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A. ONLINE SUPPLEMENT
A.1 Proofs

The notation employed here is taken from Section 2.1. Lemma A.1 is preparatory for the
proof of Theorem 1.

LEMMA A.1. Let € be a unit variance white noise. The Hilbert space H.(g) decomposes
into the orthogonal sum H,(g) = @;’il R/I~1LR where

R-ICR = {Zb(’) ) eHie): b e ]R}

and, forany je NandteZ, a(’ ) is given by equation (6).

PROOE. H,(£) is a Hilbert subspace of L%({2, F,P), equipped with the inner product
(A,B) =E[AB]forall A,Be L*(Q2, F,P). We begin with showing that the scaling oper-
ator R is well-defined, linear, and isometric on H,(g).

Consider any X = Y37 ax e, in H,(#), thatis, | X||* = Y7 a3, < +oc0. Then

+00
IRX|)> = 2Z“H —Zasz Zazw =Y ay=|X|?
p=0
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and this quantity is finite. As a result, R is a well-defined (and bounded) operator. The
linearity of R is immediate. To prove that R is isometric, take any X = > 3. ax&;—k, ¥ =
Y neobne—n in H,(g). By the white-noise properties of ¢,

b

+00 g 3
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RX,RY) =
{ ) ,;ﬁ

+00

=Y apb,=(X,Y).

p=0

1+oo

2ZaL22prL22pJ 22“ 2p+1JbL2p+l
p=0

—

[STE

&

As aresult, R is an isometry on #,(g) and the abstract Wold theorem (i.e., Theorem 1.1
in Nagy, Foias, Bercovici, and Kérchy (2010)) applies.

The abstract Wold theorem supplies the orthogonal decomposition #;(g) = Hi(e) ®
(&), where

+00 ) B +00 )
fie)=[\RH(e),  FHile)=PR LR
Jj=0 =1
and LF =H:(g) © RH,(¢) is called wandering subspace.
In particular, we show that H,(¢) is the null subspace. Indeed, the subspaces R/, (&)

are made of linear combinations of innovations &; with coefficients equal to each others
2/-by-2/:

' +oo /21 _
R'H,(e) = {ch((j) (Z 8t—k2f—i> € Hs(e): c](cj) € R}.
k=0 i=0

As a result, #,(&) can just include variables as Y oo cer—p with ¢ € R. These elements
belong to H,(¢), hence Y 72, ¢? is finite and this is possible just in case ¢ = 0. As a result,
Hi(e) = {0} and Hy(e) =Hi(®).

We now focus on the subspace H;(g). As the orthogonal complement of RH,(x) is
the kernel of the adjoint operator R* (see, e.g., Theorem 1, Section 6.6 in Luenberger
(1968)), we determine R*. Specifically, R* : H;(g) —> H;(&) is such that

+00

azk + azk+1
R* ai&_j —> —&_ .
P> ety

Indeed, R* is well-defined and the relation (RX,Y) = (X,R*Y) holds for any X =
Yrcobnei—n, Y =3 peoare—k in H;(¢), due to the white noise nature of &:

) 3 DRI S e
k{€t—n> €1—k) L%J\/_
h=0k=0 k=0
~+00 +00

azk + a2k+1
=33 0n T e e) = (XL RY),
h=0k=0 V2
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As for the kernel of R*, we prove that

+0o0
ker(R¥) = :Zd](cl)(é‘t—Zk —&r2k—1) EHi(E): d;(cl) € R}-
k=0

Take any element of #,(¢) of the kind X =) 77, d,(cl)(e,_Zk — &;_px_1) for some square-
summable sequence of real numbers {d,(cl)} k- Such X can be rewritten as X =
Y heoan&i—p With axx 1 = —ayy for all k € Ny, that is ay; + azx41 = 0. Therefore, by the
expression of R*, we realize that R*X = 0. Thus,

+o00
{Z A\ (e ok — &2k 1) € Hele) 1 d)V € R] C ker(R"). (23)
k=0

Conversely, consider X = Y 77 jape,—p in ker(R*). Since R*X = 0 in the L?-norm,
Y reolaok + a2k+1)2 = 0. As a consequence, ay;1 = —ay; for any k € Ny and we can write
X =37 d/((l)(et_y( — &;_2k—1) With d/(cl) = ay;. As a result, also the converse inclusion
in (23) holds and

