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THIS SUPPLEMENT IS ORGANIZED AS FOLLOWS. Section A.l provides a review of AM
spaces. Section A.2 specializes the general results of Section 3 to three additional exam-
ples: (i) GMM, (ii) quantile treatment effects, and (iii) the Slutsky restriction in a partially
linear model. The proofs for all results can be found in the working paper Chernozhukov,
Newey, and Santos (2022).

A.l. AM SPACES

We provide a brief introduction to AM spaces and refer the reader to Chapters 8 and
9 of Aliprantis and Border (2006) for a more detailed exposition. Before proceeding, we
first recall the definitions of a partially ordered set and a lattice.

DEFINITION A.1.1: A partially ordered set (G, >) is a set G with a partial order relation-
ship > defined on it—that is, > is a transitive (x > y and y > z implies x > z), reflexive
(x > x), and antisymmetric (x > y implies the negation of y > x) relation.

DEFINITION A.1.2: A lattice is a partially ordered set (G, >) such that any pair x,y € G
has a least upper bound (denoted x Vv y) and a greatest lower bound (denoted x A y).

Whenever G is both a vector space and a lattice, it is possible to define objects that
depend on both the vector space and lattice operations. In particular, for x € G, we define
the positive part x* = x v 0, the negative part x~ = (—x) Vv 0, and the absolute value
|x| = x v (—x). It is also natural to demand that the order relation > interact with the
algebraic operations in a manner analogous to that of R, that is, to have

x>y implies x+z>y+2z foreachzeg, (A1)

x>y implies ax>ay foreachO<aeR. (A2)

A complete normed vector space that shares these familiar properties of R under a given
order relation > is referred to as a Banach lattice. Formally, we define the following:
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DEFINITION A.1.3: A Banach space G with norm || - || is a Banach lattice if (i) G is a
lattice under >, (ii) ||l x|l¢ < ||lyllc when |x| < |y|, (iii) (A.1) and (A.2) hold.

An AM space is a Banach lattice in which the maximum of the norms of any two positive
elements is equal to the norm of the maximums of the two elements.

DEFINITION A.1.4: A Banach lattice G is called an AM space if, for any elements 0 <
x,y € G, it follows that ||x V yll¢ = max{| x|, [Iylle}-

In certain Banach lattices, there may exist an element 1 > 0 called an order unit such
that, for any x € G, there exists a 0 < A € R for which |x| < Alg; for example, in R?, the

vector (1, ..., 1) is an order unit. The order unit 1¢ can be used to define
%]l = inf{A > 0: x| < Alg}, (A.3)
which is a norm on G. In principle, || - ||, need not be related to the original norm || - || .

However, if G is an AM space, then || - ||; and || - ||, are equivalent in that they generate
the same topology. Hence, we refer to G as an AM space with unit 1¢ if: (i) G is an AM
space, (ii) 1¢ is an order unit in G, and (iii) the norm of G equals | - | .

A.2. ILLUSTRATIVE EXAMPLES

In this section, we examine special cases of our general analysis and illustrate both how
to implement our procedure and how to verify the assumptions in the main text.

A.2.1. Generalized Method of Moments

Our first example concerns the generalized method of moments (GMM) model of
Hansen (1982). We assume the parameter of interest 6, is identified as the unique so-
lution to

Ep[p(X, 6)] =0, (A4)

where X € X is distributed according to P € P and p : X x ® — R7. This model maps
into our general framework by letting Z, =1 for all 1 < j < J. Moreover, since we have
assumed 6 is identified, the hypothesis testing problem simplifies to

H():eoER, H1200¢R.

The set R is, as in the main text, defined by equality and inequality restrictions. In
particular, for known functions Y : R% — R% and Y : R% — R%  we set

R={60eR":Y;(6)=0and Ys(6) <0}. (A.5)

To verify Assumptions 3.1(ii),(iii), note R’ is a Banach space under any norm || - ||, with
1 < p < o0, so for concreteness we set B=R%, F=R% and |- [g=|-llg = "-,. The
space R is, in addition, a lattice under the standard pointwise partial order

a<b ifandonlyif a;<b; foralll<i<d (A.6)
for any (ay,...,a,) =a and (by, ..., bs) = b in R?, while the least upper bound equals

’

aV b= (max{ay, bi}, ..., max{ay, b})
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The vector (1,..., 1)  is an order unit in R? under the partial order in (A.6). As discussed
in Section A.1 of this supplement, the order unit induces the norm

[inffA>0:]al <A(L,...,1)} = max |a,|,

which corresponds to the usual | - ||, norm on R?. Hence, by setting G = R%, || - || =
Il e, and 1g = (1, ..., 1), we verify the requirements of Assumption 3.1(ii),(iii).

Since the parameter space © is finite dimensional and all moment restrictions are
unconditional, we may set ®, = ® and k, = J for all n. We base our test statistic on
quadratic forms in the moments ( p = 2), which implies Q,(0) is given by

In what follows, we consider tests based on both the un-centered statistic /,(R) and the
re-centered statistic 1,,(R) — 1,,(®). To this end, we impose the following:

0.(0) =

2

ASSUMPTION A.2.1: (i) {X,;}\, isii.d.with X; ~ P € P; (ii) for each P € Py, there exists a
unique 6, € O solving (A.4); (iit) O is convex and compact.

ASSUMPTION A.2.2: (i) The function p(x,-): ® — R7 is twice differentiable for all x;

(i6) Ep[supgee lIp(X, 0)”2]7 Ep[sup,e I Vop(X, 0)||¢2;,2]’ Ep[supy.e ||V§pJ(X, 0)||£+28] are fi-
nite and bounded uniformly in P € P for some & > (.

ASSUMPTION A.2.3: (l) infpepﬂ ianEG);”g_gﬂuzze ”Ep[p(X, 0)]”2 >0 fOr all € > 0; (ll) the
singular values of Ep[Vep(X, 6y)] are bounded away from zero in P € P,.

ASSUMPTION A.2.4: (i) |3, — Spllo. = Op(n~2) uniformly in P € P; (ii) 3p is invertible
and ||2pl, and |25 ||, are bounded uniformly in P € P.

