Econometrica Supplementary Material

SUPPLEMENT TO “LOW INTEREST RATES, MARKET POWER, AND
PRODUCTIVITY GROWTH”
(Econometrica, Vol. 90, No. 1, January 2022, 193-221)

ERNEST LIU
Department of Economics, Princeton University

ATIF MIAN
Department of Economics, Princeton University

AMIR SUFI
Booth School of Business, University of Chicago

APPENDIX A: PROOFS
A.1. Proof of Claims in Sections 3 and 4

PROOF OF PROPOSITION 1: The solution to HIB equations (1) through (3) imply that
equilibrium investment and value functions must satisfy n, = v,.; — v, for s € {—1,0, 1}.
The HJB equations can thus be rewritten as

(r+ms/24+m_5)vy =75+ V511 /2 + v,y forse{—1,0,1}. (A1)

Substitute using v, = m/r, Vo = T /1, V1 =V — My, Vg =V — M — Mg, and v_; = vy —
m — Mo — M_1, the HIB equations become a system of 3 quadratic equations involving 3
endogenous variables {n_;, 19, 11} with exogenous parameters {7} and r. That dn,/dr <
0 follows from totally differentiating the system of equations and applying the implicit
function theorem.

We prove a generalized version of the limiting result that as r — 0, n; — o0, n_; —
oo, and (n; — m_;) — oo, under a quadratic cost function with a leader disadvantage.
Specifically, define ¢, =1 if s < 1 and ¢, = c if s = 1, and write the HJB equation for state
se{-1,0,1}:

rv, =maxm, — ¢n°/2 4+ NV — V) + N (Vo1 — vy).
n

The parameter c is a cost shifter for the leader. The example in Section 3 has ¢ = 1.
When ¢ > 1, leader holds a cost disadvantage relative to the follower. We now prove the
limiting result for a generic c. Optimal investment satisfies n_; = vy — v_y, M9 = v; — vy,
and c¢n; = v, — v;. After substituting these expressions into the HJB equation and then
taking the limit » — 0, we obtain

o~ MV + 2110 o ~ v+ 20 o~ N_1V + 2mv_
1> o™~ ———> g
M +2n_ 3 No1+2m

Ernest Liu: ernestliu@princeton.edu
Atif Mian: atif@princeton.edu
Amir Sufi: amir.sufi@chicagobooth.edu

© 2022 The Econometric Society https://doi.org/10.3982/ECTA17408


https://www.econometricsociety.org/suppmatlist.asp
mailto:ernestliu@princeton.edu
mailto:atif@princeton.edu
mailto:amir.sufi@chicagobooth.edu
https://www.econometricsociety.org/
https://doi.org/10.3982/ECTA17408

2 E. LIU, A. MIAN, AND A. SUFI

where we use x ~ y to denote lim,_,o(x — y) = 0. Using optimal investment decisions to
substitute out v_;, vy and v;, we obtain

ey ~ 87]—1(?12 - U—z) - 27}1(1)2 - U—z)
-~ A > -1 Y A >

: 6m1 + 914 6m1 + 914

thereby implying ¢n? ~ 4n*,. As r - 0, v, — v_, — oo, implying that n; — oo, n_; —>

00, and (n; — m_;) — oo if and only if ¢ < 4. In particular, when the leader does not

have a cost disadvantage (¢ = 1), the difference between leader and follower investment

diverges. Q.E.D.

PROOF OF LEMMAS 4.1 AND 4.2: The CES demand within each market implies that

1-o

the market share of firm i is §, = 22— = L
p1y1tp2y2 Py -%—p2
the price of a firm with productivity z; must solve p; =

( -1 (1-5;)
_ pi _ o(-d)+;
M= 3= = Gho-s)

. Under Bertrand competition,

ZU904% )~z with markup

T and profits m; = §; (1’ —27) Now define p, as the relative price be-
tween leader and follower in a market with product1v1ty gap s. Taking ratios of the prices
o—1
and re-arrange we derive that p, must solve p7 = /\*S(‘(’ﬁpi_m. Market share is therefore
o, = = ]— for the follower and profits are 7, = —
ps T+1 opy +1

o—1 1- .
and m_, = 2 respectively. Leader’s markup is m, = <" and follower’s markup is
o+pd "’ «

U'Ps 41
(o— 1)91 T

The fact that follower’s flow profits are convex in s follows from algebra. Moreover,

m_; =

lim,_,, p?\* = 1/0; hence, for large s, 7, ~ L and 7 = ——. The even-
aa)r* +1 TooNTT 41

tual concavity of =, and (7, + 7_,) as s — oo is immediate. Also note that, as s — oo,

ay— 1, 7, — 0, my — oo, m_, — 0. O.E.D.

PROOF OF LEMMA 4.5: The expression g = InA(D -, musms + omo) shows that aggre-
gate growth is equal to In A times the weighted-average investment rate of firms at the
frontier—leaders and neck-and-neck firms. In a steady state, the growth rate of the pro-
ductivity frontier must be the same as the growth rate of followers; hence, aggregate
growth rate g can also be written as g =In A(}_ -, us(1_s + K)).

To prove the expression formally, we proceed in two steps. First, we express aggregate
productivity growth as a weighted average of productivity growth in each market. We then
use the fact that, given homothetic within-market demand, if a follower in state s improves
productivity by one step (i.e., by a factor A) and a leader in state s — 1 improves also by
one step, the net effect is equivalent to one step improvement in the overall productivity
of a single market.

Let p(v) =[p1(v)'"7 + pz(v)l“’]ﬁ be the price index of a single market ». We can
equivalently index for markets not using » but instead using (s, z), the productivity gap
and the productivity of the follower. The growth rate g of aggregate productivity defined
in (12) is equal to — 222 'where P is the ideal consumer price index, and can be written as

1
F F
din)* _ dinP d/O npydv d[/zFlnp(S’z)dF(z )}
dt —  dt dt N H dt '
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. .. . Fy . .
Now recognize that productivity growth rate in each market, —%, is a function of

only the productivity gap s and is invariant to the productivity of follower, z”. Specifically,
suppose the follower in market (s, z"') experiences an innovation, the market price index
becomes p(s — 1, zF +1). If instead the leader experiences an innovation, the price index
becomes p(s + 1, zF). The corresponding log-changes in price indices are respectively

al =lnp(s—1,z" +1) —Inp(s, z2") = —InA+1In[p.7] + 1]1%" —In[p!™" + 1]$,

gt =1Inp(s+1,2) —In p(s, 2) =In[p'7 +1]7 —In[p!~" + 1],

where p; is the implicit function defined in the proof for Lemma 1. The log-change in
price index is independent of z” in either case. Hence, over time interval [z, f + A], the
change in price index for markets with state variable s at time ¢ follows

with probability A,

L
Al n=1%
np(s, ') a;  with probability (n_; + « - 1(s # 0))A.

