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PROOF OF LEMMA A.1: This lemma was presented by Bai and Perron (1998)
under a set of mixingale conditions. We show that Assumption A4 implies
them. By the mixingale inequality of Ibragimov (1962), we have

IEEkl Flla < 2(V2 4 D> 1€l

for any s > 2. In particular, let s = r+ 8, with r and é defined in Assumption A4.
We then have

IECEiklFll, < 6Mallc/2‘1/s

and

allc/H/S — JGr/=2)(/2-1/(r48) _ J=2-45/(r=2)(r+8))

which, combined with the fact that &; is F; measurable, imply that &; is an L?
mixingale of size —2 — 458/((r — 2)(r + 6)). If we let ; denote the mixing
coefficients and define k =268/((r — 2)(r + 8)), then Z;’io jie; < oo. Hence
the mixingale conditions required in Bai and Perron (1998) are satisfied and
the lemma holds. Q.E.D.

PROOF OF LEMMA A.2: Given Assumption A4, parts (a) and (b) follow from
Theorem 2 in Eberlain (1986) once we show that ||[E(S,(£)|F¢)|, < C for C
independent of ¢ and that uniformly in ¢,

|E(Si(©)Sc(0)1F,) — E(S(OS(@))], = Ok

The proof of the foregoing statements proceeds in the same way as in Corradi
(1999, pp. 651-652). Hence, details are omitted. Part (c) can be proved by ap-
plying Corollary 2 of Hansen (1991), using the fact that ¢; is an L? mixingale
with mixing size —2 and bounded fourth moment. For part (d),
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Given that
1
k'21log"* k

k

QY & -0k H = 045.(1)
i=1

by part (a) and

lim sup 1Q72W (k)| = 0,(1)

koo k12 10g"* k
by the law of iterated logarithm (LIL) for vector-valued Brownian motion

processes, we have

fim ksggo k'2log'* k

k
0,y &
i=1

which completes the proof. Q.E.D.

‘ = Op(1)7

PROOF OF LEMMA A.3: To prove this result, we show that under Assump-
tions A1-A9, slightly different versions of the 10 properties of the quasi-
likelihood ratio discussed in Bai, Lumsdaine, and Stock (1998), henceforth
BLS (1998), and Bai (2000) are satisfied under our set of assumptions. Once
these are established, the proof proceeds as in Bai (2000, pp. 324-329). Fol-
lowing BLS (1998), but using slightly different notation, the quasi-likelihood
ratio using the first k observations, evaluated at 6 and 3, can be written as

nf=1f(Yt|xta B2
Hle f(ytlxh ceey BO’ ZO)

LA,k B,3) =

Let ﬁ(k) and 3, denote the values of B and 3 that correspond to the max-
imum of L£(1, k; B, 3). We have the following property about the magnitude
of the parameter estimates and the likelihood function in the absense of struc-
tural change. Q.E.D.

PROPERTY 1: Foreach 6 € (0, 1],

sup L1, k; BA(k), ZA(k)) = Op(l)’

Té<k<T
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sup (1B — Bl + IISW 3 =0,(T).

Té<k<T

This statement corresponds to Property 1 of BLS (1998, p. 420). It states that
the likelihood function and the maximum likelihood estimate are well behaved
in large samples. The uniformity of the bound is important because we need
to search over all admissible partitions to find the break points. Bai, Lums-
daine, and Stock (1998) provided a proof for the seemingly unrelated regres-
sion model with common regressors, in which case the covariance matrix plays
no role in estimating 8. Here, our setup is more complicated because the in-
teraction between B and 3 makes the problem nonlinear. The solution is to
use an argument based on the minimization of the Kullback—Leibler distance,
which is from Domowitz and White (1982, Theorem 2.2).

PROOF OF PROPERTY 1: First, simple arguments lead to the result that
Eo(logL(1,k; B,3)) achieves a maximum at By, = B° and 3, = 3° =
E (k™! Zf:] u,u,), where E, denotes the expectation taken over the true den-

sity. Let @, denote an open sphere that contains (B°, 3°) and let @, be its
closure constructed in such a way that it excludes values of 3 such that | 3| =
Then, applying a strong law of large numbers (SLLN) and a functional central
limit theorem, we have

log £(1, k: B, %) = Ey(log £(1, k: 8, X))] = 0
uniformly over @,. Using the continuous mapping theorem, we have

1B — Bl + 12, — 3711 55 0,
where

(B(k),§<k>)=arg max logL(1,k; B, ).

(B,2)e0

In the preceding equation, the maximization is taken over a compact set.
We now show that the strong consistency still holds when that restriction
is dropped. Notice that for large k, with probability arbitrarily close to 1,

log £(1, k; B, 2) is continuous and strictly concave at (,é(k),E(k)), an inner
point of @,. Under the assumption that the likelihood function does not have
multlple maxima, we can conclude that for large k, ( ﬂ(k), Z(k)) coincides with
( ﬂ(k), E(k) ), which is the unique solution obtained by solving the first-order con-
dition of the quasi-maximum likelihood without directly imposing (B, 3) € 0,.
Hence the strong con51stency of (B, E<k)) is proved

Now, using the fact that B, — B° = (Z, L X (k)x’) Zt L X E(k)u, and ap-
plying the generalized Hajek—Rényi inequality on thl x,(2%)"'u,, together
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with the strong consistency of 3, we have SUPrs-s7 By — Bl = O (T 7).
For X, — 3°, we use the fact that

. 1< . R
S = X=2 ) = xi(Bw = BN — x{(Buy — B = X
t=1

and again applying the generalized Hajek—Rényi mequahty, we have

SUPrs_ i< I3 — 2| = 0,(T~'7). Finally, supps_or L1, k; B, 34) =0 ,(1)
is a direct implication of the foregoing results, which completes the proof. Q. E D.

The following property corresponds to Property 2 of BLS (1998), which pro-
vides a bound for the sequential quasi-likelihood function in small samples.
Two additional complications appear in our context. First, we allow a general
dependence structure for the errors and the regressors. Second, as before, the
interaction between B and 3 makes the problem nonlinear. The solution is to
apply the strong approximation theorem and the LIL.

PROPERTY 2: Foreach € > 0, there exists a B > 0 such that for all large T,

Pr( sup T~L(1, k: Buy, Su) > 1) <e

1<k<T
PROOF: The likelihood function evaluated at B(k) and ZA(k) can be written as

log £(1, k; ,é(k),s(k))
——(108|2<k>| —log|2") + = (Z” 3w, — kn)

Denote A, = B, — B°. Then
k ) -1 % .
Ak = (Z x,z(kl)x;> thz(*kl)ut
=1 t=1
and
R 1
E(k) = E Z(u, — x;Ak)(u[ — x;Ak)’.
t=1

Note that EA(/() —as 30 é(k) —2s B and k™! Zf:] uu, —>* 3" as k — oo,
which can be shown by applying a SLLN. Hence, we have

Sup IIZ(k> ()7 MI=0,(),



STRUCTURAL CHANGES IN MULTIVARIATE REGRESSIONS 5

1 & -

(E > xt(2°)1x;)
=1

sup
k>kq

= Op(l):

and

sup
k>kq

=0,(1)

X -1
( thz(-;)x/) (% Zx,(20)1x2>
t=1

for some fixed k. Because Sup; ., LA, k; é(k), ﬁ(k)) = 0,(1), without loss of
generality, we may assume k > k;. Then

