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This supplemental appendix provides certain proofs for the results related to the
examples in Section 2, a generalized version of Theorem 1, additional detail for the
proofs in the main text, and an extension of the generalized Helmert transformation to
multiple factors.

APPENDIX D: SUPPLEMENTAL MATERIAL
D.1. Supplemental Material for the Example

IN THE FOLLOWING SECTION we provide proofs for the lemmata for the example in Sec-
tion 2.

PROOF OF LEMMA EX1: Confirming with W,* = [y, Z["], we define the partitions

Fraw = (FFT?) ’ Uy apu = (?MAru) ) Uy aw = (FyMA’My FyMA’Z> .

ZAru IﬂZAyMy 1_‘ZArZ
Observe that uj (8) =y —W,"6 = uj + W;* (8, — §), and let m,(8) = plimn~"?m,, ;(8) and

my(8) = plimn~"*m, ,(8). Then utilizing Assumption EX, the limiting objective function
of the GMM estimator defined by (6) is given by

Q(8)=Qu&) +04(8), Q&) =m(8) (V") ' mu(8),
04(8) =,(8) (V) ' 7iy(5),
with
m(8) = plimn'H'uf (8) = plimn~'H'uf + plimn~'H'W;" (8, — 8)
=Ty (8, — 8) (D.1)
and with the rth element of m1,(5) given by
m,,(8) =plimn~'uj (8) A'uf (8) =plimn'uj A u}
+2(80 — 8) plimn~ W A'ut + (8, — &) plimn W AW, (8, — 5)
=2(80—8)Twau+ (80— 8) T 4w (89 — 5). (D.2)
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2 G. M. KUERSTEINER AND I. R. PRUCHA

Observe that Q((6) > 0, Q4(8) > 0, and Q(8) > 0 with Q)(89) = Q,(8¢) = O(8) =0,
since m;(8y) = 0 and m,(8,) = 0. Thus any minimizer, say 8., of Q(8) not only satisfies
d0(6,)/d6 =0, but also 90,(6.)/d6 =0 and 9Q,(8.)/d5 = 0.

Case 1: I'yy has full column rank. In this case, 6 = 8, is obviously the unique solution
of m;(8) =I'yw (69 — &) = 0. Of course, since

30Q,(6) _19m(8)
8 FD

it follows further that 6 = &, is also the unique solution of JQ;(8)/d6 = 0 and of
dQ(8)/d6 = 0. Thus, in this case the unknown parameters can be identified solely from
the linear moment condition. Within the context of a cross-sectional model and a general
M matrix, an assumption analogous to that of assuming that I'yy has full column rank
was maintained in Kelejian and Prucha (1998) and subsequent papers on instrumental
variable estimators for spatial network models.

Case 2: I'y;z has full column rank, but I'yy = [['yay, I'nz] does not have full column
rank. In this case, I'y;y, must be contained in the linear span of I'y;z; thatis, I'ypy =1y 2
for some vector c. Since I'y;; has full column rank by assumption, the vector c is unique
and can be expressed as

=—2m,(8) (V") Thw,

=2m;(8)' (V")

Cc= (F}{ZFHz)ilI‘}iZFHMy.
Observe that
01(8) = (80— 8)' Ty (V") ' Tra (80 — 8) = (Ao — MLy, (V") Ty,
+2(0 = My, (V") Tuz(Bo — B) + (Bo— BTy (V") 'Tuz(Bo — B.

Clearly
901(8) /0 = —2(Ag — M, (V™) ' Trinty — (Bo = BY Tz (V™) ' Trinsy,

901(8)/9 = —2(ho — M0, (V") 'Truz = 2(Bo = BTy, (V") Tz

Utilizing that 'y, = 'y zc, we see that dQ;(8)/dA = [dQ,(6)/dB]c; that is, the first first
order condition is linearly dependent on the second set. Given that 'y, is assumed to
have full column rank, we can, for any given value of A, solve the first order condition
00,(8)/9B =0 for B(A), which yields

B = Bo=—(T, (V") ' Tuz) Ty (V") Trinay(A = Xo) = —c (X — Ag).

Lee (2007, p. 493) obtains an analogous result within the context of a cross-sectional
model. From this we see that B is identified if A is identified. Now A is identified if
my(A, B(A)) = 0 has a unique solution at Ay, which implies that Q,(8(A¢), A¢) has a
unique minimum of zero at A = A,. Observe that in light of (D.2),

Mg, (8) =2(A = A)yma,u +2(8 — Bo) T 24,4
+ (A =20 Tymranry + 2B = Bo) T 24y (Ao — A) + (B — Bo) T 24,2(B — Bo)-
Then utilizing B(A) — By = —c(A — Ay) yields

g, (A, B(A)) = (A — Ag)s}, + (A — Ag)’s3,,
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s =20 mau —2¢T 24,0,
s, =Uyma,my — 26T 24,0y + T 24, 2C.
Now let $* be the g x 2 matrix with elements s}, s, in the rth row. Then
My (A, BV)) = S [A = Ao, (A = A9)?] .
Substituting the above expression for ¢, we get
55 =2[Costu — Digngy Doz (T2 Tz) " Tz
= 2plim 157" Q) A'uf.
Sy =Dymamy — 2F,HMyFHZ(F/HZI‘HZ)71FZArMY
+ F/HMyrHZ (F/]JZFHZ)71FZArZ (F/HZFHZ)AF/HZFHMy
= plimn~'y}'Q), 4'Quy!,

with QH =1 — ZT(ZT/PHZT)_IZIHPH, where we utilized that (F,HZ(I)FHZ)_lr;-[Z(I)FHMy =
(I, ,PI'y7)'T, ,PI'y ¢ = c for any nonsingular matrix &.
Observing that

ny QA" Quyl = n"' Xy} + Z{ Bo + uf] QA" Qu[ MY + Z Bo+ u7]
= Ay} +uf ] QA Qu Ny, + uy]
= Mo”9y QA" Quyy + 2h0n ™9y Oy A" Qe
+n'ul’ Q) A" Qpuf
=\n"'Y 0, A" Quyt + 20007y Oy AT ut + 17wl Auf +0,(1)
B X255+ Aos,
'Y QA" Quuy =n"'yy QAU + 0,(1)
> 51/,
n Y QA" Quyt = n ! O A" Qu YT + Zi Bo + uf ]
=Xy QA" Quy + 1y QA" Quuy
RS AoSh + 57 /2,
it follows that
n (v = V) QA" Qu (v — AY)
=n"'y' QA" Quyf = 2An7 '3 Q) A" Quyi + X0y Q) A" Quyy
B A25% 4 Aost, — 2AA08s, — AsT, + A%sT,

= (A — A)s;; + (Ao — A)zsfz = mq,r(/\, ﬁ()\))-
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LetS=I[S},..., S;]’ with S, = [s% /2 + A¢s%,, s5]. Then

(172 0
s=s (12 9).
From the latter we see that S has full column rank if and only if $* has full column rank.
Q.E.D.

PROOF OF LEMMA EX2: The lemma assumes for the network formation process that
the elements of u are i.i.d. with E[u;] =0, Var(u;) = 1, conditional on z{, zi, 7, vy, V2,
W, v. As discussed, in this case we may think of the matrix ¢, to contain 7 (or the subset
of strictly exogenous variables not already included in z}) as well as v, and v. Recall that
M1 =my (T, vi, w, v) and m;;, = m;;»(7, vy, v2, u, ¥), and thus we can also think of ¢, to
contain M,. With either interpretation, the conditioning information set is given by & =
o(z1, 22, u), and M; and M, as well as 4" and A" are measurable w.r.t. &. By (4) we have
E[n~'h"uf1=0 and E[n"'u}' A"uj] = 0. By Theorem 1, and replacing the conditioning
information set by &, we have Var(n~'h"uf | &) = n=h"h" and Var(n~'u]’ A'uj | &) =
2n~?tr(A” A"). Observing that E[n"'h"u | 8] =0 and E[n~'u}"A"u | ] =0, and using
iterated expectations yields

Var(n™'h"ut) =n2E["W'] = *QZE 1= Nkl <n7'K; — 0,

i=1

Var(n™'uf’ A'uf) = n"2E[tr(A" A") ZZE[ZZ a; }

i=1 j=1

<2K,nE {Z Z|a;j|] <n2K? - 0.

i=1 j=1

Consequently n'h"uf = 0,(1) and n'uj’A'uf = 0,(1) by Chebychev’s inequality,
which proves part (a) of the lemma.

We next prove part (b) of the lemma. Recall that M, = (m;,) with m;, = d;;,/
(Z;V:ldi,-,l). Let e be an n x 1 vector of 1s. Then clearly M,e = e and Z;il lmy | =
Z;.":] my;,, = 1. Furthermore, since 27:] I{s; < ¢} < K < o0, we have > i m;, <K, as
shown in the proof of Lemma D.2 Let B = (b;) be a matrix of the form M7, M, or
M7 with M, = (M, + M)/2 or more generally of the form M?M;~"" or M M[~°' with
0<o <7, 7<s,and ¢t =1, 2. Then it follows immediately from, for example, Kelejian
and Prucha (1999, footnote 20), that Z;':] |b;j| < Kpand )", |b;] < K, for some K, < 00.
Let A= B —diag(B). Then Z;=1 la;| < Kj and )"}, |a;;| < K,. This establishes that un-
der the maintained assumptions, the second sufficient condition of part (a) of the lemma
holds.

Suppose further that 377, (Pr(s; < ¢))/***» < K < co. Then by Lemma D.2 and
Lyapunov’s inequality, > ., |m;|l-25 < K and Z?:l M ll-245) < K for 7 <s. Let B
and A be a matrix of the form defined above. Then by Lemma D.1 and the remark af-
ter that lemma, we have Y7, [|byllas < K7, D0 byl < K™ and 377, [lagll2ys < K7,
> llagllars < K7. This establishes the last claim of part (b) of the lemma.
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To verify the claims after the lemma, suppose that Pr(s; < ¢) =0 implies 1{s; <c} =0
and Z;’Zl 1{Pr(s; < c¢) > 0} < K. Then it follows from Lemma D.2 that Z;;l sy <c} <
K < oo and Z;’zl (Pr(s; < ¢))V/s#1 < K < oo for all s. Consequently, for matrices B and
A of the above form the L,, s summability now holds for arbitrary 7.

