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This supplement contains the proofs for lemmas and theorems that were omitted in
the main paper. Equation numbers refer to formulas and expressions in the main text.

APPENDIX A: PROOF OF LEMMA 2.1

TO VERIFY THAT THE STATEMENT IN LEMMA 2.1 is indeed equivalent to the
usual definition of pairwise stability, notice that if u is not pairwise stable, there
exists a pair i, j # w, (i) such that U; > U, and Vj; > V},,.;. In particular, j
is available to i under u, that is, j € M;[u], so that U (M,[u]) > U; > Uy,
which violates the first part of the condition. Conversely, if the condition
in the lemma does not hold for woman i, then there exists j € W;*[u] such
that Uf(M;[u]) > U; > U,,, - On the other hand, j € M,[n] implies that
Vii = Viuniy» and that inequality is strict in the absence of ties since, by as-
sumption, i # u,,(j). On the other hand, if the condition is violated for a man
J, we can find a blocking pair consisting of j and a woman i € Wj[u] using an
analogous argument. Q.E.D.

APPENDIX B: PROOFS FOR SECTION 3
B.1. Proof of Theorem 3.1

Without loss of generality, let y* = 0. The proof consists of three steps: We
first show that under Assumption 2.1, any solution to the fixed-point problem
in (3.5) is differentiable, so that we can restrict the problem to fixed points
in a Banach space of continuous functions. We then show that the mapping
(log I, log I,) — (log ¥, [I,.],log V¥, [I,]) is a contraction, so that the conclu-
sions of the theorem follow from Banach’s fixed-point theorem. Without loss
of generality, we only consider the case in which all observable characteristics
are continuously distributed, x;; = x; and z;; = z;.

Bounds on Solutions. We first establish that any pair of functions (I (x),
I'*(z)) solving the fixed-point problem in (3.5) are bounded from above: As-
suming the solutions exist, and noticing that I;,(z) > 0 for all z € Z, we have
that

exp{U(x,5) + V (s, x)}m(s) s
1+ TI7(s)

B1) I =W, = /

S/exp{U(x,s)—i—V(s, x)}m(s)dssexp{0+l7},
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which is finite by Assumption 2.1. Similarly, we can see that
(B2) T(z)<exp{U+V)

if a solution to the fixed-point problem exists.
Continuity of Solutions. In order to establish continuity, notice that any fixed
point (I, I;,) of (¥,,, ¥,,) has to satisfy

Now, consecutive application of ¥,, and ¥, gives

exp{U(x, 1)+ V (1, x)}
exp{U(s, z)+V(z, s)}w(s)
1+/ 1+ T(s) @

m(t)dt

Ww[qu[rw]](x) = /

for any function I;,. Since exp{U (x, z)} and exp{}'(z, x)} are also continuous
in z, x, and the integrals are all nonnegative, ¥, [¥,,[]},]] is also bounded and
continuous in x for any nonnegative function I,. Similarly, ¥,,[¥,[],.]] is also
bounded and continuous, so that any solution of the fixed-point problem in
(3.5), if one exists, must be continuous.

Hence, the range of the operators ¥,, o ¥,, and ¥,, o ¥, is restricted to a set
of bounded continuous functions, so that we can w.l.o.g. restrict the fixed-point
problem to the space of continuous functions satisfying the bounds derived be-
fore. Existence of bounded derivatives up to the pth order follows by induction
using the product rule and existence of bounded partial derivatives of the func-
tions U(x, z) and V' (z, x); see Assumption 2.1.

Contraction Mapping. We next show that the mapping (logl;,,logl},) —
(log ¥, [I},1, log ¥,,[I,]) is a contraction on a Banach space of functions that
includes all potential solutions of the fixed-point problem (3.5). Specifically,
let C* denote the space of continuous functions on X x Z taking nonnega-
tive values and satisfying (B.2) and (B.1). As shown above, any solution to the
fixed-point problem—if a solution exists—is an element of C* x C*, which is a
Banach space.

Consider alternative pairs of functions (I,,, I;,) and (fw, I ). Using the def-
initions of the operators,

log ¥, [T;,1(x) — log ¥, [T;,1(x)
:log/eXp{U(x’S)+V(~S’X)}m(S) ds
1+ exp{logI;,(s)}

4 / exp{U(x,s) + V (s, x)}m(s)
°8 1+ exp{log I.(s)}
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By the mean-value theorem for real-valued functions of a scalar variable, for
every value of x, there exists #(x) € [0, 1] such that

Vlh(x) 1
AT W, [0 L) (x)

/ explU(x,5) + V (s, X)) T,(5)' "L, (s)'™
X .~
[14 Lu(9)' ™ O L) ]

x [log I,,(s) — log L.(s)]m(s) ds.

Since we are restricting our attention to functions I,,(z), I,(2) satisfying the
bounds in (B.1), we can bound the ratio

L)L) explU+V)
T4, I (2) W T 14explU+V)

(B.3)

for all z € Z. Since all components of the integrand are nonnegative, we can
bound the right-hand side in absolute value by

' W, [1,)(x)

A exp{U(x,s) +V (s, x)}
og <
Y, [15,1(x) /

BT KOS EY MO MOR

x sup|log I;,(s) — log I;,(s)|m(s) ds

zeZ

A -
= = log I}, —log I}l
A [ e

/ exp{U(x,s) +V (s, x)}
X =
L+ 1,(s)' "™ L, (s)'™

= Mlogl,, —log I},

m(s)ds

since the integral in the second to last line is equal to W, [I"®T™](x) by
definition of the operator ¥,,. Since this upper bound does not depend on the
value of x, it follows that

|log ¥,,[T,] — log W, [1,1| . = sup|log ¥, [[,1(x) — log ¥, [T;,](x)]

< Alllog I, —log I},
and by a similar argument,

|log W[ 1] —log W, [T,1] < Alllog I}, — log I} |lc-
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Since by Assumption 2.1 and the expression in equation (B.3), A = %

1, the mapping (log I, log I;,) — (log ¥, [I},], log ¥,,[I},]) is indeed a contrac-
tion.

Existence and Uniqueness of Fixed Point. Since we showed in the first step
that the solution (I, I'*), if it exists, has to be continuous, we can take the
fixed-point mapping (logl,,,logl;,) — (log¥,[I;.],log¥,[I;]) to be its re-
striction to the space of continuous functions (C* x C*, || - |l») endowed with
the supremum norm

<

|, Lo, = maX{sup|10gEu(x)

,sup|logFm(z)|}.

Since this space is a complete vector space, and (log ¥, log ¥,,) is a contrac-
tion mapping, the conclusion follows directly using Banach’s fixed-point theo-
rem. O.E.D.