(k Zx Sx >_1

t=1

sup || A|| < sup k™'

k>kq k>kq

X sup
k>kq

1/2
k= fozmut

= sup 0,(1).

k>kq

12 -
k- /thE(k)ut

t=1

Now, letting Y = Var(Zf=1 x:(3M'u,), we have

k
QDY x(3)

t=1

——— Su
k'2log'* T i

1
<—Su
T k'2log'* T = ;P

) WZx(E“) U, — W(k)H

t=1

+—— 7 su w k)|,
g P W O

where W (k) is a vector-valued Wiener process. Hence,

——— Su
k'2log'? T kf

k

@Y™ x (3w — W (k) H =0, (1)
t=1

from Lemma A.2 and (k'2log"* T)~! Sup.;, IW (k)| = 0,5.(1) using a LIL for

a vector-valued Wiener process. This shows that sup Kok, | Akl = OP(logl/ 2T).
Now we use this result to obtain a bound for the likelihood function. Applying
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a Taylor series expansion, we have

log £(1, k; /§<k>7 S(k>)
=—— tr(Em(Eo)’ -+ = (Z u, (3w, — kn)
k S 0y—1 2
+ Ztr{(%(z ) =D+ 0,(1),
where the remainder term is O, (1) uniformly in k. We now show that
(S.1) —— tr(Z(k>(Z°)’ -+ = (Z u (ZO) u, — kn) =0,(logT)
and

k ~
(S.2) 1 tr{ (X' = D?*} =0,(logT)

uniformly in k. First, for (S.1),

k ~
—Etr(z(k)(z")* D)+ = (Zu(ZO) U, — kn>
=—5tr< Z((zﬁ ", — (307X AR (uy — X, Ay) — )

1 ’ 0\—1
+ 5(;%(2 ) lu, —kn)

1 L 1 L
=-3 tr{A/k (Z; x,(2°)1x;) Ak} +3 tr{A; (; x,(ZO)lut> }
1 k
+ Etr{;(u;(zo)—lx,)Ak}

=0,(ogT),

where the last equality follows because

(L) H

Sup
k>kq
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k
<sup|k~/? Zx,(ZO)‘lu, 0,(log"*T)
k=ky =1
=0,(logT),
k
sup || 4, <Zx,(2°)1x;)Ak
k=ky t=1
k
<sup | Al sup| > xi(3%) 7" x, | sup || Al
kzkl kal =1 /(Zkl

=0,(logT).
REMARK S.1: If the process x,(3°)'u, is assumed to be strictly stationary,
then Theorem 5.5 and Corollary 5.4 of Hall and Heyde (1980, p. 145) says that

a LIL holds for the process if it has uniformly bounded second moments and
satisfies

ZHE(xt(ZO)_luA-E—Z) H2 + Zuxt(zo)—lut — E(x(3") " ul Frve) ”2
=1 =1

< Q.

In this case, the LIL could be applied directly without first resorting to the
strong invariance principle.

What remains to be shown is that (S.2) is also O,(logT). To see this, note
that

k A k
1 tr{ (S (X 1)} = 1 tr{[¥; + ¥, — V3]°}
< % tr{ ¥ + 5 + ¥},
where
1< 1<
0\—1,, _ ’ ’ -1
W= ;wz ylu =D, W= ;x,AkAkxw) ,
and

1 /(30
= A A
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For the first term, (3k/4) tr(¥}?) = O,(log T) after applying the strong invari-
ance principle and the LIL on the Brownian motion process. For the second
term

3k 3k 3
T tr(¥;) < Tar(%))z = Z(tr(k”/zcbk) +0,(1))>=0,(logT),

where the inequality follows because W, is a symmetric positive definite matrix
and @, is defined as

k / k
d, = (k'/Zth(ZO)‘ut) [k' th(zo 'x;:|
t=1 t=1
k
x (kl/zzxt(zo)lu[)-

t=1

-1

For the third term, following the same arguments, we have (3k/4)tr(¥3) =
O,(logT), which completes the proof. Q.E.D.

The following property states that the value of the likelihood ratio is arbi-
trarily small for large 7" when the parameters are evaluated away from zero,
assuming a positive fraction of the observations is used.

PROPERTY 3: Let Sy ={(B,2); |B—B° =T *logT or |¥—-3"| > T~ x
log T}. Forany 6 € (0,1), D > 0, and € > 0, the following statement holds when
T is large:

Pr(sup sup T°L(1,k;B,3) > 1) <e.

k=T5 (B,3)eST

PROOF: We first consider the behavior of the likelihood function over the
compact set

O ={(B, 3): 1Bl < di, Ain(2) = da, Anex(3) < dbs},

where Ay, and A, denote the smallest and largest eigenvalues, and the finite
constants d;, d,, and d; are chosen in such a way that (8°, 3°) is an inner point

of @,. We first want to show that

Pr(sup sup TPL(1, k; 3,2)>1)<e.

k>T35 (B,5)eSTNO,

Following BLS (1998, pp. 422-424), we decompose the sequential log likeli-
hood as

logL(1,k; B, 3)=Lyr+ Lo,
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where

—

k : Iy
Lir= —Elog|1+1IfT| — _[EZ I+ W), — EZ”’I;W:|

=1 =1

and

k k
Lor=B" ;x,Z‘lut — %B*’ (% ;xZE‘lx;) B
with B* =8 - 8% 3 =3 - 3% n, = (3% 'y, and ¥y = (3°)"123+(3%) "1/,
Note that only £, depends on B*. Now, let S = S;.r U S, 1, with
Sir={(B,2);|X—3" =T "logT, B arbitrary}
and
S0 ={(B, 3 1B~ Bl = Tlog T and ||S — 3°| < T-"*log T}.
We then need to show that

(S.3) Pr(sup sup TDL(l,k;B,2)>1><e

k=T3 (B,3)eS$), N0
and

(S.4) Pr(sup sup TDE(l,k;,B,E)>1><e.

k=T3 (B,3)eS$y, N0

The proof of (S.4) proceeds exactly as in BLS (1998) and, hence, is omitted. It
remains to show (S.3), or

Pr(sup sup Lir+Lyr>—-Dlog T) <e.

k=T3 (B,3)e$1 7NO,

First note that, on S 7, £,r is a quadratic function of B* and has maximum
value

-1
1& 1&
sup Loy = ( Zx 3" u[> <k thz‘lx;> <E thE‘lu,>.
Sir =1 =1

Applying a SLLN yields

k -1
(%Zx,i%/t) H =0,(1).
t=1

sup sup
k=Ts 6,
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Also,

k

— thE‘lu[

sup | -
t=1

k>T8

1 k
= sup |- ZS/(In ® z,)3 'y,
=1

k>T8

1 k
=sup | (S @ L) Z(In ® z)u

k>T8

15" @ L.

k>T8

k
< sup Z(l ® z)u,

Using Lemma A.2, we have, for any fixed r > 0,

k
Z(]n ® z)u,

t=1

lim Pr ( sup

T—o0 k>Té

> rT~2log"? T) =0,

while [|S'(Z'Q L)l =Y, (1+ A)'0,(1), where A; (i =1,...,n) are the
eigenvalues of (3°)~1/23*(3%)~1/2, Hence,

