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APPENDIX B: APPENDIX FOR SECTION 3

B.1. Sufficient Statistic in the Rentier Regime

SO FAR, WE HAVE DERIVED OUR SUFFICIENT STATISTIC under the assumption that we are
in the entrepreneur regime. We now show that that the sufficient statistic in words (i.e.,
equation (8)) also holds in the rentier regime. Rentiers own a diversified portfolio. Their
portfolio can be seen as a “representative” tree with payout τ (the cash flow due to the
fraction of trees that blossom every period) minus i (the negative cash flow due to the
investment in existing trees) that grows at rate g − τ (the growth rate of trees that keep
growing minus the fraction of trees that blossom). This implies a payout yield (τ − i)/q
and a growth rate g− τ. Note that the return on wealth r can be written as

r = τ− i
q︸ ︷︷ ︸

Payout yield

+ g− τ�
︸ ︷︷ ︸

Growth rate of cash flows

Plugging this expression for r in the expression for Pareto inequality (see Proposition 1),
we obtain

θ= max

⎛
⎜⎜⎝
g− i

q
− ρ

η+ τ �

g− τ+ τ− i
q

− ρ
η

⎞
⎟⎟⎠ �

Differentiating with respect to r gives us

∂r logθ=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− i

q
(−∂r logq)

g− i

q
− ρ

for r < r∗ (entrepreneur regime)�

τ− i
q

(−∂r logq)

r − ρ for r > r∗ (rentier regime).
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The key takeaway is that the sufficient statistic (8) holds regardless of whether we are in
the entrepreneur or rentier regime. In other words, the effect of r on Pareto inequality
can be written as

∂r logθ= Payout yield × Duration
Growth rate of wealth

(36)

for households reaching the right tail of the wealth distribution (see Appendix B.3 for a
generalization of this insight). The only special thing about rentiers is that, because the
“representative tree” they own has a constant growth rate, the numerator in the sufficient
statistic is equal to one. Mathematically, this comes from the fact that the payout yield of
the representative tree is exactly equal to the inverse of the duration (see footnote 33).

B.2. Return on Wealth Versus Return on Capital

Following the notation in the main text, the definition of the net return on capital in the
endogenous investment extension is

rok ≡ a︸︷︷︸
Production efficiency

+ g− ι(g)�︸ ︷︷ ︸
Investment efficiency

(37)

The net return on capital is the sum of production efficiency a (i.e., how much gross out-
put is produced per unit of capital) and investment efficiency g− ι(g) (i.e., the difference
between the growth rate of capital and the investment rate). This definition of the net
return on capital fully summarizes the technological contribution of a firm to aggregate
net value-added, and is consistent with the System of National Accounts.51

Plugging this definition into the expression for q given in (9), we can write

q= 1 + rok − r
r + τ− g � (38)

The second term in (38) represents the present value of rents. Indeed, from the perspec-
tive of a firm owner, the average return on investment is rok while the marginal return
on investment is r, which means that investment generates Ricardian rents that accrue
to firm owners.52 Note that the presence of a convex investment adjustment cost function
allows rok> r to be sustained in equilibrium. The reason is that convex adjustment costs
generate decreasing returns to scale in investment. Hence, rents accrue to firm owners

51The net return on capital is defined as net capital income over capital. In the National Accounts, net
capital income is the sum of gross profits minus capital depreciation. Using our notation, gross profits are aK
and the identity that implicitly defines the depreciation rate is

Kt+1 −Kt = −depreciation rate ×Kt + It�
where Kt is capital and It is investment. Hence, the “depreciation rate” in our model is ι(g) − g. Putting this
together, we have that the net return on capital in our model is a− (ι(g) − g), which coincides with (37).

52See Cochrane (1991) for a formal proof that the first-order condition for investment in q-theory models
(i.e., ι′(g) = q using our notation) implies that the marginal return on investment is equal to the discount rate
(i.e., r using our notation). Note that, at the aggregate level, (rok − r)K is the total value of “pure profits” that
accrue to firm owners (e.g., Barkai (2020); Karabarbounis and Neiman (2019), and Gouin-Bonenfant (2022)).
In our model, the pure profits are due to Ricardian rents, but, in general, they could also be due to market
power.
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due to the fact that their technology cannot be costlessly scaled to accommodate the sup-
ply of savings. We make this point quantitatively in Section 5, where we simulate a rise in
savings in a general equilibrium model.

Note that we can write the return on wealth for entrepreneurs, while their firms keep
growing, as

dRt
Rt

= rok dt + (g− rok)
(

1 − 1
q

)
dt� (39)

When entrepreneurs do not use external financing (i.e., g = rok, or equivalently a =
ι(g)), their return on wealth is equal to the return on capital. However, when they use
external financing (i.e., g > rok, or equivalently a < ι(g)), their return on wealth differs
from the return on capital. In particular, their return on wealth exceeds the return on cap-
ital whenever q > 1. This comes from the fact that part of an entrepreneur’s return comes
from selling shares to outsiders. This is the key insight of our paper: for a given return on
capital, a low cost of capital r benefits entrepreneurs who raise external financing.

B.3. Extension: Heterogeneous Firm Dynamics

PROOF OF PROPOSITION 2: Denoteω log wealth, pEt(ω) the joint density of log wealth
and productivity state for entrepreneurs (an S × 1 vector), and pRt (ω) the density of log
wealth for rentiers. Moreover, denote mEt (ξ), mRt (ξ) the corresponding moment gener-
ating function for wealth for each type of agent:

mEt(ξ) ≡
∫
R

eξωpEt (ω) dω� mRt (ξ) ≡
∫
R

eξωpRt (ω) dω�

Applying the Laplace transform on the Kolmogorov forward equation gives the dynamics
of these functions over time:

∂tmEt(ξ) =D(q)ξ
(
ξD(μ) + T ′ − (η+ τ)I

)
D(q)−ξmEt (ξ) +ηD(q)ξψ� (40)

∂tmRt (ξ) = (
ξ(r − ρ) −η)mRt (ξ) + τ1′mEt (ξ)� (41)

where q≡ (q1� � � � � qS)′ is the vector of prices (i.e., the solution to the HJB, see equation
(10)), ψ = (ψ1� � � � �ψS)′ is the distribution of firm types at birth, D(μ) is the diagonal
matrix with diagonal elements given by the vector μ, and I is the identity matrix.

Denote pt(ω) the overall density of log wealth; that is, pt (ω) = 1′pEt (ω) + pRt (ω).
Hence, the moment generating function for wealth is given by

mt (ξ) = 1′mEt(ξ) +mRt (ξ)�

We are interested in characterizing the limit of mt (ξ) as t → ∞ (stationary economy).
Our assumption that there exists at least one state s such that the rate of capital ac-
cumulation is positive (i.e., μs > 0) implies the existence of a unique θE > 0 such that
( 1

θE
D(μ) +T ′) = η+ τ (see Proposition 2 in Beare and Akira Toda (2022)). This allows

us to characterize the limit mt (ξ) as time tends to infinity:

m(ξ) ≡ lim
t→+∞

mt (ξ) =
(

1 + τ

η− ξ(r − ρ)

)
1′D(q)ξ

(
(η+ τ)I − ξD(μ) − T ′)−1

ηψ



4 M. GOMEZ AND É. GOUIN-BONENFANT

if 0 ≤ ξ < min( η

r−ρ �
1
θE

), and infinity if ξ ≥ min( η

r−ρ �
1
θE

). That is, m has a pole at
min( η

r−ρ �
1
θE

). Using Theorem 3.1 in Beare, Seo, and Akira Toda (2022), this implies
that the long-run wealth distribution has a right Pareto tail with Pareto inequality θ =
max(θE� r−ρη ). Q.E.D.