In Assumption A.2.2, we focus on differentiable moments for simplicity. Assump-
tion A.2.3 essentially imposes strong identification of 6, and hence guarantees that 6,
can be consistently estimated uniformly in P € Py—recall that 6, depends on P through
(A.4), though the dependence is left implicit in the notation. Finally, Assumption A.2.4

states the requirements on the weighting matrix i,,.
In what follows, we set the local parameter spaces V;,(6, R|¢) and V,(6, ©|¢) to equal

V. (0,R|¢)={heR":0+h//ne®NRand |h//nl|, <},
V,(0,010)={heR¥: 0+ h//ne®and |h//n|, < t].

Setting Dp(6y)[/] = Ep[Vep(X, 6y)]h and letting Wp(6y) ~ N (0, Varp{p(X, 6y)}), we
then denote the variables to which 7,(R) and /,(®) will be coupled to by

Up(R|t,) = inf ”WP(GO)+DP(00)[h]”2P,2’

heVu(69,R|n)

Up(Ole,) = inf  [Wp(60) +Dp(60)[A]]5, ,-

heVu(69,0|tn)

Our distributional approximations follow immediately from Theorem 3.1(ii).
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THEOREM A.2.1: Let Assumptions A.2.1, A.2.2, A.2.3, and A.2.4 hold, Yr and Y
be continuous, and set a, = /log(n)/n"/9+34)  Then, for any ¢,,¢" | 0 satisfying (£, v
22y /log(1/¢€, v £2) = o(a,) and n='* = o(¢, Vv £%), we have, uniformly in P € P,

I,(R) = Up(R|C,) + 0p(a,),
In(R) - In(®) = UP(ngn) - UP(®|ZE) + OP(an)'

The rate of coupling a, = \/log(n)/n"1°49) obtained in Theorem A.2.1 suffices for
both the empirical process and bootstrap coupling. While the rate is adequate for our
purposes, it can be improved under additional moment restrictions. Here, we rely on
Yurinskii (1977) both to illustrate the diversity of coupling arguments that can be em-
ployed to verify Assumption 3.3(i) and to impose only the weak third moment restriction
of Assumption A.2.2(ii).

Our next goal is to obtain bootstrap approximations to the distributions of Up(R|¢,)
and Up(0®|¢2). To this end, we write Yr(0) = (Yr1(60),...,Yra.(0)) and Ys(0) =
(Y61(0),--.,Y64,(0)), for any € > 0 we define B = (Jpp, {0 : 10 — Ooll» < €} (where
recall 6, implicitly depends on P through (A.4)), and impose the following:

ASSUMPTION A.2.5: Forsome € > 0: (i) B C O; (if) Y and Y ¢ are twice differentiable on
B¢; (iii) |VY£(0)l2 and VY G(0)ll,.2 are bounded on B (iv) |V*YE j(0) .2 is bounded
on Be for 1 < j<dp; (v) IV*Yq,;(0)ll,.2 is bounded on B¢ for 1 < j < dg; (vi) VY (0) has
full row-rank on Be.

ASSUMPTION A.2.6: Either (i) Yr : R% — R% s affine, or (ii) there is an € > 0 and M <
oo such that the singular values of VYr(6) are bounded away from zero uniformly in 6 €
B¢, and for every P € Py there is an h € N (VY(6y)) with ||hll, < M satisfying Y¢ ;(60) +
VYGyj(eo)[h] < —EfOI" all 1 < ] < d(;.

In order to describe our bootstrap procedure in this application, we let 6, and ?)‘; denote

the minimizers of Q, over ® N R and O, respectively. Employing 6, and 92, we obtain
estimators for the distribution of Wp(6,) and for Dp(6,) by evaluating

W, (6) = % > o o 6) = 23" p(X,, ) (A7)
Bu(0) =1 Y Vin(Xs, 0, (AS)

at 0 =0, and 6 = éz, where recall {w,}!_; is an i.i.d. sample independent of {X;}}, with
w; ~ N(0,1). We note that because moments are differentiable, we employ an analytical
derivative in (A.8) instead of the numerical derivative studied in Section 3.

With regard to the local parameter space, we note that the construction of I},,(O, R|¢)
requires the bound K, on the second derivative of Y (as specified in Assumption 3.8).
In particular, Assumption A.2.5(v) implies Assumption 3.8 is satisfied with

K, = max sup| ViYe;(0)], -

1<j<dG geBe
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If an a priori bound on the second derivative is not available, then it is also possible to
simply substitute K, with the data driven choice

Ro=max  sp  [VXoy(0)|

: 0,2’
157246 e 0—d,lly<rn

where we discuss the choice of r, below. Given K, (or K ), we set G,(0) to equal

h h
G.(0) = {h eR% :YG,]-(GH— ﬁ) =< maX{YG,j(H) —K,r, Tn

In this application we may additionally specify ¢, to be infinite, and hence we set

, —r, ¢ forall j}.

2

5 h
V,(6,R| + 00) = {heRdﬂzheG,,(H) andYF(0+—) =0%.
Jvn

The approximations to the distributions of 7,,(R) and /,(®) are then given by the laws
of U,(R| + o0) and U, (0| + c0) conditional on the data, where

0,,(R| +00) = inf ||Wn(én) + Dn(én)[h] ”in,y

heV (6, R|+00)

U,(0] 4 00) = inf |W,,(682) + D, (82)[A]

$p2
The validity of these distributional approximations follows from Theorem 3.2.

THEOREM A.2.2: Let Assumptions A.2.1, A.2.2, A2.3, A2.4, A.2.5 and A.2.6 hold, set
a, = /log(n)/n"/1°54) and let n=V* = o(r,). Then: there are sequences €, £" |, 0 satisfying

(L, v e2)*/log(1/(€, v £2)) = o(a,n?), £, = o(r,), and n'* = o(€, A L) for which it

follows uniformly in P € P, that
Un(R| + 00) > Up(R|C,) + 0p(ay),
Un(R| +00) = U,(B] + 00) = Up(RIt,) — Up(0]€3) + 0p(ay).

