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This article collects the supplemental contents to the main paper. Section A col-
lects the key results for the theorems in Section 3. Section B shows the double
robustness of moment condition used in the paper. Section C considers the es-
timation and inference of UQPE with general machine learning estimators and
cross-fitting. Section D collects the proofs of theoretical results in the main paper.
Section E collects the proofs of theoretical results in Section C. Section F provides
additional simulation results.

APPENDIX A: THEORETICAL RESULTS FOR SECTION 3

THEOREM A.1. If Assumptions 1 and 2 hold, then for j =0, 1 and any e > 0, there exists
a class of functions denoted as GY) such that {mj(x, q) : g € Q°} ¢ GY) with probability
greater than 1 — e and

. . csp
sup NG, || - 9,2, ]| GP) ”Q ,) < C(%) forevery g € (0, 1], (A.1)
0 :

where C, ¢ are positive constants, N (-) is the covering number, GU) is the envelope for G\,
|- llo,2 is the L? norm for a probability measure Q, and the supremum is taken over all
finitely discrete probability measures. In addition, we have

. 1
sup Imj(x,q)—mj(x,q)lzde(x)=0p(W), (A2)
qeQ?
. N
sup |mj(x,q)—mj(x,q)|=0P(§NSb %). (A.3)
qeQd,xeX
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THEOREM A.2. If Assumptions 1 and 3 holds, then for any e > 0, there exists a class of
functions denoted as G such that ®(x) € G® with probability greater than 1 — e and

CcSp
SupN (G, |- g, €] G2 HQ ,) < C(%) forevery € € (0, 1], (A.4)
0 :

where G* is the envelope of G\, In addition, we have, for all ¢ > 0,

[ (@0 = 0(x))? dFx () = 0p (Vs logpi)/ N) (a.5)
and
sup|®(x) — w(x)| = op(1). (A.6)
xeX

THEOREM A.3. IfAssumptions 1-4 hold, then

N
. 1
sup| 6(7) — 6(7) — Y IR ()| =0p(N71?),
’TEY i=1
1 N
sup 6" (1) = 6(1) — > milF{(r)| = op(N~1?).
TeY i=1

THEOREM A.4. If Assumptions 1-3, 5, 6 hold, then

0(m) £ (gr) (/ u?K (u) du> h3

2f2(qx)

N
UQPE(r) — UQPE(r) = %ZIF,-(T) + +R(7)
i=1

N

——— % — 1

UQPE (1) — UQPE(r) = - 3 mi  IFi(7) + R*(7),
i=1

where the residuals satisfy sup, .y max{|R(7)|, |R*(7)|} = op((log(N)N h1)~1/2).

APPENDIX B: DOUBLE ROBUSTNESS

The double robustness of (3) follows from Chernozhukov, Escanciano, Ichimura, Newey,
and Robins (forthcoming, Theorem 3). In this section, for the sake of completeness, we
demonstrate that (3) is doubly robust.

LeMmmA B.1 (Double robustness). Suppose Assumption 1 holds. If:

@ [|m(x, g:)|dFx(x), [|o(x)l{y < g:}|dFy x(y,x), [|&(x)mo(x,q:)|dFx(x),
and [ |w(x)mo(x, q:)|dFx(x) are finite;

(ii) for every x_1 in the support of X_1, the mappings x1 — (mo(x, g:) — mo(x, g:))
and x1 — fx,x_,=x_, (x1) are continuously differentiable with

(mo(x, g7) — mo(x, q2)) fx11x_1=x_, (X1) = 0
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as x; — Foo; and

(iii) [771(x, g-) dFx (x) = [ 3510(x, g7) dFx (x);
then (4) and (5) hold.

In this lemma, conditions (i) and (ii) are regularity conditions for the nuisance

parameter values. Condition (iii) is satisfied if 1 (x, g;) = %rho(x, q-). It is reason-

able since mg(x, g;) is a value for mg(x, g;) and m;(x, g;) is a value for m(x, q;) =
%m()(x) qT)

Proor. Note that (4) follows from

/(ﬁ’ll(x» q:) — o(x)(1{y < g-} — mo(x, g;))) dFy, x (y, x)
=[”~11(x’ qr-)dFx(x)
N Jd
— //(mo(x» q-) — mp(x, QT))<EfX1|X1—xl(xl)> dx1dFx_ (x_1)

:/ﬁ’l](xv QT) dFX(X)

Jd .
+ // (rm(x, qr) — (a—xlm()(x' 6]7)>>(fX1|X_1_x_1(x1)) dx1dFx_(x-1)

=[m1(x, q-) dFx (x)
=0(7),

where the first equality follows from Fubini’s theorem, and the second equality follows
from integration by parts. Next, (5) follows from

/(ml(x, g:) — &(x)(1{y < g-} —mo(x, g5))) dFy, x (y, x)
=/m1(x, qr)de(x)—//&)(x)(mo(x, q:) —mo(X, q:)) fxy)x_1=x_, dx1dFx_, (x_1)

=/m1(x, q-)dFx(x)
=6(7).

This completes a proof of the lemma. O

APPENDIX C: ESTIMATION AND INFERENCE OF UQPE WITH GENERAL PRELIMINARY
MACHINE LEARNING ESTIMATORS

C.1 Estimation and inference procedures with cross-fitting

Based on the moment condition (3), we propose to estimate 6(r) by a cross-fitting ap-
proach (Chernozhukov et al., 2018, Definition 3.2). We split the sample of size N into a
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random partition {Iy, ..., I} of approximately equal size. For simplicity, let |I;| = n for
every / so that N = nL. In this section, we assume that, for every index/ € {1, ..., L} of
fold, we can construct an estimator (a;(x), m9,(x, q), r111,;(x, q)) by using all the obser-
vations except those in /;. Letting g, be the full sample 7th empirical quantile of Y, we
estimate 6(7) by

L

A~ 1 1 . . A o o A

Ocr(T) = i3 E - E (m1,1(Xi, §7) — @1(X) (1Y < §-} — i0,1(Xi, G7)))- (C.1
=1 iell

With this estimator for 6(7), our proposed estimator for UQPE(7) is

_ 5,
OQPE, () = 47
fY(CIT)

where fy( y) is defined in Section 2.2.

For an inference about UQPE(7), we propose the multiplier bootstrap without re-
calculating the preliminary estimators (®;(x), #19 ;(x, q), 111 ;(x, g)) in each bootstrap
iteration. Using independent standard normal random variables {7 ,-}f\; , that are inde-

pendent of the data, we compute the bootstrap estimator Iﬁﬁ:f(fr) in the following

steps. We construct the bootstrap estimator (g7, f;;) for (g., fy) in the same way as in
Section 2.3. The bootstrap estimator for 6(7) is

L

" 1 1

07 (1) = — E _ E (i + 1) (71,1(X4, %) — @i (X)) (1] Yi <@L} — o 1(Xi 7))
! LimZ >y i+ ia

ie[l
With these components, the bootstrap estimator [mjf(r) is given by
0 (7)
(@)
We can use the above multiplier bootstrap method to conduct various types of infer-
ence. For example, we can construct a confidence band CB{’[ of for 6(7) over Y by com-

UQPE, (1) = —

puting écf(r) + &G(T)C%Cf(l — a) for 7 € Y, where () is an estimator of the standard
error of écf(r) and c@ycf(l — «a) is the (1 — «) quantile of sup, .y |(éjf(7) - 9cf(7))/6-9(7)|
conditional on the data. Also, we can construct a confidence band CBy, s for UQPE
over Y by computing UQPECf(’T) + o(1)ey, (1 — @) for 7 € Y, where 6(7) is an esti-
mator of the standard error of UQPE_¢(7) and cy (1 — @) is the (1 — «) quantile of
Sup, ey |(U/Qﬁl:f(ﬂr) — Iﬁcf(ﬂr))/[r(f)l conditional on the data.

C.2 Asymptotic theory
In this section, we investigate the asymptotic properties of the estimators (@Cf(ﬂ'),

9cf (7)) and the bootstrap estimators (Iﬁ)ﬁif (7), éjf (7)) introduced in the previous sec-
tion.
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AssumpTiON C.1. Foreveryindexl e {1, ..., L} offolds, there exist sequences vy, An, TN
such that the following conditions hold with probability approaching one:

i ~ An\"™
SN (5, )2 € @), - o G .) = ()

&
forevery e € (0, 1], (C.2)
sup f|rh1,l(x, q) —m(x, q)|2dFX(x) = Op(7%), (C.3)
qeQ?
/|‘2’l(x)_w(x)|2dFX(x)=0P(7712v), (C.4)
sup /‘|d)l(x)rh0)l(x, q) — w(x)mp(x, q)|2dFX(x) =0p(7%), (C.5)
qeQ?
. 2+d
/( sup |y 1 (x, 61)|> dFx(x) =0p(1), (C.6)
qeQ?
. . 2+d
/(SUp5|wl(x)(1 + i, i, )[)]) T dFx(x) = 0p(1), (C.7)
qeQ
N N -
sup /(ml'l(x, q) — (?—mo,l(x, q)) dFy(x)| = OP(7T12V), (C.8)
4eQ? 1
sup /(c?)z(x) — (X)) (ho,1(x, 9) — mo(x, q)) dFx (x)| = Op(7%), (C.9)
qeQ?

where, in (A.1), N(-) is the covering number, GEj) is the envelope for {rhj(x, q):q¢€ 0%,
and the supremum in (C.2) is taken over all finitely discrete probability measures.

Several comments are in order. First, this assumption consists of a list of high-
level conditions that should be satisfied by the preliminary estimator (&;(x), 7119 ;(x, q),
my 1(x, g)). While we state these high-level conditions here for the sake of accommo-
dating a general class of preliminary estimators, the preliminary estimators considered
in the paper satisfy these requirements. Second, (A.1) is the entropy condition for the
classes of functions {1 ;(x, q) : q € Q?%}. We require this condition because (1) we want
to derive the linear expansion for 6(r) that is uniform in 7 and (2) 7 j,1(x, qr) has the
estimated g, inside for j =0, 1. We can directly verify (A.1) for general machine learning
estimators via a kernel convolution technique in Section C.3. Third, it is worth mention-
ing that term (C.8) is zero if we construct 1) (x, q) by 11 (x, g) = a_il"%(x’ q).