PROOF FOR PROPOSITION 3: We prove the proposition in three steps. In the first step,
we prove that

∂r logθ= (u ◦ v)′∂rμ
(u ◦ v)′μ

� (42)

where u and v denote the left and right eigenvectors associated with the dominant eigen-
value of the matrix 1

θ
D(μ) + T and u ◦ v denotes the multiplication elementwise. This

equation says that the semielasticity of Pareto inequality with respect to r can be written
as the ratio between the average derivative of the growth rate of wealth ∂rμ and the av-
erage growth rate of wealth μ, where the average is taken with respect to some density
across productivity states u ◦ v.53 In the second step of the proof, we show that u ◦ v can
be interpreted as the density of past states for individuals in the right tail of the wealth
distribution. The third step concludes.

Step 1. Denote u(θ� r) and v(θ� r) the left and right eigenvectors associated with the
dominant eigenvalue of the matrix 1

θ
D(μ) +T , normalized so that u′1 = u′v= 1. As seen

in Proposition 2, Pareto inequality θ satisfies the equation
(

1
θ
D(μ) + T

)
v(θ� r) = (η+ τ)v(θ� r)�

Differentiating with respect to r gives
(

1
θ
D(∂rμ) − 1

θ2D(μ)∂rθ
)
v+

(
1
θ
D(μ) + T

)
(∂rv+ ∂θv∂rθ)

= (η+ τ)(∂rv+ ∂θv∂rθ)�

Left multiplying by u′ gives

u′
(

1
θ
D(∂rμ) − 1

θ2D(μ)∂rθ
)
v= 0�

since, by definition of u, we have u′( 1
θ
D(μ) + T ) = u′(η+ τ). Rearranging and dividing

by u′D(μ)v gives

∂r logθ= u′D(∂rμ)v
u′D(μ)v

� (43)

which is (42). Note that we can divide by u′D(μ)v since this quantity is always positive:
indeed, it corresponds to the derivative of ξ → (ξD(μ) + T ) at ξ = 1/θ, which is a
strictly convex function (see Beare, Seo, and Akira Toda (2022)).

53Note that u ◦ v corresponds to a density as u and v are positive elementwise (they correspond to the
eigenvectors associated with the dominant eigenvalue).
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Step 2. We now show that u ◦ v can be interpreted as the density of past states for
individuals in the right tail of the wealth distribution. We refer the reader to Lecomte
(2007) and Chetrite and Touchette (2015) for similar derivations in the context of large
deviation theory.

Consider a function f defined on the set of states {1� � � � � S}. For an individual i in
the wealth distribution with age ai, denote Fi =

∫ ai
0 f (sia) da the cumulative sum of f (sia)

since birth. Denote pE(ω�F) the cross-sectional density of productivity state s, log wealth
ω, and F for entrepreneurs. DenotemE(ω�β) ≡ ∫

R
eβFpE(ω�F) dF the moment generat-

ing function of F and m̃E(ξ�β) ≡ ∫
R2 e

ξω+βFpE(ω�F) dωdF the joint moment generating
function of F and ω. Applying the Laplace transform on the Kolmogorov-forward equa-
tion for pE(ω�F) gives a closed-form solution for m̃E :

0 =D(q)ξ
(
βD(f ) + ξD(μ) + T ′ − (η+ τ)I

)
D(q)−ξm̃E(ξ�β) +ηD(q)ξψ� (44)

where f ≡ (f (s1)� � � � � f (sS)). We know that (ξD(μ) +T ) = η+ τ has a unique positive
solution, given by ξ= 1/θ. Hence, for β close enough to zero, (βD(f ) +ξD(μ) +T ) =
η+ τ also has a unique positive solution, which we denote ξ∗(β). Given (44), this implies
that ξ→ m̃E(ξ�β) has a pole in ξ∗(β). Beare, Seo, and Akira Toda (2022) shows that this
implies

lim
ω→∞

1
ω

logmEs(ω�β) = −ξ∗(β)� (45)

where mEs denotes the sth element of the vector mE and s ∈{1� � � � � S}.
Taking the derivative of logmEs with respect to β at zero gives

∂β=0 logmEs(ω�β) =

∫
R

FpEs(ω�F) dF∫
R

pEs(ω�F) dF
= E[Fi|ωi =ω�si = s]�

where pEs denotes the sth element of the vectors pE . Because the convergence (45) is
locally uniform in β around zero, we get

lim
ω→∞

1
ω
E[Fi|ωi =ω] = −ξ∗′(0)�

Using a similar derivation as in step 1, one can show that ξ∗′(0) = −((u◦v)′f )/((u◦v)′μ),
which gives

lim
ω→∞

1
ω
E[Fi|ωi =ω] = (u ◦ v)′f

(u ◦ v)′μ
�

This is the sense in which u ◦ v can be interpreted as the density of states for individuals
in the right tail of the wealth distribution.

Step 3. Combining the previous formula in the special case f (s) = ∂rμs with (42) gives

lim
ω→∞

1
ω
E

[∫ ai

0
∂rμsia da|ωi =ω

]
= ∂r logθ�
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This implies

lim
ω→∞

1
ω
E

[∫ ai

0
∂rμsia da|ωi =ω

]
= ∂r logθ

=⇒ lim
W→∞

E

⎡
⎢⎢⎣

1
ai

∫ ai

0
∂rμsia da

1
ai

∫ ai

0
μsia da

∣∣∣∣∣Wi =W

⎤
⎥⎥⎦ = ∂r logθ�

Q.E.D.

B.4. Extension: Debt Issuance

We now provide a derivation of equation (15). Similar to the stylized model, we have,
in the entrepreneur regime,

θ=
− iλ

qλ
+ g− ρ
η+ τ �

Hence, the effect of a small change in the required return on debt drf and in the required
return on unlevered equity dr on θ is

d logθ= d log
(

− iλ

qλ
+ g− ρ

)
=

d
(

− iλ

qλ

)

− iλ

qλ
+ g− ρ

� (46)

where the second equality uses the fact that g and ρ are exogenous parameters. Differen-
tiating (13) and (14) give

diλ = (λ− 1) drf �

d logqλ = λM d logq�

where λM ≡ λq/qλ denotes market leverage. Finally, equation (2) gives d logq =
∂r logqdr; that is, the value of q only depends on r, not rf . Combining these equations
give

d
(

− iλ

qλ

)
= −diλ

qλ
+ iλ

qλ
d logqλ

= −λ− 1
qλ

drf − iλ

qλ
λM (−∂r logq) dr

= −(λM − 1) drf − iλ

qλ
λM (−∂r logq) dr�

Combining with (46) and rearranging give (15).

B.5. Constraints on External Financing

We now consider an extension of the investment model described in Endogenous In-
vestment with constraints on the amount of external financing. Formally, we assume that
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the book leverage of the firm must be λ (a constraint on debt issuance) and that the equity
payout yield must be higher than a certain threshold −B (a constraint on equity issuance).
Formally, the investment problem faced by the entrepreneur is now

rq= max
g

{
a− ι(g) + gq+ τ(1 − q)

}
s.t. iλ ≤ Bqλ�

(47)

where, similar to the leverage extension, λ denotes book leverage, iλ = g− rf + λ(ι(g) −
a − (g − rf )) denotes the flow of equity financing as a share of book equity, and qλ =
1 + λ(q− 1) denotes the market value of equity divided by its book value.

The baseline model can be seen as a special case where B= +∞ (i.e., no constraint on
equity issuance). Another special case often considered in the literature on entrepreneur-
ship is B = 0 (i.e., no equity issuance). More generally, this model allows us to consider
the intermediate case 0<B <+∞.

Denoting by υ/λ≥ 0 the Lagrange multiplier on the financial constraint, the first-order
condition for g in (47) gives

(1 + υ)
(
1 + λ(ι′(g) − 1

)) = qλ� (48)

When the constraint does not bind (i.e., υ = 0), we obtain ι′(g) = q, as in the model
without constraints on external financing. In contrast, when the constraint binds (i.e., υ>
0), investment is inefficiently low.

