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This is an Online Supplementary Appendix to “An Adversarial Approach to Struc-
tural Estimation.” Section S.1 shows the equivalence of the adversarial estimator with
a logistic discriminator to the optimally-weighted simulated method of moments esti-
mator. Section S.2 develops the rate of convergence of a general discriminator and of
a neural network discriminator. Section S.3 contains proofs of the lemmas used in the
main text.

S.1. EQUIVALENCE TO SMM WHEN D IS LOGISTIC

WE SHOW THAT the adversarial estimator with a logistic discriminator is asymptotically
equivalent to SMM. Importantly, we do not assume that the logistic discriminator is “cor-
rectly specified” so the oracle discriminator Dy, may not take the form of a logistic classi-
fier. In turn, we assume that the moments are correctly specified, E[X;] = E[ X, 4,]; how-
ever, the structural model may still be misspecified. As in Section 3, let D(x; A) = A(x "))
be the logistic discriminator and A, and A, be the population parameter and its estimator
for each 0, respectively. We employ the same notation as Section 4.2.1.

In particular, we show that the adversarial estimator 6 with this discriminator is asymp-
totically equivalent to the following SMM estimator:

0 := argmin(E,[X] — Em[Xe])TQ(En[X] —E,[X,])

0O

E[XXT]|+E[X, X, ]\ !

forQ::( [ ] [Xa 00]) .
2

This is optimally weighted when X and X, contain a constant term and the second-order

moments are also correctly specified (namely E[X X "] = E[ X, X (,TO 1), in which case () re-

duces to E[X X "]~!. For simplicity, we ignore estimation of Q. To show their equivalence,
we assume the following:
1. (Growing synthetic sample size) n/m converges.

2. (Smooth model) 7} is twice continuously differentiable in 6 for every x € X.
3. (Finite moments) E[X X "] is positive definite; E[|| X,||*] and E[|| X,|/] are bounded

uniformly in 6; E,.[[| X,]?] and E,,[||X,]?] converge uniformly in 6.
4. (Correctly specified moments) E[X] = E[ X/, ].
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(Identification of Ay,) Ay, is unique.
(Smooth discriminator) A, is continuously differentiable in 6.

7. (Exact maximizer) A, is the exact maximizer of My(D(; A)) in that the FOC for A,
is exactly zero for every 6 € ©.
8. (Uniform convergence rate of discriminator) sup, Ao — Agll = Op(n™'72).
9. (Identification of 6y) E[X,,] is of full row rank.
10. (Exact minimizer)  is the exact minimizer of My(D(-; A,)) in that the FOC for 6
is exactly zero.
11. (Consistency) § and 6 are consistent for 6.
The FOC for Ay, gives E[(1 —A(X T A4,)) X]=E[A(X, Ay)) Xy, ]- Conditions 4 and 5 im-

ply A, = 0. The Taylor expansion of the FOC for Ay, yields v/71(Ay, — 0) = Q/n(E,[X] -
E.[Xo]) + 0p(1) ~ N(0, V}) for V) := Q[Var(X) + lim & Var(X,,)](2. Also, by the same
reasoning as Section 4.2.1, sup,, [| A — Ag|| = Op(n~"/?).

Next, the envelope theorem simplifies the FOC for 6 to E,.[A(X; TA 9)X TA;] =0, whose
Taylor expansion gives

AN

0= EW[A(X] ) K] ] + ELAK ) [(1 - ACKA) X0 o 1 Ko
+ A+ X, /\90]](0 60) + op(n~'?),
where A = [(ﬁ)'(eo)Tigo, e, (ﬁf(@ofﬁgﬂ]. As ;\90 — 0 and j\go — }\90, this becomes

Vn(0— 6y) = —E[X; Ay | 'E[X; ]vn(Re, —0) + 0p(D).
As in Section 4.2.1, we have Ao, = —.Q]E[ng], which yields V(6 — 6y) ~ N(0,V;) for
= (BLX, JQE[X o, )T E[X 5 AE[X, | (E[X 3 JOE[X4,]) 7"
Meanwhile, the FOC for SMM, E,,[ X JQ(E,[X] — E,.[X;]) = 0, expands as
0=En[X5 JQEX] = EnlXo,]) + (B = En[X,, JOEN X0, ]) (= 00) + 0p(n™"),

{7X90

where B = [E,.[—; ["QE[X] = Eu[Xo]), -+ Bl =5 ]TQ(E [X] — E.[X4,])]- Thus,
V(8 — 6,) = —(E[X, ]QE[XGO])*IE[X;J]QJE(E”[X] — E,.[X4,]) + 0p(1), which shows
that § and 6 are asymptotically equivalent in probability as well as in distribution.

(7X30

REMARK: If X and X, have a constant term and the second-order moments are cor-
rectly specified, ¥, simplifies to [1 + lim 2 |(E[ X JE[X X T]"E[X,,]) "

S.2. CONVERGENCE RATES OF THE DISCRIMINATOR

This section establishes the rate of convergence of the discriminator. In addition to
results on a general nonparametric discriminator, we present results specific to a neural
network discriminator.