TuEOREM C.1. If Assumptions 1 and C.1 hold, w3,vylog(An/mn) = o(1), 13 log?(An/
7y) = o(NZ), and 7y = o(N~/%), then SUp,ey 10cr (1) — 0(7) — & SN IRV (n)| =
op(N~Y2), and sup,ey 162, (1) = b,7(r) — 3 i1y milF{ ()| = op(N~1/2).
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Cororrary C.1. Suppose assumptions in Theorem C.1 hold and sup,_y |vVN&(1) —
Var(IF?(7))| = op(1). Then P({6(7) : T€ Y} € CB{’(ycf) —>1—a.

TueoreM C.2. If Assumptions 1, 5, and C.1 hold, wjzva log(N)log(An/mN)h1 = o(1),
v2,log(N) log2(Ay /mn)h1 = o(N'74), and iy = o((log(N)Nh1)~1/%), then UQPE,(7) —

01 P () ([ u? Ky (u) du) .
UQPE(r) = LY N IF(r) + 20K ("z)}éf‘%)‘(”) "M 4 R(r) and UQPE(r) -
UQPE, (1) = XN mi - IFi(r) + R*(7), where sup ymax{|R(7)|,|[R*(n)]} =

op((log(N)Nhy)~1/2).

The following corollary summarizes the validity for the bootstrap inference.

CoroLLARY C.2. Suppose assumptions in Theorem C.2 hold and \/Nh, = o(hl_z). If
h1 Var(IF;(1)) is bounded away from zero and sup_.y |[vNh16 (1) — /h1 Var(IF;(7))| =
op(log™"%(N)), then PUUQPE(7) : 7€ Y} € CBy,¢f) = 1 — .

C.3 Kernel smoothing general machine learning estimators

In this section, we propose a kernel convolution method to smooth general machine
learning estimators ; ;(x, g) over g. This convolution benefits the theoretical argu-
ments for the uniform consistency over ¢ because the resulting convolution is Lipschitz
continuous, as shown in the proof of Theorem C.3. Chernozhukov, Ferndndez-Val, and
Kowalski (2015) introduce the kernel convolution as a theoretical device in their proof.
The key advantage is they do not need to implement kernel convolution in practice, and
thus avoid the choice of the tuning parameter. On the other hand, we apply the kernel
convolution technique in a difference context and require implementing it on the origi-
nal machine learning estimator. For a generic machine learning estimator g (x, q), the
entropy of the class of functions {n%j,l(x, q):qe 0% forj=0,1and!/€e{l,..., L}isusu-
ally unknown. This kernel convolution method provides one way to introduce smooth-
ness to rhj,l(x, q) over g, and thus reduces the entropy of {rhj,l(x, q):qce 091,

AssumpTION C.2.

1. mo(x, q) and m;(x, q) are 2kth order differentiable with respect to q, and all the
derivatives are bounded uniformly over x.

2. Ky(-) is a symmetric function with bounded support, [ Ko(u)du =1, [ w/ Ko (u) du =
-1
Oforj=1,...,2k—1,sup, |K2(u)| <ocoand [ u2k|K2(u)| du < 00. hp = cp N 2@k+1) for
some positive constant cs.

We use the higher-order kernel to fully exploit the smoothness of m(x, ¢) and re-
duce the bias caused by the kernel convolution method. We further assume that the er-
rors of the initial machine learning estimators {m;(x, q)}j—o1,/e1,.,1; and
{@;(x)}eqn, ..., 1y satisfy the following conditions.

.....
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AssumpTiON C.3. For every subsample index [ € {1, ..., L}, there exists a vanishing se-
quence py such that

sup | (X, q) —mj(X, q)|=O0p(h2pn), j=0,1, (C.10)
xeX,qeQ?
sup | |rmo(x, @) — mi(x, q)|2dFX(x) =O0p(h3p%), (C.11)
qeQd
/|d)(x) — w(x)[*dFx(x) = Op(h3p3), (C.12)
. 2+d
/(Sup rito(x, )] ) dFx (x) = 0p(1), (C.13)
qeQd
. . 2+d
/(sup o) (1+ o, @)]) T dFx(x)=0p(1), (C.14)
qeQd
. J ~
sup f(mo(x, Q) = 5—ro(x, q)) dFx (x)| = Op(7% 1), (C.15)
quS X1

sup
qeQ?

/(é)(x) — w(x))(mo(x, g) — mo(x, q)) dFx (x)

= Op (7} 1)- (C.16)

Deriving these error bounds for various machine learning methods is beyond the
scope of our paper. Partial results are available in the literature. For example, the L,
bounds for the random forest method and deep neural networks have already been
established in Wager and Athey (2018), Schmidt-Hieber (2020), and Farrell, Liang, and
Misra (2021)), respectively.

Our final first-stage estimator of (mg(x, q), mi(x, q), w(x)) is (mo(x, q), mo(x, q),
®(x)), where mg(x, q) = f %;‘*”Kz(qh—?) dt for j =0, 1. The next theorem shows that
the high-level conditions in Assumption C.1 hold for (#1(x, q), mo(x, q), ®(x)).

THeEOREM C.3. Suppose Assumptions 1, C.2, and C.3 hold, then (my(x, q), mo(x, q),
&(x)) satisfy Assumption C.1 with vy =1, Ay =1, and 7y = hopy + h3*, and #%, =
7y +o(N"12),

APPENDIX D: PROOF OF THE RESULTS IN THE MAIN TEXT
D.1 Proofof (3)

LeMmwmA D.1. Equation (3) holds under Assumption 1.
Prookr. This statement follows from
E[m1(X, g;) — 0(7) — o(X)(L{Y < g7} — mo(X, ¢5))]

_ / o)Ly < g7} — mo(x, ¢2)) dFy.x (. %)



8 Sasaki, Ura, and Zhang Supplementary Material

— / w(x)( / 1y < g} dFyx—s () — mo(x, qf)) dFy(x)
= 0,

where the first equality follows from the definition of 6(7), the second equality comes
from the law of iterated expectations, and the last equality follows from the definition of
mo(x, q). O

D.2 Proofof Theorem A.1

In the proof of Theorem A.1, we use the notation
GO ={A(b(X)"B): BER?, [|Bllo < Msy},
and

J
¢ = {A(b(X)TB)(l — A(b(X)TB))&—mb(X)TB :BeR?, ||Bllo < Msp,

&ib(x)TB

su
P 1

xeX

]
where M is a sufficiently large constant.

Lemma D.2. Under the assumptions in Theorem A.1,

3 2o
(i) sup IIBq—Bqu:OP( Wﬂ)
qeQ?
2 21
() sup |m0(x’Q)—mo(xyq)|=0P< W)
xeX,qeQ?
1/2 0
(iii)  sup (/(ﬁlo(x’q)—mo(x,q))zdFX(x)> =0p( %(pb)),

qeQ?
2 21
(vi)  sup |ﬁ11(X,Q)—m1(x,q)|=OP< w>,
xeX,qeQ?
1/2 1
(v)  sup (/(’ﬁl(x,q)—M1(x,q))2dFX(x)> ZOP(\/@),
qeQ?® N

where, in each of the five the statements, the norm on the left-hand side is with respect to X
and the stochastic convergence Op in the right-hand side is with respect to the randomness
of the estimators.
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Prookr. The first three results have been established by Belloni, Chernozhukov,
Fernandez-Val, and Hansen (2017). For the fourth result, we have

[ (X, q) —mi(X, q)|

=

AT Bg) (1= ABOOT B) 500X By~ ALY By)

J
x (1— A(b(X)TBq))a—mb(X)TBq

J
+ ‘E(MO(X, q) — A(b(X)TBq))‘

J ~
<|—b(X)"(Bg— Bg)

<5 FIABXITBy) = ABOTBy)

J
+ ‘E(MO(X, q) — A(b(X)TBq))‘

< sup
xeX

d N o
Eb(x)llmq — Bylli+|mo (X, q) — mo(X, 61)‘

J
+ ‘a—m(mo(x, q) — A(b(X)TBq))‘

’

+[(mo(X, @) — A(B(X) " By))

where the first inequality is due to the triangle inequality and Assumption 2, and the
second inequality is due to the facts that A(-)(1 — A(+)) is bounded, f(«) = u(1 — u) is
Lipschitz-1 continuous in u, and sup,. v, ;e s |%b(x)TBq| < ¢. Taking sup,c s, vex ON

both sides, we have sup,. v, ,c g3 |71 (x, ¢) —m1(x, )| = Op(,/ (% s71og(pp)/N). Similarly,
by Assumption 2.3,

1/2 ; -
sup </(ﬁ11(x, q) —mi(x, Cl))ZdFX(x)> 20P<\/Sbog(i7j>-

qeQ?

This complete a proof of the lemma. O

We note that Belloni et al. (2017) have shown Supgeos |l ,éq llo = Op(sp). In addition, by
Lemma D.2, we have sup, . v ;05 |%b(x)T([§q — By)| < {NSUp s 184 — Bglli = op(1).
This implies, with probability approaching one, sup,.c x 40 | ﬂ—;ylb(X )7 ﬁq| =0(1). Then
(A.1) directly follows from the argument in the proof of Belloni et al. (2017, Theorem 5.1).
Lemma D.2 verifies (A.2) and (A.3) in Theorem A.1. This concludes the proof.

