the

lemma follows directly from the second part of the theorem. �

Proof of Lemma A.17. We prove the result in three parts. First, we show

1
N

N∑
i=1

g
(
F̂−1
W

(
FX(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
W

(
FX(Xi)

)
�Xi

)

= 1
N

N∑
i=1

gW
(
F−1
W

(
FX(Xi)

)
�Xi

) · (F̂−1
W

(
FX(Xi)

)− F−1
W

(
FX(Xi)

))
(C.16)

+ op
(
N−1/2)�
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Second, we prove that

1
N

N∑
i=1

gW
(
F−1
W

(
FX(Xi)

)
�Xi

) · (F̂−1
W

(
FX(Xi)

)− F−1
W

(
FX(Xi)

))
(C.17)

= 1
N

N∑
i=1

gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

· (F̂W (F−1
W

(
FX(Xi)

))− FX(Xi))+ op(N−1/2)�
Third, we show that

1
N

N∑
i=1

gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

· (F̂W (F−1
W

(
FX(Xi)

))− FX(Xi))
(C.18)

= 1
N

N∑
i=1

ψ
pam
W (Wi)+ op

(
N−1/2)�

Together these three claims, (C.16)–(C.18), imply the result in the lemma.
First, we prove (C.16):∣∣∣∣∣ 1

N

N∑
i=1

g
(
F̂−1
W

(
FX(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
W

(
FX(Xi)

)
�Xi

)

− 1
N

N∑
i=1

gW
(
F−1
W

(
FX(Xi)

)
�Xi

) · (F̂−1
W

(
FX(Xi)

)− F−1
W

(
FX(Xi)

))∣∣∣∣∣
≤ sup
x∈X

∣∣g(F̂−1
W

(
FX(x)

)
�x
)− g(F−1

W

(
FX(x)

)
�x
)

− gW
(
F−1
W

(
FX(x)

)
�x
) · (F̂−1

W

(
FX(x)

)− F−1
W

(
FX(x)

))∣∣
≤ 1

2
· sup
w∈W�x∈X

∣∣∣∣ ∂2

∂w2 g(w�x)

∣∣∣∣ · sup
q∈[0�1]

∣∣F̂−1
W (q)− F−1

W (q)
∣∣2�

By Lemma A.3, it follows that for all δ < 1/2, supq∈[0�1]Nδ · |F̂−1
W (q)− F−1

W (q)| = op(1). In

combination with the fact that ∂2g

∂w2 (w�x) is bounded, this implies that

sup
w∈W�x∈X

∣∣∣∣ ∂2g

∂w2 (w�x)

∣∣∣∣ · sup
q∈[0�1]

∣∣F̂−1
W (q)− F−1

W (q)
∣∣2 = op

(
N−1/2)�

This finishes the proof of (C.16).
Next, we prove (C.17),∣∣∣∣∣ 1

N

N∑
i=1

gW
(
F−1
W

(
FX(Xi)

)
�Xi

) · (F̂−1
W

(
FX(Xi)

)− F−1
W

(
FX(Xi)

))

+ 1
N

N∑
i=1

gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

· (F̂W (F−1
W

(
FX(Xi)

))− FX(Xi))
∣∣∣∣∣
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≤ sup
w∈W�x∈X�q∈[0�1]

∣∣∣∣gW (w�x) · (F̂−1
W (q)− F−1

W (q)
)

+ gW (w�x)

fW (F
−1
W (q))

· (F̂W (F−1
W (q)

)− q)∣∣∣∣
≤ sup
w∈W�x∈X

∣∣gW (w�x)∣∣
· sup
q∈[0�1]

∣∣∣∣(F̂−1
W (q)− F−1

W (q)
)+ 1

fW (F
−1
W (q))

· (F̂W (F−1
W (q)

)− q)∣∣∣∣�
so that Lemma A.6 implies that (C.17) holds.

Finally, let us prove (C.18):

1
N

N∑
i=1

gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

· (F̂W (F−1
W

(
FX(Xi)

))− FX(Xi))

= 1
N

N∑
i=1

gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

·
(

1
N

N∑
j=1

1
Wj≤F−1

W (FX(Xi))
− FX(Xi)

)

= 1
N2

N∑
i=1

N∑
j=1

gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

· (1FW (Wj)≤FX(Xi) − FX(Xi)
)
�

This is a two-sample V -statistic. The projection is the sample average of the sum of the
expectation over Wj if we fix Xi = x (this expectation is zero) and the expectation over
Xi if we fixWj =w, which gives ψpam

W (w). Thus,

1
N

N∑
i=1

gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

· (F̂W (F−1
W

(
FX(Xi)

))− FX(Xi))

= 1
N

N∑
i=1

ψ
pam
W (Wi)+ op

(
N−1/2)�

which is the claim in (C.18). �

Proof of Lemma A.18. We prove this result in two steps. First we prove

∣∣∣∣∣ 1
N

N∑
i=1

g
(
F−1
w

(
F̂X(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
w

(
FX(Xi)

)
�Xi

)

− gW (F
−1
W (FX(Xi))�Xi)

fw(F
−1
W (FX(Xi)))

· (F̂X(Xi)− FX(Xi)
)∣∣∣∣∣ (C.19)

= op
(
N−1/2)�
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Second, we prove

1
N

N∑
i=1

gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

· (F̂X(Xi)− FX(Xi)
)

(C.20)

= 1
N

N∑
i=1

ψ
pam
X (Xi)+ op

(
N−1/2)�

Together these two results imply the claim in Lemma A.18.
First, we prove (C.19). By a second order Taylor series expansion, using the fact that

g(w�x) is at least twice continuously differentiable,

∣∣∣∣∣ 1
N

N∑
i=1

g
(
F−1
w

(
F̂X(Xi)

)
�Xi

)− 1
N

N∑
i=1

g
(
F−1
w

(
FX(Xi)

)
�Xi

)

− gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

· (F̂X(Xi)− FX(Xi)
)∣∣∣∣∣

≤ sup
x∈X

∣∣∣∣g(F−1
W

(
F̂X(x)

)
�x
)− g(F−1

W

(
FX(x)

)
�x
)

− gW (F
−1
W (FX(x))�x)

fW (F
−1
W (FX(x)))

· (F̂X(x)− FX(x)
)∣∣∣∣

≤ 1
2

sup
w∈W�x∈X

∣∣∣∣∣
∂2g

∂w2 (w�x)

fW (w)
−
gW (w�x) · ∂f

∂w
(w)

(fW (w))2

∣∣∣∣∣ sup
x∈X

∣∣F̂X(x)− FX(x)
∣∣2

= op
(
N−1/2)

by Lemma A.3. This finishes the proof of (C.19).
Second, we prove (C.20):

1
N

N∑
i=1

gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

· (F̂X(Xi)− FX(Xi)
)

= 1
N2

N∑
i=1

N∑
j=1

gW (F
−1
W (FX(Xi))�Xi)

fW (F
−1
W (FX(Xi)))

· (1Xj≤Xi − FX(Xi))�
This is a one-sample V -statistic. To obtain the projection, we first fixXi = x and take the
expectation overXj . This gives 0 for all x. Second, we fixXj = x and take the expectation
over Xi. This gives ψpam

X (x) defined above. This finishes the proof of (C.20), and thus
completes the proof of Lemma A.18. �
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Proof of Lemma A.19. Adding and subtracting terms, we have

β̂lc −βlc

= 1
N

N∑
i=1

∂ĝ

∂w
(Wi�Xi) · d(Wi) · (Xi − m̂(Wi))

(C.21)

− 1
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (Xi − m̂(Wi))

−
(

1
N

N∑
i=1

∂ĝ

∂w
(Wi�Xi) · d(Wi) · (Xi −m(Wi))

(C.22)

− 1
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (Xi −m(Wi))

)

+ 1
N

N∑
i=1

∂ĝ

∂w
(Wi�Xi) · d(Wi) · (Xi −m(Wi))

(C.23)

− 1
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (Xi −m(Wi))

+ 1
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (Xi − m̂(Wi))

(C.24)

− 1
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (Xi −m(Wi))

+ 1
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (Xi −m(Wi))−βlc� (C.25)

Because (C.23) is equal to βlc
g − glc, (C.24) is equal to βlc

m − glc, and (C.25) is equal to

glc −βlc, it follows that it is sufficient for the proof of Lemma A.19 to show that the sum

of (C.21) and (C.22) is op(N−1/2). We can write the sum of (C.21) and (C.22) as

1
N

N∑
i=1

∂ĝ

∂w
(Wi�Xi) · d(Wi) · (Xi − m̂(Wi))

− 1
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (Xi − m̂(Wi))

−
(

1
N

N∑
i=1

∂ĝ

∂w
(Wi�Xi) · d(Wi) · (Xi −m(Wi))
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− 1
N

N∑
i=1

∂g

∂w
(Wi�Xi) · d(Wi) · (Xi −m(Wi))

)

= 1
N

N∑
i=1

d(Wi) ·
(
∂ĝ

∂w
(Wi�Xi)− ∂g

∂w
(Wi�Xi)

)
· (m(Wi)− m̂(Wi)

)

≤ sup
w∈W

∣∣d(w)∣∣ · sup
w∈W�x∈X

∣∣∣∣ ∂ĝ∂w(w�x)− ∂g

∂w
(x�x)

∣∣∣∣ · sup
w∈W

∣∣m̂(w)−m(w)∣∣
= C · op

(
N−η) · op(N−η)

for some η> 1/4, and so this expression is op(N−1/2). �

Proof of Lemma A.20. The proof consists of checking the conditions for Theorem A.1
and specializing the result in Theorem A.1 to the case in the lemma.

We apply Theorem A.1 with z = (z1 z2)
′ = (w x)′, Zi = (Wi Xi)

′, ω(z) = d(z1) · (z2 −
m(z1)) = d(w) · (x−m(w)) (so that ω(z) goes smoothly to zero on the boundary of Z),
L= 2, and λ= ( 1

0

)
. Then {κ :κ≤ λ} = {κ0�κ1} = {( 0

0

)
�
( 1

0

)}
and

h[λ](w�x)=

⎛
⎜⎜⎜⎜⎝
h
(κ0)
1 (w�x)

h
(κ0)
2 (w�x)

h
(κ1)
1 (w�x)

h
(κ1)
2 (w�x)

⎞
⎟⎟⎟⎟⎠ �

with

h
(κ0)
1 (w�x)= fWX(w�x)�
h
(κ0)
2 (w�x)= fWX(w�x) · g(w�x)�

h
(κ1)
1 (w�x)= ∂

∂w
fWX(w�x)�

h
(κ1)
2 (w�x)= g(w�x) · ∂

∂w
fWX(w�x)+ fWX(w� �x) · ∂

∂w
g(w�x)�

The functional of interest is

n
(
h[λ])= ∂

∂w
g(·)= h

(κ1)
2

h
(κ0)
1

− h
(κ0)
2 · h(κ1)

1

(h
(κ0)
1 )2

�

The derivatives of this functional are

∂

∂h
(κ0)
1

n
(
h[λ])= − h

(κ1)
2

(h
(κ0)
1 )2

+ 2
h
(κ0)
2 · h(κ1)

1

(h
(κ0)
1 )3

= −
fW X(w�x) · ∂

∂w
g(w�x)+ g(w�x) · ∂

∂w
fWX(w�x)

(fW X(w�x))2



Supplementary Material Assortative matching 35

+ 2
g(w�x) · fWX(w�x) · ∂

∂w
fWX(w�x)

(fW X(w�x))3

= −
∂

∂w
g(w�x)

fW X(w�x)
+
g(w�x) · ∂

∂w
fWX(w�x)

(fW X(w�x))2
�

∂

∂h
(κ0)
2

n
(
h[λ])= − h

(κ1)
1

(h
(κ0)
1 )2

= −
∂

∂w
fWX(w�x)

(fW X(w�x))2
�

∂

∂h
(κ1)
1

n
(
h[λ])= − h

(κ0)
2

(h
(κ0)
1 )2

= −g(w�x) · fWX(w�x)
(fW X(w�x))2

= − g(w�x)

fW X(w�x)
�

∂

∂h
(κ1)
2

n
(
h[λ])= 1

h
(κ0)
1

= 1
fWX(w�x)

�

ακ0�1(w�x)= d(w) · (x−m(w)) · fW (w�x)
·
(

−
∂

∂w
g(w�x)

fW X(w�x)
+
g(w�x) · ∂

∂w
fWX(w�x)

(fW X(w�x))2

)

= d(w) · (x−m(w)) ·
(

− ∂

∂w
g(w�x)+

g(w�x) · ∂
∂w
fWX(w�x)

fWX(w�x)

)
�

ακ0�2(w�x)= d(w) · (x−m(w)) · fWX(w�x) ·
(

−
∂

∂w
fWX(w�x)

(fW X(w�x))2

)

= −d(w) · (x−m(w)) ·
∂

∂w
fWX(w�x)

fW X(w�x)
�

ακ1�1(w�x)= d(w) · (x−m(w)) · fWX(w�x) ·
(

− g(w�x)

fWX(w�x)

)

= −d(w) · (x−m(w)) · g(w�x)�
ακ1�2(w�x)= d(w) · (x−m(w)) · fWX(w�x) · 1

fW X(w�x)
= d(w) · (x−m(w))�

(−1)|κ0|α(κ0)
κ0�1

(w�x)= ακ0�1(w�x)

= d(w) · (x−m(w))