The distance of discriminators is measured by a Hellinger-like distance

do(D1, D2) := \/ho(Dy, Do) + ho(1 = Dy, 1= D)2,

where hy(D1, D) i=/ (Py + Py)(¥D: — VD2)2.
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The size of the neural network sieve is usually measured by the uniform and bracketing
entropies. Conceptually, the bracketing entropy gives a stronger bound than the uniform
entropy and yields a tighter convergence rate. It also goes nicely with the Bernstein norm
that is useful for maximal inequalities for the log-likelihood ratio (as well as our discrimi-
nators). For this, we go with the bracketing entropy. See van der Vaart and Wellner (2011)
for more comparison of the two entropy notions.

DEFINITION—Bracketing number and bracketing entropy integral: The e-bracketing
number Ny(e, F,d) of a set F with respect to a premetric d is the minimal number of
e-brackets in d needed to cover F.5! The 5-bracketing entropy integral of F with respect

to d is Jy(8, F,d) := [ T+ logNy(e, F, d) ds.

The results on convergence of the discriminator are stated pointwise in 6 € 0, so the
discussion is made for fixed 6. Let §, be a nonnegative sequence.

S.2.1. General Nonparametric Discriminator

Let Dys:={D €D, : do(D, Dy) < &}. We first assume that the sieve does not grow too
fast.

ASSUMPTION S.1—Entropy of sieve: The entropy integral satisfies Jj(8,, Dys,, dy) S
82/n. Also, there exists a < 2 such that Jjj(8, Dy 5,dy)/0* has a majorant decreasing in
6> 0.

The estimated discriminator need not be the exact maximizer of the loss but is required
to maximize it up to some rate.

ASSUMPTION S.2—Approximately maximizing discriminator: 7The trained discriminator
Dg Satisﬁes MQ(DQ) > MQ(DQ) — 0[)(6%).

In a sense, we can interpret Assumption S.1 as a requirement that the sieve be not too
rich and Assumption S.2 that the sieve be rich enough. For example, if D, 5, is an empty
set, Assumption S.1 is trivially satisfied, but there is no way to attain Assumption S.2. On
the contrary, if D, contains every function, there would exist an element in D, that sat-
isfies Assumption S.2 but Assumption S.1 will be violated. Both assumptions collectively
require that the sieve is small but good enough for D,. With these, we obtain the rate of
convergence of the discriminator.

THEOREM S.1—Rate of convergence of discriminator: Under Assumptions S.1 and S.2
and , d@(Dg, Dg) = O;;(Bn).

One interesting observation is that Theorem S.1 does not require convergence of the
objective function. This is reminiscent of the nonparametric maximum likelihood liter-
ature. To prove it without requiring convergence of the objective function, we think in
terms of a pseudo-objective function. Let m? :=log ”2—2" and

My(D) :=Pym} +Pymi=h ., My(D):=Pym}, +Pem;p

1-Dg*

S1A premetric on a class of functions F is a function d : F x F — R that satisfies d(f, f) =0 and d(f, g) =
d(g, f)>0forevery f,ge F.
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PROOF: The concavity of the logarithm and Assumption S.2 imply Mg(ﬁg) —M,y(Dy) >
%[Mg(bg) —My(Dy)] > —Op(8?). Then, apply van der Vaart and Wellner (1996, Theorem
3.4.1) with Lemma S.1 and Assumption S.1. Q.E.D.

The following is a maximal inequality used to prove Theorem S.1. Let M, ; := {m} Dy
D € Dy} and Mj ; :={m;"p : D € Dy;}.

LEMMA S.1—Maximal inequality for the pseudo-cross-entropy discriminator: For every
D €D, My(D) — My(Dy) < —dy(D, Dy)*/(1 + +/2)*. For every 8 > 0,

E* sup «/n|(M, — M,)(D) — (M, — My)(Dy)|

DeDgy s

Jn(8,Dy s, d
5‘][](577-)0,3,079)[1—}—\/%_{_<1+%)M(32—j£0i|'

PROOF: Since logx < 2(y/x — 1) for every x > 0,

POIOgDB(, §2P0<\/DE9—1>
= [ZPOD(#—OW—fD(PO‘FPe)—/PO}+(P0+P6)(D_D9)

= —hg(D, Dy)* + (Po+ Py)(D — Dy).

Similarly, P,log =2 5 <—hy(1-D,1— Dy)*> — (Py+ Py)(D — Dy). Replacing D and 1 — D
with (D + Dy)/2 and (1-D+1—-Dy)/2 and summing them up yield

D+D : 1-D+1-D 2
POmDG+P9m1 Def—h(a(Te,De) _h9<fo,l_Dg) .

Since v2ho(22, q) < he(p, @) < (1 + v2)he(22, g) (van der Vaart and Wellner (1996,
Problem 3.4.4)), we obtain the first inequality. For the second inequality, observe that

V(M — My)(D) — (M, — My)(Dy)] = v/n(By — Po)mp, + v/n(By — Pyym, .

Therefore, it suffices to separately bound

E* sup |v/n(Py— Py)mp | and / " g sup [vm(Py — P)my "} |.