D.3 Proofof Theorem A.2

Define ey = /log(py)/N. We let £5 be a sequence that diverges to co but £y = o(N¢)
for any constant ¢ > 0. Define Jy = Supp(p) and J = Supp(p). We denote p* =
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argmin,, [ (o(x) — h(x)Tp)2dFx(x) + 2en Zjejoc |pj|- For a generic p x 1 vector p, let
p be the p x 1 vector such that its jth element is p; if j € 7 and 0 otherwise.
First, we are going to show (A.6). It is sufficient to show

A 26-1)/(1+2
15— Bl = Op(enelt™V/1H29), (D.1)
because, given (D.1), we have

sup|@(x) — w(x)| < sup‘h(x)ll)ﬁ -7l + sup’h(x)Tﬁ— w(x)‘ =op(1).
xeX xeX xeX

The proof of Chernozhukov, Newey, and Singh (2022, Lemma A6) shows
5= 0", = €l — o, = Op(ensi2E/1429) 02)
under Assumption 3.3. Therefore, in order to prove (D.1), it suffices to show
Hﬁ_ ,D* ”1 ZOP(ENSE\%f—I)/(HZf))_ (D.3)

By Chernozhukov, Newey, and Singh (2022, equation (B.2)), with &y =

Jl0og(pr)/N, we have

(=) Glp—p") +2en Y |0} < (p—P)TGlp—p) < Crey/H D,
jeJdy

where p is the coefficient of a linear projection of w (X) on (X)) such that EA(X) (o (X) —
h(X)TB) = 0. Given pj=0 for j € J5 and the definition of P, we have

[ =) g5l = 3 lofl = Cue§E D ana
jedy

/(w(x) —h(x) " p") dFx(x) = (p—p") G(p—p") = Crey V.

By Bickel, Ritov, and Tsybakov (2009, Lemma 4.1), Assumption 3.4 implies there exist
constants « and ¢ such that

.
p Gp _

in 5 =
p#0.llp z¢ i =lpgy I lp 7, 113

c>0. (D.4)

It implies ||p* —pll1 < Csﬁg_l)/(zg“).l Therefore, we have (D.3).

(2¢-1)/(2¢+1) (2¢-1)/(26+1)
N N .On

"l (p* =P) 7l < Cre sthen lp* =pll1 = 1(p* =) 7 +11(p* =P) gl < Ce
the other hand, if x| (p* =) 7, 1 > Crely: ' > |1(p* =) 7¢I, then we have || (p* —5) 5, I < | Toll|(p* —
Plalls < tsu(p* =) Gp* = p) = g5 [(h(x)(p* — P)?dFx(x) < 125 (f(h(x)p* — w(x))*dFx(x) +
Cisp)™%)<C 855‘571) /& \where the second inequality is by (D.4), the third inequality is due to Assump-
tion 3.3, and the last inequality is by s, = ng,z/(%ﬂ). This again implies ||p* —pll1 < |(p* = P) 7 1 + 1 (p* —

— 2¢6-1)/(26+1
P)gslh = Cet /D,
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Second, we want to show
Ipllo = Op(sp)- (D.5)

Let e be an arbitrary positive number. There exists a constant « > 0 such that
P(Amax(G) > k) < e/2, where Anmax(G) is the largest eigenvalue for G. By the first-order
condition, we have

1 2
AN

< [[{M - Gp*)

7l {é(ﬁ—P*)}j 2

<1l |3 = Gp*| sip ' G(p—p")
||ﬂ\|05||/3||0y|\d||2=1

~nl/2 A A
<1l Ar/tn+  sup a G(p—p),

lallo<llAllo, llall2=1

where the last equality holds because Chernozhukov, Newey, and Singh (2022) show
||Gp* — M”oo = Op(ey) in the proof of their Lemma A5. For the second term on the
right-hand side of the above display, there exists a large constant C > 0 such that, with
probability greater than 1 — e/2,

f(%tha) 16 - 1,166 - )]0

N
( Zh(Xl) a ) (shAR)l/ZA},{Z,

where the last inequality holds due to (D.2) and the fact that ||G( p—p)loe = Op(AR).2
Therefore, there exists a large constant C > 0 such that

N
P(”f)”ofcsh sup lZh(x,-fa>zl—e/2. (D.6)

lallo=<lpllo,llallz=1 =Y ;=1

2We have |G (p — p*)lloo < 1Gp—Mlloo + 1M — M loc + | Gp* — Moo + (G — G)p* loo = Op(Ar), where we
use the facts that by the first-order condition for lasso regressions, Héﬁ ~ M|l = O(Ag)and||Gp* — M ||oo =
O(en), IM = M||so = Op(en) by Assumption 3, and ||(G — G)p*llooc = Op(en) by Chernozhukov, Newey, and
Singh (2022, Lemma A4).
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If ||pllo > 3Cecsy, for the constant C in (D.6) where ¢ is defined in Assumption 3.4, then

—Zh(X)T

N

] .
Csy, sup —Zh(Xi)Taszh[ ”pﬂo —‘
lallo<llpllo, lalla=1 1Y ;= 3Ccsy, na\|o<3Ccvh lalo=1 NV

<0.5lpllo < lIpllo,

where the first inequality is due to Belloni and Chernozhukov (2011, Lemma 13) under
lpllo/(3Ccsy) > 1, and the second inequality uses

N

1
E— Sup —Zh(Xi)Ta
llalo<3Cesy, llallz=1 Y ;=1
provided that
1A
G
sup L2 <c D.7)

p#0,lplo=my I3
Therefore, by Assumption 3.4, we have

N
1
P(lIpllo > 3Cesp) < ]P’(||ﬁ||o > Csy, sup — Zh(X,-)Ta) + P((D.7) is false) < e.

lallo<llpllo, llall2=1*Y ;=4

Third, we are going to show (A.4). By (D.1) and (D.5), for any e > 0, we can find M
and c such that & (x) € G with probability greater than 1 — e, where

£-1/2
G° ={h(X)Tp: p R, |pllo < Msp, llp — pll1 < MN“(log(py)/N) % }.

Then (A.4) directly follows the argument in the proof of Belloni et al. (2017, Theorem 5.1).

Last, we are going to show (A.5). Assumption 3 implies Assumptions 1-6 in Cher-
nozhukov, Newey, and Singh (2022), where their «g, p«, §, and p in our context are w(x),
p*, p, and p, respectively.> Then (A.5) holds due to Chernozhukov, Newey, and Singh
(2022, Theorem 1) and the fact that N¢(log( p;,)/N)?¢/1+28 = O(N°¢s;, log(py,)/N) for any
constant ¢ > 0.

D.4 Proof of Theorem A.3

For a proof of this theorem, we let Py f and Pf denote % Zf\il f(Z;) and Ef, respec-
tively. We write ay < by for two positive sequences ay and by if there exists a constant
independent of n such that ay < cby. The constant ¢ may vary in different contexts.
For any estimator 6, we follow the empirical processes literature and denote Ef (X, ) as
Ef(X, 0) evaluated at 6 = 0.

The proof of Theorem A.3 is divided into three sections. In Section D.4.1, we prove
three technical lemmas that will be used later. In Section D.4.2, we derive the linear ex-
pansion for (). In Section D.4.3, we derive the linear expansion for 0* (7).

3In particular, Assumption 3.4 implies Assumption 3 in Chernozhukov, Newey, and Singh (2022) by
Bickel, Ritov, and Tsybakov (2009, Lemma 4.1).
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D.4.1 Useful lemmas Define ¢;(q) =m1(X;, q) — o(X;)(1{Y; < g} — mo(Xj, q)) — 6(7)

and ¢;(q) = o (X;, @) — &(X)(ALY; < g} — g (X, q)) — 0(7).

Lemma D.3. If Assumptions 1-3 hold, then sup,..y |IP’(<Z),-(£17) — ¢i(g:)| =
N€./spspl 1 A ak s N /spspl log(pn
OP( ShSh Oigpb) Og(Ph)) and SupTeY |P(¢I(C]7) _ ¢l(q1.))| — OP( SbSh Olg\,(pb) Og(l)l ) ).

Proor. We focus on the first result and the second one can be proved in the same man-
ner. Using the law of iterated expectations and mg(x, ¢) = [ 1{y < g} dFy | x=x(y), we have

/(m1(x, q) — (x)(1{y < g} —mo(x, q))) dFy, x (¥, x)
— /(ﬁ’to(x, q) — &(x)(1y < g} — Mo (x, q))) dFy, x (y, x)
= / (71 (x, g) —mi(x, q)) dFx (x) + f o (x) (o (x, q) — mo(x, q)) dFx (x)
+ /((I)(x) — w(x))(mo(x, 9) — mo(x, q)) dFx (x).
The integration by parts implies
/w(x)(ﬁio(x» q) —mo(x, @) fxy1x_1=x_, (X1) dx1
aJd . d
= _/(Em()(x’ Q) - amo(x, Q)>fX1|X_1_x_1 (xl)de
where (1719 (x, q) — mo(x, q)) fx,1x_,=x_, (x1) disappears on the boundary of x;. Then
/(nn(x, q) — w(x)(1{y < q} —mo(x, q))) dFy x (y, x)
- f(ﬁu(x, q) — o(x)(1y < g} — o (x, q))) dFy,x (y, x)
= 7 - dF
= / mi(x, q) — a—mmo(x, q)) x (x)
+ /(é)(x) — w(x))(mo(x, 9) — mo(x, q)) dFx (x).
Because sup, .y |§- — q-| = op(N~1/2), we have, with probability approaching one,

|P(<]3i(QT) - ¢l(é7))|

N aJ
=< sup /(ml(x, q) — a—mo(xy (1)> dFx(x)
qu‘5 X1
+ sup /((I)(x) — w(x)) (o (x, 9) — mo(x, q)) dFx(x)
qeQ?
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1/2 1/2
< (/(a)(x) - w(x))zdFX(x)> sup (/(ﬁzo(x, q) — mo(x, q))zdFX(x))
qeQ?

B (NC\/sbSh10g(Pb)10g(Ph)>
=0Up N ’

where the second inequality holds due to the fact that 71, (x, g) = %ﬁzo(x, q) and the

last equality holds due to Theorems A.1 and A.2. d

LemmA D.A4. Let ;=1 foreveryi=1,...,Norn;=1+n, foreveryi=1,...,N. If As-
sumptions 1-3 hold, then

sup |(Py —P)71i(bi(q) — ¢i(q))
qeQ?