We now assume that the constraint binds (otherwise, this reverts to the model with-
out constraints on external financing). As in the stylized model (see equation (7)), the
effect of a change in the required return on debt rf and in the required return on (unlev-
ered) equity r on Pareto inequality is given by the relative change in the growth rate of
entrepreneurs:

d logθ= d log
(

− iλ

qλ
+ g− ρ

)

= dg

− iλ

qλ
+ g− ρ

�

where the second equality uses the fact that the constraint binds. To compute the change
dg, we differentiate the constraint on external financing

diλ = Bqλ d logqλ

=⇒ (λ− 1) drf + (
1 + λ(ι′(g) − 1

))
dg= BqλλM d logq

=⇒ (λ− 1) drf + qλ

1 + v dg= iλλM d logq

=⇒ dg= (1 + υ)
(

drf + λM
(
iλ

qλ
∂r logqdr − drf

))
�
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Plugging this into the expression for d logθ gives

d logθ= (1 + υ)
drf + λM

(
iλ

qλ
∂r logqdr − drf

)

− iλ

qλ
+ g− ρ

�

This is the same as the sufficient statistic with leverage (Appendix B.4) with one key dif-
ference: the formula for the effect of r on logθ is multiplied by (1 + υ).

How important is this multiplier? To answer this question, note that the multiplier can
be rewritten as 1 + υ= (1 + λ(q− 1))/(1 + λ(ι′(g) − 1)) using the first-order condition
for investment (48). Since 1 < ι′(g) ≤ q, we obtain that the multiplier is bounded below
by 1 and bounded above by qλ; that is, 1< 1 + υ≤ qλ. The lower bound is attained in the
limit B→ ∞ (i.e., there are no financial frictions) while the upper bound is attained in
the limit ι′(g) → 1 (i.e., there are no adjustment costs). In the latter case, the constraint
on external financing is the only force that keeps the growth rate of the firm from being
infinite, as in Cagetti and De Nardi (2006) and Moll (2014).

APPENDIX C: APPENDIX FOR SECTION 4

C.1. Estimating the Sufficient Statistic

C.1.1. Methodology

We use annual data from Compustat (SP Global Market Intelligence (2023)) to esti-
mate the equity payout yield and market leverage of the firms owned by top individuals
in the U.S.

Equity Payout Yield. We start by showing that the equity payout yield can be written
as the sum of a dividend yield and a buyback yield. Denote by CFt dt the amount of cash
distributed to equity holders during a time period dt. This cash can be distributed through
dividends or through share repurchases. Denoting Dt the dividend per share, Pt the price
per share, and Nt the number of outstanding shares, the following accounting identity
holds:

CFt dt =NtDt dt − Pt dNt�

Dividing by the market value of the firm equity NtPt , we obtain

CFt

NtPt
dt︸ ︷︷ ︸

Equity payout yield

= Dt

Pt
dt︸ ︷︷ ︸

Dividend yield

−dNt

Nt

�︸ ︷︷ ︸
Buyback yield

This says that the equity payout yield is the sum of the dividend yield and the buyback
yield, where the buyback yield is defined as the opposite of the growth of the number of
shares. Note that the buyback yield is positive when firms repurchase shares and negative
when firms issue shares.

We first describe the construction of the dividend yield. In years in which a company is
public, we observe in Compustat the amount of dividends during the year, dvt , and the
market value of equity at the end of the year mkvaltt (or the number of common shares
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outstanding cshot times the price per share prcc_ft if it is missing) in Compustat. We
then construct the dividend yield during the year as

Dividend yieldt =
dvt

(mkvaltt−1 + mkvaltt)/2
�

We winsorize this variable at the 1rst and 99th percentile to decreases the effect of mea-
surement errors. Finally, we set the dividend yield to zero in years in which a company is
private.

We now describe the construction of the buyback yield in years in which a com-
pany is public. We observe in Compustat the number of common shares outstanding
chsot × adj_ft , where the adjustment accounts for the effect of stock splits.54 We con-
struct the buyback issuance yield in years in which a company is public as the opposite of
the logarithmic growth in its number of common shares outstanding.

Our baseline model assumes that firms redistribute to equity holders the component of
earnings that they do not invest in their production technology. In reality, firms may also
use this cash to acquire other firms. To account for these additional financial transactions,
we adjust our measure of buyback yield by the net cash used for acquisition, acqt−sppet ,
divided by firm market equity. Intuitively, this means that we treat similarly a firm repur-
chasing its own shares and a firm purchasing the shares of another firm’s share. Overall,
our final measure for the buyback yield in years post-IPO is

Buyback yieldt = log
(
chsot−1 × adj_ft−1

chsot × adj_ft

)
+ acq− sppe

(mkvaltt−1 + mkvaltt)/2
�

We winsorize this variable at the 1rst and 99th percentile to decreases the effect of mea-
surement errors.

We estimate the buyback yield in years leading (and including) the IPO using hand-
collected data. We rely on the ownership share of founders (immediately post-IPO) as re-
ported on their S-1 forms, denoted �. Assuming that founders neither sold or purchased
shares or received shares as part of their compensation, this ownership share corresponds
to the inverse of the cumulative growth in the number of shares since founding date.55

Overall, our measure for the buyback yield in years leading (and including) the IPO is

Buyback yieldt =
log(�)
tIPO − t0 �

where tIPO denotes the year of the IPO and t0 denotes the year in which the firm was
incorporated. Finally, we set the buyback yield of firms that are private in 2015 to zero.

Figure C.1 plots the average annual equity payout yield of firms that are public in 2015
as a function of their age. One can see that the equity payout yield gradually increases,
from −10% in early years to 5% in later years. This reflects the fact that, similar to the
trees in the stylized model, firms initially raise cash from equity holders (through equity
issuance) and then start paying positive cash flows as they age (through dividend payments
and/or equity repurchases).

54See Fama and French (2001) or Boudoukh, Michaely, Richardson, and Roberts (2007) for similar mea-
surements of the buyback yield post-IPO.

55Note that this assumption leads us to underestimate (in magnitude) the buyback yield in case founders
purchased or received shares before the IPO.
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FIGURE C.1.—Annual equity payout yield as a function of firm age. Notes. This figure plots the average
annual equity payout yield in 20 bins of firm age for the set of firms that are public in 2015.

Market Leverage. In years in which a company is public, we compute market leverage
as the ratio between the market value of assets and the market value of equity. The market
value of assets is computed as the market value of equity plus the value of debt, where the
value of debt is constructed using Compustat asset at minus cash che minus shareholder
equity seq. Overall, our measure of market leverage in years in which a firm is public is

Market leverage = mkvalt+ (at− che− seq)
mkvalt

�

We winsorize this variable at the 1rst and 99th percentile to decrease the effect of mea-
surement errors. We then construct the market leverage of firms before the IPO as their
market leverage in the year following the IPO. Finally, we set the market leverage of firms
that are private in 2015 as the average market leverage of firms that are public in 2015.

Growth Rate of Wealth. We measure normalized wealth in 2015, W2015, by dividing in-
dividual wealth reported in the 2015 Forbes list by the aggregate household net worth of
households from the Financial Accounts of the United States in 2015 (Board of Gover-
nors of the Federal Reserve System (US) (2023b)), divided by the number of households
from the Census (U.S. Census Bureau (2023)). We then compute the lifetime average
growth rate of each entrepreneur using equation (20).

C.1.2. Sensitivity Analysis and Sampling Uncertainty

We now assess the robustness of our estimated sufficient statistic along two dimensions.

Sensitivity Analysis. Our individual statistics (i.e., lifetime average equity payout yield,
market leverage, and growth rate of wealth) might be measured with a bias. To assess the
sensitivity of our estimated sufficient statistic to these potential biases, we reestimate the
sufficient statistic after shifting uniformly all individual statistics by a given number. We
report the results in Table C.I, with bootstrapped 95% confidence intervals.

