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PROOF OF LEMMA 1: Fix an arbitrary stopping rule 7, and assume that the wage
scheme W (w;) solves (1) subject to (3) and (5). In what follows, we define a new wage
scheme, W, which only depends on the score. According to this scheme, after a realized
path w,, the Agent’s wage is the average wage according to W conditional on the score
being B,(w,). We will argue that W is feasible (i.e., it satisfies (3) and (5)) and has the
same expectation as W. Finally, we show that if W does not only depend on the score with
positive probability, then the relaxed incentive constraint, (5), is slack at W and hence, this
wage scheme can be further modified to strictly reduce the Principal’s expected cost.

Formally, we define the new wage scheme by

W(s)=E.[W|B, =s].

By construction, this wage scheme bears the same expected cost to the Principal. In addi-
tion, since W > w, this new scheme also satisfies (3). Next, we show that W also satisfies
(5). Notice that

B [u(W(5,))5,] = Ege o, [te(Br [W|B, = 5.1)s,]
2 By [ [, = 5]
= 5 [uB] 2 ¢ (a),

where the first equality follows the definition of W, the first inequality is implied by
Jensen’s inequality, the second equality follows from s. = B;, and the last inequality fol-
lows from the assumption that W satisfies (5). This inequality chain implies that W also
solves (5). Furthermore, if the probability of s for which W (s) # E,- [W|B ) = 5] is posi-
tive, the first inequality is strict and hence, the incentive constraint at W is slack. There-
fore, W can be modified by reducing it at those values at which W(s) # w so that this
modified wage scheme still satisfies (3) and (5). This wage scheme then would be strictly
less costly for the Principal than W. This would contradict the hypothesis that W solves
(1) subject to (3) and (5). Q.E.D.

PROOF OF LEMMA 2: Let 7 be a stopping time with finite expectation. For each n €
N, define 7, := min{r, n}, and note that 7, is bounded and converges to 7 pointwise as
n — oo. Recall that s, = B, if a = a*. Since {s,},> and {s? — t},- are martingales and 7, is
bounded, it follows from Doob’s optional sampling theorem that for each n € N,

Euls:,] =Eunls0]=0 and Eu[s] —7,]=Eu[s;—0]=0. (S1)
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2 G. GEORGIADIS AND B. SZENTES

The second inequality chain and E,:[7,] < n imply that E,. [sfn] < 00. It remains to show
that these properties are preserved in the limit.
Observe that for any m < n,

Ea* [(ST,, - STm)z] = Ea* [qu-n - s72-m:| = Ea* [Tn - Tm]a

where the first equality follows from E[s,,s.,, ] = Eu[s,, Eux[s;,15.,,]] = E [sfm] and the
second equality follows from (S1). Since 7, 7,, converges to T and E,[7] < oo, the right-
hand side vanishes as n, m go to infinity. Therefore, {s, },cy is an L?>-Cauchy sequence,
and s,, converges to s, as n goes to infinity in L. Hence, s,, also converges to s, in L', and
0 lim,, oo E4<[$:,] = E4x[s,]. Since E,«[s,,]1= 0 by the first equality chain in (S1), E:[s.] =
0 also follows.

Next, note that

B[] =B, [ lim infs? | < lim inf B,.[2 ] = lim B,z [7,] = B, [7] < oo,
where the first equality follows from lim,_..s. = s almost surely, the first inequality
follows from Fatou’s lemma, the second equahty Is 1mphed by the second equality chain in
(S1), the third equality follows from Lebesgue’s dominated convergence theorem because
T, < 7 for every n, and the last inequality follows by assumption.

Thus, letting F, denote the distribution of s, when the agent chooses a = a*, we have
shown that for any stopping time such that E,«[7] < oo, we have Ef_[s] =0 and Er_[s*] <
oo as desired. QO.E.D.

PROOF OF LEMMA 4: To prove part (i), note that
L\, F)= /[w(/\, $) + 8|+ A[c'(a*) — su(w(A, $)) | dF(s)

because the wage scheme w(A, -) (defined by (8)) minimizes the integrand in (7) point-
wise. Hence, the dual problem is

sup / [w(A, $) + 57 + A[¢(a*) — su(w(A, $)) ] dF(s). (S2)

A>0

It is easy to show that the objective function is concave in A, so the first-order condition is
necessary and sufficient for an optimal solution. The Envelope Condition implies that

Li(A,F)=((a") —/su(w(x\,s))dF(s). (S3)

Note that L, (0, F) = ¢’(a*) > 0, so there are two cases to be considered.
Case 1: There exists a A > 0 such that L;(A, F) = 0. Then, by (S2) and (S3),

LA, F)= / [w(X, 5) + s*] dF(s). (S4)