·
(

− ∂

∂w
g(w�x)+

g(w�x) · ∂
∂w
fWX(w�x)

fWX(w�x)

)
�
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(−1)|κ0|α(κ0)
κ0�2

(w�x)= ακ0�2(w�x)= −d(w) · (x−m(w)) ·
∂

∂w
fWX(w�x)

fWX(w�x)
�

(−1)|κ1|α(κ1)
κ1�1

(w�x)= ∂

∂w

(
d(w) · (x−m(w)) · g(w�x))

= d(w) · (x−m(w)) · ∂
∂w
g(w�x)

+ g(w�x) · (x−m(w)) · ∂
∂w
d(w)

− g(w�x) · d(w) · ∂
∂w
m(w)�

(−1)|κ1|α(κ1)
κ1�2

(w�x)= − ∂

∂w

(
d(w) · (x−m(w)))

= −(x−m(w)) · ∂
∂w
d(w)+ d(w) · ∂

∂w
m(w)�

Then

∑
κ≤λ

(−1)|κ|
2∑

m=1

α(κ)κm(w�x)ỹim

= (−1)|κ0|α(κ0)
κ0�1

(w�x)+Yi · (−1)|κ0|α(κ0)
κ0�2

(w�x)

+ (−1)|κ1|α(κ1)
κ1�1

(w�x)+Yi · (−1)|κ1|α(κ1)
κ1�2

(w�x)

= d(w) · (x−m(w)) ·
(

− ∂

∂w
g(w�x)+

g(w�x) · ∂
∂w
fWX(w�x)

fWX(w�x)

)

−Yi · d(w) · (x−m(w)) ·
∂

∂w
fWX(w�x)

fWX(w�x)

+ d(w) · (x−m(w)) · ∂
∂w
g(w�x)

+ g(w�x) · (x−m(w)) · ∂
∂w
d(w)− g(w�x) · d(w) · ∂

∂w
m(w)

+Yi ·
(

−(x−m(w)) · ∂
∂w
d(w)+ d(w) · ∂

∂w
m(w)

)

= −(Y − g(W �X)) ·
( ∂

∂w
fWX(W �X)

fWX(W �X)
· d(w) · (X −m(W ))

+ (X −m(W )) · ∂
∂w
d(W )− d(W ) · ∂

∂w
m(W )

)
�
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Since

E

[
−(y − g(w�x)) ·

( ∂

∂w
fWX(w�x)

fWX(w�x)
· d(w) · (x−m(w))

+ (x−m(w)) · ∂
∂w
d(w)− d(w) · ∂

∂w
m(w)

)]
= 0�

it follows that

1√
N

N∑
i=1

(∑
κ≤λ

(−1)|κ|
2∑

m=1

E
[
α(κ)κm(Wi�Xi)Ỹim

])= 0

and, therefore,

√
N
(
β̂lc
g − glc) = 1√

N

N∑
i=1

(∑
κ≤λ

(−1)|κ|
2∑

m=1

α(κ)κm(Wi�Xi)Ỹim

)

= 1√
N

N∑
i=1

ψlc
g (Yi�Wi�Xi)�

where

ψlc
g (y�w�x) = −(y − g(w�x)) ·

( ∂

∂w
fWX(w�x)

fW X(w�x)
· d(w) · (x−m(w))

+ (x−m(w)) · ∂
∂w
d(w)− d(w) · ∂

∂w
m(w)

)
� �

Proof of Lemma A.21. We start with the inequality

sup
w∈W

∣∣∣∣ 1

f̂W (w)

(
f̂W (w)− fW (w)

)2∣∣∣∣≤
(

sup
w∈W

|f̂W (w)− fW (w)|
)2

inf
w∈W

|f̂W (w)|
�

Under the stated restriction on δ, the bandwidth sequence satisfies

N1/4
√

ln(N)
b

1/2
N → ∞� N1/4bsN → 0�

which, by Lemma A.11, implies

(
sup
w∈W

∣∣f̂W (w)− fW (w)
∣∣)2 = op

(
N−1/2)�

Now observe that the denominator is bounded away from zero since, by the Triangle In-
equality, we have |f̂W (w)| + |fW (w)| ≥ |f̂W (w)− fW (w)| and, therefore, infw∈W |f̂W (w)| ≥
supw∈W |f̂W (w)− fW (w)| − infw∈W |fW (w)| ≥ infw∈W |fW (w)| − supw∈W |f̂W (w)− fW (w)|.
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By Assumption 4.1, infw∈W |fW (w)| is bounded away from zero, with the result then fol-
lowing. �

Proof of Lemma A.22. We start with the inequality

sup
w∈W

∣∣∣∣ 1

ĥ2(w)

(
ĥ1(w)− h1(w)

)(
ĥ2(w)− h2(w)

)∣∣∣∣

≤
sup
w∈W

|ĥ1(w)− h1(w)| × sup
w∈W

|ĥ2(w)− h2(w)|

inf
w∈W

|ĥ2(Wi)|
�

The remainder of the proof is along the lines of that to Lemma A.21. �

Proof of Lemma A.23. Let h(w)= (h1(w)�h2(w))
′ = (m(w) · fW (w)� fW (w))′. Then

β̂lc
m = 1

N

N∑
i=1

gW (Wi�Xi) · d(Wi) ·
(
Xi − ĥ1�nip(Wi)

ĥ2�nip(Wi)

)

= 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi) · (Xi −m(Wi)) (C.26)

− 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi) ·
(
ĥ1�nip(Wi)

ĥ2�nip(Wi)
− h1(Wi)

h2(Wi)

)
� (C.27)

Expanding the ratio1 in (C.27) yields

1
N

N∑
i=1

gW (Wi�Xi) · d(Wi) ·
(
h1(Wi)

h2(Wi)
− ĥ1�nip(Wi)

ĥ2�nip(Wi)

)

= − 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi) · 1
fW (Wi)

(
ĥ1�nip(Wi)−m(Wi)ĥ2�nip(Wi)

)
(C.28)

− 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi)
(C.29)

· h1(Wi)

h2(Wi)2ĥ2�nip(Wi)

(
ĥ2�nip(Wi)− h2(Wi)

)2

+ 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi)
(C.30)

· h1(Wi)

h2(Wi)ĥ2�nip(Wi)

(
ĥ1�nip(Wi)− h1(Wi)

)(
ĥ2�nip(Wi)− h2(Wi)

)
�

1The ratio expansion is of the form

â

b̂
− a

b
= 1
b

(
â− a

b
b̂

)
+ a

b2b̂
(b̂− b)2 − a

bb̂
(â− a)(b̂− b)�
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First consider (C.29). By Lemma A.21,

∣∣∣∣∣ 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi) · h1(Wi)

h2(Wi)2ĥ2�nip(Wi)

(
ĥ2�nip(Wi)− h2(Wi)

)2∣∣∣∣∣
≤ sup
w∈W�x∈X

∣∣∣∣ 1
fW (w)

gW (w�x) · d(w) ·m(w)
∣∣∣∣ sup
w∈W

∣∣∣∣ 1

f̂W (w)

(
f̂W (w)− fW (w)

)2∣∣∣∣
= op

(
N−1/2)

if the NIP estimator is uniformly op(N−1/4), which holds if 1
4s < δ <

1
8 . An analogous

application of Lemma A.12 can be used to show that (C.30) is op(N−1/2) under the same
condition.

Now consider (C.28). We express it as the sum of a variance and a bias term:

− 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi)

· 1
fW (Wi)

(
ĥ1�nip(Wi)−E

[
ĥ1�nip(Wi)

]−m(Wi)(ĥ2�nip(Wi)−E
[
ĥ2�nip(Wi)

]))

+ 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi)

· 1
fW (Wi)

(
h1(Wi)−E

[
ĥ1�nip(Wi)

]−m(Wi)(h2(Wi)−E
[
ĥ2�nip(Wi)

]))
�

The bias term isOp(N−1/2) if δ > 1
2s . After substitution of the NIP estimator, the variance

term is

− 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi)

· 1
fW (Wi)

s−1∑
j=0

∑
|μ|=j

1
μ!
(
ĥ
(μ)
1�NW −E

[
ĥ
(μ)
1�NW

(
rb(Wi)

)]

−m(Wi)
(
ĥ
(μ)
2�NW

(
rb(Wi)

)−E
[
ĥ
(μ)
2�NW

(
rb(Wi)

)])(
Wi − rb(Wi)

)μ)
�

We consider separately

− 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi)
(C.31)

· 1
fW (Wi)

s−1∑
j=0

∑
|μ|=j

1
μ!
(
ĥ
(μ)
1�NW

(
rb(Wi)

)−E
[
ĥ
(μ)
1�NW

(
rb(Wi)

)])(
Wi − rb(Wi)

)μ
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and

1
N

N∑
i=1

gW (Wi�Xi) · d(Wi)
(C.32)

· m(Wi)
fW (Wi)

s−1∑
j=0

∑
|μ|=j

1
μ!
(
ĥ
(μ)
2�NW

(
rb(Wi)

)−E
[
ĥ
(μ)
2�NW

(
rb(Wi)

)])(
Wi − rb(Wi)

)μ
�

We show that (C.31) is asymptotically equivalent to an average. The same method
shows that (C.32) is also asymptotically equivalent to an average, but we omit the details.
The expression (C.31) is a linear combination of terms,

Dμ = − 1
N

N∑
i=1

gW (Wi�Xi) · d(Wi)

· 1
fW (Wi)

(
ĥ
(μ)
1�NW

(
rb(Wi)

)−E
[
ĥ
(μ)
1�NW

(
rb(Wi)

)])(
Wi − rb(Wi)

)μ

= − 1
N

N∑
i=1

N∑
j=1

aN�μ(Wi�Xi�Xj�Wj)�

with

aN�μ(Wi�Xi�Xj�Wj) = gW (Wi�Xi)d(Wi)

fW (Wi)

(
1

b
1+|μ|
N

XjK
(μ)

(
Wj − rbN (Wi)

bN

)

−E

[
1

b
1+|μ|
N

XjK
(μ)

(
Wj − rbN (Wi)

bN

)])(
Wi − rbN (Wi)

)μ
�

Therefore, Dμ is a V -statistic with a kernel that depends on N so that the usual projec-
tion theorem does not apply directly. Instead, we derive the projection directly. First, we
bound the second moments of aN�μ(Wi�Xi�Xj�Wj). For j �= i, we have

E
[
aN�μ(Wi�Xi�Xj�Wj)

2]
≤ C supw∈W |w− rb(w)|2|μ|

b
2|μ|+2
N

E

[
X2
j K

(μ)

(
Wj − rbN (Wi)

bN

)2]

≤ C

b2
N

E

[
K(μ)

(
Wj − rbN (Wi)

bN

)2]

because the conditional variance ofX givenW is bounded. Because givenWi = w̃,

E

[
K(μ)

(
Wj − rbN (Wi)

bN

)2∣∣∣Wi = w̃
]

=
∫
W

K(μ)
(
w− rbN (w̃)

bN

)2

fW (w)dw�
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we have, by a change of variables to t = (w − rbN (w̃))/bN with Jacobian bN and the
boundedness of K(μ)(t) and fW (w), that this integral is bounded by CbN and we con-
clude that

E
[
aN�μ(Wi�Xi�Xj�Wj)

2]=O(b−1
N

)
�

For j = i, we have

E
[
aN�μ(Wi�Xi�Xi�Wi)

2]
= 1

b
2+2|μ|
N

E

[
gW (Wi�Xi)

2d(Wi)
2

fW (Wi)2
X2
i K

(μ)

(
Wi − rbN (Wi)

bN

)2(
Wi − rbN (Wi)

)2μ]

+ 1

b
2+2|μ|
N

E

[
gW (Wi�Xi)

2d(Wi)
2

fW (Wi)2

×E

[
XK(μ)

(
W − rbN (Wi)

bN

)]2(
Wi − rbN (Wi)

)2μ]

− 2

b
2+2|μ|
N

E

[
gW (Wi�Xi)

2d(Wi)
2

fW (Wi)2
XiK

(μ)

(
Wi − rbN (Wi)

bN

)

×E

[
XK(μ)

(
W − rbN (Wi)

bN

)](
Wi − rbN (Wi)

)2μ]
�

The first term on the right-hand side is bounded by

C

b2
N

E

[
K(μ)

(
Wi − rbN (Wi)

bN

)2]
= C

b2
N

∫
W
I
bN

K(μ)
(
w− rbN (w)

bN

)2

fW (w)dw

+ C

b2
N

∫
W\WI

bN

K(μ)
(
w− rbN (w)

bN

)2

fW (w)dw�

where W
I
bN

is the internal set of the support. Because the argument of K(μ) is 0 on the

interior set, the first integral is obviously O(b−2
N ). The second integral is

C

b2
N

∫ wl+bN

wl

K(μ)
(
w−wl
bN

− 1
)2

fW (w)dw

+ C

b2
N

∫ wu

wu−bN
K(μ)

(
w−wu
bN

+ 1
)2

fW (w)dw�

Because the kernel has support [−1�1] and its derivatives up to order μ are bounded so
that

K(μ)
(
w−wl
bN

− 1
)2

≤ C1wl≤w≤wl+2bN �

K(μ)
(
w−wu
bN

+ 1
)2

≤ C1wu−2bN≤w≤wu�



42 Graham, Imbens, and Ridder Supplementary Material

the second integral by the boundedness of fW is O(b−1
N ).