The first two rows reports the sufficient statistic after shifting the equity payout yield of
all individuals in our sample by ±0�5 pp. The third and fourth rows report the sufficient
statistic after shifting the market leverage by ±0�1. Unsurprisingly, decreasing the equity
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TABLE C.I

SENSITIVITY ANALYSIS FOR ∂̂r logθ.

95% Confidence interval

Estimate Lower bound Upper bound

Equity payout yield −0�5pp −5�0 −6�3 −4�0
Equity payout yield +0�5pp −3�4 −4�6 −2�5

Market leverage −0�1 −3�7 −4�8 −2�8
Market leverage +0�1 −4�8 −6�0 −3�8

Growth rate of wealth −5pp −5�0 −6�4 −3�9
Growth rate of wealth +5pp −3�7 −4�7 −2�8

Growth rate of wealth assuming initial wealth Wt0 = 10 −5�1 −6�5 −3�9
Growth rate of wealth assuming initial wealth Wt0 = 0�1 −3�6 −4�7 −2�8

payout yield or increasing the market leverage both tend to decrease the sufficient statistic
∂r logθ, as they correspond to an increased reliance on external sources of financing.

Finally, the fifth and sixth rows report the sufficient statistic after shifting the growth
rate of wealth by ±5 pp. Alternatively, we explore the sensitivity of our estimated suffi-
cient statistic to the lifetime average growth rate of wealth by setting the entrepreneur’s
wealth the year of incorporation, W0, to ten times more or less than the average wealth in
the economy in (20) (as opposed to one in the baseline). We find that this does not change
the sufficient statistic much. The reason is that the terminal wealth of the individuals in
our sample is so high that small changes in their initial wealth do not matter much for
their lifetime average growth rate.

Note that, in all specifications, the lower bound of the confidence interval remains well
below zero, which suggests that the sign of the sufficient statistic (if not its magnitude) are
robust to potential biases and sampling uncertainty.

Alternative Estimator. For the sake of simplicity, we estimated the sufficient statistic
in the main text as a ratio of two averages: the average effect of required returns on
the growth rate of wealth, in the numerator, and the average growth rate of wealth, in
the denominator (see equation (19)). In the presence of firm heterogeneity, however,
theory instructs us to compute the sufficient statistic as the average of a ratio computed
at the individual level (see equation (12)). To examine the difference between these two
methods, we now consider an alternative estimator for our sufficient statistic:

∂̂r logθalt

= 1
N

N∑
i=1

1 + Market leveragei�T × (Equity payout yieldi�T × Duration − 1)
Growth ratei�T

; (49)

that is, an average of ratios rather than a ratio of averages. We report this estimate, as well
as the bootstrapped 95% confidence interval, in Table C.II. We find that this alternative
estimate is very close to the original one.
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TABLE C.II

ESTIMATES FOR ∂̂r logθALT.

95% Confidence interval

Estimate Lower bound Upper bound

Duration = 35 years (baseline) −4�1 −5�4 −3�1

Duration = 20 years −4�0 −5�2 −3�1
Duration = 50 years −4�2 −5�6 −3�1

Note: The alternative sufficient statistic is constructed using equation (49). The 95% confidence interval is constructed as a per-
centile bootstrap confidence interval using 1000 replications. Data are from Forbes, Compustat, and S-1 filings.

C.2. Estimating Required Returns

C.2.1. The Required Return on Business Liabilities

We now describe our methodology to estimate the required return on business liabil-
ities (i.e., corporate equities and debts). We use publicly available annual data from the
Integrated Macroeconomic Accounts (Bureau of Economic Activity (2023)), which com-
bines sectoral data on income and expenditure from the National Accounts with data on
financial transactions and holdings from the Financial Accounts. We focus on the corpo-
rate nonfinancial sector (i.e., Table S5) and deflate all variables using the Consumer Price
Index for All Urban Consumers (U.S. Bureau of Labor Statistics (2023)).

Return Definition. Consider the return associated with a trading strategy that consists
of holding all liabilities issued by the corporate sectors and purchasing all new issuances
in every year. The realized return of owning the corporate sector between year t and t+ 1
is given by

rcorp�t+1 = net operating surplust+1 − net capital formationt+1

net liabilitiest

+ net liabilitiest+1 − net liabilitiest
net liabilitiest

� (50)

Net operating surplus (line item 8) is a measure of net corporate profit (i.e., value-added
minus worker compensation and capital depreciation). Net capital formation (line 28)
measures capital formation (which includes investments in real estate, equipment, and
intellectual property products) net of depreciation. Net operating surplus minus net cap-
ital formation thus accounts for all of the cash flows generated by the corporate sector.
Finally, net liabilities measures the market value of debts and equities issued by the cor-
porate sector minus the financial assets held by the corporate sector.

The first term in (50) corresponds to the payout yield. Corporate cash flows can be used
to pay interests, dividends, stock buybacks, or debt repurchases. Given the trading strategy
that we consider, all of these uses of corporate cash flows have the same economic impli-
cation: they represent flows of cash from corporations to households (see Abel, Mankiw,
Summers, and Zeckhauser (1989) for an early discussion of this idea). The second term
accounts for the contribution of the growth in the market value of liabilities.

To map (50) more closely to the model, we define the following variables:

rokt+1 ≡ net operating surplust+1

capitalt
� (Return on capital)
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gt+1 ≡ net capital formationt+1

capitalt
� (Net capital formation rate)

Qt ≡ net liabilitiest
capitalt

� (Tobin’s Q)

Given these definitions, the realized return defined in (50) can thus be rewritten as

rcorp�t+1 = rokt+1 − gt+1

Qt

+ qt+1 × capitalt+1 −Qt × capitalt
Qt × capitalt

= rokt+1 − gt+1

Qt

+ gt+1

+ capitalt+1 − (1 + gt+1)capitalt
capitalt

+ capitalt+1

capitalt
× Qt+1 −Qt

Qt︸ ︷︷ ︸
revaluation gain

�

We call the sum of the last two terms the “revaluation gains.” This term combines the
growth in the replacement value of capital and the growth in Tobin’s Q (revaluation of
net financial assets liabilities relative to the replacement value of capital). In practice, the
first term in this sum is mainly driven by the revaluation of real estate prices (real estate
capital is reported using market values), and it averages to roughly zero in our sample.

Required Returns. To obtain a measure of expected returns, we make two assumptions.
First, the investment rate and the return on capital are known one period in advance (i.e.,
Et[gt+1] = gt+1 and Et[rokt+1] = rokt+1). Second, expected revaluation gains are zero. See
Campbell (2017) Chapter 5.5.2 for an analogous set of assumptions in the context of
stock market returns. Combining the definition of realized returns (50) with these two
assumptions, we obtain that expected returns can be written as

Et[rcorp�t+1] = rokt+1 − gt+1

Qt

+ gt+1� (51)

which is directly observable. From now on, we refer to Et[rcorp�t+1] as the required return
on wealth. The idea is that, the value of net liabilities Qt is such that the expected return
on investor’s wealth is equal to their required return.

Aggregate Per Capita Growth. What matters in our sufficient statistic approach is the
decline in r net of aggregate growth per capita. One simple method is to deflate our mea-
sure of required returns by the growth rate of capital per capita. This deflated measure of
required returns simply corresponds to the payout yield, (rokt+1 − gt+1)/Qt , plus the rate
of population growth (Board of Governors of the Federal Reserve System (US) (2023c)).
A second method is to deflate our measure of returns by TFP growth, as constructed in
Feenstra, Inklaar, and Timmer (2015) (University of Groningen and University of Cali-
fornia, Davis (2023)).

Results. We plot the our required returns on wealth series in Figure C.2. The key
observation is that, for both deflators, there is a substantial decline in the required return
net of per capita growth.
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FIGURE C.2.—Required return on business liabilities net of aggregate growth. Notes. Data are from Bureau
of Economic Activity (2023), Board of Governors of the Federal Reserve System (US) (2023c), U.S. Bureau
of Labor Statistics (2023), and University of Groningen and University of California, Davis (2023).

