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APPENDIX B: PROOFS FOR SECTION 5
B.1. Proof of Proposition 5
LET A = 1/K and recall that the message space for M (m, K) is

M;={m,m+A,...,m+ K}.

Note that the highest message m = m + K is at least A~'. We shall extend the domain of
the allocation and transfer rules to all of RY for notational convenience. Given an allo-
cation rule g : M — [0, 1]V and transfer rule ¢ : M — R, the discrete aggregate allocation
sensitivity is

—_

N
p(m) = KZ i< (qi(mi + A, m_) — qi(m))

and the discrete aggregate excess growth is
1 N
E(m szt(mwm ) — ti(m)) — St(m).

Now define
A(m; v) = vu(m) — 5(m) — cQ(3m)
and let A(v) = inf,,cps A(m2; V).

LEMMA S1: For any information structure S and equilibrium 3 of (S, M(m, K)), ex-
pected profit is at least [, A\(v)H (dv).

PROOF: The equilibrium hypothesis implies that for all ,

/Z w(s)(g;(min{m; + A, m}, m_;) — q:(m))

meM

— (ty(min{m; + A, 7}, m_) — t;(m)) ]| Bmls) m(ds) <0,
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2 B. BROOKS AND S. DU

which corresponds to the incentive constraint for deviating to min{m; + A, 71}. Summing
across bidders and dividing by A, we conclude that

| Lty - Zm) — Stm)Bmisym(ds) <o.
S meM
Hence, expected profit is

/ > [3t(m) — cQ(Sm)|B(mls)m(ds)
N

meM

> / Z[Et(m) — cQ(Zm) + w(s)u(m) — Z(m) — Zt(m)]|B(ml|s)m(ds)
S

meM

=fZ[W(S)M(m) — E(m) — cQ(Zm)]B(mls)m(ds)
N

meM

> f Aw(s))m(ds)
s

> / AW H (dv),
14

where the last line follows from the mean-preserving spread condition on w(s) and the
fact that A is concave, being the infimum of linear functions. Q.E.D.

LEMMA S2: Forallme M,
1 (2 ~
pomz ¢ [ wEm+ydy - Lo, a),
y=0
where

N(N —-1)
A

Dom, &) = NN + DA + (log(Nm FA T oo(Nm) — 1).

Nm+A
Moreover, for all m > 0, Z(m, A)—0as A— 0.

PROOF: From Lemma 12, we know that

N
1
n(m) = (C]i(mi +A,m_;) — Qi(m)) - E Hm,-:ﬁE(Qi(mi +A,m_;) — C]i(m))
i=1

.MZ
B =

1

N +1

(A
AMZ
B =

Il
-

(qim; + A, m_;) — q:(m)) = N

(q:i(mi 4+ A, m_;) — qi(m)) = N(N + DA.

A%
Amz
e

I
—_



OPTIMAL AUCTION DESIGN 3
Recall that
N-1— —
w(x) = TQ(X) + 0 (x).

Also recall that

dqi(m) _ 3m_;
am;  (Sm)>

O(3Zm)

“1
> 5 (@0m+ 8, m ) — giom)

1 al 1 12 > —1
_ / 9q:imi +y,m-0) 4

AL, am;
=%§:/yi <(;ni 7 Q(2m+y)+2m yy@/(Eery))dy
:%/_AO(%Q@ 4 )+FQ(Em+y))dy
=%/y;ﬁ(zm+y)dy—NA_1 y; Emyﬂ(Q(Eimjyy) —Q/(Zery)) dy.

We need to bound the last integral from above. If x is in a nongraded interval, then
@(x)/x - é/(x) is just 1/x. If x is in a graded interval [a, b], then
o(x) — C(a,b) D(a,b) C(a,b) D(a,b) ND(a,b)

- — - N2
Q(X) N + xN N +( ) XN XN

From equation (33), D(a, b) < x¥~!, so that the integrand in this case is at most N /x, and

A 2 A
y (Qx+y) — ) y
— d N —d
./y_0x+y< X4y QLrty) Jdy= =0 (X +¥)?

A
y=0 x+y (x+y)

X
= N(log(x +A)+ TTA log(x) — 1).

The derivative with respect to x is

1 1 A 1 1
——+ ;) =NA 2 ’
x+A x  (x+A) (x+A)? x(x+A4)
which is clearly negative. Thus, subject to x > Nm, the expression is maximized with x =
Nm, which gives us the lower bound on .
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Moreover, as A — 0, N(N + 1)A — 0 and by 'Hopital’s rule,

Nm
log(N A+ ——— —log(Nm) —1
_ <0g( m+ )JrNerA og(Nm) )
lim
A0 A

—lim( __Nm >—0
T A0\Nm4+A  (Nm+A)?) Q.E.D.

We define 57(m) = 5 (m) — v(u(m) — Q(m)). Recall that 5" (x) = = (x) — v(F(x) —
Q(x)). These are the excess growths for the “premium” transfers ¢’ (m) = t;,(m) — v q:(m)
and 7/ (m) = ,(m) — vg,(m), respectively. We similarly denote by T" (x) = T(x) — v Q(x)
the aggregate premium transfer, and note that T" satisfies the differential equation

(N —1 — 1>Tp(x) + iTp(x) =Ep(x),
dx

X

with the boundary condition TP(O) =0.

LEMMA S3: Let Lz be an upper bound on |Ep| and let Lt be an upper bound on T
Then

p— 1 A =3 g A
:”(m)s—/ ap(2m+y)dy+L(m)—+Nme
A y=O 2

1 _ _
= 5 DT (& (i + A, my) = (),

i

where

- N -1 N -1
L =(1+4———|L ——Lr.
= (1455 )t Gt

PROOF: Recall that T is Lipschitz with constant L,. Furthermore, the function
Tp(x)(N — 1)/x is Lipschitz on [Nm, o0) and

i(N T(x))‘ ‘N—_liTu)——N )
dx\ x x

N -1
L

< Nm pT WLT =L(m).

Using the differential equation for T,
1 A —P
A / Z (Sm+y)dy

1 N-1 — d —p
Z/ [(2 5 —1>T(Em—|—y)+ET (x)

Jo
x=3m+y
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U (N 1_1)T<zm+y>dy+T<2m+A> Tp<2m>}
Sm+

l>|*—*

N-1 B
[/ <Zm + ATP(E’” +A) = Li(m)(A—y) =T (Sm) — pr> dy

l>|'—‘

+T ' (Sm+A) — TP(Zm)}
2

_ [, N1 — A
[AEm+AT (Sm+8) = AT (3m) — (Li(m) + L) 5

+T ' (Sm+A) — Tp(Zm)}

(Em—i—NA

=P =P A
ST A T"CSm+A)—T (2m)> -T (Zm)—(Ll(m)-i—Lp)a

=L(m)

We let T?(3m) denote the aggregate transfer when the messages are m. Thus,

N
Er(m)= % Z(tip(ml- +A,m_;) —t!(m)) — T?(3m)
i=1
1 &
= 5 2 T (1] O+ A, m) — 1] (m)
i=1
1
=% > (Fmi+ A, mo) =T (m)) = TP (Sm)
i=1
Zﬂm, =m t (mz+A m_ z)_t (m))

1 - -
= 3 2 T (57 Om 8, ) = 7 0m).
The lemma follows from combining these two inequalities, with the observation that
T7(x)=T"(x)— NL,m. Q.E.D.

