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Abstract

This supplement presents the statements and proofs of the lemmas that are used in the

Appendix of the paper. Lemmas A.1-A.6 are used in the proofs of Theorems 2.4 and 3.2.

Lemma B.1 is used in the proof of Theorem 3.1.

Lemmas

Lemma A.1: Let 

and 


be compact and convex sets such that  = {} × 



is strictly included in the interior of 
 ×


 Let F denote the set of bounded and con-

tinuously differentiable functions  on the extension of the support of () to the whole

space and such that the function e defined by e() = R |( )|  is bounded and contin-
uously differentiable. For all functions  in F, denote by kk the sum of the sup norms

of the values and derivatives of  and of e on 
 × 


 For any ( ) ∈ 

 × 



define the functionals (·) and  (·) on F by () =  log  |=() and ()

=  log  |=() For simplicity we leave the argument ( ) implicit. Assume that

the density  belongs to F and it is such that for   0 and all ( ) ∈ 
 × 




 ( )   and  ()   Then, there exists finite   0 and e0  0 uch that for all
 ∈F with kk ≤ e0 and all ( ) ∈

 ×


( + )− () =  ( ;) + ( ;) 

 ( + )− () =  ( ;) + ( ;) 

where

 ( ;) =

£
 − 

¤
2

;  ( ;) = −

£
 − 

¤
2( + )

 ( ;) =

⎡⎣ [ − ]

2
−

he e − eeie2
⎤⎦ ;

 ( ;) = −
⎡⎣ [ − ]

2( + )
−
e he e − eeie2( e + e)

⎤⎦ 
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Moreover,

¯̄
 ( ;)

¯̄
≤ a kk ;

¯̄
 ( ;)

¯̄
≤ a kk ;

¯̄
 ( ;)

¯̄
≤ a kk2 ; 

¯̄
 ( ;)

¯̄
≤ a kk2 

Proof: To simplify notation, we will denote ( ) by  () by e ( ) by
  ( ) by   and () by e  with similar shorthands for functions 
and  By the definitions of () and ()

() =

()



( )
=




and () =

Ã
()



( )
−

()



()

!
=



− ee 

Let e0= min{2 1} Then, for all  ∈F such that kk ≤ e0 one has that ||  2 and¯̄̄e¯̄̄  2 Since    and e   it follows that ( + )  2 and
³ e + e´  2 By

rearranging terms, it follows that

( + )− ()

=

∙
 + 

 + 
− 



¸
=

"£
 − 

¤
2

− 
£
 − 

¤
2( + )

#

=

£
 − 

¤
2

− 
£
 − 

¤
2( + )

=  ( ;) + ( ;) and

( + )− () =

∙
 + 
 + 

− 


¸
−
" e + ee + e −

ee
#

=

∙
[ − ]

2
−  [ − ]

2( + )

¸
−
⎡⎣
he e − eeie2 −

e he e − eeie2( e + e)
⎤⎦

=

⎡⎣ [ − ]

2
−

he e − eeie2
⎤⎦−

⎡⎣ [ − ]

2( + )
−
e he e − eeie2( e + e)

⎤⎦
=  ( ;) + ( ;)

where the last equalities in each of the two expressions above follow by the definitions of

 ( ;)   ( ;)   ( ;)  and  ( ;) in the statement of the Lemma.

It remains to show that for some finite   0 which does not depend on ( )¯̄
 ( ;)

¯̄
≤ a kk ;

¯̄
 ( ;)

¯̄
≤ a kk ;

¯̄
 ( ;)

¯̄
≤ a kk2 ; and

¯̄
 ( ;)

¯̄
≤ a kk2 

2



Let  = max
©
4 kk  ¡2¢  4 kk  ¡3¢ª  By the definition of kk and kk  it follows that

| | 
¯̄

¯̄
 || 

¯̄̄ e ¯̄̄  and ¯̄̄ e ¯̄̄ are not larger than kk and that ||  ¯̄ ¯̄  ||  ¯̄̄e¯̄̄  and ¯̄̄e ¯̄̄
are not larger than kk Moreover, as was shown above, for all  such that kk  2 ( + )

and
³ e + e´ are larger than 2 By the assumption that  e   it then follows that

¯̄
 ( ;)

¯̄
=

¯̄̄̄
¯
£
 − 

¤
2

¯̄̄̄
¯ ≤ 2 kk2

kk ≤  kk

¯̄
 ( ;)

¯̄
=

¯̄̄̄
¯
£
 − 

¤
2( + )

¯̄̄̄
¯ ≤ 2 kk3

kk2 ≤  kk2

¯̄
 ( ;)

¯̄
=

¯̄̄̄
¯̄ [ − ]

2
−

he e − eeie2
¯̄̄̄
¯̄ ≤ µ4 kk2

¶
kk ≤  kk  and

¯̄
 ( ;)

¯̄
=

¯̄̄̄
¯̄ [ − ]

2( + )
−
e he e − eeie2( e + e)

¯̄̄̄
¯̄ ≤ 4 kk3

kk2 ≤  kk2 

This completes the proof of the Lemma.