The aggregate productivity growth can therefore be written as

&= —mo2mMoa — Z,U«s X (maf +(n-s+ K)af)’

s=1

where ay = al = af. Finally, note if both leader and follower in a market experiences
productivity improvements, regardless of the order in which these events happen, the
price index in the market changes by a factor of A': a! 4+ al | = al +al, , = —In A for all
s > 1. Hence,

&= —Wwo2noay — ZIJ«S X (maSL +(ns+ K)af)

s=1

= —po2moay — Y _ s X (5@t + (0, + 1) (~InA —al )

s=1

=InA- Z/J’s(nfs + K) - (Z Mg X (T)saf - af—l(nfs + K)) + M02n0a0> .
s=1 s=1

Given that steady-state distribution {u,} must follow equations (10) and (11), we know

9]

ZMS S (nxaf - asL—l(nfs + K)) + mo2moag

s=1

=Y pmonal + po2noao — (Z Hsa (0 + K)) =0.
s=1

s=1

Hence, aggregate growth rate simplifies to g =1InA - > - u,(n_s + k), which traces
the growth rate of productivity laggards. We can also apply equations (10) and (11)
again to express productivity growth as a weighted average of frontier growth: g =

In A~ (2% msms + 2m0m0).- Q.E.D.
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A.2. An Example With Leapfrogging

“No-sudden-leapfrog” is the source of strategic asymmetry in the paper. We extend the
example in Section 3 to allow for partial leapfrogging show a strict form of “no-leapfrog”
is not necessary for strategic asymmetry. Suppose upon a successful innovation, the fol-
lower can jump from state —1 to state 2 with probability p, and to state 0 with probability
1 — p. The HIB equations can be written as

rup = maxm — /24 n(va —vi) + -1 ((1 = p)ve + pv_s — vy), (A2)
rvoszxwo—nz/Z—{—n(vl—v0)+770(v_1—v0), (A3)

rv_ = IIlle T —n/2+ 71[(1 —p)(vo —v_1) + p(v2 — U—l)] + M2 —v). (A4)

The HJIB equations reflect the fact that with probability p, follower’s innovation raises
follower’s value to v, and knocks leader’s value down to v_,. The model in Section 3
corresponds to the case where p = 0.

Using the same proof strategy as for Proposition 1, one can show that as r — 0, equi-
librium investment n; and n_; both diverge to infinity, and their ratio, x = n;/n_;, must
satisfy the following cubic equation:

(1+2p)x* +2p2+ p)x* =22+ p)x — p(1+2p) =0.

For all p < 1, the positive solution to the cubic equation always features x > 1, implying
that (; —n_;) — oo. That is, unless the follower always leapfrogs with probability p =1,
the leader-follower strategy asymmetry that we highlight is always present, and the leader
always responds to low interest rates more than the follower.

A.3. Proof of Claims in Sections 5.2 and 5.3

Section 5 maintains the assumption that investment cost is linear, c¢(n,) = ¢ - 7, for
ms € [0, n]. As discussed in Section 4.2, we assume the investment space is sufficiently
large—cm > 7, and n > k—so that firms can compete intensely if they choose to—and
¢ is not prohibitively high relative to the gains from becoming a leader (¢« < 7o, — m))—
otherwise no firm has any incentive to ever invest.

PROOF OF LEMMA 5.1: Recall n + 1 = min{s|s > 0, n, < n} is the first state in which
market leaders choose not to invest, and k& + 1 = min{s|s < 0, n, < n} is the first state
in which followers choose not to invest. Suppose n < k, that is, leader invests in states 1
through n whereas the follower invests in states 1 through at least n + 1. We first show
that, if these investment decisions were optimal, the value functions of both the leader
and follower in state n + 1 must be supported by certain lower bounds. We then reach
for a contradiction, showing that, if n < k, then market power is too transient to support
these lower bounds on value functions.

The HIB equation for the leader in state n + 2 implies

V,p = mMax -+ 7’n+2(vn+3 — Upq2 — C) + (77—(n+2) + K) (Un+1 - Un+2)
7ln+2€[037l]

= Tn42 + (7’ + K) (vn+1 - vn+2)- (AS)
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That leader does not invest in s = n + 1 implies ¢ > v, ., — v,,1; combining with (A.5) to
get

FVpy1 = Tpip — (M + k4 7).

The HIB equation for the follower in state n + 1 implies

TV_(niy =  MaAX  7T_(up1) + (M-(ur1) + K)(Vop — V_(ns1)) — CN_(ns1)
1—(n+1)€[0:n]
Z T (n+1) + K(‘U,,1 — v—(n+1))- (A6)
That follower invests in s = n + 1 implies ¢ < v_, — v_(,+1); combining with (A.6) to get
TV_(n+1) = T—(n+1) + Ck. (A7)

Combining this with the earlier inequality involving rv,,;, we obtain an inequality on the
joint value w1 = Vi1 + V_(up1):

TWpy1 2 Ty + T_(nt1) — c(n + I"). (A8)

We now show that inequalities (A.7) and (A.8) cannot both be true. To do so, we con-

struct alternative economic environments with value functions 11)50) and ﬁ(ol) such that
( )

A (0)

> w,,H and 9" 1 > V_(n11); We then show that even these dominating value functions

and 9" Cannot satisfy both inequalities.

Flrst, ﬁx n and fix investment strategies (leader invests until state » + 1 and follower
invests at least through # + 1); suppose for all states 1 <s <n + 1, follower’s profits are
equal to 7_(,41) and leader’s profits are equal to 7,,,; two firms each earn T T2
state zero. The joint profits in this modified economic environment are independent of the
state by construction; moreover, the joint flow profits always weakly dominate those in the
original environment and strictly dominate in state zero (7,42 + 7_ 411y = T + 71 > 27).
Let w, denote the value function in the modified environment; w, > w, for all s <n + 1.

Consider the joint value in this modified environment but under alternative invest-
ment strategies. Let 77 index for investment strategies: leader invests in states 1 through
7 whereas the follower invests at least through 72 + 1. Let i\ denote the joint value in
state s under investments indexed by n. We argue that w,(ﬁr)] is decreasing in n. To see
this, note the joint flow payoffs in all states 0 through 7 is constant by construction and is
equal to x = (7,42 + T_(411) — 2cm)—total profits net of investment costs—and the joint
flow payoff in state 77 4 1 is (7,42 + T_(u1) — €M) = X + 7. u)n +1 is equal to a weighted

average of x/r and (x 4 ¢m)/r, and the weight on (x + cn)/r is higher when 7 is smaller.
A (1)

Hence, w;, is decreasing in 7, and that w(o) ,(:21 > w,.1. The same logic also implies
A((]O) ! 12)(()0) > —'LUO =1y.