+0o0
R er(R) = {Zb,@g;gk (o) :b) € R}.
k=0

In addition,
+0o0
RCR = {Z bPe®,, e Hi(e): b € ]R}
k=0

and, forany j €N,

+oo . .
R-IR= {Zbg)sgf_)w e Hi(e): b e R}.
k=0

As the case with j € N can be derived by induction, we focus on RZR and show that

00
RCF = {Z AP (81 ak + &r-ak1 — &r-ak 2 — E1-ak3) € Hu(e) 1} € R}. (24)
k=0

Consider any Y € RLR. Since Y is the image of some X e LR, there exists a square-
summable sequence of real numbers {d,(cl)} % such that

+o0 . 400 d(l)
X = Z d/i N(er-ak — &1-2k-1) Y= Z A (er—ap + E1-ak1 — E1-4k—2 — Er—4k—3)-
k=0 oo V2

As aresult, RE? isincluded in the set in (24). Vice versa, take any Y = ZZ‘LO d,(cz) (er_ak +
&r_4k_1— E1_4k—2 — &1_4k—3) fOr some square-summable sequence of coefficients {d,(f)}k.
Then Y belongs to R/j?, too, because itis theimage of X = )77, x/zd,(f) (&1—2k — &1—2k—1)»
which belongs to E}‘. Therefore, the characterization in (24) is assessed. O
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Proof of Theorem 1

Proor. By applying the classical Wold decomposition to the zero-mean, weakly sta-
tionary purely nondeterministic process x, we find that x; belongs to the Hilbert space
‘H:(&), where & is the unit variance white noise of classical Wold innovations of x. Impor-
tantly, H,(&) orthogonally decomposes as in Lemma A.1. By denoting g(’ ) the orthog-
onal projections of x, on the subspaces R/~' L}, we find that x, = "7, ¢'", where the
equality is in the L2-norm. Then, by using the characterizations of subspaces R/~! 2R,
for any scale j € N we find a square-summable sequence of real coefficients { ,8(’ )}k such
that equation (9) holds. As a result, we are allowed to decompose the variable x; as in
equation (5).

We now show (i). As we can see in equation (6), the process £ is an MA(2/ — 1)
with respect to the fundamental innovations &. In addition, the subprocess {.95]_) w2 IkeZ.
is weakly stationary. Indeed, since ¢ is a unit variance white noise, for any k € Z,

2i-11 20-11 21

2
) ) 1
E[(Eij—)kzl = [( Z Er—k2i—i — Z 8t—k2f—2f—1—i> }25 ZE[S%]=1-
=0 i=0

Thus, E[(ggi)sz)z] is finite and it does not depend on k. Moreover, ]E[s kz,] =0 for any
k € Z and the expectation does not depend on k. Finally, we analyze cross-moments in
the support S = {¢ — k2/ : k € Ny}. By taking & # k,

)

@) )
]E[at]fhzf 8zik21 ]

2j-1_1 2j-1_1
2j-1_1 2-1_1
(th k2i-1— thkz/ 2111>:|

2/-1_12/-11 2/-1_12/-11

{ D IETRNITENIED 3 i IO
i=0 1=0 i=0 1=0
—12/-1-1 2/-1_q2i-11

- Z Z Ele, jyi 2t i€ pai)+ D Z Ele;_poi_pj-1_i&_rai—2i-1_4] ¢
i=0 =

Since h # k, the sets of indices {h2/, ..., h2/ +2/ —1} and {k2/, ..., k2/ 42/ — 1} are disjoint

and so the last sums are null. Therefore, E[¢ y )h2/ E’ )kZJ] =0 for all h#k.

As a result, {efj;) ky}keZ is weakly stationary on St(’ ) and it is a unit variance white
noise.

We now turn to (ii). For any fixed scale j € N, since the variables ¢
0]

(€]
t—k2J

mal when k varies, the component g,”’ has a unique representation as in equation (8).
Thus, the coefficients ,8(’ ) are uniquely defined, and clearly, S DI ,8(’ )2 is finite.

are orthonor-
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In order to find the explicit expression of coefficients g ()

decompositions of #,(¢) at different scales J € N:

, we exploit the orthogonal

J
Hi(e) =R, (e) o PR LY.
j=1

We call w,(j ) the orthogonal projection of x; on the subspace R/H,(g) and we proceed
inductively.

