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APPENDIX B: PROOF THAT THE DM’S PAYOFF STRICTLY INCREASES IN M

CLAIM: If information matters, then the maximized expected payoff IT*(M, 1)
is strictly increasing under the following condition ((7) in the paper), and so equiv-
alent states are not optimal:

(B.1) psn+d-—mp’ _plp _mnt+d -
pg n+A=mur  pfops pf n+ A=y

PROOF: Let (2°, o, d) be an optimal rule for parameters (M, n), with payoff
IT*(M, n). I show here that if £(1)£(S) < 1, then a strict payoff gain is possible
with one extra memory state whenever the first inequality in (B.1) holds. If
&£(1)&(S) = 1, a symmetric argument obtains under the second inequality in
(B.1).

So assume £(1)&(S) < 1. Assume further that there are no equivalent mem-
ory states under (g°, o, d); if there are equivalent states, then, as outlined in
footnote 15, use instead a payoff-equivalent rule with unused states. Now sup-
pose the DM is given one additional state and call it state 0. To prove the claim,
I will first construct a rule (g°, &, d) for states {0, 1, ..., M} that earns payoff
1I*(M, m), and then show that the rule is strictly suboptimal. Therefore, an op-
timal rule for {0, 1, ..., M} must earn a payoff strictly above IT*(M, 1), thus
establishing a strict payoff gain with one additional states. _

To this end, let (g°, o, d) be a protocol that agrees with (2°, &, d) on states
{1,2,..., M}, chooses action 0 in state 0, and specifies the following transitions
in state 0: (i) if state 1 is not absorbing, then o3, = 1 and o3, =1 Vs # S; (i) if
state 1is absorbing, then o3, =y, 03y =1—7v, 0y, = 1,and o3, =0 Vs ¢ {1, S},
with y € (0, 1) a number to be determined. Observe that under (g°, o, d), no
states transition into state 0, while transitions among states {1, 2, ..., M} are as
specified by the original rule &. Therefore, (g°, o, d) yields the same terminal
probabilities (f!, ..., fi;) as the original rule (with f/ = 0) and thus earns the
original payoff, IT*(M, n).

A PROFITABLE DEVIATION IF STATE 1 IS NOT ABSORBING. Suppose first that
state 1 is not absorbing. I will show that the DM strictly prefers to move 1 | 0,
implying that (g°, o, d) does not correspond to a team equilibrium and, there-
fore, is not optimal. For any signal s, define v{, =3",_, 07 v/ as the DM’s
expected payoff following an s-signal in memory state 1. Then since d; =0 if
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2 ANDREA WILSON
information matters (otherwise the DM chooses action 1 in all memory states)

and since (g°, o, d) must specify staying in the lowest state, 1, after the lowest
signal s = 1, continuation payoffs in state 1 satisty

N
(B2) v/ =n0)+ 1 —muiv+) (1—nulv,

s=2
N
= =) (1—mnu!(v],—).
s=2
In state 0, continuation payoffs are given by

(B3) v =n0)+A—mui]+A—n) ) ulv)
S#S

nvf (0 0
A=l = %)

Substituting (B.2) into (B.3)yields

N
D A=l —vf

0 _ 0y _ nv; _ s=2
(v = v0) (n+1—nud) (m+ 1 —nud)

Taking ratios and multiplying by £(1)u!’ /ut yields

Z:U“l wd (v — v’

77+(1_77)Ms>
n+1—nuf

Z wrps (v —vg)
s=2

GOt Aél -(

Z/‘l’l l"l"s (vls _vl )

Z/"l’l lu’s (vf - U{‘S)

By Lemma 1(a) and the assumption of no equivalent states, v — vi’ >0 >
v, — vl for all s € S, with strict inequality unless the DM stays in state 1 after
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s (in which case v{, = v{). But then consider the final term in (B.4): for any s
where v? # v?, the sth ratio is

H __ H H __ H
(BS) &G F—F <L <1/6(1)
- - Yis

1 1s 1

(the first inequality by £(1)£(s) < £(1)&(S) and our assumption £(1)£(S) <1,
and the final inequality by Corollary 1 (RP), which requires that the state-1
self prefer memory state 1 to all other states). And since we are assuming here
that state 1 is not absorbing, there must be some signal s € {2, ..., S} for which
v! #v!, which then satisfies (B.5). But then by (B.5), the final RHS expression
in (B.4) is strictly below 1/£(1). It then follows that £(1)£(1) < Af,/AY| = &;
so, by Proposition 2, the DM strictly prefers to move from state 1 to 0 if he
observes a 1-signal, as desired to establish that (g°, o, d) (which never uses
state 0) is strictly suboptimal.

PROFITABLE DEVIATION IF STATE 1 IS ABSORBING. Suppose next that mem-
ory state 1 is absorbing, so that v! = 0. In this case, under the protocol
(g°, o, d), continuation payoffs in state 0 satisfy

vy = (n+ (1= muf)v! + A = mpgyvs + A =) (1 - pf — pgy)v;
= (m+A-mu)+A—nuiy)dl, =0 —-nuivAl,.
Taking ratios yields

v = g m (L= mpp + (- ppgy 47
- oug n+A—-muf + A -nufy AL,

(B.6)

By equation (2) in the paper, using the fact that state 1 is absorbing and that
g} =0 if information matters (the DM cannot start in absorbing state) yields

M
H _H
o
- fi! 122: Y
1 = 2 1
f19=f19(1—"7)+2j97ﬁ1 = TI= > —
= fi from

L __L
ij Tj1
j=2

(the final inequality by the ordering of the memory states and signal realiza-
tions). Thus, £(1) > £(2)£&(1). Together with (B.6), this implies

H . H
(B.7) e(1)§<s>‘;§_z; > L2)ED)(&S))’
1 0

n+ 1 —mup + A —nugy 4,
n+ 1 —muf + A —nudy Al
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By Corollary 2, £(2)AY /AT, = €(2)/£, > 1; then, if the first inequality in (B.1)
holds, the RHS of (B.7) strictly exceeds 1 for vy sufficiently small. But then
(1, ) (Wi — vy > (vi — v)), indicating that a state-1 self who observes S
strictly prefers to move from state 1 to state 0. Therefore, protocol (g°, o, d)
(in which state 1 never moves to state 0) violates the conditions for a team
equilibrium and so, by Proposition 1, cannot be optimal. Q.E.D.

EXAMPLE—Absorbing and Equivalent States: Absorbing states and equiv-
alent states are not necessarily optimal if (B.1) fails, but may occur for some
parameters. For example, consider a binary signal and M = 3 memory states.
If the prior bias satisfies condition (B.8), which is possible only if (B.1) is vi-
olated, then the unique optimal protocol has the following features: state 3
is absorbing and chooses the high action, state 1 chooses the low action and
jumps to state 3 with chance o}, =1 after an S-signal, and state 2 is either
unused or equivalent to state 1:

(Em)?

- n+ 1 —nud
(E(1))*E(S)

B <1, where &(n)= ST n)ué .