> ) in the alternative environment, when investment strate-

()

Consider follower’s value 0"

gies are indexed by zero, that is, firms invest in states 0 and —1 only. We know 9, must

be higher than v_,) because

5O _ T © cn + KU( ) T_(n+1) — €N + KV o Ty — €M + KV,

T r+Kk+m r+k+n " r+Kk+m

=V—(n+1)-
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We now show that inequalities rf)g? > T_(u41) + ck and mi)fo) > Myio + Toiry — (N +7)

cannot both hold. We can explicitly solve for the value functions from the HJB equations:

A~ (0
DO — Tp2 + T_(ui1) — 26 + ani )
’ r+2n ’
A (0
O T2+ T_(uiny — €N+ (N + K)w(() )
' r+mn+x ’

~ (0
50 T ey — N+ (0 + K)w(() )/2
! r+m+x '

Solving for " and 9}, we obtain

A + Kk
I’wio) = Ty + T_(n+1) — €M <1 + ni),

r+3n+«
NON _ o2+ Ty T +20+K
(r+n+ o] =r(m_ gy —cm) +(n+ K)< 2 Cnr +3n+«)

That rf)g) > T_(n41) + Ck implies

R Mpao + T_n r+2
(r+n+f<)rv(01):r(w(n+1)—cn)+(7l+f<)< 2T ol n+K>

2 r+3n+«k
> (r+m 4 ) (7-@s1) + CK)

Tnt2 — T—(n+1) c r+2n+«k

= (TH_K)( 2 r+3n+«

)Z(r-i-n—i-K)CK—i—cnr.

Since 2t < T2 < ¢y jt must be the case that

r+2n+«k

+ K)c +n+K)ck+enr+ M+ K)eN——mp——.
(n+r)em > (r+m+K)ck+cenr+(n + «) g e

On the other hand, that rﬁ)io) > Myio + T_(uyr) — €(n + 1) implies r > 7~ ;’;’;K; hence, the
previous inequality implies

M r+2n+«k
(n+Kkn>(P+n+KkK+(n+Kknr+3n+K+%n+Kknr+3n+K
= (r+n+«)ck+ (n+ k),
which is impossible; hence, n > k.
We now show that the follower does not invest in states s € {k + 1, ..., n + 1}. First,

note

(r + n + K) (U—s - v—s—l) =Ty — T—5-1 + K(v—s+1 - v—s) + n(v—s—l - v—s—2)
+ max{n(v_y1 — v_s — ¢), 0} — max{n(v_; —v_,_; — ¢),0}.
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Suppose v_y; —v_; > (v_y—v_4 1), then
rFr+n+)vs—v )T —m 1+ kW51 — V) + MV — V5 2)
= (+n)vs—v) T =7+ (Vo — Vo).

fv 1 —v,<((vy—v_),then

r+m)(vs—v ) <m—m 1+ n(v_ 1 —v_ )

+ max{n(v_y1 — v_y — ¢), 0} — max{n(v_, —v_,_; — ¢), 0}
<Tm -7 g1+ (v —v_ ).
To summarize, for all s,
Vg — Vs> (Vg — V)
= (v —v )T — T+ (v — V). (A9)
Now suppose 11_;_; =0but n_y = n for some s’ € {k + 2, ..., n+ 1}. This implies
Vo(k—1) =V ZC>Vp =V 1 <V_yq1 —V_y,

implying there must be at least one s € {k +2,...,n+ 1} such that v_ ., —v_ > v_; —
V., < V.1 — Usp. Applying (A.9),

(r + n)(v—s - v—.r—l) =Ty — T_s_1 + n(v—s—l - v—s—2)7 (AlO)

(r =+ T])(U,S,l — U,;,z) < T_g_1— T—_5_) + T](U,S,z — U,s,g,). (All)

Inequality (A.10)and v_y—v_ | <v_; 1 —v_simpliesr(v_y—v_; 1) > 7 — 7, 1; cCOnN-

vexity in follower’s profit functions further implies r(v_; —v_; 1) > 7 | — 7_,_,. Substi-

tute into inequality (A.11), and using the factv_;—v_; | <v_, | — v, ,, we deduce it must
be the case that (v_; , — v, 3) > (v_s_1 — v_;»). Applying (A.9) again,

(r + TI)(U—s—z — U_5_3) < T_5_p— T_s_3+ ”fI(U—s_a — v_s_4)_
That r(v_,_ — v_s_3) > m_s_, — 7,5 further implies (v_,_3 — v_;_4) > (V_s_2 — V__3). By
induction, we can show v,_; — U, 5 < Vsp — Uy_3 < -+ < V_,, — U_(441). But
(r + 77 + K)(v—n - vf(rH»l)) S T_n — 7T,(n+1) + K(v,n+1 — Uin) + n(Uan — v7ﬂ+1)
AW = V) S 7= T

which is a contradiction, given convexity of the profit functions. Hence, we have shown
Vg — V_(is1) = Vg — VU_gq forall se {k +1,...,n+ 1}, establishing that follower cannot
invest in these states. Q.E.D.

PROOF OF LEMMA 5.2: Given the cutoffs (n, k), aggregate productivity growth is (from
Lemma 4.5) g=InA- (}_"_, uym + 21om). The steady-state distribution must follow

mi(n+x)/2 ifs=0,
ms(n+k) ifl<s<k-—1,
Msi1K ifk<s<n+1,
0 ifs>n+1.

o = (A.12)



8 E. LIU, A. MIAN, AND A. SUFI

Hence, we can rewrite the aggregate growth rate as

k-1 n
g=Ina- <2M07l + Zum + Z mn)
s=1

s=k—1
k n+1
=InA- (m(n + )+ Y e+ k) + Zw)
s=2 s=k
=InA- (u(n+K) + p'x),

as desired. To solve for pg, u¢, and u as functions of n and k, we use (A.12) to write u,
as a function of u,, for all 5. Let o = x/m, then

TR ifn+1>s>k,
P = oA+ ) ifk—1>s5>1,
@ F (1 4+ )k /2 ifs=0.

Hence, po = ppy 10" 7% (1 + a)* /2. The share of markets in the competitive and monop-
olistic regions can be written, respectively, as

n+1 n—k+1
M __ n+l—-s __ 1 o
K= g " = g,
11—«
s=k+1

k
= 1+ = (1 + 1),

s=1

Q.E.D.