Crucially, note that any sequences ¢, and £} satisfying the conditions of Theorem A.2.2
also satisfy the conditions of Theorem A.2.1. Therefore, Theorems A.2.2 and A.2.1 to-

gether establish the validity of employing the laws of U, (R| + co) and U, (0| 4 co) condi-
tional on the data to approximate the laws of I,,(R) and 7,,(®). In particular, for a level
test, we may compare the test statistic I,(R) to the critical value

41-o(U(R| + 00)) =inf{c: P(U,(R| + o0) < c{X}r,) =1 —al}.
Similarly, for the re-centered statistic 7,(R) — I,,(®), valid critical values are given by
D-a(Un(R| + 00) = U,(8] +00))
= inf{c: P(U,(R| + 00) — U,(0| + 00) < c{X}o) = 1 —a}.

These approximations are valid under the requirement that r, satisfy r,/n — oo. Intu-
itively, the bandwidth r, is meant to reflect a bound on the distance between 6, and 6.
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For a data driven choice of r,, we may therefore employ a bootstrap estimate of an up-
per quantile of the distribution of the unconstrained estimator. Specifically, for 63* the
bootstrapped version of 6", we may set 7, to be given by

Fo=inf{c: P(|02 — 8], < cHXYL) = 1 — v}

for vy, — 0 as the sample size n tends to infinity, and employ 7, in place of r,,.

A.2.2. Consumer Demand

We base our next example on a longstanding literature aiming to replace parametric
assumptions with shape restrictions implied by economic theory (Matzkin (1994)). Specif-
ically, suppose that quantity demanded by individual i, denoted Q,, satisfies

Qi=8(S:, Y) + W/ v+ U,

where S; € R, denotes price, Y; € R, denotes income, and W, € R% is a set of covariates.
In addition, we assume there is an instrument Z; yielding the restriction

Ex[Q - 80(8, Y) — W'yl Z] =0. (A9)

For instance, under exogeneity of prices, we may let Z = (S, Y, W’) as in Blundell,
Horowitz, and Parey (2012). Alternatively, if there is a concern that prices are endoge-
nous, then we may set Z = (I, Y, W) for I an instrument for S, as in Blundell, Horowitz,
and Parey (2017).

Our goal is to conduct inference on the level of demand at a particular price-income
pair (o, o) while imposing that the function g satisfies the Slutsky restriction

J Jd
55808, 9) + &, Y)Ego(S, y) <0. (A.10)

To map this problem into our framework, we assume that for some set (), (S, Y) e Q CR?
with probability 1 for all P € P and impose that g, € C3(Q), where

Cr ) ={g: Q20— Rs.t. [Igllno <0},  lIglne= sup sup [Vg(s,y)|.

O<a<m (s,y)eQ

Since 6y = (g0, y0) With y, € R, we set B = C}(Q) x R% and for any (g, y) = 6 € B let
18]z = max{||gll1.c0, I'Yll2}. We also note that X = (Q, S, Y, W) and

p(X,0)=0—-g(S,Y)-W'. (A11)

We will assume 6, = (g, vo) is identified by (A.9). Hence, we can think of 6, as a function
of P through (A.9), though we leave such dependence implicit in the notation.

In order to impose the Slutsky restriction in (A.10), we let G = C}(Q) and | - ||g =
| - I, where with some abuse of notation we write || - ||, in place of || - ||, . The space
C%(Q) is a Banach lattice under the standard pointwise ordering given by

a<b ifandonlyif a(s,y)<b(s,y) forall(s,y)eQ (A12)
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for any a, b € C(Q). The constant function ¢ € C3(Q) satisfying ¢(s, y) =1 for all (s, y) €
) is an order unit under the partial ordering in (A.12). Its induced norm is

{infA >0:]a| < Ac} = sup |a(s, y)

(s,y)eQ2

b

which coincides with the norm || - ||, on C}(Q), and we therefore set 1¢ = ¢. To encode
the Slutsky restriction in (A.10), we then let the map Ys : B — G equal

1% J
Yo(0)(s,y) = —-8(s,y) + (s, y) -8(5, ¥) (A13)
s ay
for any 0 = (g, v) € B. Finally, to test whether the level of demand at a prescribed price
so and income y, equals a hypothesized value ¢y, we set F=R, || - |z =] - |, and
Yr(8) = g(s0, Yo) — o (A.14)

for any 6 = (g, y) € B. By setting R={6 € B: Y5(0) <0 and Yr(0) =0} and conducting
test inversion (over different values of ¢,) of the null hypothesis

H()ZO()ER, H1:90¢R,

we may obtain a confidence region for the level of demand at price s, and income yj.
We set the parameter space to be a ball in B under | - ||; by letting ® be equal to

0={(g,7) € C(Q) x R™ : |igll1c < Coand |yl = Gy} (A.15)

Jn

for some €, < co. Given a sequence of approximating functions {p,};",, we then let

p(s,y) = (pi(s,y), ..., p;,(s,y)) and set the sieve 0, to equal
0,={(p"B,7): |p"B|, . <Coand lyl. < C}.

Similarly, for a sequence {g,}\", of transformations of the conditioning variable Z, we let
¢ (2) = (q1(2), -- -, qx,(2))’. We base our test statistic on the quadratic forms

in { % Z(Qi -80S, Y) — W/Y)qk" (Zi)}

i=1

2

for some k, x k, weighting matrix 3, and every (g, y) = 0 € O. The statistics /,(R) and
1,(®) simply equal the minimums of /nQ, () over ®, N R and O,, respectively.

The next assumptions suffice for obtaining a strong approximation. In their statement,
the notation sing{ 4} denotes the smallest singular value of a matrix A.

ASSUMPTION A.2.7: (i) {X;, Z;}!, is iid. with (X, Z) distributed according to P €
P; (ii) for ® as in (A.15) and each P € Py, there exists a unique 6, € O satisfying
Ep[p(X, 60)|Z] = 0; (iii) the support of (Q, W) is bounded uniformly in P € P.