We start by the first decomposition x; = th) + g(l) coming from scale J = 1, namely
H:(e) = RH,(e) ® LR. By the definitions of elements in RH,(g) and LR described in
Lemma A.1, we set

= &t—2k t+ E1—2k+1) =
1 1) Et— 1—(2k+ 1
) = D = chi )(St—2k + &—2k+1))»

= k
k=0 ﬁ k=0
+o0
1 D (1 1
( ) Z'Bi )85 )Zk = Zd}( (e1-2k — &1-2k-1)
k=0

for some sequences of coefficients {c(l)} r and {d,(cl)} » Or equivalently {yk )} r and {,8 }k,
to determine in order to have x; = 77,(1) + gﬁl) where we set /2c¢ ,(cl) = y,(cl) and v2 d](cl) =

B(l) The expressions above may be rewritten as

+00

xe=y {(q +d e+ () = 4 ek}
k=0

However, from the classical Wold decomposition of x,

+00

Xo=) la&_sk + Wks18-2k—1}
k=0

with the same fundamental innovations &,. By the uniqueness of writing of the classical
Wold decomposition, the two expressions for x; must coincide. As a result, c,(cl) and d,(cl)
are the solutions of the linear system

1 1
o) +d) = ay,

1 1
o) —di = azeqt,
that is,
(1) ok + a4l (1) Q2 — a2k
Ck =, dk - - -
2 2
and, in particular, we find
(1) _ 02k + gy B(l) Qo — 0241

=T gm0 PR T4
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Next, we focus on the scale J = 2. We exploit the decomposition of the space
RH, () =R*H,(e) ® RLR that implies the relation w(l) = (2) + gﬁz) We follow the same
track as in the previous case, by using the features of elements in R*H,(¢) and in RCR
and, finally, by comparing the expression of 77(2) + gﬁz) with the (unique) writing of w(f)
that we found before. Since

+00 T
@ _ ) Et—ak T Et—(4k+1) t Et—(dk+2) T E1—(4k+3) @ _ ) (2
=2 Yk ) ) 81 _Zﬁk &4k
k=0

by solving a simple linear system we discover that

(2) _ O4k + Qapp1 + Q4pq0 + Qapy3 (2) _ 4k + Qdk41 — X442 — Q4k43
yk = ) ’ B D) .

()

At the generic scale J = j, we retrieve the expressions of g;/” and y(] ) of equation (7) and

(11), where 7" is defined in equation (10). 0
DING
1=

Finally, we show (iii). First, when ¢ is fixed, E[g,”" g; 0 for all j # [ because g(’ )
and g!" are, respectively, the projections of x; on the subspaces R/~1 LR and R/~1 LR that

(]) (j)

are orthogonal by construction. Now, consider any g ; with m € Ny. Clearly, g,

m2i
belongs to RF~'LR  but, by the definition of g we can wrlte

(1) () (1) () (1)
t m2J ZB & (m+k)2J Z'B €k

where ,8%) =0ifK=0,...,m—1and ,8(’) ,8(’) if K = m+ k for some k € Ny. As a result,
(@)

gt ,; belongs to R/~ 1[1}‘, too. Similarly, at scale /, taken any n € Ny, it is easy to see that
g ,, belongs to R'~1£R, Hence, the orthogonality of such subspaces guarantees that
]E[g(]) 2]g(1) 41=0 forall j # 1/ and m, n e Ny.

As for the general requirement on IE[g,(’ ) » gfl )q] foranyj,/eNand p,q,t€Z,

+00 400

(1) (1) ) (1) ) (l)
Elg"p8124] ZZB E[s,” p—k2iC_g- ot
k=0 h=0
+00 +00 2j-1_120-1_1
) (1)
J—ZZB Z Z Ele;—pki-u®i—g-hol )
21+ 2o h=o

- IE[‘gtfpfkﬂ?u‘gt—q—th—Zl*l—v] - E[gt—p—k?,f—?,/*l—ugt—q—hZI—v]

+ E[sl_p_kzj_zj—l —uat—q—h21—21’1—v]}
and so

+00 +00 2-1-12-1 1
(]) (l) Z Z p q+k2’+u—h21—v)
k 0 h=0

—y(p—q+k2/+u—h21—21_1—v)

o) (l)
[gt] pgt q
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—y(p—q+ k2 + 27 u—n2' —v)
+y(p—q+kY +277 pu—h2! 271 )],

where coefficients B(] ) B(l) do not depend on ¢ and y denotes the autocovariance func-
tion of . After the summations over u«, v and k, %, the one remaining variables are j, /,
p — q. In other words, [ggj)pgﬁl)q] depends at moston j, /, p —q. O
Proof of Theorem 2