DeDy 5 DeDy 5
Since mf) , m;~p >1log(1/2) and Ml — 1 — |x| < 4(e*/? — 1)* for every x > log(1/2),

D+ D,

|m2 2 <8Py(e"Pi/* — 1) < 8h9<

Dy ”PO,B —

2
> DH) S 4h0(D7 D9)27

<4hy,(1—D,1— D).

Hml Der B =
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By van der Vaart and Wellner (1996, Lemma 3.4.3), the first supremum is bounded by
Tn(28, My s, 11+ ey 8)[1 4T3 (28, My 4, |l - | ,.5)/ (46°/n)]. Let [£, u] be an -bracket in D
with respect to dy. Since u — £ > 0 and ePl — 1 — |x| <2(e*/? — 1)? for x > 0,

u+D g
||m%9_m§)0||i’0,354/< €+D: _1> p054/(\/u+D9_\/£+D9)2(p0+p9)

<4hy(u, Z)Z < 4g%,

Thus, [m},,, m}, ] makes a 2s-bracket in M, ; with respect to || - ||z, S0 J;j(28, M 5, || -
lpy.8) < 2J(8, Dy, dy). Analogous argument for the second supremum yields the second
inequality. Q.E.D.

S.2.2. Cross-Entropy Loss

To show convergence of the objective function, we need to make an additional assump-
tion that the tails of the discriminators in the sieve are not too thin. This assumption
would be trivial if we assume a compact support for the observables X; and X 4, which is
standard in the neural network literature.

ASSUMPTION S.3—Support compatibility: Define P(X|A) to be P(X1{A})/P(A) if
P(A) > 0and 0 otherwise. There exists M such that

D, | D, 25) <1—D9
sup Po[ 2|22 oM, sup P
pepry “(D D ~ 16 pery '\ T-D

1-D, 25
1-D Z1_6><M'

Also, the brackets {¢ < D < u} in Assumption S.1 can be taken so that (P + Pg)(%(\/ﬁ —
V)?) and (Py + Py)( ';D" (V1 —¢€—/1—u)?) are O(dy(u, £)?).

u

With this, we obtain the rate for the estimated cross-entropy loss.

THEOREM S.2—Rate of convergence of objective function: Under Assumptions S.1
10 S.3, My(Dy) — My(Dy) = O;(82).

PROOF: Since Mo(ﬁe) —My(Dy) > —Op(8?%) by Assumption S.2, we need only to prove
the reverse inequality. With log(x) < 2(4/x — 1) for x > 0, for every D,

My(D) — My(Dy)

D 1-D D 1-D
52P°<\/D—‘1>+2P0<~/1 D—1)+(P0—Po)log5+<m—m)log1 =
] - ] 6 - [’

As in Lemma S.1, the first two terms are equal to —d,(D, Dy)?. Since Theorem S.1 implies

dy(Dy, Dy)? = 0;(82), it remains to show that the last two terms are of the same order.
We bound the suprema,

1-D
— D,/

E* sup

DEDg’gn

Vm(Py — P,)log

D
Vn(Py — Py) logD—' and E* sup
6

DED@y@n
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Under Assumption S.3, it follows from (the remark after) Lemma S.4 that for D € D, ;,,,

2

1 D

H—log— <2(14+ M)hy(D, Dy)*,

2 Dy |l p,
1, 1-D|°
=1 <2(14+M)he(1 — D, 1 — Dy)*.
|t =200 My )

Assumption S.3 also implies that an e-bracket in My ; induces

u e |? u z Dy
log— —log—| <4P(./=—1) =4(Py+ P) =L (Ju — V)
Ong OgDo PuB 0< ¢ ) (Po+ 6)6 (Vu \/_)
Scdg(u,Z)z,
1—¢ 1—u |’ 1-D
log -——- ~log =—— <4(Po+Py)~ (W1 —V1—u)? <Cdy(u, ),
— e —Hellpy,B —u

for some C > 0. By similar arguments as in the proof of Lemma S.1, the two suprema are
of orders /nd? and /m52.5? With Assumption 2 follows the theorem. Q.E.D.

S.2.3. Neural Network Discriminator

The results in Section S.2.1 apply to any nonparametric sieve discriminator. Given a
particular sieve, the specific convergence rate is determined by the &, that satisfies As-
sumption S.1. In the nonparametric estimation literature, it is often observed that 8, gets
slower as the dimension d of the input X; increases. In the context of nonparametric re-
gression, Bauer and Kohler (2019) show that a particular type of neural network estimator
does not have a rate that slows with d but only with d*, the “underlying dimension” of the
target function.>? We believe that the structure they impose on the target function arises
very naturally in economic models, and want to incorporate the “remedy for the curse of
dimensionality” aspect into our theory.

In light of this, we develop the “classification counterpart” of the results in Bauer and
Kohler (2019). Instead of the target regression function, we exploit the low-dimensional
composite structure on the log-likelihood ratio log( po/ ps). We note that our theory does
not require that there is such a low-dimensional structure; if there is none, we have d* = d
and our result reduces to a regular nonparametric rate with the curse of dimensionality.