ASSUMPTION A.2.8: (i) supy, ,, " (s, Y)ll2 S v/ins (@) supy,, 0. p™ (s, )l < j3/* for
a €{s, y}; (iii) the eigenvalues of Ep[p™ (S, Y)p™ (S, Y)'] are bounded away from zero and
infinity uniformly in P € P and j,; (iv) for each P € Py, there is a 11,00 = (g,, v0) € 9, N R
with suppep |E[(80(S, Y) = 84(S, Y))g"" (Z) 12 = o((nlog(n))~"?).
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ASSUMPTION A.2.9: (i) maxi<x<, l|qkllco < Vku; (iD) Ep[q“" (Z)q*"(Z)'] has eigenval-
ues bounded uniformly in P € P and k,; (iii) s, = infpep sing{Ep[q*" (Z) (p" (S, Y), W')]}

satisfies 0 < s, = O(1); (iv) j2k>log’(n) = o(n) and knj,,log3/2(1 + k,)/(sp/n)(1 v

Viog(siv/n/ k) = o((log(n))~'?).

ASSUMPTION A.2.10: (i) ||$n — 2pllon = OP((kn\/j_nlong(n))*l) uniformly in P € P;
(ii) 2 p is invertible and |2 p ||, and |25 ||, are bounded in P € P and k,.

Assumption A.2.7(iii) requires (Q, W) to be bounded, which enables us to apply the re-
cent coupling results by Zhai (2018). Alternatively, Assumption A.2.7(iii) can be relaxed
under appropriate tail conditions. Assumptions A.2.8(i)—(iii) are standard requirements
on 0, that can be satisfied by, for example, tensor product wavelets or B-splines (Newey
(1997), Chen (2007), Belloni, Chernozhukov, Chetverikov, and Kato (2015), Chen and
Christensen (2018)). Assumption A.2.8(iv) pertains to the approximating requirements
on the sieve; see Remarks A.2.1 and A.2.2 below. In turn, Assumptions A.2.9(i),(ii) im-
pose standard requirements on {g;};",. Assumptions A.2.9(iii),(iv) contain the required
rate conditions, which are governed by s,—a parameter that is proportional to v, ' (as in
Assumption 3.4) and is closely linked to the degree of ill-posedness; see Remark A.2.2

below. Finally, Assumption A.2.10 states the conditions on the weighting matrix in.
In this application, we may set ||6||g = suppp Igllp2 + llvll> for any (g, v) € ©. Since, in
addition, any 6 = (g, y) € ®, N R has the structure g = p’~'B, we have

pjn/.Bh Yh
V,,(B,R|€):{ P B,y Hg+ < (Cyand "y+— <G, (A.16)
( h h) \/ﬁ 1’00 0 ﬁ 5 0
pjn (SUa yO)/Bh = 0’ (A.17)
J pj",Bh ) < pjn/Bh ) J ( pjn/Bh )
—\ g+ + + —lg+ <0, A.18
Js (g Jn ET )8 )= (A18)
sup p' By HP,2 +lyall2 < Nﬁ}, (A.19)
PeP

where constraint (A.16) corresponds to (6 + h//n) € ©,, constraints (A.17) and (A.18)
impose 6 + h//n € R, and constraint (A.19) imposes ||i/+/n||g < €. Similarly,

" Bi H Vi
V,(6,010) = | (p B, n <Gand |y+ 21| <, (A20
( | ) {(p Bh ')’h) Hg \/ﬁ . 0 Y \/ﬁ 0 ( )
sup| Bl + Il = ﬂ«/ﬁ}. (A21)
cP

Finally, recall that W,(0) ~ N (0, Varp{p(X, 0)¢*"(Z)}) and define Dp to be given by
Dplh] = —Ep[q"(Z)(p" (S, Y) Bi+ W'vs)]
for any & = (p™' By, v»). Given these definitions, note that, for any ¢,, we have that
Up(RI,) = inf [ Wa(IL,00) +Dp[h]],, ,,

heVy (1,60, R|€x)

Up(BlL,) = |Wp(11,60) +Dp[A] 5, ,-

hEVn(Hn ‘90 0[¢n)



CONSTRAINED CONDITIONAL MOMENT RESTRICTION MODELS 9

Theorem 3.1(ii) immediately yields the following distributional approximations.

THEOREM A.2.3: Let Assumptions A.2.7-A.2.10 hold, and a, = (log(n))~'?. Then,

for any ¢,, ¢ | 0 satisfying k,./j.log(1+k,) (¢, v E;‘l)\/log(\/ﬁ/(ﬁn v £Y)) = o(a,) and
k,,/j?log(l + k) /su/n=0(L, A L"), it follows uniformly in P € Py that

In(R) = UP(Rlﬁn) + OP(a”),
I,(R) — 1,(®) =Up(R|¢,) — UP(@'ZE) + op(a,).

To obtain bootstrap estimates of the distributional approximations in Theorem A.2.3,

we let én and 92 denote the minimizers of 0, over ®, N R and ©,, respectively. For p(:, 8)
as in (A.11), we approximate the law of Wp(I1, 6,) by evaluating

(0= 2 e a (Z)pKe 0= 3 a0 01

at =0, and 6 = 93, where {w;}, is an i.i.d. sample independent of the data satisfying
w; ~ N(0,1). As our estimator for Dp[4], for any h = (p™' By, yi), we let

1« :
Du[h]=—— Y d(Z) (P (Si, Yi) Bu+ W)
i=1

With regard to the local parameter space, we note that, in this application, Assumptions
3.8(i),(ii) are satisfied with K, = 2. Therefore, we have

Gn(én)
_ i Jn A & Jn " p & i Jn " n &
—{h-&sp (s, ) (Bﬁﬁ)ﬂﬂ (s, ) (Bn+ﬁ>ﬁyp (5,) (Bﬁﬁ)
d in /' H in ’'H i in 'p pjn,Bh _
SmaX{gp (8, )Bu+ P (s,) Bnayp (s,y) Bu—2r, 7l r}} (A22)

Moreover, because p(X, -) and Y are linear, we may set £, = +oo and obtain that
I}n(én: Rl + OO) = {h = (pjn/,Bha Yh) : h € Gn(én) and Pj" (So, yO)/Bh = 0}