LEMMA S4: For all € > 0, there exists a K such that for all m such that 3m > K and for
all i,

%ﬁf(m,» +A,m_;) — ?f(m)| <e.

PROOF: Since limx_mTp(x) = —Ep(oo), we can find a K large enough so that for x >
K, |Tp(x) + Ep(oo)| <e€/4and L7/K < €/4, and, thus, |dTp(x)/dx| < €/2. As a result,
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when 3m > K, then using A = K1,

1. _

— (& (mi+ A, m_) — T (m))

A
:lfA It (m; +y, m_;) dy
A y=0 &mi

1, Sm_;  —p m;+y d—p >
= =T —T d
A /y—o ( (Sm+y)* (2m+3)+ Sm+ydx ) x=Sm+y ’

LT €
< —

=% T2

< €.

Q.E.D.

PROOF OF PROPOSITION 5: We first argue that there exist m and a K such that
A(m; v) > inf,, gy A(m'; v) — € for all m € M and v € [v, V], where

X(m; v) = (v—VEEM) — &' (Sm) + (v — ) 0(Sm).
From Lemma 12, we know that |Q(x + y) — Q(x)| < y(N — 1)/m. Thus,

1 M —
§K/ Ox +) — O(0)| dy
y=0

_ 1 4 _
‘Q(x)—K/ O(x +y) dy
y=0

1 4 N-1 N-—-1
< - —dy=A—.
—A/y_oy e dy=A—

Combining this inequality with Lemmas S2 and S3, we get that

A(m; v) = (v—v)u(m) — Z7(m) + (v — ¢)O(Zm)

A _ _
(V= EEm+A) =5 (Sm+y)+ (—c)Q(Sm+y)]dy

Z_
A,
(W —v)L(m, A) — TA—— Ai() NL
v—v)L(m, v m 2 m pm
1 _ _
—KZHmi:m|rfcmi+A,m_i>—tf’(m)|
> inf X(m/;v)

1

T (| 3m<3Im' <3Sm+A}
N-1
2m

—~ A -
—(V—v)L(m,A) —vA - EL(m) —NL,m
—1211 T (mi+ A, m_) — 1 (m)|

A : mi=m | ¥ 1 ) —i i .

We first pick m > 0 so that NL,m < €/2. We then pick K large enough (and A small
enough) such that the remaining terms in the last two lines sum to less than €/2 (where
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for the first term in the middle line and last line, this follows from Lemmas S2 and S4,
respectively). We then conclude that

A(m;v) > inf+ X(m/; v) —€e>A(v) —e€.
m/eRN

Hence, A(v) > A(v) — €, and Lemma S1 and Lemma 6 give the result. O.E.D.

The preceding proof goes through verbatim with the maxmin must-sell mechanism M.

B.2. Proof of Proposition 6

Recall the definition of S(K). Let A = 1/K. We subsequently choose K sufficiently
large (and, equivalently, A sufficiently small) to attain the desired e. Note that the signal
space can be written

S;={0,A,...,K*A}
and the highest message is simply A~'. The probability mass function of s; is

(1 —exp(—A))exp(—s;) ifs; <A™,
fi(si) = —1 . 1

exp(—A™") ifs;=A"".
As aresult, s;/A is a censored geometric random variable with arrival rate 1 — exp(—A).
We write f(s) = XfV:l f:(s;) for the joint probability and write

N 1
Fi(s;) = SZq:fl(st) 11 otherwise

{ —exp(—s; — A) ifs; <A™!,

for the cumulative distribution. The value function is

1
w(s) = —— w ES/ €X —ZS/ ds/a
) f(s) {s'eRY |7(s))=s;Vi} ( ) p( )

where

_JAx/A] ifx <A,
() = {A] otherwise.

An interpretation is that we draw “true” signals s’ for the bidders from S and agent i
observes s; = min{A[A~'s/], A~'}, that is, signals above A~ are censored, signals below
A~" are rounded down to the nearest multiple of A, and w is the conditional expectation
of w given the noisy observations s. It is immediate that the distribution of w is a mean-
preserving spread of the distribution of w, so that H is a mean-preserving spread of the
distribution of w as well.
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LEMMA S5: If s; < A~ for all i, then w(s) only depends on the sum of the signals | = 3s
and

w(s) = w(x)p(x — ) exp(—x)dx,

eXp(l) /Z+NA

(1- exp(—A))N x=l

where p(y) is the (N — 1)-dimensional volume of the set {s € [0, A]V|3s = y}.
PROOF: First observe that for a signal profile s such that s; < A~! for all i,

for=(01- exp(—A))N exp(—3s) = (1— exp(—A))N exp(—1).

Thus,
/
w(s) = L)N / w(2s') exp(—3s') ds’
(1 - exp(—A)) {s'eRY | m;(s)=s; Vi)
I+NA
= % / / w(3s') exp(—3s') ds' dx
(1 — eXp(—A)) x=I {s’isflT,-(s’):si Vi,3s'=x}
)i I+NA
= L)N / w(x)exp(—x) ds' dx
(1 — eXp(—A)) x=I {s’eRi]\n(s,’.fs,-):O Vi, 3s'=x}
1 I+NA
= L)N / w(x) exp(—x) ds' dx,
(1 —exp(—A))" Ju=t (5/€RY |7;(s')=0 Vi, X5'=x—1)
where the inner integral is just p(x — ). Q.E.D.

We now abuse notation slightly by writing w(/) for the value when / = 35, and we let
y() = w(l) —c.

LEMMA S6: If [ > A, then y(I) <exp(A)y(I — A).