(B.8)

This is easily established via the following chain of arguments (which rely
on some omitted but straightforward computations): (i) The DM cannot
start in state 3, for all protocols (g°, o, d) with initial state 3 yield ¢(1) >
Lo(£(1))2/(€(m))?; together with (B.8) and the optimality condition £,/¢, > 1
for starting in state 3, this implies £(1, S)/€, > (£(1))2£(S)/(€(n))* > 1, and
so equilibrium demands o7, = 03 5 = 1. But all protocols with o7, =03, =1
yield 1/¢, = Af,/AL, < |7 /@b, so €/€; = B < 1 by (B.8), violating the
optimality condition for starting in state 3. Next, (ii) all protocols with ini-
tial state 1 or 2 yield £(3,1) > £,£(S)€(1)/(£(n))? and 1/, = A, /AL, >
|7 k| £(1)/(€(m))?; together with the first inequality in (B.8), we therefore
have ¢(3,1)/£, > 1, and so memory state 3 must be absorbing. But (iii) a-ls, 3
must then equal 1, for all optimal protocols with an absorbing state 3 and initial
state 1 or 2, yield £(1, S) > Zof(l).f(S)/(E(n))z, the same as our lower bound
on £(3,1); thus, £(1,5)/¢, > 1 by (B.8), implying that a state-1 self who ob-
serves an S-signal must move to state 3 with probability 1. Finally, (iv) since
o7, =1 and state 3 is absorbing, state 2 is used only if it is an initial state. But
all protocols with o} ; = o3 5 = 1 and initial state 2 yield £(2) < ¢, (equality iff
oy, = 1), in which case g < 1 (from (B.8)) implies £(2)|7" /7"| < B < 1: thus,
whenever state 2 is used, it must choose action 0, in which case it is equivalent
to state 1 (both choose the low action and move to an absorbing state 3 after
the first S-signal).
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APPENDIX C: DERIVATION OF STEP 4 IN THE PROOF OF PROPOSITION 4(c)
C.1. Preliminary Notation and Analysis From the Paper

Recall that the paper defines coefficients a; = 1_[, 2( /07 . and B, =

I =t +1( *1.;/0};_1), and finds in Step 2 that an optimal protocol must satisfy
the followmg equations (restated here for convenience), the LHS of each ex-
pression with equality if state i is sticky up and the RHS with equality if 7 is
sticky down:

. . ‘ (699 !
€ iziot Y2 /S (o) o
=2 1 1=2

-

5 2
Tt (07,)"+o(n)
(C2) i"<i<i — = 4 <12
Z y i n
1=2 0[ 0-12 I=i* !
i
o
Z(rl X1
— 91141
- =2
= ) ’
Vi u
= Y 0-121,*&’
-1 1 2
©3) izig PV / s i)+ 0(0)
. 0°
I=i a-l I+1 1= l+l m
M-1 B M1
-3 P / L
— S b
I=i 01111 = P!
i s M-1
a 012 o
5 \2 T s U
(07,) 1= 9111 M 5, 9L
(C4) . = - s
Z i ay U
s
= Y T %

Ay A (M-1)/2 /\<M71)/2 - \/E
o5 - A \/_)\(an/z 1)
1,2 2 B
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where Ay = pl /ut’, Ay = pb/uk, and

DA -1
(C5) x= (%)
M A
Al —1
(5,
/\M—I—IL _ 1
1UE( ED) )
pg A

P |
u = (7>.
A

Observe also that if the second expression in (C.2) holds, then the first ex-
pression in (C.4) reduces to the following alternative optimality condition for
i |1 i — 1, which must hold with equality if o/, € (0, 1):

(Tl )+ 0()
n

a LI Mo

M I I

( s > Z TN +Z s U
012/ i1 9111 1=y LI+

M1
D wfa
I=i

(C.6)  ilii—1:

=

Also, by equation (20) in the paper, /B > max{AM+D/2=" | £(§) \o=(M+3)/2}
Substituting this into the second condition in (C.4) yields

2\ M2 N
(C.7) a—I;/I < min! (—1> AMHD/2=i (M7*>7
01 Az AT -1

(ﬁ)(M_l)/z/\l»o_(M+3)/2()\M+lio _ g(S)) }
A ESHN02 -1

In the spirit of the notation in the paper, [ use i |, i — 1 to denote a downward transition i to
i — 1 after signal 1 and use i 15 i + 1 to denote an upward transition i to i + 1 after signal S.
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C.2. Proofs for General Signals

For any states k > 3 and i, define the functions, with x,, y,, u;, and v, given
by (C.5),

Zx,/Zy, fork <i<i*—1,
I=k+1 ‘l:k

> x

. I=k+1 . . .
Uk@i) = — fork <i*<i<ip,?
o
Zyl+—9 Zuz
12] i*
E v,/E u; forig<i<k,
I=it+1

i i—1
Zx,/Zy, ifi<i*—1,
1=2 41:2
D(i) = > x

1=2 o ..
- if i* <i<iy,
i*—1 a i—1
M
E Y+ — E U
1=2 012 15
o M-1
ay . ..
E x,—i—E v /E w fori*<i<iy—1,
Dy 121 i+1 I=i I=i
D)=y, M- ’

1
E Y E u; for i > i,.
=i

Also define the states

(C.8) I = arg 1 min D(i), i,=arg n}ax D(z)

<i<iy >i>i*
If i, < i, and D(i) < lN)(i) (Step C.5 shows that a sufficient condition for this
is that i, > i; + 2), then define I= {i1, ..., Ip}; if either of these conditions fail,
then let I be the empty set. Proposition C simply restates Step 4 of Section A.9.

PROPOSITION C: If Ay < Ay, then (i) all interior states are fluid up; (ii) all states

i < iy are fluid down, as are all states i > iy; (iii) if I is nonempty, then all states

2If i* < k < i, set the first sum in the denominator to zero, and replace the second by Z;:k u.



8 ANDREA WILSON

in I are sticky down. Also, (iv) If Ay > Ay, then all interior states i ¢ I* are fluid
down.

PROOF: The idea of this proof is as follows: The function U*(i) describes
a lower bound (for i < iy, lower bound for i > i) on (crﬁ ,)/m for the state-i
self to find it incentive compatible to move up after S. And the function D(i)
describes the upper bound on (aﬁ ,)?/m for optimality of i |, i — 1 with i < i,
while D(i) describes an lower bound on (04.-1)*/m for optimality of i |, i —1
when i > i* (for states between i* and i, the two bounds coincide by (C.4)).
The proof below will show that as long as U* (i) is increasing, no state i can be
sticky up (and symmetrically, as long as D(i) is decreasing, no state i can be
sticky down): for if i is indifferent, then (aiz)z/ 7 is too low for state i + 1 to
move up at all. On the other hand, D(i — 1) < D(i) < D(i + 1) means that if i
is sticky down, then so too must be i — 1 and i + 1. (And symmetrically, though
this is not shown, if U(i — 1) > U (i) > U(i+ 1), then upward stickiness in state
i implies that i — 1, i + 1 must also be upward sticky). Step C.1 below shows
that if A; < A, then U k(i) is strictly increasing for all i; if A, < Ay, then D(i)
and D(i) are strictly decreasing Vi ¢ I*. Step C.2 uses this result to prove parts
(1) and (iv) of the proposition. Step C.1 also shows that if A; < A,, then D(i)
and D(i) are decreasing to i;, then increasing from i; to i,, and decreasing for
i > I,. Step C.3 uses this to prove part (ii). Step C.4 then shows that if any state
in {i;, ..., iy} is sticky down, then all states in this set must be sticky down, and
Step C.5 shows that some state in this set (hence all states) are sticky down iff
D) < 5(1’2). Thus, if I (defined below (C.8)) is nonempty, then all states in

I are sticky down. QE.D.

STEP Cl~ (0) If Ay > Ay, then U* (i) is strictly increasing in i; (ii) if A, < Ay, then
D(i) and D(i) are strictly decreasing at all states i ¢ I*; (iii) for any A, > 1 and
Ay > 1, the states i, and i, are unique; D(i) is decreasing at i < i, and increasing
at i > iy, and D(i) is increasing at i < i, and decreasing at i > 1.

PROOF: For (i), it suffices to prove that if A; < A,, then the ith ratio in
U* (i) is strictly increasing: that is, that (a) x;/y; is increasing if i < i* — 1,
(d) xp1/yp1 < xp/up, () x;/u; is increasing in i if * < i < i), and

91,2

(d) vi/u;iy is increasing’if i >1iy. By (C.5),

HiX (&)K%) n_ AN («5(1))\“ - 1)
Vi A A1)l P &
M—i—1

Zi/A — =1
v 1 (g)“ (1)
Ui o All-‘l‘é )\2 )\M_i_l — 1 ’
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The expression for x,/y; is increasing by A, > A;, which implies that (A,/A;)"™!
is increasing, and by £(1) < 1 < A, which implies that the final term is in-
creasing. The expression for v;/u;,; is increasing by A; < A,, which implies
that (A;/A;)™~ is decreasing in M — i and hence increasing in i, and by
&(1) < 1, which implies that the final expression is larger than 1/£(1) and de-
creasing (toward 1 / §(1)) in M — i — 1, hence increasing in i. The expressmn
for x;/u; is increasing since A > 1 1mp11es that 1/(AM~" — 1) is increasing in
z while A2 (£(1)A=! — 1) is increasing, via straightforward calculation, by

= M A2 > A2 > 1. And finally, to show that x;_/ys | < x/<% o u,* by (C 5)
(for the first equahty) and (C.7),

(M-1)/2 i*—1 M—i*
(Cg) a—MI/t,'* < (ﬂ) A(M+1)/2,'*( A . -1 ))\ — 1

¥ ¥
S 3 /\Mt_l /\i\/lt

1,2
B (l\i*l _ 1)
= )\?‘1 .

