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Al. MODEL: ORGANIZATIONAL FORGETTING

BELOW WE SHOW that the expected stock of know-how in the absence of fur-
ther learning is a decreasing convex function of time provided that A(e,) is
increasing in e,,.

Omitting firm subscripts to simplify the notation, let ¢(#) = E(e,|e;) be the
expected stock of know-how in period ¢ assuming that the initial stock of know-
how is e, and that there is no further learning.

PROPOSITION Al: If A(e,) is constant in e,, then ¢(t) is a decreasing linear
function of t. If A(e,) is increasing in e;, then ¢(t) is a decreasing convex function

of t.

PROOF: In the absence of further learning, g, = 0 and the evolution of the
stock of know-how is governed by the law of motion

e =e — [
Taking expectations (conditional on e,) gives us
E(e;ile) = e, — E(file)) = e, — A(e,).

Since for any two random variables X and Y, Ey(Ex(X|Y)) = Ex(X), we can
take expectations (conditional on e,) on both sides of the above equation to
obtain

E(e.1leg) = E(elleg) — E(A(e,)lep).
This implies

e(1)=ey— A(e),
e(t+1)—@(t)=—E(A(e)]ey), t=1.

Since —E(A(e,)|ey) < 0, ¢(¢) is a decreasing function of ¢. Let Ap(¢) = ¢(¢t) —
¢(t — 1) be its slope, so that

Ap(t+1) — Ap(t) = E(A(e,—1)ley) — E(A(e)eo).
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If A(e;) is constant in e,, then Ap(t+ 1) — Ap(¢) =0, and ¢(#) is a linear func-
tion of ¢. If, by contrast, A(e,) is increasing in e,, then Ap(t + 1) — Ap(¢) >0
because the distribution of e, ; stochastically dominates the distribution of
e, in the absence of further learning. Thus, ¢(¢) is a convex function of ¢.

O.E.D.

A2. MODEL: PARAMETERIZATION

Below we show how to map the empirical estimates of rates of depreciation
into in our specification.
Empirical work on organizational forgetting employs a capital-stock model.
This model is defined by the deterministic law of motion
e;, = (1 - g)en + Yns

where ¢ is the rate of depreciation and y, is the flow of orders. If the flow of
orders is equal to a constant y, the steady-state stock of know-how is

Yy

3
Recall our stochastic law of motion:
€, =ey+qu— fu
Taking expectations yields
E(e,le,) = e, +v—Alen),

where y = Pr(g, = 1) is the probability that the firm makes a sale and A(e,) =
Pr(f, =1) =1 — (1 — 6)* is the probability that it loses a unit of know-how
through organizational forgetting. The steady-state stock of know-how is

In(1—1v)
In(1-8)

We now ask what is the value of the forgetting rate é so that the two specifica-
tions generate the same steady-state stock of know-how? The answer is given
by

y In(1—vy)

& In(1-9)
or, equivalently,
§=1—(1—1y)*.

To illustrate, consider Benkard’s (2000) empirical analysis of organizational
forgetting in the production of wide-bodied airframes. There were 250 L-1011
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aircraft produced over a 14 year period. Assuming a smooth flow of orders, this
implies y = 1.5 units per month. Benkard (2000) estimated a rate of depreci-
ation of ¢ = 4 percent per month. This implies that the steady-state stock of
know-how is equal to 3= = 37.50 units. Matching steady states implies that &
falls in the range between 0.0014 and 0.077 as vy ranges between 0.05 and 0.95,
with 6 =0.018 when y =0.5.

A3. COMPUTATION: PAKES AND MCGUIRE (1994) ALGORITHM.

In this section we first relate the Pakes and McGuire (1994) (P-M) algorithm
to our homotopy algorithm. Then we discuss in more detail the extent and
source of the difficulties the P-M algorithm suffers.

A3.1. Relationship of Jacobians
To relate the P-M algorithm to our homotopy algorithm, recall that x =
Ve, pH).

PROPOSITION A2: Let (x(s), 8(s)) € F~'(p) be a parametric path of equilibria.
We have

IG(x(s)) _ IF(x(s); 6(s), p) ol
Jx Jx

b

(8(s),p)

where 1 denotes the (2M? x 2M?) identity matrix.

HoMOTOPY ALGORITHM: Before proving the proposition, we provide some
notation. Recall that the homotopy algorithm searches for a zero of F(-), the
collection of equations (6) in the main paper that defines an equilibrium. Fur-
ther recall that the maximand in the Bellman equation (1) is

h(e, pu, P-n(€), V) = Dy(pu, p-n(€))(py — c(e€n))

2
+BY_ Di(pu, p-n(€))V ui(e).

k=1

It is convenient to reformulate F!(x; 8, p) and F(x;d, p) in equations (4)
and (5) as

Fl(x;8,p) = —V*(e) + (e, p*(e), p*(e”), V"),

(7h , * , * ( al2] ,V* 1
FX(x;8,p) = e, p (e;pf) () )/;Dl(P*(e),P*(em))

- ql (ea p*(e)7 p*(e[21)7 V*)a
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where

(Al)  gqu(e, pu, pu(e),V,)
=0 — (1= Du(pn, p-n(€)))(pn — c(e4)) — BV u(e)

2
+ B Di(pu> p-n(€))V uile).

k=1

P-M ALGORITHM: Recall that the P-M algorithm searches for a fixed point
x = (V*, p*) of G(-), the collection of equations (16) in the main paper that
maps old guesses for the value and policy functions of firm 1 into new guesses.
Again it is convenient to reformulate G?(x) and Gl(x) in equations (14)
and (15) as

G.(x) =argmax /e, p;, p*(e?), V¥
P1

dhy(e, p1, p*(e?), V*
_ pl‘ 1(e, p1, p*(e) )=O
ap1

= {p1|€1(e, p15 p*(e[Z])5V*) =0}5
G.(x) =maxh(e, pi, p*(e™), V*) = hy (e, G2(x), p*(e'), V*),
P1

where, recall, G2(x) is uniquely determined because /() is strictly quasicon-
cave in py.

PROOF OF PROPOSITION A2: Let (x(s), 8(s)) € F'(p) be a parametric path
of equilibria. In what follows, we suppress the dependence of (x(s), 6(s)) on s
to simplify the notation. Then

(A2) Fel(x; 5,p)=0,
(A3) Fez(x; 5,p)=0

because the equilibrium is a zero of F(-) and also

(A4) V*(e) = GL(x),
(AS)  p(e)=Gix)

because the equilibrium is a fixed point of G(-). From here on we assume that
G(-) and its derivatives are evaluated at é and p.
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Letting x; denote the ith element of x, we have to show that

G (x) JF}(x;8,p)

+1(x;=V*(e)), i=1,...,2M?,

&x,- &x,-
dG? IF?(x; 8,
X _IFX0P) = pre)), im1,....2M>
&xi &x,-
for all states e € {1, ..., M}*> with 1(-) being the indicator function.

Case (i) Consider first F!(x; 8, p) and Gl(x) for an arbitrary state e €
{1, ..., M}*. In what follows, we repeatedly use the fact that equation (A3)
implies
ghl(es p*(e)a p*(e[Z])a V*)

(9p1

Firm’s Price: If e; # e,, then we have

=0.

(A0)

IF{(x;8,p)  dhi(e, p*(e), p*(e?), V)
ap(e) op1 B

because of equation (A6) and

0

IGIN) _ (e, Gx), p(e®), V) 0G0 _
ap*(e) ap apr(e)

because of equations (AS5) and (A6).
Both Prices: If e, = e, then p*(e) = p*(e?') and we have

IF, (x;8,p)  dhi(e, p*(e), p*(e”), V")
apr(e) Ip:
L dhi(e, p*(e), p*(e?), V")
Ip2
_ Jdhi(e, p*(e), p*(e?), V*)
= 0,

because of equation (A6) and

IG(x) _ dhi(e, Gi(x), p*(e?), V*) 9G{(x)

dp(e) ap, ap*(e)
N dhi(e, GX(x), p*(e™), V*)
(7p2

_ dhy(e, p*(e), p*(e?), V)
- o,
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because of equations (A5) and (A6).
Other: If x; # p*(e), then we have

ﬁhl(ey p*(e)7 p*(e[2])7 V*)

=—1(x;=V"(e)) + ax,

2

IF}(x; 8, p)
(9)(7,‘
where —1(x; = V"*(e)) is the derivative of —1"*(e) with respect to x; and
G (x) _ dhi(e, G:(x), p*(e?), V*) dG(x)
ﬁxi o (9p1 ﬁx,-
dhi (e, Gi(x), p*(e?), V*)
+
ox;

_ (?hl(e7 p*(e)7 p*(em])’ V*)
o &x,«

because of equations (A5) and (A6).

Case (i) Next consider F2(x; 8, p) and G2?(x) for an arbitrary state e €
{1, ..., M}*. In what follows, we repeatedly use the fact that equation (A3)
implies
(A7) dq.(e, p*(e), p*(e?), V") 14 dhi(e, p*(e), p*(e®), V")

ﬁpl (9p1

=-—1.

Firm’s Price: If e, # e,, then we have

IF;(x:8,p) _ dqi(e, p*(e), p*(e), V") _

= -1
dp*(e) Ip1

because of equation (A7) and
G2
X _)
dp*(e)

because the construction of G2(x) does not depend on p*(e).
Both Prices: If e, = e, then p*(e) = p*(e”) and we have

IF;(x; 8,p) _ dqi(e, p*(e), p*(e?!), V)
dp*(e) op1
dqi(e, p*(e), p*(e), V*)
+
op2
n dqi (e, p*(e), p*(e?), V*)
0')p2

=1
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because of equation (A7) and
IGo(x) _ dqi(e, G;(x), p*(e?), V*)/dp;
ap*(e) — dqi(e, G2(x), p*(e?), V*)/dp

— (7611(9, p*(e)7 p*(e[21)9V*)
ﬁpz

because the construction of G2(x) does not depend on p*(e), the implicit func-
tion theorem, and equations (AS5) and (A7).
Other: If x; # p*(e), then we have

ﬂFeZ(X; 8’ P) _ é’ql(ea p*(e)7 p*(e[2])7V*)
o"x,- N axi

and

IGE(x) __9q:(e, Gi(x), p*(e),V*)/dx;

ox;  dqi(e, GX(x), p*(e®), V) /ap,
_ ﬁql(ea p*(e)7 p*(e[21)9V*)
B (9)(:['

because of the implicit function theorem and equations (AS5) and (A7).
Q.E.D.

A3.2. Extent of Difficulties

Next we illustrate the equilibria of our model that the P-M algorithm
cannot compute. Figure Al summarizes Propositions 1 and 2 by marking
equilibria with (%%, ) > 1 using a dotted line and equilibria with
O(ZE |5 ») < 1 using a solid line. The former are unstable under the
P-M algorithm. Note that the P-M algorithm cannot compute any equilibrium
on the backward bending part of the path and that it cannot compute some

equilibria on the forward bending part.

A3.3. Source of Difficulties

Finally we explore the source of the difficulties of the P-M algorithm. We
show that, holding fixed the value of continued play, the best reply dynamics
are contractive and therefore converge to a unique fixed point irrespective of
the initial guess. In addition, we show that the value function iteration also is
contractive holding fixed the policy function.
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FIGURE Al.—Limiting expected Herfindahl index H* for equilibria with (2% |5y <1

(solid line) and equilibria with o(

IG(x(s))

ls(s),p9) = 1 (dotted line).
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Best Reply Dynamics
Defining
G(zl,l)(va p)
GZ(p V) — G(Zz,l)(v’ p)
Goun (Vs p)

we write the P-M algorithm with the value function held fixed as
Pl =G*p~v), k=0,1,2,....

The following proposition establishes that G? is a contraction. This implies
that the best reply dynamics converge to a unique fixed point irrespective of
the initial guess.

PROPOSITION A3: Holding fixed Ve [V, VI, where —o0o <V <V < 00, G
Is a contraction.

PROOF: Recall that GZ(V, p) is the solution to the equation

(A8) qi(e, p1, p(e”'), V) =0,

where ¢,(-) is defined in equation (Al). To avoid having to deal with corner
solutions, pick —co < p < p < oo large enough so that G2 maps [p, p]™° into
itself. Note that [p, p1M ? is convex and that G? is continuously differentiable.
Moreover, since G2(V, p) is the solution to equation (A8), it is straightforward
to show, using the implicit function theorem, that the entries of the Jacobian

2(n-
”G;—l‘]"V) are generated by

IG2(V, p)
dp(e)
— DZ(Gz(Va p)a p(e[Z]))

o

(A9)

x (Dl(Gﬁ(V7 P), p(e?))(GL(V, p) — c(e))

2
— BVa(e) + B ) Di(GV, p), p(em))ﬂ(w).

k=1
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It is helpful to rewrite equation (A9): Since G2(V, p) is the solution to equa-
tion (A8), we have
GL(V.p) —c(e)
_ 1
1= Dy(GX(V,p), p(e?))

2
x (o —BVi(e) + B Y Di(GA(V, p), p(el”))Vk(e)).

k=1
Substituting into equation (A9) and simplifying yields

IGLV,p) . .o
e = D, (G2(V,p), p(e™)) € [Di(p, p), D:(p, p)1 € (0, 1).

The rest of the proof is a minor modification of the proof of Proposition 1.10 in
Section 3.1 of Bertsekas and Tsitsiklis (1997). (In their notation, set m = 1 and
g()=G*(1p" + (1 — Hp; V) to show that [G*(p"; V) — G*(p: V)| = llg(1) —
8(0)llx < allp’ — plle with a=D:(p, p) < 1) Q.E.D.
Value Function Iteration
Defining
G, (V,p)

G'(V:p) = GanV.P)

G%M,M) (Va p)
we write the P-M algorithm with the policy function held fixed as
Vi =GI(VEp), k=0,1,2,....

The following proposition establishes that G' is a contraction, so that the
value function iteration converges.

PROPOSITION A4: Holding fixed p € [p, p1™°, where —o00 < p < p < 00, G!
is a contraction.