The second term on the right-hand side is bounded by

C

b2
N

∫
W

(∫
W

K(μ)
(
w− rbN (w̃)

bN

)
fW (w)dw

)2

fW (w̃)dw̃

≤ C

b2
N

∫
W

∫
W

K(μ)
(
w− rbN (w̃)

bN

)2

fW (w)fW (w̃)dwdw̃�

This integral is O(b−1
N ) by a change of variables with Jacobian bN in the inner integral.

The third term on the right-hand side is bounded by

C

b2
N

∣∣∣∣
∫
W

K(μ)
(
w̃− rbN (w̃)

bN

)∫
W

K(μ)
(
w− rbN (w̃)

bN

)
fW (w)dwfW (w̃)dw̃

∣∣∣∣=O(b−1
N

)

by a change of variables in the inner integral. We conclude that

E
[
aN�μ(Wi�Xi�Xi�Wi)

2]=O(b−2
N

)
�

The next step is to expressDμ as an average. Define

cN�μ(Xj�Wj) = 1

b
1+|μ|
N

·
∫
X

∫
W

gW (w�x)d(x)

fW (w)

(
XjK

(μ)

(
Wj − rbN (w)

bN

)

−E

[
XK(μ)

(
W − rbN (w)

bN

)])
(w− rbNw)μfWX(w�x)dwdx

and

Eμ = − 1
N

N∑
j=1

cN�μ(Xj�Wj)�

Then

Dμ −Eμ = N(N − 1)
N2 (Dμ�1 −Eμ)+

(
N(N − 1)

N2 − 1
)
Eμ +Dμ�2�

with

Dμ�1 = − 1
N(N − 1)

N∑
i �=j=1

aN�μ(Wi�Xi�Xj�Wj)�

Dμ�2 = − 1
N2

N∑
i=1

aN�μ(Wi�Xi�Xi�Wi)�

Now

Dμ�1 −Eμ = − 1
N(N − 1)

N∑
i �=j=1

(
aN�μ(Wi�Xi�Xj�Wj)− cN�μ(Xj�Wj)

)
�
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with

E
[(
aN�μ(Wi�Xi�Xj�Wj)− cN�μ(Xj�Wj)

)
× (aN�μ(Wi′�Xi′�Xj′�Wj′)− cN�μ(Xj′�Wj′)

)]= 0

if (i) i �= i′, j �= j′, (ii) i= i′, j �= j′, and (iii) i �= i′, j = j′, because

E
[
aN�μ(Wi�Xi�Xj�Wj)|Wi�Xi

]= 0�

E
[
aN�μ(Wi�Xi�Xj�Wj)

]= 0�

E
[
aN�μ(Wi�Xi�Xj�Wj)|Xj�Wj

]= cN�μ(Wj�Xj)�
E
[
cN�μ(Wj�Xj)

]= 0�

Therefore,

E
[
(Dμ�1 −Eμ)2

]
= 1
N2(N − 1)2

∑
i �=j

∑
i′ �=j′

E
[(
aN�μ(Wi�Xi�Xj�Wj)− cN�μ(Xj�Wj)

)

× (aN�μ(Wi′�Xi′�Xj′�Wj′)− cN�μ(Xj′�Wj′)
)]

= 1
N2(N − 1)2

∑
i �=j

E
[(
aN�μ(Wi�Xi�Xj�Wj)− cN�μ(Xj�Wj)

)2]
�

Because

E
[(
aN�μ(Wi�Xi�Xj�Wj)− cN�μ(Xj�Wj)

)2]
= E

[(
aN�μ(Wi�Xi�Xj�Wj)

)2]−E
[(
cN�μ(Xj�Wj)

)2]
≤ E

[(
aN�μ(Wi�Xi�Xj�Wj)

)2]=O(b−1
N

)
�

we have

E
[
(Dμ�1 −Eμ)2

]=O(N−2b−1
N

)
so that

N(N − 1)
N2 (Dμ�1 −Eμ)=Op

(
N−1b

−1/2
N

)
�

Also

E
[
cN�μ(Xj�Wj)

2]
≤ 1

b
2+2|μ|
N

E

[(∫
X

∫
W

gW (w�x)d(x)

fW (w)

×XjK(μ)
(
Wj − rbN (w)

bN

)
(w− rbNw)μfWX(w�x)dwdx

)2]
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≤ 1

b
2+2|μ|
N

E

[∫
X

∫
W

gW (w�x)
2d(x)2

fW (w)2

×X2
j K

(μ)

(
Wj − rbN (w)

bN

)2

(w− rbNw)2μfWX(w�x)dwdx
]

≤ C

b2
N

∫
W

∫
X

∫
W

K(μ)
(
w̃− rbN (w)

bN

)2

fW X(w�x)dwdxfW (w̃)dw̃

=O(b−1
N

)
by a change of variables in the outer integral, so that(

N(N − 1)
N2 − 1

)
Eμ =Op

(
N−1b

−1/2
N

)
�

Finally,

E
[|Dμ�2|] ≤ 1

N
E
[∣∣aN�μ(Wi�Xi�Xi�Wi)∣∣]≤ 1

N

√
E
[
aN�μ(Wi�Xi�Xi�Wi)2

]
= O

(
N−1b−1

N

)
so that

Dμ�2 =Op
(
N−1b−1

N

)
�

Therefore, if δ < 1/2, then

Dμ =Eμ + op
(
N−1/2)�

Under the same condition, (C.32) is a linear combination of terms

Fμ = 1
N

N∑
i=1

gW (Wi�Xi)d(Wi)m(Wi)

fW (Wi)

(
ĥ
(μ)
2�NW

(
rb(Wi)

)−E
[
ĥ
(μ)
2�NW

(
rb(Wi)

)])

× (Wi − rb(Wi))μ
= 1
N

N∑
i=1

N∑
j=1

eN�μ(Wi�Xi�Wj)�

with

eN�μ(Wi�Xi�Wj) = gW (Wi�Xi)d(Wi)m(Wi)

fW (Wi)

(
1

b
1+|μ|
N

K(μ)
(
Wj − rbN (Wi)

bN

)

−E

[
1

b
1+|μ|
N

K(μ)
(
W − rbN (Wi)

bN

)])(
Wi − rbN (Wi)

)μ
such that

Fμ =Gμ + op
(
N−1/2)
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with

Gμ = 1
N

N∑
i=1

fN�μ(Wj)

and

fN�μ(Wj) = 1

b
1+|μ|
N

·
∫
X

∫
W

gW (w�x)d(x)m(w)

fW (w)

(
K(μ)

(
Wj − rbN (w)

bN

)

−E

[
K(μ)

(
W − rbN (w)

bN

)])
(w− rbNw)μfWX(w�x)dwdx�

The final step is to show that

E0 = − 1
N

N∑
j=1

cN�μ(Xj�Wj)= − 1
N

N∑
j=1

(
ζj −E[ζj]

)+ op(N−1/2)

with

ζj =XjE
[
gW (Wj�X)d(X)|Wj

]
�

where the expectation is over the conditional distribution ofX givenW , and

G0 = 1
N

N∑
j=1

cN�μ(Xj�Wj)= 1
N

N∑
j=1

(
ξj −E[ξj]

)+ op(N−1/2)

with

ξj =m(Wj)E
[
gW (Wj�X)d(X)|Wj

]
and

Eμ = op
(
N−1/2)� Gμ = op

(
N−1/2)

for |μ| ≥ 1. We only consider E0 and Eμ. The proof forG0 andGμ is analogous. Define

ψN�μ�j = 1

b
1+|μ|
N

∫
X

∫
W

gW (w�x)d(x)

fW (w)

×XjK(μ)
(
Wj − rbN (w)

bN

)
(w− rbNw)μfWX(w�x)dwdx

so that cN�μ(Xj�Wj)=ψN�μ�j −E[ψN�μ�j]. Now

ψN�0�j =ψN�0�j�0 +ψN�0�j�1
with

ψN�0�i�0 = 1
bN

∫
X

∫ wu−bN

wl+bN
gW (w�x)d(x)

fW (w)
XjK

(
Wj −w
bN

)
fWX(w�x)dwdx
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and

ψN�0�j�1 = 1
bN

∫
X

∫ wl+bN

wl

gW (w�x)d(x)

fW (w)
XjK

(
Wj −wl
bN

)
fWX(w�x)dwdx

+ 1
bN

∫
X

∫ wu

wu−bn
gW (w�x)d(x)

fW (w)
XjK

(μ)

(
Wj −wu
bN

)
fWX(w�x)dwdx

so that

E0 = − 1
N

N∑
j=1

(
ψN�0�j�0 −E[ψN�0�j�0]

)− 1
N

N∑
j=1

(
ψN�0�j�1 −E[ψN�0�j�1]

)
�

Obviously

E

[(
− 1
N

N∑
i=1

(
ψN�0�j�0 −E[ψN�0�j�0]

)+ 1
N

N∑
j=1

(
ζj −E[ζj]

))2]

≤ 1
N

E
[
(ψN�0�j�0 − ζj)2

]
�

By a change of variables to t = (Wj −w)/bN with Jacobian bN ,

ψN�0�j�0 =
∫
X

∫ 1

−1
11+(Wj−wu)/bN≤t≤−1+(Wj−wl)/bN

gW (Wj − bNt�x)d(x)
fW (Wj − bNt)

×XjK(t)fW X(Wj − bNt�x)dt dx

so that

|ψN�0�j�0 − ζi|

≤
∫
X

∫ 1

−1
11+(Wj−wu)/bN≤t≤−1+(Wj−wl)/bN

×
∣∣∣∣gW (Wj − bNt�x)d(x)

fW (Wj − bNt) fW X(Wj − bNt�x)− gW (Wj�x)d(x)

fW (Wj)
fW X(Wj�x)

∣∣∣∣
× |Xj|

∣∣K(t)∣∣dt dx

+
∫
X

∣∣∣∣gW (Wj�x)d(x)fW (Wj)
fW X(Wj�x)

∣∣∣∣dx
× |Xj|

∫ 1

−1
|11+(Wj−wu)/bN≤t≤−1+(Wj−wl)/bN − 1|∣∣K(t)∣∣dt�

By the mean value theorem, the first term on the right-hand side is bN |Xj|p(Wj) with
p(Wj) a (generic) bounded function of Wj . The second term on the right-hand side is
|Xj|p(Wj)(1 − Pr(wl + 2bN ≤Wj ≤wu − 2bN)). Therefore,

|ψN�0�j�0 − ζi| ≤ |Xj|p(Wj)
(
bN + (1 − Pr(wl + 2bN ≤Wj ≤wu − 2bN)

))
so that

E
[
(ψN�0�j�0 − ζj)2

]=O(bN)
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and ∣∣∣∣∣− 1
N

N∑
i=1

(
ψN�0�j�0 −E[ψN�0�j�0]

)+ 1
N

N∑
j=1

(
ζj −E[ζj]

)∣∣∣∣∣= op(N−1/2)

if δ < 1
2 . For ψN�0�j�1, we consider the first term on the right-hand side:

∣∣∣∣K
(
Wj −wl
bN

)
Xj

1
bN

∫ wl+bN

wl

∫
X

gW (w�x)d(x)

fW (w)
fWX(w�x)dxdw

∣∣∣∣
≤C|Xj|1wl≤Wj≤wl+bN �

For the other term on the right-hand side, we get a similar bound and we conclude that

E
[
ψ2
N�0�j�1

]=O(bN)
so that if δ < 1

2 , then

∣∣∣∣∣ 1
N

N∑
j=1

(
ψN�0�j�1 −E[ψN�0�j�1]

)∣∣∣∣∣= op(N−1/2)�
Finally, if μ≥ 1, then

ψN�μ�j = 1

b
1+|μ|
N

∫
X

∫ wl+bN

wl

gW (w�x)d(x)

fW (w)

×XjK(μ)
(
Wj −wl
bN

)
(w−wl)μfWX(w�x)dwdx

+ 1

b
1+|μ|
N

∫
X

∫ wu

wu−bN
gW (w�x)d(x)

fW (w)

×XjK(μ)
(
Wj −wu
bN

)
(w−wu)μfWX(w�x)dwdx�

The first term on the right-hand side is bounded by∣∣∣∣K(μ)
(
Wj −wl
bN

)∣∣∣∣|Xj| 1
bN

∫
X

∫ wl+bN

wl

∣∣∣∣gW (w�x)d(x)fW (w)
fWX(w�x)

∣∣∣∣dwdx

≤C|Xj|1wl≤Wj≤wl+bN
so that

E
[
ψ2
N�μ�j

]=O(bN)
and, therefore,

Eμ = −
N∑
j=1

(
ψN�μ�j −E[ψN�μ�j]

)= op(N−1/2)
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if δ < 1
2 . �

Proof of Theorem A.3. Because the class of doubly averaged estimators has not been
considered previously, we provide a somewhat detailed proof. The proof consists of four
steps. In the first, we approximate the estimator by a linear function of the kernel esti-
mator ĥnip�s (linearization). Formally, we show that

V = 1

N
√
N

N∑
j=1

N∑
k=1

∂n

∂h′
(
h(Z1j�Z2k)

)(
ĥnip�s(Z1j�Z2k)− h(Z1j�Z2k)

)
(C.33)

+Op
(√
N|ĥnip�s − h|2)�

By the assumptions and Lemma A.11, the remainder term is op(1).
In the second step, we express the difference between the linearized estimator and

the estimand as the sum of a bias term (that is asymptotically negligible) and a variance
term (bias–variance decomposition). The bias term will be shown to satisfy∣∣∣∣∣ 1

N
√
N

N∑
j=1

N∑
k=1

∂n

∂h′
(
h(Z1j�Z2k)

)(
E
[
ĥnip�s(Z1j�Z2k)

]− h(Z1j�Z2k)
)∣∣∣∣∣

(C.34)
=O(√NbpN)�

By the assumption on the bandwidth rate, the remainder term is o(1). Note that by
E[ĥ(Zi1�Zi2)], we mean the expectation of ĥ(z1� z2), evaluated at z1 = Z1i and z2 = Z2j :
the expectation is taken over the estimator of the function h(·).