Given the introduced notation, we define the statistics U, (R| + oo) and U, (0] + oo) by

Un(R| +o0)=  inf ||Wn(én) + ]ﬁ)n[h] ”i,,,z’
1€V (6n, R|+00)
[A]n(@l + OO) = 1nf HW,l(é;) + ®n[h] jn,z'

h=(pin’ By, vp)

We impose one final assumption to establish the validity of the bootstrap. In the re-
quirements below, it is helpful to recall 6, is implicitly a function of P through (A.9).
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ASSUMPTION A.2.11: (i) There is an € > 0 such that ||goll1.00 V |V0ll2 < Co — € for all
P e Py; (i) 11,00 = (84, v0) € O, N R satisfies ||g, — goll1..o = 0(1) uniformly in P € Py;
(iii) the sequence r, |, 0 satisfies k,j2\/10g(1 + k,,)/s,/n = 0(r,//10g(n)); (iv) k,j7/*(E, v

Viog(k,)) log"* (14 k,) = o(n'*/,/log(n)), where &, = [~ \/log(e, C,, || - II,) de and C, =
{B:lIp" Bl = Co}-

Assumptions A.2.11(i),(ii) suffice for verifying Assumption 3.12(ii). These require-
ments may be dropped at the expense of modifying I}n(én, R| + 00) to reflect the pos-
sible impact of II,6, being “near” the boundary of ®,. Assumption A.2.11(iii) imposes
the rate conditions on r,. Finally, Assumption A.2.11(iv) controls the “size” of the set
of coefficients B corresponding to elements p'B € 0, and suffices for verifying the
bootstrap coupling requirement of Assumption 3.11. For instance, &, < j* for tensor
product B-splines, which implies a sufficient condition for Assumption A.2.11(iv) is that
k*j*log*(k,) = o(n/log’(n)). The rate requirements for a bootstrap coupling can be
weakened if the test statistic is based on the | - || ,-norm or under additional smoothness
assumptions.

Our next result characterizes the properties of the proposed bootstrap statistics.

THEOREM A.2.4: Let Assumptions A.2.7, A.2.8, A.2.9, A.2.10, A.2.11 hold, and a, =
(log(n))~'2. Then, there are sequences £,, £ | 0 satisfying k,j>log(1 + k,)/s,v/n=0(L, A
), L, = o(r,), and k,./j,log(1 +k,) (¢, v EE)\/log(\/j;/(Kn Vv £Y)) = o(a,), for which it

follows that, uniformly in P € Py, we have

Un(Rl + OO) z U;(ngn) + OP(an)a
U(R| + 00) = U, (0] + 00) = Up(R|¢,) — Up(O163) + 0p(ay).

Importantly, any sequences £, and €% satistying the requirements of Theorem A.2.4 also
satisfy the requirements of Theorem A.2.3. Hence, we may employ

41-o(U.(R] + 00)) =inf{c: P(U,(R| + 00) < c{V}r,) =1 - a}
as a critical value for 7,(R). Similarly, for the statistic /,,(R) — I,,(®), we may employ

G1-o(Un(R| + 00) — U,(8] + 0))
= inf{c: P(U,(R| + 00) — U,(O] + 00) < c{V}.) = 1 — a}.

REMARK A.2.1: Suppose for notational simplicity that there are no covariates W and
let the marginal distribution of (S, Y, Z) be constantin P e P. If Z=(S,Y) (ie, (S,Y)
is exogenous), we may set g*(Z) = p*(S, Y) for some k, > j,. The singular value s, can
then be assumed to be bounded away from zero, and a sufficient condition for Assump-
tion A.2.9(iv) is that k*j2log’(n) = o(n). In order to appreciate the content of Assump-

n

tion A.2.8(iv), suppose {p;}72, is an orthonormal basis such that

g =Y Bip; with|B;|=0(j"").

j=1
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Setting II% gy = j: | DjB;j, we obtain from a standard integral bound for a sum that
1o 1 1
|Er[(80(S, Y) — Igo(S, V)" (D)][; S Y 5 T (A.23)
J=int : .

For instance, if k, — j, = O(1), then the bound in (A.23) is of order 1/j§7ﬁ . Hence,
provided the approximation errors by II'g, and g, (as in Assumption A.2.8(iv)) are
of the same order when g, € R, we obtain that Assumption A.2.8(iv) is equivalent to
J/nlog(n)/jx¥ = o(1) when k, — j, = O(1). This approximation requirement is compati-
ble with the condition k*j21og’(n) = o(n) provided vy > 3.

REMARK A.2.2: Building on Remark A.2.1, suppose again there are no covariates W
and the marginal distribution of (S, Y, Z) is constant in P € P, but now let (S, Y) be
endogenous. A standard benchmark for nonparametric models with endogeneity is to
assume the operator g — Ep[g(S, Y)|Z] is compact, in which case there are orthonormal
sequences of functions {¢,}72, of (S, Y) and {¢,};, of Z satisfying

j=1

Ep[di(S,VIZ]=0y(2),  Ep[(2)IS, Y] =1;0(S, Y),

where A; > 0 tends to zero. In addition suppose g, admits for an expansion satisfying

8= B, with|B;|=0("),
j=1
and let pi" = (¢1,...,$;), ¢ = (Y1, ..., Px,) with k, > j, and k, — j, = O(1), and
set I gy = Zj": , ¢;B;. Provided the approximation errors of IIlg, and g, (as in Assump-
tion A.2.8(iv)) are of the same order when g, € R, we then obtain

1Eo[(80(S. Y) = £.(5. V)) (D], < JA .

Moreover, direct calculation shows s,, which is proportional to v, as in Assumption 3.4,
satisfies s, = A;, and hence equals the reciprocal of the sieve measure of ill-posedness
(Blundell, Chen, and Kristensen (2007)). It follows that if A; < j=", and y; > 3, then
Assumptions A.2.8(iv) and A.2.9(iv) can be satisfied by setting j, < n* with (y, +vz) ™' <
2k < (34 v)) ' and k, — j, = O(1). Alternatively, if A; = exp{—7v,j}, then Assumptions
A.2.8(iv) and A.2.9(iv) can be satisfied when y; > 4 by setting, for example, j, = (log(n) —
klog(log(n)))/2y, with 7 < k <2yg —1and k, — j, = O(1).