Observe that w(A, -) is a feasible wage scheme because it satisfies the limited liability
constraint, (LL), by construction and it also satisfies the relaxed incentive constraint, (IC),
by (S3) and L, ()\ F)=0. Therefore, (S4) implies that II1(F) < f[w(/\ §) + s?1dF(s). On
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the other hand, weak duality implies that IT(F) > L(/X, F), and thus we have L(/X, F)=
1I(F).
Case 2: L{(A, F) > 0 for all A > 0. Then, by (S2) and (S3),

supL(A, F) >sup [ [w(A,s)+ s*]dF(s). (S5)

A=0 A=0

Since w(A, s) converges to infinity if s > 0 and to w if s <0 as A goes to infinity, the right-
hand side of (S5) is infinity unless F is the degenerate distribution, F = I;;-(. Hence,
sup,.,L(A, F) =o0. If F =1, then, by w(A,0) =w and (S2), L(A, F) > w + Ac'(a*),
so sup,., L(A, F) = oo. Again, weak duality implies that IT(F) = oo. Finally, notice that
this equality implies that, in this case, the problem in (6) does not have a solution.

To prove part (ii), first observe from the proof of part (i) it follows that if there exists
a A > 0 such that L,(X, F) = 0, then the problem in (6) has a solution (see Case 1). In
partlcular (S4) implies that the wage scheme w(}, -) solves (6). Moreover, by (S3) and

1 Q\ F) =0, the incentive constraint, (IC), indeed binds at w(A, -). Furthermore, since
w(A, s) is strictly increasing in A if s > s,(A) and s, (A) is strictly decreas/i\ng, the right-hand
side of (S4) is strictly increasing in A. This implies the uniqueness of A. Also notice that
if Li(A, F) > 0forall A >0, then II(F) = oo (see Case 2), and hence, the problem in (6)
does not have a solution. R

It remains to show that the wage scheme w(A, s) uniquely solves (6) subject to (IC)
and (LL). Towards a contradiction, suppose that there exists a wage scheme w(-) which
differs from w(Q, -) on a set of positive measure, it satisfies the constraints (IC) and (LL),
and bears a weakly lower expected cost to the Principal than the scheme w(}, ), that is,
EF(w()\ 5)) = Er(w(s)). For each ¢ € [0, 1], define the wage scheme, w*, by

u(ws(s)) = (1 — eu(wd, s)) + eu(i(s))

for all s. This is the certainty equivalent of a L (1—€,€) lottery between w(/\ s)and w(s). To
obtain a contradiction, we show that ]Ep(w(A 5)) > Er(w(s)) implies that JEx(w* )/d€ < 0
at € = 0. On the other hand, we argue that JEr(w*¢)/de > 0 at € = 0 follows from w()\ 2)
satisfying the incentive constraint, (IC), with equality.

To this end, note that

Jw(s) 1
de u' (we(s))
Fw(s) u' (we(s))

R S TR ] It

[u(w(s)) — u(w(’):, s))] and

(S6)

where the inequality is strict if w(’): s) # w(s). Since w(-) and w(/X -) differ on a set
of positive measure, the Principal’s expected cost associated with the wage scheme w*,
Er(w*), is strictly convex in e. Therefore, since w’(s) = w(/\ s), w'(s) = w(s), and
EF(w()\ s)) > Eg(w(s)), it must be that

07EF (we)
Jde 0

<0. (S7)
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Next, we show that

1 -~ -~ o~
T, s 1) — u(wO )] 2 Xs[u(@() —u(wo0)] (59

for all s. This inequality holds with equality for all s > s*()\) since 1/u (w()\ 5)) = As for
such s (see (8)). If s < s5,(A), _then w(A, s) = w, and the desired inequality follows from
the facts that u(w(s)) — u(w(A, s)) > 0 (as w(-) satisfies (LL)) and

1 1 ~
> AS.

u/(w(//{, s)) - u'(w) —

Therefore,

(9]EF ('I,UE)
Je

1 5 ~
:fm[u(w(s)) — u(w()\,s))] dF(s)

e=0

z’):/ s[u(w(s)) — u(w(/X, $))] dF(s)

ZX[/ su(w(s)) dF(s) — c’(a*)} >0,

where the equality follows from (S6), the first inequality follows from (S8), the second
inequality holds because w(}, -) satisfies (IC) with equality, and the last inequality follows
because w satisfies (IC). Notlce that this inequality chain contradicts (S7), so we conclude
that w(A, -) is uniquely optimal. Q.E.D.