The second step leaves us with

V =W +Op
(√
N|ĥnip�s − h|2)+O(√NbpN)�

where

W = 1

N
√
N

N∑
j=1

N∑
k=1

∂n

∂h′
(
h(Z1j�Z2k)

)(
ĥ(Z1j�Z2k)−E

[
ĥnip�s(Z1j�Z2k)

])
� (C.35)

Define

ν(z1� z2)= ∂n

∂h′
(
h(z1� z2)

)
and

aN�μ(Ỹi�Zi�Z1j�Z2k)

= ν(Z1j�Z2k)
′ ·
(

1

b
L+|μ|
N

ỸiK
(μ)

(
Zi − rbN (Z1j�Z2k)

bN

)

−EỸZ

[
1

b
L+|μ|
N

ỸK(μ)
(
Z − rbN (Z1j�Z2k)

bN

)])
·
((

Z1j

Z2k

)
− rbN (Z1j�Z2k)

)μ
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so that

W =
∑

μ:|μ|≤s−1

1
μ!Wμ� (C.36)

where

Wμ = 1

N2
√
N

N∑
i=1

N∑
j=1

N∑
k=1

aN�μ(Ỹi�Zi�Z1j�Z2k)�

Define

cN�μ(Ỹi�Zi) = 1

b
L+|μ|
N

∫
Z2

∫
Z1

ν(z1� z2)
′
(
ỸiK

(μ)

(
Zi − rbN (z1� z2)

bN

)

−EỸZ

[
ỸK(μ)

(
Z − rbN (z1� z2)

bN

)])

× ((z′
1 z

′
2
)′ − rbN (z1� z2)

)μ
fZ1(z1)fZ2(z2)dz1 dz2

and

Uμ = 1√
N

N∑
i=1

cN�μ(Ỹi�Zi)�

or, equivalently,

Uμ = √
N

∫
Z2

∫
Z1

ν(z1� z2)
′(ĥ(μ)NW (rbN (z1� z2)

)−E
[
ĥ
(μ)
NW

(
rbN (z1� z2)

)])
× ((z′

1 z
′
2
)′ − rbN (z1� z2)

)μ
fZ1(z1)fZ2(z2)dz1 dz2�

In the third step, we show that

Wμ =Uμ +Op
(
N−1/2b−L

N

)
� (C.37)

In the fourth step, we show that

U0 = 1√
N

N∑
i=1

{
∂n

∂h

(
h(Zi)

)′
ỸifZ1(Z1i)fZ2(Z2i)

(C.38)

−EZ

[
∂n

∂h

(
h(Z)

)′
Ỹ fZ1(Z1i)fZ2(Z2i)

]}
+ op(1)�

which gives us the representation in the theorem.
In the fifth and final step, we show that we can ignore Uμ for μ such that |μ| ≥ 1,

because for such μ,

Uμ =Op(bN)� (C.39)
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Proving these statements implies the result in the theorem.
Now we turn to proving each of the statements (C.33), (C.34), (C.37), (C.38), and

(C.39).

Step 1 (Linearization).
In the first step of the proof, we prove equality (C.33). First define

d(z1� z2) ≡ n
(
ĥnip�s(z1� z2)

)− n(h(z1� z2)
)

− ∂n

∂h′
(
h(z1� z2)

)(
ĥnip�s(z1� z2)− h(z1� z2)

)
�

By a second order Taylor series expansion of n(ĥnip�s(Z1i�Z2j)) around h(Z1i�Z2j), we
have

∣∣d(z1� z2)
∣∣ = 1

2

∣∣∣∣(ĥnip�s(z1� z2)− h(z1� z2)
)′

× ∂2n

∂h∂h′
(
h(z1� z2)

)(
ĥnip�s(z1� z2)− h(z1� z2)

)∣∣∣∣
≤ sup

z

∣∣∣∣ ∂2n

∂h∂h′
(
h(z)

)∣∣∣∣ · ∣∣ĥnip�s(z1� z2)− h(z1� z2)
∣∣2

≤ C · |ĥnip�s − h|2�

with h(z1� z2) intermediate between ĥnip�s(z1� z2) and h(z1� z2) so that

∣∣∣∣∣ 1
N2

N∑
j=1

N∑
k=1

d(Z1j�Z2k)

∣∣∣∣∣≤ C|ĥnip�s − h|2 =Op
(|ĥnip�s − h|2)�

Hence,

1

N
√
N

N∑
j=1

N∑
k=1

[
n
(
ĥnip�s(Z1j�Z2k)

)− n(h(Z1j�Z2k)
)]

= 1

N
√
N

N∑
j=1

N∑
k=1

∂n

∂h′
(
h(Z1j�Z2k)

)(
ĥnip�s(Z1j�Z2k)− h(Z1j�Z2k)

)

+ 1

N
√
N

N∑
j=1

N∑
k=1

d(Z1j�Z2k)

= 1

N
√
N

N∑
j=1

N∑
k=1

∂n

∂h′
(
h(Z1j�Z2k)

)(
ĥnip�s(Z1j�Z2k)− h(Z1j�Z2k)

)

+Op
(√
N|ĥnip�s − h|2)

so that the linearization remainder has the same stochastic order as
√
N|ĥnip�s − h0|2.
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Step 2 (Bias–variance decomposition).
In the second step of the proof, we verify equation (C.34). Define

E = 1

N
√
N

N∑
j=1

N∑
k=1

∂n

∂h′
(
h(Z1j�Z2k)

)(
ĥnip�s(Z1j�Z2k)− h(Z1j�Z2k)

)

so that

V =E +Op
(√
N|ĥnip�s − h|2)�

We decompose E into a bias and variance part, E =Ebias +W , where

Ebias = 1

N
√
N

N∑
j=1

N∑
k=1

∂n

∂h′
(
h(Z1j�Z2k)

)(
E
[
ĥnip�s(Z1j�Z2k)

]− h(Z1j�Z2k)
)

andW is defined in (C.35). The bias part is bounded by∣∣∣∣∣ 1

N
√
N

N∑
j=1

N∑
k=1

∂n

∂h′
(
h(Z1j�Z2k)

)(
E
[
ĥnip�s(Z1j�Z2k)

]− h(Z1j�Z2k)
)∣∣∣∣∣

≤ sup
z∈Z

∣∣∣∣∂n∂h
(
h(z)

)∣∣∣∣√N∣∣E[ĥnip�s] − h∣∣=O(√NbpN)
due to smoothness of the function and Lemma A.9.

Step 3 (Projection).
In the third step of the proof, we prove equation (C.37), Wμ = Uμ + Op(N

−1/2b−L
N ).

This is the most complicated step. First, note that

Wμ = 1

N2
√
N

N∑
i=1

N∑
j=1

N∑
k=1

aN�μ(Ỹi�Zi�Z1j�Z2k)

is a third order V -statistic with kernel (that depends on N) aN�μ. We show that this V -
statistic is asymptotically equivalent to a projection that is a single sum. Because the
kernel depends onN , we cannot use a standard result.

The projection ofWμ is

Uμ = 1√
N

N∑
i=1

cN�μ(Ỹi�Zi)�

with

cN�μ(Ỹi�Zi)

= 1

b
L+|μ|
N

∫
Z2

∫
Z1

ν(z1� z2)
′
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×
(
ỸiK

(μ)

(
Zi − rbN (z1� z2)

bN

)
−EỸZ

[
ỸK(μ)

(
Z − rbN (z1� z2)

bN

)])

× ((z′
1 z

′
2
)′ − rbN (z1� z2)

)μ
fZ1(z1)fZ2(z2)dz1 dz2�

The projection remainder is

Wμ −Uμ = N(N − 1)(N − 2)
N3 (Wμ�1 −Uμ)+

(
N(N − 1)(N − 2)

N3 − 1
)
Uμ

(C.40)
+Wμ�2 +Wμ�3 +Wμ�4 +Wμ�5

with

Wμ�1 ≡
√
N

N(N − 1)(N − 2)

∑
i �=j �=k

aN�μ(Ỹi�Zi�Z1j�Z2k)�

Wμ�2 ≡
√
N

N3

∑
i=j �=k

aN�μ(Ỹi�Zi�Z1i�Z2k)�

Wμ�3 ≡
√
N

N3

∑
i=k�=j

aN�μ(Ỹi�Zi�Z1j�Z2i)�

Wμ�4 ≡
√
N

N3

∑
i �=j=k

aN�μ(Ỹi�Zi�Z1j�Z2j)�

Wμ�5 ≡
√
N

N3

∑
i=j=k

aN�μ(Ỹi�Zi�Z1i�Z2k)�

We prove that the projection remainderWμ−Uμ =Op(N−1/2b−L
N ) by proving the follow-

ing six equalities:

Wμ�1 −Uμ =Op
(
N−1b

−L/2
N

)
� (C.41)(

N(N − 1)(N − 2)
N3 − 1

)
Uμ =Op

(
N−1b

−L/2
N

)
� (C.42)

Wμ�2 =Op
(
N−1/2b

−L+L2/2
N

)
� (C.43)

Wμ�3 =Op
(
N−1/2b

−L+L1/2
N

)
� (C.44)

Wμ�4 =Op
(
N−3b

−L/2
N

)
� (C.45)

Wμ�5 =Op
(
N−1/2b−L

N

)
� (C.46)

To prove these results, we establish bounds on the second moment of aN�μ(Ỹi�Zi�Z1j�

Z2k). This will be relatively straightforward if i �= j and i �= k. The derivation of the bound
is more involved if i= j and/or i= k. We could simplify the proof by omitting these ob-
servations and redefining the estimator by restricting the averaging to observations with
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i �= j and i �= k. This would amount to redefining the kernel estimator in (A.7) by omitting
observations i= j and i= k in ĥnip�s. We will keep these observations and derive bounds
on all second moments. We derive the following bounds, considering four separate cases
(note that the bounds do not depend on μ):

E
[
aN�μ(Ỹi�Zi�Z1j�Z2k)

2]=O(b−L
N

)
� j �= i� and k �= i� (C.47)

E
[
aN�μ(Ỹi�Zi�Z1i�Z2i)

2]=O(b−2L
N

)
� i= j = k� (C.48)

E
[
aN�μ(Ỹi�Zi�Z1i�Z2k)

2]=O(b−2L+L2
N

)
� k �= i= j� (C.49)

E
[
aN�μ(Ỹi�Zi�Z1j�Z2k)

2]=O(b−2L+L1
N

)
� j �= i= k� (C.50)

Step 3A (Equation (C.47)).
First, if j �= i and k �= i, then

E
[
aN�μ(Ỹi�Zi�Z1j�Z2k)

2]
≤ 1

b
2L+2|μ|
N

E

[
K(μ)

(
Zi − rbN (Z1j�Z2k)

bN

)2

× ν(Z1j�Z2k)
′ỸiỸ ′

i ν(Z1j�Z2k)
((
Z′

1j Z
′
2k
)′ − rbN (Z1j�Z2k)

)2μ]

≤
sup
z∈Z

|z− rbN (z)|2μ

b
2L+2|μ|
N

E

[
K(μ)

(
Zi − rbN (Z1j�Z2k)

bN

)2

× ν(Z1j�Z2k)
′ỸiỸ ′

i ν(Z1j�Z2k)

]

≤ 1
b2L
N

E

[
K(μ)

(
Zi − rbN (Z1j�Z2k)

bN

)2

× ν(Z1j�Z2k)
′ỸiỸ ′

i ν(Z1j�Z2k)

]
�

Now by the Cauchy–Schwarz inequality,

E

[
K(μ)

(
Zi − rbN (Z1j�Z2k)

bN

)2

ν(Z1j�Z2k)
′ỸiỸ ′

i ν(Z1j�Z2k)

]

= E

[
K(μ)

(
Zi − rbN (Z1j�Z2k)

bN

)2(
ν(Z1j�Z2k)

′Ỹi
)2]

≤ E

[
K(μ)

(
Zi − rbN (Z1j�Z2k)

bN

)2∣∣ν(Z1j�Z2k)
∣∣2|Ỹi|2

]

= E

[
K(μ)

(
Zi − rbN (Z1j�Z2k)

bN

)2∣∣ν(Z1j�Z2k)
∣∣2E[|Ỹi|2∣∣Zi]

]
�
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By Assumption 4.1, E[|Ỹ |2|Z = z] and ν are bounded on Z so that it is bounded by (con-
dition on Z1j and Z2k)

CE

[
K(μ)

(
Zi − rbN (Z1�Z2)

bN

)2]
= C

∫
Z

K(μ)
(
z− rbN (Z1�Z2)

bN

)2

fZ(z)dz

and by a change of variables to t = (z − rbN (Z1�Z2))/bN with Jacobian bLN ; thus, we ob-
tain

CbLN

∫
{t|t=(z−rbN (Z1�Z2))/bN�z∈Z}

K(μ)(t)2fZ
(
bNt + rbN (Z1�Z2)

)
dt

≤ C1b
L
N

∫
U
K(μ)(t)2 dt ≤ C2b

L
N

by Assumptions 4.1 and 5.1. We conclude that

E
[
aN�μ(Ỹi�Zi�Z1j�Z2k)

2]=O(b−L
N

)
� (C.51)

The same proof and the same bound holds if j �= k �= i or j = k �= i.