PROOF: Recall that

G.(V,p) =maxhy(e, p;, p(e?), V).
P1
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Pick —oo < VV <V < oo large enough so that G' maps [/, V'1"” into itself.! The
proof is completed by applying Blackwell’s sufficient conditions (monotonicity
and discounting; see, e.g., p. 54 of Stokey and Lucas (1989)) to show that G' is

a contraction. Q.E.D.

A4. EQUILIBRIUM CORRESPONDENCE

The value functions in Figure A2 correspond to the policy functions in Fig-
ure 4. The smooth value functions in the upper panels are typical for flat equi-
libria. While its value function is increasing in a firm’s state, it is not decreasing
by too much in its rival’s state. Turning to the trenchy and extra-trenchy equi-

Flat Egbm. without Well (p=0.85, 6=0) Flat Egbm. with Well (p=0.85, 6=0.0275)
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FIGURE A2.—Value function V*(ey, e5).

IFor example, if V and V solve V = Minp, ¢35, p1, pretp,p) P1(P1, P2)(p1 — c(M)) + BV and V =
maxple[[),f)],pze[ﬁ,ﬁ]Dl(pla p2)(pi—c(1))+ BV, thenV < Gl(V, p)<V.
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libria, the value functions in the lower panels are much less smooth. Both the
leader and the follower experience a rise in value as the industry moves from
a state on the diagonal of the state space with extremely intense price compe-
tition to an asymmetric state. In other words, the diagonal trench in the policy
function is mirrored by a diagonal trench in the value function. Further, in an
extra-trenchy equilibrium, the value of being a clear leader is very high, while
the value of being a distant follower is very low.

Tables AI-AVIII give the value and policy functions for our four typical
cases.

AS. INDUSTRY DYNAMICS: INVESTMENT STIFLING

If the forgetting rate & is very large, then organizational forgetting stifles in-
vestment in learning-by-doing altogether. In particular, if 6 exceeds the critical
value &( p) listed in Table AIX, then firms cannot expect to make it down their
learning curves. More formally, we take 6(p) to be the smallest forgetting rate
such that state (1, 1) is the mode of the limiting distribution.

There is clearly a limit to the price-cutting incentives of organizational for-
getting. If 8 > 8(p), then equilibrium prices at the top of the learning curve
are close to prices in the static Nash equilibrium. Even then, however, price
competition at the bottom of the learning curve is extremely intense—as in a
war of attrition—as each firm seeks to force the other to be the first to slide
back up its learning curve.

A6. INDUSTRY DYNAMICS: LEADERSHIP REVERSALS

Figure A3 shows the expected time to a leadership reversal 7. As can
be seen, 7 is largest for intermediate degrees of organizational forgetting.
Moreover, 7 is of substantial magnitude, easily reaching and exceeding 1,000
periods. Comparing Figure A3 to Figure 3 shows that the limiting expected
Herfindahl index H* is also largest for intermediate degrees of organizational
forgetting. Hence, asymmetries are persistent in our model because the ex-
pected time until the leader and the follower switch roles is (perhaps very)
long.

A’7. INDUSTRY DYNAMICS: SIZE OF STATE SPACE

Figure A4 displays the limiting expected Herfindahl index for the cases of
M € {20, 30, 40}. As can be seen, increasing M, while holding fixed &, facili-
tates persistent asymmetries (H> > 0.5). With a larger state space, the indus-
try becomes more likely to remain in the interior of the state space. The result-
ing bidirectional movements break the backward induction logic that underlies
uniqueness of equilibrium for the extreme case of § = 0 (see Proposition 3).
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TABLE Al

€2
e 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 7.79 8.04 8.18 8.27 8.32 8.37 8.40 8.42 8.43 8.45 8.45 8.46 8.46 8.46 8.46
2 7.66 7.80 7.88 7.93 7.97 8.00 8.02 8.04 8.05 8.06 8.06 8.07 8.07 8.07 8.07
3 7.61 7.68 7.73 7.76 7.79 7.81 7.82 7.84 7.84 7.85 7.85 7.86 7.86 7.86 7.86
4 7.58 7.61 7.64 7.66 7.67 7.69 7.70 7.70 7.71 7.71 7.72 7.72 7.72 7.72 7.72
5 7.57 7.57 7.57 7.58 7.59 7.60 7.60 7.61 7.61 7.62 7.62 7.62 7.62 7.62 7.62
6 7.55 7.53 7.53 7.53 7.53 7.53 7.53 7.54 7.54 7.54 7.54 7.54 7.54 7.54 7.54
7 7.54 7.51 7.49 7.49 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48
8 7.53 7.49 7.47 7.45 7.45 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44
9 7.52 7.47 7.45 7.43 7.42 7.41 7.41 7.40 7.40 7.40 7.40 7.40 7.40 7.40 7.40
10 7.52 7.46 7.43 7.41 7.40 7.39 7.38 7.38 7.37 7.37 7.37 7.37 7.37 7.37 7.37
11 7.51 7.45 7.42 7.39 7.38 7.37 7.36 7.35 7.35 7.35 7.35 7.34 7.34 7.34 7.34
12 7.51 7.44 7.41 7.38 7.37 7.35 7.34 7.34 7.33 7.33 7.33 7.33 7.33 7.33 7.33
13 7.50 7.43 7.40 7.37 7.36 7.34 7.33 7.33 7.32 7.32 7.32 7.31 7.31 7.31 7.31
14 7.50 7.43 7.39 7.37 7.35 7.34 7.33 7.32 7.31 7.31 7.31 7.31 7.30 7.30 7.30
15 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
16 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
17 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
18 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
19 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
20 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
21 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
22 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
23 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
24 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
25 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
26 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
27 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
28 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
29 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
30 7.50 7.43 7.39 7.37 7.35 7.33 7.32 7.32 7.31 7.31 7.30 7.30 7.30 7.30 7.30
6 17 18 19 20 21 22 23 24 25 26 27 28 29 30
1 8.46 8.46 8.46 8.46 8.46 8.46 8.46 8.46 8.46 8.46 8.46 8.46 8.46 8.46 8.46
2 8.07 8.07 8.07 8.07 8.07 8.07 8.07 8.07 8.07 8.07 8.07 8.07 8.07 8.07 8.07
3 7.86 7.86 7.86 7.86 7.86 7.86 7.86 7.86 7.86 7.86 7.86 7.86 7.86 7.86 7.86
4 7.72 7.72 7.72 7.72 7.72 7.72 7.72 7.72 7.72 7.72 7.72 7.72 7.72 7.72 7.72
5 7.62 7.62 7.62 7.62 7.62 7.62 7.62 7.62 7.62 7.62 7.62 7.62 7.62 7.62 7.62
6 7.54 7.54 7.54 7.54 7.54 7.54 7.54 7.54 7.54 7.54 7.54 7.54 7.54 7.54 7.54
7 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48 7.48
8 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44 7.44
9 7.40 7.40 7.40 7.40 7.40 7.40 7.40 7.40 7.40 7.40 7.40 7.40 7.40 7.40 7.40
10 7.37 7.37 7.37 7.37 7.37 7.37 7.37 7.37 7.37 7.37 7.37 7.37 7.37 7.37 7.37
11 7.34 7.34 7.34 7.34 7.34 7.34 7.34 7.34 7.34 7.34 7.34 7.34 7.34 7.34 7.34
12 7.33 7.33 7.33 7.33 7.33 7.33 7.33 7.33 7.33 7.33 7.33 7.33 7.33 7.33 7.33
13 7.31 7.31 7.31 7.31 7.31 7.31 7.31 7.31 7.31 7.31 7.31 7.31 7.31 7.31 7.31
14 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
15 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
16 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
17 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
18 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
19 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
20 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
21 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
22 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
23 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
24 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
25 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
26 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
27 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
28 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
29 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30
30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30 7.30




14 BESANKO, DORASZELSKI, KRYUKOV, AND SATTERTHWAITE

TABLE AIl

VALUE FUNCTION V*(ey, e;) FOR FLAT EQUILIBRIUM WITHOUT WELL (p = 0.85, 6 =0)

€2
e1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 9.40  8.81 8.54 837 8206 818 812 808 805 803 802 8.01 8.01 8.01 8.01
2 1324 1236 1193 11.66 1148 1135 11.26 1120 11.15 1112 11.10 11.08 11.07 11.07 11.07
3 1583 1477 1423 1389 13.66 1350 13.38 1329 1323 13.19 13.16 13.14 13.13 13.13 13.13
4 1779 16.61 1599 1560 1533 15.14 15.00 1490 14.82 14.77 1474 1471 1470 1470 14.69
5 1935 18.08 17.41 1698 16.68 16.46 1630 16.19 16.11 16.05 16.01 1598 1597 1596 15.96
6 20.63 1929 1858 18.12 17.79 17.56 1738 17.26 17.17 17.10 17.06 17.03 17.01 17.00 17.00
7 21.68 20.29 1955 19.07 18.72 1847 1829 18.16 18.06 17.99 1794 1791 17.89 17.88 17.88
8 2255 2113 2036 19.86 19.51 19.25 19.05 1891 18.81 18.73 18.68 18.65 18.63 18.62 18.62
9 2327 21.82 21.04 2053 20.16 1989 19.69 19.55 19.44 1936 1931 19.27 1925 19.24 19.24
10 2385 2239 21.60 21.08 20.70 20.43 2023 20.07 1996 19.88 19.83 19.79 19.77 19.76 19.75
11 2432 2284 2205 2152 21.14 20.87 20.66 20.50 20.39 2031 20.25 2021 20.19 20.18 20.17
12 24.69 2320 2240 21.87 2149 21.21 21.00 20.84 20.73 20.64 20.58 20.54 20.52 2051 20.51
13 2495 2346 2266 2212 21.74 2146 2125 21.09 2097 20.89 2083 20.79 20.77 20.76 20.75
14 2512 23.63 2283 2229 2191 21.63 2142 2126 21.14 21.06 21.00 20.96 20.93 2092 20.92
15 2521 2372 2291 2238 2199 21.71 2150 21.34 21.22 21.14 21.08 21.04 21.02 21.00 21.00
16 2521 2372 2291 2238 2199 21.71 2150 21.34 21.22 21.14 21.08 21.04 21.02 21.00 21.00
17 2521 2372 2291 2238 21.99 21.71 2150 21.34 21.22 21.14 21.08 21.04 21.02 21.00 21.00
18 2521 2372 2291 2238 21.99 21.71 2150 21.34 21.22 21.14 21.08 21.04 21.02 21.00 21.00
19 2521 2372 2291 2238 21.99 2171 2150 2134 21.22 21.14 21.08 21.04 21.02 21.00 21.00
20 2521 2372 2291 2238 2199 21.71 2150 21.34 2122 21.14 21.08 21.04 21.02 21.00 21.00
21 2521 23.72 2291 2238 2199 21.71 21.50 2134 21.22 21.14 21.08 21.04 21.02 21.00 21.00
22 2521 2372 2291 2238 2199 21.71 21.50 2134 21.22 21.14 21.08 21.04 21.02 21.00 21.00
23 2521 23.72 2291 2238 2199 21.71 21.50 2134 21.22 21.14 21.08 21.04 21.02 21.00 21.00
24 2521 2372 2291 2238 21.99 21.71 21.50 21.34 21.22 21.14 21.08 21.04 21.02 21.00 21.00
25 2521 2372 2291 2238 2199 21.71 2150 21.34 21.22 21.14 21.08 21.04 21.02 21.00 21.00
26 2521 2372 2291 2238 21.99 21.71 2150 2134 21.22 21.14 21.08 21.04 21.02 21.00 21.00
27 2521 2372 2291 2238 21.99 21.71 2150 21.34 21.22 21.14 21.08 21.04 21.02 21.00 21.00
28 2521 2372 2291 2238 21.99 21.71 2150 2134 21.22 21.14 21.08 21.04 21.02 21.00 21.00
29 2521 2372 2291 2238 21.99 2171 2150 2134 21.22 21.14 21.08 21.04 21.02 21.00 21.00
30 2521 23.72 2291 2238 21.99 21.71 21.50 2134 21.22 21.14 21.08 21.04 21.02 21.00 21.00
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
1 8.01 8.01 8.01 8.01 8.01 8.01 8.01 8.01 8.01 8.01 8.01 8.01 8.01 8.01 8.01
2 11.07 11.07 11.07 11.07 11.07 11.07 11.07 11.07 11.07 11.07 11.07 11.07 11.07 11.07 11.07
3 1313 13.13  13.13 1313 13.13 13.13 13.13 13.13 13.13 13.13 13.13 13.13 13.13 13.13 13.13
4 14.69 14.69 14.69 14.69 14.69 14.69 14.69 14.69 14.69 14.69 14.69 14.69 14.69 14.69 14.69
5 1596 1596 1596 1596 1596 1596 1596 1596 1596 1596 1596 1596 15.96 15.96 15.96
6 17.00 17.00 17.00 17.00 17.00 17.00 17.00 17.00 17.00 17.00 17.00 17.00 17.00 17.00 17.00
7 17.88 17.88 17.88 17.88 17.88 17.88 17.88 17.88 17.88 17.88 17.88 17.88 17.88 17.88 17.88
8 18.62 18.62 18.62 18.62 18.62 18.62 18.62 18.62 18.62 18.62 18.62 18.62 18.62 18.62 18.62
9 19.24  19.24 1924 19.24 19.24 1924 1924 19.24 1924 19.24 1924 1924 19.24 19.24 19.24
10 1975 19.75 19.75 19.75 19.75 1975 19.75 19.75 19.75 19.75 19.75 19.75 19.75 19.75 19.75
11 20.17 20.17 20.17 20.17 20.17 2017 20.17 20.17 20.17 20.17 20.17 20.17 20.17 2017 @ 20.17
12 20.51 20,51 2051 2051 2051 2051 2051 2051 2051 20,51 2051 2051 2051 2051 2051
13 20.75 20.75 20.75 20.75 20.75 20.75 20.75 20.75 20.75 20.75 20.75 20.75 20.75 20.75  20.75
14 2092 2092 2092 2092 2092 2092 2092 2092 2092 2092 2092 2092 2092 2092 2092
15 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00  21.00
16 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00  21.00
17 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00  21.00
18 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00  21.00
19 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00
20 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00
21 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00
22 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00
23 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00  21.00
24 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00  21.00
25 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00  21.00
26 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00
27 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00  21.00
28 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00
29 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00
30 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00 21.00