ProOF. First, we show that any process g is well-defined. Indeed, by using the moving

average representation of each g(’ ) with respect to the innovations on the support ng )
and the definition of detail processes £/, we have
+002/-1
(]) ) (]) () s() (€)) (})
Z'B & kai ZZ'B O &1 kai-i Z'BL h % 21“”81_}“ (25)
k=0 i=0

where h = k2/ + i, k = L ;land i=h — ZJL -|. Condition (13) ensures the square-
summability of the coefﬁc1ents and so each g(l) is well-defined.
In addition, the process x is well-defined because of Conditions (13) and (14). Ac-
cording to the 1 h ) h 1 h oth i
g to the latter, the components g,”’ are orthogonal to each others at different
scales for fixed ¢ € Z. Therefore,

0 1 = (2 R, L) 50 2
[(Zg’) }ZX;E[ ] ZZ Lj”J h]2/LhJ)
j= j=1h=0

which is finite because of (13). In consequence, the process x is well-defined.

Now we show that x is weakly stationary, with zero mean. We already observed that
E[x?] is finite and not dependent on ¢. In addition, since the processes g’ have zero
mean, E[x,] =0 for any ¢ € Z. Finally, take p # q. Then

+00 +00
Elx, px 41 =F [ (Z g(J) ) (Z g(l) )] Z Z E gt(J)pggl)q

j=11=1

As E[gfj ) » gil) 41 are dependentatmoston j,/ and p — g (see, e.g., the computations in the

proof of Theorem 1), E[x,_ ,x,_4] depends at most on the difference p — g. As a result, x
is weakly stationary, with zero mean.

By taking the sum over scales j € N in equation (25), we obtain the decomposition
of x, with respect to the process & stated in equation (16). Clearly, x is purely non-
deterministic. O

PropPoOSITION A.1. The time series

+00ak

L5 1
Rx; = gi—r and Rxx;=—(x;+x,_1)
k; N VG '
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have spectral density functions, respectively,

fRu):ZcosZ(%)fx(zA) and fo<A>=2cos2<§)fx<A),
where f;(\) is the spectral density function of x;.

Proor. Define the time-invariant linear filter A(L) = ZZOZO ayL", so that x; = A(L)s;.
Since Y ;7 lax| < +oo and the spectral density function of &, is f-(A) = 1/2,

+00 2
Fe) = [A(e™) P o) = |3 ape™™ %
h=0
L[/ 2 /oo 2
= { (Z ap, cos(hx\)) + (Z ap sin(hA)) }
h=0 h=0

+00 400

ZZahak cos(A(k — h)).

h 0 k=0

First, consider Rx;. As 3 0% g lav x | =23 57l | < +o0, we have
2

L 1 ik ? 1 1 ¥ & h Xk
rR(A) = e’ = o Z Z %cos()\(k —h))
h=0 k=0

i cos(A(2k —2h + 1)) + cos(A(2k —2h — 1)) }

=5 ZZahak{cos 2A(k — h)) + >

h=0k=0

400 +00
= % D> anag cos(2A(k — ) {1+ cos(V)} = ZCOSZ(%>JCX(2)\)'

h=0k=0

Now consider Rxx;. The spectral density function in the claim follows from

2
1
Ko =3{(1 +cos(A)” +sin? (D)} (V). -

fre(A) = % (" +e7i%)

A.2 Forecasting from the persistence-based decomposition

We provide the formulas for conditional expectation and variance of a process x =
{x:}:ez that has classical and extended Wold decompositions given by equations (4) and
(5), respectively. We consider the filtration generated by the white noise & = {&};c7 as-
suming that the innovations &, are independent.

Fix p € N. The conditional expectation at time ¢ of x,, is characterized by an off-
set of the classical Wold coefficients, namely E;[x,y,] = Y heoQht p&i—n- Notably, such
offset is inherited by the extended Wold decomposition of E,[x, ]

“+00 +00

[C)N0))
Eilxeepl =33 B pe i

j=1k=0
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where, for any j € Nand & € Ny,

1 2i-11 2111
()]
W= (X misen X o)

N - +i+p k21421~ +i+p

V2 i=0 i=0

Therefore, once the extended Wold decomposition of x; is known, p-step ahead fore-
casts do not require a large additional effort because they are driven by the detail pro-
cesses £, too, and coefficients ,BE(J )p are easily computed.

As to the conditional variance, the properties of the classical Wold decomposition
ensure that Var,(x;; ) = oz% 4+ ai_l. By Theorem 2 the coefficients «;, can be ob-
tained from the scale-specific ,Bg ) and so Var;(x,4 ) can be derived directly from them.
For example, Var; (x.41) = of = (Y52, By /v/2))2.
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