= Op(mn (V'snlog(pr) /N + /splog(pp)/N) + N~UFD/C+d) (g, 100( ppy) + s log(pp)))-

Proor. Define M (M) the set of (71 (x, q), mo(x, q), @(x)), which satisfies
{mj(x,q):qe @) cgV, j=0,1,

sup /Iﬁlj(x,q)—mj(x, q)lzde(x)stbIOg(pb)/N, j=01,

qeQ°
sup ‘ﬁ/lj(xr L])—m](x, Q)‘SMfNSbVIOg(Pb)/N; ]207 1)
qeQd,xeX

/ 16(x) — w(x)|? dFx (x) < MN%s,log( py)/N.
For such (m(x, q), mo(x, q), ®(x)), we have

sup [|(I)(x)ﬁ10(x, q) — w(x)mo(x, q)|° dFx (x)
qeQ?

5f(a>(x) — w(x))? dFx(x) + sup fwz(x)(rho(x, q) — mo(x, ¢))° dFx (x)

qeQ?
< MN*splog(pn)/N
J 2/(2+d) 4/d+2 d/(2+d)
+ sup (/ 0?14 (x) dFX(x)) (/(mo(x, q) —mo(x, q)) dFX(x)>
qeQ?

~ 4/d
< MN*s), 10g(ph)/N+M< sup  |mo(x, @) —mo(x, @)
qeQd,xeXx

d/(2+d)

2/(2+d) 2
X sup (/ w2+d(x)dFX(x)> /(ﬁlo(x, q) —mo(x, q)) dFX(x))
qeQ?

< MN%s,1og(py)/N + M ({3 FTO s DT D) 1600 (py) /N = 7%,
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Therefore, we have

sup [ |@(x)rito(x, ) — w(xX)mo(x, q)|° dFx (x) < Mm%,
qeQd®

sup |(I)(x)ﬁ10(x, q) — w(x)mp(x, q)| <M,
qeQ?

3 2+d
/( sup |m0(x, q)| + sup }ml(x, q)|) dFx(x) <M and
qeQ® qeQ?®

2+d
/( sup |@;(x)(1 + |mo(x, @)|)| + sup |@(x)(1 + mo(x, q))|> dFx(x) <M.
qeQ® qeQ?

Define

F(X) = 417l (|o)] + M) + 173 sup [m1 (x, )] + M)
qeQ°

and

fz{ 7i(m1(X;, @) — o(X;) (1Y; < g} — mo(Xi, q)))
—7i(m1(Xi, ) — o(X)(1Y; < ¢} —mo(X;, 9)))

(m1(x, @), mo(x, q), @(x)) € M(M)}-

By Theorems A.1 and A.2, we have

csp csp

b h
supN(f,||-||Q,2,s||F||Q,z)sc(%) (p—) ,
Q

&

sup]Ef2
feF

< C sup E(r1(x, q) —mi(x, 6]))2
qeQ?

+ CE(&(x) — w(x))2 + C sup E(ro(x, )& (x) — mo(x, q)w(x))2 <Mw% and
qeQ?

EF?H < .
By Chernozhukov, Chetverikov, and Kato (2014b, Corollary 5.1), we have

Psup|(Py —P)f]

feF
< X Sb 1og(pr[F(X)2]l/2> + NS log<phE[F(X)2]l/2>
~ N TN N TN
291/2
shE[(miaxF(X,-)) ] (phE[F(X)2]1/2>
+ log
N TN
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. s (max Fexp) " lOg(PbIE[F(X)Z]l/ 2)

N TN

S v (vsnlog(pr)/N ++/splog(py)/N) +N*(1+d)/(2+d)(sh log(pn) + splog(ps)),

where the last inequality is due to the fact that E[F(X)?]'/2 = O(N!/(?+d) In addition,
Theorems A.1 and A.2 show that, for any e > 0, we can find a sufficiently large constant
M > 0 such that (g, g, @) € M(M) occurs with probability greater than 1 — e. This
further implies that ¢;(¢) € F with probability greater than 1 — ¢, and thus

sup |(Py — P)71i(bi(q) — ¢i(q))
qeQ?

= Op(mn (V'snlog(pn) /N + /splog(pp)/N) + N~UFD/C+d) (g, 100( ppy) + s log( pp)))-

This leads to the desired result. O

LemMmA D.5. If Assumptions 1-3 hold, then sup,.y|(Py — P)(¢i(q:) — ¢i(g:)| =
op(N~12) and sup, .y |(Py —P)(mi + 1)($i(§%) — di(g:))| = op(N~1/2).

ProOE. We know that sup. .y |§r — ¢-| = Op(N~Y/2) and sup,.y |9 — q-| = Op(N~1/2).
(See Section D.6.2 for more detail.) These conditions imply that, for any ¢ > 0, there
exists a constant M > 0 such that

P(sup|c}*(7) — g:| < MN7Y2,sup|g, — q.| < MN*”Z) >1—e.
TeY TeY

Next, we show

sup [Py — P)7i(¢i(gr + vN"Y?) — $i(g-))| = op(N71/?).
lv|<M,1eY

Let F = {7i(¢i(q- + vNV2) — ¢i(g)) : |v| < M, 7 € Y} with envelope

F(X;) =7l sup |[m1(x, q)| + |7:| sup [@(x)(1+mo(x, ))|.
qeQ? qeQ?
Note that F is nested in {9;(¢i(q1) — ¢i(q2)) : q1, g2 € R}. Because m;(x, q) is Lipschitz
continuous in g and {1{Y < g} : g € R} is a VC class with VC index 2, we have J(v) =

fO" \/1 +log(supy N(F, || - g2, €l Fllg,2)) de < vy/log(a/v) for some constant a > 0.
Last,

supPf2 <P sup {|m1(X,qT+vN*1/2)—ml(X,qT)|
feF TeY,|v|<M

+ o(X)|(|mo(X, g- +vN"V?) —mo(X, q,)|

+|UY < g0 — 1{Y < g, +oN T2
SN2
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By Chernozhukov, Chetverikov, and Kato (2014b, Corollary 5.1, we have

P sup |(PN_IP)(¢Z'(C]T+UN_1/2) - ¢i(CIT))|
lv|<M,7eY

=P

sup (Py — P)f |
feF

1/2

E[(ml_axF(Xi))z

N log(aB[F(X)2]"*N)

1 1/2
< \/N—S/z log(aE[F(X)?]"“N) +
= o(N -1/ 2).
Therefore, the statement of this lemma holds. O

D.4.2 Linear expansion for 0(1) Taking 7; = 1 and by (6) and Lemmas D.3, D.4, and
D.5, we have

6(r) - 6() =Py i(§r)
= (Bx — P)¢i(g:) + Pi(3:) + (Py — P)(bi(qr) — i(dr))
+P(hi(dr) — 6i(@0) + Py — P)($i(d5) — $ilgr).
Rearranging the above equation and the extra condition in Theorem A.3, we have
6(r) — 0(7) = (BN —P)(i(gr)) +P;1(3:) + Ry (),

where

sup|Rn ()| = Op(mn (v/snlog(pr) /N ++/splog(pp)/N)
7Y

+ N~UHD/CHD (5, 1og( pp) + sp108(pp)))

¢ 1 1
0 (N VSbsh O%\(]pb) og(ph)) OP(N—I/Z)_
By Em; (X, ¢g-) = 0 and the usual delta method,

Pi(g:) = (Em1(X, §:) — Em1(X, ¢))

1

Jd
—Em1(X, q;)
9 1
fY(QT) N

N
Y (- UYi<g})+or(NV?),
i=1

where the op(N~1/2) term holds uniformly over 7 € Y. Then

(1) — 0(7) = PnymilFY (1) + Ry(7),
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where

Sug\Ra(T)] = Op(mn (v/'snlog(pr)/N + /splog(ps)/N)
TE

+ N~UFD/CH) (5, 1og(pp) + splog(pp)))

o ( N/spsn 10%\(] Pb) log(Ph)> +op(NV2), (D.8)

the desired result holds because under the condition in Theorem A.3, sup_.y |Rg(7)| =
op(N~1/2),

D.4.3 Linear expansion for 6*(v) By Lemmas D.3, D.4, and D.5 with #j; = 1 + n;, we
have

N 1 "
0 (r) —0(r) = —=—— D> (1L +1)6i(q})
Yo l+miicn
i€[N]
N "
= ——((Pn —=P)A + 1) bi(g:) + P(1 + 1) bi(§)
Yo 1+m

i€[N]
+ Py —PY(L+ 1) (i(G2) — $i(d7)) + P+ 0) (i (GF) — di(a7))
+ Py —P)YA + 1) (¢i(GE) — bi(gr)))

N o
ZT((PN —P)(1+ 1) ¢i(qr) +P(L+ 1) di(qF)) + Ry (1),
ni

i€[N]

where

sup| Ry, (7)| = Op (mn (v/snlog(pr) /N + /sy log(ps)/N)
TeY

+ N~UFD/2+D (g, 1og( pp,) + sp10g(pp)))

C 1 1
+0P<N VSbSh O%\(,Pb) og(ph)) +op(N7112),

In addition,
P(1+1:)i(q;) = (Emi(X, §5) —Emi(X, q5))
J

== > (L) - 1Y = g:)) +op(N71/?),
N N;( i) (1 = UYi < qq}) + op(N71/7)

where the op(N~1/2) term holds uniformly over 7 € Y. Therefore, we have

0*(7) — (1) =Py IFY (1) + Ry (1),
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where

sup|Rj(7)| = Op(mn (Vsnlog(pin) /N + /splog(pp)/N)
T7eY

1 N/ @2 +d) (Sh log(pp) + sp IOg(Pb)))

the desired result holds because under the condition in Theorem A.3, sup, .y |Rg(7)| =
op(N~1/2),

D.5 Proofof Corollary 1

The desired result holds due to the linear expansions in Theorem A.3 and the fact that
{IF?(T) .7 € Y}is Donsker.