Let 3, be an arbitrary column of z; with typical element 3;,, let B= M/, and let h =
(h;) = M3, Then h; = Z;zl bjj 3. By assumption |[3;,]l415, < K for some 8, > 0. Let
p=2+ 6 with 6 =6,/2 and 1/p + 1/q = 1. Then applying Holder’s and Lyapunov’s
inequalities yields

P n

p
=EHZ|bi,-|1/‘I|bi,-|1/f’|5,-,t|} }

. j=1

n

> byl

j=1

_ " Yar , 1/pyp
<E {[Z|bij|:| Z|bij||?)j,t|p:| } i|
L LLj=1 L j=1

<K' E[byll307] = K (1+ K2)* Y [1byll2 < const < oo,

j=1 j=1

E[lhilp] <E

observing that E[|b;||3;..171 < 1byl121113,.¢1” 12 < 1Dijll2[1135,¢ lars, 1F297 2 < [Iby |l (1 + K)?
and observing that as shown above 27:1 1b;jll2 < const < oco. This shows that under the

maintained assumptions the first sufficient condition of part (a) also holds, which com-
pletes the proof of part (b) of the lemma. Q.E.D.

LEMMA D.1: Let A and B be symmetric n x n matrices with > ;_ la;| < K < oo,
Yo laglly, <K <00, byl <K <o0,and ", byl ,, < K < oo forsome p,, py > 1,
and let C = AB. Then Y, |c;| < K* <ooand ) llcill, < K* <ocowith 1/p=1/p, +
1/ py. Note that the results also hold for the row sums of C if we allow for A and B to be
nonsymmetric, and place conditions both on row and column sums.

PROOF: Since ¢; =Y ,_, ayb;;, we have

Y eyl < ZZ |aal|by| = Z |by| Z |aul < K*.
i=1

i=1 I=1

Next observe that by the generalized Holder inequality, [la;bjl, < llaull 1165l », and thus

Z el < ZZ laibyl, < ZZ il p, 1By 1,

i=1 [=1 i=1 [=1
n n
2
= lbylly, Y Naall,, < K.
=1 i=1

REMARK: Suppose the elements of a matrix M satisfy Y | Im;ll, < K as well as
Z;’ Imgll, < K, where w.ol.o.g. K > 1. Then it follows for M = (M + M")/2 that
I, < 27'(lmyll, + llm;ill,) by the Minkowski inequality, such that |m;|, is also

summable in both indices. Next, for any integer s > 1, suppose that > . |m;ll, < K

Q.E.D.
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as well as 27:1 lm;lls, < K. Then by applying the above lemma recursively it is readily
seen that the elements of 4 = M™ or A = M™ with 7 < s satisty 27:1 la;ll, < K* and
> i1 llagll, < K*. Furthermore, if 37, [Imyll;, < K aswell as 37, [|m;l;, < K, then the
elements of A =M7(M™ )Y or A=M"M"°with0<o <7, 7<s,0or A= (MM)/?
with 7 <s even, satisfy > " lla;ll, < K* and ), |layll, < K*. The results also hold if M
is replaced by M.
LEMMA D.2: Fori,j=1,...,n,let d; €{0,1} with d; =0and Y, dy > 1, let s; > 0 be
a measure of “distance” between units i and j, and let m; = d;;/(}_,_, di). Then, obviously,
> iy my =y Imy| = 1. Furthermore, consider the following situations.
(a) Suppose d; = 0 for s; > c, where c is a finite nonnegative constant, s; = Sj,
27:1 I{s; <c} <K < 00,and Z;’:l(Pr(s,», <c)'/? <K, for some p > 1, where K , is
a finite constant. Then 3, my; < K, 3, myll, < K, and 37 [myll, < K,,.
(b) Suppose that Z;’zl 1{Pr(s; < c¢) > 0} < K, where K is a finite constant. Then
> (Pr(sy < €))7 < K for all finite p > 1.
(c) If Pr(s; < c) = 0implies 1{s;; < ¢} =0, then Z;':l Is; <c} < 27:1 1{Pr(s; < ¢) > 0}.

PROOF: To prove part (a) of the lemma, observe that

Zmij =< Z|mij1{sij =< C}| =< Z Isji<c} <K
i=1 i=1 i=1

by symmetry and summability of 1{s;; < c}. Further, using Minkowski’s inequality,
Do Imyll, <D lmglisy <, + Y [milis; > e},
j=1 j=1 j=1

< Z”l si<cl| = Z(Pr(sij < c))l/p <K,
j=1
as well as

Z lmyll, < Z“mijl{sij <c} Hl, + Z”mijl{sij > c} Hl,
i=1 i=1 i=1

< ZH 1{s; < C}H Z(Pr(s,, < c)) <K,,

i=1

showing summability in both indices.
To prove part (b) of the lemma observe that

n

Z[Pr(sl-j < c)]l/p

j=1

= [Pr(sy < O1{Pr(sy < ¢) > 0} + Pr(sy < ©)1{Pr(s; < ) = 0}]""

j=1



DYNAMIC SPATIAL PANEL MODELS 7

Z Pr(s; < c)1{Pr(sl, <c)> 0 Z Pr(s,«,» <c)> 0}]1/p

N

1{Pr(s,'j < C) > 0} < K.

=
For (c) note that
s < ¢} =1{sy < c}1{Pr(s; < ¢) > 0} + 1{s; < c}(1 — 1{Pr(s; < ¢) > 0})
= 1{s; < c}J1{Pr(sy < ¢) > 0} + 1{s; < c}1{Pr(s; < ¢) =0}
=1{s; < c}l{Pr(si,- <c) > ()}
< 1{Pr(s; < ¢) > 0}

such that

I{s; <c} <) 1{Pr(s; <c)>0}.
S 0= Sl oen

D.2. Variance-Covariance of Linear Quadratic Forms

In this section we investigate the variance—covariances of linear quadratic forms based
on forward differenced disturbances. We maintain the setup and notational conventions
of the previous sections. For the moment we only assume that the 7+ x T transforma-
tion matrices II and I' are upper triangular. The following proposition gives a general-
ized version of Theorem 1. The extension of the proposition establishes that in general
the variance—covariance matrix of linear quadratic forms is complicated and depends on
higher order moments unless specific choices about IT and A, are made. An explicit proof
of the following proposition is given in Appendix D.4.

PROPOSITION D.1: Let the disturbance process (u;,) and the information sets B, ;, be
as in Assumption 1, and let B, , = = o({x7, z7, ui_1; mitioy) and ana({z}’,,uj 1) Fur-
thermore, assume that forall t=1,...,T,i=1,...,n, n>1, Eluy|B,;, v Cl =0,
E[u?|B,;, Vv Cl =0 >0, E[u}, |B,,,,VC] s, ,,,and E[u |Bn,,\/C] a.ir, Where o, is
ﬁmte and measurable w.rit. C, and 0i> M3.ir, and Ly ;, are finite and measurable wrt. Z, Vv C.
Define 3, = diag(o3, ..., 02) and 3, = diag(a?, ..., 0%). Let A, = (a;,) and B, = (b;;,) be
n x n matrices, and let a, = (a;,) and b, = (b;;) be n x 1 vectors, where a;,b;,, a;,, and b;, are
measurable wrt. B, , v C. Let m,=[0,...,0, 7, ..., mrland v, =10, ...,0, Y, ..., Vil
be 1 x T vectors where m,, and vy,. are measurable wrt C, and consider the forward differ-
ences ub =[uf,,...,ut) and u* =[uj, ..., u}l with

T T
—+ / X ’
u;, = E TyisUis = T U;, and u;, = E YisUis = Vil
s=t

s=t

Then
E[u:—,All’[tX + u:”a,|C] =3 tr[E(AZEQIC)], (D.3)
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Cov(u;" Au) + ayu; , uBu} + bu;|C)
= (m o) (1 S Bl (A4,5,B5,)
+ (m3,7) E[tr(A4,3,B,3,)IC]
+ (mZ,m)E[a,3,b|C] + K1, (D.4)
Cov(u)' Au; + auf, ul’Buy +buf|IC) =K, foralt>s, (D.5)

tt’

with
T n
K= Z 7Tt2u'yt2u ZE[(”““’“‘ - 39?0'3)ambm|c]
u=t i=1

T n
+ Z T Yo ZE[M3,m(ﬂiizbit + biiai)|C],

u=t i=1

o = (m ) (v 2, ¥) Er (A, B.3,) €] + (m.2,7)) (.2, 3) E[tr( 4.2, B.5,) C]

+ (7Tt2(r7T ) [Cl 2 b |C + Z Wtuytu’n-m’)’su ZE /-'L4 iu 3@, )ambus|c]

u=t i=1

Z 77-tu'ytu Ty Z E[M3 zuautbts|c] + Z 7Tsu7m Tty Z E[/-L3 iu usazt |C]

u=t u=t
t—1 n n

7Tt20'775/) Z YSU Z Z E[Q?aitbi]’sujv|c]
v=s i=1 j=1

WIEO"YX ZWSUZZE Q,altbjzsu]vlc]

i=1 j=1

+ Z TtuY tuTsu Z Vsv Z Z E[Mliuaiitbijsujvlc]

u=t i=1 j=1

+ Z Ty uYsu Z sy Z Z E[/-‘/Zv tuautb/zsu/u|c]

i=1 j=1

(Of course, the first covariance also yields an expression for the variance of u}’ A,u; + u'"a,
if we take B, = A, and b, = a,.)

The standard catalogue of assumption in the spatial panel data literature resulted in
formulations of the moment conditions where the coefficients of the linear quadratic
forms are treated as nonstochastic. We note that in this case the expectations simplify
in that the last four lines in the expression for X, are zero. If furthermore IT =1 =1,
then u;; = u} = u;, and the above proposition yields expressions consistent with those
given in Kelejian and Prucha (2010).
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From the above proposition we see that E[u” A,u) + u"a,|C] = 0 if vecp(A4,) = 0.
Under cross-sectional homoskedasticity, that is, 3, = I, a sufficient condition for this
expectation to be zero is tr(A,) = 0.