PoLICY FUNCTION p*(ey, e;) FOR FLAT EQUILIBRIUM WITH WELL (p = 0.85, 6 = 0.0275)

LEARNING, FORGETTING, AND INDUSTRY DYNAMICS

TABLE AIIl

15

€2
eq 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 548 839 910 922 923 9.21 918 9.4 910 9.06 9.01 897 893 890 887
2 6.86  6.61 748 789 804 810 812 812 811 8.09  8.06  8.03 8.00 797 793
3 748 678  7.01 736 7.60 7.73 7.80  7.83 7.85 7.85 784 782 780 778 7.75
4 7.64 701 697 711 730 745 756  7.62  7.65 7.67  7.68 7.67  7.66  7.65 7.62
5 7.69 714  7.05 7.04 713 725 7.35 743 748 752 754 755 7.55 754 152
6 770 7.21 712 706  7.07 713 7.21 728 734 739 742 744 745 7.45 7.44
7 7.69  7.25 717 710  7.06 7.08 712 718 724 728 732 735 737 138 7.37
8 768 727 721 7.13 7.08 706 7.08 7.11 716 720 724 727 730 731 732
9 7.66 728 7.23 716 710 7.07 7.06 7.08 711 7.15 718 722 724 727 728
10 7.64 728 725 718 713 7.09  7.07  7.07 7.09 7.1 714 718 721 7.23 7.24
11 7.62 728 726 720 715 7.11 7.09  7.08 7.08 710 712 715 718 721 7.22
12 759 728 727 722 717 714 711 710 710 711 712 715 717 720 722
13 757 728 728 724 720 717 714 713 712 713 714 716 718 720 7.22
14 754 727 729 726 722 720 718 716 716 7.6 717 719 721 7.23 7.24
15 752 720 729 728 725 7.23 722 721 721 7.21 722 723 7.25 726 728
16 7.51 726 730 730 728 727 726 726 726 727 728 729 730 732 733
17 751 724 728 728 727 727 727 727 727 728 729 730 732 733 734
18 7.51 722 727 726 726 725 7.25 726 726 727 728 730 731 732 733
19 752 722 726 725 724 724 724 725 725 726 728 729 730 731 7.32
20 7.53 723 726 725 724 723 724 724 725 726 727 728 730 731 7.32
21 754 724 726 725 724 723 723 724 725 726 727 728 730 731 7.32
22 7.55 725 7271 125 724 724 724 724 725 726 727 729 730 731 7.32
23 7.55 725 727 726 725 724 724 725 725 726 728 729 731 732 733
24 754 726 728 727 725 725 7.25 725 7260 727 728 730 731 732 7133
25 754 726 728 727 726 725 7.25 725 720 727 729 730 732 733 7.33
26 7.53 726 728 727 726 725 7.25 726 727 728 729 730 732 733 734
27 7.53 725 728 727 726 726 726 726 727 728 729 731 732 733 7.34
28 752 725 728 727 726 725 7.25 726 727 728 729 731 732 733 7.34
29 752 725 728 727 726 725 7.25 7.26 727 728 7.29 730 732 733 7.34
30 752 724 727 726 725 725 7.25 725 726 727 729 730 732 733 7.34
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
1 886 887 888 890 891 8.91 8.91 890 889 887 887 886 886 886 8.86
2 7.91 789 789 790 791 792 793 1793 792 792 1791 7.91 790 790  7.90
3 772 769 768 7.68 7.69 7770 171 7.7 7.71 7.7 770 770 7.69  7.69  7.69
4 759 756 755 755 155 756 757 757 757 757 757 756 156 7.55 7.55
5 750 747 745 744 744 745 746 746 746 746 746 746 745 7.45 7.45
6 742 739 737 736 736 737 737 738 738 738 738 738 737 737 7.37
7 736 7.33 7.31 730 730 7.31 7.31 7.31 732 732 732 131 7.31 7.31 7.30
8 7.31 728 726 725 725 726 726 727 727 727 721 727 726 726 726
9 727 725 7.23 722 722 722 723 7.23 724 724 724 723 723 7.23 7.22
10 725 722 721 720 720 720 721 7.21 7.21 722 721 721 721 7.21 7.20
11 723 721 719 719 719 719 720 720 720 720 720 720 720 720 719
12 722 721 719 719 719 719 720 720 720 721 720 720 720 720 720
13 723 721 720 720 720 720 721 721 722 722 722 722 721 7.21 7.21
14 7.25 7.23 722 722 722 723 723 724 724 724 724 724 724 723 7.23
15 728 727 726 7.25 726 726 727 727 727 728 728 727 727 727 727
16 733 1731 730 730 730 7.31 7.31 732 732 732 732 732 732 731 7.31
17 733 1731 730 730 730 7.31 732 732 733 733 733 732 732 732 7132
18 732 730 729 729 729 730 731 7.31 7.31 732 732 731 7.31 7.31 7.31
19 732 729 728 728 728 729 729 730 730 730 730 730 730 730 730
20 7.31 729 727 727 727 728 729 729 730 730 730 730 730 0 7.29  7.29
21 7.31 729 728 727 727 728 729 729 729 730 730 730 730 0 7.29 7.29
22 732 730 728 727 728 728 729 729 730 730 730 730 730 730 7.29
23 732 730 728 728 728 729 729 730 730 730 730 730 730 730 7.30
24 733 131 729 728 729 729 730 730 730 730 730 730 730 730 7.30
25 733 731 729 729 729 729 730 730 730 731 7.31 730 730 730 7.30
26 7.34 731 730 729 729 730 730 730 731 7.31 7.31 7.31 730 730 7.30
27 7.34 731 730 729 730 730 730 731 7.31 7.31 7.31 7.31 730 730 7.30
28 734 732 730 729 730 730 730 731 7.31 7.31 7.31 7.31 730 730 730
29 734 731 730 729 730 730 730 731 7.31 7.31 7.31 730 730 730 7.30
30 733 131 730 729 729 730 730 730 731 7.31 730 730 730 730 7.30




16 BESANKO, DORASZELSKI, KRYUKOV, AND SATTERTHWAITE

TABLE AIV

VALUE FUNCTION V*(ey, e;) FOR FLAT EQUILIBRIUM WITH WELL (p = 0.85, § = 0.0275)

€2
e1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 587 509 512 518 522 527 530 534 537 539 541 542 543 544 544
2 1214 795 739 735 741 748 756 7.64 171 778 7.85 791 796  8.00  8.02
3 1571 11.33 991 949 941 943 950 959 9.9 979 9.89 9.99 10.07 10.15 10.20
4 17.99 1393 1227 1148 11.16 11.07 11.08 11.15 1125 11.36 1148 11.60 11.72 11.83 1191
5 19.69 1590 1428 1333 12.80 1255 1248 12,50 1257 12.68 12.80 1294 13.08 1321 13.33
6 21.02 1745 1593 1496 1432 1395 13.77 1372 13.75 13.84 1396 14.11 1426 1441 1455
7 2210 1871 1730 1636 15.69 1524 1497 1486 14.84 1490 1501 15.15 1531 1548 15.63
8 2299 19.75 1843 1755 16.89 16.41 16.09 1592 1586 1588 1597 16.10 16.26 16.43 16.60
9 2372 20.60 1937 1855 17.92 17.44 17.11 1690 16.80 16.80 16.86 16.98 17.13 17.30 17.47
10 2432 21.30 20.15 19.39 18.80 1834 18.01 17.79 17.67 17.64 17.68 17.78 17.92 18.09 18.26
11 2479 2187 20.78 20.08 19.53 19.11 1879 1857 18.44 1839 1842 1851 18.64 18.80 18.97
12 2517 2230 2128 20.63 20.13 19.73 1944 1923 19.11 19.05 19.07 19.15 1927 19.42 19.58
13 2545 22,63 21.65 21.04 20.58 2022 19.96 19.77 19.65 19.60 19.62 19.69 19.80 19.94 20.09
14 25.64 22.83 21.89 21.32 20.89 2057 2033 20.16 20.06 20.02 20.04 20.11 20.21 2035 20.49
15 25.74 2293 22.01 2146 21.06 20.76 20.54 20.40 20.31 2029 20.31 20.38 2048 20.61 20.74
16 25.75 2290 21.98 2144 21.06 20.78 20.58 20.46 20.39 2037 20.40 20.47 20.57 20.69 20.82
17 25.77 2287 21.93 21.39 21.01 20.74 20.56 20.44 20.38 20.37 20.41 2048 20.58 20.70 20.82
18 2581 2287 2191 21.36 2098 20.71 20.53 20.41 2036 20.35 2039 2047 20.57 20.69 20.81
19 2584 2289 2192 21.35 2097 20.69 20.51 20.40 2035 20.35 2039 2047 2057 20.69 20.81
20 25.85 2292 21.94 2137 2098 20.70 20.52 2041 2035 2035 20.40 2048 20.58 20.71 20.82
21 2585 2295 2196 21.39 21.00 20.72 20.54 20.42 2037 20.37 2042 20.50 20.61 20.73 20.85
22 2583 2296 2199 21.41 21.02 2074 20.56 20.45 2039 2040 2044 20.52 20.63 20.76 20.88
23 2580 2296 22.00 21.43 21.04 20.76 20.58 20.46 20.42 2042 2046 20.55 20.66 20.78 20.90
24 25.76 2295 2200 21.44 21.05 20.77 20.59 20.48 20.43 2043 2048 20.56 20.67 20.80 20.92
25 2572 2293 21.99 2144 21.05 20.78 20.60 20.49 20.44 20.44 20.49 20.57 20.68 20.81 20.93
26 25.69 2291 2198 21.43 21.04 2077 2059 20.49 20.44 20.44 2049 20.58 20.69 20.81 20.93
27 25.67 22.89 2196 21.41 21.03 20.77 20.59 20.48 20.44 20.44 20.49 20.57 20.68 20.81 20.93
28 25.66 2287 2194 2139 21.02 20.75 20.58 20.47 2043 2043 2048 20.57 20.68 20.80 20.92
29 25.66 22.86 21.93 21.38 21.00 20.74 20.57 2046 20.42 2042 2047 20.56 20.67 20.79 20.91
30 25.66 22.86 21.92 21.37 21.00 20.73 20.56 20.45 2041 2042 2047 2055 20.66 20.79 20.91
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
1 544 544 544 545 547 548 550 550 551 5.51 551 551 550  5.50 5.50
2 8.03 802 800 800 8.01 8.03 8.05 807 808 810 810 810 810 8.09 8.09
3 1023 1022 10.21 10.19 10.20 10.21 10.23 10.25 10.27 10.29 10.30 10.30 10.30 10.30 10.30
4 11.96 11.97 1195 11.94 1193 1194 11.96 11.98 12.00 12.02 12.04 12.04 12.05 12.04 12.04
5 13.40 13.42 1341 1339 13.39 1339 13.41 1343 1345 1347 1349 1350 13.50 13.50 13.50
6 14.65 14.68 14.67 14.66 14.65 14.65 14.67 14.69 1471 1474 1475 1477 1477 1477 14.77
7 15.74 15779 1579 1578 1577 1577 1579 1581 1583 1586 15.88 1589 15.89 15.90 15.89
8 16.73 16.78 16.79 16.78 16.77 16.77 16.79 16.81 16.83 16.86 16.88 16.89 16.90 16.90 16.90
9 17.61 17.67 17.68 17.67 17.67 17.67 17.69 17.71 17.73 17.76 17.78 17.79 17.80 17.80 17.80
10 18.40 18.47 1848 1847 1847 1847 1849 1851 1853 1856 1858 1859 18.60 18.60 18.60
11 19.11 19.17 19.18 19.18 19.17 19.18 19.19 19.21 19.24 19.26 19.29 1930 19.31 1931 19.31
12 1972 19.78 19.79 19.78 19.77 19.78 19.79 19.82 19.84 19.87 19.89 1991 1991 19.92 19.91
13 2022 20.28 20.28 20.27 20.26 2027 20.29 2031 20.34 20.36 2038 20.40 2041 2041 2041
14 20.61 20.65 20.65 20.64 20.63 20.64 20.66 20.68 20.71 20.73 20.75 20.77 20.77 20.78  20.77
15 20.84 20.88 20.88 20.86 20.86 20.86 20.88 20.91 20.93 20.96 2098 20.99 21.00 21.00 21.00
16 2091 2094 2093 2092 2091 2092 2094 2096 2099 21.01 21.03 21.04 21.05 21.05 21.05
17 20,91 2093 2092 2090 2090 2090 2092 20.94 2097 2099 21.01 21.02 21.03 21.03 21.03
18 20.90 20.92 2091 20.89 20.88 20.88 20.90 20.92 20.94 20.96 20.98 21.00 21.00 21.01 21.00
19 2090 20.92 2091 20.88 20.87 20.87 20.89 2091 2093 20.95 2097 2098 20.99 2099 @ 20.99
20 2092 20.94 2092 2090 20.89 20.89 20.90 20.92 2094 20.96 2097 2099 2099 21.00 21.00
21 2094 2097 2095 2093 2091 2091 2092 2093 2095 20.97 2099 21.00 21.01 21.01 21.01
22 2097 21.00 2098 20.96 20.94 2093 20.94 2096 2097 20.99 21.01 21.02 21.02 21.03 @ 21.03
23 21.00 21.02 21.01 20.98 20.96 2096 20.96 2098 20.99 21.01 21.02 21.03 21.04 21.04 21.04
24 21.02 21.04 21.03 21.00 2098 2098 2098 20.99 21.01 21.02 21.03 21.04 21.05 21.05 21.05
25 21.03 21.05 21.04 21.01 2099 2099 2099 21.00 21.02 21.03 21.04 21.05 21.05 21.05 21.05
26 21.03 21.06 21.04 21.02 21.00 20.99 21.00 21.01 21.02 21.03 21.04 21.05 21.05 21.05 21.05
27 21.03 21.05 21.04 21.02 21.00 21.00 21.00 21.01 21.02 21.03 21.04 21.05 21.05 21.05 21.04
28 21.02 21.04 21.03 21.01 21.00 2099 21.00 21.01 21.02 21.03 21.04 21.04 21.04 21.04 21.04
29 21.01 21.04 21.02 21.00 20.99 2099 20.99 21.00 21.02 21.03 21.03 21.04 21.04 21.04 21.03
30 21.00 21.03 21.02 21.00 20.99 2098 20.99 21.00 21.01 21.02 21.03 21.03 21.04 21.03 21.03