PROOF OF LEMMA 5: If {A*, F*} is an equilibrium in the zero-sum game defined above,
then

mfsupL()\ F) <supL(A, F*) = L(A*, F*) = inf L(A*, F) < sup 1nfL(/\ F),

F 20 A>0 FeFr A>0 FeF

where the two equalities hold because A* and F* are best responses to each others. Since
infrezsup,., L(A, F) > sup,.,infrc» L(A, F) always holds, the two inequalities are equal-
ities in the previous chain. This proves the equation in the statement of the lemma.
Finally, by part (ii) of Lemma 4, sup,.,L(A, F*) = L(A*, F*) implies that the wage
scheme w(A*,-) solves the problem in (6) with F = F*. Therefore, since L(\*, F*) =
infre 7 sup,_, L(A, F), it follows that w(A*, -) and F* solve the problem in (Obj). Q.E.D.

PROOF OF LEMMA 9: Note that s(A) and 5(A) are defined by the following equations:
ZZ(/\a g) - ZZ(/\a E) = 07
Z(A,8)+ (5 —95)Z2(A,8) — Z(A,5) =0

The first equation requires that the derivatives of Z(A, s) with respect to s are the same
at s = s and at s =5. The second equation requires that the point (5, Z(A,s)) lies on the
line crossing (s, Z(A, s)) with slope Z,(A, s). The Jacobian matrix corresponding to this
mapping is

Zn(A,s) —Z»(A,S)
—SZn(A, ) 0 '
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Since Zx(A,s) > 0, the determinant of this matrix is nonzero. Then, by the implicit func-
tion theorem, part (i) of the lemma follows.

To prove part (ii), first, noting that s,(A,) converges to s.(A°) as n — oo and s(A,) <
5.(A,) <5(A,), it is enough to show that 5(A,) — s(A,) tends to zero as n — oco. Suppose,
by contradiction, that there is a subsequence (A,,),, C (A,), and an & > 0 such that

S(An) = 8(An) > &.

Therefore, since s,(A,, ) — 5.(A°) and s(A,, ) < s5.(A,) <5(A,, ), there must exist s;, s, €
(5.(A°) — &, 5.(X°) + &) and a subsequence (A,,),, C (A, ), such thats, —s; > &/2 and

s(Ay) <s; and s, <5(A,).
Then

lim sup Z;(A,,, s(Ay,))

nj— oo

< lim sup Z,(A,,, 51) = Zz()\c, sl)
n;—0o0o

< Z5(X°, 82) = lim inf Zy(A,,, 52) < lim inf Z5(A,,, S(Ay)),
nj—o0 nyj—oo
where the first and last inequalities follow from Z(A,,, s) being convex in s on (—o0,
s(A,)1 U [5(A,,), 00), the two equalities follow from continuity, and the strict inequal-

ity follows from Z(A¢,s) being strictly convex (see Lemma 7). Note, however, that
Zy(Ayy5 (M) = Zr(Ay,, S(Ay,)) and hence

lim sup Z,(A,,, s(A,)) = lim inf Z,(A,,,5(A,)),
ny— 00

nj— 00
which contradicts the previous displayed inequality chain. Q.E.D.

PROOF OF LEMMA 10: First, note that if the IC is not slack for a given A, then the
Principal’s payoff is bounded from below by w. Indeed, even if the Principal does not
acquire any information, she has to pay at least w to the Agent. Therefore, in order to
prove the lemma, it is enough to show that if A is large enough, then the Principal’s payoff
is smaller than w.

Let u denote lim,,_, . u(w) and fix an s > 0 such that

2¢'(a¥)

(If % = oo, then this inequality imposes no restriction on § in addition to requiring it to
be positive.) Consider the binary distribution, F, which specifies probability half on 5 and
—75." Recall that

IEE[Z(A, 9)]

Aol / su(w(r, ) dF(s) + ¢ (a”)

- 0 ifs<-—75,
F(s)=11 ifsel-5%),
1 ifs>7%.
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= %Fu(y) —F%u(w()\,?)) + ' (a*).

Since lim,_, ., w(A,s) = 0o, lim,_, o u(w(A,%)) = u. Therefore,
IEE[Z(A, $)] S[u— u(w)]

fm A T ) <o

where the inequality follows from (S9). (If u = oo, then this limit is minus infinity.) Since
w(A,3) is strictly increasing in A, it follows that there exists a A such that for all A > A,

IEF[Z(A, 9)] 0
IA

Since JEz[Z (A, 5)]/JA is strictly decreasing in A (because u(w(A,’s)) is strictly increasing
in A), it follows that there exists a A such that the Principal’s payoff is smaller than w
whenever A > A and the Principal chooses F. Of course, the Principal’s payoff is even
smaller if she best-responds to A. Q.E.D.

PROOF OF LEMMA 11: Suppose, by contradiction, that (IC’) is slack at A*. It follows
from Lemma 7 that A* > A., for otherwise the Principal would choose the degenerate
distribution and (IC’) would be violated. By part (i) of Lemma 9 and continuity, there
exists A < A* such that (IC) is also slack at A, that is,

PN)s(Mu(w) +p)s(N)u(w(A,5(1))) > ¢'(a*).

This contradicts the definition of A* given in (24).