Lemma A.2: Let 

 


  


 F, k·k  (·) and  (·) be as in the statement of

Lemma A.1. Assume that the density  belongs to F and it is such that for   0 and all

( ) ∈ 
 ×


  ( )   and  ()   Let  denote a bounded, nonnegative,

continuously differentiable function, with values equal to zero when any coordinate of  ∈


is on the boundary of 

 positive values when  is in the interior of 


, and such thatR


( )  = 1 For simplicity we will leave the argument ( ) implicit. Define the

functional Φ  on F by

Φ  () =

Z


() () ( )  −
µZ



() ( ) 

¶µZ


() ( ) 

¶


Then, there exist finite 1  0 and e1  0 uch that for all  ∈F with kk ≤ e1
Φ  ( + )− Φ  () = Φ  ( ;) +Φ  ( ;)

where, employing the notation of Lemma A.1 for the definitions of ( ;) ( ;)

( ;) and ( ;)

Φ  ( ;) =

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


( ;)

µ
()−

Z


() 

¶
  

Φ  ( ;) =

Z


( ;)

µ
()−

Z


() 

¶
 

3



+

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


¡
 ( ;) + ( ;)

¢ ¡
 ( ;) + ( ;)

¢
 

−
µZ



¡
 ( ;) + ( ;)

¢
 

¶µZ


¡
 ( ;) + ( ;)

¢
 

¶


Moreover, ¯̄
Φ  ( ;)

¯̄
≤ 1 kk 

¯̄
Φ  ( ;)

¯̄
≤ 1 kk2 

Proof: Let e1= min{e02 1} To show that for all  such that kk ≤ e1
Φ  ( + )− Φ  () = Φ  ( ;) +Φ  ( ;)

we note that by the definitions of Φ ,   and   it can be shown by adding and

subtracting terms that

Φ  ( + )−Φ  ()

=

Z


( + ) ( + )   −
µZ



( + )  

¶µZ


( + )  

¶
−
Z


() ()   +

µZ


()  

¶µZ


()  

¶

=

Z


¡
( + )− ()

¢µ
()−

Z


()

¶
 

+

Z


µ
()−

Z


()

¶¡
( + )− ()

¢
 

+

Z


¡
( + )− ()

¢ ¡
( + )− ()

¢
 

−
µZ



¡
( + )− ()

¢
 

¶µZ


¡
( + )− ()

¢
 

¶


Employing the expressions of
¡
( + )− ()

¢
and of

¡
( + )− ()

¢
in terms

of ( ;) ( ;) ( ;) and ( ;) guaranteed by Lemma A.1, it follows

from the last equality that

Φ  ( + )−Φ  ()

=

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


( ;)

µ
()−

Z


() 

¶
 
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+

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


¡
 ( ;) + ( ;)

¢ ¡
 ( ;) + ( ;)

¢
 

−
µZ



¡
 ( ;) + ( ;)

¢
 

¶µZ


¡
 ( ;) + ( ;)

¢
 

¶
Note that the sum of the first two terms is Φ  ( ;) and the sum of the last four terms

is Φ  ( ;)  Hence,

Φ  ( + )− Φ  () = Φ  ( ;) +Φ  ( ;)

It remains to show that for some finite 1  0¯̄
Φ  ( ;)

¯̄
≤ 1 kk and

¯̄
Φ  ( ;)

¯̄
≤ 1 kk2 

Let  = max
©
4 kk  ¡2¢  4 kk  ¡3¢ª  as defined in the proof of Lemma A.1, and let

1 = max
n

16 kk


 16 2

o
 Since by assumption    and e   it follows by the definitions

of () and (), the assumption that
R


( ) = 1 and the conclusion of Lemma

A.1 that

¯̄̄̄Z


( ;)

µ
()−

Z


() 

¶
 

¯̄̄̄
≤

Z


¯̄
( ;)

¯̄ ¯̄̄̄µ
()−

Z


() 