Intuitively, the low-dimensional composite structure is described as follows. Note that
the log-likelihood ratio log(p,/ ps) takes a d-dimensional input X as its argument, where
d can be large. We need that this ratio admits a representation as a nested composition of
smooth functions, each of which takes a possibly smaller number d* of arguments. In the
first layer of composition, we assume a linear index structure to reduce d arguments into
d* intermediate outputs.

To develop a precise definition, we start with the notion of smoothness we use.

S2We can write H%logD%lepn’B < [2(1 + M) v Clhy(D, Dy)?* and | log 3 — logDiollf,mB <A+ M) v
Cldy(u, £)* to apply the same argument as Theorem S.1.
S$3Bauer and Kohler (2019) call d* the order.
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DEFINITION—( p, C)-smoothness; Bauer and Kohler (2019, Definition 1): Let p =g+
s for some g € Ny and 0 < s < 1. A function m : RY — Ris called (p, C)-smooth if for every

a=(a,...,a;) € N¢ with Z}i] a; = q, the partial derivative ﬁ exists and satisfies
g
d'm d'm
ajy ay (x)_ ag ay (Z) ECHX—Z”S
ax, ---0x, ox; ---dx,
for every x, z € R? where | - || denotes the Euclidean norm.

With this, the nested composition structure is defined as follows.

DEFINITION—Generalized hierarchical interaction model; Bauer and Kohler (2019,
Definition 2): Let d € N, d* € {1,...,d}, and m : R? — R. We say that the function m
satisfies a generalized hierarchical interaction model of order d* and level 0, if there exist
a;eR, ..., a. €R? and f:RY — R such that

m(x)=f(a/x,...,a%.x)

for every x € RY. We say that m satisfies a generalized hierarchical interaction model of order
d* and level | + 1 with K components if there exist g, : R — Rand f4, ..., foi : R > R
(k=1,...,K) such that fi4,..., fsxix (k=1,...,K) satisfy a generalized hierarchical
model of order d* and level / and

m(x) =Y g(fix(®), ..., fars(x))

for every x € R?. We say that the generalized hierarchical interaction model is (p, C)-
smooth if all functions occurring in its definition are (p, C)-smooth.

For example, a conditional binary choice model yields a log-likelihood ratio that satis-
fies a generalized hierarchical interaction model of order d* < 3 and level 0, irrespectively
of the dimension of the covariates.

EXAMPLE S.1—Binary choice model: Let y; = 1{x/a + &; > 0}, & ~ P, be the true
DGP, and y; = 1{x] B + &; > 0}, & ~ P., be the structural model. Then

1-P.(—x"« P.(—x"a
IOg pO(y’ X) = leg '";T) + (1 — y) IOg .d(iT)
Po(y, x) 1—P,(—x"B) P.(-x"B)
Therefore, we can write this as f(a] z, a, z, a] z) where z=(y,x")", a; = (1,0,...,0)7,

a, = (07 _aT)T’ as = (0’ TBT)Ta and f(y’ X1, x2) = y[log(l _Ps(xl)) - log(l - ISS(xZ))] +
(1= y)[log P.(x1) — log P.(x>)].

Neural networks approximate functions by a nested composition of activation func-
tions. For theoretical development, we define the following structure on the neural net-
work estimator.
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DEFINITION—Hierarchical neural network; Bauer and Kohler (2019, Section 2): Let
o :R — R be a g-admissible activation function. For M* e N, d e N, d* €{1, ..., d}, and
a > 0, let Fy- 4+ 4.0 be the class of functions f : R — R such that

M 4a* d
f(x)= ZM[C"(Z /\i,j(T<Z 0%y + 9:’,]‘,0) + )\i,()) + Mo
i=1 j=1 v=1

for some u;, A;j, 0, € R, where |w;| < e, |A;;| <, and |6;;,| < @. For [ =0, define the

set of neural networks with two hidden layers by ’H,(Sl drdo -= T ax.d.a; TOT [ > 0, define
the set of neural networks with 2/ + 2 hidden layers by

H(l)
M*,d*,d,a

K
= {h RS> R:h(x) = ng(fl,k(X), oo feex (X)), 8k € Furaravar fik € H(l—l)}.

k=1

Now, we assume that the log-likelihood ratio admits a hierarchical representation and
that the neural network has a corresponding hierarchical structure.

ASSUMPTION S.4—Neural network discriminator: Let Py and P, have subexponential
tails and finite first moments.>* Let log(po/ pe) satisfy a (p, C)-smooth generalized hierar-
chical interaction model of order d* and finite level | with K components for p = q + s,
q € No, and s € (0,1]. Let ’Hf‘l} i+.4. e the class of neural networks with the Lipschitz acti-
vation function with Lipschitz constant 1 for

* log 8,)>%4+3) " -

M, Kdd* Q)(q+1)([%} +1) W
(log 8,)2®+ 4pCgi3)tL logn

- T 62 ’

p+2d* (2q+3)

and 8, =[(logn)  » /n]zﬂﬁ .Denote by D, :={A(f): f € H,(\ll)*,d*’d’a} the sieve of neu-
ral network discriminators for the standard logistic cdf A.