In the following, denote l~],-j :=U(x;, z;) and ff,-k := U(x;, z;). Before prov-
ing Lemma 3.1, we are going to establish the following lemma:

LEMMA B.1: Suppose that Assumptions 2.1, 2.2, and 2.3 hold, and that the

random utilities Uy, Uy, ..., Uy are J iid. draws from the model in (2.1) where
the outside option is given by (2.2). Then as J — oo,

1

P(Ui()zUikakZO"-'7J|Uila~'-5Ui)_

' —0

1< -

1+ 5> exp(Ual
k=1

and

exp{ﬁ,-j}

JP(U,'jZUik,k=0,...,J|Ui1,...,0,'])—

‘—>O
1< -
1+ 7 kg;exp{U,-k}

forany fixed j=1,2,...,J.

PROOF: For this proof, denote the J draws for the outside option in (2.2)
with random utilities U; = U; + om;; for j=J +1, ..., 2J, where U;; = 0. Using
independence, the conditional probability that U; > Uy for all k =1,...,J
given n;; is equal to

PU; > Uikak:1,---7]|Uila---7UiJanij)
:l_[G(nij+0'71(0ij - Uik))

ki
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for any j =0, 1,...,J. By the law of iterated expectations, the unconditional
probability is obtained by integrating over the density of 7,

(B4)  PWUy;=Uy,k=1,...,J|Ux,...,Uy)

= /w[]_[ G(s+ o™ "(U; — l:f,-k))i|g(s)ds

bkt
= /OO exp{ZlogG(s+ o (U; — Uik))}g(S) ds
- ket
:/00 eXP{ilogG(sta‘l([].. _ U_k))} 8(s) ¢
o rr i~ Vi) Gy &

where the last step follows since U, ii— U, ;7 = 0. Now we can rewrite the exponent
in the last expression as

2J

ZIOgG(S+ 0'71(0,‘]' — Uik))

k=0

1 2] 5 N
=7 Z]log(G(s + o7 (Uy — Uy))).
k=0

We now let the sequences b, := G~'(1 — ;) — oo and a; = a(b;) = o=, where
a(z) is the auxiliary function specified in Assumption 2.2. Then, by a change of
variables s = a,t + b;, we can rewrite the integral in (B.4) as

P(UijZUik,k=1,---,J|Ui1,---,Uij)

0 1 27 . .

:/_wexp{jkz_o]logG(a,(t—F Uij_Uik)+bJ)
a;g(a;t+by)

X _—_—m

dt.
G(ast+by)

Convergence of the Integrand. We next show that for j # 0, the integrand
converges to a non-degenerate limit as J — oo. First consider the exponent

1< - -
Rj(t) = ‘7 ZJlogG(aj(t—f— U,'j — U,’k) +b])

k=0
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Since for G — 1, —log G = 1 — G, we obtain

1 27 _ _
Ri(h) =~ D I(1=G(by+ay(t+ Uy — Uy))) + o(1)
k=0

1 2J - ~
=~ J(1=G(bs +ab)(t+U;~Uw)) +o(1),
k=0

where the last step follows from the choice of a;. Since (1 — G(s))™! is I'-
varying with auxiliary function a(s), and b; — oo,

1— G (b, +a(b)(t + Uy — Uy))

1—G(b]) —>exp{—t—(U,-j—Uik)}.

Finally, since G(b,) =1— 1,

J(1= G (b + a(by)(t + Uy — Uy)))

(1= G(by+ab)(t+ Ty — Ty)))
B 1-G(by)

— exp{—t — (U; — Uy)}.

Since G(a;t + by) is also nondecreasing in ¢, convergence of the integrand

is also locally uniform with respect to ¢ and (Uij — Uy) by the arguments in
Section 0.1 in Resnick (1987). Hence,

1< -
(BS)  Ri)=-c"'5 > explUsn — Us + o(1),
k=0

where the term % Zi’zo exp{ Uy — U,-j} <1+ exp{ZU } < oo is uniformly bounded
by Assumption 2.1. Next, we turn to the term

ri(t)=Ja;g(b; +a;t)=Ja(b;)g(b; + a,t).

1-G(2)

=) > We can write

Since a(z) =

1-— G(b] + ayt)

ri(t)y=Ja(b,) a(b, + a,h)

By the same steps as before,

J(l — G(b_] + ajt)) — el
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Furthermore, by Lemma 1.3 in Resnick (1987), we have
a(by)
a(by+ayt)
so that

I”J(t) — e_t.

Combining this result with (B.5), we get

1 2J N N
Jexp{j Z]logG(a;(l‘ + Uij - Uik) + bj)}ajg(aﬂ—f— b])

k=0

=exp{R;(1)}r; (1)

1< -

=6Xp{—t—€thCXp{Uik—U,'j}}—f—O(l)
k=0

for every t e R.

Convergence of the Integral. Let hi(t) := exp{—t — e"} Ziio eXp{Uik - Uij}}.

Since the function A, (¢t) := exp{R,(#)}r;(¢) is bounded uniformly in J, and
|h,(t) — hj(t)] — 0 pointwise, it follows that

‘JP(U,-]ZU,-k,kzo,...,J|U,-1,...,U,-,)—/ hj(t)dt‘

= ‘/w(h,(t) — k() dt‘ -0

using dominated convergence. From a change in variables ¢ := —e™', we can
evaluate the integral

00 ) 1 2J B -
/ W (t)dt = / exp{—e’j Zexp{Uik - Ul«j}}e’ dt
—00 —00 k=0

-1 ~
1< ~ ~ exp{U;}
= (j Zexp{Uik_Uij}> =121—]
k=0 A
7 ZGXP{Uik}
k=0

exp{Ui,-}

1< -
1+ ;eXp{U,-k}



8 KONRAD MENZEL

since Z?ijﬂ exp{U;} =J. Hence,

TP(Uy = Uy k=0, ..., |0y, ) — f"f{a’f} -0
L+ 5 ;exp{U,-k}

foreach j=1,2,...,J, as claimed in (B.1). Furthermore, it follows that
(B.6) P(Uy>Uy,k=0,...,J1Ux,...,Uy)

:1—XJ:P(UUZ U, k=0,...,J)

j=1
= Jl +o(1),
1+ ; j_Zlexp{U,-k}

which establishes the second assertion. Q.E.D.