Suppose now that (IC’) is violated. First, we argue that A* > A., and hence, the function
Z(A*, s) is non-convex. To see this, first observe that by continuity and the definition of
A*, there exists a sequence {A,},cy > A* such that lim, ., A, = A*,and for all n € N,

PADSA) (W) + FA)FA)U(w(A, 5(1,))) > ¢ (a7). (S10)
It must be the case that
s(An) <0 <5(A,), (S11)

for otherwise, Z¢(A,,0) = Z(A,, 0), so the Principal would choose the degenerate distri-
bution and (IC”) would be violated. Suppose, by contradiction, that Z(A*, s) is convex in
s. By Lemma 7, this implies that A* = A., and the convexity of Z(A*, s) in s together with
the fact that s,(A) > 0 for all A imply that

Z>(1*,0) < Zy (A%, 5. (1%)).
By continuity and part (ii) of Lemma 9,
lim Z,(A,,0) = Z,(A*,0) and  lim Zy(A,, s(A,)) = Z5(A%, 5.(X%)).

The convexity of Z(A*, s) in s and the previous two displayed equations imply that 0 <
s(A,) for sufficiently large n. This contradicts (S11), and we conclude that A* > A, and
Z(A*, s) is non-convex in s.

If (IC”) is violated at A*(> A¢), then by continuity and Lemma 9(i), there exists an & > 0
such that (IC’) is violated for all A € [A*, A* + &]. This, again, contradicts the definition of
A*in (24). Q.E.D.
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PROOF OF THEOREM 2: We first describe a pair of equations that define an equilib-
rium. Note that the proof of Lemma 6 does not rely on Assumption 1 and consequently
the pair (A*, F}) satisfy equation (16). Observe that part (i) of Lemma 8 (characterizing
the Principal’s best response) is still valid but the support of the distribution is not neces-
sarily binary. However, the value of the function Z(A*, -) must still coincide with the line
defining the convexification of Z(\*,-) around zero, denoted by L, at each point in the
support of F. Therefore, the equilibrium (A*, ') satisfies the following two conditions:

/ su(w(\', s)) dFj(s) =c'(a") and (S12)

Z(A*,s)=L(s) forallsesuppFy,
where the first equation implies that A* is a best response against F; and the second
equation says that F} is a best response against A*. It is enough to construct an F; € F such
that the first line of (S12) is satisfied, supp F; C supp F;, and |supp F;| € {2, 3}. Indeed,

such an F; would satisfy both lines of (S12), so the pair (A*, F;) would be an equilibrium.
By the proof of Lemma 7, Z,(A*, s) > 0 whenever s < s,(A*). Therefore, the set of

negative elements of the support of F* is a singleton, that is, supp F¥ N R_ = {s}. Let §
denote supp F; N R,. Using these notations, we can rewrite equation (16) as follows:

Fi()su(w(A*, s)) + (1 — F{ () f su(w(A*,5)) dF;(3]5 > 0)

Fi(s) . o o o
=/[mgu(u}()\ ,8)) + (1= Fi(s))5u(w() ,s))]dF1 (5[5 > 0)

=c/(a*).

Let us define p(s) =5/(5 — s) and note that

= p@) - R N IS _ —
/0 1_p(g)ng(sH—/0 de(s)_/0 |:1_p(§)§+s:|dF(s)

:O:F(g)g—i—/wﬁdF(E),
0

where the second equality follows from p(s)s + (1 — p(5))s = 0 and the third one from
F € F, thatis, Ep+[s] = 0. This equality chain implies that

_ [T _ PO _
F(s) = /0 ) (S13)

Therefore,

Fi()su(w(A*,s)) + /OOEM(w(/\*,E)) dF;(3)
0

= 1
— [ T e, 9) + (1= p©)suw(x5)]dF6)
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=c'(a"), (S14)
where the first equality follows from (S13).

We now explain that dG =[1/(1 — p)]dF; is a probability measure on R, . To see this,
note that

/0 mdﬂ(s)—l F1(£)+/0 (1_p(§) 1>dF1(S)

- = pB) e
~F@+ [ s dre) =1,

where the first equality follows from Fj(s) =1 — f0°° 1dF}(s) and the third one follows
from equation (S13). Consequently, the last line of (S14) can be rewritten as

/;oo[p(E)gu(w(A*, $)) + (1= p(3))su(w(A*,5))] dG ) = ¢/ (a¥).