Thus, using the expression for x} from (C.5) and simplifying gives
xe 1 <A2>"*1 (5(1))«'*1 - 1)
O-J{/I,M—l T\ AT =1 )
u

The RHS of this expression is strictly increasing in i* by A, > A; and &(1) <
1 < A; in particular, it strictly exceeds the value that would obtain if i* were
replaced by i* — 1, which is precisely x;+_1/yi_1.

For (iii), it suffices to prove that once the ith ratio in D) begins to increase,
it continues to increase, and that once the ith ratio in D(i) begins to decrease,
it continues to decrease. That is, (a) if x;/y; 1 < X;11/y;, then x, 1 /y; < Xi12/Yir13

(b) if xi*—l/yi*—Z < xi*/y,-*_l, then x,-*/yi*_l < Zl—;x,-*ﬂ/ui*; (C) xi/ui_l is increas-
ing; and (d) if v;_;/u;_y > v;/u;, then v;/u; > viy, /u;i4.2 For (a), by (C.5),
X; Xiy1 A EONTTATE=1) — (A2 =1)
< —= . . . >
Yior Wi M ESOANTPAT =D = (A =1)

The derivative of the LHS with respect to (w.r.t.) i has the same sign as
(A=1)(&(S) —1)(&(S)A*3 —1)In A, which is positive for i > 2by A > £(S) > 1.

(C.10)

3This uses the fact that as long as a;/b; is decreasing, X (j) = >)_, a;/ Y 1_, b; is decreasing.
Thus, X(j) < X(j+ 1) = a;/b; < aj;1/bj;1. Now suppose it holds that a;/b; < a;,1/bj11 =
aj41/bjs1 < aj2/bjyo: that is, that once the jth ratio begins to increase, it continues to increase.
Then, if X (j) < X (j+ 1), it follows that X (j) < X(j+ 1) < a;;1/bjy1 < ajy2/bjyo, which is pre-
cisely the condition under which X (j + 1) < X (j + 2). Thus, once X (j) begins to increase, it
continues to increase; while if decreasing at j, it is also decreasing at j — 1.
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So if the condition holds (i.e., x;/y, is increasing) at / = i, then it holds also at
all / > i. For (c), by (C.5),

i i HA -1 M-
Yt <§( L )( — ))\f<1.
U;_q u; g(l)/\l -1 )\M+1 —1
Since A > 1, each of the first and second LHS terms are below 1/A; then the
LHS is below A7/A? = 1/A3, which is below 1 (as desired) provided A, > 1 &

pt > uk. (Note that this is implied by A, > Ay, which yields A3 > A A, = A > 1))
For (d), by (C.5), we have (after simplifying)

V; Vit1
— >

u; Uit

1 4 : .
/\M—l )\M_l_l _ 1 _ AM—t—l _ 1
(M> s )—( e
/\2 1 M—i—1,\M—i M—i ‘
—A AT 1D -V =1
S) ( )—( )

The LHS is increasing in i (the derivative w.r.t. i is proportional to (A — 1) x
(&(S) — 1) In A, which is positive by A > £(S) > 1), and so the condition is easier
to satisfy in larger states. Therefore, as desired, if v,/u; is decreasing at [ =1,

o3
then it is decreasing also at / > i. Finally, for (b), for x;/yx_; < a‘—;x,-*ﬂ/ui*, it
suffices that the following inequality holds (the LHS is the upper bound from
(C9) on ayu;/a?,):

AT 1> 1 EDA" =1 A"72—1  xpp
— )| <= — = =
P AMEDAN -1 A2 X

A <)J*—1 — 1) DA =1
<1

LN EaT —1

(C.11) (

The LHS expression in (C.11) is decreasing in i* (the derivative is proportional
to (1 — A)(EDA2T=D —1)(&(S) — 1) In A, negative Vi* > 2 by A > £(S) > 1).
Therefore, a sufficient condition for (C.11) is that it holds when i* is replaced
by i* — 1, which, by (C.5), is precisely the condition for x_;/yi_» < X /Y.
Finally, for part (ii), it suffices to prove that if i < i* — 2, then A, > A, implies
that the ith ratio in D(i), x;/yi_1, is strictly decreasing, and that if i > iy + 1,
then the ith ratio in D(i), v;/u;, is strictly decreasing. For i > iy, (C.5) yields

1

M*i/\Mii— _ 1

v _ (ﬁ ) &(S)
u; o )\2 /\Mﬁi -1 '
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Since A; > Ay, the first term (A;/A,)” " is increasing in M — i, hence decreasing
in i, and the second term is also increasing in M — i by 1/£(S) < 1 < A, hence
decreasing in i, as desired to establish that v;/u; is decreasing. For i <i* — 1,
(C.10) yields

xi 1 <A2>"—2§(S))J2—1
Yi-1 - /\1[.1,? A A2 -1 ’

The first term is decreasing by A,/A; < 1, and the second term is greater than
&(S) and decreasing toward £(S) as i increases. As desired, x;/y;_; is then
strictly decreasing. Q.E.D.

STEP C.2: There exists n* such that in an optimal protocol with n < n*, (i) all
interior states are fluid up if Ay < \,; (ii) all interior states outside I* are fluid down
lf )\1 > )\2.

PROOF: First suppose, by contradiction, that some state i < iy — 1 is sticky
up. Choose the smallest such i and let k be the largest state below i that is
sticky down, defining k = 2 if all states below i are fluid down. Then, using the
Step 3 (from Section A.9 in the paper) result that upward stickiness in state i
implies o, , = o, ;= 1, we have ay = [[,_y0},_/o}, = Vk+1 <1</,
a = ay/0}, . If 3 <k <i<i*—1, then by (C.1), the optimality conditions
for (7,1’ w1 € (0,1) (the first expression below) and (rfi +1 € (0,1) (the second
expression below) are

k YL oax “oax
1X) 1X1
a1x1/0'17 +
1I-1 S P § : i
1= (o) o) 5 T 55 T

k-1 ] k-1 Vi i "
> > Ly
=2

>y

S \2 1
(01,2) +o(n) _I=k+1 01,11 — 2 I=k+1
n

i ko :
Z % Z 3]
=k 1 I=k

The final term in the above expression is precisely (ai)U*(i). Similarly, if
i > i*, the optimality condition for o7, € (0, 1) (the first expression in (C.2))
reduces, using the optimality condition for a,ikfl € (0,1) and the fact that
ay=a Vk+1<1<ito (0},)*/n+ o(n) = (a)*U*(i). On the other hand,
consider the optimality condition for o7, ;,, > 0. If i <i* — 2, then the first
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expression in (C.1) evaluated at i + 1 reduces (using the optimality condition
for oy ,_, €(0,1)) to

i i+1
Z s
(07,)” + 0(n) n xl‘“/ it 2
o +o(n - -
1,2 I=k+1 I=k+1 .
— e > a;— =a;UM(i+1)
n i i+1
s
E Vit 0 Yin E N
I=k I=k

(the final inequality by the fact that the second term is trivially decreasing in
07:,1)- By a similar calculation if i > i* — 1, we conclude that optimality of
07,1112 > 0 requires the first inequality below and optimality of o7, € (0, 1)
requires the equality:

S \2
+o
aqUA(i+1) < Lo o) a Uk (D).
n

This is a contradiction, since U*(i 4+ 1) > U*(i) by Step C.1 part (i). If k =2,
the analysis is identical, except that the numerator and denominator sums in
U* (i) both begin at 2 (rather than k + 1 and k, respectively).