PROOF: From Lemma S5, we know that

l I+NA
y(l) = (16XP—E)A))N / | Y@ exp(=x)p(x — D) dx
— exp(— x=
I+(N-1)A
_ %[ Y(x+A)exp(—x —A)p(x — [+ A)dx
— eXp — x=[-A
_ I+(N-DA
< %/ y(x)exp(A)exp(—x)p(x — I+ A)dx
_ exp — x=I-A

—exp(A)y(l - A),

where the inequality follows from Lemma 2. Q.E.D.
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LEMMA S7: If the direct allocation q;(s) is incentive compatible and individually rational,
profit is at most

Zf(s)Zqu)(y(Es) 7 (’() LR, (ES+A)—7(ES))>- (S1)
seS§

PROOF: This follows from standard revenue equivalence arguments: We write U, (s;, s})
for the utility of a signal s; that reports s, with U;(s;) = U;(s;, s;). Incentive compatibility
implies that

Ui(s:) = U(si, ) = Ui(s) + Z Foi(s2)qi(sly =) (v (si 4+ Zs2) — y(s) + 2s_y)).

S,,‘ES,I'

Thus, for s; > A,

si/A—1

Uis) 2 U0+ D Y frCsoqilkA, s-)(y((k + DA+ Is_;) — y(kA+ 3s.,)).

k=0 s_;eS_;

The expectation of U;(s;) across s; is therefore bounded below by

5;/A—1

> fs) Z qi(kA, s ) (y((k + DA+ 3s5.;) — y(kA + Ss.,))

ses

N 1—Fi(s)
= gﬂs)ql—(s)(v(zs +8) = V(E9) — o=

The formula then follows from subtracting the bound on bidder surplus from total surplus.

Q.E.D.

Let IT denote the profit bound when we set g,(s) =1 and g;(s) =0 for all j # 1.

LEMMA S8: For any allocation q, the expression (S1) is at most o+1-qa-
exp(—A~")")v.

PROOF: When signals are all less than A~!, the bidder-independent virtual value is

1

y() — m()’(l +A) —y(D)
exp(—A)

1 —exp(—A)

where the inequality follows from Lemma S6. Thus, the virtual value is maximized
pointwise by allocating with probability 1 to, say, bidder 1. With probability 1 — (1 —
exp(—A~1))", one of the signals is above A~!, in which case v is an upper bound on the
virtual value. Q.E.D.

=y - (v(hexp(d) —y())) =0,

LEMMA S9: The limit of IT as A — 0 is less than II.
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PROOF: Plugging in ¢, =1, we find that

= > fas)). (fl(slw(zs) =Y ) (v(Ss+4) - y(ﬁ)))

s_leS_l SIESI S/l>sl

D [l 1)Z<f1(sl)[v(ES)+Z (5) + 2s5-1) — (s1+2sl+A))D

S_ 1€S 1 S]ESI s <S1
= D fal)y(Ss).
s,leS,l

Using the definition of vy, this is

1 A poe
= TP(_A) /y—O /X_O Y(x + y)gn-1(x) exp(—y) dx dy
1 00_ min{x,A}
- 1—exp(—A) /. 7()‘)/: gn_1(x —y)exp(—y)dydx
1
m(/ 7(")/ gn-1(x —y)exp(— y)dydx+GN(A)v>

Now observe that

A N=1 _ (5 — AN
/y g =y exp(-y)dy="—y = o L exp(—)
_ANV - 1)xN2

=< (N—1)! exp(—x) = Agn_1(x),

where we have used convexity of xV~!. Thus,

~ A *_ Gy(A)v
I — Y(x)gn-1(x)dx + T})(—A)'

T 1—exp(-4) Jio
An application of ’'Hopital’s rule shows that the last term converges to zero as A — 0 and
A/(1 —exp(—A)) — 1; this implies the lemma. Q.E.D.

PROOF OF PROPOSITION 6: By Lemma S9, for any € > 0, we can pick K = A~! suf-
ficiently large that IT < IT + €/2. Moreover, we can also take K large enough so that
(1 — (1 —exp(—K)))v is at most €/2. For any mechanism and equilibrium of S(K),
there is an incentive compatible and individually rational direct mechanism that has the
same expected profit. By Lemmas S7 and S8, this expected profit is at most IT + €/2.
Thus, we conclude that expected profit is at most IT 4 €, which completes the proof of the
proposition. Q.E.D.

Every step of the proof of Proposition 6 goes through in the must-sell case, where we
replace w with w, except that we skip the step in Lemma S8 of proving that the discrete
virtual value is nonnegative.
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APPENDIX C: PROOFS FOR SECTION 6

PROOF OF LEMMA 9: The left-tail assumption is equivalently stated as follows: there
exists some & > 0 and ¢ > 1 such thatforall0 < o' < a <,

H ' (a) —v < G (0)*,
andifv > c,

H Y a)—c

-1 et Y PV
H @) —c <exp(Gy'(a) — Gy'(a)).

The following lemma implies that if the above two conditions hold for N, they hold for
all N' > N as well. QE.D.

LEMMA S10: Forany N > 1and N' > N, there exists @ > 0 such that G (a) — Gyl(a) <
G;,}(a) — G;,}(a/)for ald<ad <a<ua.

PROOF: Clearly it suffices to prove the lemma for N’ = N + 1. Let us extend the defi-
nition of Gy to any real number N,

X yN—l
Gy(x =/ e’ ——dy,
~(x) LE T y

where

F(N):/ e?yNldy.
Y

=0

(We have I'(N) = (N — 1)! when N > 1 is an integer.)
By definition, we have

Gyl N-1
/ e _dr=a
x=0 F(N)

Differentiating the above equation with respect to N gives

xN—l
Gy (@) ¢ Gy (@) /GNl“” e-x‘?(rw)) dx =0
IN I'(N) =0 IN -

that is,

xN—l
0Gy (@) _T(N)e™ @ ( / " e-x&(F(N)> dx
IN Gl (a)¥! =0 N

oGV @ Gl @
TG ()T / e (=x"og()T(N) +x"'T"(N)) dx
N x=0

20N (@

_ -1
=¥ f(Gyl(a), N),
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where
1 zZ
f(z,N) = ﬁ/ e (—x"log(x)I'(N) + x"~'T"(N)) dx
V4 x=0

Next, we compute

df(z,N)
0z

! (leeZ(—zN] log(2)['(N) + zV'T'(N))

ZZ(N—l)

— (N — 1)zN—2/Z e (=x""log(x)T(N) 4+ xV'T"(N)) dx)
x=0
= e *(—log(2)T(N) +T"(N))
—(N=1)z% /l e (=x"og(x)I'(N) + x"~'T"(N)) dx
x=0

For any z < 1, we have

df(z,N)
Jdz

> e *(—log(2)[(N) +T"(N)) = (N =Dz ™" /Z (=x"og(x)I'(N) + x¥'T'(N)) dx
x=0

N Nl N
= e *(—log(2)[(N) + T'(N)) — (N — )z~ (nm(% _Z ]\(]’gz) + r/(N)%>

N-1 , N-1

Since the last line goes to infinity as z goes to zero, for any fixed N > 1, we can choose
z € (0, 1] such that df (z, N)/c?z >(0forallze[0,zZ]and N € [N, N +1]. Leta = Gn41(2).
Suppose 0 < o' < a <a. We have

N+1 -1 o ~
(Gt = Gila(@)) = (Gy'(@) = Gy (@) = [ (aGNA(a) - )) -

N=N ON IN

Smce de’f(z, N)/F(N))/dz >0 for all z € [0,Z] and N € [N,N + 1], we have
IG5 "(a)/dN — IG5 '(a’)/dN > 0, which proves the lemma. QO.E.D.