Table C.III contains summary statistics on the return on capital, the required return on
wealth (deflated or not), and Tobin’sQ from 1985 through 2015. Computing the decline as
the change in the average in 2015–2020 compared to the average in 1980–1985, we obtain
that the change in the required return on corporate sector liabilities is −2�7 pp. Deflating
by the growth rate of capital per capita gives a change of −2�3 pp. To be conservative, we
use a change in required returns of −2 pp. in the main text.

C.2.2. Required Returns on Corporate Liabilities Versus Required Returns on Corporate
Debt

To implement our sufficient statistic, we have assumed that the change in the required
return on corporate liabilities dr was equal to the change in the required return on cor-
porate debt drf . To test this assumption, we now separately estimate the change in the
required return on corporate debt. We then discuss the effect of this estimate on the
change in Pareto inequality due to the change in required returns.

Debt issued by the corporate sector can take the form of bonds or bank loans. Assuming
away the probability of default does not change over time, we can directly estimate this

TABLE C.III

REQUIRED RETURNS AND VALUATIONS OF THE U.S. CORPORATE SECTOR.

Moment 1980–1985 1980–2020 2015–2020

Return on capital (%) 6�5 7�6 7�6
Required return on wealth (%) 7�6 6�3 4�9
Required return on wealth net of capital growth p.c. (%) 5�8 4�8 3�6
Required return on wealth net of TFP growth (%) 7�3 5�7 4�5
Tobin’s q 78�9 148�2 198�4

Note: This table reports moments for the U.S. nonfinancial corporate sector. The construction of each variable is detailed in
Appendix C.2. Data are from the Bureau of Economic Activity (2023), FRED, and Feenstra, Inklaar, and Timmer (2015).
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FIGURE C.3.—Required returns on corporate debt. Notes. Panel (a) plots the evolution of U.S. corporate
bond yields by Moody’s ratings. Panel (b) plots the evolution of the bank lending rate. Both are in real terms.
Data are from Moody’s (2023a), Moody’s (2023b), and Board of Governors of the Federal Reserve System
(US) (2023a).

required return from the interest rate paid by the corporate sector.56 Figure C.3 plots
the required returns on debt, using Moody’s data on corporate bond yields for firms rated
AAA and BAA (Moody’s (2023a) and Moody’s (2023b)) and the bank lending rate (Board
of Governors of the Federal Reserve System (US) (2023a)). We deflate these required
returns using a lagged 3-years average inflation (U.S. Bureau of Labor Statistics (2023))
in order to obtain real returns. We find that both rates have declined substantially over
time.

Following Barkai (2020), we construct the required return on corporate debt by av-
eraging the two series, with weights given by the relative quantity of each type of debt
according to the Integrated Macroeconomic Accounts. Similar to the case of the required
return on all corporate liabilities, what matters is the interest rate on debt relative to the
growth rate of the economy. Figure C.4 plots the resulting interest rate using the same de-

FIGURE C.4.—Required returns on corporate debt net of aggregate growth.

56More precisely, since we only need to estimate the decline in required returns, we only need to assume
that the probability of default does not change over time.
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TABLE C.IV

REQUIRED RETURNS ON CORPORATE DEBT.

Moment 1980–1985 1980–2020 2015–2020

Interest on corporate debt (%) 5.6 4.3 2.8
Interest on corporate debt net of capital growth p.c. (%) 3.8 2.9 1.5
Interest on corporate debt net of TFP growth (%) 5.2 3.8 2.4

flators as in Figure C.2, while Table C.IV reports the average of interest rates in different
periods.

We obtain that the change in the real interest rate paid by firms −2.7 pp. Deflating by
the growth rate of capital per capita gives a change of −2�3 pp., which is the same as the
change in the required return on all corporate liabilities. This justifies our approach of
considering a homogeneous decline in the rate of return across all securities.

C.3. Estimating Pareto Inequality

We now describe how we estimate Pareto inequality in the data. First, we use data
from Smith, Zidar, and Zwick (2023), who use an improved version of the capitalization
method developed in Saez and Zucman (2016) to construct wealth share estimates in
the U.S. Relative to Saez and Zucman (2016), the methodology allows for more granular
return heterogeneity.57 Using this data, we construct three alternative estimates of Pareto
inequality using the “top share estimator” defined in equation (22), with p = 0�001%,
p= 0�01%, and p= 0�1%.

As a robustness check, we also construct two alternative sets of estimates for Pareto
inequality using Forbes data on the wealthiest 400 individuals.58 We only use data on their
rank in the list and on their stated wealth. First, we use the log-rank estimator proposed
by Gabaix and Ibragimov (2011). The idea is to estimate a cross-sectional regression of
log wealth on the log rank minus 1/2 and use the slope of this regression as an estimate
of the Pareto exponent of the wealth distribution. To get an estimate of Pareto inequality,
we simply take the inverse of this coefficient. Second, following Saez (2001), we use the
mean-min estimator θ= 1−E[W|W >W ]/W , where E[W|W >W ] is the average wealth
of households in the Forbes 400 list and W is the wealth of the last household in list.

Table C.V contains the beginning, average, and end value of the Pareto inequality es-
timates over our time period of interest (i.e., 1980 to 2020). Taking the log difference
between the average value in the last 5 years of our sample minus the average value in
the first 5 years of our sample, and averaging across the different measures of Pareto
inequality, gives an estimate for the rise in Pareto inequality of 22 log points.

57The authors summarize the influence of return heterogeneity on estimated top wealth shares as follows:
“In terms of top portfolios, we find that accounting for estimated return heterogeneity makes a difference.
First, relative to an equal returns approach, we find a larger role for pass-through business wealth and a smaller
role for fixed income wealth. Second, the fixed income portfolio share falls and the equity share rises with
wealth at the top. Pass-through business and C-corporation equity wealth are the primary sources of wealth
at the top. At the very top, C-corporation equity is the largest component, accounting for 53% of top 0.001%
wealth, and pass-through business accounts for 22%. In contrast, pensions and housing account for almost
all wealth of the bottom 90%. Third, we find that the fixed-income portfolio share at the very top remained
relatively stable, whereas under equal returns, the fixed-income portfolio share increased substantially since
2000.”.

58We use data from Gomez (2023).
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TABLE C.V

ESTIMATES OF PARETO INEQUALITY.

Estimate 1980–1985 1980–2020 2015–2020

Ratio top shares (1%–0.1%) 0.59 0.64 0.67
Ratio top shares (0.1%–0.01%) 0.53 0.62 0.66
Ratio top shares (0.01%–0.001%) 0.47 0.59 0.65
Mean-min (Forbes 400) 0.58 0.67 0.71
Log-rank (Forbes 400) 0.57 0.69 0.73

Note: The table reports estimates of Pareto inequality using, successively, the log ratio between the top 0.1% and the top 1%, the
log ratio between the top 0.1% and the top 0.01%, the log ratio between the top 0.001% and the top 0.1%, the log ratio between the
average wealth in Forbes 400 and the wealth of the last person in Forbes 400, and the slope estimate in a regression of log rank minus
1/2 on log wealth. Data from Smith, Owen, and Eric (2022) and Forbes.

C.4. Evidence Beyond the Top 100

Private Businesses

We now use data from the 2016 wave of the Survey of Consumer Finances (SCF) from
Federal Reserve Board (2016) to quantify the prevalence of entrepreneurs at the top of
the wealth distributions (i.e., individuals who founded or acquired a business that they
actively manage). Table C.VI presents summary statistics. First, notice that entrepreneurs
are overrepresented at the top. As in Cagetti and De Nardi (2006), we find that wealth-
ier individuals are much more likely to be entrepreneurs. In the full population, 11% of
individuals are entrepreneurs while in the top 0.01%, the fraction increases to 66%. Sec-
ond, the businesses founded by wealthy individuals tend to be pass-through entities, which
is consistent with the evidence in Cooper et al. (2016). For instance, 93% of businesses
owned by households in the top 0.01% are partnerships or S corporations. This is in a
sharp contrast with the fact that roughly two-thirds of entrepreneurs in the top 100 own
public firms (i.e., C corporations).