2
k{1
sup sup Ly < —(Z ) (r*T '1ogT),

k=T8 5, N6, 2 =1 L+

which implies

2b2

(S.5) sup sup Ly < —Z

k=T3 5, NG, 2 i=1

where by = T~'?log T with the inequality holding with probability arbitrarily
close to 1 for large T. For L7, BLS (1998) showed that

(S.6) sup sup Lir

k>T8 S]J‘ﬂ@z

k| < 1
=< ) |:Z (10g(1 +A) + (m - 1) (I+ sign(/\,-)abr))]

i=1

with probability arbitrarily close to 1 for large 7, where a is a fixed positive
number which can be made arbitrarily small. Combining the preceding two
inequalities and using arguments as in BLS (1998), we can show that

Pr(sup sup L7+ Lrr>—Dlog T) <e€.

k=T3 (8,3)e$) 7NO,
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We still need to show that the preceding sup bound remains valid even if the
maximization problem is carried over an unrestricted parameter space. To this
end, it is sufficient to show that

kh_)noloPr<arg(en;ixT L,k;B,3) ¢ @2> =1,
that is, the sequence of global maximizers of the quasi-likelihood function
(é(k), 3 eventually falls into the compact set @, almost surely. Suppose this
is not so. Then there are three possibilities: (1) with positive probability, there
is a sequence (O(k), E(k)) that satisfies inf(Api, (E(k))) —d,>0withd, <d, or
sup()\mdx(E(k))) — d, < oo with d, > ds; (2) with positive probablhty, there is a
sequence (6, Z(k)) with 1nf(/\mm(2(k))) — Oor sup()\mdx(E(k))) — 00; (3) with
positive probablhty, there is a sequence (H(k), Z(k)) with mf()\mm(E(k))) > d,
and sup()\maX(E(k))) < d; but hmsup(e(k)) >d,.

The first case is ruled out by the asymptotic identifiability condition and the
uniform almost sure convergence of the likelihood function over a compact set.
Indeed, in this case, by definition, (H(k), Z(k)) = argmaxy,xes; L(,k;B,2),

and if 3 has bounded eigenvalues for large k, then E(k) must lie on the bound-
ary of Sy, an inner point of @,. The second case is also impossible because the
log-likelihood function would then diverge to minus infinity. The third case
is ruled out again, because values of é(k) that lie on the boundary of Sy will
yield a larger value of the likelihood function almost surely. This completes
the proof. Q.E.D.

PROPERTY 4: A property that corresponds to Property 4 of BLS (1998) is not
needed.

The next property concerns the value of the likelihood ratio when no posi-
tive fraction of the observations is involved. It is slightly different from that of
BLS (1998) in the sense that the maximum is taken over a restricted set. The
restriction simplifies the proof and is also what is needed for the intended ap-
phcatlon Also, as pomted by Bai (2000), the existence of a limit for (hrd3)/ T
is not necessary. It is sufficient to have liminf;_, . (hrd3)/ T > h > 0.

PROPERTY 5: Let hy and dr be positive sequences such that hy is nonde-
creasing, dr — +o00, and (hrd2)/T — h < co. Define 0, = {(B,2): 18]l <
Py Amin(2) > pa, Amax(2) < p3}, where py, py, and ps are arbitrary constants
that satisfy p; < 00,0 < p, < p; < 0o. Define Sy = {(8,2); |8 — B°| >
T-2logT or |¥—3°|| > T~V21og T}. Then, for any € > 0, there exists an A > 0,
such that when T is large,

Pr( sup  sup L(1,k;B,3) > e) <eE€.

k=Aht (B,3)eSTnO5
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PROOF: As in the proof of Property 3, we only need to look at the behavior
of L, over S; r N Oj3; the rest of the proof is the same as BLS (1998). In other
words, we need to show

Pr( sup sup  L(1,k;B,3) > e) <€

k>=Aht (B,Z)esljﬂ(:h

or

Pr( sup sup  Lir+ Lor > e) <€

k=Aht (B,5)eS) 7nO3

Define by = T~'2dr. On showing that (S.5) and (S.6) hold, all the arguments in
the previous proof go through. The proof of (S.6) is the same as in BLS (1998)
with only minor modifications and, hence, is omitted. For (S.5), we have

k(1 (1 T
(S.7)  supLyr= 5(% E xZE‘lut) (E E x,E‘lx;) (E E x,E‘lu,>,
=1 =1 =1

S],T

where

x -1 X -1
(Z x,z-lx;) = (Z SU®z)3'U® z;)s>
=1

t=1

k -1
= |:S/ (2_1 ® Zztz;)S] .
t=1

— l . .
Because [7'Y",_, z,z, =** Q,, for a given € > 0 we can always find a k; > 0

such that
1 k
PI(EEE % Zztz; -0, > e) <e.
= t=1

Define Q) = k7! Zle z,z, — Q.. Then

k -1
|:S’ (E‘l ® %Zz,z;)Si| - ® 0.8
t=1

=[S ®0)S+5 @0 - [S(Z'®0.)S] !
=—A'B(A+ B!,

where A =5 (3"'® Q.)S and B=S(3"'® Q,)S. Because 3! has uniformly
bounded eigenvalues and k' 3% | z,2/ is positive definite for large k, A~' and
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B! have bounded eigenvalues. Because B is uniformly small, — A-'B(A+ B)~!
is uniformly small for large k. More precisely, [S'(37! ® k™! Zle 2,2)S1™' —
[T ® 0,)S]™ = 0.,(1) as k — oco. Given the fact that there exists an
M > 0 such that

sup  ||ISE® Q)81 <M,

(B,3)eS|, 1NO3

we have, for any € > 0, that there exists an 4 > 0 such that

-1
(S.8) Pr{ sup su thz 'x! >2M | <e€
k>Aht B, Z)GS] Tﬁ@:,‘
Now
1 k
su x.37'u,|| = su S, ®z)3'u
kZAIh)T Z ' ' k>AI/’:l)T ; ' t
1 k
< sup |- (L, ®z)u IS QLI
kZAET)T k ; ' '
Using Lemma A.1, we have
1< C 20,
S.9 P — 1, b
(5.9) r(ki‘i‘Z, kg( ®z)u,| >a r> dhabs < Aah

for some C; > 0, where the bound can be made arbitrarily small by choosing a
large A. For the second component,

1
S.10)  IS'(ZT'®@ 1)l <nC
(8.10)  IS'(ET @)l <n 2,-=11+’\i

for some 0 < €, < oo, which depends on the matrix S. Now, combining (S.8)~-
(S.10), we have, for any € > 0 that there exists an 4 > 0, such that with proba-
bility no less than 1 — e,

2
1
sup  sup ||£2T||<ka2b2Tn2C22M(Z )

k> AhT (B,3)eS1 71O i=1 L+

14+ A <1+ A

ZGaZb k "y
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with G = 2n*C;M/ p,, a finite constant depending on the dimension of the
system, the limit moment matrix of the regressors, and the property of the

compact space @5. Because a* can be made arbitrarily small by choosing a
large A, so can y?. This establishes (S.5). The rest of the proof is essentially
the same as that of Property 3 and, hence, is omitted. QO.E.D.

The next properties are the same as Lemmas 6-10 of Bai (2000). Because
the proofs are similar, they are omitted.

PROPERTY 6: With vy satisfying Assumption A6, for each B and 3 such that
1B —B" <Mvrand |3 — 3°|| < Mvr, with M < oo, we have

sup  sup L,k B+T PN, 34+T7'°E)
l<k<yTvp! A5 LA, k; B, %)

= Op ( 1 ) 5
where the supremum with respect to A and E is taken over a compact set such that

Al <M and | 5] <M.