Step 3B (Equation (C.48)).
Next, we consider E[aN�μ(Ỹi�Zi�Z1i�Z2i)

2], where we note that E[aN�μ(Ỹi�Zi�Z1i�

Z2i)] �= 0. Because

aN�μ(Ỹi�Zi�Z1i�Z2i)

= 1

b
L+|μ|
N

[
ν(Zi)

′ỸiK(μ)
(
Zi − rbN (Zi)

bN

)(
Zi − rbN (Zi)

)μ

−EZ

(
ν(Zi)

′(μ)
(
Z − rbN (Zi)

bN

)(
Zi − rbN (Zi)

)μ)]
�

we have

E
[
aN�μ(Ỹi�Zi�Z1i�Z2i)

2] (C.52)

= 1

b
2L+2|μ|
N

E

[
K(μ)

(
Zi − rbN (Zi)

bN

)2(
ν(Zi)

′Ỹi
)2(
Zi − rbN (Zi)

)2μ]
(C.53)

− 2

b
2L+2|μ|
N

EZi

[{
ν(Zi)

′g(Zi)K(μ)
(
Zi − rbN (Zi)

bN

)
(C.54)

−EZ

[
ν(Z)g(Z)K(μ)

(
Z − rbN (Zi)

bN

)](
Zi − rbN (Zi)

)2μ}]

+ 1

b
2L+2|μ|
N

EZi

[(
ν(Zi)

′
EZ

(
g(Z)K(μ)

(
Z − rbN (Zi)

bN

)))2

(C.55)

× (Zi − rbN (Zi))2μ
]
�
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By Assumption 4.1 and smoothness, (C.53) is bounded by

C

b2L
N

∫
Z

K(μ)
(
z− rbN (z)

bN

)2

fZ(z)dz = C

b2L
N

∫
Z
I
bN

K(μ)
(
z− rbN (z)

bN

)2

fZ(z)dz

+ C

b2L
N

∫
Z\ZIbN

K(μ)
(
z− rbN (z)

bN

)2

fZ(z)dz�

If rb(z) is the projection on the internal set, then z − rb(z) = 0 if z is in the internal set.

Therefore,

C

b2L
N

∫
Z
I
bN

K(μ)
(
z− rbN (z)

bN

)2

fZ(z)dz ≤ CK(μ)(0)2

b2L
N

�

Next we consider the second integral. If s ∈ Z
B
bN

≡ Z \ Z
I
bN

, then at least one compo-

nent of z is in the boundary region. We can subdivide Z
B
bN

into disjoint subsets Z
B
bN�p

,

p= 1� � � � �2L − 1, and in each such subset, Lp ≥ 1 components of z are within bN from

the boundary. We further partition Z
B
bN�p

into disjoint sets Z
B
bN�p�r

, r = 1� � � � �2Lp , with

0 ≤ Kr ≤ Lp components with zll ≤ Zl ≤ zll + bN and the remaining Lp − Kr compo-

nents with zul − bN ≤ Zl ≤ zul. Without loss of generality, we assume that the first Kr
components of z are near the lower bound, the next Lp −Kr are near the upper bound,

and the rest are in the internal region, so that

C

b2L
N

∫
Z
B
bN �p�r

K(μ)
(
z− rbN (z)

bN

)2

fZ(z)dz

=
∫ zl1+bN

zl1

· · ·
∫ zl�Kr+bN

zl�Kr

∫ zu�Kr+1

zu�Kr+1−bN
· · ·

∫ zu�Lp

zu�Lp−bN

∫ zu�Lp+1−bN

zl�Lp+1+bN
· · ·
∫ zuL−bN

zlL+bN

Kr∏
l=1

K(μl)l

(
Zl − zll
bN

− 1
)2

×
Lp∏

l=Kr+1

K(μl)l

(
Zl − zul
bN

+ 1
)2 L∏

l=Lp+1

K(μl)l (0)2fZ(z)dz�

Because the support of the kernel is [−1�1] and by Assumption 5.1, K(μl)l is bounded on

this support, we have

K(μl)l

(
Zl − zll
bN

− 1
)

≤ C · 1(zll ≤ zl ≤ zll + 2bN)�

K(μl)l

(
zl − zul
bN

+ 1
)

≤ C · 1(zul − 2bN ≤ zl ≤ zul)
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and substitution gives the upper bound

C1

b2L
N

∫ zl1+bN

zl1

· · ·
∫ zlKr+bN

zlKr

∫ zu�Kr+1

zu�Kr+1−bN
· · ·
∫ zu�Lp

zu�Lp−bN

Kr∏
l=1

1(zll ≤ zl ≤ zll + 2bN)

×
Lp∏

l=Kr+1

1(zul − 2bN ≤ zl ≤ zul)fZ(z1� � � � zLp)dz1 · · · dzLp ≤ C2

b
2L−Lp
N

�

Because Lp ≥ 1, the integral over the boundary region is O(b−2L+1
N ). Combining the re-

sults, we have that

E
[
aN�μ(Ỹi�Zi�Z1i�Z2i)

2]=O(b−2L
N

)
� (C.56)

which is larger than the bound in (C.51) and could be a reason to omit the terms i= j = k
(and redefine the kernel estimator).

Step 3C (Equation (C.49)).
Third, we consider E[aN�μ(Ỹi�Zi�Z1i�Z2k)

2]. Again we have E[aN�μ(Ỹi�Zi�Z1i�

Z2k)] �= 0. We have

E
[
aN�μ(Ỹi�Zi�Z1i�Z2k)

2]
= 1

b
2L+2|μ|
N

E

[
K(μ)

(
Zi − rbN (Z1i�Z2k)

bN

)2

(C.57)

× ν(Z1i�Z2k)
′ỸiỸ ′

i ν(Z1i�Z2k)
((
Z′

1i Z
′
2k
)′ − rbN (Z1i�Z2k)

)2μ]

− 2

b
2L+2|μ|
N

EZiZ2k

[
ν(Z1i�Z2k)

′g(Z1i�Z2k)K
(μ)

(
Zi − rbN (Z1i�Z2k)

bN

)
(C.58)

×EZ

(
g(Z)′(μ)

(
Z − rbN (Z1i�Z2k)

bN

))((
Z′

1i Z
′
2k
)′ − rbN (Z1i�Z2k)

)2μ]

+ 1

b
2L+2|μ|
N

EZiZ2k

[(
ν(Z1i�Z2k)

′
EZ

(
g(Z)K(μ)

(
Z − rbN (Z1i�Z2k)

bN

)))2

(C.59)

× ((Z′
1i Z

′
2k
)′ − rbN (Z1i�Z2k)

)2μ]
�

By Assumptions 4.1 and smoothness, (C.58) is bounded by

C

b2L
N

∫
Z2

∫
Z

K(μ)
(
z− rbN (z1� z̃2)

bN

)2

fZ(z)fZ2(z̃2)dzdz̃2

= C

b2L
N

∫
Z2

∫
Z
I
bN �1

∫
Z2

K(μ)
(
z− rbN (z1� z̃2)

bN

)2

fZ(z1� z2)fZ2(z̃2)dz2 dz1 dz̃2

+ C

b2L
N

∫
Z2

∫
Z1\ZIbN �1

∫
Z2

K(μ)
(
z− rbN (z1� z̃2)

bN

)2

fZ(z1� z2)fZ2(z̃2)dz2 dz1 dz̃2�
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Because z1 − rb(z1� z̃2)= 0 if z1 ∈ Z
I
bN�1

, the first term on the right-hand side is equal to

CK
(μ1)
1 (0)

b2L
N

∫
Z2

∫
Z
I
bN �1

∫
Z2

K(μ2)

(
z2 − rbN (z1� z̃2)

bN

)2

fZ(z1� z2)fZ2(z̃2)dz2 dz1 dz̃2

=O(b−2L+L2
N

)
(where K(u) is the univariate kernel) by a change of variables to t2 = (z2 − rbN (z1� z̃2))/bN

with Jacobian b
L2
N . For the second integral, we partition Z

B
1�bN

≡ Z1 \ Z
I
bN�1

into sets

Z
B
1�bN�p

, p = 1� � � � �2L1 − 1, in which 1 ≤ L1p ≤ L1 components of z1 are in the bound-

ary region. Each Z
B
1�bN�p

is partitioned further into sets ZB1�bN�p�r , r = 1� � � � �2L1p , in which

0 ≤K1r ≤L1r components of z1 are near the lower boundary, L1r −K1r are near the up-
per boundary, and the remaining L1 − L1p components are in the internal set. Hence,
if we assume, without loss of generality, that the first Kr components of z1 are near the
lower boundary, the next L1p − K1r are near the upper boundary, and the remaining
components are in the internal set, then

C

b2L
N

∫
Z2

∫
Z1\ZIbN �1

∫
Z2

K(μ)
(
z− rbN (z1� z̃2)

bN

)2

fZ(z1� z2)fZ2(z̃2)dz2 dz1 dz̃2

= C

b2L
N

∫
Z2

∫ zl�l1+bN

zl�11

· · ·
∫ zl1�K1r+bN

zl1�K1r

∫ zu1�K1r+1

zu1�K1r+1−bN
· · ·

∫ zu1�L1p

zu1�L1p−bN

∫ zu1�L1p+1−bN

zl1�L1p+1+bN
· · ·
∫ zu1�L1−bN

zl1�L1 +bN

∫
Z2

K1r∏
l=1

K(μl)l

(
z1l − zl1l
bN

− 1
)2

×
L1p∏

l=K1r+1

K(μl)l

(
z1l − zu1l

bN
+ 1
)2 L1∏

l=L1p+1

K(μl)l (0)2

×K(μ2)
2

(
z2 − rbN (z1� z̃2)

bN

)2

fZ(z1� z2)fZ2(z̃2)dz2 dz1 dz̃2�

After a change of variables to t2 = (z2 − rbN (z1� z̃2))/bN , with Jacobian bL2
N we have by

analogous argument as above that this term is O(b
−2L+L2+L1p
N ). Because L1p ≥ 1, we

have, by combining the results,

E
[
aN�μ(Ỹi�Zi�Z1i�Z2k)

2]=O(b−2L+L2
N

)
� (C.60)

Step 3D (Equation (C.50)).
An analogous argument gives

E
[
aN�μ(Ỹi�Zi�Z1j�Z2i)

2]=O(b−2L+L1
N

)
� (C.61)

This finishes the derivation of the bounds on the second moments of the kernel of the
V -statistic.

Now we turn to the proofs of equalities (C.41)–(C.46).
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Step 3E (Equation (C.41)).
For the first term,

Wμ�1 −Uμ =
√
N

N(N − 1)(N − 2)
(C.62)

×
∑
i �=j �=k

(
aN�μ(Ỹi�Zi�Z1j�Z2k)− cN�μ(Ỹi�Zi)

)

so that

E
[
(Wμ�1 −Uμ)2

]
= N

N2(N − 1)2(N − 2)2
∑
i �=j �=k

∑
i′ �=j′ �=k′

E
[(
aN�μ(Ỹi�Zi�Z1j�Z2k)− cN�μ(Ỹi�Zi)

)

×(aN�μ(Ỹi′�Zi′�Z1j′�Z2k′)− cN�μ(Ỹi′�Zi′)
)]
�

This expression can be simplified using

E
[
aN�μ(Ỹi�Zi�Z1j�Z2k)

]= 0� (C.63)

E
[
cN�μ(Ỹi�Zi)

]= 0� (C.64)

E
[
aN�μ(Ỹi�Zi�Z1j�Z2k)|Ỹi�Zi

]= cN�μ(Ỹi�Zi)� (C.65)

E
[
aN�μ(Ỹi�Zi�Z1j�Z2k)aN�μ(Vi′�Zi′�Z1j′�Z2k)|Z2k

]= 0� (C.66)

E
[
aN�μ(Ỹi�Zi�Z1j�Z2k)aN�μ(Vi′�Zi′�Z1j�Z2k′)|Z1j

]= 0� (C.67)

E
[
aN�μ(Ỹi�Zi�Z1j�Z2k)aN�μ(Vi′�Zi′�Z1j�Z2k′)|Z1j�Z2k

]= 0� (C.68)

Therefore,

E
[(
aN�μ(Ỹi�Zi�Z1j�Z2k)− cN�μ(Ỹi�Zi)

)
× (aN�μ(Vi′�Zi′�Z1j′�Z2k′)− cN�μ(Vi′�Zi′)

)]= 0

if i �= i′, j �= j′, k �= k′ by (C.63) and (C.64), if i = i′, j �= j′, k �= k′ by (C.65), if i �= i′, j �= j′,
k= k′ by (C.66), and if i �= i′, j = j′, k �= k′ by (C.67), and if i �= i′, j = j′, k= k′ by (C.68).
Using this, we obtain

E
[
(Wμ�1 −Uμ)2

]
= N

N2(N − 1)2(N − 2)2
∑
i �=j �=k

E
[(
aN�μ(Ỹi�Zi�Z1j�Z2k)− cN�μ(Ỹi�Zi)

)2]