The proof that states i > i, + 1 are fluid up is nearly identical: if not, then let
i be the largest sticky-up state above iy, and let k be the smallest sticky-down
state above i. Using (C.3), the optimality condition for (rfl. 41 € (0, 1) reduces,
using the condition for o} ,_, € (0, 1), to (0,,,_,)*/m — U*(i), while the con-
dition for ¢} | ; > 0 requires (o}, ,,_,)*/n < U*(i — 1)—a contradiction, since
U*(i) > U*(i — 1) by Step C.1.

By a symmetric argument, states outside /* are fluid down when A, < A;.
For example, suppose some state i < i* — 1 is sticky down and choose the
smallest such i. Then all states below i are fluid down; if also all lower states
are fluid up, then, by (C.1), the optimality condition for o}, ; > 0 requires

S \2
) tom D(i), with equality if a-}’,._l € (0, 1); moreover, if i is downward
sticky, then the upper bound (from (C.1)) on (o7 ,)?/7 in the optimality con-
dition for i + 1 |, i decreases. Thus, together, the optimality conditions for
o}, €(0,1) and o}, ; > 0 demand D(i) = (0},)*/n + o(n) < D(i + 1)—
a contradiction, since D (i) is strictly decreasing at i < i* — 1 by Step C.1 part
(iii). The argument is similar if there is a sticky-up state k < i (choose the low-
est such i and define a function D*(i) that is identical to D(i), except that the
numerator and denominator sums begin at k + 1 rather than 2). And similarly
for states i > iy, where (ay, ,,_,)*/n must exceed a cutoff that increases as the
state decreases: if the condition holds for state i to be indifferent about moving

down, then state i — 1 will not move down at all. O.E.D.

STEP C.3: Let A < A,. There exists m* such that for any optimal protocol with
n < n*, () all states i < i, are fluid down; (ii) all states i > i, are fluid down.
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PROOF: For (i), suppose that some state i < i; is sticky down and choose
the smallest such i. By Step C.2, no interior states are sticky up and so oy =1
VIl <i—1,while @; = ¢}, and a;y; = 7, ;,0},_,. Then by (C. 1) optimality of
g}, € (0, 1) requires the equality below, and optimality of ¢/ , ; > 0 requires

i+1,i
the final inequality: ’

1
R B
(C12) D(l) = Z)C//Z_yl = L2 n < lizl
=2 =2 Zy, + Yi/Uil,H
=2

But the RHS expression in (C.12) is increasing in o7, , (since x;,; > 0 and
Yi> ()) and therefore reaches a maximum value at o, ; =1, of D(i + 1). But
since [ < i; implies that D(i) is decreasing at i by Step C. 1(11) we have D(i) >
D(i+1), contradicting (C.12). So no state below i, is sticky down in an optimal
protocol.

The argument for states above i, is nearly identical: if some i > i, is
downward sticky (choose the largest such i), then optimality for o, | €

(0, 1) requires ((rMM D/n— D(l), while optlmahty of o} _1.i.2 > 0 requires

(O'M v /m > D(z — 1)—a contradiction, since D(z) is decreasing at i > i, by
Step C.1(ii). Q.E.D.

STEP C.4: Let Ay < A,. There exists n* such that in an optimal protocol with
n <n*, (1) if D(i) < D(i+1) and i + 1 is sticky down, then i is sticky down; (ii) if
D(i) < D(i+ 1) and i is sticky down, then i + 1 is sticky down.

PROOF: For (i), suppose (by contradiction) that there is an optimal protocol
such that for some state i, D(i) < D(i+ 1), o z+1 ;€(0,1),and ¢!, , =1, and
choose the smallest i > i;. By Step C.2, all states below i are ﬂu1d up. If they
are also fluid down, then optimality of o/, | > 0 demands the inequality below,
while optimality of o/ . € (0,1) demands the equality below (using (C.1) if

z+1 i
i <i*—1and (C.2)if i* <i < i, and noting that in a protocol with no mixing

below i 4 1, the RHS expressions in these equations equal D(7)):

S \2
DGi+1)= L:O“’) < D).

This is a contradiction, since D(i) < D(i + 1). If there is a state k < i that is
downward sticky, the argument is similar, choosing the largest such k& (we dis-
cuss the analogous situation more carefully in (ii); see below). For (ii), suppose
(by contradiction) that there is an optimal protocol such that for some state
I < I, D(z) < D(l +1), !, , €(0,1), and o}, , =1, and choose the largest

i+1,i
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i < i;. By (C.6) and (C.3), optimality of o, ; demands the equality below, and
optimality of o7/, ; = 1 demands the 1nequa11ty below, using the Step C.2 result
that all states are fluid up:*

) Z o1 X+ Zalvl

1=i+2 I=iy (0-1{4,1\/171)2“‘0(7’)

M-1 -
U n

(C.13)

—
I=i+1

(aM> Z o 1Xz+zazvl

Ul 27 =i+l I=i

M-1
u;

= Y
By Step C.2, all states above i are fluid up. If also all states above i are fluid
down, then «; = «; VI > i and so the LHS of the above expression is precisely

2D(l + 1), while the RHS is azD(l) but since D(i) < D(i + 1), the inequal-
ity cannot hold—a contradiction. If some state k > i, > i + 2 is sticky down,
the argument is nearly identical, choosing the smallest such state k and substi-
tuting the optimality condition for o ,_; € (0, 1) into (C.13). For example, if
k > iy, the optlmahty of oy ,_, € (0, 1) requires that the second express10n in
(C.13) holds at i = k. Then (C.13) reduces to an expression that is identical,
except that all sums ending at M — 1 are now truncated at £ — 1, and since (by
construction) there is no mixing between i and k, so o; = «; Vi <l<k-1,
(C.13) reduces further to

(aM> Zx;—i—sz

o 1=i+2 I=ig (0114,1\/171)2 +0(7’)
! - N n
>
I=i+1

(aM> Zx,+2vz

0-12 I=i+1 I=iy

k-1
2w
I=i

=aq;

4This is the expression for i < iy — 1. If i > iy, delete the first numerator sum in both the LHS
and RHS bounds, and begin the second numerator sums (both LHS and RHS) at [ = i.
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z(aM)le+Zvl+Zv,

I=i+2 =iy
=
Z ”z+Zuz
I=i+1
o
1 2 ( M)le+2v’+zv’

< (Oyp-1)” +0(m) o I=i+1 I=ig
- n = k-1 M-1

But since the LHS is a%l~)(i +1) and the RHS is a%ﬁ(i), and we have assumed
D(i) < D(i + 1), this expression cannot hold—a contradiction. Q.E.D.

STEP C.5: If Ay < Ay and D(iy) < 5(1'2), then all states in {i,, ..., i,} are sticky
down; a sufficient condition for D(i;) < 5(1'2) IS I > 1 + 2.

PROOF: By Step C.2, A; < A, implies that all interior states are fluid up, and
by Step C.3, all states i ¢ {iy, ..., i,} are sticky down. Therefore, optimality of
i1 {1 iy — 1 demands (07 ,)*/m+0(n)/m < D(iy), while optimality of i, |1 i, — 1
demands (01%4, v /m+o(n) > 5(1'2) (using the corresponding equations in
(C.1), (C.2), (C.6), or (C.3), using the fact that all states outside {i, ..., i,} are
fluid both up and down). Together, for n sufficiently near zero, these inequali-

ties imply

(Oprmr)’ - D(i)
(07" ~ D(in)

(C.14)

But by Step C.4, if any state in {i, ..., i}, is sticky down, then all states in this
set are sticky down. Therefore, it suffices to rule out a protocol with no mixing,
in which ay /07, = 0y, /07, (and ay /0, > o3, /07, if Ay > Ay, so that
some states are potentially upward sticky). But then the second condition in
(C.4) demands

e () e
ors ~ oy, Ay VBAMIR 1)
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For n sufficiently near zero, this contradicts (C.14) whenever the following
inequality holds:®

15) D(ir) (m)M‘l( AL /B )2'

DGy~ \n)  \ g g

Thus, if (C.15) holds, then a protocol with no (downward) mixing cannot be

optimal and so all states in {iy, ..., i} are sticky down. For A; <A, and 8 > 1,

the RHS expression in (C.15) is below 1 and so the expression holds when-

ever D(i;) < D(i,). This proves the first assertion. And for the second, assume

I — 1 > i* and define q; = xi/(‘:T“Zui_l Vi € {i*, ..., iy}. By definition of i, and
1

Step C.1(iii), we know ~‘[hat 5(i2)y> 5(1'2 — 1), which implies that ﬁ(iz) exceeds
the (i, — 1)st ratio in D(i, — 1):

1 2
(o _ + o0 ~
(Typ)”F 0(0) > D(iy) > 2 x, i .

n 012

By definition of i; and Step C.1(iii), we also have D(i;) < D(i; + 1), which
implies that D(i) is below the (i; 4+ 1)st ratio in D(i; 4+ 1):

(03 ) +o(m) _ ~ o
22l TOW 2 Biy) < i ) 2,
n i
Together, these inequalities demand the following condition for 1 near zero:

ayp
xiz/uiz—l
1,2

2 S
<0_—5> = ’7%\/[ = X1 /Ui = X,/ Uiy
1,2 x,-1+1/—5u,-1
01,2

This is a contradiction if i; + 1 < i,, since x;/u,_; is increasing by
Step C.1(iii). O.E.D.