LEARNING, FORGETTING, AND INDUSTRY DYNAMICS

TABLE AV
PoLICY FUNCTION p*(ey, ;) FOR TRENCHY EQUILIBRIUM (p = 0.85, 6 = 0.0275)

€2
eq 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 218 878 9.88 981 9.61 9.43 929 918 910  9.05 9.00 896 891 8.86  8.80
2 6.62 317 772 888 892 880 8.67 854 844 836 830 825 8.21 8.17  8.13
3 8.02 590  3.63 7.35 8.56 8.67 859 847 837 827 820 814 809 8.05 8.01
4 829 730 569 384 711 834 850 844 834 824 816 809 803 799 794
5 830 774 706 553 398 692 817 835 832 824 815 807 8.01 7.95 7.91
6 8.23 788 155 688 542 410 677 802 824 822 815 8.08  8.01 7.95 7.89
7 8.15 789 774 739 672 533 420 665 790 814 814 808 802 795 7.90
8 807 786 7179 7.61 726 6.60 527 430 655 779 806 807 803 797 791
9 8.00  7.81 779 769 750 715 6.50 524 441 648 770 799 802 798 7.93
10 7.95 776 7176 171 7.60 740  7.05 642 523 452 643 762 793 797 795
11 7.91 772 173 770 7.63 752 733 698 636 523 4064 640 756 7.87 793
12 789 769 770  7.68 7.64 758 746 726 692 632 526 478 639 750 7.83
13 786 767 768 7.66 7.64 760 753 742 722 687 629 531 492 640 746
14 784 766 767 7.66 7.64 7.62 758 151 739 718 6.84 628 538 508 6.42
15 782 766 767 7.66 7.65 7.64 761 757 749 737 717 683 629 546 522
16 780 766 769 7.68 7.68 7.67 7.65 763 758 750 737 717 684 631 5.55
17 776 7.63  7.66 7.67 7.67 766 7.66 7.64 7.61 756 749 736 7.6  6.84  6.34
18 7.73 7.60 7.64 7.64 7.65  7.65 7.65 7.64  7.63 7.60 756 748 736 718 6.88
19 7.71 7.57  7.61 7.62 762 763 7.63  7.64  7.63 762 760 756 750 739 723
20 770 755 758 759 7.60  7.61 7.62  7.63 7.63 7.63  7.63 7.61 758 753 7.45
21 770 754 756 757 758 759 7.60  7.62  7.63 7.64  7.65 7.65 7.64  7.63 7.59
22 7.69 753 155 7.55 756 757 759  7.60 7.62 7.64  7.65 7.67  7.68  7.68 7.67
23 769 752 754 754 755 756 757 159 7.61 7.63 766 7.68 770 7.72 773
24 7.67 752 153 7.53 754 155 756 758 761 7.63 766 769 772 774 7.6
25 7.63 7.51 7.53 7.53 753 754 756 758 760 763 766 769 772 775 7.71
26 758 748 7151 752 752 153 7.55 757 7159 762 765 768 772 775 778
27 752 743 748 749 750 751 753 755 758 761 764 767 770 774 776
28 747 737 742 744 746 747 749 752 754 757 760 764 767 770 772
29 746 732 736 738 739 741 743 745 748 750  7.53 756 759  7.62  7.64
30 750 731 734 734 734 735 736 738 740 742 744 747 749 752 754
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
1 874 869 867 865 864 863 861 858 854 849 844 841 8.43 8.49 857
2 8.08  8.03 799 796 794 793 791 790 788 7.84 779 774 7170 7171 7.71
3 796 791 787 783 780 778 776 175 773 7770 0 7.66  7.61 756 155 7.59
4 790 784 779 775 772 7.69  7.67  7.65 7.63 760 756 752 747 744 747
5 786 780 775 770 767 7.63 7.60 758 756 753 749 745 740 736 738
6 784 7178 173 7.68 764 760 756 754 751 748 745 740 735 730 732
7 784 778 772 767 762 758 754 751 748 745 741 7.37 131 727 727
8 78 779 173 767 762 758 754 750 746 743 740 735 7.29 724 7.24
9 7.88  7.81 7.75 7.69  7.63 759 754 750 746 743 739 734 728 7.23 7.22
10 790 783 7797 17 7.66  7.60  7.56 7.51 747 744 740 735 729 723 7.22
11 7.91 78 780 775 7.69 764 759 754 750 746 742 737 730 724 722
12 789 788 784 778 773 7.68 7.63 758 753 749 745 739 133 726 724
13 779 787 786 7.8 778 7773 7.68  7.63 759 754 749 744 737 730 727
14 743 771 786 787 784 779 775 7170 7.65 7.60 755 749 742 734 731
15 6.45 7.43 779 789 790 7.88 7.84 779 774 769  7.63 756 748 740 @ 7.37
16 532 6.51 752 788 798 799 795 791 7.85 779 173 7.65 756 748 744
17 5.60  5.31 6.54 757 794 803 802 798 793 78 779 171 7.61 752 748
18 640 559 527 654 760 796 8.04 8.03 798 792 784 776 766 756 751
19 695 643 558 524 654 7.6l 79  8.04 802 797 790 7.81 7.7 7.61 7.54
20 729 697 644 557 524 654 760 796 803  8.01 794 786 7176  7.65 7.58
21 750 731 698 644 557 526 655 759 794 8.01 798 791 7.81 7.71 7.62
22 7.63 151 7.31 698 644 559 530 6.55 758 792 798 794 786 776  7.67
23 7.7 764 751 7.31 698 644  5.61 534 656 755 788 794 789 780 771
24 776 171 7.63 7.51 731 698 644 5064 538 655 752 784 789 783 7.74
25 778 175 7.71 7.63 750 730 697 644 566 542 654 748 7179 782 175
26 779 777 774 7.69  7.61 749 728 695 642 567 544 652 742 7171 7.72
27 777 176 175 772 767 759 746 7.25 692 640 567 547 650 733 7.57
28 773 173 772 770 0 768  7.63 754 741 7.21 6.88 637 568 555 6.49 717
29 7.65  7.65 7.65 7.64  7.63 760 756 748 135 714 6.81 633 576 584  6.61
30 755 754 754 754 754 753 750 746 738 725  7.04 673 633 6.14  6.61




18 BESANKO, DORASZELSKI, KRYUKOV, AND SATTERTHWAITE

TABLE AVI
VALUE FUNCTION V*(ey, e;) FOR TRENCHY EQUILIBRIUM (p = 0.85, 6 = 0.0275)

€2

1747 917 8.63 9.01 939 9.69 992 10.09 1022 1033 10.44 10.54 10.64 10.74 10.83
2159 1636 10.60 10.14 1059 11.05 11.44 1175 1199 1219 1237 1253 12.69 12.84 1298
2356 2028 16.66 11.73 11.31 11.80 1232 1277 13.15 1346 1372 1396 14.18 1438 14.57

16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
1 8.02  8.01 798 796 794 791 788 7.84 7177  7.67 155 741 728  7.19 7.16
2 1090 1091 1091 1090 10.88 10.87 10.86 10.84 10.81 10.75 10.65 10.51 10.34 10.18 10.10
3 13.09 13.15 13.17 1318 13.19 13.19 13.19 13.19 13.18 13.14 13.07 1295 12.78 12.61 12.50
4 1473 14.84 1490 1495 1498 1500 15.02 15.04 1504 15.03 1498 1487 1471 14.53 14.40
5 16.02 16.18 16.29 1637 16.44 1649 16.54 16.57 16.60 16.60 16.57 16.48 16.33 16.15 16.00
6 17.05 1726 1742 17.56 17.67 17.76 17.83 17.89 17.94 1796 17.95 17.88 17.74 17.55 17.39
7 17.86 18.14 1836 1855 1870 18.84 1895 19.04 19.11 19.16 19.16 19.11 1898 18.79 18.62
8 18.48 18.83 19.12 1937 1958 19.77 19.92 20.05 20.15 20.22 20.24 20.21 20.09 19.89 19.71
9 18.92 1935 19.72 20.04 2032 20.56 20.76 20.93 21.06 21.16 2120 21.18 21.07 20.87  20.69
10 19.19 19.71 20.16 20.57 20.92 2122 21.47 21.69 21.86 21.98 22.04 2203 2193 21.74 21.54
11 1929 1991 2046 2095 21.38 21.75 22.06 2232 2253 22.68 2276 2277 22.67 2247 2227
12 1924 1996 20.61 21.19 21.70 22.15 2252 22.83 23.08 2325 2336 2337 2328 2309 22.88
13 19.07 19.87 20.61 21.28 21.88 2240 22.84 2320 2348 23.68 23.81 2383 2375 2356 23.35
14 18.82  19.64 20.46 21.22 21.90 2249 2299 2339 2371 2395 2409 2413 24.06 2387 @ 23.67
15 18.68 19.34 20.16 2098 21.73 2238 2294 2339 2375 24.02 2418 2424 2418 2401 23.82
16 19.21  19.09 19.73 20.53 21.32 22.03 22.64 23.14 2354 23.85 2405 2413 24.09 2394 2377
17 21.33 1952 1936 19.98 20.74 2149 2215 2271 2317 2353 2377 23.89 2388 2376 23.62
18 2349 2165 19.71 1950 20.09 20.82 21.53 2216 22.68 23.10 2339 23.57 23.61 2353 2341
19 2480 2382 21.85 1980 19.56 20.12 20.82 21.50 22.09 2257 2294 23.17 2327 2324 2315
20 25.66 25.14 2400 2193 19.82 19.56 20.09 20.76 21.41 21.96 2240 2270 2286 22.890 22.84
21 26.08 25.88 2527 24.04 2191 19.79 19.51 20.01 20.65 21.26 21.76 22.14 2237 2247 2246
22 26.25 2624 2595 2526 2398 21.83 19.73 1942 19.89 2049 21.05 21.49 21.80 2197 2201
23 26.24 2634 2624 25.88 2515 23.84 21.70 19.62 19.29 19.72 2026 20.76 21.14 21.37  21.47
24 26.10 2626 26.28 26.12 2573 2496 23.64 21.51 19.47 19.10 19.48 19.96 20.39 20.69  20.83
25 25.87 26.06 26.15 2612 2593 2550 2472 2338 21.28 19.26 1885 19.16 19.57 19.90  20.08
26 2556 2577 2590 2595 25.89 25.67 2523 2442 2308 2099 1899 1852 1875 19.05 19.25
27 25.19 2541 2557 2567 25.69 25.61 2538 2491 2409 2272 20.63 18.63 18.10 18.21 18.37
28 2480 25.02 2520 2533 2541 2542 2532 2507 2457 2370 2228 20.15 18.18 17.59 17.58
29 24.44 24,67 2485 2500 2512 2519 2517 2504 2474 2416 2318 21.61 1945 17.70 17.21
30 2422 2445 2463 2479 2493 2502 25.04 2497 2475 2431 2353 2228 2045 18.49 17.52




POLICY FUNCTION p*(ey, ;) FOR EXTRA-TRENCHY EQUILIBRIUM (p = 0.85, § = 0.08)