D.6 Proof of Theorem A.4

D.6.1 Linear expansion for m(ﬂ Note that fy(@.) — fr(gq:) = A1(7) + A2(7) +
A3(r), where A, (1) = (Py —P) - K1 (Y5-05), Ap(7) = PL Ky (X85) — fy (§;) and A3 (1) =
fy(q:) — fr(g:). Bglolv we will analyze A4,(7), A2(7), and As(7), and then derive the lin-
ear expansion of UQPE(r).

First, we will analyze A;(7). Let R1(7) = A1(7) — (Py — P)h—llKl(Y",:qu). Because
sup,cy |4 — g-| = Op(N~1/2). For any & > 0, there exists a constant M > 0 such that,
with probability greater than 1 — ¢,

sup|[Ri(m)] < sup \(pN_m(hilm(M)_iK (Z=9))|
TeY

1
qeQ?,lv|<M h h m

In the following, we aim to bound sup,,c g5 < | (PN —P) 2—; (K1 ( Y"_qzlv/‘/ﬁ) —Ki( Y;;"))L

Consider the class of functions F = {Z’;;(Kl(%) —Kl(%)) :q e Q% |v| < M} with
an envelope function F; = C|5j|/h for some constant C > 0 such that
(E[(max; F;)?])1/2 < \/log(N). We note that F is a VC-class with a fixed VC index and

2
supIPf2= sup /(K1<Lt— \/ﬁv[“) —Kl(u)> fy(q+h1u)du§1/(Nh%).

feF qeQd,v|<M

Therefore, Chernozhukov, Chetverikov, and Kato (2014b, Corollary 5.1) implies

e s ey (s (M) (Y1)
qeQ?,|v|<M h h h

< v1og(N) n log(N)?’/2

~ Nm Nhy '

and thus, sup, .y |[R1(7)| = op(N~Y/2).
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2
Second, we will analyze 4 (7). Let Ro(7) = A (1) — Iy (qTWu KiG)du) h2

lor expansion, we have

By the Tay-

7 (ar) (/ u2K1(u)du)
sup|Rz(7)| < sup /(fy(z?T + uh1) — fy () K1 (u) du — 5 h3
TeY €Y

12 (gr) f(z)(q7)|( / uZKl(u)du>
< sup hi,
T7€Y 2

where g, is between ¢, and ¢, + h; such that sup,.y|§- — q-| < sup,cy |G- — §-| +
sup,cy |9r — q-| = Op(h1 + N~Y/2). Therefore, sup,.y |R2(7)| = Op(h3 + N~V/?) =
op(N~1/2).

Third, we will analyze A3(7). By the delta method, we have

g1 Y
e <—Z(T—1{Yiqu}))+R3(f),

i=1

Az(r) = f(g:)(@r — q7) + Ry(7) =

where sup, .y | Ry (7)] +sup,cy [R3(7)| = op(N71/2).
Last, we will derive the linear expansion of UQPE(7). Combining the analyses of
Aq(7), Az(7), and As(7), we have

PR 1 Yi_ T
Fr(an) = fr(an) = By = B)-— K (%)
1 1

f (qT </ uzKl(u)du)

5 hi + Ra(7), (D.10)

+

where sup, .y |R4(7)| = Op(N~1/2). By (D.8) and the condition in Theorem A.4, we have

sug\é(n-) —0(7)|= oP((log(N)Nhl)_l/Z).
TE

Therefore, we have

sup|fy (4-) — fr(g-)| = Op(log">(N)(Nh1) V2 + 13),

TeY
(1) — 9(7) 1/2
_— log(N)N h;
TeY fY(qT (( & ) )
é -0 A AT - T _
sup (6(7) (,\T))A(fY(q )—fr(q ))‘=0p((log(N)Nh1) 1/2)’
TeY fY(QT)fY(qT)
and
2
0 . . _
(n)(F (@) S (7) = Opl1ogN NIy + ) = op(log NN ) ).
TEY fY(QT)fY(QT)
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Therefore,

UQPE(7) — UQPE(r)

b o, 00 (Fr (@) - frgn)

fr(4:) f¥(ar)
L (00 = 0@) (fr(@n) — fr(an)  00(fr @) — fr(gn)”
fr@)fr(g-) 3@ fr ()
6(7)fy" (q-) ( f uzKl(u)du>h%

+ R(7), (D.11)

1 N
=~ 2 TF(D+
=1

where sup__y |R(7)| = op((log(N)Nhy)~1/2).

2f2(q)

D.6.2 Linear expansion for [m*('r) First, we will derive the linear expansion of g}.
Note that ¢ is the optimizer of the objective function Zfil p-(Yi—q)—q Zf;l ni(T —
1{Y; < g.}). Define the local parameter as & = «/N((}j —¢g-). Then

N N
[ = argmianT(Yi —qr— uN_l/Z) —uN~1/? Z?’]i(T —1{Yi < q:})
oo i=1

Note that u > YN | p (Y; — g; —uN—12) —uN-Y2 5N 5:(r — 1{Y; < §,}) is convex in
u for any 7 € Y. By the Knight’s identity, we can show that

N N
(Z pr(Yi— gz —uN"1%) —uN"12) "qi(r — 1{Y; < ér}))

i=1 i=1
N 2
u f (gr)u
— (—— N i=21(7)i + 1)(7‘ —1{Y; < 6]7}) + %)

is op(1) pointwise in u. By the convexity lemma (Pollard (1991)), we have
1 N
Qs —Gr=—— i+ 1) (7— 1Y; - Ri(7), .
a;—q ny(qT)Z(m+ )(1— 1Yi < ¢:}) + R} (7) (D.12)

where sup, .y |[R} ()| = op(N~1/2).

Second, we will derive the linear expansion of f5(gy). Let N = Zl 1(ni + 1).
Note that f3(4%) — fy(q:) = X (By — PY 2L K, (Y-8 4 RpL iy (X8 — fy(g9)) +
%( fr(@s) — fr(gs)). Followmg the same argument in the proof in Section D.6.1 and the
fact that |% — 1| = 0p(N~1/2), we have

N 14+ n; Y — T 14+ n; Yi—q- *
E(PN—P)( ’”K( ")=(IPN—P)( ’”Kl( q)+R1(r),

h h hi h
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+ R5(7),

- g (f uzKl(u)du)hf
N/ 1 Y —§* "
() ) ==

N h hy 2

and
N . ) ~x *
ﬁ(fY(qq-)_fY(qv')): Yy (qT)(qT_qT)+R3(T)

_ Iy
fY(‘IT)

( Z( i+ 1)(r - 1Y <q7})) +Ry(7),

where sup, oy, j_y,. 4 [R}(7)| = op(N~'/?). This implies

A o Y — g,
fs*/(qf) fr(g:) =Py — P)(m+1) < h1q>

f(z)(q7)<f u2K1(u)du)

5 h3 + Ri(7),

+

where sup, .y |[R%(7)| = Op(N~1/2).

Last, we will derive the linear expansion of [ﬁ* (7). By (D.8), (E.4), and the condi-
tion in Theorem A.4, we have

sup|6*(r) — 0(7)| = op((log(N)N 1) ~"/?).
T€Y

Therefore,
UQPE (7) — UQPE()

ARG 01 (f3(a3) — fr(g0))
fY(q") f}z’(CI’r)

L@ -0 (@) - frian) 0 (@) - frian)”
¥ (@) fy(az) FEanfy(az)
LN 0(rf (47) (/ uZKl(u)du>h{
== ) (A +n)IF;(7) +
Ni; 2f7(qx)

+RE(7) (D.13)

where sup, .y |R§(7)| = op((log(N)Nh1)~1/2). Taking difference between (D.11) and
(D.13), we have

N

L — — 1

UQPE (7) — UQPE(7) = 1} milFi(7) + R*(7),
i=1

where sup, .y [R*(7)] = 0p((log(N)N h1)~Y/2).
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D.7 Proof of Corollary 2

Corollary 2 is a direct consequence of Chernozhukov, Chetverikov, and Kato (2014a,
Corollary 3.1). In order to apply Chernozhukov, Chetverikov, and Kato (2014a, Corol-
lary 3.1), we need to verify Conditions H1-H4. Our Theorem A.4 shows that

0(7) K (Yl —dqr

+ R(1)
(QT)hl h )

N
UQPE(r) — UQPE(7) = sz
Y

and

s o(7) Y,-—qT) .
UQPE — UQPE i R ,
QPE (1) — UQPE(7) = any(%)hl 1( )R

where sup, .y |R(7)| = 0p((Nh1log(N))~"/?) and sup, .y [R*(7)| = op (N h1 log(N))~1/?).
Therefore, the original and multiplier bootstrap estimators can be approximated by
local empirical processes with a kernel function and the approximation errors are
op((log(N))~1/2) uniformly over r € Y. Following Chernozhukov, Chetverikov, and Kato
(2014b, Proposition 3.2 and Remark 3.2), the approximation errors are asymptotically
negligible. Focusing on the local empirical process part, Conditions H1-H4 can be veri-
fied by Chernozhukov, Chetverikov, and Kato (2014a, Theorem 3.2). Specifically, Condi-
tion VC in Chernozhukov, Chetverikov, and Kato (2014a) holds where, in their notation,
a, and v, are constants, b, = hl_l/z, K, =1log(N), o,f is bounded, and 10g4(N)/Nh1 =
o(N~¢) for some constant ¢ > 0 as we assume 4] = cN~ for H < 1/4.

APPENDIX E: PROOFS OF RESULTS IN SECTION C
E.1 Proof of Theorem C.1

For a proof of this theorem, we let Pyf, P,;f, P;f, and Pf denote % Zf;l f(Z,
% Zie[, f(Z), ]E(f(Z,-)|{Zj}jellc), and Ef, respectively. We write ay < by for two positive
sequences ay and by if there exists a constant independent of n such that ay < cby.The
constant ¢ may vary in different contexts. For any estimator 6, we follow the empirical
processes literature and denote Ef (X, 6)asE f(X, 6) evaluated at § = 6.