Recall that
G{(x)=Gy(YN —1x+N —1),
g5(x)=v/N —1gy(vV/N —1x+ N —1).

To prove Proposition 7, we first need a number of technical results.
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LEMMA S11: As N goes to infinity, g5 and G, converge pointwise to ¢ and ®, respectively.

PROOF: Note that

g1€/+1(x) = Wgzvﬁ(«/ﬁx + N)
N NN
_ WWTT) exp(—vNx — N).
Stirling’s approximation says that

lim ——— =1.

N—o0 N N
27TN<—>
e

Moreover, for all N, the ratio inside the limit is greater than 1.
Thus, when N is large, g5, ,(x) is approximately

1 x \V
U Y eV
m( +W) Xp(=VND)

and, hence,

log (g, (x)) ~ log(1/+/27) +Nlog<1 N J%) e

Using the mean-value formulation of Taylor’s theorem centered around 0, for every y,
there exists a z € [0, y] such that

2
y
log(1+y)=y—5+ WSS

v
Plugging in y = x/+/N, we conclude that

2 3
log(ngH(x))%log(l/«/Z_w)JrNi—Nl(i) PN (L) _ JNx

VN 2\UN (1+2°\VN
3
:lOg(l/\/%) — %XZ—F ﬁ%,

which converges to log(1/+/2m) — 1x? as N goes to infinity, so g§,,(x) converges to

¢ (x) = exp(—x?/2)/+/2m. Pointwise convergence of G to ® follows from Scheffé’s
lemma. QE.D.

1 2
exp(—%) ifx <0,

(1+x)exp(—x) otherwise.

Let us define

§(x) =

9%
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LEMMA S12: The function g(x)|x| is integrable, and for all N and x, |g5(x)| < g(x).

PROOF: Note that

o0 0
/ g(x)lxldxzf d)(x)|x|dx+—/ (14 x)xexp(—x)dx,
=—00 X=—00 x=0

which is clearly finite, since the half-normal distribution has finite expectation.
Next, Stirling’s approximation implies that

1 N 3
g,fm(x) < E <1 + %) exp(—\/ﬁx) =gn(x).
Now

1 X X

dlo( (x))=lo <1+ x)__ _
dN e UTUN) 2N+ 2UN

which is clearly zero when x =0, and

d d log (B () = 1IN
dx dN VN+x 2(WN+x? 2JN
_ 2N +2VNx N N 42+ Nx + x*
T2/NWN +x? 2NWN+x? 2NN +x)?
_x2
B ZW(N/N—FX)z’

which is nonpositive and strictly negative when x # 0. As a result, gy (x) is increasing in
N when x < 0 and decreasing in N when x > 0. Since it converges to ¢ (x) in the limit as
N goes to infinity, we conclude that for x < 0, g,CVH(x) < gnv(x) < ¢(x) = g(x), and for
x>0, g5, (%) < gn(x) < gi(x) = g(x) as desired. Q.E.D.

LEMMA S13: As N goes to infinity, y5 converges almost surely to y< (x) = H(®(x))
and TS, converges pointwise to

fw=[ FEoema.
y=—00

The latter convergence is uniform on any bounded interval.

PROOF: Note that y5(x) = H (G (x)) — c. By Lemma S11, G (x) converges to ®(x)
pointwise. Thus, if H~! is continuous at ®(x), then as N goes to 1nﬁn1ty, we must have
Y5 (x) > HH(®(x)) — ¢ =755 (x). Since H~! is monotonic, the set of discontinuities has
Lebesgue measure zero, so that the pointwise convergence is almost everywhere.

Pointwise convergence of I'; follows from almost sure convergence of y§, combined
with the fact that 3§ is uniformly bounded by |v], so that we can apply the dominated
convergence theorem. Moreover, fﬁ(x) is uniformly Lipschitz continuous across N and
x. As a result, the family {ff,(-)};’\,czz is uniformly bounded and uniformly equicontinuous.
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The conclusion about uniform convergence is then a consequence of the Arzela—Ascoli
theorem. Q.E.D.

Recall that x* is the largest solution to foco(x*) = 0 (which may be —o0). Also, let us

define xy so that ff, has a graded interval [—+/N — 1, xy]. (If there is no graded interval
with left endpoint —+/N — 1, then we let xy = —v/N — 1.)

LEMMA S14: As N goes to infinity, xy converges to x*.

PROOF: By a change of variables y = (G§,) ™' (®(x)), we conclude that

R x* (GH @) R B
Fow)= [ Fwsman= [ Siwsiwar=T(69) @)
X=—00 x=—+/N—-1

This integral must be zero by the definition of x*, so that xy > (G§,) ' (®(x*)). Since the
latter converges to x* as N — oo, we conclude that liminfy_ . xy > x*.
Next recall that xy,, solves the equation

XN+1

TS, (tnen) =75, (Xna) / exp(VN (x — xy11))85,, (x) dx

XN+1
=¥y (Xn41) exp(—vVNxyi — N) fexp(«/Nx + N)g§. (x)dx
x=—+N

N+l f(f x+ NN
=N N!

\/_XN+1 + N)N+1
(N +1)!

N 1 1
— o€ _
_ng(V N1 \/N+1>\/N+1

_.({ | N 1 1
'Ug( ——XN+1 — > )
N+17"" Ny 1) UNF1

where we have used Lemma S12. The last line converges to zero pointwise, so f‘f,(xN)
must converge to zero as well.

Now, if z = lim SUPy_, o XN > x*, then since FC (2) > I‘C (x*) =0, we would contradict
our earlier finding that FC (xy) = 0. Thus, limsup,,_, . xy < x*, so xy must converge to
x* as N goes to oo. Q.E.D.

= Y51 (Xn11) exp(—vNxy —N)

< Bexp(—vNary — M)

IA

LEMMA S15: For every € > 0, there exists N such that forall N > N, there exists an x €
[x* + €, x* + 2€] at which Vf, is not graded.