C.3. Specializing to Symmetric Signals

STEP C.6: For a symmetric signal, iy <i*+ 1.

SThis is, in fact, a necessary and sufficient condition for there to be a downward-sticky block of
interior states for any A; > 1 and A, > 1.
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PROOF: To show that i; < i* 4+ 1, it suffices to prove that D(i* + 1) <
D(i* + 2), which holds iff D(i* + 1) (the LHS below, by (C.5)) is smaller than
the final ratio in D(i* + 2) (the RHS below):

41 i*+1

DX DX

=2 Xixy2 1=2 Xixq2

(C.16) - < & ; < .
i*—1 (6974 S i*—1 u'*+1
Ay —5 Ui J1,2 !

Dyt —gus o), 2t
=2 012 AM 5

By (CS) and /\//\1 = )\2,

*+1 1 i*+1 i*+1
(C17) D x=— (f(l) DI EEDD Ai")
=2 My =2 1=2

1 AY -1 AT -1
=—H(§(1)Az - - — )
My A—1 Ay =1
1 1, . AN —1
C.18 =—— (X" =)= if A=A\,
(1 i )<m—1) AT

Also by (C.5),

Xepp 1 ESHNT —1 AVt

C.19 = = m )
( ) Uiy AT Mg
AT
(C.ZO) ui* = T,
AT

i*—1 *—1 Ai*_1 A /\i*—z 1
c.21 =y (Wt =2 2
( ) Zyl Z( 1 2 ) )\1_1 /\lZ_Z(AZ—l)

And by (C.7),

S
1

c2) 2. (

aM_

)\2)(1\’1—1)/2 1 )\M*i* -1

)\] /\(M+1)/2*i* )\i*’l -1 :
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Then, in the second inequality in (C.16), the LHS of (C.16) has the following
upper bound, by (C.22), (C.18), (C.21), and (C.20):

*+1

le 11 [t A -1
=2 o i*(ﬂ_ll\g_l)( 2 — )
T By Ay \ K A1
— y1+l/li*
AM 3

/\2 (M-1)/2 1 )\M—i* -1
/ /\_1 A M+D /2= )\i*‘l 1

A 2D 1) AT - 1)
x *=2 M—i*
A2(A = 1) A

For a symmetric signal, with A, = A; and u!’ = %, this simplifies to

11, . A=
— (A=) ————
Mfll\zz( 2 )( 2 + )(/\M—l _1)
11, A=
R O ¥ | p—

This is less than the expression in (C.19), evaluated at £(S) = A, = A,, when-
ever

11

(A2 —1)

i A3

/\;\/[71'* 1 /\%i*ﬁ»l -1 /\é\/lfi*fl
(/\M—l _1) M{“I /\12+1 )‘M—l -1 -1

A -1 AZ(AM-“ - 1) -
()\gi*ﬂ -1 2 )\M—i* -1

The first LHS term is below 1/A, (by A, > 1) and the final term (by A > 1) is
below 1/A. Thus, the LHS in the above expression is below A,/A =1/, < 1,
as desired. O.E.D.

STEP C.7: For a symmetric signal, i, > iy for B near £(S)ANo=M+D/2 gnd i, >
io — 1 for B near &(S)No~M+3/2,

PROOF: By (20) in the paper, the DM starts in a state i, satisfying £(S) x
No=MAD/Z /B > E(S)No~M+3/2 " At the top end of this range, the DM is in-
different between starting in iy and i, + 1; here, symmetric signals yield i, > i
(so that i, is downward sticky), as I will prove below. At the bottom end of the
range, the DM is close to indifferent between starting in iy and i, — 1, at which
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point i, is fluid down, and i, only exceeds (in fact equals) i, — 1. The two cal-
culations are nearly identical, so I prove only the first assertion in the Step C.7
statement. N

To this end, to prove that D(i) is maximized at i, > iy, it suffices, by Step C.1,
to prove that D(iy — 1) < D(iy), which holds iff the first ratio (for i =i, — 1) in
5(1’0 — 1) is smaller than 5(1’0):

M—1
x,n/ulo 1< E v,/E u.

I= l(] l:i[)

By (C.5), for a symmetric signal,
i()\%l—3_1) ylE(A%I—2_1>
AN o

" L(A%MZZI _ 1) = ()\%MZZ _ 1)
m' A a

X

Thus,

M- M—i
Zv’ _Z /\M—l 1 /\/ M) 1 (A 0_1)2
' m AT =1

I=iy io
Mi Y Mi AV Ty - 1)
L= - - =i
o oA A0 = 1)
1 /22073 _ 1 A2MH2=200
Xig = _H<141) Uiyt = =
! ’\1 ’\1

At /B = £(S)Ao~M+D/2 which becomes /B = A7 for symmetric signals,
the second expression in (C.4) yields (using A; = A,)

ay ( AM=D72 \/E ) _ A2i0M</\iM_l_2iO — 1>
v =

M-1)/2 _ 1 2ip—1
012 fA( )/ Aot

Substituting into the desired inequality, we obtain the following sufficient in-
equality, after factoring:

( A%M—I—Zio 1 ))\iiol _ /\2

L<1.
(/\M-H 10+1)(/\M 10_1) 2 1_1
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The first LHS term is less than 1: it is sufficient to show that the numerator
minus the denominator is negative, which yields the inequality

il P CEN | D WO VIS §!
<Ay =D - 1) <.

The second term is less than 1 by A; > 1. As desired, this establishes that when
the DM is close to indifferent between starting in i, and i, + 1, we obtain
Iy > . Q.E.D.

STEP C.8: For a symmetric signal, \/B > X implies that the set I = {i,, ..., I}
is nonempty, and that all states in this set are sticky down.

PROOF: I prove the result for M odd and i* > 3; a similar calculation yields
the desired result if i* =2 or if M is even. For a symmetric signal, Step C.2
implies that all interior states are fluid up, Step C.3 implies that all interior
states outside / are fluid down, and Step C.4 implies that if any state in [ is
sticky down, then all states in I are sticky down. Therefore, to prove the result,
it suffices to show that there is no optimal protocol in which all interior states
are fluid both up and down.

Suppose, by contradiction, that there is an optimal protocol for a symmetric
signal and /B > A in which all interior states are fluid, both up and down. For
/B near A, equation (20) in the paper yields i* = ! and i, = *£=. Using (C.2)
and our assumption that all interior states are fluid, optimality of i* |, i* — 1
demands the first inequality below, and the second inequality is for optimality
of i() Ts io +1:

(O_S )2 (M- 1)/2 (M=3)/2

1,2

— < x,/ E WV and
n —

1 2 M1 M-1)2 (M-1)/2
(oy M—l)
—_— E U = E X E Y,
Y I= (M+3)/2 =2 =2

I=(M+3)/2

where the final equality above follows from the fact that for a symmetric signal,
X; = Uy and ¥, = uyq. Combining inequalities and using the fact that
ay = 0y, When there is no interior mixing, we deduce (using (C.5) for the
final inequality)

(M-1)/2 (M-1)/2
2 Z xl/ Z Yoo i-np (M-1)/2 <M M2 _ )
M =2 !
(C.23) <—sz> e Ty R Z yl/ Z Y= A(M /2 1'
, =2
> onf X
=2 =2
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On the other hand, the first expression in (C.4) yields the first inequality be-

low for /B > A and A; = A,, and the inequality is by A = A? (for a symmetric
signal):

Copy () < (AN (A Y R e
: a-igz — )\(M+l)/2 -1 - )\(M+1)/2 -1 )\(M+l)/2 + 1
/\nga)/z Y AiMfs)/z Y

< < AM-D2 _ 1 >( AMTD2 )
)\EM_D/Z-I-M
)\(M+l)/2 + 1

)2 (by A > 1).