B.2. Proof of Lemma 3.1

For the main conclusion of the lemma, note that since z;, z,,... are a se-
quence of i.i.d. draws from M (z), Assumption 2.1 and a law of large numbers

can be used to establish % Z,; exp{U (x;, z1)} = [exp{U(x;, s)}m(s) ds. It fol-
lows by the continuous mapping theorem that

exp{U(x;, z))} . exp{U (x;, 2))}

1< f |
1+jZeXp{U(x,-,z,)} 1+ | exp{U(x;, 5)}m(s)ds

k=I

almost surely, so that the conclusion follows from Lemma B.1 and the triangle
inequality. Q.E.D.

B.3. Auxiliary Lemmas for the Proof of Theorem 3.2

In order to prove Theorem 3.2, we start by establishing the main techni-
cal steps separately as Lemmata B.2-B.6. The first result concerns the rate at
which the number of available potential spouses increases for each individual
in the market. For a given stable matching u*, we let

n n

L= (V= V(7)) and T3 =3 1{U; = U (7))

j=1 i=1
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denote the number of men available to woman i, and the number of women
available to man j, respectively, where M} and W; denote woman /’s and
man j’s opportunity sets under w*, and U;(M) := max;cy U; and VW)=
max;w Vj;, where by convention, the outside option 0 € Wj* and 0 € M. Simi-
larly, we let

n n

L= WUs=Ui(M))} and L, =3 a{V; >V} (W)}

j=1 i=1

so that L7, is the number of men to whom woman i is available, and L}, is the
number of women to whom man j is available. Lemma B.2 below establishes
that in our setup, the number of available potential matches grows at a root-n
rate as the size of the market grows.

LEMMA B.2: Suppose Assumptions 2.1, 2.2, and 2.3 hold; then (a) under any
stable matching,

n1/2 CXP{—I}-i-Vm}

R < Tt <n'exp(V + vu),
14+ exp{U +V + v} P

wi

nl/z eXP{—U+ 7w}
1+exp{U+V + yn}

<J; <n'?exp{U + yu},

foreachi=1,...,nand j=1,..., nwith probability approaching 1 as n — oo.
(b) Furthermore,

—U+Ym J
ar_ SXPi=U+ vl <L;; =n'?exp{U + vy},
1+exp{U +V + vy}

nl/2 eXp{_I?+ 711)}
14+ exp{U +V + v}

<L;, <n"?exp(V + yu},

foreachi=1,...,nand j =1, ..., nwith probability approaching 1 as n — oo.

PROOF: First note that since the sets of available spouses W;* and M} un-
der the stable matching are endogenous, the taste shifters n; and j; are, in
general, not independent conditional on those choice sets. To circumvent this
difficulty, the following argument only relies on lower and upper bounds on U}
and V;* that are implied by the respective utilities of the outside option Uj, Vj,
and unconditional independence of taste shocks.

Rate for Expectation of Upper Bound J,;. In the following, we denote the set
of women that prefer man j to their outside option by W;. Since every woman
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can choose to remain single, we can bound J;,

by

nw Ny

L= iewr} = 1{U; = Ur(M;))

i=1 i=1

< Z]l{Uij > Uy} = Zﬂ{i € Ij/j} =: fmj~
i=1

i=1

By Assumption 2.3 and Lemma B.1,

0,
JP(Uy = Uilxi, zj) — _oxplly)
1+ jexp{Ul-j}

Hence, we can obtain the expectation of the upper bound J*

mj?

E[J_mj|zj,x17---7xn]_) 7 f_weXP{U},

1 i exp{U;} n
J

1 ~
=t 14 < exp{Uy}
J
where U < oo was given in Assumption 2.1. Since by Assumption 2.3, J = [1'/?]

and the bound on the right-hand side does not depend on z;, x4, ..., x,, we
have, by the law of iterated expectations, that

(B7)  El,]<n"*(exp(U + .} + o(1)),
where the remainder term o(1) can be shown to converge uniformly for j =

1,2,....
. = U;i _
Rate for Variance of J,;. Let p;, = Jii;(g}”} and v, := %Z;’L Pin(1 —
y

M < pi Lm_
_ > ntltexp(-Uy — FUT = Jntltexp(U)°
(n'? + 2)texp{—U + yu} < v, < n"?exp{U + v,}. Hence, v;, — 0 and
nvj, — oo.

Since n 4, kK =1,...,J are i.i.d. draws from the distribution G(7), we can
apply a CLT for independent heterogeneously distributed random variables to
the upper bound J,,;,

Piin). Since by Assumption 2.3 we have that

Imj — El ] — ! Z(H{Uij > Uy} — pij") - N(O, D),

VI MVjn i
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where the Lindeberg condition holds since the random variables 1{U; > U}
are bounded, and nv;, — ooc. Since v;, — O uniformlyin j =1, 2, ..., we obtain
that

J_mj _]E[jrry] _P) 0
Jn

uniformlyin j=1,2,....

Rate for Expectation of Lower Bound J:.. Next, we denote the set of men j
that prefer woman i to their outside option or any woman in W] by M. Since
by construction, W; is a superset of (i.e., contains) W, M; C M;. Hence, we
can bound J;, by

nm nm

Ja=Y jieM} = 1{Vizv; (W)

j=1 j=1

Applying Lemma B.1 again, we obtain

- exp{V,-} Jexp{—I7}
PPz s W) > T 2= T
= L7 D expiVu) mi EXP
keW;

where V' < 0o was defined in Assumption 2.1. _
Finally, note that this lower bound is a convex function of J,,;, so that we can
use our previous bound in (B.8) together with Jensen’s inequality to obtain

JP<Vﬁ zrlcrlevlvjsl/jklxi,zj)

Jexp{—I7} - Jexp{—V}
~J+EU,lexpiV} ~ J+nexplU+ v, + V)’

which is bounded for all values of J since J = [/n]. Hence, by the law of iter-
ated expectations, we can obtain the expectation of the lower bound J¢,

(B8) E[J:,]= ;P(Vﬁ = maxV |x;, zj)

- n1/2< exp{_j} +_’)’m}
B L+exp{U +V + vu}

+0(1)>,
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where the remainder term o(1) can be shown to converge uniformly for i =
1,2,....

. o . exp(V;) — 1N Vm
Ratefor Variance Jwi' Let Pjin *= m and Vip .= m Zj:l pjin(l _pjin)'
J

Using the corresponding bounds derived above and similar steps as for v;,, we
obtain v;, — 0 and nv;, — oo. Since o, k=1,...,J,and {;;,i=1,...,nare
i.i.d. draws from the distribution G(7) and independent of Wj, we can again
apply the Lindeberg-Lévy CLT to obtain that

75—
wi wi O
7\/’; —>

uniformlyini=1,2,....