¶¯̄̄̄
 

≤
Z


 kk
¯̄̄̄µ¯̄̄̄
4 kk


¯̄̄̄¶¯̄̄̄
  ≤  kk 4 kk


≤ 1

2
kk

and that

¯̄̄̄Z


( ;)

µ
()−

Z


() 

¶
 

¯̄̄̄
≤

Z


¯̄
( ;)

¯̄ ¯̄̄̄µ
()−

Z


() 

¶¯̄̄̄
 

≤
Z


 kk
¯̄̄̄µ¯̄̄̄
2 kk


¯̄̄̄¶¯̄̄̄
  ≤  kk 2 kk


≤ 1

2
kk

Hence,
¯̄
Φ  ( ;)

¯̄
≤ 1 kk  Analogously, for the four terms of Φ  ( ;) 
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¯̄̄̄Z


( ;)

µ
()−

Z


() 

¶
 

¯̄̄̄
≤

Z


 kk2
¯̄̄̄µ¯̄̄̄
4 kk


¯̄̄̄¶¯̄̄̄
  ≤ 1

4
kk2

¯̄̄̄Z


( ;)

µ
()−

Z


() 

¶
 

¯̄̄̄
≤

Z


 kk2
¯̄̄̄µ¯̄̄̄
2 kk


¯̄̄̄¶¯̄̄̄
  ≤ 1

4
kk2

¯̄̄̄Z


¡
 ( ;) + ( ;)

¢ ¡
 ( ;) + ( ;)

¢
 

¯̄̄̄
≤

Z


2
¡kk+ kk2¢2   ≤ 2

¡kk+ kk2¢2 ≤ 4 2 kk2 ≤ 1

4
kk2

¯̄̄̄µZ


¡
 ( ;) + ( ;)

¢
 

¶µZ


¡
 ( ;) + ( ;)

¢
 

¶¯̄̄̄
≤ 2

¡kk+ kk2¢2 ≤ 1

4
kk2

Hence,
¯̄
Φ  ( ;)

¯̄
≤ 1 kk2  This completes the proof.

Lemma A.3: Let 

 


  


 F, k·k  (·)  (·)  and  be as in the statement of

Lemma A.3. Assume that the density  belongs to F and it is such that for   0 and all

( ) ∈
×


  ( )   and  ()   For simplicity we will leave the argument

( ) implicit. Define the functional Φ  and Φ  on F by

Φ  () =

Z


() () ( ) −
µZ



() ( ) 

¶µZ


() ( ) 

¶


Φ  () =

Z


() () ( ) −
µZ



() ( ) 

¶µZ


() ( ) 

¶


Then, there exist finite 2 3  0 and e2e3  0 uch that for all  ∈F with kk ≤
min

ne2e3o
Φ  ( + )− Φ  () = Φ  ( ;) +Φ  ( ;)

Φ  ( + )−Φ  () = Φ  ( ;) +Φ  ( ;)
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where, employing the notation of Lemma A.1 for the definitions of ( ;) ( ;)

( ;) and ( ;)

Φ  ( ;) =

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


( ;)

µ
()−

Z


() 

¶
  

Φ  ( ;) =

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


¡
 ( ;) + ( ;)

¢
( ( ;) + ( ;)) 

−
µZ



¡
 ( ;) + ( ;)

¢
 

¶µZ


( ( ;) + ( ;)) 

¶


Φ  ( ;) =

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


( ;)

µ
()−

Z


() 

¶
  

Φ  ( ;) =

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


( ;)

µ
()−

Z


() 

¶
 

+

Z


³
 ( ;) + ( ;)

´ ¡
 ( ;) + ( ;)

¢
 

−
µZ



³
 ( ;) + ( ;)

´
 

¶µZ


¡
 ( ;) + ( ;)

¢
 

¶


Moreover, ¯̄
Φ  ( ;)

¯̄
≤ 2 kk 

¯̄
Φ  ( ;)

¯̄
≤ 2 kk2 

¯̄
Φ  ( ;)

¯̄
≤ 3 kk 

¯̄
Φ  ( ;)

¯̄
≤ 3 kk2 

Proof: The proof follows similarly to the proof of Lemma A.2, after replacing  with

 in the results related to Φ  () and replacing  with  in the results related to

Φ  ()  with the obvious modification of the upperbounds.