PROOF: Suppose not. Then there exist infinitely many N such that for every x € [x* +

€, x* + 2€], Vf,ﬂ(x) = eXp(\/N(x — )E))?f,ﬂ(fc) for some X > x* + 2e. Thus, for all x <
x* + €, we conclude that

Yy (X) < 7§+1(x* +¢€) < exp(—vNe)T,
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which converges to zero as N goes to infinity. This implies that liminfy_. ., Fi X +e)=
0. But FEH (x* + €) must be weakly larger than f,f,ﬂ (x*+€),s0
: . =C * * N *
O:thlEEorN“(x + €) > lim inf l",f,ﬂ(x +€) =T (x*+¢€) >0,
a contradiction. O.E.D.

LEMMA S16: As N goes to infinity, ¥, converges almost surely to

if x <x*,

—C _
Voo () = fo(x) if x> x*.

PROOF: Let x < x*. Since xy — x* by Lemma S14, for N sufficiently large, xy > (x* +
x)/2. Since y (x) is graded on (—o0, xy], it is graded at x, and

Yy () =exp(v/N — 1(x — xy)) 75 (xx)
<exp(vN —1(x — x*)/2)w.

The last line clearly converges to zero pointwise. Since ¥ (x) > 0 for all N, we conclude
that 7N(x) — 0.

Now consider x > x* at which y< is continuous. Take € so that x > x* + 2e and so that
¢, is continuous at x* + €. Lemma S15 says that there is a N such that for all N > N, there
exists a point in [x* + €, x* +2€] at which the gains function is not graded. Moreover, since
Y5 (x* +€) converges to y< (x* + €), we can pick N large enough and find a constant v>0

such that for N > N, yo(x*+e€) > Y-

Now suppose that ¥, is graded at x, with x in a graded interval [a, b]. Then a > x* + €
and, hence, ¥y (@) > ¥ (x* 4 €) > . Recall that on [a, b],

¥ (x) =75 (a) exp(VN — 1(x — a)).

Since 7§, is bounded above by v, it must be that 5 (a) exp(«vN — 1(b —a)) <7, so

b—a< ! log( v )
TJUN-1 \%y(@

=80
< log — ] = €nN.
N -1 Y

V(X — en) Y5 (x) ST (x + e).

Thus,

This inequality holds if ¥ is graded at x, but clearly the inequality is also true if ¥, is not
graded at x, in which case ¥ (x) = 7§ (x). Now, 75 (x) = S (P 1(G§(x))), so

F(PT(GH(x —en))) < ¥y (X) < FL(PT(GG(x + €n))).
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As N — oo, the left- and right-hand sides converge to y< (x) from the left and right,
respectively. Since y< is continuous at x, we conclude that Vf](x) — %€ (x). The lemma
follows from the fact that the monotonic function < is continuous almost everywhere.

Q.E.D.

PROOF OF PROPOSITION 7: We argue that
Zyyi= \/N/ Va1 (0 (gns1(x) — gy (x)) dx
x=0

converges to a positive constant as NV goes to infinity. Since this is +/N times the difference
between ex ante gains from trade and profit, this proves the result.
To that end, observe that

N2

Zy =vN 7N+1(x)(gN+1(x) _gN(x)) dx

x=0

- / ) Y (085 <x>de
IR /2 N+1 N+1 «/Nx—l—N .

We claim that the first integral converges to zero as N — oco. Note that gy,1(x) < gnv(x)
if and only if x < N. Therefore,

N/2

N2
‘Wf V1 () (gns1(x) — gu(x)) dx 5(5+6)~/N/ (gn(x) — gnii(x)) dx
x=0 x=0

= (4 c)VN(Gy(N/2) — Gy11(N/2))

=@+ )VNgn:1(N/2)
N p—
~ (o N R RN/
_ (N/2)N exp(=N/2)
~ (U4 c)VN
v+o V27N (N/e)N
=@®+c0) ! exp(—N (log(2) — 1/2)),

V2m

where we have again used Stirling’s approximation between the third-to-last and second-
to-last lines. The last line converges to zero as N goes to infinity.

Now consider the second integral in the formula for Zy,;. By Lemma S12, the in-
tegrand is bounded above in absolute value by the integrable function vg(x)|x|. More-
over, from Lemmas S11 and S16, we know that the integrand converges pointwise to
7§(x)¢(x)x. The dominated convergence theorem then implies that as NV goes to infin-
ity, Zy converges to

/ T3 (0 xnxdy,

which is strictly positive because ¥<, is strictly increasing. Q.E.D.

The preceding proof remains valid for the must-sell case if we replace 5, with 9.



18 B. BROOKS AND S. DU

To prove Proposition 9, we need a few more intermediate results. Let Gy(x)=Gy(Nx)
be the cumulative distribution for the mean of N independent standard exponential ran-
dom variables. Define Fy(x) = exp(N (1 — x + log(x))). Clearly, Fy(x) is a cumulative
distribution for x € [0, 1]: F(0) =0 and F (1) = 1. Finally, define the function

if « €[0,0.4],

Dy(a)={F, (a)
1.1 if e (0.4,1].

The choices of 0.4 and 1.1 in Dy(«) are arbitrary: any numbers work that are less than
1/2 and more than 1, respectively.

LEMMA S17: There exists a N such that for all N > N and a € [0, 1], my (G (@) <
Dy (a).

PROOF: We first apply the theory of large deviations to the exponential distribution.
Let A(¢) be the logarithmic moment generating function for the exponential distribution:

°° o0 ift>1
At =1  — — — L
“ Og(./;—o exp(x x)dx) {—log(l —t) ift<1.

Let A*(x) be the Legendre transform of A(#):

A*(x) =sup{xt — A()} =

teR

oo, XSO,
x—1-logx, x>0.

Cramér’s theorem (or the Chernoff bound; see Theorem 1.3.12 in Stroock (2011)) im-
plies that for any N,

Gy(x) <exp(—NA*(x)) = Fy(x)

for every x € [0, 1], or, equivalently, f;vl(a) < 6;,] (e) for every a € [0, é_N(l)].
By the law of large numbers, when N is sufficiently large, we have Gy(1) > 0.4 and

1 /6;,1(0.4) <1.1forall N > N. The claim of the lemma then follows from two cases.
If « € [0, 0.4], then we have

N 1 1 1
(G (a)) e =Dg(a),
Gy (01) G, (a) F (a) Fg (a)

where we have used the bound fz, (x) < N/x (equation (21)), and the facts that G (1) >
0.4 when N > N (so Fyy () < Gy (a) for & < 0.4 < Gy(1)) and that Fy (x) < Fg(x) for
all N > N and x € [0, 1] (so F;A,l(a) < f;,l(a) for all ).

If o € (0.4, 1], then

(G (a)) 1 ! <1.1=Dy(a),
(a) G '(0.4)

-~

since G (a) is increasing in «, and 1/G (0 4) <1.1when N > N. O.E.D.
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LEMMA S18: There exists a N such that forall N > N,
1
/ Dy(a)dH ' (a) < oco.
a=0

PROOF: Since Gy(x)=1— 211:;1 gr(x), we have

(Nx)k—l
(k —1)!

