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APPENDIX
THIS SUPPLEMENT PROVIDES proofs of Theorem 3.1 and Lemma 4.1.
PROOF OF THEOREM 3.1: To show (5) it is sufficient to prove the derivative

formula (A.1) for V,, the partial derivative with respect to the first element
of x, that is,

(A1) V1/M(x, w)ly (x)du(u)

=/V1M(x, wly(x)du(u) — H(x)V,Gy(x) — L(x)V,GL(x).

The left-hand side of (A.1) is written as
1813(1][/ M(x + eey, u)ly(x + gey) du(u)
—/M(x,u)IM(x)d,u(u):|/s
= 181_1)1[1) [M(x+ eey,u) —M(x, u)lly(x + ee))du(u)/e

+lig(1J/M(x, Wy (x + eey) — Iy (x)]du(u)/e
=T+1,

where e, =+£(1,0,...,0). Assumptions 2, 4, and 5 imply lim, ¢ I, (x + ce;) =
I,;(x) a.s. Thus, Assumption 4 and the Lebesgue dominated convergence the-
orem imply that 7} = fVlM(x, )l (x)dp(u). We now consider 7,. By the
definition of I;; and Assumption 2,

I(x 4+ gey) — Iy (x)
= [I{L(x + ce;) < M (x + se;, U)}
+I{M(x + ce;, U) < H(x + &e,)}]
—[IH{L(x) < M(x, )} +I{M(x,U) < H(x)}]
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a.s. for all ¢ sufficiently close to zero. So, 75 can be written as
T, = lin(l)/M(x, w)[I{L(x + ge;) < M (x + sey, u)}
— H{L(x) < M(x,w)}]dp(u)/e
+ l‘irré/M(x, w)[I{M (x + ge;, u) < H(x + e;)}
—I{M (x,u) < H(x)}] dpu(u)/e.
Since I{L(x + ce;) < M(x + eej,u)} =1 —I{M(x + ge;,u) < L(x + ce;)}
for all e sufficiently close to zero, the following lemma completes the proof.

Q.E.D.

LEMMA A.1: Under Assumptions 1-5,
(A2) limO/M(x, u)[I{M()H—ael,u) < H(x + €ey)}

—I{M (x,u) < H(x)}| du(u)/e
= —H(X)leH(X).
PROOF: It is sufficient to show that both an upper bound and a lower bound

of the left-hand side of (A.2) converge to the right-hand side as ¢ — 0. The
left-hand side of (A.2) equals

(A.3) £LmO/M(x, W I{M(x + eey, u) < H(x + €e,)}
x I{M (x,u) > H(x)}du(u)/e,
—lim [ M(x, i) [{M (x + eer, u) > H(x + cey)}
x I{M (x,u) < H(x)}du(u)/e.

Since the argument is analogous, we only show the result for an upper bound.

For any small ¢ > 0 that satisfies the neighborhood condition in Assump-
tion 4, by the mean value theorem there exists 0 < & < & such that M(x +
e, Uy=M(x,U)+ VM (x + ge;, U)e a.s. Thus, by Assumption 4,

M(x+¢ee,,U)y<M(x,U)+ sup VM (x + e, U)e

O<é<e

<Mx,U)+ sup VM(',U)e

x’eN(x,¢)

=M, U)+BU)e
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a.s., where N (x, ¢) is a neighborhood around x with radius &. Analogously by
replacing the supremum with the infimum, we can show that M (x + ge;, U) >
M(x,U)— B(U)e¢ a.s.

By these inequalities, (A.3) can be bounded from above by

lim [ H(x+ ee)[{M (x + eer, u) < H(x + cey)}
x I{M (x,u) > H(x)}du(u)/e
+£i£r3/B(u)I{M(x+eel,u) < H(x + ce)}
x I{M (x,u) > H(x)}du(u)
_£Lmo H(x+ ge)I{M(x + eey, u) > H(x + gey))
x I{M (x,u) < H(x)}dp(u)/e
+18ng B(u)I{M(x + eey,u) > H(x + ce;)}
x I{M (x, u) < H(x)}du(u).

By Assumptions 2, 4, and 5, the Lebesgue dominated convergence theorem
implies that the second term and the fourth term converge to zero. The first
term and the third term can be rewritten as

lir%H(x + cey) f[I{M(x +ee, u) < H(x + ep))

—I{M(x,u) < H(x)}]dp(u)/e,

which is the right-hand side of (A.2) under Assumptions 2 and 3. The conclu-
sion is obtained. Q.E.D.