Butsince A; > 1, the product of the second two terms in (C.24) is below 1, while
the first term is smaller than the RHS expression in (C.23). Therefore, the
RHS of (C.24) is smaller than the RHS of (C.23), and so the two expressions
are incompatible—a contradiction. Q.E.D.

APPENDIX D: INFORMATION MATTERS

CLAIM: Given the normalization B > 1, information matters if and only if the
following condition holds:

s M-1
n+d=m)y pl
(D)  p< min A = = (&(m)/€)"
"t d-m)

s=s*

.....

Zf:s* IU‘? ) ‘
FIRST DIRECTION: B < (&(n)/é(1)M ! = information matters.

PROOF: Suppose (by way of contradiction) that (D.1) holds, but information
does not matter. Then any memory protocol that chooses action 1 in all mem-
ory states is optimal. In particular, for all ¢ € (0, 1), the following protocol is
optimal: start in state M, and in each memory state i € M, choose action 1,
transition to memory state M after any signal realization s > s*, transition to
memory state { — 1 with probability ¢ after signal realization s = 1, and oth-
erwise stay in state i. An immediate application of footnote 10 (noting that
w! ;= 0whenever j ¢ {i — 1, i, M}) then yields the following expression for the
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terminal probabilities f/:
6

Yi
7] J
fi =—=—, where

>y
i=1

o= ([T etu)(IT %)

i<j—1 i>j+1
S j-1 A
= (n+(1—n)2uf) (1= meud)"™.

Taking ratios in memory state j = 1 and then considering the limit as ¢ — 0
yields

M s M1
D n+1—m) ut
(D2)  lim 7 I —<M—IL) lim 57— = | 7 5
i 1 Yo " d-mY w!

i=1 s=s*

Then by continuity and (D.1), we can choose ¢ small enough that under the
suggested protocol, the following expression holds:

A
il
But then action 0 is strictly better than the specified action choice 1 in memory

state 1, contradicting optimality of the specified protocol. This establishes the
first direction: under (D.1), information matters. Q.E.D.

_KO

<1 = pMDa"+(1-pd)a" <0.

SECOND DIRECTION: If (D.1) is violated, then information does not matter.

PROOF: For this, I will prove that any optimal protocol yields the bound
s M-1

PLECER D

oy Bo|H

T d-m Y u

s=s*

Then if the inequality in (D.1) is violated, it follows that €o|7" /a*|(f /f]) >
1, so that action 1 is preferred in memory state 1. Together with the ordering of
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the memory states and Proposition 1, it then follows that any optimal protocol
must always choose action 1, hence information does not matter.

To prove (D.3), let (g°, o, d) be an optimal protocol with initial state i,. By
Appendix A.2, the terminal distribution f? is the steady-state distribution of a
perturbed Markov process with transition chance /; from state i to j, where
wf.fj = 'Tfj if j # iy, and wfia =n+ Tffio. Then, for any subset of states 4 C M,
the probability of entering A equals the probability of leaving A. For memory
state i < iy and the set 4 ={1,2,...,i— 1}, this yields

ITICEDICAED S IEN
j=i—1 k=i j=i k<i—1

Taking ratios and recalling that memory states are ordered so that f/7/f] is
weakly increasing, it follows that

u (”+ZTfk) > ff(" +ZTfk>

k>i j=i-1 k=i

(D4) >
fL L L L
SICED AN WACE 3N
k>i j<i—-1 k>i
ijH gt
_ k<i—1 - ﬁp«_f{
S fm
Jj=i k<i—1
S
. L
0 L A=m )
= Jizl o i M_l s=s*
‘L—l T ,UqL 5
n+A—n)) ul

If iy = M (or if iy < M — 1 but all states above i, are unused), then (D.3)
follows immediately by iterating (D.4), noting that f}7/fi > 1 by the ordering
of the memory states.

If iy < M —1 and if some state above i is used, then (i) optimality of starting

in state i, demands £, < Zio > while (ii) any state j > i, with fj" > 0 has a belief

This simply rearranges the condition stating that the DM must earn a weakly higher contin-
uation payoff in state iy than i, + 1 at the prior po. Recall, from the discussion leading up to
Proposition 2 in the paper that ¢; = Af,, /AT , is the belief likelihood threshold for indifference

between states i and i + 1, with belief likelihoods below ¢; favoring state i.
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likelihood ratio €(j) = & f!" /f = €, (by Corollary 2 in the paper). Together,
these inequalities imply

(DS)  fH/fF=1 forall j =i+ 1with £/ > 0.

Also, f* satisfies the following steady-state relationship, stating that the prob-
ability of entering {1, 2, ..., iy} equals the probability of leaving:

D IETED WA LIS W]

J<ip k>ip+1 Jj=ig+1 k<iy
Adding n > i<io fj" to both sides and taking ratios gives
U CEDITAREED WA O3
(D6) J<iy k>ip+1 _ Jj=ig+1 k<iy
S Xoeh) e X ()
J<ip k>iy+1 Jj=ig+1 k<iy
S
Jnra-my u
D7) = o Y
My

Y- b

s=5%

(The LHS of (D.7) is an upper bound on the LHS of (D.6) by the ordering of
the memory states; the RHS of (D.7) is a lower bound on the LHS of (D.6),
using 7 /77, > i’ /uf, (D.5), and 1 > ui'/uf.) Together with (D.4) (iterated),
it then follows that

s ip—1
L
uon | T Amm Yo
AN il s=5"
0 m 5
' n+d—m)
S io
L
L+ d=m Y ul
> /~'L_1 s=s5%
p— Mf S b
n+d—m) ul
which establishes (D.3) by i < M — 1. Q.E.D.

Q.E.D.
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APPENDIX E: AN ANALYTICAL EXAMPLE

I now illustrate the theory with a symmetric three-state example. Assume
the high and low states are equally likely, so py = %, and that payoffs are
7wt = —7% = 1. The DM observes an “extreme” signal / or & with probability
(1 — ¢), with likelihood ratios £&(h) = 1/£(I) = gq/(1 — q), and an “intermedi-
ate” signal m or m with probability ¢, with é(m) =1/&(m) = p/(1 — p); as-
sume g > p > % I restrict attention to protocols with beliefs £(1) < £(2) < £(3)
and with no absorbing or equivalent states. Assume that the DM starts in mem-
ory state 2 and uses the decision rule d = (0, d,, 1), with d, the probability of
choosing the high action in memory state 2. The optimal transition rule then
maximizes the objective function

(B1)  S(dff + )~ (ot + )

In Step E.1, I will illustrate why intermediate signals are optimally ignored for
1 near zero. In Steps E.2-E.4, specializing to a binary signal (¢ = 0), I will
demonstrate some features of optimal protocols that easily hold for general
termination chances n € (0, 1), not necessarily small; the remainder of the
section finishes computing the optimal transition rules for the action rules
d= (0, %, 1) and d = (0, 1, 1), which are referenced in Step E.4.

STEP E.1: Only react to extreme signals for n near 0.

To see this most easily, consider a symmetric decision rule d = (0, %, 1),
which intuitively implies a symmetric optimal transition rule. Then, with [ =
fL and fL = fH# (by symmetry) and the identity 3, f¥ = 1, we can rewrite
(E.D) as 3(ff — fi") = 3f3" + fi' — 3. Thus, defining x(0) = (f{' + 3£,/
(ff + 1), the goal is to maximize 1 ;' + f{’ = (1 + x(o))~", which clearly is
achieved by making x(o) as small as possible.