Suppose first that there exists an s € S such that p(s)su(w(A*, s)) 4+ (1 — p(5))su(w(A*,
$)) = c’(a*). Then the binary distribution placing probability masses p(s) and 1 — p(5) on
the scores s and s, respectively, satisfy the second line of (S12) and the proof is complete.
Otherwise, the previous displayed equation implies that there must exist 57,5, € S such
that

pGsu(w(r*, s)) + (1 — pGD)siu(w(r*,51)) > ¢'(a*),
p(S)su(w(A*, s)) + (1 — p(52))s1u(w(r*,5,)) < (a),
and hence, there must exist k € (0, 1) such that
[kp(51) + (1 = K)p(52) Jsu(w(r*, 5))
+ k(1= pG))siu(w(r,51)) + 1 — k)(1 = p(52))51u(w(A",5,))
= c(a*). (S15)

Note that the pair (p, «) defines a probability distribution over the points (s, 51, 5,) such
that

Pr(s) =kp(5)+(1—k)p(52),  Pr(s) =«(1-pG1),  Pr(s,)=1-x)(1-p@)),
and let F; € F denote the corresponding CDF. By (S15), the CDF F; indeed satisfies the
second line of (S12). Q.E.D.

PROOF OF THEOREM 3: To establish the result, we construct a sequence of binary dis-
tributions and corresponding wages that satisfy (IC) and (LL) so that the Principal’s ex-
pected cost converges to w. To this end, for each n € N, let us define F, € F as follows:

0 ifs<—n¢,
Fus)={ ——— ifse[-n*,n) S16
n(s) - n + n_g 2 ’ ( )

1 if s > n.
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Note that the support of F,, is {s,, 5,} = {—n~¢, n}. Furthermore, Pr(s,) =5,/(5, — s,) and
Pr(s,) = —s,/(5, — s,). Next, we define a wage scheme for each n, so that the Agent’s
incentive constraint, (IC), binds. That is, w(s) = w and w(s,) satisfies

(1 + = g_,, )gnu(y) — - g_"s Sau(w(s,)) =c'(a*),
or equivalently,
w(s,) =u"! (u(w) — %c’(a*)). (S17)

Since w(s,) > w, the Agent’s limited liability constraint, (LL), is satisfied.
The Principal’s expected cost is

_ - - 2 )

Sn S, _ — Sn S, — SnSy — 8,5,
- [w+s2] - == [wG) +5] = ——w— = w(s,) + ——". (S18)
Sn_gn n—3 n—3S Sp— S s

n =n =n n =n

Next, we show that this cost converges to w as n goes to infinity. First, note that the
last term, corresponding to the Principal’s cost of information acquisition, tends to zero
because

— 5 - 1-2¢ 2-¢ 1-2¢ =<

. S.5.—55 . n "t +n L on 4N im (n- -

lim ”:n =n°n _ lim — <llm — = lim (l’l A +nl () = 09 (819)
n—oo 5, — 8, n—oo n4+n ¢ =00 n oo

where the last equality follows from ¢ > 1.
It remains to show that the expected wage cost of the Principal converges to w. First,
we show that the first term on the right-hand side of (S18) goes to w. Note that

lim — w = lim

w —w=w.
n—co§, —§, n—oon—+n

In what follows, we show that the second term of the right-hand side of (S18) converges to
zero. We do this by sandwiching this term between two sequences and showing that both
of these sequences go to zero. To this end, note that

- -
—_ En wf__ gn w(gn)z n _ M1<u(w)+uc/(a*)>

S, — S, S, — S, n+n¢ n'=¢
nil -1 2\ *
< o (w@ + (L4 nf)e (@),

where the first inequality follows from w < w(s,), the equality follows from (S17), and the
second inequality from 1/n < 1. Since, lim,,_.[—s,/(5, —s,)]1 =lim,_.[n7¢/(n+n¢)] =0,
it is enough to show that the right-hand side also converges to zero. That is, by letting v
denote u(w) + ¢’(a*), we have to show that

-1 s *
i u ' (v+nfd(a))

n—o00 n§+1 + 1 =0.

Observe that the denominator goes to infinity, hence, if u is bounded and the numerator
does not go to infinity, this result follows. If u is unbounded, then the numerator also goes
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to infinity and, applying CHospital’s rule, we have that

{nf'c (a*) 1
i u'(v+ncd(a*)) i u'(u" (v+ntc(a¥))) < (@ lim u'(u"(v+ntc(a*))) ’
n—00 n§+1 +1 n—00 ¢+ l)ng n—00 n

where the inequality follows from ¢/[n({ + 1)] < 1. Since lim,,_, ., u~'(v + néc'(a*)) = 0o
by supposition and lim,, ., #'(w) = 0 by assumption, both the numerator and the denom-
inator of the right-hand-side term above go to infinity. Applying EHospital’s rule again,
we have that

1
(a) lim w(u (vt nid(a))) _ Ao\ lim —u'(u'(v+n'c(a’)) nét,
(a) lim n dete)] Jim [/ (u (v +néc/(a)))]’

Letting w = u~'(v + néc’(a*)), the last expression can be rewritten as

" s +1 —1" 1
{[c/(a*)]z lim % (w) |:u(w) - v] ¢ - {[c/(a*)]% — (w) [u(w)]{T _o,

w—00 [u/(w)f C/(a*) w—>00 [u/(w)]3

where the inequality follows because u(w) > v and ¢ > 1 and the equality follows
from (26). Q.E.D.