PROOF OF LEMMA 4.1: The basic idea of the proof is as follows. First, inde-
pendently from x, we pick any strictly increasing distribution functions F; and
F, with continuous densities f; and f, such that

(A4)  sup|H(x) — L(x)|{F; ' (pu) — F ' (pL)) max fi(a;)

ajelF; ! (pr).Fy ! (p)]
< 28(p2 - P1)

for j =1, 2, where pi, p», pr, and py satisfy Assumption 3’ and ¢ satisfies As-
sumption 2'. Since sup, |H (x) — L(x)| is bounded by a constant from Assump-
tion 3, it is possible to choose such F; and F,. We set the joint density of U
as fp (g, iy) = f1(t1y) f>(i1). Second, we pick any point x. Third, for the given
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x, we show the existence of (M;(x), M 1(x), Mz(x)) satlsfymg the equivalence
V(x) = EIM(X,U)|X = x,[y(X) =11 = EIM(X, U)|X = x, [y (X) = 1].
Fourth, observe that we can apply this argument for any x w1th the same F;
and F, above to show the equivalence on ¥(x) for all x (note: F; and F,
do not depend on x by definition). Finally, showing that M (x, @) is differ-
entiable in x (for almost every i) implies E[VM (X, U)|X =x, [y (X)=1]=
E[VM (X, U)|X = x, I,;(X) = 1]. Hereafter, we show the third and final steps.

The third step. For glven x, we want to find (My(x), Ml(x) Mz(x)) such that
M(x, i) = Mo(x) + Ml(x)ul + My(x)ity, Gp(x) = Pr{M(X U) <L(X)|X =
x}, Gy(x) =Pr{M(X,U) > H(X)|X =x},and ¥(x) = E[M(X, U)|IM(X) =
1, X = x]. For notational convenience, we hereafter drop the arguments x

from functions and suppress the tilde, denoting (My(x), M,(x), Ms(x)) as
(M(], Ml, Mz) and (l:lh 112) as (l/ll, uz). Note that

(A.S) GL Z/ fl(ul)Fz(%> dl/ll
—00 2

Z/ fz(uz)F1(—L_MO_M2u2)duz,
—00 1

M
o H—-M,—Mu
(A.6) 1—GH:/ fl(ul)Fz(+> du,
—00 2
o0 H—-M,— M,u
Z‘/‘oofz(uz)f‘l(#) dus,,
(A7) WGy =MGy
+M1f uy fi(uy)
% [FZ(H—MO—Mll/ll) _F2<L—M0—M1u1>:|dul
Mz M2
+M2/ us f>(uz)

H—-M,—M L—-—M,—M
[ (o) (LMot ],
1 1

Reparameterize so that A = M;/M,. By holding A constant, we can find M;(X)
and M;(X) that solve (A.5) and (A.6) with respect to M, and M,, respec-
tively. Let [, and 4, denote the solutions to G, = f:’; filu)F>(ly — Auy) duy
and 1 — Gy = f°° fi(uy)Fy(hy — Aup) duy, respectively. Then by the deﬁni-

tions, M;(A) and M;(A) are written as M{(A) = hALrZIiH and M;(A) =

h/\ IA
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By substituting these solutions, the right-hand side of the expression for ¥ G,
above can be regarded as a function of A (denote the function by m(A)). Thus,
for the conclusion, it is sufficient to check the existence of A* > 0 that solves
VG = m(A). Note that m()) is continuous in A because of the continuity of
F; and F,. Thus, by the intermediate value theorem and Assumption 2/, the
existence of A* can be verified by showing

(A.8) &in(l)m(/\) <(L+¢&)Gy, Alim m(\) > (H — )Gy

for some ¢ > 0 satisfying Assumption 2'.

We now show the first statement of (A.8). Note that 4, — hy and [, — [,
as A — 0, where hy and [, solve F,(hy) =1 — Gy and F,(ly) = G, respec-
tively, and that m(A) — LGy, + Z):ILU fl:‘)(u —1y)f>(u) du as A — 0. Since G, >
P2 — p1 by Assumption 3, the requirement (A.4) on F, implies the first state-
ment of (A.8). Similarly, since m(A) — HGy — % fli‘”(hoo —u)fi(u)du as
A — oo (where h., and [, solve Fi(hy) =1 — Gy and F(l,,) = G, respec-
tively), the requirement (A.4) on F; implies the second statement of (A.8).
This completes the proof of the third step.

The final step. Since (My(x), M;(x), My(x)) satisfies (A5)-(A.7) for all
x and Assumptions 2'—4’ guarantee the differentiability of (Mo(x),Ml(x),
M,(x)), it follows that M(x, i) is differentiable in x for almost every i.

Q.E.D.
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