Assumption S.4 gives a sufficient condition for Assumption S.1, so we use this to derive
the rate of convergence of the neural network discriminator. If, in addition, d* < 2p,
we have §, = op(n~"/*); this is easier to satisfy if the underlying dimension of the log-
likelihood ratio is low, regardless of the dimension of the input.

PROPOSITION S.3—Rate of convergence of neural network discriminator: Under As-
sumptions S.2 and S.4 and , dy(Dy, Dy) = O3(8,).

PROOF: We use Lemma S.2 to bound the bracketing number in Assumption S.1.

For now, let us assume that D, in Assumption S.4 satisfies the network structure of
Lemma S.2; later, we calibrate the constants in reflection of the network structure in

$4We say that P on R has subexponential tails if log P(|| X ||o > @) < —a for large a.
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Assumption S.4. Since D is nonnegative, we can extend dy, to accommodate arbitrary
functions f; and f, by dy(f1, f2) :=dp(0 Vv f1,0V £,). In the notation of Lemma S.2,

|&2F |}, =supdy(D — &F/2,D + &'F/2)" < hy(0, &F)" + hy (0, &°F)°
DeD
=2&*(Py + Py)F =2&°[209 + (Po + Py) | X ||| =: Be”.

Since P, and P, have bounded first moments, B < co. Replacing & with &/+/B yields
| %F”dﬂ < &. Therefore, with Lemma S.2,

2
£F
B

2B(L +1 UC L+l g
IOgNn(S,Dn,de)slogNn(‘ L+1HUC) "‘

,D,,,dg) §Slog’7 >
0

&

d

Observe that for 0 < 6 < e,

8 ﬁea
/ V14+a—logede = 5 erfe(v/1+a —logd)+8y1+a—1logd < 6y/1+a—logé.
0

Therefore,

8
Jy(8, Dy, hy) < / J1+8[log2B(L +1)(TC)H+1d) - 2loge], de
0

< 8/1+ S[log(2B(L +1)(TC)-+d) — 2log5],

<8/1v [SLlog(TC) — Slog].

Therefore, if we set

n

5an(\/SLlog(f]C)+Slogn>’ (1)

D, satisfies Assumption S.1 with « = 1.5. Now, we must choose S, L, U, and C so that this
rate is attainable and fast. For the rate to be attainable, we must also have Assumption S.2,
for which we need that D, ; is nonempty. That is, the sieve D, must contain an element
in the §,-neighborhood of Dy, that is, infpcp, do(D, Dy) < 6,.

Since D, = A(H?), we use Bauer and Kohler (2019, Theorem 3) to find the network
configuration that attains this inequality. For this, we need to choose “N, n,, a,, M,”
in their notation; in doing so, we find “S, L, U, C” in our notation. First, we set N = q
and n, = 82. By subexponentiality, we have log Py(|| X || > @) +10g Py([| X || > @) < —a
for large a. Therefore, we want a, 3> —2log 8, so that the remainder term in Bauer and
Kohler (2019, Theorem 3) is small enough, that is, (Py + Pp) (| X |l > a,) S 82.5° We
can do this by setting, for example, a, = (—1log§,)>. Finally, we want to choose M, so
that a¥ ™M 7 ~ §, since then Bauer and Kohler (2019, Theorem 3) can bound the
supremum term that appears below; set M, = (log8,)*™*7t3)/P /5P Let A C [—a,, a,]*

S31f we set a, ~ —2log §,,, we can only say (Py + Pp) (| X [l > a,) < 8¢ for some c.
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be the set for which (P, + Py)(A) < cn, in Bauer and Kohler (2019, Theorem 3). Then

h9(D’ D9)2 = (/X|m>an * /:4 - '[|X|x<an}\A) (\/B - \/Dig)Z(po " p9)

< (Po+ Po)(IX o > an) + (Po + Py)(A)
+/ (v'D —/Dy)*(po + po).
{lIxlloo<an}\ A

The first two terms are bounded by 82 + ¢82. For D = A(f),

[ WDt = (A - AT e D ot o)
[Xlloo <an}\ Flloo=an
= 27||f A °D9||oo<uxuoo<an}\A
e
= —||f —log— )
27 0 1l oo, {xlloo <anh\ 4

since /A(-) is Lipschitz with constant 1/(3+/3). We may likewise bound /,(1 — D, 1 —
Dy)?. By Bauer and Kohler (2019, Theorem 3), infy0 If — log ||Oo Urlo<anpid S 6.
Thus, we obtain infpcp, do(D, Dy) < 6,.