Symmetry: Bounds for Both Sides. If we reverse the role of the male and fe-
male sides of the market, we can repeat the same sequence of steps and obtain
alower bound J¢. < J* . and an upper bound J,,; > J*. satisfying

*
mj — ¥ mj — Ywi

E[J,i] < n'(exp{V + yu} + o(1)),

U ”
E[J;qj] > nl/Z( exp{ i +_’Y 1 n 0(1)),
1+exp{lU+V + vu}

where

[ — B[, Jo . —E[J°.

]wt ]E[le] _P) 0 and mj [ m]] _P) 0,

vn Vn

which concludes the proof of part (a). The proof of part (b) is completely anal-
ogous. Q.E.D.

We now show that an exogenous change to an arbitrarily chosen availabil-
ity indicator affects a given individual’s opportunity set with a probability that
converges to zero as n grows. In the following, we use indices i and k to denote
a specific (generic, respectively) woman in the market, and j and / to denote
a specific (generic) man. The indicator variable D, := 1{/ € M}} is equal to 1
if man [ is available to woman i under the stable matching u*, and zero other-
wise. Similarly, we let Ej := 1{k € W} be an indicator variable that is equal
to 1 if woman k is available to j, and zero otherwise. We can stack the in-
dicator variables whether men / =1, ..., n,, are available to woman i under
the stable matching u* to form the vector D} := (D}, ..., D;, ), and dum-
mies whether women k =1, ..., n, are available to man j to form the vector
Er:=(E,..., E;, ). In the following, we also use D}, E}, DY, and E} to
denote the corresponding vectors of availability indicators under the W- and
M-preferred matchings.
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The following lemma gives a bound on the probability that changing one
arbitrarily chosen availability indicator from 1 to zero (or vice versa) alters
another agent’s opportunity set, where the bound converges to zero at a root-n
rate.

LEMMA B.3: Suppose Assumptions 2.1, 2.2, and 2.3 hold, and let {D},, E
k=1,...,n,,l=1,...,n,} be the avazlabzhty indicators arising from a stable
matching Suppose we change E;; exogenously to E =1 - Ej; for some woman
i and man j and then iterate the deferred acceptance algorlthm from that stamng
point to convergence. Denoting the resulting availability indicators with {Dy, E;, A
k=1,...,n,,1=1,...,n,}, for any woman k and man  # j we have that (a)

P(Dy # D;|D;, D;; = 0) = P(E; # E}|E;, D}, = 0) =0,

and (b) there exist constants g < oo and 0 < A < 1 such that we can bound the

conditional probabilities

n*]/Zé

p— 1 _ )\ b
~1/2=

q
1—A°

P(D; #D;|D;, D} =1) <

P(E#E}|E;, D =1) <

The analogous result holds for an exogenous change of an availability indicator
Dj; exogenously to Dy =1— D

PROOF: In the following, we analyze the sequence of adjustments to a stable
matching and opportunity sets resulting from an arbitrary change in i’s taste
shifters. We let D denote the indicator whether man / is available to woman
k after the sth iteration, £}’ an indicator whether woman k is available to
man [ after the sth iteration of the algorithm, and U;"* := max, D;:l):l{Ukl} and

V*(” =max; g _, {Vix} woman k’s and man /’s respective indirect utility given

their opportumty sets at the sth stage.

We first show that switching one of i’s availability indicators and then follow-
ing the resulting proposals and rejections in the Gale—Shapley algorithm starts

“chain” of subsequent changes, where at each iteration, there is at most one
element in each of the two sets of dummies {D'}},, and {E")}, , that will be
changed at the sth stage and has an impact on subsequent rounds. Further-
more, at each iteration, there is a nontrivial probability that the shift in the
previous iteration only affects the outside option, in which case the chain will
be terminated at that stage.

Base Case. First, note that changing E;; exogenously to E“ =1-E;,

and leaving the indicators E\” = E; unchanged for all other men [ # j,
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.

J

man-E",?ﬂ{ij}' In particular, if D; =0, then V}; < Vi, so that V= j*(l)_ Then
)=

any changes to E; do not have any subsequent effects on j’s choices and can

therefore be ignored, which establishes part (a) of the lemma. On the other

hand, if D;; =1, then V}; > VI.*, so that a change from E;; =0 to E“) =1 in-

creases J’s indirect utility. Hence if for woman k, Vj; > Vi >V}, we have that

changes only man j’s indirect utility from V= maxk;E}«k:l{ Vi to V,

Dy;=1and [)fi) = 0. Hence it is sufficient to consider shifts in E;; for men j
such that D;; = 1.

Inductive Step. We now use induction to show that there is at most one such
adjustment at each subsequent round s =2, 3, ...: suppose that after s itera-
tions of one of the two chains, the availability indicators are given by D;:z) and
El(,j) ,where k=1,...,n,,and [ =1, ..., n,. Under the inductive hypothesis,
for the sth stage there is at most one woman k such that £ % E"". Further-

more, among all men / =1, ..., n, which were available to k at stage s (i.e.,
D\ =1), there was at most one change of an indicator E; " to a new value
B,

Consider first the last change from E " =1 to E} = 0. It follows that
V) =: Vi for some k' such that E}) = 1, where k' is unique with probability 1.
Hence, at the (s + 1)st iteration, there is a shift from Dﬁj), =0to D,(f,j’l) =1, that
is, [ becomes available to k’.

Note that man / also becomes available to any woman k for whom ¥,
V. = V. However, by definition of k', any such k would not have been avail-
able to /, that is, El(;) — 0. Hence for k, U 0 < U ;(” so that this change has no
effect on subsequent iterations. Note that this includes, in particular, woman
k who became unavailable to j at the previous stage. Next, consider a change
from E;™" =0 to E} =1, where D{) = 1 and man /’s indirect utility in the
previous round was V;*“~" =: I, for some k' with £}, = 1. Since D) =1, it
must be true that Vj, > V"¢~ = , 50 that / may become unavailable to woman &',
D7V = 0. On the other hand for any k such that Vj, = V" > V; > 1707,
we must have had El(: = 0 by definition of V,"(Y " Hence with probability 1, the

change in the sth round affects at most one woman k" with E,(,z? =1, whereas
for women k with E(S) = 0, indirect utility does not depend on whether [/ is
available at round s + 1, so that there is no effect on subsequent iterations.

Hence there is at most one indicator corresponding to a woman k' with
E!) =1 that changes in the sth round. Interchanging the roles of men and
women, an analogous argument yields that there is at most one indicator cor-
responding to a man /” with D,((,,, =1 that changes in the second part of the sth
round, confirming the inductive hypothesis.