+ N

N2(N − 1)2(N − 2)2
∑

i �=j �=k�=k′
E
[(
aN�μ(Ỹi�Zi�Z1j�Z2k)− cN�μ(Ỹi�Zi)

)
(C.69)

× (aN�μ(Ỹi�Zi�Z1j�Z2k′)− cN�μ(Ỹi�Zi)
)]



Supplementary Material Assortative matching 59

+ N

N2(N − 1)2(N − 2)2
∑

i �=k�=j �=j′
E
[(
aN�μ(Ỹi�Zi�Z1j�Z2k)− cN�μ(Ỹi�Zi)

)

× (aN�μ(Ỹi�Zi�Z1j′�Z2k)− cN�μ(Ỹi�Zi)
)]
�

Because E[aN�μ(Ỹi�Zi�Z1j�Z2k)|Ỹi�Zi] = cN�μ(Ỹi�Zi), we have E[aN�μ(Ỹi�Zi�Z1j�

Z2k)cN�μ(Ỹi�Zi)] = E[cN�μ(Ỹi�Zi)2] so that by the bounds on the second moment of
aN�μ(Ỹi�Zi�Z1j�Z2k), given in (C.47)–(C.50),

E
[(
aN�μ(Ỹi�Zi�Z1j�Z2k)− cN�μ(Ỹi�Zi)

)2]
= E

[
(aN�μ(Ỹi�Zi�Z1j�Z2k)

2]−E
[
cN�μ(Ỹi�Zi)

2]
≤ E

[
(aN�μ(Ỹi�Zi�Z1j�Z2k)

2]
=O(b−L

N

)
�

Furthermore (note that E[aN�μ(Ỹi�Zi�Z1j�Z2k)aN�μ(Ỹi�Zi�Z1j�Z2k′)] =
E[(EZ2[aN�μ(Ỹi�Zi�Z1j�Z2)])2] ≥ 0),

E
[(
aN�μ(Ỹi�Zi�Z1j�Z2k)− cN�μ(Ỹi�Zi)

)
× (aN�μ(Ỹi�Zi�Z1j�Z2k′)− cN�μ(Ỹi�Zi)

)]
= E

[
aN�μ(Ỹi�Zi�Z1j�Z2k)aN�μ(Ỹi�Zi�Z1j�Z2k′)

]−E
[
cN�μ(Ỹi�Zi)

2]
≤ E

[
aN�μ(Ỹi�Zi�Z1j�Z2k)aN�μ(Ỹi�Zi�Z1j�Z2k′)

]
and

E
[
aN�μ(Ỹi�Zi�Z1j�Z2k)aN�μ(Ỹi�Zi�Z1j�Z2k′)

]
= 1

b
2|μ|+2L
N

E

[
ν(Z1j�Z2k)

′ỸiỸ ′
i ν(Z1j�Z2k′)

×K(μ)
(
Zi − rbN (Z1j�Z2k)

bN

)
K(μ)

(
Zi − rbN (Z1j�Z2k′)

bN

)

× ((Z′
1j Z

′
2k
)′ − rbN (Z1j�Z2k)

)μ((
Z′

1j Z
′
2k′
)′ − rbN (Z1j�Z2k′)

)μ]

− 1

b
2|μ|+2L
N

E

[
ν(Z1j�Z2k)

′
EỸZ

[
ỸK(μ)

(
S − rbN (Z1j�Z2k)

bN

)]

×EỸZ

[
ỸV ′(μ)

(
Z − rbN (Z1j�Z2k′)

bN

)]
ν(Z1j�Z2k′)

× ((Z′
1j Z

′
2k
)′ − rbN (Z1j�Z2k)

)μ((
Z′

1j Z
′
2k′
)′ − rbN (Z1j�Z2k′)

)μ]

≤ 1

b
2|μ|+2L
N

E

[
ν(Z1j�Z2k)

′ỸiỸ ′
i ν(Z1j�Z2k′)
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×K(μ)
(
Zi − rbN (Z1j�Z2k)

bN

)
K(μ)

(
Zi − rbN (Z1j�Z2k′)

bN

)

× ((Z′
1j Z

′
2k
)′ − rbN (Z1j�Z2k)

)μ((
Z′

1j Z
′
2k′
)′ − rbN (Z1j�Z2k′)

)μ]
�

because both expectations are nonnegative. By Assumptions 4.1 and smoothness, this is
bounded by

C1

b2L
N

E

[
K(μ)

(
Zi − rbN (Z1j�Z2k)

bN

)
K(μ)

(
Zi − rbN (Z1j�Z2k′)

bN

)]
≤C2b

−L
N

by a change of variables to t = (Zi − rbN (Z1j�Z2k))/bN with Jacobian bLN and Assump-
tion 5.1. By interchanging the roles of j and k, we obtain a bound of the same order for
the third term on the right-hand side of (C.69).

Combining these results, we find

E
[
(Wμ�1 −Uμ)2

]=O(N−2b−L
N

)+O(N−1b−L
N

)=O(N−1b−L
N

)
(C.70)

so that by the Markov inequality, the first term in the projection remainder (C.40) is
Op(N

−1/2b
−L/2
N ).

Step 3F (Equation (C.42)).
For the second term of the projection remainder (C.40), we have by the Cauchy–

Schwarz inequality,

E
[
cN�μ(Ỹi�Zi)

2]
≤ 1

b
2L+2|μ|
N

E

[(∫
Z2

∫
Z1

ν(z1� z2)
′ỸiK(μ)

(
Zi − rbN (z1� z2)

bN

)

× ((z′
1 z

′
2
)′ − rbN (z1� z2)

)μ
fZ1(z1)fZ2(z2)dz1 dz2

)2]

≤ 1

b
2L+2|μ|
N

E

[
|Ỹi|2

(∫
Z2

∫
Z1

∣∣ν(z1� z2)
∣∣∣∣∣∣K(μ)

(
Zi − rbN (z1� z2)

bN

)∣∣∣∣
× ∣∣((z′

1 z
′
2
)′ − rbN (z1� z2)

)μ∣∣fZ1(z1)fZ2(z2)dz1 dz2

)2]

≤ C1

b2L
N

EZi

[(∫
Z2

∫
Z1

∣∣∣∣K(μ)
(
Zi − rbN (z1� z2)

bN

)∣∣∣∣fZ1(z1)fZ2(z2)dz1 dz2

)2

×E
(|Ỹi|2∣∣Zi)

]

≤ C2

b2L
N

∫
Z

(∫
Z2

∫
Z1

∣∣∣∣K(μ)
(
z̃− rbN (z1� z2)

bN

)∣∣∣∣fZ1(z1)fZ2(z2)dz1 dz2

)2

fZ(z̃)dz̃
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by Assumptions 4.1 and smoothness. By a change of variables t = (z̃ − rbN (z1� z2))/bN
with Jacobian bLN , we conclude that

E
[
cN�μ(Ỹi�Zi)

2]=O(b−L
N

)
� (C.71)

Therefore,

E
[
U2
μ

]= E
[
cN�μ(Ỹi�Zi)

2]=O(b−L
N

)
so that the second term of the projection remainder is Op(N−1b

−L/2
N ).

Step 3G (Equations (C.43)–(C.46)).
The other terms of the projection remainder can be bounded using (C.47)–(C.50).

For the third term (note E[aN�μ(Ỹi�Zi�Z1i�Z2k)] �= 0), by (C.47)–(C.50),

E
[|Wμ�2|] ≤

√
N(N − 1)
N2 E

[∣∣aN�μ(Ỹi�Zi�Z1i�Z2k)
∣∣]

≤
√
N(N − 1)
N2

√
E
[∣∣aN�μ(Ỹi�Zi�Z1i�Z2k)

∣∣2]
= O

(
N−1/2b

−L+L2/2
N

)
so that term is Op(N−1/2b

−L+L2/2
N ). In the same way, by (C.47)–(C.50), the fourth

term of the remainder is Op(N−1/2b
−L+L1/2
N ). For the fifth term (note aN�μ(Ỹi�Zi�Z1j�

Z2j)= 0),

E
[
W 2
μ�4
]= N2(N − 1)

N6 E
[
aN�μ(Ỹi�Zi�Z1j�Z2j)

2]=O(N−3b−L
N

)

so that term is Op(N
−3/2b

−L/2
N ). Finally, the sixth term (note E[aN�μ(Ỹi�Zi�Z1i�

Z2i)] �= 0) is by a similar argument as for the third term and by (C.47)–(C.50),Op(N−1/2 ×
b−L
N ). This is the largest term in the projection remainder.

This finishes the proof of

Wμ =Uμ +Op
(
N−1/2b−L

N

)
� (C.72)

Note again that the remainder is smaller if we redefine the kernel estimators. In that
case, the sixth term of the projection remainder is 0.

Step 4 (Asymptotic Distribution).
The fourth step in the proof is the derivation of the asymptotically normal distribu-

tion of the projectionUμ. In particular, we show thatU0 is asymptotically normal and we
obtain the variance of that distribution. We show thatUμ/bN also converges to a normal
distribution for |μ| ≥ 1 so that Uμ = Op(bN) if |μ| ≥ 1. Because W in (C.36) is a linear
combination of theWμ that are asymptotically equivalent to the Uμ if a rate condition is
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met,W is asymptotically equivalent to U0 under that rate condition. Define

ψN�μ�i ≡ 1

b
L+|μ|
N

∫
Z2

∫
Z1

ν(z1� z2)
′ỸiK(μ)

(
Zi − rbN (z1� z2)

bN

)

× ((z′
1 z

′
2
)′ − rbN (z1� z2)

)μ
fZ1(z1)fZ2(z2)dz1 dz2

so that

cN�μ(Ỹi�Zi)=ψN�μ�i −E[ψN�μ�i]�
We have

ψN�0�i ≡ 1
bLN

∫
Z2

∫
Z1

ν(z1� z2)
′ỸiK

(
Zi − rbN (z1� z2)

bN

)
fZ1(z1)fZ2(z2)dz1 dz2�

The integration region Z1 × Z2 can be partitioned into a set where all components of z1
and z2 are in the internal region, ZI1�bN × Z

I
2�bN

, and its complement, Z1 × Z2 \ Z
I
1�bN

×
Z
I
2�bN

. We define

ψN�0�i�0 ≡ 1
bLN

∫
Z
I
2�bN

∫
Z
I
1�bN

ν(z1� z2)
′ỸiK1

(
Z1i − z1

bN

)
K2

(
Z2i − z2

bN

)

× fZ1(z1)fZ2(z2)dz1 dz2

and

U0�0 ≡ 1√
N

N∑
I=1

(
ψN�0�i�0 −E[ψN�0�i�0]

)
�

We apply the Liapounov central limit theorem for triangular arrays that requires

N2(E[|ψN�0�i�0 −E[ψN�0�i�0]|3])2
N3 Var(ψN�0�i�0)

→ 0

and a sufficient condition is that E[|ψN�0�i�0|m] <∞ for m = 1�2�3. By a change of vari-

ables to t1 = (Z1i−z1)/bN and t2 = (Z2i−z2)/bN with Jacobians bL1
N and bL2

N , respectively,

|ψN�0�i�0|m

=
∣∣∣∣∣
∫
U1

∫
U2

L1∏
l=1

1
(

1 + Z1li − zu1l

bN
≤ t1l ≤ −1 + Z1li − zl1l

bN

)

×
L2∏
l=1

1
(

1 + Z2li − zu2l

bN
≤ t2l ≤ −1 + Z2li − zl2l

bN

)

× ν(Z1i − bNt1�Z2i − bNt2)′ỸiK1(t1)K2(t2)

× fZ1(Z1i − bNt1)fZ2(Z2i − bNt2)dt1 dt2

∣∣∣∣∣
m
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≤
(∫

U1

∫
U2

L1∏
l=1

1
(

1 + Z1li − zu1l

bN
≤ t1l ≤ −1 + Z1li − zl1l

bN

)

×
L2∏
l=1

1
(

1 + Z2li − zu2l

bN
≤ t2l ≤ −1 + Z2li − zl2l

bN

)

× ∣∣ν(Z1i − bNt1�Z2i − bNt2)
∣∣ · |Ỹi| · ∣∣K1(t1)

∣∣ · ∣∣K2(t2)
∣∣

× fZ1(Z1i − bNt1)fZ2(Z2i − bNt2)dt1 dt2

)m

by the Cauchy–Schwarz inequality. Because max{−1�1 + Zjli−zujl
bN

} ≤ tjl ≤ min{1�−1 +
Zjli−zljl
bN

}, j = 1�2, if and only if zljl + bN ≤ Zjli − bNtjl ≤ zujl − bN , by Assumptions 4.1

and 5.1, and smoothness, we obtain

|ψN�0�i�0|m ≤ C|Ỹi|m (C.73)

and E[|Ỹ |3] is finite by Assumption 4.1. Therefore, the condition of the Liapounov theo-
rem holds.