These configurations can be translated into our constants as S = O(dd*M.K') ~ M.,
U=M,V (4d*)vVK ~M,, C=a,and L =2+ 3] = O(1), where Bauer and Kohler (2019,
Theorem 3) define

(IOg s )2d*(N+q+3)/p

M, = <d*+N)(N+1)(M F 1)~ M =

8d*/p b
n
Md*+p(2N+3)+1 (log 8n)2(N+q+3)[d*+p(2N+3)+1]/p
a=——logn= ST logn.
Mo §2Hd +pN+I)+11/p
n
: a M
With these, (1) becomes §2 ~ M*w ~ [(logn) : ! /n] 247 . The result fol-
OwS by substitutin = ¢ and Invokin eorem E.D.
1 by substituting N = g and invoking Th S.1. E.D.

The following lemma bounds the bracketing number of a (possibly sparse) neural
network with bounded weights and Lipschitz activation functions. The notation of the
neural network is defined as follows. Denote the hidden-layer activation function by
o : R — R and the output activation function by A : R — R. Let L be the number of
hidden and output layers. Let w,; be the weight for the ith node in the (¢ + 1)th layer
on the jth node in the £th layer; for example, the input to the second node in the first

layer is wgp X1 + - -+ + WXy, where X = (x4, ..., xy) is the input to the network. Let
Wy = (Wei - .-, Wy) | be the column vector of weights for the ith node in the (¢ + 1)th
layer. Let w, = (wyy, . .., wey) be the matrix with columns w;; note that for £ =L, w, is

just a column vector as there is only one output. Let w be the vector of all parameters.
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Then the discriminator is given by>¢
D(X:w) = A(w] o (w]_,o (- w] o (w] X)))),
where o (-) for a vector argument is elementwise application.

LEMMA S.2—Bracketing number of neural network with bounded weights: Let F be a
class of neural networks defined as above. Denote the total number of nonzero weights by S
and the maximum number of nonzero weights in each node (except for the first layer taking
inputs) by U.S7 Assume that o and A are Lipschitz with constant 1 and |w| ., < C for some
C. Assume innocuously that UC > 2 and let oy :=|0(0)|. Define an envelope F : R? — R by
F(x) := 09+ ||xlc- Then, for every premetric dr and | f |4, := sup, - d=(g — f/2, 8§+ f/2),

2(L + 1)(0C)L“d"‘s

&

N[](HSF”dJ:,]:, d}') =< ’7

For a fully connected network, U = U and S = (LU + 1)U + (d — U)U. For a hierarchical
network in Bauer and Kohler (2019), S = O(U%*973d).

PROOF: The neural network is given as f(x; w) = A(w]} o(w]_,o(---w] o(w] x)))).
We can bound the outputs of the ¢th layer by

Jo(wl o)), = o0+ w_ioC-)], <o+ TCo(--)]
<[14+0C+---+(UC) oy + U Cd| x|l
< U C (Uap+dlxll) < (UC) (o0 + [1X]lc)
where the fourth inequality holds for UC > 2. For two sets of weights, w and 0,
|fGew) = fe )| < Ullwy = Dl (|0 (w0 () [ v o (@0 (-))],)
+UC|o(w]_o(-)) = o(@]_ o))

< U Chdwy — Wy lloo(00 + X lo0) + -

||00

+ OHCEdlwy — by oo (00 + 13]10) + T Chdllwg — toloo 2

< (L+1)U'CHd||w — Dl (00 + 1 X1 0)-

Let A := (L + 1)U-'CLd. Partitioning the weight space [—C, C]® into cubes of
length 2e/A creates [CA/e]5 cubes. Hence, the covering number is bounded as
N(&,[-C,CP%, || - ll) < [CA/e15. The bound on the bracketing number then follows
from van der Vaart and Wellner (1996, Theorem 2.7.11), observing that the proof thereof
works for a premetric with the modification of 2¢||F|| to ||12eF | 4.

S81f we include a constant input and a constant node (also known as the “bias” term), it is assumed to be
already incorporated in X and w.
57The number of nonzero elements in each row of each matrix w;, £ > 1, is bounded by U.
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For a fully connected network, the number of all weights is dU (weights for the first
layer) plus (L — 1) U? (weights for the remaining hidden layers) plus U (weights in the out-
put layer), summing to (LU + 1)U + (d — U) U .5® For a network % in Bauer and Kohler
(2019) (in their notation), the number of all weights is A® := d(4d*M.,) + 4d*M, + M, =
41+ d)yd*M, +M,.For HV, AV := AOK + K(4d*M.,) + 4d*M,+ M, = AOK +4(1 +
K)d*M, + M,.For H, AV .= AVK +4(1 + K)d*M, + M, = AOK' + Zi;:) K41+

K)d*"M, + M.] = 4d*M.[(1 + )K" + =K (1 + K)] + M, =52 — O(dd*M,K"). Then use

* 1-K

L=2+3land U=M, Vv (4d*) VK. Q.E.D.

REMARK: Lemma S.2 assumes a Lipschitz property for the activation and output func-
tions, which accommodates ReLLU, softplus, and sigmoid, but not perceptron.

S.3. SUPPORTING LEMMAS FOR THE MAIN TEXT

The following lemma shows local convergence of the loss needed for Theorem 3.