PROOF OF LEMMA 5.3: Given k > 1, the share of markets in the competitive region is

k
“C:Z“s=M1+M1(1+“) et (T4 a)
s=1
=m =i
k+nl—(1+a)™* K+7
= Mo - = Mo .
2n 1—-(1+4a) 2n
N———

=M1

Aggregate growth rate can be rewritten as

K+

g=InA-[(1—-p)k+pun]=InA- [(1 — Mo)K + Mo ”7} >InA- k.

Aggregate investment is I = 2n(u + o) + n(u" — pas1). In a steady state, it must be
that 2nuo + (™ — poyr) = (m+ k)€ + kM, thus I = 2np’ + k(1 — o) > k, as desired.
Q.E.D.

A.4. Proof of Claims in Section 5.4

Consider the following recursive equations of value functions {u,}° __ :

Fugp ) = /\x+1 + ps+1(us - us+l) + Q(us+2 - us+1)7 (A13)
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where A, is the flow payoff, p,,; and g are respectively the Poisson rate of transition
from state s + 1 into state s and state s + 2. Given u, and Au, = u,,; — u,, we can solve for
all uy,,, t > 0 as recursive functions of u; and Au,. The recursive formulation generically
does not have a closed-form representation. However, as r — 0, the value functions do
admit asymptotic closed-form expressions, as Proposition A.1 shows. In what follows, let
~ denote asymptotic equivalence as r — 0, that is, x ~ y iff lim, .o(x — y) = 0.

PROPOSITION A.1: Consider value functions {u;}°__ satisfying (A.13). Fix state s and

s=—00

integer t > 0. Suppose Ay = A and py = p for all states s <s' <t. Let 6 = %, a= 5,
bzé,thenforallt>0,
; a—a'
1-a' 1-a
—u;~ (A 1)
Usyr = Uy ~ (D) 7—- + 0 ———
+Aus.b(t—1)(1+a’)(1—a)—3(2—a)(af—a)
(1-a)
1 (t=2)(t—-1)
2a )(1-
+6b(1—a)3<< > +2a)(1—a)
—(t=3)a"—al2—a)(t— 1)>, (A.14)
1—a! t—1)(1+a")—(-2)(1+a""
us+t—ux+t_1~Ausa”'+8—a +Ausb(( (1+a) = 5 J(1+a7))
1—a (1-a)
@O —d ) s (=)= = (=D =3)
’ (1-a)’ (1-a)? 2
8b t t—1

If t — oo as r — 0, then the formulas can be simplified as follows:

- bAus .
L If a<1,then ug, — ug,y ~ Auga™" + 2= + (172)2,further,

(a) if rAuy — 0, then u,,, — u, ~ Auy 7= + 2
(b) if rAu; A 0, then r(ug, — us) ~ ’]AT“;
2. Suppose a > 1 and rAu; — 0.
(a) If Au,+ % w0, then r(ugy, — u;) ~ (Auy+ %)a’—fll and r(ug, —Usy ;1) ~ (Aus +
2 yra'!.

(b) If Auy + -2 ~ 0, then u,,, — u; ~ — (1f‘z)4 cattt,
Suppose Ay and py are state-dependent. Let A > Ay and p < py for all s < s < t. The
formulas in (A.14) and (A.15) provide asymptotic lower bounds for u;, — s,y and ug,, —
us. Conversely, if A < Ay and p > py forall s <s' <t, then the formulas provide asymptotic
upper bounds for ug,, — ug,,_ and ug,, — u;.

REMARK: Proposition A.1 expresses u,,, and Au,,, as functions of u, and Au,. One
can also apply the proposition write u; and Au; as functions of Aug,, and u,,,. Proposition
A.1 thus enables us to solve for value functions asymptotically, and we apply it repeated
throughout the rest of this Appendix.
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PROOF OF PROPOSITION A.1: First, suppose Ay = A and p; = p are constant for all
states s < s’ < t. Given u, and Au,, we can solve for value functions u,,, as

Usy1 — Us = Aus:

{L{SJrz — Ug1 = aAus + bAus + 8, (A16)

Ugr — Uy = (1+ a)Au, + bAu, + 6,

Ugys — Ugsy = a*Aug + (14 2a)bAug + (14 a)d + o(r),
ugs —uy=(1+a+a*)Au;+ (1+1+2a)bAu, + (1+1+a)d+bs + o(r),

where o(r) are terms that vanish as r — 0. Applying the formula iteratively, we find

Ugprin — Usyr = a'Aug +8Za + bAu, Zzal 1—|—b822ma’" '+ o(r),

z=1 m=1

us+,+1—u3_AusZa +822a +bAusZZma -1

z=0 m=0 z=1 m=1

+ b6iiima”"l + o(r).

x=1 z=1 m=1

One obtains the proposition by applying the following formulas for power series summa-
tions:

t z _ 1=a'tl,
LY. ja°="—;
a—att1

2. ZZOZ _H'l_ia;

1_ t<1+a’+1>(1 —0)-Q2-a)(a-a).
3 Zz IZm 1mam (1 a)3 ’

4T Y ma = s (1 gy — (1~ 2)a — a2 — a)i).
Now suppose A, and p, are state-dependent, and A > Ay, p < py forall s < <t. Let
5, = %, a, = ’; 5 and note &, > 6 = %, a; > a. By rewriting equations in this proof
as inequalities (e.g., rewrite (A.16) as u,, — U1 > alu, + bAu, + 6 and u; ) — uy >
(14 a)Au, + bAu; + 8), the formulas in the proposition provide asymptotic lower bounds
for u,,, — u,.,1 and uy,, — u, as functions of u,; and Au,. Conversely, if A < Ay and p > py
for all s < s’ < ¢, then the formulas provide asymptotic upper bounds for u;,, — u,,, ; and
Usgrr — Us. QED

PROOF OF LEMMA 5.4: Recall n and k are the last states in which the leader and the
follower, respectively, chooses to invest in an equilibrium. Both # and k are functions of
the interest rate r. Also recall that we use w, = v, + v_, to denote the total firm value of a
market in state s.

We first prove lim,_,on = co. Consider the sequence of value functions v, generated by
an alternative sequence investment decisions: leader follows equilibrium strategies and
invests in n states whereas follower does not invest in any state. Under these alternative
investments, flow payoff is higher in every state, hence the joint value of both firms is
higher in every state—including state 0—thus 7y > vy. One can further show by induction
that the alternative value functions dominate the equilibrium value functions (9, > v,) for
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all s > 0; intuitively, leader’s value is higher in any state because it expects to spend more
time in higher payoff states, since the follower does not invest. Also by induction one can
show Av, > A9, for all s > 0; intuitively, when the follower does not invest, leader has less
of an incentive to invest as well.