PROPERTY 7: Under the conditions of the Property 6, we have

sup suplo LAk B+TTPNS+T 1/2:)
15k51\£)u;2 )":P s E(lak’ :87 2)

0,(1).

PROPERTY 8: We have

sup sup log(L(1,k; B*+ T B+ T7'A,

To<k<T B*,3* A5
TR TE))
LA, k; B+ T V2B, 3+ T7°3%))=0,(1),

where the supremum with respect to B*, 3*, A, and = is taken over an arbitrary
compact set.

PROPERTY 9: Let T\ = [T «] for some « € (0, 1] and let T, = (VT Tv; 1, where
vr satisfies Assumption A6. Consider

v =x.B8)+ 3, (t=1,...,T),
_xBO+2277t (t:Tl+1a'-'aT1+T2)7
where ||BY — Bl < Mvrand |39 — 39| <Mva0rsomeM <oo.Letn=T,+T,

be the size of the pooled sample and let (,Bm Z ) be the associated estimates. Then
Bn— B =0,(T"*) and 3, — 30 = 0,(T~'7).
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PROPERTY 10: Assume the same setup as in Property 9 but with T, = [Mv;*].
Then B, — B) = O0,(T™"?), 3, = 3) = O,(T"'?), B, — B = 0,(T ), and 3, —
21 = OP(T_l).

PROOF OF THEOREM 1: Given the result of Lemma 1, we can confine
the maximization problem to the compact set Cy, defined by (9), for M
large enough. Also, without loss of generality, we assume that the candi-
date estimates of the break dates occur before the true break dates, that is,
v;3(T; — T}) < M. The log-likelihood ratio is defined by

m+1 T; m+1

T, —T:_
er———Z Z W — Xﬂ,)E e — tﬁj)—ZjTHIOggﬂ

j=1t=T;_1+1 j=1

m+1 f

+ = Z > =B EN (- x,BY

Jlt T0]+1

m+1 0

+Z “10 1391

Simple algebra applied to the first two terms reveals that

0

1 m J
Irr =20 0= xB)'% (5 = X))

j=1 l:Tj

¢9)

79
1 - / ! — !
- 5 Z Z(Yt =X, Bj+1) 2,‘:1()11 —Xx,Bj+1)
j=1 t:Tj
an
m TO m+1

rL

<log|2 | —log |3+ ) _Ir;

j=1

(III)

with lrf as defined in Theorem 1. Hence, we need to show that the sum of the
terms (I)—~(I1T) is asymptotically equivalent to ) ", lr;(T_,- —T}) on the set Cy.
Define the following variables 8% = VT (B — B?) and 3% = VT (S - Z?) (for
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j=1,...,m+1), and note that both are O,(1). Term (I) is then equivalent to

T
QR
DD = xR = T ) (3 + TR
j=1 1=T;
x (i —x,B8] = T™'?x,87)
1)

(ut_T 172 /B )(20+T 1/22*) (u 1/2 /B)

I
N =
=

1 1=T;

<
Il

0

= ZZ (3] + T3 u 4 0,(1).
j=1 t=T;

—_
3

24

The last equality follows because

0
T

TN (B () + T3

1=Tj

79
J
=Tyt <vT § (x,B)(37 + T1/22;f)1u,)

1=T;
=T"*v;'0,(1) = 0,(1)
and
70
I

Z T—1/2(x;B;)/(2? + T*UZZ;)fl T*l/Z(X/tB;{)

t:T/'

TD
=T 2<vTZ<x B (XN + T3 (x,8; >)

=T,
=T"'v;70,(1) = 0,(1).
Furthermore, using the fact that
w3+ T3y,
=tr((+ T2 EH IS uu))
=tr((I = T2(3) 7' 2+ 0,(T" NG uy),
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we deduce that

m T}

(1) (=333~ T7RED S E) ) +0,(1).
j=1 t=T;

For term (II), note that, with A = 0

J+1 J?

70
m J ’ 3* 2* -
(S.12) —% > Z(ut — xABY — x’fjf;) (2;11 ﬁ)
(

j=1 t=T;

X (ut — x;AB? — %

)
T(] 2* .
___ZZ(ut /AB)( 0+ ﬁ) (= X, ABY) + 0,(1)

j=1 t=T;

79
1 m J ’A N 20 _ _12;+1 0 1
_E Z(Mt_xt ﬁ,) 1) 1) ﬁ(zﬁ_l)
j=1 1=T;

x (U, — x;AB?) +0,(1)

79
1
~2 2.2 ()T =TS )73 (3 ) Duy)

j=1 1=T;

m T
- Z ZAﬁO’x (EOH) 1x;AB? + Z Z AB?/x,(Z{;H)‘Iu,

j=1 t=T; =1 T;
+o0,(1).
For term (I11),
1 m
(813) 5> (T} = T)(log|%)| —log| %)
j=1

m

Z —T))(log | 3] + T7'(39) 7' 3% — log |39, |

T71/2(2?+1) 127+1+OP(T71))
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1 m
5 2_(T} = T))(log | ]| — log| 3},
j=1
1 m
+ 5T (T = TH(E) 'S
j=1

1 m
_ ETA/ZE :(TJ.O —T)(20,) 7' 3, +o,(1).
j=1

Collecting the results in (S.11), (S.12), and (S.13), the sum of terms (I)—(III) is

79 al
1 &< 1 &<
S22 (DT = (B0 — 5 D ) AR (X)X AB]

j=1 t=Tj Jj=1 t=Tj
79
1 m m J
+5 2 (T} = T))(log| 3] —log X0, 1) + 3, 3 ABYx(3]) ' u,
j=1 j=1 t=T;
1 m U
— ET*I/Z tr(((E?)lij(Z?)l) Z Z(u,u; — 2?))
j=1 t=T;

m

70
1 J
+ ET_I/Z tr(((2?+1)_127+1(2?+1)_1) Z Z(u,u; o Z?+1))

j=1 t=T;

+o0,(1).

The result follows using the fact that the last two terms are o0,(1), because

w1
(S tr(((2?>-12_7<2?)-1> DD (wuy— 2?))

j=1 t=T;

m T
=T V23! tr(((Z?)‘lzﬁ(Z?)_l)vT 2D (uit = 2(;))

j=1 1=T;
=T"";'0,(1)
= Op(l)
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and

w7
T2 tr(((zg?ﬂ)-lz;fﬂ 30D - 39, ))

j=1 t=T;

— T71/2 tr(((2?+1)12j+1(2?+1)1)

m TJO m T]O
X {ZZ(u,u;—Z?)-l—ZZ(E?—Z?H)})

Jj=1 t=T/' Jj=1 t=Tj
=0,(1). O.E.D.

The proof of Theorem 3 requires the following lemma whose proof is direct
and, hence, is omitted.