*(s—1) -
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Probability of Terminating Events. Each of the two chains of adjustments can
terminate at any given stage s if the change in the previous round only affects
the outside option, that is, if V" =V}, or U = Uy at t =sor t =5 — 1.
On the other hand, if the chain results in a change of Dy, ..., Dy, ata given
stage, we ignore any subsequent adjustments and treat such a change as the
second terminating event. In the following, we bound the conditional prob-
ability for each of these two terminating events given D7 and the chain not
having terminated before the sth stage.

We first derive a lower bound for the probability that the chain is termi-
nated by the outside option at stage s: By the same reasoning as in the proof
of Lemma B.2, man /’s opportunity set is contained in the set W,°, where the
taste shifters ;. are jointly independent of W°, and the size of W,° is bounded
from above by n'2exp{U + 7,} with probability approaching 1. Hence, by
Lemma B.1, we have

exp(V (z;, x)) (1 + exp(V —U + Yu))
nl/z(l + ZCXp(I} — 0 + ’yw))

exp(V (21, xx))
n'*(1+exp(U+V +7,))

nexp(V) >

> P(Vie > Vi*|xk, 21) =

for any &, [ if n is sufficiently large.

This implies that as n grows large, the (unconditional) share of men re-
maining single is bounded from below by m =: p, with probability
approaching 1. By the law of total probability, that bound also holds condi-
tional on /’s opportunity set, (D}, ..., D}, ), with probability arbitrarily close

i1°
to 1 as n grows. Specifically, for the outside option, P(Vjy > V*| D}, Xk, z1) >

m. Furthermore, by Lemma B.2 part (b), the number of women to

whom man / is available is bounded by

_17 w % T
Lo expf - +_’)’ } < Loy <n'explV + vu) = L
1+exp{U+V + v,)

with probability approaching 1.

In order to construct a lower bound on the conditional probability that man
[ is unmatched given D{) = 1, we can assume the lower bound for Liif jis
unmatched, and the upper bound if j is matched. Then, by Bayes’ law,

P(Vo>V;'ID;. D = 1,3, 21)
> Lps — n 'L
“L-p)+Lp, nPLexp(U+V +y) +n 2L’
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which is strictly greater than zero by Assumptions 2.1 and 2.3. Hence, the prob-
ability that the shift is not absorbed by the outside option in the sth step is less
than or equal to

1= P(Viy >V |D;, DR =1, x4, 21)

i -
< = exp_(U—i_—V+yw) =A<,
Lexp(U+V +v,)+L

where the bound on the right-hand side does not depend on s.

Finally, we construct an upper bound for the probability that the chain leads
to a change in the availability indicators Dy, ..., Dy, ~at stage s. To this end,
we can follow the same reasoning as for the choice probability for the outside
option, where we use the lower bound on the size of the opportunity set from
Lemma B.2. Applying Lemma B.1, we then have

P(Vi > Vi* D7, Xk, z,)

exp(V (2, x0) (1 + exp(V = U + v2))
14+exp(V = U+ vy,) +exp(—=U =V + y,)

<2

<n exp(V)

for n sufficiently large. Hence, the conditional probability that one of the indi-
cators Dy, [ =1, ..., n, is switched given that the process is still active at the
sth stage can be bounded by

P(DY # Di|D%, DY) =1, 21, xi)

-1/2 T
n / eXp{V}L < n—l/Z eXp{I}} 1/2é,

T nexp(VIL+L ~

=n

I~

where g < oco. Clearly, this upper bound becomes arbitrarily small as n gets
large.

By the law of total probability, the conditional probability that D~EV # D can
therefore be bounded almost surely by

—1/2=

- * * - §,—1/2 = n q
P(Dk;éD,;|D,;)§;/\n i<T—
which establishes part (b) of the lemma Q.E.D.

Next, we show that the dependence between taste shifters n;, {;;, and op-
portunity sets becomes small as # increases. We consider the joint distribution
of mi:= ity -+ s Miny)'s &= (Ljts - - - » {jn,) and the availability indicators DY,
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E}, DY, and EY corresponding to the W- and M-preferred matchings, re-
spectively. We also let D" := (D}, ..., Dy, ,,D}{,,),..., D}, )and E} , :=
(EN,....Eli 1, Elliyys -5 ED ) for the W-preferred matching, and use anal-
ogous notation for the M-preferred matching. Then for any vectors of indicator
variables d = (dy, ..., d,, 1) € {0,1}"»"! and e = (ey, ..., €,, 1) € {0, 1},
we denote the conditional c.d.f.s

G p(nld) :=P(n; <nID} =d), G}, (nld):=P(n; <n|D} =d),
GKN),E(TI, §|d, e) = P(nz =n, gj =< g|D,V,V_] = d, EjI:V_,' = e), and
G{,\I/I,g‘p,E(ny §|d, e) = P(nz =n, gj =< g|Dﬁ/[_] = d, Ej]\,/l_,' = e)
with the associated p.d.f.s ngD(n|d), g%)(n|d), and gva,{lD,E(n, Z|d, e), respec-
tively. We also use the analogous notation for the conditional distribution of ¢;
given E} and E}', respectively.

We can now state the following lemma characterizing the conditional distri-
bution of taste shifters given an agent’s opportunity set.

LEMMA B.4: Suppose Assumptions 2.1, 2.2, and 2.3 hold. Then (a) the condi-
tional distributions for m given DY and DY, respectively, satisfy

gf,V|D(77|DlW)
8n(n)

gﬁp(nlD,-M)
gn(n)

lim

n

—l‘zlim

n

_1':0

with probability approaching 1 as n — oco. The analogous results hold for the male
side of the market. Furthermore, (b) the conditional distributions for (n, {) given

D} ., E}, (given D", E) , respectively) satisfy
lim 8nap.e(m EIDY, ET) _ 1‘
B gn,g(n: Z)
— lim &nan.e(n, (D, EL)) 1‘ —0
n gn,g’(n’ g)

with probability approaching 1 as n — oo. (c) The analogous conclusion holds
for any fixed finite subset of men My C {1, ..., n,} and women Wy C {1, ..., n,},
where the conditioning set excludes the availability indicators between any pair
keWyandl e M,.

PROOF: Without loss of generality, let y,, = v, = 0. We first prove part (a)
for the W-preferred matching, where we need to establish that the conditional
distribution of n; given D! converges to the unconditional distribution at a
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sufficiently fast rate: Let gf]V’D(-) denote the p.d.f. of the joint distribution of
DY with . By the definition of conditional densities, we can write

gap(ID}) _ gy p(n, D))
gq(M) g,(mP (DY)
_ P(D"Imi=n)g,(n)
P(D:‘/V)gn(n)

_P(DiW|77i:"7)
- P(DY)

(B.9)

where the last step follows since the marginal distributions of 7; has p.d.f.
8,(m) by assumption.