The proof of Theorem C.1 is divided into three sections. In Section E.1.1, we prove
several technical lemmas that will be used later. In Section E.1.2, we derive the linear
expansion of 0, ¢f (7). In Section E.1.3, we derive the linear expansion of 0 (T)

E.1.1 Useful lemmas Define ¢;(q) = m1(X;, q) — o(X;)(1{Y; < g} — mo(X;, q)) — 6(7)
and ¢, ;(q) = my,1(X;, q) — &) (X)) (1{Y; < g} — i 1(Xi, q)) — 6(7).

LemMmA E.1. Under the Assumptions 1 and C.1, % ZIL=1 IP’;((?)M(C}T) —¢i(g:)) = OP(%]ZV)for
any estimator (&;(x), Mg ;(x, q), my,1(x, q)) of (w(x), mo(x, q), m1(x, q)) and any quan-
tileindexteY.
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Proor. Using the law of iterated expectations and mq(x, g) = [ 1{y < g} dFy|x=x(y), we
have

/(ml(x, q) — o(x)(1{y < g} —mo(x, q))) dFy, x (y, x)
- /(’hl,l(x» q) — a(x)(1y < g} — g 1(x, q))) dFy, x (y, X)
zf(rhl,z(x, q) —m(x, q))dFX(XH/w(x)(ﬁ’to,z(x, q) —mo(x, q)) dFx (x)

+/(&>z(x) — w(x)) (g, 1(x, q) — mo(x, q)) dFx (x).

The integration by parts implies

/ o (x)(ro,1(x, ) — mo(x, @) fxy)x_1=x_, (¥1) dx1

Jd . d
:—/ O.)—xlmo,l(xv q)_(?—xlm()(xr CI) fX1|X_1=x_1(xl)dxlr

where (1119,;(x, q) — mo(x, q)) fx,1x_,=x_, (x1) disappears on the boundary of x;. Then
/(m1(x, q) — w(x)(1{y < g} —mo(x, q))) dFy, x (y, x)

- / (1,1(x, q) — &1(x)(1{y < q} — g 1(x, q))) dFy, x (¥, x)

A J .
= /(mu(x, q) — Emo,l(x, Q)) dFx(x)

+f(@z(x) — w(x)) (g, 1(x, ) — mo(x, q)) dFx (x).

Because sup, .y |- — g-| = op(N~1/2), we have, with probability approaching one,

A J .
/(ml,l(xr q) — a—mmo,l(x, 6])) dFx(x)

Py(¢:1(4) — Hi(G-))| < sup

qeQ?
+ sup /(c?)z(X) — w(x)) (g, 1(x, q) — mo(x, q)) dFx (x)
qeQ?
= op(7y),
where the last equality holds due to (C.8) and (C.9). O

LemMmA E2. Let ;=1 foreveryi=1,...,Norifni=1+n; foreveryi=1,...,N. Ifthe
assumptions in Theorem A.4 hold, then

sup (B — P 7i(bii(q) — di(q)]
lefl,...,L},qe Q%

= OP(WNV}V/ZN_UZ IOgI/Z(AN/WN) + VNN_(1+d)/(2+d) log(AN/ﬂ'N)).



Supplementary Material Unconditional quantile regression 25

Prookr. Define M;(M) the set of (m11(x, q), mo(x, q), @(x)), which satisfies
{mj(x,q):q€ QS} C{mj(x,q):qe Q‘S}, j=0,1

sup /\ﬁu(x, q) —mi(x, q)!2 dFx(x) <Mmy,
qeQ?

/wx) w0 dFy(x) < My,

sup /\G)(X)ﬁlo(x, q) — w(x)mop(x, q)!zde(x) <My,
qeQ?®

2+d
f( sup |1 (x, )| + sup |m (x, q)\) dFy(x) <M and
qeQ? qeQ?

2+d
/( sup [@;(x)(1+ /o (x, @)|)| + sup |w(x)(1+mg,(x, q))|) dFx(x) <M.
qeQ? qeQ?®

Define

Fi(X;) = |7l sup |@;(x)(1 + |7, (x, q)])|
qeQ?

+ 19l sup |o(x)(1+ mo,i(x, )| + |7l sup |y, 1(x, @)| + 17l sup |m1(x, q)|,
qeQ?® qeQ?® qeQ?

and

F= 7i (A, 1(Xi, ) — &1(X) (1Y < q} — g 1(Xi, q))) Lqe Qb
—7i(m1(Xi, q) — o(X) (1{Y; < g} — mo(Xi, @) '

By Assumption C.1, for any é > 0, we can find a sufficiently large constant M > 0
such that (71,4, 19,1, @;) € M;(M) occurs with probability greater than 1 — . Condi-
tional on {(r1y,7, Mg 1, @7) € M;(M)} and {X, Yi}iers, we can treat my, 1, Mg 1, @; as fixed,
and IP’;Ff*d < o0. In addition, by Van der Vaart and Wellner (1996, Theorem 2.7.11)
and the fact that sup, N ({rj(x, q) : q € Q% - llg,2 alle)llQ,g) < (ATN)”N, we have
supg N(F1, || - llg,2, €l Fillg,2) < (ATN)”N. Furthermore, note that

sup Py f? < sup Py(|my1(X, @) — mi(X, @)| + |&1(X) — 0(X)]
feF qeQ?

+]o(X)mo(X, q) — &1(X)rig (X, q)|)°
< 7712\,.

By Chernozhukov, Chetverikov, and Kato (2014b, Corollary 5.1), we have

Py sup |(Pu, — B1)(bi,1(q) — ¢i(q)]
qeQ?
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<P

sup (P, ; — IP’1)]0‘
feF;

1/2
2 AN( / Fl(x)zdFX(x)>
< NN log( )

~ N TN

o[ (maxFix) | (AN( / Fl(x)zdem)l/Z)

|
+ N og

TN

Because E[F;(X)?*9] < oo, we have E[(max; F;(X;))?]'/2 = O(NV/C+4)) on {(111,4, #ig j,
@) € M(&, M)}.* By letting n be sufficiently large, we have

Py sup |(P,; — P (i,1(q) — $i(q))]
qeQ?

Sanvy N2 1og 2 (Ay fmn) + vy N~ D log( Ay fmy).

This leads to the desired result. O

LemMA E.3. Under the assumptions in Theorem A4, sup;cy 1y ey |(Pri =P (¢i(Gr) —

$i(g:)| = op(N7V2) and sup;cqy 1y ey |(Bui — B + 1(4:i(3) — dilgn)| =
op(N~1/2),

The proof of this lemma is similar to that of Lemma D.5, and thus is omitted.

E.1.2 Linear expansion for écf(f) Taking 7, = 1 and by (C.1), Lemmas E.1, E.2, and E.3,
we have

fer (1) — 0(7)
L

1 P
= z Z]P)n,l(»bi,l(QT)
=1
1 & 1 & 1 & .
=7 2_Pui=PNdi(g) + 7 D P16hi(@s) + 7 D (Puy =P (bi1(3:) — $i(d-)
=1 I=1 =1

I

L L
1 . ) 1 )
+ = Y Piii(d:) — $i(@r) + T > (B —P)($i(dr) — bilgr)).
=1

=1

In addition, by Em; (X, q,) = 0 and the usual delta method,
Pi¢i(Gr) = (Emy(X, §;) —Em1(X, g,))

4If {X;} is sequence of iid. nonnegative random variables with EX l.2+‘1 < M, then
(E(max;=1,., N X)A)V2 < N7, 1t is shown as follows. Note that E(maxi—; .y X})? =
2 fo° xP(maxi—y,. v X; > x)dx = 2 [; xP(maxi—1, N X; > x)dx + Zf(f]'; xP(max;—;, N X; > x)dx <

2 00 EX%H 2 | 2MN ; : ; Pt
ay +2N jaN S dx <oy + 5ad, We can obtain the desired result by taking ay = Nz .
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J
~ @Eml(X, q:) ; N

1

— Y (1= 1{Yi<gq:}) +op(N7'/?),
fr (a-) Nl;( 1=4) +or(N
where the op(N~!/?) term holds uniformly over / =1, ..., L and 7 € Y. Therefore, we
have
d
. 1 N —qul(X’ qT)
sup|6(7) — 0(7) — — ( i(g:) + ———— (71— 1Y; < r})
sup N; ¢ilq i i <4r)) ‘

= Op(myvy N~ V2 10g! 2 (An/my) + vy N~OF D/ CH D log( Ay jmy) + 7))
+op(N712). (E.1)

The RHS of the above display is op (N ~1/2) because under the condition in Theorem C.1,
7% = o(N~2) and

WNVJI\]/ZN_I/Z log"?(An/mn) +onN~IFD/ D 10g( 4y jmmy) = o(N7V2).
This leads to the desired result.
E.1.3 Linear expansion for 0 (T) Let; = Zieh(m +1). Then
L

* 1 n in A%
(M =0 =7 7 Bt (i £ 1) bi(457)

~
—

L L
1 n n )
:z;ﬁ—l(Pnl—Pz)(”fh—i—l)dy qr) + ;ﬁ_ )+ Ri(7)
1 L n
:ZZ;’\!_I(P ]P])(n1+].)d) LZ Pld’ +R2(T)

~
Il
—_

L
1 n Ak *
(Pt =P (i + Dbi(gr) + ; ﬁ—l]Pld),-(qT) + Rj(7)

I
e~ -
(]~
=

~
Il
—

L
1 n ok *
= (Py = P)(ni + Di(g:) + T E ﬁ—lwi(%) + Ri(7), (E.2)

where

sup|R;(7)|
T7eY

= OP(TTNV}V/ZN_I/Z log"?(An/mn) + vy N~IFD/CHD 00( 4y jmmy) + 75)
+ OP(N—I/Z)
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for j =1,...,4, the second equality is due to Lemma D.4 and sz‘d;i,l(fﬁ) = (Pim;) x
(IPN;?),-J(?]j)) = 0, the third equality is due to Lemma E.1, the fourth equality is due to
Lemma E.3 and the fact that sup, .y |§% — ¢-| = Op(N~1/2), and the fifth equality holds
because sup, .y |(P,; — P))(n; + 1)bi(g:)| = Op(N~V/2?) and #;/n = 1 + op(1). For the
second term on the RHS of (E.2), we have