LEMMA S.1: Let n, = (3))""?u,. Under Assumptions A4 and AS, with vy a

sequence of positive numbers that satisfy vy — 0 and T'?v;/(log T)? — oo, we
have

70
7
for s<0, vy Z (mm, — 1) = §&;(s),

—70 2
t_T]- +[s/vT]

T)+(s/v7]

for s>0, vr > (qm,—1)= & (s),

—_70
t—T/.

where the weak convergence is in the space D[0, c0)"™, and where the entries of
the n x n matrices &, ;(s) and &, ;(s) are Brownian motion processes defined on
the real line. Also

70
J
for s<0, vy Z xt(2?+1)7lut:>(Hl,j)l/zgl,j(s)a

—_70 2
t_T/- +[s/vT]

T/Q+[:/v2T]

for s>0, v Z x,(Z?)’lu,:>(Hz,j)1/2§z,j(s),

=79
j

where the weak convergence is in the space D[0, 00)?, and where the entries of
the p vectors {y ;(s) and {, ;(s) are independent Wiener processes defined on the
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real line. Also, {; ;(s) and {5 ;(s) (resp., &1 ;(s) and &, (s)) are different indepen-
dent copies for j =1, ..., m. Note that {, ;(s) (resp., {>,;(s)) and &, ;(s) (resp.,
&,,;(s)) are not necessarily independent unless E[n,mum,1=0forall k, 1, h and
forevery t.

PROOF OF THEOREM 3: Without loss of generality, consider the jth break
date and start with the case where the candidate estimate is before the true
break date. We obtain an expansion for lr}([s/v%]) as defined in Theorem 1.

Note that s is implicitly defined by s = v3.(T; — T}") = rv3. We deal with each
term separately. For the first term, we have

79
1 J
52 WD =GN

z:TjO+[s/v2T]

70
1 1
=5 2 w3 = () ;- 5+ 3)

—_70 2
t_Tj +[s/vT]

70
1 J
=5 2 w7 =S, — X))

=T +[s/v7]

- S (@) = (3

70
1 J
= z”((zﬁf/%z?m-l(z?ﬂ —SHE Y (- ”)

1=T{+[s/v%]

.
- S ()7 (3, - 3)

79
1 J
= 5tr<(2§?)”2(2§h1)'<I>,(2?)]/2vr Z (mem; _1)>

t:T}Q+[s/v2T]
Lortr((3%,) '@
- Ethr(( i) Pp).
For the second term, we have
r
—5 (log| 37| — log| 35,,)

= Tlogl(3) - 31, + 3, (2L,
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= —glogll + (2? - 2?+1)(2? D7

+

:gtr(@j’ﬂ () )+—tr([( 0L =30 )P

- %vr tr(D;(2% )™ + Zvé tr([®;(20,)7'P).

Then the sum of the first two terms is

al

1 J
S Y DT = (3, - S(log |39 — log| 1)

T;’Hs/u% 1

79
1 J
=3 tr((2?)1/2(2?+1)_1‘pj(2_?)_1/21)7 Z (nem, — 1))

Tj(.)Jr[:/va]

+ (3P
tr((EO)l/z(%H) lq)j(z?)il/zfl,j(s))'k ([(EJH) 1(pj]2)

1 N
= E tI'(AL]'fl,j(S)) + Z tr(Aij)’

where &, ;(s) is a mnonstandard Brownian motion process with
var[vec(£,,;(s))] = (2] ;. Then, for the third term,

79
J

1 1
=5 2 B =Bl X(B] — Bl) =, 558,019

_70 2
t_TJ- +[s/vT]

Note that x, belongs to regime j, but it is scaled by the covariance matrix of
regime j + 1 because the estimate of the break occurs before the true break
date. For the fourth term,

Z (BY = B ) xe (3 )y = (T ) P L ()

T0+[s/vT]

with

T]Q
I, —hmvar{(T0 Tjo_l)_l/2|: Z xt(2?+1)‘1(2‘]?)1/2n,j|}_

T—oo
_70
szj71+1
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Combining the foregoing results, we have, for s < 0,
s Is|[1 5 , 1 ,
lr]. - = —— —tr(Al,]-)‘i‘anLij + —VCC(AL/‘) VeC(ij(S))
V7 22 2

+ 6;(Hl,j)1/2§l,j(s)~

Now, vec( A4, ;) vec(&y,(s)) 4 (Vec(Al,j)’_Q(f,jVeC(A,,]-))l/le,j(s), where V; ;(s)

is a standard Wiener process. Similarly, &,(I1, ;)¢ ;(s) 4 (8,11, )8)'* x
U, ;(s), where U, ;(s) is a standard Wiener process. With the stated conditions,
V1,;(s) and U, ;(s) are independent. Then

(VeC(Al,j),‘Q(l],jVeC(Al,j)/4)1/21/l,j(s) + (8;(H1,j)8j)l/2Ul,j(S)
< (Vec(Al,j)/‘Q?,jveC(Al,j)/A" + 5}(171,]')5]')1/231,;(3) = Fl,jBl,j(S),

where B(s) is a unit Wiener process. Hence, with A, ; = tr(Aij)/Z + 07016,
we have

s N
() Harnsn
T

The proof for the case s > 0 is similar:

s S
l’}<[v_2]> = _|_2|sz/ +12,;B1,(s)

T

with A2,j = tr(A%’j)/Z + S;Qz)jaj and
I ;= [vec(Ay ) 5 jvec(Ay ;) /4 + 8,118,172

We also have by definition lr}(O) = 0. Now given that s = v3.(T; — T}), the
argmax yields the scaled estimate vZT(fj — T}). The result follows because we
can take the argmax over the compact set C,, and with the use of Lemma 1,
this is equivalent to taking the argmax in an unrestricted set because with prob-
ability arbitrarily close to 1, the estimates will be contained in C,,. Hence,

) —MAI,]-—I-H,]-B,-(S), for s <0,
vp(T; — T}) = argmax |§|
s —7A2,j+1},ij(s), for s > 0,

where B;(s) = By ;(s) for s <0 and B;(s) = B, ;(s) for s > 0. Multiplying by
4, ;/I; and applying a change of variable with u = (A} ;/I7,)s, we obtain The-
orem 3. QO.E.D.
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PROOF OF THEOREM 5: As a matter of notation, let

T:
- 1 : S o A I D ’
(S.14) 3= T Z(M = Xy Ba — X3, Bo1,1) (Ve — X, Ba — X3, Bon )

T ¢=1

be the estimated covariance matrix using the full sample estimate of 8, ob-
tained under the null hypothesis of no change and using the estimate of 3,
based on data up to the last date of regime j, defined as

-1 T]

T;
Bu; = (Z xbtzl,;x;,,> > X3 = X, Ba)-
t=1 t=1
Also,
1 i
(815) 3= T T, Y 0= XuBa = X, Bo) 3 = X Ba = X3, B)
J = =111

is the estimate of the covariance matrix of the errors under the alternative
hypothesis using the full sample estimate of 8, and using the estimate of 3,
based on data from regime j only, that is,

T; -1 T
By = < Zl: xbzﬁj‘lx;,t) XI: X, 3 (3 = X, Ba).-
(=Tj_1+1 =Tj_1+1
For a given partition of the sample, we have
LR (Th,..., T,)
—2logL(Ty,..., T,) —2log Ly = Tlog|3| — Tlog |3

> (Tilog (3l — Tylog |31l = (Th — T log |3141)
j=1

FJ.