The effect of required returns on wealth inequality in our model depends on the extent
to which these businesses rely on external financing (through either equity or debt financ-
ing). Due to data limitations, we are unable to produce estimates of the equity issuance
and leverage of the firms owned by entrepreneurs in the top 1% in the U.S. However, we
now present evidence from Kochen (2022) that firms in high-income countries frequently
use external financing.

Kochen (2022) harmonizes data for 11 high-income countries (i.e., Austria, Belgium,
Denmark, Finland, France, Germany, Italy, Norway, Spain, Sweden, and the United King-
dom) over the 1996–2018 period using the Orbis database. The data set contains firm-level

TABLE C.VI

ENTREPRENEURS IN THE TOP PERCENTILES (SCF, 2016).

Top percentile groups Total Top 1% Top 0.1% Top 0.01%

Entrepreneurs 0.11 0.43 0.59 0.66
Sole proprietorship 0.48 0.09 0.06 0.02
Partnership 0.35 0.60 0.64 0.63
S corporation 0.11 0.21 0.24 0.30
Other corporations 0.06 0.11 0.06 0.05



18 M. GOMEZ AND É. GOUIN-BONENFANT

TABLE C.VII

DEBT AND EQUITY FINANCING (ORBIS).

Variable Mean

Leverage 1�5
Frequency of equity issuance 0�08
Size of equity issuance 0�18

Note: “Leverage” represents the ratio of total asset (i.e., debt plus book equity) divided by the book value of equity, “Frequency
of equity issuance” represents the share of firms that have issued equity in the current year; “Size of equity issuance” represents the
ratio of equity issuance to capital, conditional on equity issuance being positive. All averages are weighted by capital and obtained in
Appendix Table A.3. in Kochen (2022). While the paper reports the average debt-to-capital ratio, we transform this into an estimate of
the average book leverage (capital-to-book-equity ratio) as 1/(1−debt-to-capital ratio) Similarly, we report the size of equity issuances
as a share of book equity while the paper reports it as a share of capital.

data on millions of companies, most of which are private. Table C.VII summarizes the im-
portance of debt and equity financing. First, notice that firms use a substantial amount of
leverage, which amounts (on average) to 1.5 using book values. This is somewhat higher
than what we find among public firms in our sample (see Table II). Regarding equity is-
suances, on average 8% of firms issue equity in a given year and, conditional on doing an
equity issuance, it amounts to roughly 18% of book equity. Putting together, this repre-
sents a roughly 8% × 18% ≈ 1�5% annual net equity issuance yield (or a −1.5% buyback
yield), which is roughly half as much as the firms in our sample (see Table II).

How would the sufficient statistic change after incorporating these entrepreneurs? On
the one hand, the fact that they use less equity financing will tend to decrease the numer-
ator in the sufficient statistic (19). On the other hand, the fact that their lifetime average
growth rate is (most likely) smaller than the entrepreneurs in Forbes (i.e., most of them
did not become billionaires) will tend to decrease the denominator in the sufficient statis-
tic. As a result, the overall effect of incorporating these less successful entrepreneurs is
ambiguous (see Appendix C.1.2 for the sensitivity of the sufficient statistic to the equity
issuance and growth rate of entrepreneurs).

Venture Capital Backed Firms

Firms backed by venture capitalists (henceforth VCs) are an important part of the U.S.
economy. According to Capshare, 10,400 companies received venture funding in 2018.59

On average, the ownership share of the founders decreases by roughly 25% every fund-
ing round. Since funding rounds tend to happen every 18 months, this corresponds to
an annual dilution rate of 16% (i.e., an equity payout yield of −16%, assuming that no
dividends are paid out).

Another way to obtain a measure of the average dilution rate is to divide the total equity
raised by firms funded by VC to their total market capitalization. Pitchbook estimates
that VC-backed companies have a combined market capitalization of around $3 trillion in
2022 and that they collectively raised $130 billion that year.60 Combining these two figures
give a (market-capitalization weighted) dilution rate of 4.5% (i.e., an equity payout yield
of −4�5%, assuming that no dividends are paid out). The fact that this estimate is lower
than the previous figure reflects the fact that the largest dilution happens in early rounds,
that is, in companies with smaller market capitalizations.

59Capshare is a “web application that helps businesses manage their stock and assets on one organized
platform.” Our statistics are taken from their “2018 Private Company Equity Statistics Report.”.

60These two statistics are taken from their “2022 Quantitative Perspectives: US Market Insights.”.
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While the number of VC firms is small relative to the number of households, it is worth
noting that many key employees of these firms receive a substantial proportion of their
income in the form equity (i.e., equity grants, stock options, etc.). Equity compensation
typically leads to concentrated portfolios due to a mix of vesting time, other restrictions
on stock sales, and illiquidity (especially pre-IPO). Our notion of “entrepreneurs” in the
model can be interpreted as including not only the founder of a firm, but also any indi-
vidual who invests the majority of their wealth in the firm. In particular, it also includes
employees that receive a substantial proportion of their income as equity. Eisfeldt, Falato,
and Xiaolan (2019) reports that equity compensation represents almost 45% of total com-
pensation to high-skilled labor in recent years and that employees working in VC-backed
firms account for approximately 2% of the workforce. Despite the lack of data on the
portfolio of such “human capitalists,” we think that many wealthy, high-skilled employees
have portfolios with concentrated holdings. We expect these concentrated holdings to be
particularly important for firms that are net equity issuers.

APPENDIX D: APPENDIX FOR SECTION 5

D.1. Characterization of Equilibrium

Firm Policy Functions

The optimal labor and investment satisfies

wt = (1 − α)(Kt/Lt)α�

qs�t = 1 +χ(gs�t − g
s
)�

where qs ≡ Vs(K)/K. Notice that while firms s = 1�2 choose different growth rates, they
choose the same capital to output ratio. This is because their production technology is
identical. The solution is

gs�t = g
s
+ 1
χ

(qs�t − 1)�

Ls�t = (1 − α)− 1
α w

− 1
α

t Ks�t �

Firm Valuations

Using the optimal policy functions and the definition MPK ≡ FK(K�L), we have

0 =
(

MPKt − rt + τ(ψq1�t − 1) − (rt + τ− g
0
)(q0�t − 1) + 1

2χ
(q0�t − 1)2

)
dt

+Et[dq0�t]� (52)

0 =
(

MPKt − rt − (rt − g1
)(q1�t − 1) + 1

2χ
(q1�t − 1)2

)
dt +Et[dq1�t]� (53)

Along a balanced growth path (i.e., MPKt = MPK, rt = r), we have

0 = MPK − r + τ(ψq1 − 1) − (r + τ− g
0
)(q0 − 1) + 1

2χ
(q0 − 1)2�

0 = MPK − r − (r − g
1
)(q1 − 1) + 1

2χ
(q1 − 1)2�
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Implications of Labor Market Clearing

From the first-order condition for labor, we have that the capital to labor ratio is the
same at both types of firms. Using the labor market clearing condition (i.e., L0�t +L1�t =
1 −π), the equilibrium wage and MPK must be

wt = (1 − α)
(
Kt

1 −π
)1−α

� MPKt = α
(
Kt

1 −π
)α−1

�

Law of Motion for Capital

The law of motion for detrended capital by firm type is

dK0�t = (g0�t − τ−η)K0�t dt +ηπK dt� dK1�t = (g1�t −η)K1�t dt + τψK0�t dt�

In steady state, we have

K0 = η

η+ τ− g0
πK� K1 = τψ

η− g1
K0� K = η− g1 + τψ

η− g1

η

η+ τ− g0
πK�

where K is aggregate capital and gs is the steady-state growth rate of the firm of each
type, that is, gs = g

s
+ 1

χ
(qs − 1).