N
EN(x) =1- Zexp(—Nx)

k=1

)N

00 k
=1—exp(—Nx) (exp(Nx) — Z (A;j) ) > exp(—Nx) (NA);'
k=N ) ’

Clearly, there exists an x € (0, 1) such that

N
SALJA

Fyi(x)=exp((N +1)(1 — x))x"*" <exp(—Nx)

for all x € [0, X]. We therefore have Dy (a) = 1/fj_vl+1(a) < 1/6;,1(a) for all @ € [0, @],
where @ = min{F y,(¥), 0.4}. As a result,

1 @ 1
/ Dy (a)dH (@) < / __11 dH ' (a) +/ max(__l1 , 1.1) dH Y(a) < 00
a=0 a=0 GN (a) a=a FN+1 (a)

whenever we have

o0

1
/ __11 dH '(a) =/ Ed@N(x) < 00.
a=0 GN (C() =0 X

Finiteness of the last integral follows from the first part of the left-tail assumption. Q.E.D.
LEMMA S19: Suppose limy_, o, yy € (—00, 00). Then limy_, o, ﬁNH(\/ﬁyN +N)=1.

PROOF: We first argue that for almost every y, @y, ,(v¥/Ny + N) tends to 1 as N — oo.
For this we recall x* and xy from Lemmas S14-S16.

Consider first y < x*. By Lemma S14, for N sufficiently large, the gains function is
graded at y and, hence,

N+1

Tniy(VNy+N)=C0,vVNxy, +N)= ———.
N+1 y N+1 me+l N

Since we have already shown that xy — x* (Lemma S14), we conclude that @y, ,(v/Ny +
N) goes to 1.

Now consider y > x* at which y< is continuous. If the gains function is not graded at
y, then wy (VNy+ N)=N/(~/Ny + N). If the gains function is graded at y, then the
length of the graded interval [a, b] 2 y in central limit units is less than ey = v/ (y~/N) for
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some y > 0 independent of N (see Lemma S16). Since & is decreasing (Lemma 3), we
have
N N

VN(y+ey) +N VN(y —ex)+N’

since limZ/aEN+1(\/Nz+N) =N/(vNa+N) and limz\bﬁNH(«/ﬁ,ﬂ—N) =N/(vNb+
N). As aresult, @y, (+v/Ny+ N) is squeezed to 1 as N goes to infinity.

We conclude that iy, ;(v/Ny+ N) goes to 1 for y > x* at which < is continuous. Since
¢ () is a monotone function of y, it is continuous at almost every y, so the convergence
wy — 11is almost everywhere.

Finally, suppose limy_, ., yy =y € (—00, 00). Choose y’ and y” such that y € (y', y”) and
such that

SﬁNH(\/NY"‘N)S

lim . (VNY +N) = 1= lim my,, (VNY' +N).
When N is sufficiently large, we have yy € (', y"), so
Hoyit (\/Ny” +N) < ﬁNH(\/NYN +N) <ty («/ﬁy/ + N).
Taking the limit as N — oo, we conclude limy o, iy, (v Nyy + N) = 1. Q.E.D.

PROOF OF PROPOSITION 9: We first prove that

Al/im Awv(v;H) > v—c (S2)

for every v € [v, V].
Replacing &y by 1 in equation (18), the definition of Ay (v; H), we have

Ty (H) + / Gy () dBy(y) — / dv
y=0 =0

=IIy(H)+ <5—/ gN(y)@N(,V)dY> —(v—-v)
y=0

_TT\(H) - / o dH (V) +v.
Since by Proposition 7, limy_,. 1Ty (H) — fvlv v'dH (V') — ¢, to prove (S2), it suffices to
prove that )
lim | |1—7y(y)|doy(y) =0.
y=0

N—o0
Changing variables, we can rewrite the above equation as
1

lim 1 -2y (G ()| dH ' (a) = 0. (S3)
a=0

N—o0

We note that Stieltjes integration with respect to dH~'(«) is equivalent to a Lebesgue
integration with respect to the finite measure w on [0, 1] satisfying w ([s, 1)) = H(t) —
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H7'(s),0<s<t<1,and w({1}) = 0. The first part of the left-tail assumption implies
that

w({0}) = £i£% o([0, @) = (1113% H Y a)—HY0) < (lligg) Gy (@) =0

for some ¢ > 1. Therefore, w ({0, 1}) =0.

The central limit theorem implies that limN%o(G,*vl(a) —(N-1))/+/N —-1=dYa)
for every a € (0, 1). Therefore, Lemma S19 implies limy_, EN(G’l(a)) =1 for every
a € (0,1). Moreover, Lemmas S17 and S18 imply that there exists a N such that for
all N > N the integrand |1 — @y (Gy'(@))] in (S3) is dominated by 1 + Dg(a) which
is 1ntegrable with respect to w. Therefore, equation (S3) follows from the dominated
convergence theorem, from which equation (S2) follows.

Finally, using the definition of Ay (v; H), we have

o0

Ay (v; H)SﬁN(H)‘f'/ EN(Y)(l—FGN(Y))dwN()’)

y=0
1
<(@-oc¢) +2/ Dy(a)dH ' (a) < 00
=0

forallve[v,v] and N > N , where the last two inequalities follow from Lemmas S17 and
S18, respectively. Thus,

lim [ Ay(v; H)dH’(v):/vdH/(v)—c
N—oo v v

follows from the dominated convergence theorem using (S2).
The preceding proof remains valid for the must-sell case, if we replace u, (x) with

Zn(x) = (N — 1)/x and TTy(H) with Iy (H). Q.E.D.

LEMMA S20: Suppose the condition on H in Lemma 10 holds. For any € > 0, there exists
an N such that forall N > N, we have

Y (xX) <Yy (y)exp(x — y)
forall x > y such that yy(y) > €.

PROOF: The condition on H implies that the support of H has no gap on [v, V], so
H ™! is continuous on [0, 1]. We can partition [0, 1] into a countable collection of intervals
{la, Bi]: i € I} such that ; < B; and either H~! is strictly increasing on [a;, 8;] or H~ ! is
constant on [«;, B,] (i.e., H has a mass point at v, where v = H~!(p) for all p € [a;, B:]).
If H~! is strictly increasing on [a;, B;], then

q—p

H'(q)—H'(p) < (54)
for any p, g € («;, B;) such that p < g, since in this case we have H(H'(q)) = g and
H(H'(p)) = p. By continuity of H~! we can extend (S4) to any p, g € [a;, 8,] such that
pP=q.