The above expressions also show that for almost all Z1i�Z2i,

ψN�0�i�0 → ν(Z1i�Z2i)
′ỸifZ1(Z1i)fZ2(Z2i)�

and by (C.73), E[ψmN�0�i�0] converges to the corresponding expectation by dominated
convergence. The conclusion is that U0�0 has the same asymptotic distribution as

1√
N

N∑
i=1

{
ν(Z1i�Z2i)

′ỸifZ1(Z1i)fZ2(Z2i)

(C.74)
−E

[
ν(Z1�Z2)

′Ỹ fZ1(Z1)fZ2(Z2)
]}
�

We still have to derive the stochastic order of

U0�1 ≡ 1√
N

N∑
I=1

(
ψN�0�i�1 −E[ψN�0�i�1]

)

with the integration region in ψN�0�i�1, that is, Z1 × Z2 \ ZI1�bN × Z
I
2�bN

, such that at least

one component of z1 or z2 is in the boundary region. We partition Z1 ×Z2 \ZI1�bN ×Z
I
2�bN

into subsets Z
B
1�bN�p1

× Z
B
1�bN�p2

, p1 = 1� � � � �2L1 , p2 = 1� � � � �2L2 , min{p1�p2} ≥ 1, and in

each such set, 0 ≤ L1p1 ≤ L1, 0 ≤ L2p2 ≤ L2, min{L1p1L1p1} ≥ 1 components of z1 and z2
are near the boundary. We take, without loss of generality, ZB1�bN�1 = Z

I
1�bN

and Z
B
2�bN�1

=
Z
I
2�bN

so that we exclude the set with p1 = p2 = 1, because in that set, all components are

in the internal region. For j = 1�2, each Z
B
j�bN�pj

is partitioned further into sets ZBj�bN�pj�rj ,

rj = 1� � � � �2L1pj , in which 0 ≤Kjrj ≤ Ljrj components of zj are near the lower boundary,
Ljrj −K1rj are near the upper boundary, and the remaining Lj − Ljpj components are
in the internal set. Without loss of generality, we assume that the first Kjrj components
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of zj are near the lower boundary, the next Ljpj −Kjrj are near the upper boundary, and
the remaining components are in the internal set, j = 1�2. Therefore,

|ψN�0�i�1|m =
∣∣∣∣ 1
bLN

∫
Z2×Z1\ZI1�bN×Z

I
2�bN

ν(z1� z2)
′ỸiK

(
Zi − rbN (z1� z2)

bN

)

× fZ1(z1)fZ2(z2)dz1 dz2

∣∣∣∣
m

≤
(

1
bLN

∫
Z2×Z1\ZI1�bN×Z

I
2�bN

∣∣ν(z1� z2)
∣∣|Ỹi|

∣∣∣∣K
(
Zi − rbN (z1� z2)

bN

)∣∣∣∣
× fZ1(z1)fZ2(z2)dz1 dz2

)m

≤
∑
p1

∑
p2

∑
r1

∑
r2

(
1
bLN

∫ zl21+bN

zl21

· · ·
∫ zl2K2r2

+bN

zl2K2r2

∫ zu2�K2r2
+1

zu2�K2r2
+1−bN

· · ·

∫ zu2�L2p2

zu2�L2p2
−bN

∫ zu2�L2p2
+1−bN

zl2�L2p2
+1+bN

· · ·
∫ zu2�L2−bN

zl2�L2+bN

∫ zl�l1+bN

zl�l1

· · · (C.75)

∫ zl�1K1r1
+bN

zl�1K1r1

∫ zu1�K1r1
+1

zu1�K1r1
+1−bN

· · ·
∫ zu1�L1p1

zu1�L1p1
−bN

∫ zu1�L1p1
+1−bN

zu1�L1p1
+1+bN

· · ·

∫ zu1�L1−bN

zl1�L1 +bN

∣∣ν(z1� z2)
∣∣|Ỹi|

K1r1∏
l=1

∣∣∣∣K1l

(
Z1li − zl1l

bN
− 1
)∣∣∣∣

×
L1p1∏

l=K1r1+1

∣∣∣∣K1l

(
Z1li − zl1l

bN
+ 1
)∣∣∣∣

L1∏
l=L1p1+1

∣∣∣∣K1l

(
Z1li − z1l

bN

)∣∣∣∣

×
K2r1∏
l=1

∣∣∣∣K2l

(
Z2li − zl2l

bN
− 1
)∣∣∣∣

L2p2∏
l=K2r2+1

∣∣∣∣K2l

(
Z2li − zu2l

bN
+ 1
)∣∣∣∣

×
L2∏

l=L2p2+1

∣∣∣∣K2l

(
Z2li − z2l

bN

)∣∣∣∣fZ1(z1)fZ2(z2)dz1 dz2

)m
�

By a change of variables to t1l = (Z1li − z1l)/bN , l=L1p1 + 1�L1 and t2l = (Z2li − z2l)/bN ,

l=L2p2 + 1�L2 with Jacobian b
L−L1p1−L2p2
N , we have

|ψN�0�i�1|m ≤
∑
p1

∑
p2

∑
r1

∑
r2

(
1

b
m(L1p1+L2p2 )

N

∫ zl�21+bN

zl�21

· · ·

∫ zl�2K2r2
+bN

zl�2K2r2

∫ zu2�K2r2
+1

zu2�K2r2
+1−bN

· · ·
∫ zu2�L2p2

zu2�L2p2
−bN

∫ 1

−1
· · ·
∫ 1

−1

∫ zl�l1+bN

zl�l1

· · ·
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∫ zl�1K1r1
+bN

zl�1K1r1

∫ zu1�K1r1
+1

zu1�K1r1
+1−bN

· · ·
∫ zu1�L1p1

zu1�L1p1
−bN

∫ 1

−1
· · ·

∫ 1

−1

2∏
j=1

Lj∏
l=Ljpj+1

1
(
Zjli − zujl

bN
+ 1 ≤ tjl ≤

Zjli − zljl
bN

− 1
)

× ∣∣ν(z11� � � � � z1L1p1
�Z1�L1p1+1�i − bNt1L1p1+1� � � � �Z1�L1�i − bNt1L1�

z21� � � � � z2L2p2
�Z2�L2p2+1�i − bNt2L2p2+1� � � � �Z2�L2�i − bNt2L2)

∣∣|Ỹi|
×
K1r1∏
l=1

∣∣∣∣K1l

(
Z1li − zl1l

bN
− 1
)∣∣∣∣

L1p1∏
l=K1r1+1

∣∣∣∣K1l

(
Z1li − zl1l

bN
+ 1
)∣∣∣∣

×
K2r1∏
l=1

∣∣∣∣K2l

(
Z2li − zl2l

bN
− 1
)∣∣∣∣

L2p2∏
l=K2r2+1

∣∣∣∣K2l

(
Z2li − zu2l

bN
+ 1
)∣∣∣∣

×
L1∏

l=L1p1+1

∣∣K1l(t1l)
∣∣ L2∏
l=L2p2+1

∣∣K2l(t2l)
∣∣

× fZ1(z11� � � � � z1L1p1
�Z1�L1p1+1�i − bNt1L1p1+1� � � � �Z1�L1�i − bNt1L1)

× fZ2(z21� � � � � z2L2p2
�Z2�L2p2+1�i − bNt2L2p2+1� � � � �Z2�L2�i − bNt2L2)

dz11 · · · dz1L1p1
dt1�L1p1+1 · · · dt1L1

dz21 · · · dz2L2p2
dt2�L2p2+1 · · · dt2L2

)m
�

In this integral, the function ν takes only values in the support Z, and this function and

the kernel functions are bounded by smoothness and Assumption 5.1 so that

|ψN�0�i�1|m

≤C|Ỹi|m
∑
p1

∑
p2

∑
r1

∑
r2

1

b
m(L1p1+L2p2 )

N

×
(K1r1∏
l=1

∣∣∣∣K1l

(
Z1li − zl�11

bN
− 1
)∣∣∣∣

L1p1∏
l=K1r1+1

∣∣∣∣K1l

(
Z1li − zl1l

bN
+ 1
)∣∣∣∣

×
K2r1∏
l=1

∣∣∣∣K2l

(
Z2li − zl2l

bN
− 1
)∣∣∣∣

L2p2∏
l=K2r2+1

∣∣∣∣K2l

(
Z2li − zu2l

bN
+ 1
)∣∣∣∣

×
∫ zl�21+bN

zl�21

· · ·
∫ zl�2K2r2

+bN

zl�2K2r2

∫ zu2�K2r2
+1

zu2�K2r2
+1−bN

· · ·
∫ zu2�L2p2

zu2�L2p2
−bN

∫ 1

−1
· · ·
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∫ 1

−1

∫ zl�l1+bN

zl�l1

· · ·
∫ zl�1K1r1

+bN

zl�1K1r1

∫ zu1�K1r1
+1

zu1�K1r1
+1−bN

· · ·
∫ zu1�L1p1

zu1�L1p1
−bN

∫ 1

−1
· · ·

∫ 1

−1
fZ1(z11� � � � � z1L1p1

�Z1�L1p1+1�i − bNt1L1p1+1� � � � �Z1�L1�i − bNt1L1)

× fZ2(z21� � � � � z2L2p2
�Z2�L2p2+1�i − bNt2L2p2+1� � � � �Z2�L2�i − bNt2L2)

dz11 · · · dz1L1p1
dt1�L1p1+1 · · · dt1L1 dz21 · · · dz2L2p2

dt2�L2p2+1 · · · dt2L2

)m
�

Because the density is bounded, the integral is bounded by Cb
L1p1+L2p2
N . Moreover, be-

cause the kernel has support [−1�1]L and is bounded on that support, we have that

K1r1∏
l=1

∣∣∣∣K1l

(
Z1li − zl1l

bN
− 1
)∣∣∣∣

L1p1∏
l=K1r1+1

∣∣∣∣K1l

(
Z1li − zl1l

bN
+ 1
)∣∣∣∣

×
K2r1∏
l=1

∣∣∣∣K2l

(
Z2li − zl2l

bN
− 1
)∣∣∣∣

L2p2∏
l=K2r2+1

∣∣∣∣K2l

(
Z2li − zu2l

bN
+ 1
)∣∣∣∣

≤ C
K1r1∏
l=1

1(zl1l ≤Z1li ≤ zl1l + 2bN)

L1p1∏
l=K1r1 +1

1(zl1l − 2bN ≤Z1li ≤ zl1l)

×
K2r1∏
l=1

1(zl2l ≤Z2li ≤ zl2l + 2bN)

L2p2∏
l=K2r2+1

1(zu2l − 2bN ≤Z2li ≤ zu2l)�

Therefore,

|ψN�0�i�1|m ≤ C|Ỹi|m
∑
p1

∑
p2

∑
r1

∑
r2

K1r1∏
l=1

1(zl1l ≤Z1li ≤ zl1l + 2bN)

×
L1p1∏

l=K1r1+1

1(zl1l − 2bN ≤Z1li ≤ zu1l)

×
K2r1∏
l=1

1(zl2l ≤Z2li ≤ zl2l + 2bN)

L2p2∏
l=K2r2 +1

1(zu2l − 2bN ≤Z2li ≤ zu2l)�

and because E[|Ỹ |3|Z = z] is bounded on Z and the density of Z is bounded, we have,
because L1p1 +L2p2 ≥ 1 form= 1�2�3,

E
[|ψN�0�i�1|m]=O(bN)�
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By the Liapounov central limit theorem, U01/bN converges in distribution and hence

U01 =Op(bN)� (C.76)

Step 5 (Ignoring Higher Order Terms).

The final step is to show that Uμ is asymptotically negligible if |μ| ≥ 1. Note that

if |μ| ≥ 1, then the integrand in ψN�μ�i is 0 if z1 and z2 are both in the internal region.

Hence, we can take the integration region such that at least one component of either z1

or z2 is in the boundary region:

|ψN�μ�i|m =
∣∣∣∣ 1

b
L+|μ|
N

∫
Z2×Z1\ZI1�bN×Z

I
2�bN

ν(z1� z2)
′ỸiK(μ)

(
Zi − rbN (z1� z2)

bN

)

× ((z′
1 z

′
2
)′ − rbN (z1� z2)

)μ
fZ1(z1)fZ2(z2)dz1 dz2

∣∣∣∣
m

≤
(

1

b
L+|μ|
N

∫
Z2×Z1\ZI1�bN×Z

I
2�bN

∣∣ν(z1� z2)
∣∣|Ỹi|

∣∣∣∣K(μ)
(
Zi − rbN (z1� z2)

bN

)∣∣∣∣
× ∣∣(z′

1 z
′
2
)′ − rbN (z1� z2)

∣∣|μ|
fZ1(z1)fZ2(z2)dz1 dz2

)m

≤
(

1
bLN

∫
Z2×Z1\ZI1�bN×Z

I
2�bN

∣∣ν(z1� z2)
∣∣|Ỹi|

∣∣∣∣K(μ)
(
Zi − rbN (z1� z2)

bN

)∣∣∣∣
× fZ1(z1)fZ2(z2)dz1 dz2

)m
�

We obtained a bound on the right-hand side in (C.75). Therefore, by the Liapounov cen-

tral limit theorem, UμbN converges in distribution so that if |μ| ≥ 1, then

Uμ =Op(bN)� (C.77)

By (C.33) (linearization), (C.34) (bias), (C.72) (projection), (C.76) (boundary remain-

der), and (C.77) (NIP remainder), we have that

√
N(θ̂− θ) = 1

N
√
N

N∑
j=1

N∑
k=1

(
n
(
h0(Z1j�Z2k)

)− θ)

+ 1√
N

N∑
i=1

{
∂n

∂h

(
h0(Zi)

)′
ỸifZ1(Z1i)fZ2(Z2i)

(C.78)

−EỸZ

[
∂n

∂h

(
h0(S)

)′
Ỹ fZ1(Z1)fZ2(Z2)

]}

+Op
(√
N|ĥnip�s − h0|2

)+O(√NbpN)+Op(N−1b−L
N

)+Op(bN)�
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The first term on the right-hand side is a V -statistic that is asymptotically equivalent to