A.2.3. Quantile Treatment Effects

For our next example, we study a nonparametric quantile treatment effect (QTE)
model. Specifically, for an outcome Y € R, treatment D € [0, 1], instrument Z € R, and
quantile 7 € (0, 1), we assume the parameter of interest 6, satisfies

P(Y <6y(D)|Z) = . (A.24)
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If D is randomly assigned, then we may set D = Z and interpret V6, as the 7th quan-
tile treatment effect (QTE). Alternatively, if D # Z, then we obtain the QTE model of
Chernozhukov and Hansen (2005). To map (A.24) into our framework, we set

p(X,0)=1{Y <6(D)} —r, (A.25)

where X = (Y,D) € X=R x [0, 1]. In order to illustrate our conditions in a number
of different settings, we focus on conducting inference on a nonlinear function of 6.
Specifically, we conduct inference on the variance of the quantile treatment effects:

/Ol(VBO(u))zdu - (/01 Veo(u)du>2,

while imposing that the QTE be increasing in treatment intensity (i.e., d — V6,(d) is
increasing). To map this problem into our framework, we define

2

Cr([0,1]) = {6:[0,1] = RS.t. [|llmes <00}, 8llmo = sup sup |V6(d)

0<a<m de[0,1]

and set B = C([0,1]) and || [ = || - Il,... We impose the restriction that the quantile
treatment effect be increasing in the intensity of treatment by letting G = Cy([0, 1]),
-l =1I"llo (Where we write || - ||, in place of | - || ), and defining

Ys(0) =—V?36. (A.26)

As shown in Section A.2.2, G is a lattice with order unit 15 = ¢ for ¢ the constant function
c(d) =1forall d € [0, 1]. Setting F =R with || - [ =| - |, we test whether the variance of
the quantile treatment effects equals a hypothesized value A # 0 by setting

2

Yr(0) = /Ol(Vf)(u))zdu - (/01 Vo(u) du) Y (A.27)

For the parameter space for 6,, we employ a ball in B and we thus set ©® to equal

0 ={6e C4([0,1]) s.t. 0], < Co} (A.28)

for some C, < oo. For a sequence of approximating functions {p; j:”: , defined on [0, 1], we
then let p/»(d) = (pi(d), ..., p;,(d)) and define O, to equal

®,={p"BeC5((0,1]): [ P"'B|,., < Co}- (A.29)

Similarly, for a sequence {g;};",, we set ¢*"(z) = (q:(2), .. ., qx,(z))’ and define

0.(6) =

in{%z(l{n < 0(D)} - r)qk"(zo}

i=1

P

for some 2 < p < oo and weighting matrix 3,,. The statistics /,(R) and ,(0) then equal
the minimums of /nQ, over ®, N R and O,, respectively.

In what follows, we will assume for simplicity that 6, is identified. As a result, we may
think of 6, as a function of P through (A.24), though we leave such dependence implicit
in the notation. We next impose the following assumptions:
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ASSUMPTION A.2.12: (i){Y:, D;, Z}}!_isiid.with (Y, D, Z) € Rx [0, 1] x Rdistributed
according to P € P; (ii) for © as in (A.28) and each P € Py, there exists a unique 6, € ©
satisfying (A.24); (iii) the distribution of Y conditional on (D, Z) is absolutely continuous
with density fyipz p(:|D, Z) that is bounded and Lipschitz uniformly in (D, Z) and P € P.

ASSUMPTION A.2.13: (i) Every P € P has a density fp wr.t. Lebesgue measure with com-
pact support Qp satisfying suppp | frlleo < 00 and infpep inf,cq, fr(v) > 0; (i) for each P € P,
there is a continuously differentiable bijection Tp : [0, 1]> — Qp with Jacobian JTp and de-
terminant |J Tp| satisfying infpep inf,co 1 [ Tp(v)| > 0 and suppp sup, g 3 I/ Tp(v) [, < 00.

ASSUMPTION A.2.14: (i) sup, | p’(d)|l2 < v/jn; (i) Ep[p™(D)p’"(D)'] has eigenvalues
bounded away from zero and infinity uniformly in P € P and j,; (iii) for each P € Py, there
is a 11,0, € ©, N R satisfying supp.p, | Ep[(H{Y < 11,00(D)} — {Y < 6,(D)Ng“ ()], =
O((nlog(n))~"?) and suppp, 160 — 1,60 l1,0 = o(1).

ASSUMPTION A.2.15: (l) infpepo inf@e@i\|9*90||1,0026 Ep[(P(Y < 0(D)|Z) — 7)2] > Ofor every
€ > 0; (i) there are € and s, > 0 satisfying, for all P € Py and |6 — IL,00]l1,c <€, s, <
sing{E¢[fyip.z(6(D)|D, Z)q**(Z) p"(D)']} and s, = O(1).

ASSUMPTION A.2.16: (i) maXi<k<k, |Gkl = O(1); (i) maxi<x<k, |gill1.00 = O(k,);
(i) Ep[q*"(Z2)q*"(Z)'] has eigenvalues bounded away from zero and infinity uniformly
in P € P and k,; (iv) for each 6 € O, there is a m,(0) € R with Ep[(Ep[p(X, 0)|Z] —
q“(Z)'m,(0))*] = o(1) uniformly in P € P and 0 € ©; (v) kY?/j,log’*(n)(n"/* v
)/ = 0(1) and j,log"* (1 + k)k2P12 s,/ = o((log(n)) ).

ASSUMPTION A.2.17: (i) |12, — Spllo., = 0p((k!/? log(n))~") uniformly in P € P; (ii) Sp
is invertible and ||Zp|,, , and s lo,, are bounded in P € P and k,.