Proofs Related to Proposition 1

PROOF OF LEMMA 12: Since c¢/(a)/cl.(a) is increasing in k, its derivative in « is posi-
tive, that is,
dc..(a)
JK

. odcl(a)
c (a
(a) P

—cl(a)
> 0.

[e.(@)]

Note that the left-hand side of the previous inequality is also the derivative of [dc/ (a)/dk]/
¢/ (a) in a and hence, this function is increasing in a. That is, for all a > @,

[dci(a)/dk]  [dc.(@)/dk]
>
cla) —  c(@

which is equivalent to
[9c.(a)/dk]c. (@) — [azc;(z) /9]¢ (a) -0,
[c(@)]

Note that the left-hand side is (?[E/Kg;] /dk and hence, the previous inequality implies that
c.(a)/c.(a) is increasing in k.
Finally, observe that

dx =00,

, / ci(x)dx a
lim @ _ i J2 zlim/ €(X)
k—00 C (a) K—>00 CK(a) k=00 [& CK()C)

K
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where the first equality follows from the fundamental theorem of calculus, the inequality
follows from ¢/, being increasing in a, and the last equality is implied by Condition 1 and
Lebesgue’s monotone convergence theorem. Q.E.D.

We now establish two additional lemmas.

LEMMA S1: Suppose that the Agent’s utility function, u, satisfies Assumption 1. Let
{A*, F*} denote the unique equilibrium characterized in Theorem 1, and let §* := ¢'(a*). Then
A*, and the (two) scores in the support of F*, s and s, are continuously differentiable in 5*,
and

dx” ds' ds

— >0 — <0 d —>0.

as gy M s
Moreover, both the Agent’s bonus, w(A*,s) — w, and the Principal’s expected information-
acquisition cost, Ep-[s*], are strictly increasing in 5*.

PROOF OF LEMMA S1: It follows from Sections 5.1.1 and 5.1.2 that A*, 5, and s satisfy
the following equations:

Zy(X%,5) = Z,(A%, ),
Z(A,35)=Z(X,s) + (5 —8)Z,(), 5),
Ep[su(w(A*, 5))] = 8"

The first two equations specify that the points (s, Z(A*, s)) and (5, Z(A*,5)) lie on a line
that is tangent to Z(A*,-) at s € {s, 5}, as mandated by (21) and Lemma 8. The third
equation stipulates that the Agent’s incentive constraint must be satisfied with equality
per Lemma 6. Moreover, we must have Z»(A*,5) = (A*)*[(«')*/u"]+ 2 > 0, where u’ and
u” are evaluated at w(A*,5). Theorem 1 guarantees the uniqueness of A*, 5, and s when
Assumption 1 is satisfied.

Using the definition of Z(A*,-) and that Eg.[s] = 0, these equations can be rewritten
as

M u(w(r,5)) —u(w)] =2G - ),
w(A*,5) —w+ 5 —5)” = A5[u(w(r*,5)) —u(w)], (520)

= u(w(0,3) - uw)] =5,

s—s

where A*su/(w(A*,5))) = 1. Using (520), the second and third equations can be rewritten
as

A*8° = —25s and (S21)
w(A,s) —w=5 -, (S22)

respectively. Therefore, an equilibrium to the zero-sum game is fully characterized by a
three-tuple {A*, s, 5} that satisfies (S20)—(S22). Define
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f2(§7 S, )\) = A8" + 2§§7
6,50 =wA,3) —w— (5 —5).

One can show using straightforward algebra that the determinant of the Jacobian matrix

o o

R B R
Ji=|Ju Jn Ju|= ﬁ g 5
J3l J32 J33 &f3 {Qf; (9f3

| 55 95 IA

evaluated at a three-tuple {A*, s, s} that satisfies (S20)—(S22) is strictly positive, which
implies that J is invertible, and so we can apply the implicit function theorem. Then its
inverse can be written as
1 ,]:11 ]:12 ,]:13
=T |Ja J2 Jxs|,
et |G s

where ji,;/ det(J) denotes the entry of row k£ and column / of the inverse of matrix J. By
the implicit function theorem, we have that

-1

ds af1

%5; X %?2* 1 Ju iz Jis 0 A* Ji2
— | = —J~ —=|=- 1 J J = J2
g/‘%* %?3 det(/) Ja Jn U 0 w J32
das* 96" -

Therefore, to establish (i), it suffices to show that j;, <0, j», > 0, and j3, < 0, which is easy
to show using the facts that u” < 0, s < 0, and Z,,(A*,5) > 0.
Finally, (ii) follows immediately by observing that

dw(A*,5)  dw(A*,5)dr*  dw(X,5) ds u dxt W ds 0 and
= _— _— —_— _—_— >
ds* g ds* s d&” Nu'ds* su’ ds*
d o d(=ss)  _ds ds
ﬁEF* [S ] =45 _sd6* _QW > 0. O.E.D.