1√
N

N∑
i=1

{(
E[n(h0(Z1i�Z2)

)− θ)+E[n(h0(Z1�Z2i)
)− θ)}�

�

Proof of Lemma A.24. Using Lemma A.14, the assumptions imply that

sup
w∈W�x∈X

∣∣ĝ(w�x)− g(w�x)∣∣=Op
((

ln(N)

N · b2
N

)1/2

+ bsN
)

= op
(
N−η)� (C.79)

For 1/4 < δ < 1/4s, we can find an η > 1/4 such that this holds. Using the definitions
preceding the statement of the lemma, we have, by adding and subtracting terms,

β̂cm(ρ�0)−βcm(ρ�0) = (β̂cm(ρ�0)− β̂cm
g

)
(C.80)

− (β̂cm
W − gcm) (C.81)

− (β̂cm
X − gcm) (C.82)

+ (β̂cm
g − gcm)+ (β̂cm

W − gcm)+ (β̂cm
X − gcm)

+ (gcm −βcm(ρ�0)
)
�

The result then follows if we can show that the sum of (C.80), (C.81), and (C.82) is
op(N

−1/2). Define

ω̂cm(w�x)= φc(�
−1
c (F̂W (w))��

−1
c (F̂X(x));ρ)

φc(�
−1
c (F̂W (w)))φc(�

−1
c (F̂X(x)))

�

ω̂cm
W (w�x)= φc(�

−1
c (F̂W (w))��

−1
c (FX(x));ρ)

φc(�
−1
c (F̂W (w)))φc(�

−1
c (FX(x)))

�

and

ω̂cm
X (w�x)= φc(�

−1
c (FW (w))��

−1
c (F̂X(x));ρ)

φc(�
−1
c (FW (w)))φc(�

−1
c (F̂X(x)))

�

Then, using these definitions, we can write the sum of these three components as(
β̂cm(ρ�0)− β̂cm

g

)− (β̂cm
W − gcm)− (β̂cm

X − gcm)

= 1
N2

N∑
i=1

N∑
j=1

ĝ(Wi�Xj)
[
ω̂cm(Wi�Xj)−ωcm(Wi�Xj)

]

− 1
N2

N∑
i=1

N∑
j=1

g(Wi�Xj)
[
ω̂W (Wi�Xj)−ωcm(Wi�Xj)

]

− 1
N2

N∑
i=1

N∑
j=1

g(Wi�Xj)
[
ω̂X(Wi�Xj)−ωcm(Wi�Xj)

]
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= 1
N2

N∑
i=1

N∑
j=1

ĝ(Wi�Xj)
[
ω̂cm(Wi�Xj)−ωcm(Wi�Xj)

]

− 1
N2

N∑
i=1

N∑
j=1

g(Wi�Xj)
[
ω̂cm(Wi�Xj)−ωcm(Wi�Xj)

]

+ 1
N2

N∑
i=1

N∑
j=1

g(Wi�Xj)
[
ω̂cm(Wi�Xj)− ω̂W (Wi�Xj)

]

− 1
N2

N∑
i=1

N∑
j=1

g(Wi�Xj)
[
ω̂X(Wi�Xj)−ωcm(Wi�Xj)

]

= 1
N2

N∑
i=1

N∑
j=1

[
ĝ(Wi�Xj)− g(Wi�Xj)

][
ω̂cm(Wi�Xj)−ωcm(Wi�Xj)

]
(C.83)

+ 1
N2

N∑
i=1

N∑
j=1

g(Wi�Xj)

(C.84)
× [ω̂cm(Wi�Xj)− ω̂W (Wi�Xj)− ω̂X(Wi�Xj)+ωcm(Wi�Xj)

]
�

It remains to be shown that both (C.83) and (C.85) are op(N−1/2).
Now define

k(z1� z2)= φc(�
−1
c (z1)��

−1
c (z2);ρ)

φc(�
−1
c (z1)) ·φc(�−1

c (z2))
so that

(C.85)
ω̂cm(w�x)= k(F̂W (w)� F̂X(x))�

By a second order Taylor expansion, we have

ω̂cm(w�x)−ωcm(w�x)

= ∂k

∂z1

(
FW (w)�FX(x)

)(
F̂W (w)− FW (w)

)

+ ∂k

∂z2

(
FW (w)�FX(x)

)(
F̂X(x)− FX(x)

)

+ 1
2
∂2k

∂z2
1

(
FW (w)�FX(x)

)(
F̂W (w)− FW (w)

)2

+ 1
2
∂2k

∂z2
2

(
FW (w)�FX(x)

)(
F̂X(x)− FX(x)

)2

+ 1
2
∂2k

∂z1 ∂z2

(
FW (w)�FX(x)

)(
F̂W (w)− FW (w)

)(
F̂X(x)− FX(x)

)
�

with FW (w) and FX(x) intermediate values. By Lemma A.3, it follows that for any
0 < δ < 1/2, supx |F̂X(x)− FX(x)| = op(N

−δ) and supw |F̂W (w)− FW (w)| = op(N
−δ). In
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combination with the fact that |∂2k/∂z2
1|, |∂2k/∂z2

2|, and |∂2k/∂z1 ∂z2| are bounded, this
implies that

ω̂cm(w�x)−ωcm(w�x)

= ∂k

∂z1

(
FW (w)�FX(x)

)(
F̂W (w)− FW (w)

)
(C.86)

+ ∂k

∂z2

(
FW (w)�FX(x)

)(
F̂X(x)− FX(x)

)+ op(N−1/2)�
The same argument implies that

ω̂W (w�x)−ωcm(w�x)= ∂k

∂z1

(
FW (w)�FX(x)

)(
F̂W (w)− FW (w)

)+ op(N−1/2)
and

ω̂X(w�x)−ωcm(w�x)= ∂k

∂z2

(
FW (w)�FX(x)

)(
F̂X(x)− FX(x)

)+ op(N−1/2)�
Substituting in these results, it follows that (C.85) is op(N−1/2).

Equation (C.86) also implies, by Lemma A.3, that

ω̂cm(w�x)−ωcm(w�x)= op
(
N−1/4)�

In combination with (C.79), this implies that (C.83) is also op(N−1/2). �

Proof of Lemma A.25. The proof of this lemma makes use of an application of Theo-
rem A.3. Using the notation of that theorem, we have Z1 =W , Z2 =X , Ỹ = (Y�1)′,

h(w�x)=
(
g(w�x) · fWX(w�x)

fWX(w�x)

)
�

and

n
(
h(w�x)

)= h1(w�x)

h2(w�x)
ωcm(w�x)= g(w�x) ·ωcm(w�x)�

In terms of this notation, we can write this in the form of Theorem A.3:

β̂cm
g − gcm = 1

N2

N∑
i=1

N∑
j=1

n
(
ĥ(Wi�Xj)

)− 1
N2

N∑
i=1

N∑
j=1

n
(
h(Wi�Xj)

)
�

We also have

∂n

∂h

(
h(w�x)

)=
⎛
⎜⎝

1
h2(w�x)

− h1(w�x)

h2(w�x)2

⎞
⎟⎠ωcm(w�x)=

⎛
⎜⎝

1
fW X(w�x)

− g(w�x)

fW X(w�x)

⎞
⎟⎠ωcm(w�x)

and, hence,

∂n

∂h

(
h(w�x)

)′
ỹfW (w)fX(x)= fW (w)fX(x)

fWX(w�x)
· (y − g(w�x)) ·ωcm(w�x)�
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which is mean zero. Therefore, by the result of Theorem A.3, we have

β̂cm
g −βcm(ρ�0) = 1

N

N∑
i=1

∂n

∂h

(
h(Wi�Xi)

)′
ỸifW (Wi)fX(Xi)

−E

[
∂n

∂h

(
h(W �X)

)′
ỹYfW (W )fX(X)

]

+ op
(
N−1/2)

= 1
N

N∑
i=1

fW (Wi)fX(Xi)

fW X(Wi�Xi)
· (Yi − g(Wi�Xi)) ·ωcm(Wi�Xi)

−E

[
fW (W )fX(X)

fWX(W �X)
· (Y − g(W �X)) ·ωcm(W �X)

]

+ op
(
N−1/2)

= 1
N

N∑
i=1

fW (Wi)fX(Xi)

fW X(Wi�Xi)
· (Yi − g(Wi�Xi)) ·ωcm(Wi�Xi)

+ op
(
N−1/2)

= 1
N

N∑
i=1

ψcm
g (Yi�Wi�Xi)+ op

(
N−1/2)+ op(N−1/2)�

�

Proof of Lemma A.26. Using the definition of k(z1� z2) in (C.85) and the Taylor expan-
sion in the proof of Lemma A.24, we have

β̂cm
W − gcm = 1

N2

N∑
i=1

N∑
j=1

g(Wi�Xj)

× ∂k

∂z1

(
FW (Wi)�FX(Xj)

)(
F̂W (Wi)− FW (Wi)

)

+ 1
2

1
N2

N∑
i=1

N∑
j=1

g(Wi�Xj)

× ∂2k

∂z2
1

(
FW (Wi)�FX(Xj)

)(
F̂W (Wi)− FW (Wi)

)2
�

By Lemma A.3, supw |F̂W (w)− FW (w)| = op(N
−δ) for all δ < 1/2, and using the fact that

the second derivatives of k(z1� z2) are bounded, this implies

β̂cm
W − gcm = 1

N2

N∑
i=1

N∑
j=1

g(Wi�Xj)
∂k

∂z1

(
FW (Wi)�FX(Xi)

)(
F̂W (Wi)− FW (Wi)

)

+ op
(
N−1/2)�
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Inspection of the definition of eW (w�x) shows that eW (w�x) = ∂k
∂s1
(FW (w)�FX(x)) and,

therefore,

β̂cm
W − gcm = 1

N2

N∑
i=1

N∑
j=1

g(Wi�Xj)eW (Wi�Xj)
(
F̂W (Wi)− FW (Wi)

)

+ op
(
N−1/2)

= 1
N3

N∑
i=1

N∑
j=1

N∑
k=1

g(Wi�Xj)eW (Wi�Xj)
(
1(Wk ≤Wi)− FW (Wi)

)

+ op
(
N−1/2)�

This is, up to the op(N−1/2) term, a third order V -statistic,

β̂cm
W − gcm = V + op

(
N−1/2)�

where

V = 1
N3

N∑
i=1

N∑
j=1

N∑
k=1

ψ(Wi�Xi�Wj�Xj�Wk�Xk)�

with

ψ(w1�x1�w2�x2�w3�x3)= g(w1�x2)eW (w1�x2)
(
1(w3 ≤w1)− FW (w1)

)
�

Define

ψ1(w�x)= E
[
ψ(w�x�W2�X2�W3�X3)

]
�

ψ2(w�x)= E
[
ψ(W1�X1�w�x�W3�X3)

]
�

ψ3(w�x)= E
[
ψ(W1�X1�W2�X2�w�x)

]
�

and

θ= E
[
ψ(W1�X1�W2�X2�W3�X3)

]
�

Using V -statistic theory, this V -statistic can be approximated as

V = 1
N

N∑
i=1

{(
ψ1(Wi�Xi)− θ)+ (ψ2(Wi�Xi)− θ)+ (ψ3(Wi�Xi)− θ)}

+ op
(
N−1/2)�
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Note that E[ψ(w1�x1�w2�x2�W �X)] = 0. Hence, θ = 0, ψ1(w�x) = 0, and ψ2(w�x) = 0.
Thus,

V = 1
N

N∑
i=1

ψ3(Wi�Xi)+ op
(
N−1/2)

= 1
N

N∑
k=1

∫ ∫
g(s� t)eW (s� t)

(
1(Wi ≤ s)− FW (s)

)
fW (s)fX(t)dsdt + op

(
N−1/2)

= 1
N

N∑
i=1

ψcm
W (Yi�Wi�Xi)+ op

(
N−1/2)�

as required. �

The proof of Lemma A.27 is entirely analogous to that of Lemma A.26 and, therefore,
is omitted.

Proof of Lemma A.28. Define

ψ(w�x)= g(w�x) ·ωcm(w�x)�

ψ1(w)= E
[
ψ(w�X)

]= E
[
g(w�X) ·ωcm(w�X)

]
�

and

ψ2(x)= E
[
ψ(W �x)

]= E
[
g(W �x) ·ωcm(W �x)

]
�

Then, by the V -statistic projection theorem, given as Theorem A.4 in Appendix A, it fol-
lows that

gcm −βcm(ρ�0) = 1
N

N∑
i=1

{(
ψ1(Wi)−βcm(ρ�0)

)+ (ψ2(Xi)−βcm(ρ�0)
)}

+ op
(
N−1/2)

= 1
N

N∑
i=1

ψcm
0 (Yi�Wi�Xi)+ op

(
N−1/2)�

�

Proof of Theorem A.4. Define

φ(z1� z2)= (ψ(z1� z2)+ψ(z2� z1)
)
/2�

Then

V =
N∑
i=1

N∑
j=1

φ(Zi�Zj)/N
2
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is a V -statistic with a symmetric kernel. In the notation of Lehmann (1999),

σ2
1 = Cov

(
φ(Zi�Zj)�φ(Zi�Zk)

)
for i� j�k distinct, which simplifies to σ2

1 = σ2/4. Therefore, by Theorems 6.1.2 (with a=
2) and 6.2.1 in Lehmann (1999), the result follows. �
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