Il
NE

1

.
Il

Consider a second-order Taylor series expansion of each term:
10g |21 1] =log | 37 + tr((3) 7' (3 111 — 3))
1 ~ -
=5 tr((20)71(21,1+1 - 20)(20)71(21#1 —3%)

+0,(T™h,
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log |2 ;] =log|3°| + tr(3%) (31, — 3%))
- %tr((z‘))”(il,, =3NS =) + 0, (T,
log| 31| =log| 3| +tr((3") (31 — 3%))
- %tr((z(’)*'(ﬁ,-ﬂ =30 = 3) +0,(T7.
Hence,
Fr=Fl,+F,
(S16)  =tr(T(X) 'S — 3 - T (2 - 3)
— (T = T (35 = 30)
(S.17) - %tr(nﬂ[(z“)”(il, =3P
— T2 (3= 5P = (Tp — THIED ' G0 — 3OP).
Note that the first term in (S.16), denoted Ff,T, will be nonvanishing when
allowance is made for changes in B°, while the second term, denoted Fir, will
be nonvanishing when allowance is made for changes in 3°.

We first consider F 1’ r and write the regression in matrix form to simplify the
derivation. Under the null hypothesis, we have

Y=XB.+XpB,+U

with E(UU’) = Iy ® 3°. If only data up to the last date of regime j are included,
we have

Y =Xu,Ba+ Xp1,jBrj+ Ui ;.

Deﬁner._(1T®2”2)Y1,,m, Ur® 3, ) Xy, Ziy = Ur @ 3, ) Xy,

and Uy ; b =(Ir® 2 Y 2)U 1,;- Then, omitting the subscript when the full sample
is used 'we have

(S.18)  B.=[W M, WI"'WM,Y",
(S19)  Buij=(Z,Z)"'Z; (Y, = W),

where M, =1 — Z(Z'Z)'Z'. The regression equation using only regime
(J+1Dis

Yiii=X0j+1Ba+ Xp, 118,01 + Ui
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Define Vi, = (Ir ® SO, Wi = r © 3D X e, Zin = Ur ®
S X405 U, =y ®2]+112)U]+1, and Z = diag(Z,, ..., Z,,,H).Then, omit-

J
ting the subscript when the full sample is used, we have

(S20)  B.=[WM;WI'W'M,Y",
(S.21) :éb,j+1=(z}+1zj+l)7lzl+1( fi j+1[§a)~

In (S.18)—(S.21), the choice of the estimate of the covariance matrix will have
no effect provided a consistent one is used. We now analyze the first compo-
nent of F| ; (the analysis for the second is identical):

T tr((3") 7' 35,0)

Tjy1
= ‘U((Eo)1 Z()’t — X, Ba + X, Br1,j+1) (Ve — X, Ba + x;;tBbl,j+1)/)

t=1
j+1 B B B B
=tr (Z()’z XL Ba+ %, Borr1) () (v — X, Ba + x;,zﬁbl,jﬂ))

= (Y101 — Xajs1Ba — Xonjr1Bor o) Ur @ (307
X (Y101 — Xarjs1Ba — Xorjs1Borjs1)
= (Uyjp1 + Xa1,jr1(Ba — ,éa) + Xo1,j+1(By — Bbl,j+1))/(IT ® (=N
X (Uyjp1 + Xatjr1(Ba — B.) + Xo1,jr1(Bo — Bbl,j+1))
= (Xa1,j+1(Ba — B.) + Xor,jr1(Bo — Bbl,ijl))/(IT ® ()™
X (Xa1,j+1(Ba = Ba) + X1, j1(By — Bo1.j+1))
+2(Xa1,j+1(Ba — Ba) + Xprj11(By — Bbl,j+1))'(1T ® (XN YU, 1
+ U{,Hl Ur® (20)_1)U1,j+1
= Wijs1(Ba = Ba) + Z1js1(By — Brrjs1))
X (Whj1(Ba — Ba.) + Zyj1(By — ,ébl,j+1))
+2(Wij1(Ba — Ba) + Z1j11(By — éb1,j+1))/U1d,,»+1
+ U jnUr® SH™MU, 1 +0,(1)
=Mz, Wij1(Ba— Ba) — Pz, Ui,
X (Mz, , Wi j1(Ba — Ba) — Pz, U L)
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+2(Mz, Wiji1(Ba = Ba) = Pz, ., ULy ULy
+U; U ® (30 HULjs1 4 0,(1)

=Mz ; W Ar+ Pz, Uld,/‘+1)/(le,j+1m,j+1AT +Py Uﬁj+1)
—2Mg, , WijnAr + Pz, UL UL
+ U} Ur ® () DU +0,(1)

= AW, Mz, Wi Ar — U Py UL

—2(Myg, ., VI/l,j+1AT),Uﬁj+1 + U jnUr® (3N YU 1 +0,(1),

where Ay = [W' MW 'W'M,U". For the third component of F]{T, we have,
using similar arguments,
(T — THtr((3)7'3540)
= AW,

j+1

sz+1vi/j+1/_1T - Ud/ P; (_]d

JH1T Zjp1 T+l

—2(M 3z, Wi Ar) UL, + Uf, Ur @ (3 U+ 0,(1),

where Ay = [W'M;W1~'"W'M;U*. Following the same arguments as in Bai
and Perron (1998, p. 75), we have plim;_  T"* A4 =plim, ,  T'?Ar. Hence,
all terms that involve Ar and A7 eventually cancel and

Fl,=U{Py Ul + U

j J+1

_ d dr d
PZ/'+1 Uj+l - Ul,j+lPZI,j+1 Ul,j+1 + Op(l)-

Now, T-'°Z; U, = Q)" W,,(\) and T~ xp(3))"'x;, =7 A,Q, with
W,,(A;) a p, vector of independent Wiener processes defined on [0, 1] and
where Q, is the appropriate submatrix of Q that corresponds to the elements
of x,,. Hence,

Ul Pz, 0 UL o = W, (M) W, (A1 A

Using similar arguments

Uld,'PZL/ de,j = [pr(Aj)/WPb(/\i)]//\j

)

and

U4

j+1

Uu®. p

i+t Zi

= (pr()\jH) - pr()\j)),(pr(/\jH) - pr()\j))/()\jﬂ —Aj).
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These results imply that the first component in (S.16) has the limit

AWy, (A1) = AW, (M) (AW, (A1) — A W, (A)))

S22) F .=
(5:22) b (Ajp1 — APDAA 4

Consider now the limit of Z;"zl FiT when changes in 3° are allowed. We have

_ 1 =
Fp= ) Ztr(THl((ZO)JZLHl - 1)2)

j=1

—Ti((30) '3, — 1) = (Tjo — TH((Z*) '35 — D)

Let ((3°)7'3, ;41 — )" be the matrix whose entries are those of ((3")7'3; ;,; —
I) for the corresponding entries of 3° that are not allowed to vary across
regimes; the remaining entries are filled with zeros. We use the superscript F
because the nonzero elements are estimates constructed using the full sample,
that is,

lkT

(&30 - DY, = — Z(yu = X},B) (s — X1, B) = i

where o' is the (i, k) element of (3°)~! and I, is the (i, k) element of /. Also

let (3°)°'3, J+1 —D)% be the matrix whose entries are those of ((3°)~ 13 g
I) for the corresponding entries of 3° that are allowed to vary across regimes,
the remaining entries being filled with zeros. We use the superscript S because
the nonzero elements are estimates constructed using the relevant segments,
that is,

i ]+1

(3720 - D) Z(y,t X, B) ke — X B) — I .