Lemma A.4: Let 

 


  


 F, k·k  (·)  (·)  , Φ  (·)  Φ  (·) and

Φ  (·) be as in the statements of Lemmas A.2 and A.3. Assume that the density 
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belongs to F and it is such that for   0 and all ( ) ∈ 
 ×


  ( )   and

 ()   For simplicity we will leave the argument ( ) implicit. Define the functional

Ξ on F by

Ξ () =
Φ12 () Φ ()−Φ1 () Φ2 ()

Φ11 () Φ ()−Φ21 ()

and assume that for some ∗  0
£
Φ11 () Φ ()−Φ21 ()

¤
 ∗ Then, there exist

finite   0 and e  0 such that for all  ∈F with kk ≤ e
Ξ ( + )− Ξ () = Ξ ( ;) +Ξ ( ;)

where

Ξ ( ;)

=
[Φ12 ( ;) Φ ()−Φ1 ( ;) Φ2 ()]

Φ11 () Φ ()−Φ21 ()

+
[Φ12 () Φ ( ;)−Φ1 () Φ2 ( ;)]

Φ11 () Φ ()− Φ21 ()

− [Φ12 () Φ ()−Φ1 () Φ2 ()] [Φ11 ( ;) Φ + Φ11 () Φ ( ;)]£
Φ11 () Φ ()−Φ21 ()

¤2
+
[2 Φ1 ( ;) Φ1 ()] [Φ12 () Φ ()−Φ1 () Φ2 ()]£

Φ11 () Φ ()− Φ21 ()
¤2 

¯̄
Ξ  ( ;)

¯̄
≤  kk  

¯̄
Ξ  ( ;)

¯̄
≤  kk2 

Proof: Let  = max
©
1 2 3

¡
8 kk2 2¢ª and e = minne1e2e3 ∗ (32 2)o  wheree1 and 1 are defined in Lemma A.2 and e2e3 2 3 are defined in Lemma A.3. Since the

assumptions of Lemmas A.2 and A.3 are satisfied, it follows from those lemmas that for all

 in F with kk ≤ e and for   = 1 2
Φ  ( + )− Φ  () = Φ  ( ;) +Φ  ( ;)

Φ  ( + )−Φ  () = Φ  ( ;) +Φ  ( ;) and

Φ ( + )− Φ () = Φ ( ;) +Φ ( ;)

whereΦ  ( ;)  Φ  ( ;)  Φ  ( ;)  Φ  ( ;)  Φ ( ;)  andΦ ( ;)

are as defined in Lemmas A.2 and A.3. By those Lemmas, these terms satisfy¯̄
Φ  ( ;)

¯̄
≤  kk 

¯̄
Φ  ( ;)

¯̄
≤  kk2 
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¯̄
Φ  ( ;)

¯̄
≤  kk 

¯̄
Φ  ( ;)

¯̄
≤  kk2  and

|Φ ( ;)| ≤  kk  |Φ ( ;)| ≤  kk2 

We seek a first order expansion

Ξ ( + )− Ξ () = Ξ ( ;) +Ξ ( ;)

with

|Ξ ( ;)| ≤  kk and |Ξ ( ;)| ≤  kk2

Denote 0  0 and  by

 0 = Φ12 ( + ) Φ ( + )−Φ1 ( + ) Φ2 ( + )

 = Φ12 () Φ ()− Φ1 () Φ2 ()

0 = Φ11 ( + ) Φ ( + )− [Φ1 ( + )]
2

 = Φ11 () Φ ()− [Φ1 ()]
2

Then,

Ξ ( + )− Ξ () =
Φ12 ( + ) Φ ( + )− Φ1 ( + ) Φ2 ( + )

Φ11 ( + ) Φ ( + )− [Φ1 ( + )]
2

− Φ12 () Φ ()−Φ1 () Φ2 ()

Φ11 () Φ ()− [Φ1 ()]
2

=
 0

0 −




We will make use of the equality

 0

0 −



=

 0 − 0

2
− (

0 −) ( 0  − 0)
0 2

Lemmas A.2 and A.3 and the definitions of  0 0  and  imply that

 0 = Φ12 ( + ) Φ ( + )−Φ1 ( + ) Φ2 ( + )

= Φ12 () Φ ()− Φ1 () Φ2 ()

+Φ12 ( ;) Φ () + Φ12 () Φ ( ;)

−Φ1 ( ;) Φ2 ()−Φ1 () Φ2 ( ;)

+
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where

 = Φ12 ( ;) [Φ ( + )]

+Φ12 ( ;) [Φ ( + ) +Φ ( + )]

+Φ12 ( ;) [Φ ( + ) +Φ ( + ) +Φ ( + )]