From the above proposition we see furthermore that, in general, linear quadratic forms
are correlated within a time period and across time periods. We now explore the effect
of using an orthogonal forward differencing transformation on the correlation structure
of linear quadratic forms. More specifically, suppose that II =T and I13,I1' = I. Then
it is readily seen that the expressions for the covariances in (D.4) and (D.5) simplify as
summarized in the following corollary.

COROLLARY D.1: Under the conditions of Proposition D.1 and additionally imposing that
IT =T with I13,I1' = I, we have
Cov(u;" Au) + u)'a,, ul’ B, + u/'b,|C)

=E[tr(A4.2,(B,+ B))3,)|C] + E[a,2,b,|C]

T n
+ Z , ZE[(M4,iu —30}073)aiub|C]
u=t =1

T n
+ Z , ZE[M3,iu(aiizbi: + biua;)|C] (D.6)

u=t i=1
and for t > s,

Cov(u At + u}a,, u]Byu] + ul'b,|C)

T n
= Z 7Tt2u7Ts2u ZE[(M4,iu - 3Q?Uﬁ)aiitbiis|c]
u=t i=1

T n T n
+ Z Wtzuﬂ-su Z E[MS,iuaiitbis|C] + Z 7752”7Ttu Z E[/~L3,iubii5ail|c]
u=t i=1

u=t i=1

T t—1 n n
+ T, Tsu Tsv E[MS,iuaiitbijsuju|C]
u=t v=s§

i=1 j=1

T t—1 n n
+ Z T, T Z s Z Z Elps iutiibjisu |Cl. (D.7)
u=t v=s

i=1 j=1

From this we see that in contrast to the case of pure linear forms (where 4, = B, =0),
quadratic forms will generally be correlated across time, even if based on orthogonally
transformed disturbances. Furthermore, when it comes to the estimation of the covari-
ances, it seems that even if u; ;, = u; and is fixed, the terms >, Z?:] Ela;;bu;,|C] and
Yo Z;’:lE [aibjisu;y|C] would still be difficult to handle without further assumptions
on the data generating process. However, an inspection of the above expressions shows
that those difficulties can be avoided if we assume that vecp(A4,) = vecp(B,) =0 for all ¢.
In this case the expressions in (D.6) and (D.7) simplify further. We note that assuming
only that tr(A4,) = tr(B;) = 0 does not avoid those difficulties even under cross-sectional
homoskedasticity.
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COROLLARY D.2: Under the conditions of Proposition D.1 and additionally imposing that
vecp(A,) =0, vecp(B,) =0, and IT =T with I13,IT' = I, we have

Cov(u;]" Asuf + u) a,, u]' B + u'b,|C) = E[tr(A4,3,(B; + B)) %,)IC] + E[a,2,b,IC]

and

Cov(u" A + uj'a,, ul’ Bl +ul'b|C) =0 fort#s.

The linear quadratic forms are only contemporaneously correlated, but uncorrelated
over time, which motivates us to restrict the class of moment conditions underlying our
GMM estimator to the case where the diagonal elements of the matrices in the quadratic
forms are zero, that is, vecp(A,) = vecp(B,) =0 for all ¢.

Next consider the case where a researcher uses both the transformation I' = F and
the corresponding orthogonal transformation II = U~'F with UU’ = F3,F'. In this
case [13,I" = U’ and thus 7, 3,y, =0 for s > ¢, but generally 7, 3,y, # 0 for ¢ > 5. As
a consequence, in this case the linear quadratic forms are generally autocorrelated in
time due to the presence of the term (7,%,7y.) Zf:s T D ny Zle Elo%a;bj;su;,|C] even
if vecp(A;) =vecp(B,) =0 for all ¢.

Finally, the next corollary covers the case where Il =T, but where the transformation
is not efficient, that is, II3 I’ # I. In that case, the moment conditions are correlated
across ¢ with the difficult to estimate term > _;_, Z;’:l El0?a;(b;s + bji)u;,|C] present in
the covariance term. This result demonstrates the importance of efficient detrending.

COROLLARY D.3: Under the conditions of Proposition D.1, but additionally imposing that
vecp(A,) =0, vecp(B,) =0,and IT =T, but I3, II' # 1, then
E[u/ A 4+ ul'a,|C] =0,
Cov(u;" Au + ayu;, uBu; + bu/|C)
= (m3,m) E[tr(A,2, (B, + B)3,)IC] + (m3,m)E[a,3,b,IC],

and

Cov(u A/ + ayu), ul' B + blu/|C)

7t > s

= (w3, 7)) E[tr(4,3,(B, + B))3,)IC] + (m,3,7)E[a,3,b,C]

t—1 n n
+ (Wtza'ﬂ-;) Z Ty Z ZE[Q?ait(bijs + bjis)ujv|c]-

i=1 j=1

D.3. Proofs of Lemmas in Appendix C.2 and of Theorem 3

PROOF OF LEMMA 1: In the following discussion, all bounding constants from above
are w.o.l.o.g. assumed to be greater than 1. Recall from Proposition 1 that for ,, =
75(fo, Yo.0) We have m, 3,7, = 1. Since by Assumption 1 we have ag’[ > ¢, > 0, it follows
that 7,7, < K, for K, = ¢, ' and, thus, |7,| < K,. By Assumption 2(i) the 2 + & absolute
moments of the elements of the p, x 1 vector &, are uniformly bounded by some finite
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constant K;°. Let p, = max(p,). Then observing that |A,,| < 1 since A'A = 1, it follows

that
[ t l[ 2+3 |: Z Arthlrt

where we have also utilized inequality (1.4.3) In Bierens (1994). Hence, in light of (32),

r=1

248 pe
j| < pi+5 ZE[|hm|2+8] < p§+6KZ+8,

Eflcul***] < K.

with K, = Tp*°K; 7K.,

By Assumption 2(ii), for all rand t we have Z, ylag | =37 laj; | < K,. Consequently,

ij,t

observing that |Ajaj, | < >, [\, lla), | < 37, |aj,|, we have
>l = S = 33 e | = p.K
i=1 j=1 r=1 j=1

Thus, in light of (34) and s < ¢,

Z |Cijuis| = Z |Cijis| < ZZ

=1 j=1

)\7 ij,T

|7 |7 | < Kee

with K. = Tp.K,K?. Furthermore for g > 1,

n n n

_ q—1
D il = leil < KD Il /Kee] " el < K.

i=1 j=1 j=1

By Minkowski’s inequality, we have

/ /
E /\Tal] s Tt

=1

N

pr
> lay,

=1 r=1

N

pr
<K2Y > |,

=1 r=1

”Cij,ts”q = |7TTS||7TTt|

q q

Hence by Assumption 2(ii) and Lyapunov’s inequality, we have for 1 <g <2+ 9,

2
ch,] slly < K2

Also recall that by Assumption 1, observing that F, _1).i € B, vV C, we have for all i
and ¢ that

N

= Tp*KaKfr =K.

i, 248

=1 r=1 j=1

E[luit|2+8|]:n,(l—l)n+i] = E[E[|uit|2+5|6n,i,t v C] |]:n,(t—l)n+i] S Ku’

and thus also E[|u;|**°] < K, for some finite constant K,. Of course, by Lyapunov’s in-
equality we also have for 1 <g <246,

q/(2+9)
E[luit|q|Fn,(t—1)n+i] = {E[|uit|2+6|fn,(t—l)n+i]} = KZ/(2+5) <K,.
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Furthermore, observe thatfor s <tandfor1<g<2+dand1l/g+1/p=1

|ul5| |‘Fn (s— l)n+t]|clj ZAHan \/C]

i=1 i=1

[Zluul |c,,m||BmvC} <ZE

=< Kchc

n q B n q ]
E|:<Z |uis||cij,ts|> |Bn,s v C:| =F (Z |uis||cij,zs|1/q|czj,ts|1/p) |Bn,s vC

i=1
q

r n g 1
P
<E { (Z|ui5|q|ci,,m|> <Z|ci,-,m|) |Bn,sv0}
L i=1 i=1
n q/p n
=< (Z |cij,ts|> E|:Z |uis|q|cij,ts||Bn,s V Ci|
i=1

i=1

i=1

q/p+1 246
<KI"K, <K °K,,

where we used that ¢, is measurable w.r.t. B, v C and F, _1),+;. Recall that w.o.l.o.g
the constants K., K., K,, and K, are assumed to be greater than 1. Also let K, and K,
be finite constants such that oy, < K, and gj ; < K,. In the following discussion we take

K =max{K,, K,, K, Kee, K2, p.Ky, Ko} > 1. Q.E.D.

PROOF OF LEMMA 2: Probability Limit of n=' "7 5. Let

sV = plimn~! ZUUt [c:IC].

=00 i=1
Then recalling the deﬁnition of ¢;, in (32), it follows from Assumption 3 that n~' x

S g =ty M ~o.
i=1 S =N i=1 lt gt asnz )
-1 2) (2) : 2 1 n n
Probability Limit of n™" Y. s;,”. Let ;" =plim,_ 203 n7' >, > " Elc; ,IC]. Re-

calling that ¢;;,, = cj;, and ¢;; , = 0, it is readily seen that

n i—-1 i-1
-1 2) -1
n E s;; =4n E E E Cijt1Cit, 1t U jr Uiy

i=1 j=1 I=1

n—1 i—-1
-1 -1
=4n E un E Cji n+8n E E Uiy, E Cii,ttCil, 11
j=i+1 =2 I=1 Jj=i+1

By observing furthermore that 23"}, Z} i1 Coiit = 2im1 21 Cir.» W have

nil Z 9(2) Z Yn i+ 20-() tn Z Z cl] s

=1 j=1
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where

Yn,i=n |: ” _O'Ot E Cj, a1 -+ 8uy E Uy } Cii,uCij, tz:|

Jj=i+l j=i+1

Given Assumption 3 and recalling the definition of ¢;;,, in (34) it now follows that

n n
2 -1 2 )
200,n E E Ciiu R s,” asn— o0

i=1 j=1

and, consequently, n' Y7, s & ¢!, provided we show that for given ¢, Y- Y, 5 0.