Note that the entries for ((EO)‘IEL i+1 — I)F are the same for all segments. De-
fine (2°)7'3; — D, (X")7'3,;, = D5, (373, — DF, and ((2°) '3 —
1)’ in an analogous fashion. Then

(373 =D = ()" 20 =D + (X3 = DY,

(373, - D= ()3, - D"+ (33, - D,

(X130 =D =) =D + (33 - DS,
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and, in view of (S.17),
m ) 1 m B B
D Fr=—3 tr(Z[Tm((E“)lzl,M ~DN() 'S - DS
j=1

j=1

— T ()13, - D)5, — D)’

—1)S((3°)"'38

T DS])

— (Tp — T3 '35,
+o0,(1).

Now, because 8 — B = O0,(T7?), we have

T (3 7' 310 = D) 'S0 =D

T; N T: S
T 1 J+1 1 j+1
S 20—1[;_1 - 20—1t;_1
Tw(ﬁ,;[( ) luu ]) (ﬁ;j[( ) luu ])
+0,(1)
= é?n(/\j+])S§n(/\j+])S

b

X

T35, - DS (X)) 'S, - 1)}

T; N T:
T 1 ! 1 d
Y 20711‘/_] - 0711‘;—]
T,.(ﬁ;[( ) luu ]) (ﬁ;[(z) uu 1)
+0,(1)
_ EWEN’
/\.

]

N

b

and

(T — TH((3) '35, — D ((3)'35,, — D)’
Tjv1

S
T 1
= R E 2071 f/t_l
Tj+1_Tj(\/T [( ) et ]>

t=Tj+1

Tin S
X (% Z [(?)'utu;—ll> +o0,(1)

1=Tj+1
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(£ 1) = £ (En(Njn) — E.(N)))°
=4 .
Ajr1 = A,

where £(-) is an n x n matrix whose elements are (nonstandard) Brownian
motions defined on [0, 1] such that var(vec(&(1))) = £2. Hence,

= i 1 fn(A'+l)S§n(A'+l)S gn(/\)sgn(A)s
F ¢ j j _ j j
12—1: T2 r( Aj Aj
(€2 Aip1) — EAD))S(En(Aigr) — fn()\i))s>
+
Aig1 — A
_ _1|:VCC(§n()\/+1)S)/VeC(fn()\jH)S)
2 Aj
B vec(&,(A))%) vec(€,(A))%)
Aj

x (veo(£,(Aj1)%) — vec(£,(A)%))

8 (vec(&,(Aj11)%) —VeC(fn(A,-)S)}
(Aip1 — Ay) ’

using the fact that tr(4A4) = vec(A) vec(A) for a symmetric matrix 4. Now
let H be the matrix that selects the elements of vec(3?) that are allowed to
change. Then

vec(£,(Ajs1)%) vee(£,(Aj1)%) = vee(&,(Ajs1)) H' Hvee(£,(Aj41))
é I/I/nz ()\H»l),HQH/VV;lZ ()\j+1),

where W, (-) is an nj vector of independent standard Wiener processes. Hence,
we have

oL LW (M) HQHW,: (A1) W (X)) H' QHW (X))
S23) S F. = ——[ i AR ;
; 2T 2 /\j+1 )\j
B Wz (A1) = W (AD)Y H' QH (W, (A1) — I/Vn;;(Aj))i|
Aj1 = A;
= (MW (X)) — A Wor (M) H' QH
X (AjWor (A1) = Aja Wi (X))
[N (A — Ap).




30 Z.QU AND P. PERRON
It remains to show that the limiting distribution of the test is given by (S.22)
when only changes in B8 are allowed and is given by (S.23) when only changes
in B are allowed. We have
LR (T,,...,T,) = Tlog|3 — Tlog|3],
where 3 and 3 denote the covariance matrix of the errors estimated under

the null and alternative hypotheses, respectively. Taking a second-order Taylor
expansion yields

LRi(Ty, ..., T,) =t(T3;" (3= 3)) + gtr([(z‘]rl(i— 39P)

T -
- Etr([(zo)_l(Z— INP) + 0, (T7H.

Consider first the third term

2
[(20)—1(5—20)12{(20 ( Z(yt—xﬂ)(yt [By—z“)}

t=1

[(2‘) ( Z(ut+X(BO B))

t=1

2
x (ut+x;(B°—ﬁ))/—2‘))}

{(2‘) ( Zutu —20)} +0,(T7?),

where the last equality follows because 8° — B = O,(T~"?). Similarly, we can
show that

[(2“)—1(2—20)]2=[(2° (T Zutu —Eoﬂ +0,(T).

Hence, the likelihood ratio simplifies to
er(Tla ey Tk)
= Ttr((3)7' (3= 3) +0,(1)

= tr<<2°)1 (Ti > (T - 7;)2,+1)) +0,(1)
j=0
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- tr<(2°)1 > (T2 — T30 — (Tp — T,-)£,+1)> +0,(1)
j=1

=Y Fl;+0,(0).

j=1

Now, when only changes in 3 occur, assuming without loss of generality that
all elements of the covariance matrix are allowed to change, we have

Tlog|S| - (Tj — Ty log |25

j=0

(Tjs1log |31 jul — Tilog| 31 ;| — (Ti — T log|3,1)

Ms

1

.
Il

+ Ti(log |24 — log |31])

=" LR} + Ti(log|5,.| — log |21,
j=1
where

Tj
S,=T7 0= xRy — X,

t=1
Tj
3=(T-T" Y. —xBi—x,B)
t=Tj,1+1

with 8 and S the estimates under the null and alternative hypotheses, respec-
tively. Now, taking a second-order Taylor expansion of LR/, yields

LR} =tr(T, (307 'S5 1 — T30 '3 = (T — T2 /+1)
tr[(zo) (2,+1 - 3HP+ tr[(ZO) (21,‘ - 3P

B % tr[(3) (01— 2OP + o, (T 7).

Both 3 and § are regime independent and we also have 8 — B = 0,(T~'?).
Hence,

(T (37" 51 o = TH(E) 'S0, — (Tyr — TH(3) ' Si0)
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TJH
=" Y =B —xB) — (i — ;B (3 — xB)']
t= T+l
=0,(1).
Also,
Ti(log |3, 1] — log|3])
=T tr((2°) (3, - 30)
1 ~ ~
+ 5 T3 = 3P = (3 (31 = 201)
=0,(1).
Hence,
m 1 “
LRy(Ty, ., T) = Y 5 tr(Tal (37 (30 = 3P

I
—

J
+ TSNS, - 3P
— Ty = THIE) (S — 3OP) +0,()

Z vt op(D).
-1 Q.E.D.

PROOF OF COROLLARY 2: Note that, because H is a selection matrix applied
to vec(Y), any row that selects the (i, k) element of 3 can be written as an n?
vector of the form e ; ® €] ,, where e, is an n x 1 vector with a 1 in the ith
position and 0 elsewhere. Hence, assuming Normality, any element of HQH’
that involves the selection of the (i, k) and (I, m) element of 3 can be written,
in view of (12), as (with the second equality following from, e.g., Magnus (1988,
Exercise 3.3))

(HQH/)(i,k),(l,m) = (6':“« &® e;’k)(lnz + Kn)(en,l &® en,m)

= (e:“‘ ® e;’k)(en,l ® en,m) + (e;,,[ ® e;,,k)(en,m & en,l)

2, ifi=k=I1=m,
=11, ifi=l#¢k=mori=m#k=I,
0, otherwise.