LEARNING, FORGETTING, AND INDUSTRY DYNAMICS

TABLE AVII

€2
eq 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 -11.05  6.74 1090 11.12 11.08 11.04 11.02 11.01 1101 11.01 11.01 11.02 11.02 11.02 11.02
2 356 -9.28 496 933 959 956 951 947 946 946 946 946 946 946 946
3 8.02 204 —-651 440 852 882 879 873 869 867 866 867 867 8.67 8.67
4 8.69 657 1.73 —-435 425 800 834 831 825 820 817 816 815 815 815
5 884 728 5091 1.80 -2.72 427 7.64 799 798 791 7.8 781 780 7.79 7.79
6 884 747 6.66 555 201 -1.47 437 738 774 773 766 7.60 755 753 752
7 882 748 6.89 632 534 227 —-50 449 718 755 755 748 741 737 71.34
8 8.81 746 692 658 612 521 2.53 26 4.61 7.04 741 742 736 729 725
9 880 744 690 6.63 640 599 514 277 87 473 694 731 733 728 724
10 880 743 688 6.62 647 629 591 5.11 299 136 484 688 725 729 727
11 880 743 687 660 646 638 623 587 511 319 175 495 685 723 730
12 880 743 687 658 644 639 634 621 586 513 337 206 506 6.8 7.26
13 8.81 744 687 658 643 638 637 634 621 588 517 353 229 518 691
14 881 745 6.88 659 644 637 637 640 638 625 592 524 367 249 531
15 883 746 690 662 646 640 640 644 648 646 633 600 534 383 272
16 884 748 693 6.65 651 645 647 653 661 6.65 662 647 613 547 4.04
17 884 748 693 6.65 6.51 646 648 657 6.69 677 680 674 657 623 558
18 884 747 692 663 648 643 646 658 673 685 692 692 684 6.66 632
19 884 747 691 6.62 646 639 641 655 674 691 7.01 7.04 701 6.91 6.74
20 884 747 691 662 644 635 635 650 673 694 707 713 713 708 6.99
21 884 748 692 662 643 631 629 642 669 696 712 719 721 719 715
22 884 748 692 6.63 643 629 622 633 6.64 69 716 725 727 727 726
23 884 748 693 6.64 644 629 618 623 657 695 718 729 732 733 734
24 884 748 693 665 646 630 614 6.14 647 692 720 732 736 737 739
25 884 748 693 6.66 648 631 613 606 636 6.8 722 735 739 740 743
26 884 748 694 6.66 649 634 614 599 624 683 722 737 742 743 746
27 8.84 748 694 6.67 6.51 636 616 595 6.11 6.76 722 739 744 745 748
28 884 748 693 6.67 652 639 618 593 599 6.66 721 7.41 746 747 749
29 884 748 693 6.67 653 641 622 593 588 656 719 742 747 748 750
30 884 747 693 6.67 654 643 625 595 580 643 714 740 746 747 750
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
1 11.01 11.00 11.00 11.00 11.00 11.01 11.01 11.00 11.00 11.00 11.00 11.00 11.00 11.00 11.00
2 945 944 944 944 944 945 945 945 945 944 944 944 944 943 9.43
3 8.66 8.64 8.64 8064 864 865 865 865 865 865 865 865 8.64 8.64 8.63
4 815 812 811 811 811 812 814 814 815 815 815 815 815 814 8.13
5 778 775 772 771 71 772 774 77760 778 7.80 7.81 781 7.81  7.81 7.80
6 7.51 747 742 738 737 737 7138 741 745 748 1751 753 755 1756 7.57
7 733 727 720 7.4 7.08 704 703 7.03 7.06 710 7.5 720 724 728 7.31
8 723 717  7.09 7.00 691 682 675 668 6.64 6.63 664 667 672 679 6.85
9 721 715 7.08 699 690 6.80 6.69 659 648 638 629 621 616 6.13 6.14
10 725 720 7.4 7.06 699 691 682 673 6.64 654 644 633 622 611 6.01
11 7.31 727 722 717 711 705 699 693 687 6.81 6.74  6.67 6.60 6.52 6.43
12 735 734 731 726 722 717 713 7.09 7.04 700 696 692 688  6.83 6.77
13 731 739 738 735 731 727 723 720 716 713 710 7.07 7.04 7.01 6.96
14 698 735 743 742 739 735 732 728 724 721 718 715 712 7.0 7.05
15 547 703 739 746 746 743 739 735 732 728 725 722 719 716 7.11
16 3.08 568 7.6 751 758 758 754 750 746 742 738 735 732 729 7.23
17 430 336 587 729 7.62 7.69 767 7.64 760 755 751 746 743 7.39 7.33
18 576 451 357 603 740 772 778 776 772 767 7.62 757 752 748 7.41
19 647 591 468 372 617 751 781 78 783 778 773 767 7.62 157 7.49
20 6.88 6.61 6.04 481 381 629 761 789 792 789 783 777 771 7.65 7.56
21 713 7.00 672 616 492 386 639 7.69 79 798 794 787 781 774 7.64
22 728 724 711 683 626 501 3.8 649 777 801 803 797 791 783 7.72
23 738 739 733 720 692 635 508 387 657 784 807 807 801 793 7.80
24 745 748 747 741 728 700 643 514 386 6.65 790 8.11 8.10  8.03 7.89
25 750 754 756 754 748 735 707 650 520 383 672 795 815 812 7.98
26 753 758 7.61 762 760 754 741 713 656 524 379 678 800 817 8.06
27 755 760 7.6 7.66 7.67 7.65 759 746 719 6.62 529 375 684 8.04 8.09
28 757 762 7.66 7.69 771 771 770 764 751 725 6.68 533 372 688 7.92
29 758 7.63 767 770 7.72 774 775 774 7.69 756 0 729 672 536 3.72 6.78
30 757 7.61 765 768 771 774 776 7.77 775 770 7.57 0 728 6.68  5.33 4.00




20

BESANKO, DORASZELSKI, KRYUKOV, AND SATTERTHWAITE

TABLE AVIII
VALUE FUNCTION V* (e, e;) FOR EXTRA-TRENCHY EQUILIBRIUM (p = 0.85, 6 = 0.08)
€
el 1 2 3 4 5 6 7 8 9 0 11 12 13 14 15
1 3.13 2.16 2.24 2.31 2.34 2.35 2.35 2.35 2.35 2.36 2.36 2.37 2.38 2.39 2.40
2 28.47 3.26 2.25 2.32 2.40 2.45 2.46 2.47 2.47 2.47 2.48 2.49 2.50 2.51 2.53
3 37.52  23.96 3.42 2.38 2.46 2.56 2.63 2.66 2.67 2.67 2.68 2.69 2.70 2.72 2.75
4 40.88 32.67 20.12 3.61 2.56 2.65 2.78 2.87 291 2.93 2.95 2.96 2.98 3.00 3.03
5 43.06 35.76 28.30 17.32 3.81 2.77 2.88 3.04 3.16 3.22 3.26 3.29 3.31 3.34 3.39
6 4476  37.74 31.25 24.86 15.31 4.04 3.02 3.15 3.34 3.49 3.59 3.65 3.70 3.75 3.81
7 46.25 39.26 33.10 27.70 22.21 13.87 4.29 3.31 3.46 3.69 3.88 4.02 4.12 4.21 4.31
8 47.59 40.58 34.48 29.46 2494 20.16 12.84 4.57 3.63 3.81 4.08 4.33 4.53 4.69 4.86
9 48.81 41.78 35.66 30.72 26.62 2279 1859 12.11 4.87 3.99 4.22 4.54 4.86 5.14 5.41
10 49.92 4287 36.72 31.77 27.78 2439 21.12 1741 11.64 5.21 4.40 4.68 5.08 5.49 5.89
11 50.90 43.84 37.68 32.70 28.72 2547 22.65 19.84 16.54 11.37 5.60 4.87 5.22 5.72 6.26
12 51.75 4470 38.52 33.54 29.53 2632 23.66 21.31 1890 1596 11.30 6.04 5.41 5.86 6.49
13 52.46 4541 39.24 3425 30.24 27.01 2442 2227 2032 1825 1564 11.41 6.56 6.04 6.62
14 52.99 4595 39.80 34.82 30.81 27.58 25.00 2295 21.23 19.64 17.89 1557 11.70 7.17 6.78
15 5331 46.28 40.15 35.19 31.19 2797 2541 2341 21.83 2051 19.24 17.76 15.68 12.10 7.86
16 5336 46.33 40.21 35.26 31.28 28.08 25.54 23.60 22.12 2097 1998 1897 17.68 15.79 12.47
17 53.34 4631 40.18 35.23 31.23 28.01 2548 23.57 22.17 21.16 20.36 19.63 18.81 17.68 15.95
18 5333 4629 40.15 35.17 31.14 2788 2532 2341 2207 21.16 20.51 19.98 19.44 18.76 17.78
19 53.34 4630 40.15 35.15 31.08 27.75 2511 23.17 21.87 21.04 20.52 20.14 19.79 19.39 18.84
20 53.35 46.31 40.16 35.16 31.05 27.65 2491 2289 21.60 20.85 2043 20.17 19.97 19.75 19.47
21 5336 46.33  40.19 35.19 31.06 27.60 24.75 22.62 2129 20.60 20.27 20.12 20.03 19.95 19.84
22 5336 46.34 40.21 3523 31.11 27.61 24.64 2237 2098 20.32 20.07 20.01 20.01 20.03 20.05
23 5336 46.34 40.23 3527 31.17 27.65 2459 22.15 20.66 20.02 19.84 19.86 19.94 20.03 20.14
24 5335 46.34 40.24 3531 31.24 27.73 24.60 2199 2036 19.71 19.59 19.68 19.83 19.99 20.17
25 53.34 46.32 40.24 3533 31.30 27.82 24.67 2190 20.08 19.39 19.32 19.48 19.69 19.90 20.13
26 53.32 4631 40.23 3534 3135 2792 2476 21.86 19.84 19.09 19.05 19.27 19.53 19.79 20.07
27 5330 46.29 40.21 3534 31.39 28.01 24.88 21.89 19.64 18.79 18.78 19.04 19.36 19.66 19.97
28 5329 4627 40.19 3533 3141 28.08 25.00 2196 19.49 1851 1851 18.82 19.17 19.51 19.85
29 53.27 46.25 40.17 3531 31.41 28.14 25.11 22.07 1940 1824 1824 1859 1898 19.35 19.72
30 53.26 46.24 40.15 3529 3141 28.17 2521 22.18 19.35 18.00 1797 1835 1878 19.18 19.57
6 17 18 19 20 21 22 23 24 25 26 27 28 29 30
1 2.41 2.41 2.41 241 241 242 2.42 2.42 2.42 2.42 2.42 242 242 2.42 2.42
2 2.54 2.54 2.54 2.54 2.54 2.54 2.55 2.55 2.55 2.55 2.55 2.55 2.55 2.55 2.55
3 2.76 2.77 2.77 2.76 2.76 2.76 2.77 2.77 2.77 2.78 2.78 2.78 2.79 2.79 2.79
4 3.06 3.07 3.07 3.06 3.05 3.05 3.05 3.05 3.06 3.07 3.08 3.08 3.09 3.09 3.10
5 3.43 3.45 3.45 3.43 3.41 3.40 3.39 3.38 3.39 3.40 3.41 3.42 3.44 3.45 3.46
6 3.88 3.92 3.93 3.90 3.87 3.83 3.79 3.77 3.76 3.75 3.76 3.77 3.79 3.81 3.83
7 4.42 4.50 4.54 4.53 4.48 4.42 4.35 4.28 4.22 4.18 4.16 4.15 4.15 4.16 417
8 5.04 5.19 5.29 5.34 5.34 5.29 5.21 5.11 4.99 4.88 4.78 4.70 4.64 4.60 4.58
9 5.69 5.95 6.15 6.31 6.41 6.46 6.46 6.42 6.33 6.21 6.07 5.91 5.75 5.60 5.47
10 6.30 6.68 7.02 7.31 7.55 7.74 7.90 8.00 8.07 8.09 8.08 8.02 7.93 7.80 7.64
11 6.80 7.32 7.79 8.22 8.60 8.94 9.24 9.50 9.72 991 10.07 10.19 10.28 10.33 10.34
12 7.16 7.81 8.42 8.97 9.48 9.94 1036 10.74 11.09 1140 11.68 11.93 12.15 12.33 12.47
13 7.37 8.14 8.87 9.54 10.17 10.74 11.26 11.74 12.18 12.58 1294 13.27 13.57 13.83 14.05
14 7.46 8.30 9.14 9.94 10.67 11.35 1197 1254 13.05 13.52 1395 1434 14.69 15.01 15.27
15 7.59 8.35 9.25 10.16 11.01 11.80 12.51 13.17 13.77 1430 14.79 1523 15.63 1599 16.29
16 8.61 8.43 9.25 10.21 11.17 12.06 12.88 13.63 1431 1492 1547 1596 16.40 16.79 17.11
17 12.95 9.38 9.27 10.15 11.16 12.15 13.08 13.92 14.69 1537 1598 16.53 17.01 17.44 17.78
18 16.28 13.53 10.16 10.11 11.04 12.09 13.10 14.05 1490 1567 1635 1695 17.48 17.95 18.32
19 18.07 16.75 14.18 10.94 10.94 11.90 1298 14.01 1496 1582 16.58 17.25 17.83 1834 18.75
20 19.11 18,50 17.32 14.89 11.69 11.74 12.73 13.83 14.87 15.82 16.67 1742 18.07 18.63 19.08
21 19.74 19.52 19.02 17.96 15.62 1243 1250 13.53 14.63 15.68 16.63 1746 18.19 18.82 19.31
22 20.11 20.13 20.02 19.61 18.63 16.35 13.14 1324 1428 1539 16.44 1738 1820 18.90 19.46
23 20.32  20.50 20.61 20.57 20.24 19.31 17.08 13.81 1393 1499 16.11 17.15 18.07 18.87 19.51
24 2042 20.70 2095 21.13 21.15 20.86 19.99 17.79 1446 14.59 15.66 16.78 17.81 18.72 19.44
25 2045 20.79 21.14 2144 21.66 21.72 21.48 20.65 1847 15.07 1521 16.29 1741 18.43 19.24
26 20.42 20.82 21.22 21.60 21.94 22.19 2229 2208 2128 19.12 1564 1580 16.88 17.99 18.90
27 20.36 20.78 21.22 21.65 22.06 2243 2271 2283 2265 2188 19.74 16.18 1634 17.42 18.40
28 20.26  20.71 21.17 21.63 22.09 2251 2290 23.19 2334 2319 2244 2032 16.69 16.84 17.75
29 20.15 20.61 21.09 21.56 22.04 2250 2294 2333 2365 2381 23.67 2294 2081 17.13 17.08
30 20.01 20.48 2096 21.44 21.92 2239 2286 2330 23.69 24.00 24.14 2396 23.13 20.86 17.29
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TABLE AIX
CRITICAL VALUE &( p) FOR INVESTMENT STIFLING

p 095 08 075 065 055 035 015 0.05
8(p) 055 060 062 071 078 081 088 0.90

AS8. PRICING BEHAVIOR: WELLS AND TRENCHES

As a point of comparison, Table AX provides details on firms’ competitive
positions at various points in time for our leading example of a flat equilibrium
without well (p = 0.85, 6 = 0). Recall that in a flat equilibrium without well,
the price that a firm charges is fairly insensitive to its rival’s stock of know-
how. As time passes, both firms thus move down their learning curves in tan-
dem. Initially each firm has an incentive to charge a price below its marginal
cost so as to move down its learning curve more quickly. This is reflected in
the prize from winning the sale: The prize in state (1, 1) is 4.42 and it justifies
charging a price of 7.79 that is well below the marginal cost of 10. Eventually,
however, the prize vanishes completely as no further improvements in compet-
itive position are possible (see modal state (17, 17) in period 32). Once both
firms have reached the bottom of their learning curves, equilibrium prices co-
incide with prices in the static Nash equilibrium in line with part (i) of Propo-
sition 5.