L L
1 n s n -
i3 ; ﬁ—lpl@(qr) = (z Z —> (Emi(X, g5) —Emi1(X, ¢-))

Jd
—E X,
9 mi ( %)(N (n;
1

ni+1)
fY(QT) N (T_ I{YiSQT})>
+op(N71/?), (E.3)

where the last equality is due to the delta method and (D.12). Combining (E.2) and (E.3),
we have

N

A 1

Oep(T) — 0(7) = N > (i + 1)<ml(Xi; qr) — 6(7) — w(X))(1Y; < g7} — mo(Xi, g7))
i=1

Jd
gEml(X,qT) )
+ = (- 1Yi< g} >+R* (7, (E.4)
A (= 40)) )+ Ry
where  sup,.y |Ry(7)| = OP(WNV%2N71/2IOgl/Z(AN/’]TN) + pyN-Atd/@C+d)
log(AN/7N) + %) + op(N~1/2). Taking the difference between (E.1) and (E.4), we have

. X 1Y
Oer (1) = bep (1) = 55 D mi (X, 42) = 0(7) — (X (1LY = g:} = mo(Xi, g-)
i=1
d
—Em (X, q;)
aq

A (r—1{Yi<gq:}) ) + Ry (D),
- i) £ R

where  sup .y |Ry(7)| = OP(WNV}V/ZN*UZlogl/Z(AN/TrN) L gy N-UHD/ @)y
log(An/7N) + 7%) + op(N~1/?). Due to the condition in Theorem C.1, we have
sup,cy |R% (7)| = op(N~1/2), which is the desired result.

E.2 Proof of Theorem C.2

E.2.1 Linear expansion for If}ﬁ(f) By Theorem A.3 and the condition in Theo-
rem A.4, we have

sup|fes (1) — 0(7)| = 0p((log(N)Nhy)~7?).
TeY
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Based on (D.10), we have

sup| fy (4:) — fr(gs)| = Op(log > (N) (N 1) "V/2 + k),
7eY
wp (Bcp () — BA(T)A) (fr (@) — fr(gs)) ‘ _ op((logN)N 1) ?)
TeY fY(qT)fY(QT)
and
A oa 2
) D —fr(qs _
(T)(f;(q )A f:\Y(q )) ’:OP(lOg(N)(Nhl)—l +h111):0P((10g(N)Nh1) 1/2)
TeY fY(QT)fY(QT)
Therefore,

UQPE,s(7) — UQPE(r)

by =0 0 (fr (@) ~ fr(ar)

fY(Q'r) f%(qT
( o (1) = 00) (fr(ds) — fr(an) 0D (fr(ds) — fr(gn)”
fr (@) fr(gr) f2(q:)fr (G2
0(m) 2 (gr) ( f uzKl(u)du>h%

N
1
= — S IR + +R(), (E.5)
N ,; 213 (qr)

where sup, .y |R(7)| = op((log(N)Nh1)~1/2).

E.2.2 Linear expansion for U/Qﬁ:f(q-) Recall that

v 7 (gx) ( f uzKl(u)du>
1( i QT)+

hy 2

. 1
13(@7) = fr(gn) = (By = P)(mi+ 1)K %
+R§(7),
where sup, .y |[R%(7)| = Op(N~1/2). Then
——— %
UQPECf(T) — UQPE(7)

bz (1) — 6(7) L OO (@) - fr(aq)
fr(az) f2(qx)
o O =0 (F5 (@) = Fr(a0)  0m(F(d3) — fr(a0)”
7@ fv(an) F2an f(a%)

1 N 0(T)f(2)(q7)(/ uzKl(u)du>h§
== ) (L+n)IFi(7) +
N; 217 (qr)

+ Rg(1) (E.6)
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where sup, .y |[R%(7)| = op((log(N)Nh1)~1/?). Taking difference between (E.5) and (E.6),

we have UQPE () — UQPE(r) = & YN, nilFi(r) + R*(r), where sup, .y |R*(7)| =
op((log(N)Nhy)~/2).

E.3 Proof of Theorem C.3

We will show (A.1)-(C.9) in Assumption C.1. First, we will show (A.1). To verify the first
condition in Assumption C.1, we note that

Jd
sup —ﬁm,l(x,q)'
xeX,qeQ? aq !
(1 .
= sup m]'l(;c )Kél)( q)dt
xeX,qeQ? h2 h
i(x, t t— mi(x,q) —m;i(x,
- /m,(x )dK2< q)’+ sup |, 1(x, ) —m;( ‘”|/d|1<2(u)\
xeX,qeQ? ha ha xeX,qeQ? ha
J m;i(x,t)
EY A t— m;(x,q) —m;(x,
< sup /&q Kz( q)dt‘—l— sup 16, ) i q)|/d|K2(u)|
xeX,qeQ? h ha xeX,qeQ? ho
d mj (x, q) —mj(x, q)
< sup —mj(x,q)‘/‘Kz(u)|du+ sup 7 7 / |fd|K2(u)‘
xeX,qeQ? q xeX,qeQ? 2

< 00,

where the first inequality is due to the triangle inequality, the second equality is due
to the integration by parts and the fact that the kernel function K,(-) vanishes at the
boundary, and the last inequality is due to the facts that sup, .y ,c0s |£mj(x, q)| is

bounded and that sup, . v ,c s w = Op(pn) = op(1). Given the derivative

%n% j,1(x, @) is uniformly bounded with probability approaching one, there exists a con-
stant M such that |m; ;(x, q1) — 71 ;(x, g2)| < M|q1 — g2|. The class of Lipschitz continu-
ous functions is a VC-class with a fixed VC-index. This implies uy = Ay = 1.

Second, (A.3) follows from

sup |rhjy1(x, q) —m;j(x, q)|

xeX,qeQ?
m; (x, t) —m;(x, t—
/ 10X, 1) 5,1(%, q) Kz( Q> It

= sup I I

xeX,qeQ?

sup |mj 1(x, t) — mj(x, 1)

8 t—
<2 sup reQ K2< q)‘dr
xeX,qeQ? ha ha

mj(x, t) —mj(x, q) t—gq
/ hz Kg( /’lz )dl

+ sup
xeX,qeQd
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<2 sup |ﬁ1j,1(x, t) —mj(x, t)|/’K2(u)|du
xeX,teQd
2k
+ sup |—rmj(x, q)
xeX,qeQ? ‘%IZk

h%k/u%‘[{z(u”du

where the last inequality holds because of (C.10) and the fact that sup,.c v 4c 05 | jqizkkm i(x,

q)| < oo. Therefore,

sup /|rh1,l(x, q) — mi(x, q)|2dFX(X)
qeQ?

< sup /|f?l1,z(x, @) — i (x, q)|° dFx (x) + sup f|rh1,z(x, @) —m(x, q)|° dFx (x)
qeQ? qeQ?

= Op(ph3 + h3").

Third, (C.4) is the same as (C.12).
Fourth, we will show (C.5). Note that

|@1(x) 9,1 (x, q) — 0 (x)mo(x, q)|
<|@1(x) — w(X)||A0,1(x, )| + |@(x) (10,1 (x, ) — mo(x, ).

Then

sup /|6)1(x)ﬁ10,1(x, q) — w(x)mo(x, q)lzde(X)
qeQ?

< sup f (@1(x) — w(x))°#iZ (x, q) dFx (x) + / ? (x) (g, 1 (%, @) — mo(x, q))° dFx (x)
qeQd

5/(&)[()()—w(x))zdFX(x)—i—/a)z(x)dFX(x) sup  |rig 1(x, @) — mo(x, @)|°
xeX,qeQ?

— Op(p3 5 + ),
where the last equality holds due to the fact that

sup |, 1(X, q) —mo(X, q)|

xeX,qeQ?

< sup g (X, q) — g (X, Q)|+ sup |ig (X, q) — mo(X, q)
xeX,qeQ? xeX,qeQ?

:Op(th}v-i-h%k).

Fifth, (C.6) holds because SUP e ¥, ge Q9 |m;(x, q)| is bounded for j = 0,1 and
SUPyex,geQ? |’/hl,l(x’ q) — ’/hl,l(x» CI)| =op(1).
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Sixth, (C.7) follows from sup,cy segsImo(x, q)| < 1, supcy,ge0s |M0,i(x, q) —
#g,1(x, @) = op(1), and E|w(X)]|?*? < cc.
Seventh, (C.8) holds because

. 2N
sup /(mu(x, q) — a—mo,z(x, q)) dFx(x)
qEQS X1
o J . q—t
< SUP/ SUP/ my,(x, l)—&—mo,z(x. 1) )dFx(x)|| K2 A dt
qEQ5 2t€95 X1 2
ZOP(%JZVJ)-

Eighth, we will show (C.9). Note that

‘/(rbz(x) — w(x))(m0,1(x, q) — mo(x, q)) dFx (x)

=<

/(f?)z(x) — w(x))(rm0,1(x, q) — mo(x, q)) dFx (x)

/ V(c?n(x) — w(x))(rmo,1(x, q) — mo(x, q)) dFx (x) =g
K
5 (%)

V(c?)z(x) — w(x)) (g, (x, 1) —mo(x, 1)) dFx (x) ‘e
/ ha Kz( h >' a
+ [lontn) —ot| [ PEED D g (LDl by, @)
ho ho

By Assumption C.3, we have

sup /(‘;’l(x) — (x))(o,1(x, ) — mo(x, q)) dFx (x)| = Op(7% 1).

qeQ
For the second term on the RHS of (E.7), we have, by (C.16),

‘ f (@1(x) = @(x)) (r120,1(x, 1) — mo(x, 1)) dFx (x) (g )

qseué)sf i Kg( i )dt:Op(ﬂ'NYl).

Similarly, we can show the third term is 0P(7~T12v,1) uniformly over g € Q% as well. For the
fourth term on the RHS of (E.7), we have

/|c?)1(x) (| [ oD = molx, ‘”K2<t - q) dt‘ dFy(x)
hy ho

mo(x q)

[ |os(x) —w<x>|

thdFX(x)/ 2k|K2(u)|du—0p(N 172y,
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TABLE 8. Monte Carlo simulation results with the interaction terms as well as the powers of x_;
in A(x_1). The true UQPE is numerically computed. The 95% coverage is uniform over the set
[0.20, 0.80].