LEMMA S.3—Asymptotic distribution of objective function: Under Assumptions 2
and 5, for every compact K C O, uniformly in h € K,

1M, i (Doyins i) — Mgy (Do) |
= —\/EIPOhTéeo +/n(Py + P00+h/ﬁ)D60+h/ﬁhTéoo

T

KTy h
1[(Poysnyui — Poyenryi) — (Po, — Poy)]10g(1 — D) + —2— + 0p(1).

PROOF: Let 0:= 60, + h//n, W := ‘/Dg/D(,0 -1, W= v/ Pa,/ Po — 1. Observe that
n[My(Dy) — My, (Dyg,)] = n(Py + Py) log — —nP, log + n(Py — Pg,) log(1 — Dy,).
00

We examine each term separately. By Assumption 5,

n(Py— Pu)log(1 = D) =n [ (Vi + /) (Vi — /P og(1 = Day)

. WE,h hTeylh
=f(ﬁhT€90+ 290 n 9; Q) )pgolog(l—Deo)—i—O(l).

The first term is zero since Mg(Dg) My, (Dg,) = 0 and My(Dy) — My, (Dy,) =
2 [ Dy,(/Pos — /Poy)* + 0(h(6, 6)*) + (Py — Py,)log(1 — Dy,).5° Therefore, n(Py —
Py)log(1 — Dy,) = 1Py (W Egyh + hT g, oM 1og(1 = Dy,) +o(1).

Using logx =2(v/x — 1) — (/x — 1) + (V/x — 1)*R(/x — 1) for R(x) = O(x),

D
n(Py + Py) log D—ﬂ =2n(Py + Py)W — n(Py + Po)W? + n(Py + Py ) W>R(W,,).

0o

S81f the network has a bias term, the actual variable weights are slightly fewer, but it does not change the
order.

S9The term Py, h" €4, log(1 — Dy,) is the only term that is linear in & = h(8, 6,), so if it is not zero, then
My(Dy) — Mg, (Dyg,) = 0 is violated.
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Let 1, 0 \= 2P00D9012@0é20- Observe that

(Py +P9)<ﬁW N %&0(1 - De))z

T

:”/[\/P0+P00—\/P0+P0+Zj%)m}z’

which is o(||2]|*>/n) by Lemma S.6 and . Thus, the RHS converges to zero uniformly
over every compact K C ©. We draw two observations: (i) the mean and variance of
(VW + (1 — Dy)h",,/2)(X;), X; ~ (Py + Py,)/2, converge to zero and so does the
variance of /n(Py + Py)(vnW + (1 — Dy)h"éy,/2) under Assumption 2;5'° (ii) (Py +
Py)|nW? — (1 — D,)? (hTEQO/Z) | = 0,50 n(Py +P) W2 = (Py +Pp) (1 — Dy)*(hT4y,/2)* +
op(1) > h'I,,h/4 — hTI(,Uh/S. Next,

R Ih  h' Iy h

-8 16

h%,o BT 1y h
5

n
H(PQ+P9)W= __h(p0+p907 p0+p9)2 -

hTﬁ
Y= n Pe

Vn(Py+ Py)(1 — =/n(Py— Py))
This implies that the mean of /n(Py + Py)(v/nW + (1 — Dy)h"{,,/2) converges to
3hT I, h/8 4 h' I, h/16. Combining with (i), we find

M% 3hT190h N BT Iy h

n(Py+Py)W = —/n(Py +Py)(1 — Dy) ] 16

+op(1).

The remainder term n(P, + P,)W?>R(W,) vanishes by the same logic as van der Vaart
(1998, Theorem 7.2).
Next, observe that nPylog — £ 90 = 2nP,W — nP,W? 4 nP,W?R(W) and

s oo s ] o),

Again, (i) the mean and variance of (nW + hy,/2)(X)), X; ~ Py, converge to
zero and so does the variance of /nP,(v/nW 4 h"¢, /2) under Assumption 2; (ii)
Py|nW? — (h"6y,/2)?| — 0, so nPyW? — Py(h" €y, /2)* — h'I,h/4. Next, nP,W =
—nh(0, 69)*/2— —h"Iy,h/8 and \/—PghTﬁgo/2—> h™I4,h/2. This implies that the mean
of /nP,(/nW + h™{y,/2) converges to 34" I,,h/8. Thus, we find

M% LY

I’ZPQW— «/_}P}g 3 +0p(1)

$19This does not imply that the mean of /7(P 4 Py) (/AW + (1 — Dg)hTé,,/2) converges to zero.
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We may once again ignore the remainder term nP,W?R(W). Altogether, with 7, s, defined
in Assumption 5,

B Iy, h
4
+n[(Py — Pg,) — (Py — Py)) ] log(1 — Dy,) + 0p(1).

n[My(Dy) — My, (Dg,)| = —v/nPoh" €y, + /1(Py +Pg)Dyh L4, +

Q.E.D.

The Bernstein “norm” of a function f is defined as || f|lp 5 := /2P (ell — 1 —|f]); this
induces a premetric without the triangle inequality (van der Vaart and Wellner (1996,
p- 324)). The next lemma bounds the Bernstein “norm” of a log-likelihood ratio by the
Hellinger distance without assuming a bounded likelihood ratio.