−Φ1 ( ;) [Φ2 ( + )]

−Φ1 ( ;) [Φ2 ( + ) +Φ2 ( + )]

−Φ1 ( ;) [Φ2 ( + ) +Φ2 ( + ) +Φ2 ( + )]

and

0 = Φ11 ( + ) Φ ( + )−Φ21 ( + )

= Φ11 () Φ ()−Φ21 ()

+Φ11 ( ;) Φ + Φ11 () Φ ( ;)

−2 Φ1 ( ;) Φ1 ()

+

where

 = Φ11 ( ;) [Φ ( + )]

+Φ11 ( ;) [Φ ( + ) +Φ ( + )]

+Φ11 ( ;) [Φ ( + ) +Φ ( + ) +Φ ( + )]

−Φ1 ( ;) [Φ1 ( + )]

−Φ1 ( ;) [Φ1 ( + ) +Φ1 ( + )]

−Φ1 ( ;) [Φ1 ( + ) +Φ1 ( + ) +Φ1 ( + )]

10



Then,

 0 −0

=
£
Φ11 () Φ ()−Φ21 ()

¤
[Φ12 ( ;) Φ () + Φ12 () Φ ( ;)]

− £Φ11 () Φ ()−Φ21 ()
¤
[Φ1 ( ;) Φ2 () + Φ1 () Φ2 ( ;)]

− [Φ12 () Φ ()−Φ1 () Φ2 ()] [Φ11 ( ;) Φ + Φ11 () Φ ( ;)]

+2 [Φ12 () Φ ()− Φ1 () Φ2 ()] Φ1 ( ;) Φ1 ()

+
£
Φ11 () Φ ()−Φ21 ()

¤


− [Φ12 () Φ ()−Φ1 () Φ2 ()] 

and

0 −

= Φ11 ( ;) Φ + Φ11 () Φ ( ;)− 2 Φ1 ( ;) Φ1 () +

Denote Ξ ( ;) and Ξ ( ;) by

Ξ ( ;)

=
[Φ12 ( ;) Φ () + Φ12 () Φ ( ;)]

Φ11 () Φ ()−Φ21 ()

− [Φ1 ( ;) Φ2 () + Φ1 () Φ2 ( ;)]

Φ11 () Φ ()−Φ21 ()

− [Φ11 ( ;) Φ + Φ11 () Φ ( ;)] [Φ12 () Φ ()−Φ1 () Φ2 ()]£
Φ11 () Φ ()−Φ21 ()

¤2
+
[2 Φ1 ( ;) Φ1 ()] [Φ12 () Φ ()−Φ1 () Φ2 ()]£

Φ11 () Φ ()− Φ21 ()
¤2

and

Ξ ( ;)

=
  − 

2
− [

0 −] [ 0 −0]
2 0
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Then,

Ξ ( + )− Ξ () = Ξ ( ;) +Ξ ( ;)

It remains to show that for some   0

|Ξ ( ;)| ≤  kk and |Ξ ( ;)| ≤  kk2

By Lemmas A.2 and A.3, for all  in F with kk ≤ e
Φ11 ( + ) Φ ( + )− Φ21 ( + )

= [Φ11 () +Φ11 ( ;) +Φ11 ( ;)] [Φ () +Φ ( ;) +Φ ( ;)]

− [Φ1 () +Φ1 ( ;) +Φ1 ( ;)]
2

and, by the definition of  for all  ∈ {12 } |Φ ( ;)| ≤  kk and |Φ ( ;)| ≤
 kk2 Moreover, by the assumptions on  and  for all such  |Φ ()|≤

¡
8 kk2 2¢

≤  Hence,

Φ11 ( + ) Φ ( + )−Φ21 ( + )

= Φ11 () Φ ()−Φ21 () + 

for  such that

| | ≤ 16 2 kk ≤ 16 2 e ≤ ∗2

Then, since

Φ11 () Φ ()−Φ21 ()  ∗

it follows that

Φ11 ( + ) Φ ( + )− Φ21 ( + )  ∗2

and then, by the definitions of  and 0

2 0  (∗)3 2

Let  = max
©
16 2 (∗)2  3776 6  (∗)3

ª
 Then, for all  such that kk ≤ e

|Ξ ( ;)| ≤ 16 
2

(∗)2
≤  kk

and since for all  such that kk ≤ e |0| ≤ 182 || ≤ 22 | | ≤ 22 | | ≤ 122 kk2 
|| ≤ 122 kk2  |0 −| ≤ 162 kk  and | 0 −0| ≤ 644 kk  it follows that

|Ξ ( ;)| ≤ 18 2(244 kk2 + 244 kk2) + (162 kk) (64 4 kk)
(∗)3 2

≤  kk2

This completes the proof of Lemma A.4.
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Lemma A.5: Let 