A9. ROBUSTNESS CHECKS: DISCOUNT FACTOR

As B — 0 wells and trenches vanish and we obtain a flat equilibrium without
well. In the limit of B8 = 0 the equilibrium of our dynamic stochastic game
reduces to the static Nash equilibrium irrespective of the forgetting rate & as
illustrated in Figure AS.

As B — 1 we continue to obtain wells and trenches. In fact, the wells and
trenches deepen. More patient firms have a stronger incentive to cut prices
in the present so as to seize the leadership position in the future. Figure A6
exemplifies the policy functions of the typical equilibria with 8 = 0.995; it may
be compared to our baseline parameterization with 8 = -t in Figure 4. As can
be seen, the basic shapes of the policy functions remain unchanged. Figures A7
and A8 display the transient distributions in periods 8 and 32, respectively, and
Figure A9 displays the limiting distribution. Table AXT lists the modal states of
the transient and limiting distributions. As can be seen, industry structure and
dynamics are comparable to those in Figures 5-7.

Very high discount factors exacerbate the multiplicity problem as may be ex-
pected in light of the folk theorems for repeated games (e.g., Friedman (1971),
Rubinstein (1979), Fudenberg and Maskin (1986)). We have used our homo-
topy algorithm to trace out the equilibrium correspondence by varying the
discount factor 8 while fixing the progress ratio p and the forgetting rate 6.
Figure A10 displays the limiting expected Herfindahl index H* for p = 0.85
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FIGURE A3.—Expected time to leadership reversal 7°°.
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TABLE AX
FLAT EQUILIBRIUM WITHOUT WELL (p = 0.85, 6§ =0)

Leader Follower
Period Modal State Cost Prize Price Prob. Value Cost Prize Price Prob. Value

0 1,1 10.00 442 779 050 940 10.00 4.42 7779 050 @ 9.40
8 5,5 6.86 133 759 050 16.68 6.86 133 759 050 16.68
16 9,9 597 0.60 740 050 19.44 597 0.60 7.40 050 19.44
32 17,17) 530 0.00 730 050 21.00 530 000 730 050 21.00
64 (30, 30) 5.30 0.00 730 050 21.00 5.30 0.00 730 050 21.00
00 (30,30) 530 0.00 730 050 21.00 530 000 730 050 21.00

and & € {0, 0.0275, 0.08}. We use circles to indicate our leading examples with
B= 1% in Figure 4 and our leading examples with 8 = 0.995 in Figure A6.
Note that the horizontal axis is the discount factor 8. For § = 0.0275 (up-

per right panel), the flat equilibrium with well for g = % and the trenchy
1

equilibria for B = 5 and for B = 0.995 are part of the same path, and thus
deform smoothly into each other. There are other paths. Our leading exam-
ple of a flat equilibrium with well for 8 = 0.995 in Figure A6 lies on one of
these paths, but there are still other paths and equilibria for 8 = 0.995 and
6 =0.0275 (we have found a total of 21 equilibria). Similarly, there are many
paths and equilibria for 8 =0.995 and 6 = 0.08 (we have found a total of 21
equilibria).

Figures A11-A13 exemplify the policy functions of some of these additional
equilibria (upper left panel), the transient distributions in periods 8 and 32 (up-

Static Nash equilibrium (p=0.85)
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FIGURE AS5.—Policy function p*(ey, e;) (left panel) and value function V*(ey, e,) (right panel)
for discount factor of 8 = 0. In the left panel, marginal cost is c(e;) (solid line in e, = 30 plane).
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Flat Eqbm. without Well (0=0.85, § = 0) Flat Eqbm. with Well (p=0.85, 5 = 0.0275)
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FIGURE A6.—Policy function p*(ey, e,) for discount factor of 8 = 0.995. Marginal cost is c(e;)
(solid line in e, = 30 plane).

per right and lower left panels), and the limiting distributions (lower right pan-
els). The parameter values are p = 0.85, 6 = 0.0275, and B =0.995. As can be
seen, these additional equilibria feature variations of wells and trenches: The
equilibria in Figures A11 and A12 exhibit long wells. As usual, a well serves to
build, but not to defend, a competitive advantage. The equilibria in Figure A11
imply H* = 0.9171 and H* = 0.5003, and the equilibria in Figure A12 imply
H" =0.9296 and H>* = 0.5003, so that asymmetries are transitory. The equi-
librium in Figure A13 exhibits a well around state (1, 1) and extra trenches
around states (21,27) and (28, 22) that may lead to persistent asymmetries
(H" =0.7109 and H* = 0.5696).

A10. ROBUSTNESS CHECKS: FREQUENCY OF SALES

In our model, the discount factor 8 plays two roles. First, it captures firms’
time preference. This is the interpretation that we take in Section A9: A higher
B means more patient firms. Second, 8 determines the length of a period. Fol-
lowing Cabral and Riordan (1994) (C-R), we use a period just long enough for
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Flat Egbm. without Well (p=0.85, & = 0) Flat Egbm. with Well (p=0.85, § = 0.0275)

Trenchy Eqbm. 0=0.85, § = 0.0275) Extra—trenchy Eqbm. (p=0.85, & = 0.08)

FIGURE A7.—Transient distribution over states in period 8 given initial state (1, 1) and dis-
count factor of B =0.995.

a firm to make a sale, where a typical sale consists of an order for z units of
the good. Thus, if buyers cut the size of an order in half while keeping the total
volume demanded per unit of time constant, then the period length is cut in
half and the frequency of sales is doubled. Modeling this requires more than
increasing the discount factor; it also requires expanding the state space and
changing the specification of learning and forgetting. To pin down the nature
of these changes, assume that organizational forgetting operates through la-
bor turnover. This implies that the probability of forgetting a given amount of
know-how is proportional to the length of a period. Assume further that the
reduction in marginal cost from learning-by-doing is proportional to the size
of an order.

To capture this increased frequency of sales, we divide a period into K > 1
subperiods, each with one order of £ units. Thus, if r is the discount rate per
period, then £ is the discount rate per subperiod and 8 = 5 ; R is the discount
factor. We further “fill in” the state space to ensure that the reduction in mar-
ginal cost that is achievable by a period’s worth of sales in the original spec-
ification is comparable to the reduction that is achievable by K subperiods’
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Flat Egbm. without Well (p=0.85, 5 = 0) Flat Egbm. with Well (0=0.85, 5 = 0.0275)

FIGURE A8.—Transient distribution over states in period 32 given initial state (1, 1) and dis-
count factor of 8 =0.995.

worth of sales in the alternative specification. We similarly adjust the prob-
ability of forgetting to make the loss from organizational forgetting that can
occur in one period of the original specification comparable to the expected
loss that can occur in K subperiods of the alternative specification. The mar-
ginal cost and probability of forgetting of firm # in the alternative specification
are given by c(— + 1) and A(% + 1), requiring us to expand the state space
to {1,..., K(M — 1) + 1}*. Finally, we take K(m — 1) + 1 to be the stock of
know-how at which a firm reaches the bottom of its learning curve.

We have computed equilibria for a progress ratio of p = 0.85 while dou-
bling the frequency of sales by setting K = 2. Figure A14 exemplifies the policy
functions of the typical equilibria. As can be seen, we obtain a flat equilib-
rium without well (6 = 0), a flat equilibrium with well (6 = 0.02), a trenchy
equilibrium (8 = 0.02), and an extra-trenchy equilibrium (6 = 0.09), similar to
the four typical cases in Figure 4. Figures A15 and A16 display the transient
distribution in periods 8 and 32 (subperiods 16 and 64), respectively, and Fig-
ure A17 displays the limiting distribution for the four typical cases with K = 2.
Table AXII lists the modal states of the transient and limiting distributions. As
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Flat Eqbm. without Well (p=0.85, 6 = 0) Flat Egbm. with Well (p=0.85, & = 0.0275)

0.02

FIGURE A9.—Limiting distribution over states for discount factor of 8 =0.995.

can be seen, industry structure and dynamics are comparable to those in Fig-
ures 5-7.2 Overall, it appears that our results are not sensitive to the frequency
of sales.

TABLE AXI

DISCOUNT FACTOR OF 8 = 0.995; MODAL STATES OF TRANSIENT
AND LIMITING DISTRIBUTIONS

Flat Eqbm. Flat Eqbm.
Period Without Well With Well Trenchy Eqbm. Extra-Trenchy Eqbm.
8 5,5 (2,8),(8,2) 2,7,(7,2) 1,7, (7,1)
16 9,9 (5,10), (10, 5) (4,11), (11, 4) (1,10, (10, 1)
32 17,17) (11, 12), (12, 11) (8,16), (16, 8) (1,15), (15, 1)
64 (30, 30) 17,17) (13,21), (21, 13) (1,20, (20, 1)
00 (30, 30) (25,25) (20, 28), (28, 20) (1,30, (30, 1)

2With the possible exception of the extra-trenchy equilibrium: While the modal states of the
limiting distribution are (1, 24) and (24, 1) with a probability of 0.0086 each, the limiting distrib-
ution also has secondary peaks at states (5.5, 9.5) and (9.5, 5.5) with a probability of 0.0068 each.
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FIGURE A10.—Limiting expected Herfindahl index H* (solid line) and leading examples of
equilibria for 8 = — and B8 = 0.995 (circles).

1.05

Reducing the size of an order while keeping the total volume demand per
unit of time constant—as we have just done—is one way to shorten the length
of a period and increase the frequency of sales. Another way is to increase
total volume while keeping order size constant. This restores the original spec-
ification of c(e,) and m. Hence, as the frequency of sales K increases, the
discount factor 8 approaches 1, the probability of forgetting approaches 0, and
the expected time it takes a firm to reach the bottom of its learning curve ap-
proaches 0.

It has been computationally infeasible for us to explore this latter case for
some moderate value of K such as 10 because the size of the state space ex-
plodes. This is regrettable because, building on earlier work by Spence (1981),
C-R showed in their Theorem 3.2 that, without forgetting, as 8 — 1, firms
price as if at they had already reached the bottom of their learning curves.
Intuitively, the relevant marginal cost for an infinitely patient firm is always

That is, there is some chance that the industry does not become extremely asymmetric as it does
in our baseline parameterization with K = 1.
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Policy Function Transient Distribution (T=8)

FIGURE All.—Policy function p*(e;, e;) (upper left panel), transient distribution over states
in periods 8 and 32 given initial state (1, 1) (upper right and lower left panels), and limiting distri-
bution over states (lower right panel); additional equilibrium 1 (p = 0.85, § = 0.0275, B = 0.995).
In the upper left panel marginal cost is c(e;) (solid line in e, = 30 plane).

c(m), because the time before the firm reaches the bottom of its learning
curve pales in comparison to the time after. Thus, in the absence of organiza-
tional forgetting, an extreme example of a flat equilibrium is obtained in which
p*(e) = p'(m, m) for all states e € {1, ..., M}>. Our conjecture is that, in the
presence of organizational forgetting, this same equilibrium is approached as
K becomes large, though the existence of sunspots suggests that there may also
be other equilibria.

Al1. ROBUSTNESS CHECKS: PRODUCT DIFFERENTIATION

Our baseline parameterization gives rise to a moderate degree of horizontal
product differentiation. In the static Nash equilibrium, the own-price elasticity
of demand ranges between —8.86 in state (1, 15) and —2.13 in state (15, 1) for
a progress ratio of p = 0.85. The cross-price elasticity of firm 1’s demand with
respect to firm 2’s price is 2.41 in state (15, 1) and 7.84 in state (1, 15). As we
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Policy Function Transient Distribution (T=8)
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FIGURE A12.—Policy function p*(ey, e;) (upper left panel), transient distribution over states
in periods 8 and 32 given initial state (1, 1) (upper right and lower left panels), and limiting distri-
bution over states (lower right panel); additional equilibrium 2 (p = 0.85, § = 0.0275, B = 0.995).
In the upper left panel marginal cost is c(e;) (solid line in e, = 30 plane).

decrease o from 1 to 0.2, the respective elasticities become —102.00, —0.00,
0.00, and 55.0. As we increase o from 1 to 2 to 10, the respective elasticities
become —4.38, —1.86, 2.10, and 3.88 in case of o =2 and —1.54, —1.24, 1.32,
and 1.45 in case of o =10.

Figure A18 displays the limiting and maximum expected Herfindahl indices
for the case of weaker product differentiation with o = 0.2. Figures A19
and A20 do the same for the case of stronger product differentiation with
o € {2, 10}. These figures can be compared to our baseline parameterization
with o =1 in Figure 3. As can be seen, in case of weaker product differentia-
tion with o = 0.2, trenchier equilibria lead to more asymmetric industry struc-
tures. Conversely, in case of stronger product differentiation with o = 2, we
obtain more symmetric industry structures. With o = 10, firms hardly com-
pete any more and sales are split more or less equally between them. Multiple
equilibria no longer arise because firms are essentially monopolists that do not
interact strategically with each other.
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Policy Function Transient Distribution (T=8)

FIGURE A13.—Policy function p*(ey, e;) (upper left panel), transient distribution over states
in periods 8 and 32 given initial state (1, 1) (upper right and lower left panels), and limiting distri-
bution over states (lower right panel); additional equilibrium 3 (p = 0.85, § = 0.0275, B = 0.995).
In the upper left panel marginal cost is c(e;) (solid line in e, = 30 plane).

A12. ROBUSTNESS CHECKS: OUTSIDE GOOD

We allow the buyer to choose an alternative made from a substitute technol-
ogy (outside good 0) instead of purchasing from one of the two firms (inside
goods 1 and 2). The probability that firm » makes a sale becomes

exp(—v_p">
g
2 b
exp(vo;C(J) +Zexp<v_o_pk>
k=1

where we assume that the outside good is supplied under conditions of perfect
competition with price equal to marginal cost, py = c¢y. We compute the price
elasticity of aggregate demand as the percentage change in aggregate demand

Dn(p) =
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Flat Eqbm. without Well (p=0.85, & = 0) Flat Eqbm. with Well (p=0.85, & = 0.02)
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FIGURE A14.—Policy function p*(ey, e;) for frequency of sales with K = 2. Marginal cost is
c(ey) (solid line in e, = 30 plane).