Now suppose 7 is bounded, and we look for a contradiction. Let N be the smallest in-
teger such that (1) N > n for all r, and (2) 7y — 7y > ck. Note roy =r - % — FUy_1
as r — 0; hence, rvy ~ ruy_;. By induction, because N is finite, rv, ~ rv, ~ rv_, for
any s,t < N. Likewise, rv, ~ rv, for any s,¢ < N. The fact that leader does not in-
vest in state N — 1 implies lim,_¢(vy — vy_1) < ¢ = lim, orvy_; > 7y — ck, Which
further implies lim,_ o0y > lim,_¢ rvy = lim,_rvy_; > 7n — ck. Also note that Ay, >
Aty = "= (?:;“n 2em) _, ribg= (22”0 2em) — o= (’TO 1) We now put these pieces together and ap-
ply Proposition A.1 to compute a lower bound for A9, as a function of 9, and A, (substi-

tute Uy —Uo, Ugiy _UN’ a = K/T], _r/n’ S = rdp— (";N cn)).

. . . R 1y —(my —em) 1= (k/n)N!
1E%AUNZ£§%<AUO(K/77)N 1+ 0 ( N ) ( )

1—«/7
- pigg T = (0 =€) (e/m)V 4 rbg — (my —em) 1— (k/m)V"
r—0 n n I—«/m
- i TV~ ¢k = (m — cm) (/N1 4 TN KT (my —cm) 1= (k/m)""!
r—0 U] n 1—«/n
_ 1 _ N-1
- limc(K/n)N_l + C("’l K) (K/”7) =c,
r—0 1 — K/'n

where the last inequality follows the fact that 7y — 7y > ck. Thus lim,_oAvy >
lim,_ oAby > ¢ and the leader must invest in state N, a contradiction.

Next, suppose lim, ok = oo but (n — k) remain bounded. Let € = 2¢n — 7, > 0. The
joint flow payoff m; + 7_; — 2cm is negative and bounded above by —e in all states s < k.
As k — oo, if n — k remain bounded, then there are arbitrarily many states in which the
total flow payoffs for both firms is negative and only finitely many states in which the
flow payoffs may be positive. The firm value in state O is therefore negative. Since firms
can always ensure nonnegative payoffs by not taking any investment, this cannot be an
equilibrium, reaching a contradiction. Hence, lim,_o(n — k) = 0o

To show lim,_, k = oo, we first establish a few asymptotic properties of the model.

LEMMA A.1: (1) rv, ~ oo — ¢K; (2) V1 — Vv ~¢; 3) r(n— k) ~0; (4) rk ~ 0.

PROOF: (1) The fact that leader invests in state n but not in state n + 1 implies

Tn2 — FUpyi Tpr1 — TV,
=VUpg2 = Upg1 SC=Z Vg1 — Uy =

r+ Kk r+ kK

= T — ck =lim(m, — ck) > limrv, > lim(7m,, | — cK) = 7o — CK.
r—0 r—0 r—0

(2) The claim follows from the previous one: v, — v, = ##H=2 ~ Te=lin ~ ¢,
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(3) The previous claims show rv, ~ 7., — ck and Av, ~ c. We apply Proposition A.1 to
iterate backwards and obtain a lower bound for (v — v,):
r* rv, — (e — €M)

llmr(Uk_Un)>rlgg_P ( / )4 ( / )n o~ z(i.(niy( / )n k+1

Since |lim, o r(vy — v,)| < 7o, lim, o 7*(1/k)"**1 must remain bounded, implying r(n —
k) ~ 0.
(4) We apply Proposition A.1 to find a lower bound for w;, — wy (Where a =n/k > 1):

(e =2 k 2em — X
limr(wy — wy) > lim{ Aw, + rwg — (7 )\ ra > lim cn — ra .
=0 =0 a—1 a— r—0 a—1 a—1

Since r(wy — wy) is bounded, it must be that ra* is bounded; therefore rk ~0.  Q.E.D.
LEMMA A.2: rv_; ~rAv_; ~rv_, ~ Av_, ~0.

PROOF: First, note that follower not investing in state k + 1 implies ¢ > Av_ ). We
apply Proposition A.1 to find an upper bound for (v_, — v_;) as a function of rv_; and
AV_(jy1): Vo — v < lim —k) :;’:f( ), which implies r(v_, — v_x) ~ 0.
Let m = ﬂoor(”gk) That the follower does not invest in state m implies ¢ > Av_,,.
Proposition A.1. provides a lower bound for v_g,.1) — v_, as a function of rv,m and
Av_y_ g lim, g (V- gugry — V) = im0 —Av_ i1y (k/M)"" m—l—% _llmHo m where
the equality follows from lim,_,(k/%)"~" =0 and lim,_,, 77_,, — 0. Since the LHS 1S non-
positive, it must be the case that lim,_,Av_, =lim,_,rv_, = 0. But since rv_, <rv_,, it
must be that rv_, ~ 0, which, together with rv_, ~ rv_;, further implies rv_; ~ 0. That
rAv_; ~ 0 follows directly from the HIB equation for state k. Q.E.D.

We now prove lim,_,o k = co. We show k& bounded = rw; ~ rAw; ~ 0, and we look
for a contradiction. First, we use the fact that 0 < 7r_ for all 0 < s < k and apply Propo-
sition A.1 (simpliﬁcation la, substituting u, = v_jy1, U, = Vo, t =k + 1, Auy, = Av_y,

a= b= 8= w“‘t}”#) to find an asymptotic upper bound for rvy:
r FU_ke1) + €
hm rvy = 11m r(Vo — V_ks1)) < 11 e p——— (Av_(k+1) + k%)

By Lemma A.1(4) and Lemma A.2, the RHS converges to 0, implying rvy ~ rw, ~ 0.
Further, using the HIB equation for state 0, we find that Awy = w; — wy = W ~
¢c—mo/m.

Lower and upper bounds for rw, and rAw, can be found, as functions of Aw, and
rwy, using Proposition A.1 (simplification 2(a), substituting u, = wy, U, = Wy, t = k,
Aug = Awy, a = ”:", b= %, and § = M for the upper bound, 6 = ””‘)7(”%2“’) for
the lower bound):

lim (Awo +

r—0

rwg + 2cn — Woo)ﬂr<7)+K)k

K K ]

rwy + 2c¢ +r\*
<lim(rwe — rwp) < lim (Awo 4 o een ) L(” ) , (A.17)
r—0 r—0 K K ’r’
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2em — . k-1
lim(Aw0+rw0+ cn — )r<7]+K)

r—0 K n
rwy + 2¢ +k\!
< lim(rdw,) < lirr3<Aw0 S ")r(" ) . (A.18)
r— r— K ’r’

If k is bounded, these inequalities imply rw; ~ rAw, ~ 0.