 


  


 F, k·k  (·)  (·)  , Φ  (·)  Φ  (·) and

Φ  (·) be as in the statements of Lemmas A.2 and A.3. Suppose that either Assump-
tions 2.7-2.10 or Assumptions 2.7, 3.4, 3.5, 2.9, and 2.10 are satisfied. Let  denote the

dimension of the vector of observable endogenous variables  and let  = {}×

 Then,

√
+2Φ (

b − )

=
√
+2

Z


³ b( )− ( )
´" ¡

()−
R


() 
¢



#
+ (1)

√
+2

h
Φ (

b)− Φ ()
i
=
√
+2Φ (

b − ) +
√
+2Φ (

b − )

= (1)

√
+2Φ 

³
 ; b − 

´
=
√
+2

Z


Ã b ( )−  ( )

( )

!"

¡
()−

R

() 

¢


#


+
√
+2

Z


Ã b ( )−  ( )

( )

!"

¡
()−

R

() 

¢


#


+(1) 


√
+2

°°° b − 
°°°2 → 0 in probability.

Proof: First note that

(2)

Z


( ;)

µ
()−

Z


() 

¶
 

=

Z


[ − ]

2



 −

Z


he e − eeie2 


 

−
µZ



[ − ]

2
 

¶ µZ


µ




¶


¶

+

⎛⎝Z


he e − eeie2 

⎞⎠µZ


µ




¶


¶
Since by Assumption 2.8 the values and derivatives of the continuously differentiable function

 when any coordinate of  is on the boundary of

are equal to zero and  and e are larger
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than  everywhere on  and 

 it follows that the continuously differentiable functions

[ ] 
£
  

¤
2

he 
i
 e and he  

i

h ei vanish when any coordinate of  is on

the boundary of 

 Hence, integration by parts of the terms in (2) containing  or

e
gives

Z


( ;)

µ
()−

Z


() 

¶
 

= −
Z




∙




µ
 

2

¶
+



3

¸
+

Z


e " 



µ
 e 

¶
+
ee2

#


+

µZ




∙




µ




¶
+



2

¸


¶ µZ


µ




¶


¶
−
ÃZ



e" 



µ
e
¶
+
ee2

#


!µZ


µ




¶


¶

Let  = b − 

 () = − 
¡
()−

R

() 

¢


2

−
∙





µ
 

2

¶
+



3

¸
+

µZ


µ




¶


¶ ∙




µ




¶
+



2

¸

() =

"




µ
 e 

¶
+
ee2 −

µZ


µ




¶


¶"




µ
e
¶
+
ee2

##
Then, by Lemmas A.2 and A.3 and by (2)

Φ 

³
 ; b − 

´
=

Z


( ;
b − )

µ
()−

Z


() 

¶
 

+

Z


( ;
b − )

µ
()−

Z


() 

¶
 
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=

Z


⎡⎣
h³ b − 

´

i

2

⎤⎦µ()− Z


() 

¶
 

−
Z


⎡⎣
³ b − 

´
2

⎤⎦µ()− Z


() 

¶
 

−
Z


³ b − 
´ ∙ 



µ
 

2

¶
+



3

¸


+

Z


µbe − e¶ "




µ
 e 

¶
+
ee2

#


+

µZ


³ b − 
´ ∙ 



µ




¶
+



2

¸


¶ µZ


µ




¶


¶

−
ÃZ



µbe − e¶" 



µ
e
¶
+
ee2

#


!µZ


µ




¶


¶

=

Z


³ b − 

´ ¡()− R () 
¢


 

+

Z


³ b − 
´

() +

Z


µbe − e¶ () 

By Assumptions 2.7, 2.9, and 2.10, it follows by Lemma 5.3 in Newey (1994), by letting

in that lemma, 1 =  2 = dim()  = 0  =  0 =  (b) = ³R

b( )  () 

´


and (0) =
¡R


( )  () 

¢
that for a finite constant matrix 



√


µZ


³ b( )− ( )
´
 () 

¶
→  (0 ) 

Similarly, letting in that same lemma, 1 = 0 2 = dim()  = 0  =  0 = e
(b) = µR



be()  () 

¶
and (0) =

³R

e()  () 

´
 it follows that for a

finite constant matrix 

√


µZ


µbe()− e()¶() 