Duration of Aggregate Wealth

In steady state, the (aggregate) Tobin’s Q is defined as the capital-weighted average of
individuals qs:

Q= η− g1

η− g1 + τψq0 +
(

1 − η− g1

η− g1 + τψ
)
q1�

In particular, the duration of aggregate wealth is given by

D≡ −∂rQ
Q

= −∂r (q0K0 + q1K1)
QK

= q0K0

QK
D0 + q1K1

QK
D1�

where Ds ≡ −∂rqs/qs denotes the duration of a firm in state s.

Entrepreneur Wealth

Let epys�t be the equity payout yield of firm in state s at time t:

epys�t ≡
rt − gs�t + λ

(
MPKt − ιs(gs�t) − (rt − gs�t)

)
qs�λ�t

�

where qs�λ�t ≡ 1 + λ(qs�t − 1). Denoting by T the (random) time at which the firm ma-
tures. Assuming that 1 + λ(ψq1�t − 1) > 0 (this ensures that the entrepreneur does not
default when transitioning from a growth to a mature firm, and it will be satisfied in our
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calibration), the wealth of an entrepreneur evolves according to

dWt

Wt

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(epy0�t + g0�t − ρ) dt + dq0�λ�t

q0�λ�t
if t < T�

1 + λ(ψq1�t − 1)
1 + λ(q0�t − 1)

− 1 if t = T�

(epy1�t + g1�t − ρ) dt + dq1�λ�t

q1�λ�t
if t > T�

(54)

Denote by WE�s�t the detrended total wealth of entrepreneurs owning firms in state s ∈
{0�1}. Its law of motion is given by

dWE�0�t =
(

(epy0�t + g0�t − ρ− τ−η) dt + dq0�λ�t

q0�λ�t

)
WE�0�t +ηπKq0�λ�t

λ
dt�

dWE�1�t =
(

(epy1�t + g1�t − ρ−η) dt + dq1�λ�t

q1�λ�t

)
WE�1�t + τ1 + λ(ψq1�t − 1)

1 + λ(q0�t − 1)
WE�0�t dt�

Mutual Fund Wealth

By Walras’ law, labor and product market clearing implies financial market clearing.
The mutual fund must therefore hold all wealth not held by entrepreneurs:

WM�t =QtKt −WE�0�t −WE�1�t �

Since the entrepreneurs own levered claims on firms (i.e., levered equity shares), it means
that the mutual fund must hold debt. In a steady state, this is inconsequential, since all
assets have the same return. But over a transition path, it means that the revaluation gains
of the mutual fund will differ from those of entrepreneurs. We obtain the mutual fund’s
revaluation gains as a residual

dqM�t
qM�t

=
QtKt

dQt

Qt

−WE�0�t
dq0�λ�t

q0�λ�t
−WE�1�t

dq1�λ�t

q1�λ�t

QtKt −WE�0�t −WE�1�t
�

Worker Wealth

Denote WL�t to be detrended worker wealth. Its law of motion is

dWL�t =
(

(rt − ρL −η) dt + dqM�t
qM�t

−Et

[
dqM�t
qM�t

])
WL�t + (1 −π)wt dt − ρLHt dt� (55)

where Ht ≡ Et[
∫ ∞

0 e− ∫ s
0 rt+h dhwt+s ds] denotes the human wealth of a worker at time t.

Foreigner Wealth

The law of motion for detrended foreigner wealth is

dWF�t = SF�t dt +
(

dqM�t
qM�t

−ηdt
)
WF�t�

where SF�t is the flow of savings by foreigners.
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Pareto Inequality

The formula for steady-state Pareto inequality is almost exactly as in the stylized model
(see Section 2):

θ= max
(

epy0 + g0 − ρ
η+ τ �

r − ρ
η

)
� (56)

The key difference is that, in the stylized model, r − ρ corresponds to the return of ren-
tiers (i.e., return on a diversified portfolio). Now, it corresponds to the return of holding
a mature firm. Since the return of mature firms is deterministic, it must be r (both in
expectation and ex post).

D.2. Neoclassical Growth Model as a Limiting Case

We now show that our model nests the neoclassical growth model as a special case
where:

(1) Capital is fully elastic (χ= 0) and there is no firm heterogeneity (ψ= 0);
(2) All agents are workers (π = 1) and there is no population renewal (η= 0).

For simplicity, we focus on a closed-economy steady-state equilibrium. Using the param-
eter restriction (1) and the firm valuation equations (52), we obtain

q0 = 1� MPK − τ= r�
In words, this says that there are no rents in equilibrium (i.e., the cost of capital r equals
the net return on capital), which implies that Tobin’s Q is one. Notice that the parameter
τ now has the interpretation of a depreciation rate.

Using the parameter restriction (2), we have that existing agents own all of future wages
and payments to capital, which means that their total wealth is W = Y/r, where Y =
KαL1−α. Given the log utility assumption, their optimal consumption is C = ρLY/r. Using
the product market clearing condition (i.e., C = Y ), we have that

r = ρL�
In words, this means that the required return is equal to the subjective discount factor.

Putting together, we obtain the steady-state allocation in the neoclassical growth model,
where the net marginal product of capital is equal to the subjective discount factor (i.e.,
MPK − τ = ρL). In the calibrated model, we relax (1) in order to generate a wedge be-
tween the return on capital and the cost of capital and relax (2) in order to have wealth
inequality due to concentrated portfolios.

D.3. Domestic Savings Glut

In the baseIine model experiment, we generate an equilibrium decline in r by feeding in
an exogenous rise in savings by foreigners. We now consider an asset-demand shock that
originates domestically (i.e., a domestic savings glut). We do so by changing the subjective
discount factor ρ of domestic agents. This captures, in a reduced-form way, a number of
forces, such as rising longevity, that pushes up the desire to save. They key difference with
the baseline model experiment is that a decline in ρ has a direct on top wealth inequality,
a force that we now quantify.
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TABLE D.I

MODEL EXPERIMENT WITH A DOMESTIC SAVINGS GLUT (LONG-RUN, PERCENTAGE POINTS).

Model �r �ρ � logθ

Baseline −2�0 0�0 11
Domestic savings glut −2�0 −1�5 16

To implement the model experiment, we consider a model extension where workers
and entrepreneurs have time-varying subjective discount factors and where the flow of
savings by foreigners is constant over time.

The model experiment consists of a steady-state comparative static where we shock the
subjective discount factors of both workers and entrepreneurs by a common shifter ε.
Other than that, all other model parameters are exactly as in the baseline calibration. The
path of foreign savings is constant at some value SF . We choose the value SF as being
equal to its value in the r = 6% (i.e., 1985–2015 average) steady state of the baseline
model. That way, we match the fact that the NFA to domestic wealth ratio is 5% (i.e., a
targeted moment in the baseline model calibration).

Table D.I reports the long-run change in the required return, the subjective discount
factor, as well as the change in (log) Pareto inequality. Overall, we find that the rise in
Pareto inequality is roughly 1.5 times larger than in the baseline model. To understand
the forces at play, it is instructive to use an comparative statics formula for the change in
Pareto inequality in response to an infinitesimal change in the subjective discount factor
dρ and the required return dr: Totally differentiating the expression for Pareto inequality
(56) in steady state, and assuming that we are in the entrepreneur regime, we have that

d logθ= ∂ρ logθdρ+ ∂r logθdr

with

∂ρ logθ= − 1
epy0 + g0 − ρ�

∂r logθ= λ q0

q0�λ
×

(
epy0 × (−∂r logq0) − 1

)
epy0 + g0 − ρ �

Or, in words,

∂ρ logθ= −1
Growth rate of wealth

�

∂r logθ= 1 + Market leverage × (Equity payout yield × Duration − 1)
Growth rate of wealth

�

The formula expresses the change in Pareto inequality as a linear function of the change
in the subjective discount factor ρ and in the required return r. In the model experiment,
the required return r declines by 2 pp. while the subjective discount factors decline by
roughly 1.5 pp.61 However, the sensitivity of Pareto inequality to required returns is higher

61The reason why a 1.5 pp. decline in the subjective discount factors of both workers and entrepreneurs
leads to a 2 pp. decline in the required return is that there is a reallocation of wealth toward entrepreneurs
who have a lower subjective discount factor that workers (see Table IV).
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than its sensitivity to the subjective discount factor. The reason is that a change in ρmoves
the growth rate of wealth of wealth one-for-one for all entrepreneurs, while a change in
r affects the growth rate of successful entrepreneurs more than one-for-one, due to the
fact that these entrepreneurs use a lot of external financing and own high-duration firms
(i.e., 1 + Market leverage × (Equity payout yield × Duration − 1) > 1, see Table IV).