Assumptions A.2.12 and A.2.13 impose regularity conditions on the distribution P that
enable us to apply an extension of the empirical process coupling results of Koltchin-
skii (1994). Assumption A.2.14 states the requirements on 0,, including demanding
an asymptotically negligible bias in Assumption A.2.14(iii). Assumption A.2.15(i) holds
pointwise in P € Py due to O being compact under || - |, ., and hence the uniformity
in P € Py demanded by Assumption A.2.15(i) corresponds to imposing strong identifi-
cation. Assumption A.2.15(ii) enables us to obtain a uniform rate of convergence under
Il - llg =suppep Il - llpo- As in Section A.2.2, s, can be shown to be related to the degree
of ill-posedness. Assumptions A.2.16(i)-(iv) impose conditions on {g,};", including that
they be bounded; this requirement can be relaxed at the cost of more stringent rate re-
strictions to ensure a coupling of the empirical process. Finally, Assumption A.2.16(v)
states our rate restrictions, which we note are easier to satisfy for higher values of p.

For any 6 = p/” € ®, N R, in this application the local parameter space equals

) h
VO, RI)=3h=p"B,: |0+ —
(0, RI¢) { B, H =

[ (s 52 [ o 52 )

< Cy,sup |lhallp2 < e/n,
PeP
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Vh(d)

— V29(d) — <0foralld e [0, 1]} (A.30)

where the first two constraints impose that 0 + h/./n € ©, and ||h//n|g < ¢, while the
final two constraints require that 6 + i/./n € R. Similarly, here

, h
V,(0,8l0)=1h=p"B,:0+—
( 1€) { P B H N

< Cyand sup || flp, < Kﬁ}

2,00 PeP
Also recall that Wp(0) ~ N (0, Varp{p(X, 0)¢*"(Z)}), and for any h = pi'B,, define
Dp(0)[h] = Ep[q"(Z) fripz.r(0(D)ID, Z) p™ (D) Ba]. (A.31)

The random variables to which 7, (R) and ,,(®) will be coupled are then given by
Up(RIt;) =  inf  [Wp(IL,6y) +Dp(IL,00)[A] ], ,»

heVy(ln6,R|¢n)

UP(®|£n) = inf ||WP(Hn 00) + ]D)P(Hn 90)[h] ||EP»2.

heVu(11,6,0¢,)
Our next result obtains distributional approximations by applying Theorem 3.1.

THEOREM A.2.5: Let Assumptions A.2.12, A.2.13, A.2.14, A.2.15, A.2.16, and A.2.17
hold, a, = (log(n))~'2, ¢, | Osatisfy k¥/?./j.t,1og(1 + k,) log(1/¢,) = o((log(n))~"/?) and
02 /nj,log(n) = o(1). Then: (i) Uniformly in P € Py it follows that

L(R) < Up(R|€,) + 0p(an).

(@) If, in addition, k,log(1 + k,)+/j.log(n)/si/n = o(1), then for any € | 0 sat-
isfying kl/l’\/j,,ﬂulog(l + k,)log(1/€%) = o((log(n))~"?), (£*)*/nj,log(n) = o(1), and
Vkalog(1+4 k,)/su/n = o(£2), it follows uniformly in P € Py that

L,(R) — 1,(®) < Up(R|t,) — Up(®|€%) + 0p(ay).

Theorem A.2.5(i) obtains an upper bound for 7,(R) by relying on Theorem 3.1(i). In
order to approximate the re-centered statistic /,,(R) — I,(®), we cannot rely on an upper
bound for /,(0®), as the resulting approximation could fail to control size. Therefore,
Theorem A.2.5(ii) instead relies on Theorem 3.1(ii). Applying Theorem 3.1(ii), however,
requires an additional rate condition in order to establish the linearization of the moment
conditions is asymptotically valid. We also note that the conclusion of Theorem A.2.5(ii)
in fact holds with equality if ¢, satisfies the same rate restrictions as £}.

In order to provide bootstrap estimates for these distributional approximations, we let
@n and (92 denote minimizers of Q, over ®, N R and ®,, respectively. Our bootstrap ap-
proximation estimates the law of Wp(6,) and the derivative D»(6,) by evaluating

(0= S e a1 (Y= 00)) - )

_ %qun(zj)(l{Y,« <6(Dp} - T)}:
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B,(6)[1] = quZ)({,_e(DH MO - <o) ),

at 6, and 6. An unappealing feature of 1D,(6) is that it is not linear in %, which com-
plicates computation. Alternatively, a plug-in estimator based on (A.31) could be used,
though at the expense of having to estimate the density fyjpz,p.

With regard to the local parameter space, we note that in this application,

2
G,(0,) = {h = p" By —=V20,(d) — # < max{—V?,(d) v —r,} for all d € [0, 1]}.
n

Employing that || - |3 = || - ||,,., and the expression for Y in (A.27), we obtain that
A on - h
I/n(gna ngn) = n n - = S en
n 2,00

[/(0+ 9 - ([ (000 ) ) ).

where ¢, is chosen to satisfy conditions stated below. The bootstrap statistics U, (R|¢,)
and U, (0| + oo) for approximating the distributions in Theorem A.2.5 are then

UuRIt) = inf  |W,(8,) + D, (8[|, ,»

hs‘}n(én JRlen)

Uu(O]+00)= inf [W,(83)+D,(62)[A]]

h:pjn/Bh 2n,p

The following final assumption will enable us to establish bootstrap validity. In the re-
quirements below, it is helpful to recall 6, is implicitly a function of P through (A.24).

ASSUMPTION A.2.18: (i) The functions 0(d) = 1, 0(d) = d* are in B,; (i) |6y —
11,00 12,00 = 0(1) uniformly in P € Py and supp.p, [160ll2.0c < Co; (i) k, satisfies kel p12/26 —
o1/ log(m)); () sup, IV p(@)lls v IVp" @) S J% ©) 1as b satisfy KL
Vil log(1+ k,)log(1/¢,) = o((log(n))~"?), j2/*\/k, log(l + ko) /sa/n=o0(1 Ar,), and
L, (\/]n_ﬁ + j22/k,log(1+ k,)/s,) = o((log(n))~"/?).