Now suppose rwy ~ rAw; ~ 0 and we look for a contradiction. Let k= max{k, N}
where N is the smallest integer such that my — 7y > ck. That |N — k| is finite and rw; ~
rAw; ~ 0 jointly imply rwy ~ rAwy ~ 0. Note that 7; is a lower bound for 7, for all
nzs>k;we apply Proposition A.1 (simplification 1, substituting u, = w;, sy, = Wyy1,
t=n—|—1—l€, Aug = Awg, azg, b=1=I, 6:%) and obtain W as an

n
asymptotic upper bound for w,;; — w,. Lemma A.1 part 2 further implies tha

rwi — (m —cm) _

lim — limrw; > m; —ck > 0. (A.19)
r—0 N —K r—0
This contradicts the presumption that rw; ~ 0. Q.E.D.

Note that (A.17), (A.18), and the contradiction above jointly imply lim,_,rw; > 0,
lim,_rAw; > 0, and that r(”’T“)k converges to a positive constant, summarized as a
lemma.

LEMMA A.3: lim,_orAw; > 0, and r("T“)k converges to a positive constant as r — 0.

PROOF OF THEOREM 5.5: We show lim,_o(k/1)"*(1 + k/n)* = 0, which, based on
Lemma 4.5, is a sufficient condition for u” — 1, u¢ — 0, and g — « - In A.
We first find a lower bound for Aw, by applying simplification 2 of Proposition A.1

(substituting u, = wy, Uy, = Wy, t =k, Auy = Awy, a = ”:’r", b= . 6= M)

_ ) k
lim rAw, > lin%<Aw0 = (7 c")>r(" + K) . (A.20)
r— F— K 7]

Simplification 1 of Proposition A.1 provides asymptotic bounds for Aw, (substituting
Uy = Wy, Usyy = Wy, t =N —k, Auy, = Awy, a = %, b= %; the upper bound is obtained using
6= ””"7(%”’) and the lower bound is obtained using 6 = W)

> lim Aw,,,

r—0

1im[Awk<(K/n)”"‘ SR 2) 4 Wt en = ”"]
=0 (n—x) n—K

lim Aw, > lim[Awk<(K/n)”k + 2) +
&t (-1

r—0

rwk+cn_7Too
n—K '

Since lim,_, 7, = 7, the lower and upper bounds coincide asymptotically. Furthermore,
Lemma A.1 shows Aw, ~ c; hence,

rwy + M — Ty

mn—K

¢~ Awk((K/n)”_k o r_"K)z) + (A21)
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Next, we apply simplification 1(b) of Proposition A.1 to obtain (substituting u, = wy,
Uy = Wy, t=n — k, Au, = Awy, a = %, b= 1' the simplification applies because
lim, o rAw; > 0, as stated in Lemma A.3): r(w, — wy) ~ Aw" . Part 1 of Lemma A.1
further implies

rAwy

7(7) sy (A.22)

Moo — CK — FWy ~

Substituting the asymptotic equivalence (A.22) into (A.21), we obtain

I‘T]Awk
(n —x)?

c~c+ Awy ((K/n)”_k + o r_ﬂK)2> -
— O"’Awk(K/n)nik.

Further substitute into inequality (A.20),

k
ot T2 (5
K n

r—0

Given Awy > 0, rwy > 0, and 2¢n — 7, > 0, the inequality holds if and only if
lim,o(%*)*(x/n)"~* = 0, as desired. All other claims in Theorem 5.5 follows di-
rectly. Q.E.D.

Finally, the next result characterizes the relative rate of divergence between (n — k)
and k, as well as the rate of convergence of u™.

LEMMA A4: (1) lim,_, %" = W 2) lim,_, =4~ goes to a positive constant.

PROOF OF LEMMA A.4: We first prove 2 ~ 20*9 Note Lemmas A.1 and A.2 jointly
imply 2= o~ Aw,. We apply Proposmon A.1 simplification 2(b) to find

n—K
lim, o rwy. We substitute u, = w1, Usrr = Wi, Aty = w, — Wy = —Aw,, a =1, b=1;
the upper bound is obtained using § = w and the lower bound is obtained using
5= w, and that the lower and upper bounds coincide as r — 0. Simplification

2(b) applies because Au, 4 25 ~ —c + W ~ 0. Proposition A.1 implies

7

0(77 - K) n+l1—k
/= 1) (n/K)

Wi — Wpy1 ™~ —

cm—x) n+l-k
/=1 (n/K)

substitute into (A.22) =  rAwy ~ ¢, -r*(n/k)"* for some constant ¢; > 0.

= r(wnJrl - wk) ~

We denote a = ®(f(r)) if a/f(r) converges to a positive constant as r — 0. By Lemma
A3, lim,_ o rAw; > 0, hence (k/n)"* = ®(r?). Lemma A.3 also states that (1 + x/n)* =
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®(r); hence (n/k)"* ~ @2(1 + k/m)* for some constant ¢, > 0, implying

(n— k) In(n/k) ~In g, +2k1n(” : ")

n—k 2In(1+«/n)

T FEYPEE as desired.

We now prove 1 — u™ = ®(r). By Lemma 4.5 and denoting a = k/7,

anfk((l 4 a)k _ 1) 4 an7k+1(1 + a)k/z

1— an7k+l

1-—

1—uM= .
+ an—k((l + a)k _ 1) 4 an—k+1(1 + a)k/z

Hence, (1 — uM) ~ (k/1)"*(1 + k/m)*. But we have established above that (k/n)"* =
®(r?) and (1+«/m)~* = ®(r); jointly, these relationships imply 1 — u™ = ®(r), as desired.
O.E.D.

APPENDIX B: EXTENSIONS
B.1. General Equilibrium Extension

In this Appendix, we embed the partial equilibrium model in Sections 4 and 5 into a
general equilibrium framework. We focus on a steady-state equilibrium, that is, a balanced
growth path, with aggregate productivity and consumption both growing at a constant rate
g. We start with a discrete time economy and take the limit as the time between periods
shrinks to zero to match the continuous-time setting as in the paper. There is unit measure
of households, each with intertemporal preferences:

1(tw), (), e(0)}

max EZe*"‘(lnct )
-0

1 a
st = exp( / In[yi(£;0)7 4+ ys(t;0) 7 |77 dv), (A.23)
0

1
b,
f pi(t; V) (8 v) + pa(t; v)ya(t; v)dv + 1_:; =[{wdk,+d, +T,]+ b,
0 t

where e* is the discount rate, d, is dividends income, b, is the holding of a risk-free bond.
We assume households hold the same market portfolio of all firms and, therefore, receive
identical dividend payments that is equal to the total flow payoff that firms receive in a
period. We normalize the wage rate w, =1 for all ¢, and specify that production and the
investment cost are both paid in labor.