Estimates 95% Cover
DGP N p (S) T True UQPE Mean Bias RMSE Point  Unif.
1) 500 15 105 0.20 1.00 1.03 0.03 0.16 0.962  0.966
0.40 1.00 1.02 0.02 0.13 0.956
0.60 1.00 1.02 0.02 0.14 0.936
0.80 1.00 1.02 0.02 0.17 0.958
2 (@) 500 15 105 0.20 1.12 1.14 0.02 0.17 0970 0.964
0.40 1.03 1.05 0.03 0.13 0.956
0.60 0.95 0.97 0.02 0.13 0.948
0.80 0.88 0.90 0.02 0.15 0.952
3(3) 500 15 105 0.20 1.14 1.17 0.02 0.17 0.966 0.958
0.40 1.05 1.07 0.02 0.13 0.958
0.60 0.97 0.99 0.02 0.13 0.952
0.80 0.90 0.92 0.02 0.16 0.944

2k

—k
where we use the fact that sup, . v ,c oo |(fqﬁmo(x, q)| < 00, K3k = O(N7&+1), and

1/2 B
/!(?Jl(x) —w(x)|dFx(x) < (/(@l(x) - w()C))2 dFX(X)) =Op(h2pN) = OP(NZ(Z"l“))-

APPENDIX F: ADDITIONAL SIMULATION STUDIES

In this section, we present additional Monte Carlo simulations to those presented in
Section 4 in the main text.

F.1 Interaction terms

The dictionaries b(x) and 4(x) employed for the simulations presented in the main text
include the powers of x, but do not include interactions among the coordinates of x.
In this section, we present simulation analysis when b(x) and /(x) include the interac-
tions among x_; as well as the powers of x. We follow the same data generating design
as in Section 4 in the main text. While we use (N, p) = (500, 100) in Section 4, we use
(N, p) = (500, 15) in the current section. This choice is made because p = 15 entails
(%) = 105 interactions, and the dimensions are therefore comparable with those con-
sidered in Section 4 in the main text.

Table 8 summarizes simulation results with the interaction terms of x_; as well as
the powers of x included in b(x) and 4 (x). In comparison with the baseline case without
the interaction terms, the results are very similar in terms of the bias, RMSE, and the

95% coverage accuracy.
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TaBLE 9. Monte Carlo simulation results with the kernel convolution. The true UQPE is numer-
ically computed. The 95% coverage is uniform over the set [0.20, 0.80].

Estimates 95% Cover
DGP N p ha T True UQPE Mean Bias RMSE Point  Unif.
1@ 500 100 (@) 0.20 1.00 1.03 0.03 0.16 0.950 0.954
0.40 1.00 1.02 0.02 0.13 0.948
0.60 1.00 1.03 0.02 0.14 0.944
0.80 1.00 1.00 0.00 0.16 0.950
500 100 (i) 0.20 1.00 1.04 0.04 0.16 0.946  0.956
0.40 1.00 1.02 0.02 0.13 0.948
0.60 1.00 1.02 0.02 0.14 0.948
0.80 1.00 1.01 0.01 0.15 0.950
2 500 100 D 0.20 1.12 1.15 0.03 0.18 0.950 0.956
0.40 1.03 1.05 0.02 0.13 0.946
0.60 0.96 0.98 0.02 0.13 0.952
0.80 0.87 0.88 0.01 0.14 0.942
500 100 (i) 0.20 1.12 1.16 0.04 0.18 0.956  0.950
0.40 1.03 1.05 0.02 0.13 0.954
0.60 0.95 0.98 0.03 0.13 0.954
0.80 0.87 0.89 0.02 0.14 0.946
3(3) 500 100 (@) 0.20 1.15 1.17 0.03 0.18 0.952  0.952
0.40 1.04 1.06 0.02 0.13 0.946
0.60 0.97 1.00 0.03 0.13 0.950
0.80 0.91 0.91 0.00 0.14 0.950
500 100 (i) 0.20 1.15 1.18 0.04 0.18 0.954 0.950
0.40 1.04 1.06 0.02 0.13 0.954
0.60 0.97 1.00 0.03 0.13 0.950
0.80 0.90 0.92 0.01 0.14 0.954

F.2 Kernel convolution

We directly use the lasso preliminary estimator (cf. Section 2.2) in the baseline simula-
tion studies presented in Section 4 in the main text. In this Appendix section, we present
additional simulation analysis based on further applying the kernel convolution method
(cf. Section C.3) to the preliminary lasso estimator. We continue to use the same data
generating design as in the baseline design presented in Section 5 in the main text for
the purpose of comparisons.

Table 9 summarizes simulation results based on the kernel convolution method ap-
plied to the lasso preliminary estimator, with the tuning parameter value given by two
alternative rules, (i) 2 = 0.1N~1/6 and (ii) 2, = 0.2N~1/6. Observe that the results are
overall very similar to those presented in Table 1 in Section 5 in the main text, in terms
of the magnitudes of the bias and RMSE as well as the 95% coverage. This finding sug-
gests that, when the lasso preliminary estimator is used, there do not seem substantially
additional benefits of using the kernel convolution method. This is reasonable because
of the sufficiently low complexity of the function space of the lasso estimates.
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TaBLE 10. Monte Carlo simulation results with the second-order kernel. The true UQPE is nu-
merically computed. The 95% coverage is uniform over the set [0.20, 0.80].

Estimates 95% Cover
DGP N p T True UQPE Mean Bias RMSE Point  Unif.
13) 500 100 0.20 1.00 1.03 0.03 0.19 0972  0.986
0.40 1.00 1.02 0.02 0.15 0.968
0.60 1.00 1.02 0.02 0.17 0.970
0.80 1.00 0.99 —0.01 0.19 0.956
2 (i) 500 100  0.20 1.12 1.14 0.02 0.21 0.968  0.984
0.40 1.03 1.04 0.02 0.16 0.968
0.60 0.95 0.98 0.03 0.16 0.976
0.80 0.88 0.87 —0.01 0.17 0.952
3(3) 500 100  0.20 1.15 1.17 0.02 0.21 0.966  0.986
0.40 1.04 1.06 0.02 0.16 0.964
0.60 0.97 1.00 0.02 0.16 0.972
0.80 0.90 0.90 0.00 0.16 0.954

E.3 Higher-order kernel

In Section 4 in the main text, we use a second-order kernel (second-order Epanech-
nikov kernel) with the undersmoothed rule-of-thumb optimal choice #; of the band-
width to satisfy the assumption for valid inference. Another option is to use the rule-
of-thumb optimal choice 4#; = 1.060(Y)N /5 without an undersmoothing while us-
ing a higher-order-kernel function (e.g., fourth-order Epanechnikov kernel) instead of a
second-order kernel function. With this approach, the optimal rate #; o« N ~1/5 with re-
spect to a second-order kernel is effectively undersmoothing with respect to the fourth-
order kernel. This may have a practical advantage in that a researcher can directly use
the choice rule 4; = 1.060(Y)N /> without an ad hoc undersmoothing. A disadvan-
tage, on the other hand, is that we require a higher-order of smoothness of the density
function. In this section, we demonstrate through simulations that this alternative ap-
proach works as well.

Table 10 summarizes simulation results based on the rule-of-thumb optimal choice
h1 =1.060(Y)N~1/5 along with the fourth-order Epanechnikov kernel function. These
simulation results overall indicate accurate estimates as the baseline results presented
in Section 4 in the main text albeit slight overcoverages. That said, we emphasize once
again that this approach works at the expense of more smoothness assumption.

F4 TestingUQPE(7)=0,V7€Y

While we have thus far studied the finite sample performance of m(’l') for general
purposes of estimation and inference for UQPE(7), we now focus on the finite sample
performance of 6(r). Recall that §(r) and its asymptotic properties are useful for testing
0(7) =0, V7 €Y, which in turn is equivalent to the hypothesis UQPE(7) =0, V7 € Y.

The basic simulation design carries over from Section 4, but the current design dif-
fers in the following two points. First, the function g(-) is now defined by g(x) = 0 and we
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TaBLE 11. Monte Carlo simulation results for 6 under the sparsity designs (i) and (ii). The 95%
coverage is uniform over the set [0.20, 0.80].

Estimates 95% Cover
DGP N P T True 60 Mean Bias RMSE Point Unif.
(i) The most sparse design—6
0® 250 100 0.20 0.00 0.00 0.00 0.03 0.952 0.938
0.40 0.00 0.00 0.00 0.04 0.930
0.60 0.00 0.00 0.00 0.03 0.938
0.80 0.00 0.00 0.00 0.03 0.944
0@ 500 100 0.20 0.00 0.00 0.00 0.02 0.936 0.940
0.40 0.00 0.00 0.00 0.02 0.930
0.60 0.00 -0.01 —o0.01 0.03 0.934
0.80 0.00 0.00 0.00 0.02 0.932
(i) The second most sparse design—6
0 (ii) 250 100 0.20 0.00 -0.01 —0.01 0.03 0.946 0.940
0.40 0.00 —0.01 —-0.01 0.04 0.916
0.60 0.00 -0.01 —0.01 0.04 0.924
0.80 0.00 -0.01 —0.01 0.03 0.936
0 (i) 500 100 0.20 0.00 0.00 0.00 0.02 0.918 0.918
0.40 0.00 -0.01  —0.01 0.02 0.924
0.60 0.00 -0.01 —0.01 0.02 0.902
0.80 0.00 -0.01 —o0.01 0.02 0.914

refer to it as DGP 0. This design conforms with the null hypothesis UQPE(7) =0, Vr €Y.
Second, for the purpose of evaluating the rate of convergence, we vary the sample size
N € {250, 500}. Table 11 summarizes the simulation results for §. Observe the the biases
are small and the coverage frequencies are close to the nominal probabilities. Further-
more, the convergence rate is consistent with the theoretical prediction of the root-N
rate.
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