Notice that the fraction p(a, §)/p:(a*, d) is not defined for 6 = 0. The following
lemma shows that this function can be continuously extended to the compact interval

[0, d] by showing that the limit of this fraction exists and it is not zero as & converges to
Zero.

LEMMA S2: Forall a,a* € R, limy_, pi(a,d)/p(a*,d) > 0.
PROOF OF LEMMA S2: Using CHospital’s rule, it is easy to show that

pi(a, o) s—s S 2a—a)s _ ge*ﬂ“*“*)é — (- §)efl(afa*)(ﬁﬂ)
pi(a,8) s [e2aes 72((17(1*)}]2

, (S23)
—e
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where we drop the dependence of 5 and s for notational convenience. By Lemma S1, 5 in-
creases in §, while s decreases in 8. Let sy := infsco,){5(8)} and s, := sup,,,{s(8)}.
It follows from the fact that s > 0 > s and the monotone convergence theorem that
lims_ o5 = sy and lims_os = s.. If sy > 0 > s;, then because both p,(a, ) > 0 and
p1(a*, 8) > 0, the desired conclusion holds. We consider three cases.

First, suppose that sy > 0 and s; = 0. Applying CHospital’s rule once, we have

_ ,=2(a—a*)s _ kG p—2(a—a*)s
i pi(a, §) :21 e 2(a — a*)se 0.
s—0 D1 (a*’ 6) [1 _ e—Z(a—a*)E]z

Next, suppose that sy =0 and s; < 0. Applying EHospital’s rule once, we have

_ ,—2(a-a%)s _ % —2(a—a*)s
L opi@d) - 2(a —a")se o
=0 p(a*, 8) [1— e 2e5]

Finally, we rule out the possibility that sy = s; = 0. Note that it is enough to show that
5 + s cannot converge to zero as & goes to zero. Recall from the proof of Lemma S1 that
for every 6 > 0, there exists an equilibrium {A*, s, s}, which is characterized by a solution
to the following system of equations:

M [u(w(r,5)) —uw)] =26 -2, (S24)
Nd = —25s, (S25)
w(A,5) —w=5 -, (S26)

where A*su/(w(A*,5))) =1 and A* > 0. Observe that

fim —2— — gim - (20 SZ) ) i A (w),

5505+ 80 w(/\*,s) —w 50

where the equality follows from dividing both sides of (S24) by the corresponding sides of
(S26) and the inequality follows from the concavity of u. Note that since, by Lemma S1,
A*isincreasing in 6 and u'(w) < 0o, the right-hand side of the previous inequality chain is
bounded from above. Consequently, the left-hand side must also be bounded from above
and hence, lims_ ., (s + 5) # 0. QO.E.D.

Finally, we are in a position to prove Proposition 1.

PROOF OF PROPOSITION 1: First, we show that if a* < a, the Agent’s cost function
is ¢, and the Principal’s contract is defined by the scores {s(6%),5(6%)} and wages
{w, WG(S’;))}, where &% = ¢/(a*), then there exists @(> a) such that the Agent is bet-
ter off exerting effort zero than any a > @. Importantly, @ depends neither on « nor on a*.
Observe that a consequence of the existence of such an @ is that if the incentive constraint
is satisfied at zero, then it is also satisfied at any effort level above @. To this end, let @ be
defined as follows:

[u(7 (5())) — u(w)]
7 .

a=a+
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Observe that for all a > @,
c(a) = c(a)+c(a)(a—a) = c.(a) +d(a—a)>d(a—a), (S27)

where the first inequality follows from the convexity of c,, the second one from Condition
2, and the third one from c,(a) > 0. Note that the Agent’s payoff gain from exerting effort
a(> a) instead of zero is

(W (5(52))) — uw) — coa),

because the increase in the probability of getting wage I/T/(E(Sji)) instead of w is bounded
from above by 1. It is enough to show that this payoff gain is negative. Observe that for all
a>a,

u(W (5(57))) — u(w) — co(a)
< sup u(W(3(5"))) — u(w) — c(a)

5*%e(0,d]
=u(W (5(d))) — u(w) — c.(a) < u(W(5(d))) — u(w) — d(a —a) <0,

where the first equality follows Lemma S1, the second inequality follows from equation
(S27), and the last inequality follows from the definition of @.

Next, let us define p,(a, 0)/p,(a*, 0) to be lims_y p,(a, )/ pi(a*, 8) for each a* € (0, a]
and a € R,. We show that for each (a*,a) € [a, a] x [0, o0), there exists K such that
whenever k > K,

pi(a,®) _ c(a)
sev.a pr(a, 8) ¢, (a”)
pi(a,8)  c.(a)

<
sef0,d) P1 ("*7 5) Ce (“*)

ifa<a* and

(S28)

if a* <a<a.