Zi:1 D, (p) that results from a one-percent change in both prices p; and p;:

n(p) = (=D1(p)(1 — Di(p)) p1 + D1(p)D2(p) (p1 + p2)
—D,(p)(1 - Dz(P))Pz)/U(Dl(p) + D, (p)).

As vy — ¢y —> —00, Dy(p)=1— Zizl D,(p) — 0 and n(p) — 0, and we revert
to the C-R setting in which the buyer always purchases from one of the two
firms in the industry and the price elasticity of aggregate demand is zero.

Ifwe set v =10 and vy — ¢y = 0, then v—c(1) = vy — ¢y and a firm at the top of
its learning curve is on par with the outside good. The share of the outside good
is quite small in general. In the static Nash equilibrium, as the marginal cost of
production declines, the share of the outside good declines from 0.63 in state
(1,1) to 0.33 in state (2, 2) and 0.15 in state (4, 4) to 0.03 in state (15, 15) for a
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Flat Eqbm. without Well (p=0.85, = 0) Flat Eqgbm. with Well (p=0.85, & = 0.02)
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FIGURE A15.—Transient distribution over states in period 8 (subperiod 16) given initial state
(1, 1) for frequency of sales with K = 2.

progress ratio of p = 0.85. The price elasticity of aggregate demand is no longer
zero and ranges from —7.08 in state (1, 1) to —3.33 in state (2,2) to —1.35 in
state (4, 4) to —0.22 in state (15, 15). To further increase the attractiveness of
the outside good, we set vy — ¢y € {3, 5, 10}. If vy — ¢y = 3, then the share of the
outside good is quite large in general and declines from 0.97 in state (1, 1) to
0.87 in state (2, 2) and 0.67 in state (4,4) to 0.30 in state (15, 15). The price
elasticity of aggregate demand ranges from —10.63 in state (1, 1) to —8.03 in
state (2, 2) to —5.68 in state (4, 4) to —2.04 in state (15, 15).

Figure A21 illustrates the extent of multiplicity for the case of an outside
good with vy — ¢y = 0. It shows the number of equilibria for each combina-
tion of forgetting rate 6 and progress ratio p. Darker shades indicate more
equilibria. This figure can be compared to our baseline parameterization with
vy — ¢p = —oo in Figure 2. As can be seen, multiple equilibria continue to arise
in the presence of an outside good, although less frequently as the outside good
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Flat Eqom. without Well (p=0.85, 5 = 0) Flat Egbm. with Well (p=0.85, & = 0.02)
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FIGURE A16.—Transient distribution over states in period 32 (subperiod 64) given initial state
(1, 1) for frequency of sales with K = 2.

becomes more attractive. We have found up to nine equilibria for some values
of p and &. Because the outside good sufficiently constrains firms’ pricing be-
havior, we no longer have sunspots for a progress ratio of p = 1.

Figure A22 displays the limiting and maximum expected Herfindahl indices
for the case of an outside good with vy — ¢y = 0. Figures A23—-A25 do the same
for the case of a more attractive outside good with vy — ¢, € {3, 5, 10}. These
figures can be compared to our baseline parameterization with vy — ¢p = —o0
in Figure 3. As can be seen from Figure A25, with vy — ¢y = 10 the equilibrium
is unique because almost all consumers choose the outside good, so that the in-
flow of know-how to the industry is much smaller than the outflow. Despite the
reduced extent of multiplicity, the basic shape of the equilibrium correspon-
dence remains largely the same: For intermediate degrees of organizational
forgetting, asymmetries arise and persist.
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FIGURE A17.—Limiting distribution over states for frequency of sales with K = 2.

The types of equilibria that arise (and the dynamics that they imply) are also
the same: For the case of an outside good with vy — ¢y = 0, Figure A26 shows
the analogs to our leading examples of a flat equilibrium without well, a flat
equilibrium with well, a trenchy equilibrium, and an extra-trenchy equilibrium;
it can be compared to Figure 4. To obtain the analogs to our leading examples
for the case of a more attractive outside good with vy — ¢y = 3 in Figure A27,
we increase the discount factor B8 to ]% from its baseline value of % We
emphasize that in these equilibria, the price elasticity of aggregate demand is
economically significant. The reason that we have to increase the discount fac-
tor is that since the price elasticity of aggregate demand in state (1, 1) is very
high (—10.63 in the static Nash equilibrium), the probability of making a sale
and moving down the learning curve is very low (the share of the outside good
is 0.97). At the same time, however, there are rewards to be had from fighting
one’s way down the learning curve: The price elasticity of aggregate demand in
state (15, 15) is much lower (—2.04 in the static Nash equilibrium) than in state
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TABLE AXII

FREQUENCY OF SALES WITH K = 2; MODAL STATES OF TRANSIENT AND
LIMITING DISTRIBUTIONS

Flat Eqbm. Flat Eqbm. Extra-Trenchy
Period Subperiod Without Well With Well Trenchy Eqbm. Eqbm.

8 16 (5,95) (3,6.5), (6.5, 3) (3,6.5),(6.5,3)  (1,6.5),(6.5,1)
16 32 9,9 (5.5,10), (10,5.5) (6,9.5), (9.5, 6) (1,10), (10, 1)
32 64 17,17) (11.5,14), (14,11.5) (11,14.5), (14.5,11) (1,14), (14,1)
64 128 (30, 30) (19.5,20), (20,19.5) (18,21.5), (21.5,18) (1,18), (18,1)
00 00 (30, 30) (29, 30), (30,29) (26,30), (30,26)  (1,24),(24,1)

(1, 1), indicating that the outside good is a much less formidable competitor to
a firm at the bottom of its learning curve than to a firm at the top, but in com-
bination with a nonnegligible forgetting rate (6 € {0.035, 0.045}), the rewards
of pricing aggressively are too far off into the future to justify the cost of doing
so unless firms are more patient than in our baseline parameterization.

A13. ROBUSTNESS CHECKS: CHOKE PRICE

In the absence of organizational forgetting, the equilibria in our compu-
tations have always been flat either without or with well, depending on the
progress ratio. As in C-R, our logit specification for demand ensures that a
firm always has a positive probability of making a sale and, in the absence of
organizational forgetting, must therefore eventually reach the bottom of its
learning curve. This precludes the occurrence of long-run market dominance
in the absence of organizational forgetting.

Suppose instead that the probability that firm » makes a sale is given by the
linear specification

D,(p) = min(max(1 — i(p,, —DP-n)s 0), 1>.
2 4o
Due to the choke price in the linear specification, a firm is surely able to deny
its rival a sale by pricing sufficiently aggressively. Note that we choose the slope
parameter in the linear specification so that in the static Nash equilibrium, the
own-price elasticity of demand in state (1, 1) is the same as in the logit specifi-
cation so as to allow for a fair comparison between linear and logit demand.
Figure A28 displays the limiting and maximum expected Herfindahl indices
for logit demand (right panels) and linear demand (left panel), and various de-
grees of product differentiation. Note that the horizontal axis is the progress
ratio p. As can be seen, for linear demand with o = 1, the industry evolves to-
ward a symmetric structure in the absence of organizational forgetting (6 = 0).
This is no longer the case with o = 0.2: Asymmetries can arise and persist in
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FIGURE A19.—Limiting expected Herfindahl index H> (solid line) and maximum expected
Herfindahl index H” (dashed line) for product differentiation with o = 2.
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FIGURE A21.—Number of equilibria for outside good with vy — ¢y = 0.

the model with a linear demand even in the absence of organizational forget-
ting.

Figure A29 exemplifies the policy function of a flat equilibrium with well
(upper left panel), the transient distribution in periods 8 and 32 (upper right
and lower left panels), and the limiting distribution (lower right panel). The
parameter values are p = 0.85, 6 =0, and o = 0.2. As can be seen, firms at the
top of their learning curves fight a preemption battle. The industry remains in
an asymmetric structure as the winning firm takes advantage of the choke price
to stall the losing firm at the top of its learning curve. In other words, the choke
price is a shut-out model element.

In the absence of organizational forgetting, we never found a trenchy or
extra-trenchy equilibrium with linear demand. We are therefore confident that
the flat equilibria that arise in the absence of organizational forgetting are not
an artifact of the lack of a choke price with logit demand. At the same time,
we continued to find trenchy and extra-trenchy equilibria with linear demand
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FIGURE A23.—Limiting expected Herfindahl index H> (solid line) and maximum expected
Herfindahl index H” (dashed line) for outside good with vy — ¢y = 3.
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FIGURE A26.—Policy function p*(ey, e;) for outside good with vy — ¢y = 0. Marginal cost is
c(ey) (solid line in e, = 30 plane).

in the presence of organizational forgetting. Organizational forgetting has thus
the same dramatic effect on firms’ pricing behavior whether demand is logit or
linear.

A14. ROBUSTNESS CHECKS: LEARNING-BY-DOING

Following C-R, we assume that m < M represents the stock of know-how
at which a firm reaches the bottom of its learning curve. To check the robust-
ness of our results, we instead assume m = M. Figure A30 displays the limiting
and maximum expected Herfindahl indices for this bottomless learning speci-
fication. This figure can be compared to our baseline parameterization with
m =15 < M in Figure 3.

We obtain other types of equilibria in the bottomless learning specification in
addition to the four typical cases in Figure 4. Figure A31 exemplifies the policy
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function of a plateau equilibrium (upper left panel), the transient distribution
in periods 8 and 32 (upper right and lower left panels), and the limiting dis-
tribution (lower right panel). The parameter values are p = 0.9 and 6 = 0.04.
As can be seen, the plateau equilibrium is similar to a trenchy equilibrium ex-
cept that the diagonal trench is interrupted by a region (around state (17, 17))
of very soft price competition. On this plateau, both firms charge prices well
above cost. This “cooperative” behavior contrasts markedly with the price war
of the diagonal trench. While the most likely industry structure is asymmetric
in the long run in this example, there is also a substantial probability that the
industry becomes symmetric: The modal states of the limiting distribution are
(11,25) and (25, 11) with a probability of 0.0111 each, yet the limiting distrib-
ution also has a secondary peak at state (17, 17) with a probability of 0.0072.
Table AXIII summarizes the dynamics of the industry by providing the most
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likely asymmetric and symmetric states of the transient and limiting distribu-
tions. As can be seen, the likelihood of cooperation goes up with time.

Figure A32 provides another example of a plateau equilibrium and Ta-
ble AXIV summarizes the dynamics of the industry. The parameter values are
the same as before (p = 0.9 and 6 = 0.04), thereby providing another instance
of multiplicity. In this case, the most likely industry structure is symmetric in

the short run and asymmetric in the long run. That is, the likelihood of coop-
eration goes down with time.

A15. ROBUSTNESS CHECKS: ORGANIZATIONAL FORGETTING

We take the probability A(e,) that firm # loses a unit of know-how through
organizational forgetting to be 1 — (1 — 6)*, an increasing and concave func-
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FIGURE A29.—Policy function p*(ey, e;) (upper left panel), transient distribution over states
in periods 8 and 32 given initial state (1,1) (upper right and lower left panels), and limiting
distribution over states (lower right panel) for linear demand (p = 0.85, 6 =0, o =0.2). In the
upper left panel marginal cost is c(e;) (solid line in e, = 30 plane).

tion (as long as 6 > 0), to capture the idea that a firm with more know-how
is more vulnerable to organizational forgetting. We alternatively take A(e,)
to be §, a constant. This may be appropriate in situations in which there is a
leading edge of know-how which, if not continually applied, is at risk of being
lost.

Figure A33 illustrates the extent of multiplicity for this constant forgetting
specification with A(e,) = 8.2 It shows the number of equilibria for each com-
bination of forgetting rate 6 and progress ratio p. Darker shades indicate more
equilibria. Note that the horizontal axis is on a linear scale. As can be seen, we

Figure A33 looks somewhat rough because we use a grid of 20 rather than 100 values of
pe(0,1].
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Policy Function Transient Distribution (T=8)
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FIGURE A31.—Policy function p*(ey, e;) (upper left panel), transient distribution over states
in periods 8 and 32 given initial state (1, 1) (upper right and lower left panels), and limiting dis-
tribution over states (lower right panel) for bottomless learning; plateau equilibrium 1 (p = 0.9,
6 =0.04). In the upper left panel marginal cost is c(e;) (solid line in e, = 30 plane).

have found up to eleven equilibria for some values of § and p. Multiplicity is
especially pervasive for forgetting rates 6 between 0.4 and 0.5. This reaffirms
our notion that the primitives of the model tie down the equilibrium unless the
inflow of know-how to the industry balances the outflow. The latter happens
for forgetting rates around 0.5, and the nature of the equilibrium is therefore
governed by firms’ expectations with regard to value of continued play.

Our results regarding market dominance also carry over to the constant for-
getting specification. Figure A34 displays the limiting and maximum expected
Herfindahl indices for the constant forgetting specification. Note that the hor-
izontal axis is on a linear scale. As can be seen, if organizational forgetting is
sufficiently weak, then asymmetries may arise but they cannot persist. If or-
ganizational forgetting is sufficiently strong, then asymmetries cannot arise in
the first place because organizational forgetting stifles investment in learning-
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TABLE AXIII

BOTTOMLESS LEARNING: MOST LIKELY ASYMMETRIC AND
SYMMETRIC STATES OF TRANSIENT AND LIMITING DISTRIBUTIONS;
PLATEAU EQUILIBRIUM 1 (p =0.9, 6 =0.04)

Asymmetric Symmetric
Period State Prob. State Prob.
8 2,7, (,2) 0.0782 — —
16 (4,10), (10, 4) 0.0357 — —
32 (6,14), (14, 6) 0.0192 — —
64 (8,20), (20, 8) 0.0143 (15,15) 0.0017
00 (11, 25), (25,11) 0.0111 (17,17) 0.0072

by-doing altogether. By contrast, for intermediate degrees of organizational
forgetting, asymmetries arise and persist.