¶
→  (0 ) 

Hence,
√
+2Φ (

b − )

=
√
+2

Z


³ b( )− ( )
´" 

¡
()−

R


()  
¢



#
+ (1)
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Using analogous arguments for Φ (
b−) and for Φ (

b−) it follows that
√
+2Φ (

b − )

=
√
+2

Z


( ;
b − )

µ
()−

Z


() 

¶
 

+
√
+2

Z




³
 ; b − 

´ µ
()−

Z


() 

¶
 

= (1)

and that

√
+2Φ 

³
 ; b − 

´
=
√
+2

Z


( ;
b − )

µ
()−

Z


() 

¶
 

+
√
+2

Z


( ;
b − )

µ
()−

Z


() 

¶


=
√
+2

Z


³ b − 

´Ã¡()−
R

() 

¢




!


+
√
+2

Z


³ b − 

´Ã¡()−
R

() 

¢




!


+ (1)

To show that √
+2

°°° b − 
°°°2 → 0 in probability.

we note that from Appendix B.3 in Newey (1994),°°° b − 
°°° = 

³p
log() (2+2) + 

´
Since by Assumption 2.10,

√
+2

³p
log ()  (2+2) + 

´2
converges to zero, it

follows that √
+2

°°° b − 
°°°2 → 0 in probability.

Lemma A.6: Under the same definitions, notations, and assumptions in Lemma A.5,

for all   and all   ∈ {   }  for finite   0 and for
°°° b − 

°°° sufficiently small,
sup()∈ |

³
∆ log b |= ()´³∆ log b |= ()´ 2()

− ¡∆ log  |= ()
¢ ¡

∆ log  |= ()
¢

2

()
| ≤ 

°°° b − 
°°°
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Proof: By Lemma A.1, it follows that for all b such that °°° b − 
°°° ≤ e0 and for all

( ) ∈¯̄̄̄
¯ b ( )b( ) −  ( )

( )

¯̄̄̄
¯ =

¯̄̄


³ b´−  ()
¯̄̄
≤
¯̄̄


³
 ; b − 

´¯̄̄
+
¯̄̄


³
 ; b − 

´¯̄̄
≤ 

°°° b − 
°°°+ 

°°° b − 
°°°2

Hence,

sup
()∈

¯̄̄


³ b´−  ()
¯̄̄
≤ 

°°° b − 
°°°+ 

°°° b − 
°°°2

Since  is bounded,
R

( ) = 1 and  is compact, this implies that¯̄̄̄Z





³ b´ −
Z


 () 

¯̄̄̄
≤

Z


¯̄̄


³ b´−  ()
¯̄̄


≤ 
°°° b − 

°°°+ 
°°° b − 

°°°2
and therefore, for all ( ) ∈¯̄̄̄µ



³ b´− Z




³ b´ 

¶
−
µ
 ()−

Z


 () 

¶¯̄̄̄
≤

¯̄̄


³ b´−  ()
¯̄̄
+

¯̄̄̄Z




³ b´ −
Z


 () 

¯̄̄̄
≤ 2 

°°° b − 
°°°+ 2 °°° b − 

°°°2
By an analogous argument for , it can shown employing Lemma A.1 that for all ( ) ∈

¯̄̄̄µ


³ b´− Z




³ b´ 

¶
−
µ
 ()−

Z


 

¶¯̄̄̄
≤ 2 

°°° b − 
°°°+ 2 °°° b − 

°°°2
Since for all ( ) ∈  ( )   and  ()   it also follows that, since by the definition

of e0 in the proof of Lemma A.1, e0= min{2 1} for all b such that °°° b − 
°°° ≤ e0

¯̄̄̄
¯ 1b( ) − 1

( )

¯̄̄̄
¯ ≤

¯̄̄ b( )− ( )
¯̄̄

¯̄̄ b( )¯̄̄ |( )| ≤
2
°°° b − 

°°°
2
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Denote b = ³

³ b´− R



³ b´ 
´
 b = h( b)− R (

b) i 
 =

¡
 ()−

R

 () 

¢
 and  =

£
()−

R

() 