To generate variations in the interest rate, we follow Benigno and Fornaro (2018) and
introduce uninsurable, idiosyncratic unemployment risk, captured by ¢;, which is an indi-
cator variable that takes value 1 if the household is employed, and zero if the household
is unemployed. Each household faces in every period a constant probability g of being
unemployed, and the employment status is revealed at the start of the period. 7; is a
lump-sum transfer for the unemployed households and a tax for employed households. 7;
is set such that the income of an unemployed household is equal to a fraction & < 1 of the
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income of an employed household.! We further assume unemployed households cannot
borrow (b,,; > 0) and that trade in firms’ shares is not possible, so that every household
receives the same dividends.

The labor market clearing condition is

qz(f) _ /()'l[yl(t; V))\_Zl(t;y) + yz(l‘; V))\_Z2(t;y)] dv
+ (Z ws(t)(c(nys) +c(n-y)) + 2M0(t)c(n0)>,

The consumption aggregator c(¢) in (A.23) features CES across varieties within each mar-
ket and Cobb-Douglas across markets. Given our normalization w, = 1, the employed
households’ intratemporal problem implies total expenditure on all consumption goods is
constant along the balanced growth path, thereby inducing instantaneous demand func-
tions that coincide with the preferences in (4) of Section 4 subject to a normalization in
the level of expenditure. As in Benigno and Fornaro (2018), the Euler equation of the
employed implies an aggregate relationship between consumption growth and the inter-
est rate:

¢ ~
(171 - g+ q/5).

t

The term (1 — g + q/8) captures the precautionary saving incentive for employed house-
holds due to idiosyncratic unemployment risk. Taking logs and then take the limit as the
time between periods shrinks to zero, we obtain the continuous-time analogue:

dlnc(t)
dr

g(t)= =7() =&, (A.24)
where € = p + g — q/6 < p. The interest rate and the growth rate along the bal-
anced growth path is jointly pinned down by the demand-side relationship (A.24) and a
production-side relationship derived in the partial equilibrium model of Sections 4 and 5.
A reduction in the interest rate driven by demand-side forces, such as increasing patience
or heightened levels of uninsurable risk, can be modeled as a decline in &, as depicted in
Figure B.1.

On a balanced growth path, the consumption price index P(¢) takes the same form as
defined in Section 4.1, and it declines at a constant rate g relative to the numeraire; hence,
the value function of a firm currently in state s is

|

o) :E[/Oooe_;,{ (i +7) — et +7) } .
- E[/ﬂwewﬁ{w(t +7) = c(t+m)}dr | si|.

P(t+7)/P(¢)

'That is, an unemployed receives a transfer 7, = bwlitd)—di - ghile an employed pays a tax T, =

1+bgq/(1-q)
q_ b(wli+dr)—d;

T 1—q 1¥bq/(1—q) °
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FIGURE B.1.—Growth and the interest rate in general equilibrium.

The general equilibrium version of the main result of Theorem 5.5 states that, as ¢ de-
clines toward zero, 7 — g — 0, and aggregate productivity growth rate g must decline and
converge to k - InA.2

B.2. Asset-Pricing Implications

Our key mechanism implies that, starting from a steady state with a low interest rate,
a further decline in r raises the expected future cash flows of current market leaders by
causing their leadership to become more persistent. Hence, a decline in r raises the firm
value of market leaders relative to followers, and the asymmetric valuation response is
larger at lower levels of the interest rate. In this Appendix, we formalize this intuition
into a prediction testable using asset prices. Let us start with a steady-state economy with
interest rate r and consider an unexpected and permanent decline in the interest rate
—dr. Lower discounting of future cash flows raises market values of all firms; moreover,
investment decisions respond endogenously, further affecting firm valuations. We focus
on the immediate, on-impact effect of the shock on the relative firm value between leaders

and followers. Let v and 9, respectively, denote the pre- and post-shock value function

in state s. Define % T = % The numerator evaluates leaders’ market value in the
s=0 87

new equilibrium usmg the productivity gap distribution from the preshock steady state;

therefore, dInV'’t = V— — 1 captures the on-impact effect of the interest rate shock —dr
on the total value of market leaders, before the economy starts transitioning to the new,

post-shock steady state. We define I‘ﬁ—i and dIn V' analogously for followers.

PROPOSITION A.2: Consider a steady state with interest rate r. 10 first-order around r = 0,
a permanent change in the interest rate has the following on-impact, proportional effect on
the valuation of leaders and followers:
dlnVt 1 dlnV* 1

ar  r and dr  —rlnr’

2The reason we introduce unemployment risk 4 la Benigno and Fornaro (2018) is as follows. Absent unem-
ployment risk (¢ = 0), the Euler equation takes the standard form given log-utility over ¢,: g =7 — p. In that
case, a decline in p can still generate a decline in the interest rate, but there is a lower bound on p below, which
the consumer optimization problem is no longer well-defined (i.e., when consumption growth is higher than
the rate of discounting), and 7 — g cannot fall to zero. Unemployment risk creates a channel for the interest
rate to fall close to zero.
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The proposition states that, starting from a steady state with low r, a small decline in
the interest rate —dr immediately raises leaders’ market value by a proportion of 1/r
and raises followers’ value by a proportion of 1/(rInr). The relative valuation response
between leaders and followers, — %L/VF) = 1(1+4 1), increases and diverges to infinity
as r — 0. This is an empirically-testable prediction. Starting from a low-r steady state and
following an unexpected further decline in the interest rate, market leaders at the time of
the shock should experience immediate valuation gains relative to market followers. The
asymmetric valuation effect should be more pronounced when the preshock interest rate
is lower.

Importantly, low r affects relative firm valuations not only through changing the dis-
count rate but also through changes in future cash flows that favor the current leaders.
Holding cash-flows constant, followers in the model expect more distant payoff streams,
and their firm value should therefore be more sensitivity to changes in the interest rate.
However, because investments respond endogenously to interest rates, cash flows are ex-
pected to change. Leaders tend to raise investments more than followers do. The en-
dogenous investment response increases leader’s duration and the persistence of market
power. Changes in future cash flows are key in explaining why leaders may have longer du-
ration than followers. These predictions would not emerge naturally from other models,
and they form a powerful test of our model’s dynamics.