Let G,io1 = Fuq—1ynsi and G, g = F, «—2usn- Then clearly E[Y,;|G,;1]1=0 and Yn,, is G.i-
measurable, and thus

{Yn,ia gn,i’ l = 17 sy n}

is a martingale difference array. Next observe that with d,;, =n~!,g=1+8/2,and 1/p +
1/q = 1, it follows upon utilizing the triangle and Holder’s inequalities and the bounds in
Lemma 1(ii), (iii), (v), and (vii) that

4|bl 0’0t| Z lc zn|

J=i+1

» q
< 2q4qE|:|uft — U&,iq(z |Cji,tt|2> :|
j=1

+ 298FE |l/t,,| (Z|u1t| Z |C]ztt||c]ltt|) :|

Jj=i+1

E[' Yn,i/dnilq] = 26]E|:

:| 2qE|:|8|uzt|Z|ulz| Z lc lll||cjl,ll|q:|

J=i+1

SZqMKqE{EH —a'0t| [Fon, i l)n+l]}

q
+2q8qE [|u1t| |‘Fn (t—1)n+i <Z|ult| Z |Cjztt|| lttl) j|

Jj=i+1

n n q
< 204921K T+ 4 2q8QKE[<Z ljiul Y |uz,||cﬂ,,,|> }

j=1 I=1
< 294929 K9 4 2981 K 9T < oo,

Consequently, |Y, ;/d,;| is uniformly integrable. Observing furthermore that >, d;, = 1
and )", d7 — 0, it follows from the law of large numbers for martingale difference arrays

given as Theorem 19.7 in Davidson (1994) that indeed )", Y, ; = 0.
Probability Limit of n=' Y"1, .. Let

(3) =plim,_ Z 40-0 an Z ZE i ”lc

i=1 j=1
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Recalhng that ¢, = ¢, and ¢;;, = 0, and that Z | Yy CijusCit,erUjsUy, 1S symmetric in s
and 7, it is readily seen that

2
-1 3) -1
n Eg =n E4EEC”””
s=1 j=1
t—1 n n t—1 n i—1 n
-1 2 2 -1
=4 E n E u;, E Ciius T8 E n E Uis E U E CjiisCil s
s=1 i=1 j=1 s=1 i=1 =1 j=1
+8 E n- E Uijs E E U E le tSCj/ tr
=1 [=1 j=1
and, thus,
t—=1 n
-1 3) (s) -1
n ZS‘ =22V +Z4<foﬂ P
s=1 i=l1 =1 j=1
with
n
(s) -1 2 2 § 2 2 : z :
lli,n =n 4(”[3 - 0-0,3) cji,ts +8uzs Ujg c]z tSle tS+8ulS E E U E c]l [Scjl tT

j=1 =1 j=1 r=1 =1

Given Assumption 3 and recalling the definition of ¢;; ,, in (34), it now follows that for n —

oo, we have Y 402 n~' Y 127 1 Coits L 6 and, consequently, n=' 3" s & ¥,
provided We show that Z:’ | Y,f? — 0.Fixswithl <s<¢—1,andlet G,; 1 = Fs—1)nwi
and G, = F s—2nsn- Then clearly, observing that c;;,, with 7 < s is measurable w.r.t.

Fu.s—1ynti» We have E [Y(S)|Qn —1]1 =0 and Y,ffi) is G, ;-measurable, and thus { Y,fsl), Griri=
1,...,n} is a martingale difference array. Next observe that with d,; = n~! and with ¢ =

1+ 8/2, it follows upon utilizing the triangle inequality and inequality (1.4.3) in Bierens
(1994) that

E[|Y(s)/dnji ] Zcﬂ ,S+8uzszu1szcﬂ tsc]l ts

=1

+ 8”15 E E U E le tscjl tr

=1 [=1

" q
qaAq 2 2 |q 2
<3%4°FE |uis 04,5 Ciits

j=1

i—1 n
+3989E | ui| Y ] D Ijiusl €]

+3987E | || ZZ || Z sl tfl

=1 [=1
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Next observe that in light of the bounds in Lemma 1(iii) and (v),
n q
E||ui— o0, )" ch| | S2KIE[E[|usl? + 00 Foiominei] ] < 207K
j=1

Furthermore, in light of the bounds in Lemma 1(ii)—(vii), and observing that ¢;; ,, is mea-
surable w.r.t. B, v C and F,, s_1)nsis

i—

1 n q
E| Juisl?) Y luss] Y I¢jisl il
1 j=1

1=

n i—1 q
< E| E[luisl| Foovmei] | D 16jiasl D lutssl sl
j=1 =1

B n n q

1 1
<KE| (Y lciil " lciinl” Y lurllcins]

L\ j=1 =1

n qp n q
<KE| D el ) D leiul{ D luslicis]
j=1 j=1 =1

n q

[ n
1
<K"PE|Y il E| | D lusllcl

L j=1 I=1

B.svC

[ n
<K*UPE| Y ejil | < K3

L j=1
and
s—1 n n q
E{ sl D " 1l Y Ijicel I
=1 I=1 =1
s—1 n n q
< E| EfJul P snmia T D\ D lesuasl Y lullese
=1 \ /=1 =1
s—1 n n q
2qg+2 1
<KT*S E| (Y leunl Y lurllel | | < KT
=1 j:1 =1
since
i n q n n q
E Z|Cﬁv”|z|uzfllcﬂ,”l = Z|cji,ts|2|”lr||cjl,tr|
j=1 1=1 =1 i \

IA

[ n n q
2D leusliarllensl |,

| j=1 I=1
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[ n n n
DY lciiasliag Y [l
=1

L j=1 1=1

IA

2q

14

B n n
1/(2 2q+1/2
< | K0 iciusllors Y lciirllars | < K572,
L j=1 =1

where we used that in light of Assumption 1,

= (E[1wP1crP]) "% = (E[Icine P E[luss 1B, v C]])

” [ti7][Cjt i 2

=< Kl/(zq)”Cﬂ,m”zq-

Consequently, Y, ;/d,;| is uniformly integrable. Observing furthermore that 27:1 di, =
Land )7, d; — 0, it follows from the law of large numbers for martingale difference

arrays given as Theorem 19.7 in Davidson (1994) that indeed 3", Y 5 0.
Probability Limit of n™'Y " s\ =4n' Y1 ¢ Z;;]l Cijultj. It is readily seen that
n s = X Yin with

n
-1
Yi,n=n 4”it§ CitCji tt-

j=i+1

Let gn,i—l = fn,(t—l)n+i and gn,() = fn,(t—Z)n+n' Then Clearly E[Yn,i|gn,i—1] =0and Yn,i is gn,i'
measurable, and thus {Y,;,G,;,i =1,...,n} is a martingale difference array. Next ob-
serve that with d,;, =n~', g=2+ 6, and 1/p + 1/q = 1, it follows upon utilizing the
triangle and Holder’s inequalities and the bounds in Lemma 1(i)—(iii) and (v) that

n 1+6/2
E[| Yn,i/dni|1+5/2] = 41+5/2E |:< Z |Cji,tt| |le|) E[' uit|1+5/2|Fn,(t])n+i]:|

j=itl

r/ on q/2
14+8/2 a2 2
<4PKE| Y lejial T Iejiul el

j=i+1
q-2
q n
2
[Z |Ciiaellcil” H
j=i+1

n
2 2 2
=< glrorzgitel E|:< E |Cij,tt||cjt|q/ )i|

Jj=it1

[SIY

<4"PKE [Z |cﬁ,n|}

j=itl

n

1/2
< 41+3/2K1+5/2 ( Z E[|cij,tt|2]E[|cj[|q]>

Jj=i+1

1/2
n
3
< 41+ 5+3/2 (E|: Z |Cij,tt|2:|) < K*? < 0.

j=it1
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Consequently, |Y,.;/d,;| is uniformly integrable. Observing furthermore that ) d;, =1
and ), d7 — 0, it follows from the law of large numbers for martingale difference arrays

given as Theorem 19.7 in Davidson (1994) that n=' 31 ¢\’ =37 Y, = 0.

Probability Limit of n~' Y, s%’. Note that, in general, E[c;c;j;su;,] # 0 for s < ¢, which
suggests that, in general, phm,Hoo n 'y 1g(5) # 0. However, recall that ultimately the
probability limit of n=' Y] 02,31 st is of interest. We next show that when our mo-
ment conditions are based on forward orthogonalized innovations, the terms involving
nonzero expectations sum to zero, and that in that case plim, . n~'Y"" T5 st =
0.