If H~! is constant on [«;, B;], then clearly (S4) also holds for any p, g € [«;, B;] such
that p < gq. Since {[o;, B;] : i € I} is a partition of [0, 1], we conclude that (S4) holds for
any p, q € [0, 1] such that p < gq.
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With the substitution ¢ = G (x) and p = G§(y), with x > y, equation (S4) becomes

Gy = Gy

Yo (x) =Y < c

Thus,

W g, 1 G =Gy
WO T AW C '

The log-1 Lipschitz condition that we want to prove is equivalent to

~C
B < exp(Gy' (G5 () - G (G50))
v ()

Thus, it is sufficient to show that for large N,
1 GEx») - GL(y)
) C

Both sides are equal to 1 when x = y, and the derivatives of the left- and right-hand sides
with respect to x are, respectively

1+

<exp(Gy' (G (%) — G (GS(»)).

g (%)
S5
TC 59
and
gn(x) —1(C _ G- e
00 (G, (GG oy POV (G 0) = G (G)
= VN —Lexp(Gy/ (G (1) = G\ (Gi(»)) = VN — 1. (S6)

We now show that (S5) is always less than (S6). Note that gy attains its maximum

when gy = gn_1, i.e.,, when x = N — 1, at a value of (’Yj;l_)lN):l exp(—(N — 1)). Multiplied

by ~/N — 1, this upper bound converges to ¢ (0). Hence, when N is sufficiently large,
85 (x) <2¢(0) for all x. Since ¥ (z) > 0, then there is an N large enough such that

C
v 2¢(0) -

=~ = N_ 1,
() C ~ €C

which proves the lemma. QE.D.

PROOF OF LEMMA 10: If v > ¢, then we can take € = v — ¢ in the statement of Lemma
S20, in which case the statement of the lemma follows immediately.

If v < ¢, then Y5 (—+/N — 1) < 0, so that I'{,(x) is nonpositive for x close to —v/N — 1.
Hence, there must be a graded interval at the bottom of the form [—+/N — 1, xy]. By
Lemma S14, xy converges to x*. Moreover, by Lemma S16, 5, converges almost surely to
7<,. Thus, there exists an N such that for all N > N, 5 (xy) > €. If we take e =y (x*)/2
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in Lemma S20, then there exists a N' > N so that for all N > N, the log-1 Lipschitz
condition is satisfied for all x > x. This implies that there is exactly one graded interval
and the conclusion of the lemma follows. O.E.D.

PROOF OF PROPOSITION 10: We first derive the allocation. When v > ¢, we have x* =

—oo and the gains function ¥y is not graded when N is sufficiently large. In this case, Qf,(x)
is always exactly 1.
When v < ¢, x* € (—o0, 00), and the gains function ¥ is single crossing (Section 4.4)

when N is sufficiently large. Then Qjcv(x) = rnin((x«/ﬁ + N)/(xN\/]v + N), 1). Since xy
converges to x* as defined by equation (29), ch(x) converges to 1 as N — oo.

We now derive the transfer. From Lemma 10, we know that there is at most one graded

interval of the form [—+/N, xy], where xy = —v/N ifv>cand xy > —/N ifv<ec.
Recall that

X

T — = dy,
~n(x) v o NOgn(y) dy
Ev(x) =By ()W (x) — Ay (Dy (X)) — Oy (x),
_N(@N(x))
2/ VN(y)gNl(y)der/ EN(y)GN(y)d@N(y)—/ y(y) dy(y)
y=0 y=0 y=x

= / YnMgn-1(y) dy + / EyMGy(y) dwy(y)
y=0 y

=0

o0

+ iy (x) Wy (x) +/ Wy (y) din (y).

y=x

Furthermore,

/ By ()G (y) dy(y)
Y

=0

_ / Ty (DG () dTn ()
y=0

_ / I d(Ey (N Gr ()
y:

=0
00

=— / YnYGN(Y) dy(y) — / YnWr(y)gn(y) dy
y:

=0 y=0
00

= / NG () dy (y) — / YvEN-1(y) dy,
y=0 y=0
where the last inequality comes from equation (32). Thus,

(@) = /

y=0

9] oo

IvONGr(y) dEiy () + oy ()T () + f D (y) dEiy ()

y=x
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and

Ey(x) = / v (NG () dEy ()
y=0

(o)

+ | (Aw)Gy () — Wy () diiy (») — cOy(x)

y=x

= / Yn()Gn(y) duy(y)
y=0

- f e (1= Gy () dEEy(y) — c(On (x) — B ().
y

=x

Let us now switch to central limit units:

(WVN—-1Ix+N-1)

=h
= / YOGS ) disy ()

III

/ FE (1 = GS) S () — (0% (x) — BS ().

By Lemmas S11 and S13, y5(y) — y$(y) = H'(®(y)) — ¢ and G{(y) - ®(y) as
N — oo.

Moreover, we have

VN = 1dug(y)
0 ify <xy,
N-1 N
(N—1)< )—)—1 if y=1xy,
- XN\/ +N—1 xN\/ — +N— 1 N
—(N —-1) dy — —dy ify> xy,
(y\/N—l—I—N—l)

where the mass point on xy is derived by comparing &, to the left and right of xy, and

VN = 1(Q5(x) — B (1)

JN — (va 1+N -1 N ) if x < xy,

— XN\/ +N—1 XN\/N—I‘l‘N—l
vN 1(1— if x > xy,
x\/N—1+N—1 !

which converges to x in both cases.
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Define F(x) =limy_ . vVN — 1?2()6). We have

—ex+35(x) / S (1 - () dy,
F(x) _ X < x
—cx — Y5 (x / YD (y) dy +/ YW1 —D(y)dy,
X > X
Therefore,
lim To0=—— [ Forénd
X)= —— .
N—>oo N ¢(x) =0 y y)ay QED
APPENDIX D: DERIVATION OF THE AGGREGATE TRANSFER FOR THE UNIFORM
DISTRIBUTION
Suppose the prior H is the standard uniform distribution, so that w(x) = Gy(x), and
that ¢ =0.
D.1. The Must-Sell Case
We have
~ 0 N -1 *N-1
AMGyx)=[ Gn(gnv-1(y)dy+ / TGN(y)gN(y) dy — / gn(y)dy
y=0 y=0 y=x

=2 [ Gyen-1(»dy—(1-Gy_1(x))

y=0
=2IT — (1 - Gy_1(x)),
N

_ _1 ~
E(x) = TGN(X) — GN,l(x) +1-—2I1.
/ Eygn(y)dy
y=0
T /N -1 ~
=/ (TGN(y) -Gy +1- 2H>gN(Y) dy
y=0
= 2/ Gy(Y)gn-1(y)dy — Gn(x)Gy_1(x) + (1 — 2ﬁ)GN(x)

=Gy 1(x)* — 2/ gV () dy — Gy(X)Gy_1(x) + (1 = 2IT) Gy (x)
y=0

— Gy (g (x) =2 / e g1 () dy+ (1 — 20 Gy (x)
y=0
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(2N = 3)! ~

=Gy 1(x)gn(x) — V(N DIV = 2)!G2N72(2X) + (1 =2I1Gy(x)
(2N = 3)!