This result greatly simplifies the form of the limiting distribution. In particular,
the matrix HQH' is such that inference about changes in any one element of 3
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is independent of changes in any other independent element (i.e., not the two
entries for a covariance term). The value of an entry differs, however, when a
variance or a covariance is allowed to change. Suppose that only #, diagonal
elements of 3 (i.e., variances) are allowed to change. Then (HQH') = 2I,,
and the limiting distribution of sup LRy (m, py, na, 0, €) is also of the form
(19) with n,, instead of p,. When only n, independent off-diagonal elements of
3 are allowed to change, (HQH') = ii’, where i is a 2n;, x 1 vector of 1’s, that
is, (HQH') is a 2n;, x 2n, matrix of 1’s. Then straightforward algebra reveals
that the limiting distribution is still given by (19). Q.E.D.

PROOF OF THEOREM 7: Assume, without loss of generality, no disjoint
break are allowed under the alternative hypothesis and all regression coeffi-
cients are allowed to change. For the general case, the proof extends straight-
forwardly. Hence, using the convention that 7, = T and Tj = 1, the set of ad-
missible partitions is

AL = {(kb ky);eT <ki<k,<(1—¢&)T and va(kz — ki) <My
with M7 — 0, vy — 0, and T"%vr/(log T)> — oo as T — oo}.
For a given partition, the likelihood ratio statistic is defined as LRy (ky, k»; &) =

T'log|3| — T'log|3|, where 3 and 3 denote the covariance matrix estimated
under the null and the alternative hypotheses, respectively. Now, consider
the likelihood function under the common break alternative, which imposes
k, = ki, and denote the corresponding estimate of the covariance matrix as

3*. Then,
LRy (k1, k»; £) = (Tlog | 3| — Tlog |3*]) + (T log |3*| — Tlog |3)).
Hence,

sup LRy(ky, ks €)

(ky,kp)eA?

— sup {(Tlog|3|— Tlog|3*|)+ (Tlog|3*| — Tlog|3])}.

(kq,kp)eA}

The proof is complete if we can show that sup(kl’kz)eAz(Tlog |$*| —Tlog IZAI) =
0,(1). To prove this, apply a second-order Taylor expansion,

Tlog|3*| - Tlog|3| = tr(T3;" (3" = 3)) + gtr([@%”(i - 39P)
— gtr([@“)*‘(i* =3P +0,(T™H
= tr(T3;" (3" = 3)) + 0,(1),
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where the 0,(1) term is uniform in (k,, k;) € A* and where the last equality
holds because

((20)'@—2”))2:((20 ( Zutu —20>> +0,(T™,
(3713 -39 = ((20 (T- Zu u, —20)) +0,(T™")

uniformly in (ky, k;) € A%, Let B. be the estimate under the locally ordered
break model: 3, = (ﬁ’m, B;J)/ if t <k, B, = (BA’LZ, B’z,ﬂ/ if k; < t <k, and
B, = (B, 2 Bzz)’ if £ > k,. Also let B be the estimate under the common
break model: ,8* = (31 1 ,8;:1)’ if < k; and ,é;‘ = (B T2 B ,) if t > ky. Then,
for a given partition (ky, k,) € A*, simple arguments lead to [3’1, i— éi =

0,((Tvr)'logv;?) and Ba; — B5, = O,((Tvr)'logv;?) for j = 1,2, which
further implies

tr(T(Sl,l - Sl,z))

T T
- tr<2(yt — X, B —X,B) =D (i —xBH — x;éry)
t=1 t=1

ka ka
= tr< DT i—xBIy = XBY) = D i—xBD - x;B:‘Y)

t=kj+1 t=kq+1

+o0,(1)

ka
= tr( > (= x, (B — B (s — x,(Bi — B°>>’)

t=ki+1

ka
- tr( D (= xi(B; = B, — x,(B; — BO))’) +0,(1).

t=ki+1

Now, from Lemma A.5, 3, — B° = O ,(T71%) and B* B’ = 0,(T~"?) uni-
formly in (ky, k) € A, Using the fact that (k, — k;)/T — 0, we have
(302 k1+1xl(l3z BH(B:—B")x,) =0,(1), tf(Zfikﬁl u (B —B°)x) =0,(1),
(Y, ky+1 xX,(B: = BO(B: — B°Yx) = 0,(1), and tr(Zﬁka u(B; — B°)'x,) =
0,(1). Hence 21,1 — 312 = 0,(1), the bound being uniform in (ki, k,) € A:.
This completes the proof. Q.E.D.
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PROOF OF THEOREM 8: Without loss of generality, assume all the coeffi-

cients are subject to change. Let B, denote the coefficients estimates under
the globally ordered breaks alternative. Then, for a given admissible partition
(A1, Ay) € A9, we have

BBy i<k,
Bi=1(BioBr))s ithi<t=<k,
(B/lyza B/z,z)/a lf > k27

with the corresponding log-likelihood function being
T T °
with

1 Y

T
== xB)( —x,B).
=1

~|

Consider a related model in which only the coefficients in the second set of

equations are allowed to change. Let 3, denote the corresponding estimates.
Then, under the same partition as before, we have

B~ — (B:/lv B:/Z,l)/’ lft S kZa
T BB, ift> ks,

with the corresponding likelihood function being
T T -
L5, ko) = —5(10g277 +1) - 5 log |35,

with
- 1 & . .
L= ;(yt —X,B)(y. — x,B,).

Hence, the likelihood ratio under the given partition can be expressed as
LR?(kh k2’ pbl, pr, 8)
— T(log|3,| — log |3]) + T(log 5] — log | 3,

The likelihood ratio is the sum of two components, each involving only one
break, with some coefficients restricted not to change. Given this, the rest of
the proof follows that of Theorem 5, that is, the analysis of Fj ;. Q.E.D.
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THE LIMIT DISTRIBUTION OF THE STRUCTURAL CHANGE TEST IN THE CASE OF
SWITCHING REGIMES

Consider a situation where the system switches from regime 1 to regime 2,
then switches back to regime 1. This type of phenomenon was noticed by Sen-
sier and van Dijk (2004), who argued that the volatility of the time series of
aggregate price indices showed an increase in the early 1970s and a decrease
of roughly similar absolute magnitude in the early 1980s. Let p, and n, denote
the number of regressors and of independent entries of the covariance matrix
of the errors, respectively, subject to change. The test is then

Sup LR} (ky, ka, pys iy, €) = sup [2log L (k, ky) —2log L1l

(A1,A2)€l,

where log L7 denotes the log-likelihood function estimated under the null hy-

pothesis of no change and log Ly (ky, ky) denotes the maximized value of the

likelihood function under the alternative hypothesis of two changes but im-

posing the restriction that the first and the third regimes are the same, and

imposing that the maximization is taken over the set of admissible partitions
Ac={(AL, )s A 28, — A 26,1, <1—¢).

The limiting distribution of the test is presented in the next theorem, whose
proof is straightforward and is omitted.

THEOREM S.1: Let W), .,,(-) be a p, + n, vector of independent Wiener
processes on [0, 1]. Then under Assumptions All and Al2 (assuming Normal
errors when allowing changes in the covariance matrix of the errors),

SUpLR} = Sup [[[(Wp, 10, (A2) — XaWp, 4, (1)]

(A1, 22)€A,

- [pr+”b(/\1) - Aleb+nb(1)] ||2
/(A2 = A)(1 = A2+ Ay)).
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