Recalling the expressions for ¢;, and ¢;; ., in (32) and (34), respectively, we obtain

A(S) —n! Z 0_0 . Z S,(5)
— 51 4
=n U[) t Cit Cl] tsU Js

s=1 j=1

T t—1 n

_ -1 2

=4n z :O-O,tg :: :/\'T i z :2 :Cij,tvujv
t=1

i=1 =1 v=1 j=1

=4n! Z 00 t Z Z A hi Z Z Z /\Saljsﬂsvwﬂujv

i=1 7=1 v=1 j=1 s=1

t n n
=4n- Z o-0 , Z Z Z Tt My T, Z Z AH, /\ia;”ujv

=1 v=1 s=1 i=1 j=1

- 47’[_1 Z Xu: Z Z O-O uTruTsu Ty Z Z /\Thir/\saz;su]v

u=1 =1 v=1 s=1 i=1 j=1

u u-1 v

=dn™! Z Z Z Z Ty T T Ty 2": 2": NR N ag ),

u=1 t=1 v=1 s=1 i=1 j=1

— AGD (5,2)
- An + An

with

T u t=1 v n n
1) A—1 2 BNV
An =4n E E E § 00,4 TruTsuTsv E E A htt)\salji‘ujv’

u=1l t=1 v=1 s=1 i=1 j=1

T u u-1 v
(572) _ _1 2 / ’ /
An =4n E E g E 00, TtuTsuTsy E E AzhztAsaz]su

u=1 t=1 v=t s=1 i=1 j=1
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Observing that ,, =0 for ¢ > u, we have

T T-11t-1 v

non
(5’1) _ 1 2 ’ ’ /
An =4n E g 5 E 00,4 TtuTsu Ty E § Athu)\saz] sUiv

u=1 t=1 v=1 s=1 i=1 j=1

T-1 t-1 v
_ -1 Y _
=4n E E E (30,0 7,) Ty E E NhiNa, up=0
t=1 v=1 s=1 i=1 j=1

since 3 ,m, = 0 for t # s under the maintained orthogonal forward differencing trans-
formation. To determine the probability limit of A2, we can focus on the summands
n' YL i Nk Na; uj, for given u, t, v, and . Observe that in the above sum, v > ¢

"ttt s s

and v > 5. Define n™' 377 370 A Nay =3 Y, with

t it s ij,s

§ : Y
Ln_n ulU /\th]t)\s ji,s*®

Let Gui1 = Fow_vmyi and G, 0 = Fo_2nin- Then clearly E[Y,;1G,; 11=0 and Y, ; is
G,.;-measurable and, thus, {Y,;,G,;,i =1, ..., n} is a martingale difference array. Next
observe that with d,; =n™', g =1+ 8/2,and 1/p + 1/q = 1, it follows, upon utilizing the
triangle and Holder’s inequalities as well as Assumption 2(ii), that

— q
E[|Yi,n/dnj|q] SE |uiv|q( /\; ;IS|) :|
L j=1

z /t|

q
SE [|uzv| |~Fn (v—=Dn+i <Z|A[ jt A; ;1s|) :|
j=1

| s,m|<|)

q 14+6/2
A }m||zq> <PJS/2KM/2(Z||A§ }”||M)

n
Z|At jt||As /m
Jj=1

<K(Z|||At .

<K(an \
Dt n 148/2
<t (S ) K <

r=1 j=1

Consequently, |V, ;/d,| is uniformly integrable. Observing furthermore that ), d;, = 1
and Y i, d2 — 0, it follows from the law of large numbers for martingale difference arrays

given as Theorem 19.7 in Davidson (1994) that 37, Y,.; 5> 0 and, thus, A®? & 0. Since
we have shown that A®D =0, it follows that A® =n~' Y/ 02, 30 67 5 0.
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Probability Limit of n' Y"1 s'¥. Clearly n' 3" ¢ & 0 provided we show that for
given ¢,

n i1 =1 n n—1
6 -1 A
A;[) =n E 8 E Cij it Uj g § CitsUls = § :Yj," - 0’
i=1 j=1 s=1 I=1 j=1

with }]j,n = 87171111‘; Z?:j+l Cij.1r Z;;i Z;l:l Cil,1sUis- Let gn,j—l = fn,(t—l)n+j and gn,O =
Fi—2nin- Then obser_ving that Z?:j 1 G Z;i 272.1 Ci.isUis is measurable W.r.t. G jo1, it
follows from Assumption 1 that E[Y,, ;|G, ;11 =0. Since Y}, is G, ;-measurable, it follows
further that {Y,, ;, G, ;,i=1, ..., n} is a martingale difference array.
Next observe that with d;, = n~' and with ¢ = 1 + §/2, it follows upon utilizing the
Minkowski and Holder inequalities and the bound in Lemma 1(v) that
q}
q n
j| = SqK( Z Cij,uDi—1

>q
i=j+1 q
n q n q
sSqK<Z ||cij,,,ﬁi,_1||q) SS‘IK(Z ||ci,-,t,||zq||ﬁ,-,_1||2q) :
i=j+1

i=j+1

n

n t—1
§ Cij,ttE § Ci,tsUls

i=j+1 s=1 I=1

E[|Y;./d;,|"] = 8E |:E[|uj,t|q|Fn,(t1)n+i]

n
§ Cij,ttﬂit—l

i=j+1

< 8‘1KE[

with 9;,_; = Z;;i Y, Ciustis. Next observe that with g =2g =2+ 8 and 1/g+ 1/p =1,
we have upon utilizing the triangle and Hoélder inequalities and the bounds in Lemma

1(ii) and (v),

/=1 n q
<E (ZZ|cﬂ,,s|“'7|c,-1,“|“q|uzs|) }

s=1 I=1
—1 n q
<77y E [(Z |c,-z,,x|“'7|c,-,,m|”4|uzs|) ]
s=1 =1
- -1 n q//p [ n _
< Tq_l ZE <Z |C,'1,zs|> Z |Cil,ts||u1s|q
s=1 =1 =1

t—1 n
< TﬁflKﬁ/? ZE|:Z |C,-/’ts|E[|u15|5|fn,(x—l)n+l]:|

s=1 =1

t—=1 n

E E Cil,ts Uy

| | s=1 [=1

E[|9|"]=E

t—1 n
< oK ZE[Z |c,-,,,s|] < 7K™

s=1 =1
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Hence,

; q
E[|Yj,n/dnj|q] < SqK( Z llCijeell2g 11 i1 ||2q)

i=j+1

n q
< 81K ((TqKq“)” Dy ||Cij,tt||2+6) < §ITIKMH < og

i=j+1

in light of the bound in Lemma 1(iv). Consequently |Y;,/d;,| is uniformly integrable.
Observing furthermore that ), d;, = 1 and }77_, d;, — 0, it follows from the law of
large numbers for martingale difference arrays given as Theorem 19.7 in Davidson (1994)

that indeed A} = Y V;,, 5 0. Q.E.D.

PROOF OF LEMMA 3: The proof utilizes a structure similar to that of the proof of
Lemma 3.2 in Potscher and Prucha (1997) and employs Lemma Al in that book. We
first prove the a.s. version of the proposition. Let 2, C (2 be a set of probability 1 such
that for w € (2, the following statement holds: R(w, 6) is uniformly continuous on @,
and as n — oo,

0u(0) = 0,(0), (D.8)
sup|R.(w, 8) — R(w, 6)| — 0. (D.9)

0Oy

To apply Lemma Al, define ® =0,, A ={1}, g,(-) =R, (w,-), §,(-) =R(w, ), ¢,(A) =
0,(w), and ©,(A) = 6,(w). Then (D.8) translates into condition (1) of Lemma Al. The
assumption that R (w, ) is uniformly continuous on @, translates into condition (2)(i) of
Lemma Al, and (D.9) translates into condition (2)(ii) of Lemma Al. It then follows from
part (i) of Lemma A1 that as n — oo,

Ru(@, 0,(0)) — R(w, 0.(w)) > 0,

which proves the a.s. version of the proposition. The convergence i.p. version of the
proposition follows again from a standard subsequence argument. Q.E.D.

PROOF OF LEMMA 4: The proof utilizes a structure similar to that of the proof of
Lemma 3.3 in Pétscher and Prucha (1997), and employs Lemma Al in that book. We
first prove the a.s. version of the proposition. Let (2, C (2 be a set of probability 1 on
which m(w, ) € K, 5(w) is finite, 5,(w) — E(w) - 0 as n — oo, and (36) holds.
Fix w € 0. To apply Lemma Al, define ® =R", A =0,, A =0, g,(¢) = ¢ 5, ()¢,
2.(9) = 8(¢) = ¢'5(0)e, ¢u(A) = m,(w, 0) and $,(A) = (A) = m(w, §). In light of
(36) we have

sup|n~?¢,(A) — B(AN)|| = sup |m,(w, ) — m(w, )| > 0 asn— oo,
AeA 00y

which verifies condition (1) of Lemma Al. Condition (2')(i) of Lemma Al regarding
g(p) = ¢'5(w)gis clearly satisfied with ®, = K. Next observe that clearly there exists sets
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®,,. and @, which are, respectively, open and compact, and satisfy ®, € ®,, € &, C P.
Then

¢'[E.(w) — E(w)]e|

sup |g.(@) — Z(e)| =

ey QD
21| = Ve
< sup [l¢*|En(@) = E(w)| -0
eed,,
as n — oo, since sup, 4 llell? is finite given that @, is compact, and since |5, (w) —

E(w)|| — 0 by assumption. Thus also condition (2')(ii) of Lemma Al is satisfied. Thus by
that lemma,

sup|g.(¢,(1)) — Z(e(X))| = sup|m,(w, ) Z,m,(w, §) — m(w, §) Em(w, 6)| > 0

AeA €0,

as n — oo, which proves the a.s. version of the proposition. The convergence i.p. version
of the proposition follows again from a standard subsequence argument. Q.E.D.

PROOF OF LEMMA 5: We first prove part (i) of the lemma. In light of (19), (20) (23)

and (24) it is readily seen that the typical element n="*m,, (0, y) of n="*m, (0, vy) is given
by

n"m,, (6, )

T
=Y w(fs ¥, 2o (ve) PR (p) (3 — W)

s=t

T T
+ YD w0 ¥ (o o) (3 — Wo8)R.(p) 2o (7o) /2 A,

T=l §=I

X 3,(7) PR, (p) (s — W), (D.10)

with i, , = [l ..., hy) and A4, = [a} Jij=t,...n- Observe furthermore that
R.(p)Zo(ve) 2 A3, (v,) PR (p)

[
=" peppM, Zo(ve) P AL S (7)) M, (D.11)

q=0 p=0

with pg=—1and M, = M, = I. By Assumption 5(i) the elements of 3,(¥,.)""/* are
uniformly bounded and measurable w.r.t. Z, v C. Thus in light of (D.10) and (D.11), it
is readily seen that n='*m,, (0, ¥,) is a sum composed of terms of the form considered
in Assumption 5(ii) in part multiplied by elements of 6 and 7, (f, ¥,.). By Assumption
5(ii), the probability limits of those terms exist, are measurable w.r.t. C, and bounded in
absolute value. Given the continuity of ;. (-, -) it is then readily seen that

mrt(e) = phm n_l/zmrt,n(ea 5/*)

n— 00
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and, thus,

1/

m() = plimn~"*m,(0, .)

h— 00

exists, and that m(6) is measurable w.r.t. C for each 6 € 0,,.