The remainder of the proof then derives a common bound on the rela-
tive change in the conditional probability of DY given n; that does not de-
pend on DY and 7;, and applies that bound to the event DY to establish that

Win.
|P;l();')P‘V’7)‘) — 1] — 0 almost surely. Hence, as a final step it follows from (B.9) that
w ! w
|g,ﬂD(n\D,~ ) 1| Y
gn(m) _
Specifically, let § = (n},...,m, ), { = (..., ) =i = (0}, ..., M,
Nit1s > M,,) > and define the random variable

1(77, dW) = ]1{7_74, n; =, { imply D" = dW}

an indicator whether D! results from the W-preferred stable matching given
the realizations of taste shifters. We can then write

P(D} =d"|n;=m) = /1(’717dW) dG(#-i, {Imi=m1)
:/I(ni’dW)dG(ﬁ—h Z)7

since 1; and 7_;, { are (unconditionally) independent by assumption.
Now for any pair of alternative values 7, 17,, we can then bound

P(D! =d"|n;=n) — P(D} =d"|n;=mn,)
P(DzW:dW“h:Th)

(B.10)

/ (1(n1, %) = I(ns,d")) dG (1, D)
P(DiW=dW|77i="71)
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/ I(n1, @")(1 = I(n2,d")) dG (71, D)
<
- P(DY =d"|n;=m)

= (1= 1 0)) 4G (0, DY =" mi =),

where the last equality follows from the definition of a conditional density.
Similarly,

P(D =d"|n;=n,) - P(D} =d"|n;=m)

B.11
(B.11) PIDY =" 1, = m3)

/(1(712, dW) - I(”fh, dW)) dG(n_;, Z)
a P(D} =d"|n; =)

< / (1—1(n1,d"))dG (5, ZIDY =d”, m; = my).

It therefore only remains to be shown that the bounds on the right-hand side of
(B.10) and (B.11) both converge to zero as n grows large. We can then combine
those two bounds to conclude that
'P(D’W =d"|m,)
P(D! =d")

P(D!" =d"|n; =)
P(D{" =d"|n; =)

—1‘§sup -1/ =0,

n1-M2

so that claim (a) of the lemma follows (B.9).

Deferred Acceptance Algorithm. We now consider the direct effect of a change
n; from n; =11 = (M1, -+ 05 Min,)' 1O M2 = (M21, -+, M2,) ON her opportu-
nity sets under the two extremal matchings, holding all other agents’ taste
shifters fixed: By Theorem 2.12 in Roth and Sotomayor (1990), the W- and
M-preferred matchings coincide with the solutions of the Gale-Shapley (de-
ferred acceptance) algorithm with the female (male, respectively) side propos-
ing under the assumptions of this paper (see Section 2 in their monograph
for a detailed description of the algorithm). It is now easy to verify that the
result of the deferred acceptance algorithm only depends on which proposals
are eventually made and/or rejected, but not their particular order, which may
only change the number of iterations needed for the algorithm to converge.
Specifically, if i makes a proposal to a man who is not available to her under
the W-preferred matching, that proposal will be rejected at some stage of the
algorithm and does not affect the resulting matching.

Among the men who received a proposal from woman i under the original
W-preferred matching but not after the change to i’s preferences, there is ex-
actly one man j who was available under the initial matching, that is, Dg’ =1
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and D!V =0 for all / such that £} =1 and E}¥ = 0. Similarly, there is exactly
one man j among those receiving a proposal after the change who is also avail-
able to i under the new matching, that is, DZ’ =1 and D!} =0 for all / such

that £/ =1 and E} = 0. If man [ is unavailable to i under both matchings,
then by Lemma B.3 part (a), a proposal by i to / does not alter the resulting
stable matching. Any other men who were initially unavailable may have be-
come available under the new matching only as a consequence of changing D
and D;, respectively.

Conditional and Unconditional Probability of D?. Hence, in order to verify
whether a change of n; from 7; to n, results in a different opportunity set
for woman i under either of the extremal matchings, it is sufficient to ver-
ify whether a proposal by i to her respective spouses under the W-preferred
matching given 1; and n,, respectively, has an effect on her opportunity set.
If such a change does not alter the indicator variables D, ..., D, , then the
same opportunity set is supported by the W-preferred (M-preferred, respec-
tively) matching given the new realization 7, of woman i’s taste shocks.

Now denote the availability indicators for the W-preferred matching result-
ing from replacing n; = n; with 1, = 1, by th = (ljl’.’f, R D;Vlm)/. It then fol-
lows from Lemma B.3 part (b) that the conditional probability for DY # D"
given 7, and {; can be bounded by

P(D! # D |n;=m) - Z)\Sn_l/zc_] " l/zq.
P(D}|mi=m) 1—A

s=1
It follows that

P/ Imi=m) | _,n"q
P(DYImi=m) ~ 1-=A7

which converges to zero as n — oo. Similarly, exchanging the roles of 1; and
M2, as well as DY and D), and repeating these steps, we can bound

P(DfVlni=m) q <2n71/251
P(DVmi=m) ~ 1-A7

In order to show that these two inequalities imply the desired bound, we have
Wi.—
to distinguish two cases: If P(D|n; = n,) > P(D” |n; = 7,), then %’;’;Z?i —
1 > 0 so that by first inequality, I
P(D/Imi=m2) | P(D!Imi=m) n'%q

=) ) =Ty o
P(DY|n; =) P(DY|mi=m) ~ 1-A
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POY ni=n1) 1s0

If, on the other hand, P(DY |n; = n,) < P(D} |, = m1), then TAT———

that the second inequality also holds in absolute values. In that case we also
have

'w | POV imi=m) |P(DY 1n; = m2) _1’
P(D{|mi=m) = P(DY|mi=n2) | P(DY mi=m)
w L -1/2 5
P(Di |”fh=”flz) 1-2A
Hence the upper bound is the same in both cases, so that
Wip, = 12>
‘w_l‘ ot
P(D} |mi=m1) 1—A

which converges to zero. Combining the two bounds with (B.9) yields the con-
clusion of part (a) for the W-preferred matching. The argument for the M-
preferred matching is completely analogous.

For parts (b) and (c), note that the argument in part (a) can be extended
directly from one to any finite number of individuals. Specifically, if we change
the values of n; and {; in an arbitrary manner, we generate four rather than
two chains of adjustments, whereas at any iteration, each chain can affect ei-
ther i’s or j’s opportunity set. Hence, we can bound the probability of a shift by
a multiple of the bound in part (a), 4"; j;zq, which can in turn be made arbitrar-

ily small by choosing n large enough. Part (c) can be established in a similar
fashion. Q.E.D.