=Gy_1(x)gn(x) + PN —DIN —2)! (Gn(x) — Gay-2(2x)),

where the second line follows from integration by parts, the third and fourth lines use
Gy = Gy_1 — gn, the fifth line is a direct computation using the formula for gy in (14),
and the last line follows from

- o 1 o0
11 = / Gyv(Y)gnv1(y)dy = 3= / en(y)gn-1(y)dy
y=0 y=0

_1(1_ (2N —3)! )
2 2NN —DUN =2)1 )

Therefore, when x > 0,

<2N—3)
~ N =1 ) Gy(x) — Goy2(2x)
Tx)=Gy_1(x)+ 92N-3 - gN(;;V 2 -

In the central limit normalization, we define

TC(x)=T(N —1++/N —1x).

Lemma S11 shows that Gy(N — 14+ /N — 1x) —» ®(x) and gy(N — 1+ /N — 1x) x
VN —-1— ¢(x) as N — oo, where ® and ¢ are, respectively, the cumulative distri-
bution and the density of a standard Normal; this also implies that G,y ,(2(N — 1 +
VN —1x)) — ®(x+/2). Finally, using Stirling’s approximation, it is easy to check that

(2N73)

VN —1— - as N — oo. Therefore,

D(x) — P(xv2)
VT (x)

lim TC(x) = D(x) +
for a fixed x.

D.2. The Can-Keep Case

We have shown in Section 4.4 that the uniform distribution is single crossing. Let [0, x*]
denote the graded interval. The cutoff x* satisfies (cf. (28))

GN *
2(x ) = 8N+1 (X*) (S7)

This equation implies that Gy, 1 (x*) = Gy (x*) — gny1(X*) = gn1 (X)) = Gy (x*) /2.
Define the constants

oo

C=/ V(X)gN_l(X)der/ m(x)Gn(x)gn(x)dx
x=0 x=0



OPTIMAL AUCTION DESIGN

x* x* N
= / exp(x — x*) Gy (x*)gn-1(x) dx + / FGN(x)gN(x) dx
x=0 x=0

(&1

o © N-1
+/ GN(x)gNl(x)dx+/ TGN(X)gN(x)dX-

X=X

G

We next simplify the constants:

5

C = 2/ exp(x — x*) Gy (x*)gn-1(x) dx
x=0
=2Gy(x")gn(x"),

C=2 / G (0)gy-1(x) dx

o0

=1-Gy_, (X*)2 - 2/ gn(x)gn-1(x)dx

x=x*

L 1— Gy (x) - Gﬁy:f) (1= Gaxa (20)),

72N=3
(2N -3

) (1 - Gay_a(267)).

N-1
C=2Gy(xr")gn(x") +1= Gy () = =g
Then
MGn(x))=C— / w()gn(y)dy
y=x
N © N-—1
C—/ 7gN(y)dy—/ gev(y)dy, x=x7,
C - / gn(y)dy, x> x"
yx Y
* N * *
_Jc- (Gn(x*) — GN(X))F —(1-Gna(x9)), x=<x7,
C—(1-Gya(x)), x> x*
and

N N
GN(X); —C+ (GN(X*) - GN(X))F + (1 — GN,I(X*)

= N
:(X): :—C—f—GN(X*)E—Fl—GN_l(X*) XSX*,

N -1
Gy(x)

—C+1-Gyn_1(x), x> x*.

27
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For x < x*, we have

X

X — N
/ Eygv(y)dy= / (—C + GN(X*); +1- GNl(x*))gN(y) dy
y=0 y=0
N
= (—C + GN(X*)F + 1-— GN,] (x*)> GN(X).
For x > x*, we have

f = N
[ Eentrdy = (~C+ Galx) 3 +1- 6o () ) Gl
y=0

* N-1
+/ (GN(Y)T—C‘Fl—GN1(Y))8N(Y)d)’-

X

Simplifying the second term, we get

X=(1-0)(Gyx)—Gy(x"))

+2 Gn(y)gn-1(y)dy — (GN(X)GN—l (x) — Gy (X*)GN—l (X*))

y=x*

=(1-0O)(Gy(x) — Gy(x7))
- 2/ v ()gn-1(y) dy + gn(X)Gn_1(x) — gn (x*) Gy1(x7)
y=x*

=(1-O)(Gy(x) — Gy(xY))
<2N -3

N-1
- W(Gzlvfz@x) - G2N—2(2x*)) +gv(X)Gn_1(x) — gn (x*)GN—l(X*)-

Therefore, for x < x*, we have

T(x)= <—C + GN(X*)% +1- GN—I(X*)>

For x > x*, we have

— N
T(x)= {GN (x*)zF — Gy (x') + (1= O)Gr(x)
(2N -3
N-1 1
— = (Gav-2(2%) — GzNz(ZX*))} PRI

Finally, we take the limit as N — oo for the central limit normalization:

Tc(x) =T(N —1+4++/N —1x).
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Since Gy (x*)/2 = Gy,1(x*) by the discussion following equation (S7), we must have
(x* = (N —=1))/~/N —-1— —o0, Gy(x*) = 0, and gy(x*) — 0 as N — oco. Moreover,

by equation (S7), NGy (x*)/x* = 2Ngni(x")/x* =2gn(x*) — 0 as N — oo. Substituting
these into the expressions of C and 7', and simplifying as in the must-sell case, we get

e D (x) — D(xV2)
AI]LIIOlOT (x)=P(x) + NI .

REFERENCE
STROOCK, D. W. (2011): Probability Theory: An Analytic View (Second Ed.). Cambridge University Press. [18]

Co-editor Itzhak Gilboa handled this manuscript.

Manuscript received 26 April, 2018; final version accepted 2 October, 2020; available online 11 November, 2020.


http://www.e-publications.org/srv/ecta/linkserver/setprefs?rfe_id=urn:sici%2F0012-9682%282021%2989%3A3%2B%3C1%3ASTOADW%3E2.0.CO%3B2-I

	Appendix B: Proofs for Section 5
	Proof of Proposition 5
	Proof of Proposition 6

	Appendix C: Proofs for Section 6
	Appendix D: Derivation of the Aggregate Transfer for the Uniform Distribution
	The Must-Sell Case
	The Can-Keep Case

	References