By symmetry and the ordering of the states,

1
i+ EfZH
(E2) x(0)=—%—>= withequality iff £, = f;" =0.

1
fi+ EfZL !
And by equation (2) in the paper, f? is the steady-state distribution of a

Markov process with transition chances ! j» and so the probability of enter-
ing state 1 equals the probability of leaving:

(E.3) f16(wf,2 + wf,3) = fzewg,l + f30w2,1‘
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Taking ratios, and recalling w,{{j/ wfj > &(1) (with equality if o7 j= 0Vs 1) and
[ > f1/f = 1yields

H wL + Q)L . . . m
(E4) fc_ > &) 5 with equality iff o7, =0 and S =0
1 1,2 1,4

n+ (1 — s o7y + o) + (1 — mpj (), + o))
n+ A —mpof,+ o)+ (A —mul (o], + ol
(E.6) > £(1)/€(h)  with equality iff n = o], + o] = 0.

(E.5) = ¢

Thus, the ratio x(o) that the DM wishes to minimize has a lower bound
&(l)/€&(h), achieved as n — 0 only if intermediate signals are ignored (by
(E.4), (E.6), and symmetry), there are no jumps (by (E.4) and symmetry), and
i = fF =0 (achieved as n — 0 by leaving the extremal states with a vanishing
chance).”

Now specialize to a binary signal (¢ = 0), and recall from Proposition 2 in
the paper that an equilibrium is characterized by thresholds ¢, < ¢, such that
a self transitions to 1 if his posterior is below ¢;, to state 3 if his posterior is
above ¢,, and to state 2 for posteriors in between.

STEP E.2—Indifference Thresholds: d, =1 = ¢, < £, and (1) /4, < é(h) /L.
PROOF: By equation (5) in the paper, the payoff differential Af, satisfies
BT (n+ A =mui(o3,+05,) + (1= mujoys) 45,
=1- 77):“«10(0'5,1 - Ué,l)Ag,l'

With no equivalent states, Lemma 1(a) demands Af, > 0 and A¥, > 0, requir-
ing o}, > o} | by (E.7). Then taking ratios in (E.7) and recalling £, = A% /A%,
and ¢, = A}, /AY, yields

77+(1_ U)(l—q)(aé,l+(T§,2)+(1—77)q02h,31 _ 1—q1

E8) 2, sl _1-g1
TI+(1—TI)C](0'3,1+(T3,2)+(1—7})(1—61)02,3& q ¢

The RHS of (E.7) is £(1)/ ¢, and the LHS is strictly above £([)/£, and strictly
below &(h)/¢,; this immediately yields the desired result. O.E.D.

7Of course, ignoring intermediate signals is not optimal for larger n. This is easily seen from
(n+(1—mpih
(n+(1—mpk)
&(m). This relates to the condition in footnote 11 in the paper for information to matter, and
holds for smaller values of 1 the closer are &(m) and &£(h).

(E.5), which is minimized by setting o, 4 o7; equal to 1 (instead of zero) whenever
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Step E.2 has the following immediate implications: (i) State 2 cannot be
sticky in both directions, for if a state-2 self is indifferent about moving
down, £(2)&é(1)/¢, = 1, then he strictly prefers moving up after an A-signal,
as £(2)é(h) /¢, > 1; thus, 0'5,1 €(0,1) = 0-23 = 1. And (ii) if a state-1 self ever
jumps to state 3 after an A-signal, so £(1, &) /€, > 1, then he never stays in state
1,as¢(1,h) /0, > 1 (indicating a strict preference for state 2 over state 1); thus,
ofy>0=0f,+0o/;=1.

STEP E.3: No jumps if d, € {0, 1}.

PROOF: In an equilibrium with of; > 0, a state-1 self who observes an h-
signal must weakly prefer memory state 3 to 2, while a state-3 self who observes
an /-signal must weakly prefer state 2 to 3 (since we have ruled out absorbing
states). Thus, the following inequality must hold:

H H
(E.9) Li—m ny >0, > 63, 1)—57.

fil Iy

I will now derive a contradiction. By Step E.2 implication (ii), o'y > 0 = o, +
ol'y = 1. Then by (E.3), adding /(1 — n)u{ to both sides and taking ratios,

E: 1—qf1H+f2H‘721,1+f3HU31,1
ft q f1L+f2LO'é,1+f3L0'§,1

(E.10)

Now note first that o5, < o}, at equilibrium, for if o3, > 0 is optimal, so

€(3,1)/¢, < 1; then £(2,1)/¢, is strictly below 1 and so o} | must equal 1. But

then by the ordering of the states and the identity 23 f! =1, the RHS ex-
pression in (E.10) is strictly below 1 whenever o7 | <1, Wthh was established
just below (E.7) for any equilibrium with d, = 1. Thus, d, =1 = £(1, h) < 1.
By a symmetric argument, £(3, /) > 1, with strict inequality in any equ111br1u1n
with d, = 0. Thus d, € {0, 1} = £(1, h) < €(3, 1), contradicting (E.9).® Q.E.D.

STEP E.4: The optimal memory protocol is asymmetric, with d, € {0, 1}.

8If d, = 1, then there is a symmetric team equilibrium with o', = ¢4 | = 1, but it is Pareto-
dominated by the symmetric equilibrium with no jumps described in Step E.4. This is easily seen
by noting that if the strategies were perturbed, say to (rf”z =¢ and aﬁ 5 =1— &, we would have
£(1, h) < £(3, 1), indicating that the jumps between states 1 and 3 are strictly suboptimal ((E.9) is
violated). But then for any ¢ > 0, it is a profitable dev1ation to increase ¢ further, and decrease
the chance (1 — ¢) of jumps. This equilibrium with o'y = o7 | = 1 also fails Marple and Shoham’s
(2012) “distributed perfect equilibrium” concept, which essentially requires that strategies be
robust to trembles.
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PROOF—Sketch: In the next two subsections, I will finish characterizing the

optimal protocol when d, = 1, establishing that o} | = 07, =1 and a-f’2 <o,

I then find the best symmetric equilibrium, with action rule d= (0, 1 55 1), ob-
taining the closed-form expressions for the best symmetric transition rule o,

! ~h _ -~ _
0y, =0y,=1, 0/y=0;,=0, and

~h -~/ _77+ V”’I(z 77

O1,=03,= 1

To see that (o, dA) is Pareto-dominated for n € (0, 1), note that it necessarily
leaves the DM indifferent between actions in the middle memory state, with
i = f£. Thus, he would earn exactly the same payoff if he again followed
a, but switched to the action rule d = (0, 1, 1). But we have just established
that the optimal transition rule o when d, = 1 is necessarily asymmetric, with
(r{iz < cr3’,2, and so (o, d) must earn a strictly higher payoff than (o, d). The
intuition is that it is not optimal to waste memory resources on a completely
uninformed state. If the DM knows that he will choose the high action in the
middle state, then it is payoff-improving to reduce the chance of ending up
there in the low state of the world, while increasing the relative chance of end-
ing up there in the high state of the world. Since he is most often in state 1
(or 3) in the low (or high) state of the world, this is accomplished by reducing
o}, and increasing o3 ,."° Of course, the rule (7, d) is asymptotically efficient:
part (d) of Proposition 4 guarantees that the chance of making a decision in
an interior memory state i vanishes as n — 0, and so the limit payoff does not
depend on d;.

E.1. Completing the Example if d, = 1

It remains to prove that the optimal transition rule o satisfies 03, = 033 =1

h !
and oy, < 03 ,.

STEPE.S: 0§, €(0,1) = of,=1and 0),€ (0,1) = o}, =1.

PROOF: 1 will prove the first assertion; the second follows by a symmetric
argument. Consider an equilibrium with ail € (0, 1), if such an equilibrium

9Note that these transitions out of the extremal states are strictly increasing in n, but below
1Vn < 1; thus, stickiness optimally persists.