By Assumption 1 we have 0, C [c,, K, /c,] with ¢, > 0. Recall further that @,, @ 8 [C] "
and @, are compact. In light of the boundedness conditions maintained by Assumption 5,
and since |, (f, v,)| < C, for f € Qf and v, € [c,, K, /c,] for some constant C,, < oo by
Weierstrass’ extreme value theorem, it then follows that m(6) € K, where K is a compact
subset of R?.

We next prove part (ii) of the lemma. Consider the typical element n="*m,, (0, y)
of n=?m, (0, v) as defined in (D.10) and (D.11). Let G,(6, y) = dn""*m, (6, y)/36 and
let g,...(0,y) = n~"?dm,, (0, vy)/d6 denote the typical row of G,(0, y). Then in light of
(D.10) and (D.11) we see that g, ,(6, v) is composed of the terms

g5 (0, y) =n""dm,, (8, y)/98

_—n”Zh 20 (¥e) R (p)Wims(f, 7o)

—Zn”ZZ(yT W,8)R.(p) S0 (ve) 2 Ari 3o (v0) 2R (p)W,

s=t 1=t
X 7Tt7(f7 YU)th(fa 70)7
8rin(0,y) = n"2dmm,.,, (8, v)/3p,

=-n" Zh 2 (70 1/2Mq s(ys I/Vsa)ﬂ'zs(f, Yo)

—2n! Z Z(yT — W8V R.(p) S0 (Ye) 2 Ay Sy (y) M., (v, — Wid)

T=t S§=1
X 71-17'(f7 ’YU)WZS(]C, YU)
gha(0,y) =n""om,, (6, 7)/df

—n—lzh Zo(ve) R (P)(y: = Wed) 97 f, v5) /f ]

+2n7! Z Z(yf — W,8)R,(p) Zo(7e) Ay 2o (v0) PRy (p) (s — W;)

T=t §=I

X 71-IT(fa ’YU)[&WtS(f; ’YU)/&f]

From the above, we see that the derivatives gf,’n(e, Yi)s ng,,(O, v.), and gft,n(e, v,) are
again sums composed of terms of the form defined in Assumption 5, in part multiplied by
elements of 8, p, II(f, y,+), and JII(f, v,.)/df, as well as products thereof. By Assump-
tion 5, the probability limits of those terms exist, and they are measurable w.r.t. C and are
bounded in absolute value. From this we see that G(0) =plim,_, _ G, (6, v.) exists and is
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finite, and that G(6) is C-measurable for all § € @,. Furthermore, it is readily seen that
G (0) is continuous for each 6 € @,. Since @, is compact, this implies in turn that G(6) is
also uniformly continuous on @,. O.E.D.

PROOF OF THEOREM 3: As above, let G,(0,v) = dn""’m,(0,v)/d0 and G(0) =
plim,  _ dn~"*m,(0, y.)/d0. It then follows from Lemma 5 that G(0) exists and is finite
for each 6 € O, that G(0) is C-measurable for each 6 € 0, and that G(0) is uniformly
continuous on @,. By Assumption 6,

sup||G.(8, ¥,) — G(0) | = 0,(1)

0Oy
since 7y, RS v.. Consequently, in light of Lemma 3,

plimG,(8,, ) = G(6,) =G,

n— 00

since 6, - 6, by Theorem 2. (Of course the above result continues to hold for any con-
sistent estimator for 6,.)

Given the definition of 6, = 6,(7,) by (25), and given that 6, was shown to be consistent
by Theorem 2, the estimator satisfies the first order condition

~ ’/—/':' f?mn(ém 'iln)

_n én: n) =~n :O
M, (6, y 20
By the mean value theorem, we have
J— =~ ~ J— amn(ém ?n) = amﬂ(éna ’?n) ~
mn(en, 7}1) = mn(en,()’ 711,0) + —(On - On,U) + 7(7!1 - 7}1,0)’

a0 dy

where 8, and ¥, are some between value (abusing notation in an obvious way) with 6, -
6, and ¥, > v,. Substitution of the above expression into the first order condition yields

ﬁnil/zmn(éna ;}‘/n) = ﬁnil/zmn(élﬂ 5’”) 1/2
= n

~n én - 0,,
a0 6 ¢ o)
ani]/zmn(ém ?n) —
= - :nmn Hn s> Vn
20 (61,05 Yn.0)
. Ur)nil/zmn(ém i’n) ;_:/ ﬁnilﬂmn(ém i’n)nl/Z(,;/ _ ,y )
(99/ — 1 (9’)/ n n,0)-.

From this we have
n'"2(8, — 0,.0)

= _[Gn(éna ?n)/é’nGn(én: i’n)]Jan(ém :)v/n),énmn(en,()a Yn,O)

2778, (85 V)

dy
X nl/z(:};n - yn,O)- (D12)

RN oS V=4 n-
— [GBrs #0) ZnGo (B )] (B 7Y E
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As shown above G,(6,, ) RS G and similarly G, (Hn, Yu) % G. Hence under the main-
tained assumptions [G,(6,, ¥.)' Z,G. (On, ¥l 5 (G'EG)™!, observing that GEG is

positive definite a.s. and G,(0,, ¥,)' =, £ G'E. Since on- 1/zm,,(e,,, ¥.)/dy 5 0 by As-
sumption 6 and n'?(¥, — y.0) = O,(1), it follows that the term in the second line
of (D.12) is 0,(1). The limiting distribution of m, (0,0, v.0) follows from Theorem 3
with v, = v, and, thus, 07 = 0§, = 07(o,o)- Part (i) of that theorem establishes that
m, = m,(6,,, Y.0) converges C-stably in distribution (and hence in dlstributlon) to a

random vector to V12§, where V = diag 'V 42V and n' YL, E[R,hy|C) 2 8
ntyr, Zj:1 Elaj;,a;,C] S V¢, and where ¢ ~ N(0,1,), and £ and C are independent.
Thus utilizing (D.12),
n'2(8, — 6,0) = —(G'EG) " G EMity(80, Yn0) + 0,(1),
Bn"*(6, — 6,0) = —B(G'EG) " G'Ey(8,0, Yno) + 0,(1).
Observing further that by assumption Z, G, and B are C-measurable and that ¥ =

(GEG)"'G'EVEG(G’EG)™! and BYB’ are positive definite a.s., it follows from part
(ii) of Theorem 3 that

nl/z(én - On,()) _d> ‘Ill/sz
Bn'*(, — 6,0) = (BYB)'¢,,,

where &, and £, are independent of C, and &, ~ N(0,1,,) and &,..~N(0,1,). Q.E.D.

D.4. Proof of the Proposition on Variance—Covariance of Linear Quadratic Forms
PROOF OF PROPOSITION D.1: Note that Z,< B, ,C B,,;, for all n, i, and ¢. It proves
helpful to define

O'=u"Au+duf

7t

_ 1o+
O =u"Bu’ +bu.

Recalling that v = [uf,, ..., u} ] and u} =[uj,, ..., u}] with

’nt ’nt

T T
+ _ E X __ E
u,‘[ _— Tuliy and uit - Yiulliu
u=t u=t

we have

Q Z Z al]tuzz jt ot Z @i l[

i=1 j=1

= Z Z Qiji Z Z T Ui Yo Ujy + Z Qi Z T Uiy (D13)

i=1 j=1 u=t v=t u=t
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From this we see that we can express Q¢ and QF as

QtA:ZZQiﬂZZﬂ-m ’”’yzv ]U+Z thﬂ-tu Uiy

i=1 j=1 u=t v=t

(D.14)
Q ZZ—UIZZWM_W'}/W_IU+anz’ﬂm i
i=1 j=1 u=t v=t
where
T = OuTs Ztv = 0yYw,
Qi = 0i0;4ijr, a;, = 0ili,
g n ' t (D.15)
Qz/t Qi ijtjn Qit = Qibin
Uy, = uiu/(Qi(Tu),
and thus
Elu,|B,; vC1=0,  E[u}|B,. vC]=1,
(D.16)

E[u}1B,i v C] = psi/(0707),  E[ug|Buii v C] = pau/(0}0}).

In proving the theorem it will be convenient to work with the expressions for Q;' and Q*
as given in (D.14), and to switch notation by writing 7., Vi, @iji» @is Dijes biry Wiy M3,irs
and i for @,y , @y, @y, byys by Wy 13,0/ (0707), and g/ (07 07). We note that the
maintained assumptlons ON Ty, Yeus Aijt> s, byjs, and by, are sufficiently general to allow for
the absorption of the scaling factors o, into the weights 7, and vy,,, and for the absorption
of the scaling factors g, and g; into a;;, a;, b;;, and b;,. In the following discussion, we
thus first proceed with

E[ug|B,;;vCl=0,  E[u}|B,.,vC]=1,
E[u}|B,i: Vv C] = mai, E[u}|Bii v C]| = pair-

Next observe that

T T
E E 71-tul"iu'ytvl’ljv

u=t v=t
T u-1

= Z ToYulbiahiu + ) D [Tttty + ToYVialhinl], (D.17)

u=t u=t v=t
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where we adopt the convention that a sum is zero if the upper limit is less than the lower
limit. With (D.17) the quadratic term in (D.13) can be written as

n n T T n n T
E E aith E thtuiuthujUZE E aith T Yuliulljy

i=1 j=1 u=t v=t i=1 j=1 u=t
n n T u-1
+ E E aijl E E [Wtuytvuiuujv + W[leuuivuju]a
i=1 j=1 u=t v=t
where

n n T
E E aijt E T Yuliu uju

i=1 j=1 u=t
T n n
= E TuYiu E E Ajj Uiy Ujy
u=t i=1 j=1
T n n
=(1/2) E TiuYeu E E (atjl+ajit)uiuujzt
u=t i=1 j=1
T n T n i1
2
= E T Ytu E iy, + E TiuYiu E E (@ + aji)ui,ujy
u=t i=1 u=t i=1 j=1