In the following, let I =I,,[MM] and I/, = I,,[M"] denote the inclusive
values for woman i under the two extremal matchings, so that for any other
stable matching, I < I,,[M;] < IY. Also, let I'(x) and I (x) be the cor-
responding expected inclusive value functions. Similarly, we let 1 % = m]-[WjM ]
and 1,7 = I,,;,[W”] denote the men’s inclusive values, and I7)(z) and I/ (z)
be the corresponding expected inclusive value functions.

LEMMA B.5: Suppose Assumptions 2.1, 2.2, and 2.3 hold. Then, (a) for the
M-preferred stable matching,

M >TY(x)+0,(1) and IM<IM(z)+o0,(1)

foralli=1,...,n,and j=1,...,n,. Furthermore, (b) if the weight functions
w(x, z) > 0 are bounded and form a Glivenko—Cantelli class in x, then

xeX

1< 2
supﬁzw(x,zj)(l,%— I(z) < 0,(1)
j=1
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and

nm

inf > o, ) (I - 1Y (x) = 0,(1).
j=1

zeZ N ~

The analogous conclusions hold for the W-preferred stable matching with
the inequalities reversed, and if weights o (x, z) > 0 form a Glivenko—Cantelli
classin z.

PROOF OF LEMMA B.5: First, note that we can bound conditional choice
probabilities given an opportunity set from a pairwise stable matching using
the extremal matchings: Specifically, we define

AM(x,z; MM) :=P(U; = Ur (M) M} =M™, x;=x,z;=2)

as the conditional choice probability given the realization of the opportu-
nity set M from the male-preferred matching, where indirect random utility
U: (M) for the opportunity set M was defined in (2.3). Also, we let the func-
tion A, (x, z, W) be the conditional choice probability for an exogenously fixed
opportunity set M,

Ay(x,z; M) :=P(U; > Ur(M)|x; =x, z; = ).

By Lemma B.4, the conditional distribution of taste shifters n; given W™ is
approximated by its marginal distribution as n grows large. Hence, combining
Lemmas B.1 and B.4, there exists a selection of stable matchings w* such that
M; = MY w.p.a.l, and taste shifters are independent of M;. In particular, we
have

TAY (xi, 2 MM) < T Ay (xi, 2 M) + 0,(1).

Furthermore, the conditional success probabilities A, (+; I,,) and A,,(+; I,,) are
of the order J=! = n='/2, whereas the approximation error in Lemma B.4 is
multiplicative. Hence, by Lemma B.4 part (b),

E[J (D} — An(ziys Xis Lu) Uy, s T » X35 2] = 0,

mly2 “mly>

and

E[2(DY — Au(z1,, x5 1

mll

))(D%_Am(zlz’xi;ly,lz))uM I xi,zj]

mly2 “miy>

—0

with probability approaching 1, and for all /; =1, ..., n,, and [, # /,. Therefore
by the law of iterated expectations, and the conditional variance identity, we
have that for any two men /; # [,, the unconditional pairwise covariance
)), (DM Am(zlz, X;; I%z))) -0

il, —

T2 Cov((D} — Aw(z, xi3 Iy

m11
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with probability approaching 1. Since by Assumption 2.1, exp{U(x, z)} is
bounded by a constant, we have that Var(I¥ — I M(x;)) — 0 for each i =
1,..., ny, so that part (a) follows from Chebyshev’s inequality.

For part (b), it is sufficient to notice that part (a) and boundedness of
w(x, z) imply joint convergence in probability for any finite grid of values
xM ..., x® e X, so that uniform convergence follows from the Glivenko—
Cantelli condition on w (x, z) following standard arguments. Q.E.D.

Next, we establish uniform convergence of the fixed-point mapping ¥ in
equation (3.1). We consider uniformity with respect to I, € 7,, and I, € T,
where 7, and 7, denote the space of bounded continuous real-valued func-
tions on A" and Z, respectively, whose values and first p partial derivatives are
uniformly bounded by constants corresponding to the bounds in Theorem 3.1.

Recall that 1f’w[l" w](x) as defined in (3.1) is the sample average
‘P[F](x)—li (zj, % I})
wn m - n 1_1 lpw ] b mJ»s

where

exp{U(x, z;) +V(z;, x)}
1+ ()

ww(zﬁ X3 Fm) =

Similarly, we denote
exp{U(x;,2) +V(z, x)}
1 + Fw(xi)

and define the classes of functions F, : {{,(-, x; I,,)) : x € X, I,, € T} and F,,, :
{n(,z:0,):z€ 2,1, €Ty}

Ym(xi, 23 Ly) =

2

LEMMA B.6: Suppose Assumption 2.1 holds. Then (i) the classes F,, and F,,
are Glivenko-Cantelli, and (ii) the mapping

(P [51(x), Ul L1 (1)) 5 (B[ T1(x), Wl 1,1(2))

uniformlyin I, € T,and I,, € T, and (x',z2') € X x Z as n — oo.

PROOF: The Glivenko—Cantelli property follows from fairly standard argu-
ments: By Assumption 2.1, the function exp{U (x, z) + V' (z, x)} is Lipschitz in
x so that, following Example 19.7 in van der Vaart (1998), G := {exp{U (%, z) +
V(z,x)}:x € X} is a Glivenko—Cantelli class with respect to the distribution
m(z). Since by definition of 7., 7., I, € T, and I, € 7, also have at least
p > 1 bounded derivatives, the class H = {I,, € T,,} U {[,, € T,} satisfies the
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conditions for Example 19.9 in van der Vaart (1998), and is also Glivenko-
Cantelli. Now note that the transformation (g, h) := 1+ rrforgeGandheH
is continuous and bounded on its domain since g and /4 are bounded, and / > 0.
It then follows from Theorem 3 in van der Vaart and Wellner (2000) that the
class {¢/(g, h) := {55 1g € G, h € H} is also Glivenko-Cantelli.

For (ii), the Glivenko—Cantelli _property of F,, F, immediately implies
uniform convergence of ¥, and ¥, to their respective population expecta-
tions. Q.E.D.