D.4. Quantifying the Intensive and Extensive Margins of Top Wealth Share Growth

We now decompose the rise in top wealth shares in our model into an intensive and
extensive margin. This allows us to measure the relative contribution of the growth rate
of existing fortunes, as opposed to the inflow of new fortunes, in the rise in top wealth
inequality.

Following Gomez (2023), we now decompose the growth rate of the share of aggregate
wealth owned by a top percentile, at each time period, into an intensive and extensive
term. The intensive term holds constant the composition of individuals in the top per-
centile over the period of time: it is defined as the wealth growth of individuals who are
initially in the top percentile relative to the growth of the average wealth in the economy.
In contrast, the extensive term, which is defined as a residual, accounts for all composi-
tion changes in the top percentile. More precisely, in our model, this extensive term is the
sum of a positive force, that is, the flow of successful entrepreneurs in the top percentile
(of type 0) who displace the less successful ones (of type 1), as well as a negative force,
population growth.62

Figure D.1 plots the (annualized) growth of the top 0.1% wealth share in the baseline
model experiment, as well as its decomposition into an intensive and an extensive margin,
as discussed above. For the first 5 years, the rise in the intensive term explains most of
the rise in the top wealth share. This is because the realized returns of individuals at the
top (26) are high relative to the rest of the distribution. This comes from the fact that
revaluation gains are particularly high for individuals at the top of the wealth distribution,
who tend to own levered positions in high-duration firms. However, as realized returns
start declining, the contribution of the intensive term declines. In fact, the intensive term

FIGURE D.1.—Decomposing the growth of the top 0.1% into an intensive and extensive term.

62Gomez (2023) further decomposes the extensive margin as the sum of a positive “between” term, which
accounts for the dispersion in wealth growth within top individuals, and a negative “demography” term, which
accounts for demographic changes such as a death and population growth.
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is ultimately lower in the new steady state compared to the initial steady state, as the
average return on wealth in this economy is now lower.

The rise in the top 0.1% wealth share is ultimately driven by a rise of the extensive term.
This increase in the extensive term reflects the fact that, in a low-rate environment, the
most successful entrepreneurs accumulate capital more quickly as they face a lower cost
of capital. As shown in Figure D.1, this higher inflow of new fortunes in the top 0.1% more
than compensates for the lower growth rate of existing fortunes. Overall, these results are
consistent with evidence from Gomez (2023), Zheng (2019), and Atkeson and Irie (2022),
who argue that an increase in the flow of new fortunes in top percentiles has played a
substantial role in the recent rise in U.S. top wealth inequality.

Finally, this decomposition is useful to relate our theory to the central idea in Piketty
and Zucman (2015), which is that Pareto inequality increases with “r − g” (i.e., the re-
quired return net of per capita growth). On the one hand, it is true that a decline in “r−g”
leads to a decrease in the growth rate of existing fortunes relative to the economy, which
tends to push down top wealth inequality. This is captured by the long-run decline in the
intensive term in Figure D.1. However, what our decomposition shows is that the lower
growth rate of existing fortunes in a low-rate environment is more than compensated by
the larger inflow of new fortunes in the top percentiles (as the decline in the intensive
term is more than compensated by the increase in the extensive term).

D.5. Elastic Capital Calibrations

Calibrations

Table D.II reports the model fit for the three elastic capital extensions (i.e., low-
elasticity, medium-elasticity, and high-elasticity).

Evidence From Investment Regressions

In Section 5.5, we consider three alternative calibrations where we use the parameter
χ—which governs the degree of investment adjustment costs–to match, respectively, a
0�5, 1, and 1�5 percentage point decline of the return on capital in the model experiment.

TABLE D.II

TARGETED MOMENTS (ELASTIC CAPITAL CALIBRATIONS).

Moment Period Data Low Medium High

Conditional micro moments
Equity payout yield 1985-2015 −0�022 −0�022 −0�022 −0�022
Growth rate of wealth 1985-2015 0�32 0�32 0�32 0�32
Market leverage 1985-2015 1�4 1�4 1�4 1�4
Duration 1985-2015 35 34 34 34

Macro moments
Return on capital 1985 0�07 0�071 0�072 0�072
Depreciation rate 1985-2015 0�08 0�08 0�081 0�081
Pareto inequality 1985-2015 0�6 0�6 0�6 0�6
Aggregate duration 1985-2015 20 21 21 21
NFA to domestic wealth 1985-2015 −0�05 −0�05 −0�05 −0�05
Change in return on capital 1985-2015 0 −0�005 −0�01 −0�015
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TABLE D.III

MODEL-IMPLIED REGRESSION COEFFICIENTS (PERCENTAGE POINTS).

Calibration �rok � logθ 1/χ

Baseline 0�0 10�9 0
Low elasticity −0�5 9�3 0�3
Medium elasticity −1�0 7�9 0�6
High elasticity −1�5 6�7 1
Very high elasticity −4�0 3�5 3�6

Table D.III reports model objects for four calibrations of the model: the baseline calibra-
tion, the three elastic capital calibrations, as well as a “very high elasticity” calibration
where we target a 4 percentage points decline of the return on capital.

The first column reports the targeted long-run decline of the return on capital (i.e.,
�rok). As discussed earlier, we target values from 0 pp. (in the baseline model) to −4 pp.
(in the very high elasticity calibration). The second column reports the long-run increase
in (log) Pareto inequality (i.e., � logθ). Notice that the rise in Pareto inequality is mono-
tonically decreasing in the degree of capital elasticity. In the most aggressive calibration
(i.e., the very high elasticity calibration), the rise is 4 log points, which is about a third of
the rise in the baseline model.

The last column reports the inverse of the parameter 1/χ, which we will use to assess
whether our calibrations are consistent with the existing empirical evidence on the sensi-
tivity of firm-level investment to the cost of capital. Recall that, in the model, the following
structural relationship holds:

gs�t = g
s
+ 1
χ

(qs�t − 1)� (57)

If the state s was observed, we could therefore consistently estimate 1/χ by running a re-
gression of the firm-level investment rate g on q with a state fixed-effect. Alternatively, if
the state s is sufficiently persistent, the state fixed-effect could be proxied by a firm fixed-
effect. For instance, Table 2 of Peters and Taylor (2017) reports comparable regression
coefficients of investment rate on q (with year and firm fixed effects) using Compustat
data on public firms from 1975–2011. They report the values for different types of in-
vestment: physical, intangibles, and R&D. In Panel B of Peters and Taylor (2017), the
authors use the usual definition of q (i.e., enterprise value over physical capital) and re-
port regression coefficient values ranging from 0.3 pp. (for R&D investment) to 0.6 pp.
(for physical investment). Taking these numbers at face value, our baseline calibration
(with an implied value of 1/χ= 0) is not too far off and the “medium elasticity” calibra-
tion compares favorably to the data. The authors also propose an improved measure of q,
which accounts for the presence of intangible capital, and obtain larger regression coeffi-
cient values, ranging from 1.3 pp. (for R&D investment) to 2.9 pp. (for physical capital).
Those values are almost an order of magnitude larger, and are closer to our high elasticity
calibrations.
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