Observe that p'(a, 6)/p'(a*, 8) is strictly positive for all a, a* € R, and & € (0, d]. There-
fore, by Lemma S2 and the theorem of the maximum, the two terms on the left-hand
sides of the inequalities in (S28) are continuous in a and strictly positive. In what follows,
we show that for each pair (a*, a) € [a, a] x [0, a], there exists a K% and an open neigh-
borhood of (a*, a), NZ., such that (S28) is satisfied for any k > K¢, and for each pair in
Ng..

First, fix an effort level a < a*. Since inf;_, 7[pi(a, 6)/p:(a*, 8)] > 0, Lemma 12 im-
plies that there exists K¢, € R, such that

pia,8)  Cke (@)
in > )
sei0.d) pi(a*, 8)  Cya (a¥)

a*

Furthermore, by the continuity of Cka and infs_, 7[pi(a, 8)/pi(a*, 8)], there exists a
neighborhood around (a*, a), NZ, such that the previous inequality is satisfied for all

(a*,a) € N°. Since c.(a)/c.(a*) is decreasing in k by Lemma 12, it follows that for all
(a*,a) € N% and k > K%,

inf — > ==
5¢[0,d] p1(d*7 5) Cp (a*)

(S29)
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Second, fix an effort level a > a*. Again, Lemma 12 implies the existence of K% € R,
such that

pi(a.d) _ G (@
seo.ay P1(@", 8) c}% (a%) .

Furthermore, by the continuity of Cxa, and sup;_zlpi(a, 8)/pi(a*, §)], there exists an

open neighborhood of (a*, a), N, such that the previous inequality is satisfied for all
(a*,a) € N%. Since c.(a)/c.(a*) is increasing in k by Lemma 12, it follows that for all
(a*,a) e N% and k > K%,

sup pi(a, d) - c.(a)
5¢10,d) Pl(a*’ﬁ) C;(a*)

(S30)

Now, consider a = a*. We first show that there exists an open neighborhood of (a*, a*),
N&,and K% € R, such that if (@*,a) € N% then

7 C/ a* (Zi)
inf pl(:l: 8) > Ka* _
sei0.a) pi(a*,8) .- (a¥)

*
a
Ka*

ifa <a*,
L~ (S31)
(@, 8)  Cxe (@)

4 L itd s
setoa P1(@", 8) C}(g: (@)

We note that p;(a, 6)/pi(a*, 8) is continuously differentiable in a and the derivative is
continuous in & and a*. Therefore, there exists an open ball around (a*, a*), N;, such
that py,(@, 8)/ p1(@*, 8) < B for all (@*,%) € N, and 6 € [0, d]. This implies that for all
(@*,d) e N, and 6 € [0, d],

P@O) 4 p@ 7)) ita<a and
pi(@, 9)
. (532)
PG 4y Ba-a) itas>a
pi(a*, 8)

By Condition 1, there exist K% € R, and an & > 0 such that Ck.. (a)/ Ck.. (a*) > 2B for all
a* € (a* — g, a* + &). Hence, by the continuity of ¢+ there is an open neighborhood of

(a*, a*), N, such that for all (d*,d) € N,,

Coo (@)

i () $33

4 a* (E) ( )
i >1+B@-a) ifa>a.
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Observe that equations (S32) and (S33) imply equation (S31) for all (a@*,a) € NN N, =:
N Finally, by Lemma 12, it follows that for all (a*, @) € N% and k > K¢,

a*’

inf pi(a, d) - c (@)
sei0.a) pr(a*,8)  c(a*)

5 5 .
P14, 9) < €(@) ifa>a"

ifad < a*,

(S34)

N o1

sel0,d) P1 (5*7 8) CK(“ )

Since the set [a, a]x [0, a] is compact and N’ is open for all (a*, a) € [a, a]x [0,al,
there exist finitely many points, {(a;‘, a;)}!' C [a,a]lx [0, 4], such that

la,al x[0,al= | N,/ (S35)
7
Jjell, ..., m}
Now, let us define
K= max{KZ%, o K 5, (S36)

and let us consider ¢, such that k > K. We show that ¢, satisfies (30) whenever a < a.
By (S35), for each (a*, a) € [a,a]x [0, a], there is j € {1, ..., m} such that (a*, a) € N:’
J

If a; < a;, then (a*, a) satisfies (S29) because k > K > K:’ by (S36). If a; = a;, then
§ .
(a*, a) satisfies (S34) because k > K > K:’ If a; > a*, then (a*, a) satisfies (S30) because
7

k> K > Kl by (S36). Q.E.D.
J
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