The rule (&, d) also does not correspond to a team equilibrium: each state-1 self knows that
the action will change for sure if he “passes the baton” to state 2 and so he is more reluctant to
do so (of, must fall), while each state-3 self more readily passes the baton down, knowing that
the action will not change.
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exists. Optimality of (ré,l € (0, 1) demands that a state-2 self be indifferent be-

tween states 1 and 2 after observing an [-signal, so £(2,1)/¢, = 1. But then by
Step E.2,

(E11) €2, h)/6=E2)éh) /6 > L2)éD) /6 =2, /b =1,

while taking ratios in (E.5), using the Step E.3 result that o', = o} | =0, yields

g ff m+d-mqo!
(B12) e, h)=—p——> " - 1_121
fi q fi n+( m)( Q0o ,
_Bw
szlef

But £(2, h) /€, > 1 (from (E.11)) implies that a state-2 self strictly prefers state
3 to 2 after observing an A-signal, and so at equilibrium, he moves with proba-
bility o7y = 1. Similarly, £(1, h) /€1 > 1 (from (E.12)) implies that a state-1 self
strictly prefers state 2 to 1 after observing an A-signal, and so at equilibrium,
he moves with probability o, = 1. Q.E.D.

=002,1)=1,.

STEP E.6: 0}, =1.

PROOF: By (E.8) and (E.11), using the Step E.2 result that ¢} ; =0,

e, h)/z(z h) 41— -qas,+ (1 —-n)qo),
T+ A —mgal,+ - - o],

Lt d-md- 9oy,

n+ (1 —mqo!,

(E.13)

If there is an optimal protocol with o35 € (0,1), then o}, =1 by Step E.5,
implying that the RHS expression in (E.13) is strictly below 1. Also, in an equi-
librium with 0-13 € (0,1), a state-2 self must be indifferent about moving up
after an h-signal, so £(2, h)/€, = 1. Thus £(1, h) /€, < £(2, h) /€, = 1, indicat-
ing that the state-1 self strictly prefers to remain in state 1 after an A-signal,
which is a contradiction, since absorbing states are not optimal. Q.E.D.

STEP E.7: Calculating £(3,1)/, and £(1, h) /.

By footnote 10 in the paper, using the Step E.3 result that there are no
transitions between states 1 and 3, the terminal distribution f? satisfies f =
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] 3 [’} 6 __ 7] 6 6 __ ] 7] 6 __ ] 6 11
!/ ijl Vi's where y/ = W3,0; 1, V) = 0] ,03,, and yj = W] ,0; ;. Next, com-

paring (5) from the paper in states 1 and 2 yields the following expression for
payoff gap A} |, using oy =1 (just shown) and o} ; = o', =0:
(n+ A =moyuf + (1 —mot,up)dy = na’ + (1 - muyas,.

Substituting (E.7) into this expression and solving for A7, and A{, yields

,(n+ (1 =m)ag ] + (A —n)uy)
3
2
Jj=1
9(1 - "7)0'5,1/-‘*;9
—
2
j=1

Setting I' = 25:1 yr/ ijl y}’, we then obtain

and

Ag,1 =nm

430,2 =mnm

e,y g A

(E.14) T =y Tgat
n+(1-naoy,(1-q)
T atrd-molg
ntd —mas,(1—¢q)+(1— 4
n+(1=n)al,q+1—n)1-q)
(E.15) Z(%’l)zgl‘qifzpz n+(1—nh)<ff’,zq 1=
6 a4y, n+(1-ma,(1-q) ¢
where

(B16) T'=((n+=mofy(l—q)+(1-m0iq)
x(n+A—-mA—-q) +(1—n)oi,q) — (1 —n)q - q)cré,l)
/((n+A=malog+1-md-gadl)

x (n+A=mg+ 1 —-mas,(1-9q)—1-m’qld - q)cré,l).

"For example, note that there are in principle three 1-trees: 3 — 2 — 1, 2 — 3 — 1, and
2,3 — 1. This yields y{ = 0§, 0}, + 0§ 0%, + 0} of, but the last two terms equal zero given
0
w3, =0.
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STEPES8: o], <1=03},.

PROOF: First, I show that o7, € (0,1) = o7, € (0, 1): The equilibrium con-
dition for aﬁ’z € (0,1) is €(3,1)/¢, = 1, which, by (E.15), can only hold if
I' > 1; but by (E.16), this requires o7, < 1, as o/, =1 =T <1 (equality iff
0y =035, =1).

Now, to prove that o, < 1= 0}, we have just shown that if o{', = 1, then
o} , must also equal 1. But in such an equilibrium, the RHS expression in (E.14)
is strictly below I'?, while (E.16) yields I <1 at o}, = o} , = 1 (with equality
iff o, = 1). Thus, if o', = 1, then (E.14) yields ¢(1, h)/¢, < 1, a violation of
the eduilibrium condition in state 1: a state-1 self strictly prefers to stay in state
1 after an h-signal. We therefore conclude that there is no equilibrium with
of', =1; thus, of, € (0, 1), which implies o7 ; = 1 by Step E.5. Q.E.D.

STEP E.9: Optimal transition chances o', < o3 ,.

It is now immediate that o}, > o, at equilibrium: For if 0}, < of, < 1is
optimal, then the RHS expression in (E.14) must equal 1; this is only possible
if I' > 1, which, by (E.16) evaluated at o} ; = 1, demands o7, > o',—a contra-
diction.

It remains to choose of, € (0,1) and o}, such that the RHS expres-
sion in (E.14) equals 1, and the RHS expression in (E.15) is at most 1,
with equality if o3, € (0, 1). For large n (specifically, n satisfying y(1 — )/
(1 —m) < ny/y+n), the optimal protocol has o3, =1 and of, = (—n +
(1 —=vy)/n+7v)/(1 —n — ). For small n (whenever this inequality does not
hold), the transition from state 3 to 2 is also mixed: a closed-form solution is
n/y+a} (-0l )
(o} 2 /n—(1—0} )2
(this equates the RHS expressions in (E.14) and (£.15)) and then choosing

03, € (0, 1) to set the RHS of (E.15) equal to 1.

not possible, but o} , may be found numerically by setting o', =

E.2. Completing the Example if d, = 1

We have already shown that jumps are not optimal, and so it remains to
calculate the optimal transition chances o3, = o, and o} | = 07, to maxi-
mize

1/1 1/1 1 1
©17) 5 (584 8) = 3 (G5 ) o 314 1=
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With d, = %, the expression for £(1, 1) /¢, from (E.14) changes to the expres-
sion (using symmetry to set o3 , = o', and I' = 1)

_ _ h
(E.18) E(l_,h)=<n+(1 n)(1 q)cru)

n+1-nqo],
5 (n + 1A= —-qof,+2(1— n)q)
n+ 1 —mgol,+20—-nd—¢q)/)

1

The first ratio is £(1, 4) and the second is 1/¢;: Noting that 1 /4, is strictly
below £(h), we immediately have £(2,1)/¢, = £yé(1)/€; < 1 (recalling that
€(2) = ff'/f} =1 in a symmetric equilibrium), and so o3 ; must equal 1; sym-
metrically, o7 ; = 1.

To calculate the optimal transitions into the middle state, we need to choose
o', such that either ¢(1,h)/¢; =1 and of, € (0,1), or £(1,h)/¢; > 1 and
of, = 1. In (E.18), the numerator exceeds the denominator by (1 — 7) x
(2 — 1) (2n(1 — at,) — (1 — n)(o],)?). This difference is strictly negative at
of', =1, and so £(1, h) < £, while the difference is strictly positive at o', =0,
and so £(1, k) > £,. Both contradict optimality. Any equilibrium therefore re-
quires mixing. In fact, by choosing O'ﬁz =(—=m+/n2-1))/1—n), we get
£(1, h) = £,. The condition for the transition from 3 to 2 is symmetric.

Finally, let us consider the equilibrium payoff. Substituting the optimal tran-
sition chances into (E.17) and simplifying with \/p* = (1 — q)*/¢* yields the
payoff

1 (1—mA—/p")
21+ Jp +2JnC2 =) (1 —q)/q

The limit as n — 0 is %(1 — ")/ + /p*), that is, the bound at 8 =1 in
Proposition 3 of the paper.
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