B.4. Proof of Theorem 3.2
We now turn to the proof of the main theorem, starting with part (a).
Fixed-Point Representation By Lemma B.5, we have that for the M-preferred
matching, I > wn(x ) +o0,(1) and I} < Fni‘fl(z,) +o,(1)foralli=1,.
and j=1,...,n,. Note that, by construction, / mj = M >0 a.s., and exp{U(x z) —|—

Viz,x)} < exp{U +V} < 0o is bounded by Assumption 2.1, and is a Glivenko—
Cantelli class of functions in x, z. Hence we can apply Lemma B.5 part (b) to
conclude that

o explU(x, z;) +V (z;, x)}
)i = -
w ( ) Z 1_}_1’]'\:

—Z

where the remainder converges to zero in probability uniformly in x. We obtain

similar expressions for I M(2), IA“"fV (x), and IA“nzV(z). Hence, the inclusive value
functions satisfy

exp{U(x, z;)) + V (z;, x)}
1+ 17 (z)

+0,(1),

FM>1I/M[ "] +0,(1) and FM<1I/M[FUZ)”]+OP(1),
IV <[ +o0,(1) and IV =W"[1"]+o0,01),

where inequalities are component-wise, that is, for I™(x) and ' (z) evalu-
ated at any value of x € X and z € Z, respectively. Noting that ¥, [I,,] and

lIAfm[F,,,] are nonincreasing and Lipschitz continuous in I, and I;,, respectively,
we have

M= WMEM] +0,(1) = WM [FM[TM]] +0,(1)

w - w w w

from the first two inequalities. Hence, for any functions (I'F, I)*) solving the
fixed-point problem

rr=w,[I]4+0,(1) and I}=¥,[I]+0,1)
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with equality, we have
M>r:40,1) and M <TI:+4o0,1)
and, from the second set of inequalities,
I <Ir+o0,1) and IV >T:+0,01).

However, since the mapping ¥ is a contraction in logs, the fixed point (I}, I¥)

is unique up to a term converging to zero in probability. Furthermore, since
MM c M} and W c W} almost surely, we also have

<[ and IM>T1Y.
It therefore follows that
IM=TIr+0,1) and I'M=T"+o0,(1),

and the same condition also holds for the inclusive values from the W-
preferred matching. Note that this argument does not require uniformity with
respect to (any random selection from) the full set of stable matchings, but
only joint convergence for the two extremal matchings.

This establishes the fixed-point representation for I W and I "M in equations
(3.1) and (3.2). Similarly, we can also establish the fixed-point characteriza-

tion for the inclusive value function I’ W and I M for the male side of the mar-
ket. Since for any other stable matching, I’ <I'* <I'W and I'V <I: <T'™

m

and furthermore by Theorem 3.1, the solution to the exact fixed-point problem

I'=W¥[Iis unique with probability 1, it follows that (3.2) is also valid for the
inclusive value functions under any other stable matching.

In order to prove part (b), we will proceed by the following steps: we first
show existence and smoothness of the solutions to the fixed-point problem in
the finite economy (3.2), and then show that the solution to the fixed-point
problem of the limiting market in (3.5) is well separated, so that uniform con-
vergence of the mapping log ¥ to log ¥ implies convergence of Ito I™.

Existence and Smoothness Conditions for I". First, note that existence and dif-
ferentiability of I, and I}, solving the fixed-point problem in (3.2) follow from
Theorem 3.1: Since the conditions of the theorem do not make any assump-
tions on the distribution of x; and z;, it applies to the case in which w(x) and
m(z) are the p.m.f.s corresponding to the empirical distributions of x; and z;,
respectively. Hence, Assumption 2.1 and Theorem 3.1 imply uniqueness and
differentiability to pth order with uniformly bounded partial derivatives condi-
tional on any realization of the empirical distribution of observable character-
istics. Since the bounds on the contraction constant A and on partial derivatives
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of I ws I, » do not depend on the marginal distributions, they also hold almost
surely with respect to realizations of the empirical distribution.

Local Uniqueness. Next, we verify that, for all § > 0, we can find n > 0
such that, for any pair I, I with ||logf —logl'||ls > 8, we have ||(logf —
log 1I’[I:]) — (logI" — log¥[I']) |l > m: First, note that by Theorem 3.1, the
mapping (logl') +— (logW[I’ ]) is a contraction with constant A :=

exp(U+V+7
T4exp{U+V +7y*}
equality, we can bound

< 1, where we let y* := max{y,, y..}. Then, using the triangle in-

| (log I' — log W[I']) — (log I = log WII') | ,
> ||logI" —logI'|| — |log W[I'] —log WII']| _
> |log I —logI'll — Alllog I" — log I'||
>(1-X)6>0,

so that we can choose n = n(6) := (1 — A)é.
Convergence of (I' — I'*). Finally, Lemma B.6 implies that the fixed-point
mapplng 2 converges to ¥, uniformly in x, z and I, € 7,, and I, € 7,,. Since

¥ > 0 is bounded away from zero almost surely, it follows that |log v log ¥|
converges to zero in outer probability and uniformly in x, z and I, € 7, and
I, € T,, as well. Hence, for any & > 0 and n large enough, we have

P(sup”log W —log (T > 3) <l-=
et 2

It follows from the choice of 1 above that

P(|Jlogl" —logI'*

Oo>6)§1—8,

so that convergence of Ito I'in probability under the sup norm follows from
the continuous mapping theorem. QE.D.

B.5. Proof of Corollary 3.1

As shown in Section 2, the event that woman i and man j are matched under
a stable matching requires that woman i prefers j over any man / in her oppor-
tunity set M given that matching, and that man j prefers i over any woman
k in his opportunity set W;*. Now, by Lemmata B.1 and B.4 part (a), the con-
ditional probability that i prefers j over any / € M} given her inclusive value
satisfies

JP(Uij = UEK(M?)”wi, Xi, Zj) =JA(x;, zj5 Lyi) + 0(1)
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with probability approaching 1, where A, (-) is as defined in Section 2.3. Also,
by Theorem 3.2(b), the inclusive values I,,; and I,,; converge in probability to
I',(x;) and I,,(z;), respectively, so that, by the continuous mapping theorem,

JAG (x4, zj3 1) = JAw(xi, zj; Fw(xi)) +o0,(1).

Similarly, the conditional probability that man j chooses i over every k € W'
converges according to

]P(V/i > I/j*(uli*)|lmj7 Zj, xi) =]Am(zj7 Xi; Fm(Z/)) +o0,(1).

Finally, by Lemma B.4 part (b) and Assumption 2.3, the joint probability of the
two events converges to the product of the marginals,

”P(Uij = U,*(M,*), Vi> I/]'*(I/Vi*)llwialmja Xi, Zj)
=T Ay(xi, 23 Lo(x0)) A (2, x5 Ta(2)))

so that the conclusion of this corollary follows from a LLN using Lemma B.4,
part (c), together with Assumptions 2.1 and 2.3, via an argument analogous to
the proof of Lemma B.5. Q.E.D.
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