¤
 Note that

bbb − 


=
(b− ) b + ³b − 

´
 − 

³ b − 
´

b 

Then, ¯̄̄̄
¯ bbb − 



¯̄̄̄
¯ =

¯̄̄̄
¯̄(b− ) b + ³b − 

´
 − 

³ b − 
´

b 

¯̄̄̄
¯̄

≤
|(b− )|

¯̄̄b ¯̄̄  + ¯̄̄b − 
¯̄̄
|  |+

¯̄̄ b − 
¯̄̄
||¯̄̄ b ¯̄̄ | |

≤
2
h
k(b− )k

¯̄̄b ¯̄̄ | |+ °°°b − 
°°° |  |+

°°° b − 
°°° ||i

2

Since
¯̄̄b ¯̄̄ = | + +| ≤ ||+||+|| and all the three last term are either uniformly

bounded, by Assumption 2.7, or bounded by a constant times
°°° b − 

°°°  by Lemma A.1, it
follows that for a finite   0 for all ( ) ∈

|
³
∆ log b |= ()´³∆ log b |= ()´ 2() −

¡
∆ log  |= ()

¢ ¡
∆ log  |= ()

¢
2

()
|

≤ 
°°° b − 

°°° 
where  =  and  =  A similar argument holds for  ∈ { } and  ∈ {  } 

Lemma B.1: Suppose that (32) and Assumptions 3.1-3.3 are satisfied. Then,³
0 − e0 ¡e0¢−1 0

´


=

∙
1− e11 µ e2|e|

¶µ ||
11 

2


¶¸
(g − )−

∙e11 µ e2|e|
¶µ

12
11

¶
− e12 µ e2|e|

¶¸¡
g1−1

¢
and

−( − e) + e0 ¡e0¢−1 ¡ − e¢
= −( − e)− e12 µ e2|e|

¶¡
1 − e1¢+ e11 µ e2|e|

¶¡
2 − e2¢

where the notation corresponds to that used in the proof of Theorem 3.1.

Proof: Taking logs and differentiating both sides of (31) in the proof of Theorem

3.1, with respect to  leaving the arguments implicit, we get

(11) g = 2 2 + 
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and taking logs and differentiation both sides of (31) with respect to 1 we get

(12) g1 = 11 1 + 21 2 + 1

Since the matrix µ
0 2
11 21

¶
is invertible, because by assumption 11 and 2 are different from zero, the unique value of

the vector (1 2) that solves (11)− (12) is

(13)

µ
1
2

¶
=

Ã − 21
11

2

1
11

1
2

0

! µ
g − 
g1−1

¶
Since 0 = (0 

2
)  it follows by (13) that

(1435) 0  = 2 2 = g − 

By the definition of 0 and (13)

(15) 0  =

µ
11 21
12 22

¶Ã − 21
11

2

1
11

1
2

0

! µ
g − 
g1−1

¶

=

Ã
0 1

− 12
21

11
2

+
22
2

12
11

! µ
g − 
g1 − 1

¶

=

Ã
g1−1³

12
11

´ ¡
g1−1

¢
+
³

||
11

2

´
(g − )

!
Note that

(16) e0 ¡e0¢−1 = ³ 0 
2
||

´µ e22 −e21
−e12 e11

¶
=
³
−e12 ³ 2

||
´

 e11 ³ 2
||
´ ´

By (15) and (16) it then follows that

(17)
he0 ¡e0¢−1i £0 ¤

=
h³
−e12 ³ 2

||
´

 e11 ³ 2
||
´ ´i"Ã g1−1³

12
11

´ ¡
g1−1

¢
+
³

||
11

2

´
(g − )

!#

=

∙e11 µ e2|e|
¶µ

12
11

¶
− e12 µ e2|e|

¶¸¡
g1−1

¢
+

∙e11 µ e2|e|
¶µ ||

11 
2


¶¸
(g − )

By (14) and (17) ³
0 − e0 ¡e0¢−1 0

´

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= [0 ]−
he0 ¡e0¢−1i £0 ¤

= (g − )−
∙e11 µ e2|e|

¶µ
12
11

¶
− e12 µ e2|e|

¶¸¡
g1−1

¢−∙e11 µ e2|e|
¶µ ||

11 
2


¶¸
(g − )

=

∙
1− e11 µ e2|e|

¶µ ||
11 

2


¶¸
(g − )−

∙e11 µ e2|e|
¶µ

12
11

¶
− e12 µ e2|e|

¶¸¡
g1−1

¢
By (16)

−( − e) + e0 ¡e0¢−1 ¡ − e¢
= −( − e) + ³ −e12 ³ 2

||
´

 e11 ³ 2
||
´ ´⎛⎝ 1 − e1

2 − e2
⎞⎠

= −( − e)− e12 µ e2|e|
¶¡

1 − e1¢+ e11 µ e2|e|
¶¡

2 − e2¢

20