T n T n il
2
= E E T YuQiic Uy, + E E E T Yeu (@i + Qi) Ui Uy,

u=t i=1 u=t i=1 j=1

and

n n T u-1
E E aleE E [7Tlu7lvuiuujv+7Ttvytuuivuju]

i=1 j=1 u=t v=t

u—1 n n

T
= E E E E aijt['ﬂtu’ywuiuujv + 7Ttv'yruuivuju]

u=t v=t i=1 j=1

u—1 n

T u-l1 n n T n
= E E TtuYrv E E aijtuiuujv"' E E TtvYtu E E A UpUjy,

u=t v=t i=1 j=1 u=t v=t i=1 j=1
T u-1 n n T u-1 n n

= E E TiuYr E E A Uiy Ujy + E E T Ytu E E Ajir Uiy Ujy
u=t v=t i=1 j=1 u=t v=t i=1 j=1

n u—-1

T n
:E E E E[7Tm’)’tuaijt+7Tw’)/majiz]uiuujv-

u=t i=1 v=t j=1
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Hence

T n T n
2
= E E QT Uiy + E E T YiuBiic Uy,
u=t i=1 u=t i=1

T n i—-1
Y N Yl @y + @) i

u=t i=1 j=1

T n u-1 n
+§ E E E [WtMthaijt+thYtuajit]uiuujv-

u=t i=1 v=t j=1

For u >t let

i—1
(1,4) 2 2 :
Y = T Yuiic (u 1) + A T Uiy + (aijt + ajit)'n-tu‘ymuiuuju
j=1
u—1 n
+ E E [7TtL4Ytuaijt + thYtLtajit]uiuujv-
v=t j=1

Then

Q Z thtym Z all[ - Z Z Yl(ut A).

u=t i=1

A
It furthermore proves convenient to rewrite Y(’ ' a

(t,4) 2 (1, 4) (t,4)
Yiu = (”iu - 1) + uluZiu

with
(t,A4)
Zm - 7Ttu’)/tu iits
i—1
(t,4)
2, = a; Ty, + E (@i + Qi) T Youlju
j=1
u—1 n
+ E } [7Ttu71vaijt+7Tzv7tuajit]ujv~
v=t j=1

Similarly we have

Q Z Ty Z biy= Z Z Yi(,:’B)y

u=t i=1
where

122

t.B) __ (,2 (t,B) (t,B)
}/iu - (l/t- - l)Ziu + uiMZiu
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with

t,B) __
w = 7Tlu7tubiit7

i—1
Zi(li,B> = b,‘ﬂTm + Z(bijt + bjit)'n-tu‘ymuju

j=1

z

u—1 n

+ Z Z[Wm%vbi/t + T YD jic gy

v=t j=I

for u > t.

Observe that z"* z"®
[ <iand z"" Z”A)
Hence

2% and Z0P as well as z"?, Z\"P 2% and Z\"? for

> Ziy lu

and z""”, Z(’ ) for all / and ¢ < 7 < u are measurable w.r.t. B, .

B[ c)

=E[E[(«3, — 1)z + uin Z " 1By v C]IC]
=E[zVE[(u}, — 1)IBuiu v C] + Ziw ™ Eluil B, v ClIC] =
E[Yy Y, "(C]
= E[E[((, ~ 1)z + ua 2 ®) (i, ~ V2™ + w24 By v C)iC]
=E[z0" (uf, — 1)zt PE[(u2, — 1)1B,... v C]IC]
+E[z " un 2PV E[(u2, — 1) 1B, v C]IC]
+E[Z w2y Elug | By v CIIC]
+E[Z " w, Z P Elui By v CIIC]
=0 forl<i,
and
E[YE Y]
= E[E[((}, — )2 + w25 ) (i, — )2 + 1, ZE7)1 By v CIC]
= B[ (, ~ )2 + u ) E[(1, ~ 1)1Boi v C] €]
+E[ZLP (w2 — 1)z + uin ZP) Elui| B, v CIIC]

=0 forall/landf<r7t<u.

Consequently,

E[Q/IC] - Zmu%uZE[a,,,IC] ZZE [Ye?1c] = (D.18)

u=t i=1

After rescaling, this will, as shown at the end of the proof, establish the claim in (D.3).



DYNAMIC SPATIAL PANEL MODELS 29

We next proceed to prove the claim in (D.4). In light of the above discussion, we have

Cov(@r.€110) = Y B[ Y c)

u=t i=1

Now observe that

E[Y(t Ay B)lc]

= E[((u}, = Dz + uaZiy ) ((ug,
—E[( _1)2 (t,4) (tB)lC]

+ E[(u, — ui)ziy " Z3 " 1C) + E[ (), — ua) 21" Zi ™ |C]
+E[u;, Zy " Z,|C]

1223

) 4w )]

— E[2" 2P E[(u2, = 1)'1Byu v C]IC]

1223

+E[( (t, A)Z,(;B)‘F (lB)Z(t A))E[(um_ zu)|anu C]IC]
+E[Z4" ZPE[ul, 1B, v ClIC]

= E[(pan — Dzl 2 71C)
+E[/~L’i mz<t A)Z(t »B) + s, mZ(t B)Z(t A)|C]

+E[Zy 2P |C).

Since the respective terms in Zy and Z{;” corresponding to u;, and uz; are uncorre-
lated if either j # j or u # u, and given that E[u? |C] = 1, we have

iu

[(M4 in 1)Z(t Az B)|C] [(,U~4,iu - 1)aiizbiitlc]77t2u7;2u7
E[,u3 1uZ(t A)Z(t o |C] E[Ms,iuaiitbn|C]7Tt2u’)’m,
E[,u3 mZ(t Dzt |C] E[Ms,iubiitan|C]7Tt2u’)’m,

i—1
E[Z;;’A)Z;;’B) |C] = E[aitbit|c]7Tt2u + ZE[(aijz + aji) (b + bjit)lc] 7Tt2u')’t2u
j=1
u—1 n
+ Z ZE[(Wtthvaijt + 77'zv')’tuajit)(77'1147’tvbijz + thytubjiz”c]
v=t j=1

and thus

Cov(Q/', 071C)

T n
= Z ZE[(M4’i” - 1)aiitbiit|c]77t2u'y[2u

u=t i=1
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T n T n
+ Z Z Elws.ua::bi|C] quytu + Z Z Elus,ibiiai|C] 7Tt2u Yiu

u=t i=1 u=t i=1
T n
+Y > Elauby|Clm;,
u=t i=l1
T n i1
+ Z Z ZE[(aijt +aji) (b + bjit)|c]7712uy12u
u=t i=1 j=1

n u-1 n

T
+ Z Z Z ZE[(Wtu'thaijt + T Yeujio) (T Yiubije + T Veujie)IC

u=t i=1 v=t j=1
which can be rewritten as
Cov(Q;', 07|C)
T n
= Z oY ZE[(M4,iu - 1)aiitbiit|c]
i=1

u=t

T n
+ Z T Ve Z E[,U«3,iu(aiitba + biiai) |C]

u=t i=1

T n
+> Y Elayby|C]
u=t i=1

T n n
+(1/2) Z v Z ZE[(aijt + ;i) (bije + bjin)IC]

u=t i=1 j=1

T n
-2 Z e Z Ela;ibii|C]
u=t i=1

T n u-1 n
+ Z Z Z ZE[quY%vaijzbijz + T Yo T Yu(@iibji + ajiby) + Wtzvytzuajitbjitlc]-

u=t i=1 v=t j=1
Now collecting terms gives

Cov(Q/', Q7IC)

T n
= Z 7712”7;2,, Z(/—‘%,iu —3)Ela;ibii|C]

u=t i=1

T n
+ Z T Yiu Z w3 i Elaibi + biai|C]

u=t i=1

T n
+> 7, Y ElaybylC]
u=t i=1
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T n n
+ Z oY (Z Z Elay by, + aijtbjiz|c])
u=t

i=1 j=1
T u-1 n n
+ Z Z(Wtzuytzv + 7thv’ytzu) Z Z E[aijtbijtlc]
u=t v=t i=1 j=1
T u-1 n n
+ Z Z T Yoo TroYiu Z ZE[azj/tbjiz + a;;b;|Cl,
u=t v=t i=1 j=1

which can be further simplified as

Cov(Q/', 071C)

T n
= Z oY Z E[(M4,m - 3)aiitbiit|c]
u=t

i=1

T n
+ Z o Vi Z E[M3,iu(ambn + biay)|C]

u=t i=1

T n
+Y m, > Elauby|C]
u=t i=1

T T n n
+ (1/2) Z Z(WIZMYI‘ZI) + 77.121)’)/1‘214) Z ZE[aljlbifl|C]

u=t v=t i=1 j=1
T T n n
+ Z Z Tt YT Yiu Z Z E[aijtbjitlc]-
u=t v=t i=1 j=1
Observing that
T T T T s
Z Z(Wtzu'ytzv + 7Tz2u')’z2u) = 2(7Tt7Tz/) ('Yt'}’;)a Z Z TiuYTwYu = (77':'}’;) s
u=t v=t u=t v=t

the above expression can be written more compactly as
Cov(Q/", 07IC)
= (m ) (v E[tr(4.B))IC] + (m7.) E[tr(A,B)IC] + (m ) E[d,b,IC]

T n
+ Z oY ZE[(#M,W - 3)aiitbiit|C]
u=t

i=1

T n
+ Z 7Tt2u')’tu Z E[Ms,iu(aiitbit + biitait)lc]- (D.19)

u=t i=1

After rescaling, this will, as shown at the end of the proof, establish the claim in (D.4).
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We now proceed to prove the claim in (D.5). In light of the above discussion, clearly

n

T n n n
B § : § : § :§ : + § : +
Qs - TsaVsi biis = bijsusiu:j + bisusi
u=s i=1 i=1

i=1 j=1

T n
_ (s,B)
- Y

u=s i=1

with (u > s)
(s,B) 2 (s,B) (s,B)
Yo = (“m - 1)21':2 +uwiaZ;,
where
(s,B)
ziy = TaYsabiis,
i1
Z8B —p b b
i =bima+ ) (bijs + b)) Tavala
j=1
u—-1 n
+ Z E [T Vsobijs + o ¥Vsabjis |-
v=s j=1

In the following discussion, let s < ¢, s <u < T and ¢ <u < T. Observe that for u < u,
and all i and / we have