Assumption A.2.18(i) requires that the quadratic functions belong to B,—a condition
that holds if quadratic functions belong to the span of {p; j": |- Assumption A.2.18(ii)
implies that 6, and its approximation II,6, belong to the interior of ®. Assump-
tion A.2.18(iii) enables us to verify the bootstrap coupling requirement of Assump-
tion 3.11. While condition A.2.18(iii) suffices for verifying Assumption 3.11 in both the
endogenous (Z # D) and exogenous (Z = D) settings, we note that, in both cases, better
rate conditions can be obtained.! Finally, Assumption A.2.18(iv) ensures S, (B, E) =< j>/2,
while Assumption A.2.18(v) imposes the requirements on ¢, and r,.

The next theorem establishes the validity of the bootstrap procedure.

!For instance, under endogeneity, a better rate could be obtained by conducting a basis expansion using the
tensor product of a Haar Basis for (Y, D) and the functions {qk}:”: 1



16 V. CHERNOZHUKOYV, W. K. NEWEY, AND A. SANTOS

THEOREM A.2.6: Let Assumptions A.2.12, A.2.13, A.2.14, A.2.15, A.2.16, A.2.17, and
A.2.18 hold and a, = (log(n))~"/. Then, there is a sequence ¢, < ¢, satisfying

lA]n(Rlzn) z U;(ngn) + OP(an)

uniformly in P € Py. (ii) If, in addition, k,log(1 + k,)\/j.log(n)/s>/n = o(1), then for any
¢" satisfying the conditions of Theorem A.2.5(ii), we have, uniformly in P € P,

Un(ngn) - ﬁn(G)l + OO) > U;(Rlzn) - UF(@)WE) + OP(an)-
Theorems A.2.5(i) and A.2.6(i) imply that as critical value for 7,(R), we may employ
§1-(U.(R|,)) =inf{c: P(U,(R[L,) < c{V}) =1 - a}.

If, in addition, k,log(1l + k,)\/j.log(n)/s2/n = o(1), then Theorems A.2.5(ii) and
A.2.6(ii) imply a valid test can be obtained by rejecting whenever I,,(R) — I,,(®) exceeds

41-o(U.(R|L,) — U,(O] + 00)) = inf{c: P(U,(R|L,) — Un(O] + 00) < c|{V}r) = 1 —al.

Our critical values depend on the choices of r,, and £,,.. The slackness parameter r, again
measures sampling uncertainty in whether constraints “bind.” Following the discussion in

Section 2.1, for (;:‘,* a “bootstrap” analogue to 92, we may thus set
P((max V03(d) = V03 (d) < rl VYL ) = 1=y, (A32)
€[V,
with vy, — 0. With regard to ¢,, we note that its main role in this application is to ensure

that 17,1(9,1, R|¢,) is well approximated by the true local parameter space despite the non-
linearity of Y. To this end, the requirements on ¢, imposed in Assumption A.2.18 ensure

ﬁ£n||9n —1IL,6ylls = op(a,) uniformly in P € P,. Since || - |3 = || - ||, in this application,
we may select £, in a data driven way by setting it to satisfy
R A 1
P<max (V26i(d) — V?62 (d)| < |{V,.};?_1> =1—17, (A.33)
de[0,1] nt,

for some vy, — 0. While we set vy, in (A.32) and (A.33) to be the same, it is worth noting
they could be different. In fact, r, and £, do not “interact” in the requirements of Assump-
tion A.2.18(v) and, in this sense, can be set independently. We also note that in settings
in which the rate of convergence is sufficiently fast, (A.33) should deliver a “large” ¢, in
the sense that U, (R|¢,) and U, (R| + o0) are asymptotically equivalent. Moreover, in ap-

plications in which we expect the rate of convergence of 6, to be sufficiently fast, we may
directly set £, = +o0.

REMARK A.2.3: To illustrate the role of ¢,, it is helpful to conduct a pointwise (in P)
analysis, set p =2, and connect our assumptions to the literature on estimation of condi-
tional moment restriction models (Chen and Pouzo (2012)). We follow the literature in
imposing a local curvature assumption, which in our application corresponds to

|E-[(P(Y < h(D)|Z) - 7)q" (2)]|,
= |Er[frinz.r (6(D)ID, Z)(60(D) — H(D))q"(2)]], (A34)
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for all h € ©®, and € O that are in a neighborhood of ,. We further suppose the lin-
ear operator i +— Ep[fyipzr(60(D)|D, Z)h(D)|Z] is compact, in which case there exist
orthonormal bases {/;} and {¢,} and a sequence A; | 0 satisfying

Ep[fripz.r(00(D)|D, Z) (D) Z] = Xjih;(2). (A.35)
Setting k, > j, with k,, — j, = O(1), p" = (b1, ..., $;,), ¢ = (Y1, ..., ¢,), and 1136, =
i1 $; B, we also suppose 6, admits an expansion

0y=Y_ Bjb; with|B;|=0(j ). (A.36)
j=1

Provided that the approximation error of II,6, (as in Assumption A.2.14(iii)) and II"6,
are of the same order, it then follows from (A.34) and (A.35) that

A (A.37)

.5 =
Jn

|E[(1{Y =TL.60(D)} = 1{Y = 6,(D)})q™ (2)]

and s, < A;,—that is, s, is proportional to the reciprocal of the sieve measure of ill-
posedness (Chen and Pouzo (2012)). As a result, if A; < j~"* and yg > max{5/2,3 — vy,},
then Theorem A.2.5 may be applied to couple I,(R) by setting j, =< n* with (2(y, +
v)) ! < k < min{(5 + 2y,)~', 1/6}, while coupling 7,(R) — I,(®) additionally requires
vs > 3/2+4 v, and k < (3 + 4y,)~". In contrast, in the severely ill-posed case in which
A; < exp{—v.j}, the conditions of Theorem A.2.5 for coupling /,,(R) — 1,,(®) are not sat-
isfied. However, the conditions for coupling /,,(R) can still be met provided y; > 4 by set-
ting j, = (log(n) — K(log(log(n))))/ZyA with 7 < k < 27y — 1. Thus, while in the ill- posed
case the rate of convergence is too slow to apply Theorem A.2.5(ii), Theorem A.2.5(i) is
still able to deliver a coupling upper bound for suitable ¢,,.
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