A16. ROBUSTNESS CHECKS: ENTRY AND EXIT

Below we describe the N-firm version of our model with entry and exit. We
assume that at any point in time there is a total of N firms, each of which can
be either an incumbent firm or a potential entrant. Thus, if N* is the number of
incumbent firms, N — N* is the number of potential entrants. Once an incum-
bent firm exits the industry, it perishes and a potential entrant automatically
takes its “slot” and has to decide whether or not to enter the industry. Poten-
tial entrants are drawn from a large pool. Hence, if a potential entrant chooses
not to enter the industry in the current period, it disappears and its slot is given
to another potential entrant in the subsequent period.

To ensure the existence of an equilibrium, we use the approach in
Doraszelski and Satterthwaite (2010), and assume that salvage values and
setup costs are privately observed. Since the analysis of entry and exit requires
a well posed monopoly problem, we include an outside good.

Order of Moves

In each period the sequence of events is as follows:

e Each of the N* incumbent firms learns its own salvage value and makes an
exit decision. Each of the N — N* potential entrants learns its own setup cost
and makes an entry decision. Entry and exit decisions are made simultane-
ously. In this process, the industry transits from state e to state e’. Specifically,
incumbent firm # transits from state e, # 0 to state e/, = 0 upon exiting and
potential entrant » transits from state e, = 0 to state ¢, = e’ # 0 upon entering
the industry.
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Policy Function Transient Distribution (T=8)
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TABLE AXIV

BOTTOMLESS LEARNING: MOST LIKELY ASYMMETRIC AND
SYMMETRIC STATES OF TRANSIENT AND LIMITING DISTRIBUTIONS;
PLATEAU EQUILIBRIUM 2 (p = 0.9, § = 0.04)

Asymmetric Symmetric
Period State Prob. State Prob.
8 — — 4,5), (5,4 0.0803
16 — — 6,7),(7,6) 0.0434
32 (4,17), (17,4) 0.0007 (10, 10) 0.0312
64 (8,21), (21, 8) 0.0013 (13, 14), (14,13) 0.0247

00 (15,21), 21,15)  0.0075
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FIGURE A33.—Number of equilibria for constant forgetting.

e Price competition takes place among active firms, where firm # is active if
and only if e/, # 0. Learning-by-doing and organizational forgetting occur. In
this process, the industry transits from state e’ to state e”.

Before making their entry and exit decisions, all firms observe state e and all
firms observe state €’ prior to making their pricing decisions.

Entry and Exit

Before price competition takes place, incumbent firms can choose to exit
the industry and potential entrants can choose to enter it. If an incumbent
firm exits the industry, it receives a salvage value and perishes. We assume that
at the beginning of each period, incumbent firm » draws a salvage value X,
from a symmetric triangular distribution Gx(-) with support (X —a, X +a],
where a > 0 is a parameter. That is, letting Z, = (X, — X) /a, the density and
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distribution of X, are given by

0, if Z, < -1,
e (X)=11-1z,, if-1<2,<1,
0, if Z,>1,
0, if Z, <—1,

1

SA+2Z,+ z), if-1<2,<0,
GX(Xn)Z 1
5(1 +27,-27), if0<Z,<1,

1, if Z,>1.

Salvage values are independently and identically distributed across firms and
periods, and firm n’s realization is observed only by itself but not by its rivals.
Let 7,(e, X,,) = 1 denote the decision of incumbent firm n to remain in the
industry in state e when it has drawn salvage value X, while 7,(e, X,,) =0
denotes the decision to exit.

Simultaneous with the exit decisions of incumbent firms, potential entrants
make entry decisions. If a potential entrant decides not to enter, it receives
nothing and perishes; if it enters, it incurs a setup cost. At the beginning of each
period, potential entrant n» draws a setup cost S, from a symmetric triangular
distribution Gs(-) with support [S — b, S+ b], where b > 0 is a parameter. Setup
costs are independently and identically distributed across firms and periods,
and its realization is private to a firm. Let 7,(e, S,,) = 1 denote the decision of
potential entrant # to enter the industry in state e when it has drawn setup cost
S,, while 7,(e, S,) = 0 denotes the decision to stay out.

Combining the firms’ entry and exit decisions, let A,(e) denote the proba-
bility that firm n operates in the industry in state e. If e, # 0 so that firm # is
an incumbent, then A, (e) = f 7.(e, X,)dGx(X,). If e, =0 so that firm # is an
entrant, then A,(e) = [ 7,(e, S,) dGs(S,).

Bellman Equation

To develop the Bellman equation, we first consider firms’ pricing decisions.
We then consider the exit decisions of incumbent firms and the entry decisions
of potential entrants. Throughout we use V,(e) to denote the expected net
present value of future cash flows to firm # in state e before entry and exit
decisions have been made. In addition, we use U,(e’) to denote the expected
net present value of future cash flows to active firm # in state €’ after entry and
exit decisions have been made.
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Pricing Decisions

Consider an industry that, via a process of entry and exit, has transitioned
from state e to state €. The expected net present value of future cash flows to
active firm # is given by

(AlO) Un(e,) = H})ilXDn(pna pfn(e,))(pn - C(e;))

N
+ B Di(pu P-n(€)V ui(€),

k=0

where p_,(¢’) denotes the prices charged by the other firms in state ¢’ and
V .. (e) is the expectation of firm n’s value function conditional on the buyer
purchasing good k € {0, 1, ..., N} as given by

e/

Vmw=§j X:VWHPMM@W

ef=e} -1 ey =en—
G Gl Gy ey
/1’
V(€)= E : E E E E Va(€")
ef=e1—-1 ey_1=€p_—ley=e) ey=e; —1 ey=eny—1

X HPr(e}’|e;., 0)Pr(ejle,, 1), kefl,...,N}.
i#k

Note that we include an outside good (good 0) in the specification to ensure a
well posed monopoly problem.

Let h,(€, p,, p_.(¢),V,) denote the maximand in equation (A10). Using
the same argument as in Section 2, if the FOC (dh,(-))/dp, = 0 is satis-
fied, then (9%h,(-))/dp? = —%Dn(pn, p-.(€)) < 0. The return function 4,(-)
is therefore strictly quasi concave in p,, so that the pricing decision p,(€') is
uniquely determined by the solution to the FOC (given p_,(e)). If firm 7 is
inactive, we assign p,(€') = oo

Exit Decisions

To develop the Bellman equation that determines V/,(e), consider the exit
decision 7,(e, X,,) of incumbent firm » that has drawn salvage value X,. It
remains in the industry in state e if its realized salvage value is less than or
equal to the expected value of continuing forward to the price-setting stage:

1, if X, <X,(e),

n aXn = =
i€ An) b,ﬁmzxwx
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where
Xn(e) = E[Un(e/) |ea 6:1 =€y, Afn(e)]

is the expected value to incumbent firm n of continuing forward to the price-
setting stage as an active firm with its current stock of know-how (i.e., e/, = e,),
taking into account the operating probabilities A_,(e) of the other firms. X a(e)
is computed as

/ / / /
E E E E Uuel,...e, 1 en, €, ,...,€y)

= €, 1€ _1 € 1€ eheEy
< [] Mm@ [ d=Ace),
k#n,e) #0 k#n,e} =0

where

&= {0,e,}, ife,#0,
" 110,e%, ife,=0.

The expected net present value of future cash flows V, (e, X,,) to incumbent
firm n that has drawn salvage value X, is given by

V,(e, X)) = max{X,(e), X,,}.

Integrating over all possible salvage values yields the value function V, (e) =
f V,(e, X,) dGx(X,) for incumbent firm # in state e. Letting Z,(e) = (X, (e) —
X)/a,we have

X, ifZ,(e)<—1,

X4 2(1 +3Z,(e) +3(Z,(©)) + (Z,(©))"),
if —1<Z,(e) <0,

X4 %(1 +3Z,(e) +3(Z,(e))* — (Z,(e))?),

if0<Z,(e) <1,

X +aZ,(e),
if Z,(e)>1,

(A11) V,(e)=

where we recall that the support of salvage values is [X — a, X + a].
Since salvage values are private from the point of view of the other firms, the
probability that incumbent firm # remains in the industry is
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(A12)  Au(e) = Gx(X,(e)
0, if Z,(e) < —1,
(14220 + (Zule))), if 1= Z,e) <0,

%(l +2Z,(e) — (Z,(e))?), if0<Z,(e) <1,

1, if Z,(e) > 1.
Entry Decisions

Consider the entry decision 7,(e, S,) of potential entrant »n that has drawn
setup cost §,. It enters the industry in state e if its realized setup cost is less
than or equal to the expected value of continuing forward to the price-setting
stage:

M /
e, S) = { L, Tf Sy = Su(e),
0, ifS,>S.(e),

where
S.(e) = E[U,(€)le, e, = e, A_,(e)]

is the expected value of continuing forward to the price-setting stage as an ac-
tive firm with the initial stock of know-how (i.e., e/, = €"), taking into account

the operating probabilities A_,(e) of the other firms. §,(e) is computed analo-
gously to X, (e).

The expected net present value of future cash flows V (e, S,) to potential
entrant » that has drawn setup cost S, is given by

Vi (e, S,) = max{S,(e) — S, 0}.

Integrating over all possible setup costs yields the value function V,(e) =
fV(e S,) dGs(S,) for potential entrant # in state e. Letting Z (e) = (S (e) —
S)/b, we have

0, ifZ,(e)<—1,
%(1 +3Z,(e) +3(Z,(e)* + (Z,(e))),
if —1<Z,(e) <0,
g(l +3Z,(e)+3(Zu(©)) = (Z,(e))"),
if0<Z,(e) <1,
bZ,(e),
if Z,(e) > 1,

(A13)  V,(e)=
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where we recall that the support of setup costs is [S — b, S + b].
Finally, from the point of view of the other firms, the probability that poten-
tial entrant n enters the industry is

(A14) A (e) = G(S,(e))
0, it Z,(e) < —1,
! (1+2Z,(e) +(Z,(e))?), if —1<Z,(e) <0,

N = N

(142Z,(e) = (Z,(e))?), if0<Z,(e) <1,

—

it Z,(e) > 1.

Equilibrium

We restrict ourselves to symmetric and anonymous Markov-perfect equi-
libria. Symmetry allows us to focus on the problem of firm 1 and anonymity
(also called exchangeability) says that firm 1 does not care about the identity
of its rivals, only about the distribution of their states (see, e.g., Doraszelski
and Satterthwaite (2010) for a formal definition). It therefore suffices to de-
termine the value and policy functions of firm 1, and we define V*(e) = V] (e),
p*(e) = pi(e), and A*(e) = A (e) for each state e. The corresponding value
and policy functions for firm » in state e are recovered as V,(e) = V*(el"),
pa(e) = p*(e™), and A,(e) = A*(e'™), where el is constructed from e by inter-
changing the stocks of know-how of firms 1 and .

Parameterization

In what follows, we focus on the case of N = 2. Although alternatives are
possible, we specify that an entrant comes into the industry at the top of the
learning curve and set ¢’ = 1. We set v = 10 and vy — ¢, = 0 to include an
outside good. We further set X = 1.5 and a = 1.5 to ensure that salvage values
are drawn from a symmetric triangular distribution with support [0, 3], and set
S =4.5 and b = 1.5 to ensure that setup costs are drawn from a symmetric
triangular distribution with support [3, 6].*

Results

Organizational forgetting remains a source of aggressive pricing behavior,
market dominance, and multiple equilibria in the general model with entry and

“This implies that some portion of setup costs is sunk, thereby eliminating the possibility that
a firm enters the industry merely because it hopes to draw a salvage value that exceeds its setup
cost.
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FIGURE A35.—Limiting expected Herfindahl index H> (solid line) and maximum expected
Herfindahl index H" (dashed line) for entry and exit.
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exit. The possibility of exit adds another component to the prize from winning
a sale because, by winning a sale, a firm may move the industry to a state in
which its rival is likely to exit. If the rival exits, then it may be replaced by an
entrant that comes into the industry at the top of its learning curve or it may not
be replaced at all. As a result, pricing behavior is more aggressive than in the
basic model without entry or exit. This leads to more pronounced asymmetries
both in the short run and in the long run. It is even possible that the industry
is monopolized (see below for a concrete example). Figure A35 displays the
limiting and maximum expected Herfindahl indices for the general model with
entry and exit. Because our parameterization includes an outside good with
vy — ¢o = 0, this figure can be compared to Figure A22.

As Theorem 4.1 in C-R shows, entry and exit may give rise to multiple equi-
libria even in the absence of organizational forgetting. For a progress ratio of
p = 0.75, for example, we found three equilibria in the absence of organiza-
tional forgetting (8 = 0), in contrast to Proposition 3. While these equilibria
are flat either without or with well, the implied long-run industry structures
range from symmetric (with the modal state of the limiting distribution being
(30, 30)) to monopolistic (with the modal states being (0, 30) and (30, 0)). In
the former equilibrium, once both firms have entered the industry, there may
not be exit in the future (we have A*(e) = 1.00, for alle € {1, ..., M}*). Know-
ing this, firms may as well price softly, so that, in turn, the incentive to enter the
industry is strong even if an incumbent must be faced (we have A*(0, 1) = 0.84).
In the latter equilibrium, each firm uses price cuts to induce its rival to exit (we
have p*(1,1) = —36.95 and A*(2,1) = 1.00 but A*(1,2) = 0.76). Given that
post-entry pricing behavior is “predatory,” the incentive to enter the industry
is weak in the first place (we have A*(0, 1) = 0.08), thereby ensuring that the
most likely industry structure is monopolistic not only in the long run, but also
in the short run (the modal states of the transient distribution are (0, 8) and
(8, 0) in period 8 and (0, 30) and (30, 0) in period 32). Because entry and exit
are shut-out model elements, asymmetries can arise and persist even in the
absence of organizational forgetting.
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