LEMMA S.4—Bernstein “norm” of log-likelihood ratio; Kaji and Rockova (2022,
Lemma 2.1(iv)): For every pair of probability measures P and P, such that Py(po/p) < oo,

)
Py.B p 16

where Py(po/p | po/p = 25/16) =01if Py(po/p = 25/16) =0.

1 P 2
Zlog =
H2 gPo

<2h(p, p0)2|:1 +Po<%

REMARK: Similarly, we have

2

1. D D, | Dy 25

—log—| <2he(D, D) |1+P|— | = >

Hz"gDe = oD 9)[ * °<D D =16))
1. 1-DJ 1-Dy|1-D, 25
-1 2h,(1—D,1—Dy)2|1+P TP 2|
H2°g1—D9 gy =D ")[ + "(1—1) 1-D 216”

LEMMA S.5—Bernstein “norm” of log discriminator ratio: For every 6, 6, € 0,

2 2

(1 — DB]) [¢] T91

D
log =2 RSl Pl |
(1 — D92) o ng

0

< 8h(6y, 6,)°.

Py,B

S Sh(017 02)29 Hlog

Py,B

PROOF: Since el — 1 — |x| <2(e*/? — 1)? for x > 0,

2 D 2 D 2
§4P0(‘/D—61_ >1{D912D92}+4P0(‘/D—92— )n{D91<Dez}
Py,B ) 01
2 2
S4Po( p0+P02_1) +4P0( Po+ Do, _1)
p0+p01 p0+p02

58/(\/P0+P01 —\/P0+Pez)258/(\/19_61—\/1?_62)258}1(91,92)2~

D
log =

)
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Similarly,

Hlog (1 — Dgl) o Tgl 2
(1-Dyy)o Ty,

S4P( (L=Dy)oTy _ 1)2
(1—Dy,) o T,

Py,B

(1—=Dy,) 0T,

2
4p, -1 8h(6,, 6,)2
+ 0( (1—D9])0T91 ) =< ( 15 2)

since

IA

P( % >2 ~0(\/(1—D192)0T92_\/(1—D191)0T01)2

ﬁ(\/p@z T,, — \/ Tgl) = h(6y, 6,)°.

Q.E.D.

IA

LEMMA S.6—Hellinger distance of sums of densities: For arbitrary densities p, po, p1,
h(p+ po, p+ p1)’° =/ ot W= VPt o(h(po, prY),

PROOF: Since |/ p + x? is uniformly differentiable in x with derivative x/./ p + x2, the

result follows by expanding ,/p; around ,/py. Q.E.D.
REFERENCES

BAUER, BENEDIKT, AND MICHAEL KOHLER (2019): “On Deep Learning as a Remedy for the Curse of Dimen-
sionality in Nonparametric Regression,” Annals of Statistics, 47 (4), 2261-2285. [6-12]

KAJ1, TETSUYA, AND VERONIKA ROCKOVA (2022): “Supplementary Material for ‘Metropolis—Hastings via
Classification’,” Journal of the American Statistical Association (forthcoming). [14]

VAN DER VAART, AAD W. (1998): Asymptotic Statistics. Cambridge: Cambridge University Press. [13]

VAN DER VAART, AAD W., AND JON A. WELLNER (1996): Weak Convergence and Empirical Processes: With
Applications to Statistics. New York: Springer. [4,5,11,14]

(2011): “A Local Maximal Inequality Under Uniform Entropy,” Electronic Journal of Statistics, S,

192-203. [3]

Co-editor Guido Imbens handled this manuscript.

Manuscript received 14 July, 2020; final version accepted 6 September, 2023; available online 7 September, 2023.


https://www.e-publications.org/srv/ecta/linkserver/setprefs?rfe_id=urn:sici%2F0012-9682%282023%2991%3A6%2B%3C1%3ASTAAAT%3E2.0.CO%3B2-J
https://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:1/bk2019&rfe_id=urn:sici%2F0012-9682%282023%2991%3A6%2B%3C1%3ASTAAAT%3E2.0.CO%3B2-J
https://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:5/vw2011&rfe_id=urn:sici%2F0012-9682%282023%2991%3A6%2B%3C1%3ASTAAAT%3E2.0.CO%3B2-J
https://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:1/bk2019&rfe_id=urn:sici%2F0012-9682%282023%2991%3A6%2B%3C1%3ASTAAAT%3E2.0.CO%3B2-J
https://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:5/vw2011&rfe_id=urn:sici%2F0012-9682%282023%2991%3A6%2B%3C1%3ASTAAAT%3E2.0.CO%3B2-J
https://www.e-publications.org/srv/ecta/linkserver/openurl?rft_dat=bib:5/vw2011&rfe_id=urn:sici%2F0012-9682%282023%2991%3A6%2B%3C1%3ASTAAAT%3E2.0.CO%3B2-J

	Equivalence to SMM When D Is Logistic
	Convergence Rates of the Discriminator
	General Nonparametric Discriminator
	Cross-Entropy Loss
	Neural Network Discriminator

	Supporting Lemmas for the Main Text
	References