The proposition shows that, if the interest rate declines from an already low level, the
endogenous investment response dominates the mechanical duration effect and, there-
fore, leader value unambiguously increases more than follower value. To understand why
the asymmetry is stronger when r is lower, note that the valuation responses of leaders
and followers depend on the state variable in the respective industries. When the leader-
follower gap is small—the state is competitive and close to neck-and-neck—a lower inter-
est rate may actually reduces the leader’s value relative to the follower’s, as maintaining
leadership becomes more difficult due to followers’ investment response. On the other
hand, when the leader-follower gap is sufficiently large, the follower invests little as it
is discouraged, and a lower interest rate boosts the relative value of leaders even fur-
ther because the far-ahead leaders now expects even more persistent profits due to the
asymmetric investment response. Proposition 2 aggregates these state-by-state valuation
effects to the entire economy. If the initial interest rate is high, the steady state features
a significant mass of markets in which the follower stays competitive, and the average
leader in the economy experiences a valuation loss relative to the average follower if the
interest rate declines. Conversely, starting from a low-r steady state, the distribution of
the state variable concentrates in regions in which the follower is no longer competitive
and, therefore, the average leader experiences valuation gains relative to the average fol-
lower in the economy when the interest rate declines. The lower is the initial interest rate,
the stronger is this asymmetry. To prove the proposition, we first establish a lemma.

LEMMA A.5: Av_,~c,v_; ~ V_(us1) ~ 0.

<
1-k/n’

PROOF: Note that V_(k-1) = V-k = C, V_(4—2) — V_(k-1) = C, and c > v_; — V_(k+1)- Sub-
stitute these inequalities into the HJB equations for followers in state k — 1 and &, we
get

T_(k—1) — T—k 27’]+K c
2n+k+r  2n+k+r’

(Voe-1) = Vi) <
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which implies lim,_, o(v_x-1) — v_¢) < c¢. Coupled with the fact that v__y) — v_x > ¢, this
establishes that v_g_;) — v_x ~ ¢. That v_ — v_¢4q) ~ T, can be obtained by applylng
simplification 1(a) of Proposition A.1. It remains to show V_(ns1) ~ 0. Note that we can
write v_(,+1) as a weighted average of the flow payoffs in states k 4 1 through n + 1 and
the value function in state —k:

n+l1

V_(nt1) = Z €T s+ €V_g, where Zék =1.

s=k+1 s=k

The flow payoffs 7_, approach zero as r — 0; hence, v_(,.1) ~ €,v_,. The term €, can be
found by solving the recursive relationship

V_(nt1) = rt KU—na
= n
r + K + (n—1) r + K + —(n+1)>»
K I
V_ = V_ V_ .
Dkt rktn O

It is easy to see that €, < (k/7)"~*; hence, as r — 0, (”“) — 0. This implies that v_,;1) ~

0and v_; ~ / , as desired. O.E.D.

PROOF OF PROPOSITION A.2: Let (k, n) be the equilibrium investment decisions un-
der interest rate r and (k», n,) be the investments under r — dr. Recall a = /1. We now
show dInV'F = % + O(r). The total market value of followers is

n+l1

ZMU + Z sV —ZMO(ZG v ) + Mkt (Zb v (k+1+s))

s=k+1

where a = # and b = n/k. We analyze the two terms on the RHS separately. First, we
show the total value of followers in the competitive region scales with k asymptotically,
that is, Zle usv_s ~ Ck for some constant C. For any m < k, we can write Zle MLsU_g AS

k m—1 k
Z MsVU_g = 2 (Z a’v_, + Z asvs) .
s=1 s=1 s=m

Lemma A.5 shows Av_;, ~ ¢ and v_; ~ - T Proposition A.1
to generate asymptotic upper- and lower-bounds for v_y and Av_y. Speciﬁcally, letv_, =

P (L= @) (=) = 5550, vy = 51— ) + SR (k- ) — ),

S/, k—s'—1
Av_, =ca* +ca(]”7 and Av_ Av_y = cak s 4 (ca— n”f}()“ 4 ). Then
hm(v ;= V_y) lim(v_y —v_y),
r—0 r—0 —

lin(}(Av,Sf —Av_y)>=0> lirr(}(Av,s/ —Av_y).
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Analogously for all s < m, we apply Proposition A.1 to find bounds for v_ using Vs Vomy

s ca—

11—,
1a+

r—>0(v—s - U—s) = 0 = hmr—)O(E_ V_g).

am

Av_,,, and Av_, Spemﬁcally, letv;=v_, —I—Av,m

a'm=s ca—

Vo + Av_m —+
Using these bounds for v_s, we can now find upper and lower bounds for Zf;l sV

m—1 k k
0 < lim2wg (Z a’v_; + Z a‘ﬁ) — Z sV,
=0 s=1 s'=m s=1
m—1 k k
0> hng 210 (Z a‘v_s+ Z asvsf) — Z MsV_s.
r— -_ _—
s=1 s'=m s=1

These bounds simplifies to

0< 11m<2,u0c( ) Z,usv_)
a \2 k
1— a) k — ;/—sts)-

Since m is arbitrarily chosen, m,, can be made arbitrarily close to zero; hence, we con-
clude Z';:l s ~ 2uoc(7%)*k. We now compute the market value of followers in the
monopolistic region. Using Proposition A.1, we derive

"*“ (m—s—=— ) andv_, =

’W+K

(m

0> liII(}<ZI-L0(C - 7Tm/77)<

c
V_(kts) ~ V—k — m( —(k/m)* ) ( k/m)",
n+l1 n—k
- Z MsVos = Wk+1 Z(”fl/k) V_(k+1+s) ™~ ,U«k+1 (” — k).
s=k+1 s=0

The total market value of followers is thus

n+1
Z/‘st + Z sV ™~ 2MOC(1

s=k+1

2
- e
Now consider the new equilibrium characterized (k,, n,) under interest rate r — dr.

Let value functions be denoted by 9, under the new equilibrium. The market value of

followers, evaluated using the steady state under r, is VF = Zle D + ZT; 1 MgV

Following the same derivation as before, we can show V¥ ~ 2uec(:%)?k,, thus dIn VF =
S 1= ,:k + O(r). That dIn V¥ = log(’ d’) +0(r) = — ‘““Vr =l

vE

convergence of r("T“)k to a positive constant (Lemma A.3).
The on-impact, proportional change in the total market value of leaders can be derived

analogously, as Proposition A.1 enables us to derive an asymptotic analytic approximation

for the value functions. We omit the derivations here and instead provide a simpler intu-

ition for the result. As interest rate converges to zero, the total market value of leaders

becomes inversely proportional to the interest rate (r/’* converges to a positive constant).
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Hence, following a small decline in interest rate, the value of leaders changes proportion-

ally with the interest rate, that is, — 42" = 1, Q.E.D.
dr r
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