E[YiYg"IC]
= BBV Y 1By v C)IC) = E[Yi P B[ 15, v C)iC]
=E[YSP 20V E[(ul, — 1)I1Buiu v C]IC] + E[YS P Zi ™V Elui) By i v CIIC]
=0,
and for u < & and all i and / we have
E[YL Y]
= E[E[YS Y™ Bura v C)iC] = E[YE B[V 1B, v C)iC]
=E[YS 20 E[(uZ, — 1)1B,a v CIC] + E[ Y™ Zo P Elui B,.ia v ClIC]
=0.
Furthermore, observe that for u=u and / < i,
E[Y, Y "IC]
= BBV Y 1B, v C)IC) = E[Yi P B[V 15, v C)C]
=E[Y P20V E[(ul, — 1)I1Buiu v C]IC] + E[Y P Zi ™ Elui) By i v CIIC]

lu iu
=0,
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andforu=uand /> i,
E[Y.(t,A)Y(s,B)IC]
=E[E[Yy Yy P By v C)IC) = E[Yi VE[ Y, P 1B, v C]IC
iu lu sty iu lu

E
=E[Y 0P E[(uf, — 1)IBuw v C]IC] + E[Y ™ Z2 P Elug| B,y v CIIC]
0

iu lu

Thus, w.o.l.o.g. for ¢ > s,

T n T n T .
E[0/Q8IC]=3 S S S B[y v iel= Y SB[yt vieTic]

umt o1 a=s I=1 u—t i1
We next calculate E[Y.""Y*#|C]. Observe that since u > ¢ > s, we have
E[Yy Y, "IC]
(e~ D+ ZE ) (6~ D+ 7))
- E[(u,~ 12 c)
 E[(u, — )2V ZEIC) + B[, — )25 Z1C)
+E[ul,Z" 2P |C]

— E[20" 20 P E[(u2, = 1)'1Byiu v C]IC]
+E[(z,"Z3" + 207 Z )V E(w), — win) 1By v C]IC]
+E[Z" Z5 P E[ul, B v CIC]

= E[(paie — Dzl 2071C]
+ Bl 25" + 2" 2 )
+E[Z4" 257 C)

Observe that
E[(M4,iu - 1)Z§L’A)Z§;’B)|C] = E[(M4,iu - 1)aiitbiis|C]7Ttu’}’tu77su')’su-

To calculate E[us,z\0" Z>?|C], observe that

(t,4) 7(s,B) _
Ziu Z[u - 7Tlu'yruaiitbis77su
i—1

+ Z Wtuytuaiit(bijs + bjis)'n-su Vsu uju

j=1

u—1 n

+ Z Z Wtuytuaiit[ﬂsuysvbijs + stysubjis]ujv-

v=s j=1
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We next consider the conditional expectation of all the products composing s ;,z " Z5%
with u >t > s:

E[,u'3,iu7T[u’ymaiilbis7Tsu|C] == WtuYtuW.qu[MS,iuaiitbis|C]-
For all j,
E[M3,iu77tu7tuaiil(bijs + bjis)'n-su')/suuju|c]
= E[/"’“S,iuwlu’)/luaiit(szs + bjis)ﬂ-su')/suE[uju |Bn,j,u Vv C] |C] = O
For v>1t> sandall j,
E[/‘L3,iu77tuYtuaiit(ﬂsttysvbijs + Wsuysubjis)ujv]
= E[/"L3,iuWtuytuaiit(wsuysubijs + stysubjis)E[ujv|Bn,j,u Vv C]] = 0
and for ¢t > v > s and all j,
E[,uﬁ,iu'n-tu’)’tuaiit(Wsuysvbijs + stysubjis)ujv|c]
= E[lu’3,iu 77'tlfytu(77-31/.’)’51)bijs + stYsubjis)E[aiitujv|Bn,j,v Vv C] |C]
= 7Tt147tuWsuyst[MS,iuaiitbijsujv|C] + 7Ttu’ym7Tsu'YSuE[/leiuaiitbjisujv|C] # 0
Thus,

E[,u'ling;A)Z;;’B) |C] = Ty 'Ytu’n'.ruE[MS,iuaiitbile]

t—1 n

+ Z TiuYiuTsuYsv Z E[MS,iuaiizbijsujv|C]
v=s j=1
t—1 n

+ Z TtuYtuTsvYsu Z E[:U“3,iuaiitbjisujv|c]-
v=s j=1

To calculate E[us ;20" Z%*|C], observe that

1223

(s,B) 7(t,A)
Ziu Ziu = Wsuy.yubiisaitﬂ-tu
i—1

+ E 71-su’)/subiis(aijz‘ + ajil)ﬂ-tu’)/tuuju

j=1

u—-1 n

+ E E 7Ts1¢7subiis[77tu7tvaijt + thyluajit]ujw

v=t j=1

Next we consider the conditional expectation of all the products composing s ;,z > Z&4
with u >t > s:

E[MB,iu’]Tsu'y.mbiisaitwtu|C] = 7Tsu'Ysu’]TtuE[/-Lfa,iubiisait|C]-
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For all j,

E[/‘L3,iu7Tsu')/subiis(aijt + ajit)ﬂ-tu’ymujulc]
= E[/'L3,iu7Tsu’YJubiis(aijl + ajil)ﬂtuytuE[uju|Bn,j,v Vv C]|C] = 0

Forv>t> sandall j,

E[lu’3,iuWsuysubiis(wtu'ywaijt + thytuajit)ujvlc]
= E[/“(‘S,iuWqusubiis("Ttuﬂywaijt + thYtuajit)E[uju|Bn,j,v Vv C]|C] = O
The case t > v > s does not arise for this term. Thus

E[/-L3,iuzl(;)B)ZF[,A) |C] = Ty 'Ysu’]TtuE[/-LS,iubiisait |C]

2%

We next calculate E[Z\>" Z5P|C] for u > t > 5. Recall that

i—1

(t,A4) _ § :
Ziu =aj Ty + (aijt + ajit)ﬂ-z‘u'ymuju

j=1

u—1 n

+ Z Z[Wtu')’tvaijt + thytltajit]ujva

v=t j=1
i—1

Zi(;YB) = biswsu + Z(bils + blis)ﬂ-su'}’suulu
=1

u—1 n

+ Z Z[ﬂ'su')’sﬁbils + Wsﬁysublis]u,,;.

v=s [=1

In the following discourse we consider the conditional expectation of all the products

composing Z"* Z4P:

E[aitﬂ'tubis’”su|c] = 7Ttu7TsuE[ailbis|C]-
For all [,
E[aitﬂ-tu (bils + blis)ﬂ-su Ysuliy |C]
- E[E[aitﬂ-tu(bils + blis)ﬂsu’)/suulullgn,l,u v C] |C]
= E[ait’n-tu(bils + blis)’n-su’ysuE[ulu|Bn,l,u \% C]lc] = 0
Forv>t>sandall [,
E[aitwtu[wsuysﬁbils + Wsﬁysublis]ulﬁlc]
= E[E[aitﬂ-lu [7Tsu'}’sf)bils + WsiYsublis]uEan,lj Vv C] |C]
= E[aitﬂ-tu[wsu’)/sﬁbils + Wsﬁy.yublis]E[ulﬂBn,l,i \% C]|C] = 0,
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and forr >v>sandall /,
E|aimu| T Ysbis + T Ysubiisu|C
= E[E[aqmulmuYsabis + T Ysubus || Bz v C]IC]
= E[mulmaysibis + T ¥subiis El @it Buys v C1IC]
= T T Vs El@icbistis|C1 + 70, Y El @i biisis|C1 # 0

in general.

For all j,
E[(aj + aji) T Yultjubismou|C]
= E[E[(aijt + i) T Yeulhjubis | By vV C] |C]
= E[(ay + @ji) T Yubis T E[Uu| By ju v C1IC] = 0.
For j =1,

E[(aijt + i) W Yeulhju (bijs + bjis)ﬂ'su%uujuw:'
= E[(aijz + i) T Veu (byjs + bjis)”Tsu’}’suE[ujz-,,|Bn,j,u Vv C] |C]
= 7Tm%u7Tsu’)’suE[(aijt + aji ) (bys + bjis)lc]a
and for j# [, say j > [,
E[(aijt + @jie) T Yeulhju (birs + blis)Wsu’)’suulu|C]
= E[E[(ay: + @ji) T Yeuldju(bits + bii) T Vsultiu) B ju Vv C]IC]
= E[(aijt + i) T Yeu(Bits + biis) T Ysuthr EUju | By V C]|C] =0.
For u >7vandall j and /,
E[(aijt + i) T Yeulhjul T Yssbiss + Wsﬁysublis]ulf)lc]
= E[E[(aijt + i) o Youlhju T Vsobits + o Ysubuis s | Boju v C] |C]
= E[(aijt + i) T Yo T V5o bits + T Ysubuis T Etju | By ju vV C]|C] =0.
Forall jandv>t¢>s,
E[(ﬂ'tu%uaz‘jt + thYtuajit)ujvbisWsu|C]
= E[E[(ﬂ'm’)’tvaijz + T Yiu@jid) U bis 5| By jow V C]|C]
= E[(Tu Yot + ToYuljio)bis o Eljy| B, 0 V C1IC] = 0.
For u > vand all j and /,
E[(Tu Yo+ T Yt Wi (bis + biig) T YsuttC]
= E[E[(TuYwij + To Vi) U (bis + biig) T Ysultral Brpu V C]IC]
= E[(Tu Yt + T Yeulji) U (bis + bii)) Tou Vsu B[t Bt v C1IC] = 0.
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For v #7v, say v > v, and all i and j, observing that v > ¢,
E[(TuYntij + T Yl W (T Ysibis + T Ysubiis) Ui |C]
= E[E[(ﬂ'm%uaijt + 7Tw7zuajit)ij(mu'}’sﬁbils + Wsa%ublis)ulﬁ|8n,j,v Vv C]|C]
= E[(70Yuli + T Yulji) (T Yssbis + T ¥subiis) wn Elwu| B, . v C1IC] = 0.
For v #7v, say v < v, and all i and j, observing that v > ¢,
E[(ﬂ'tu%uai]‘t + T Yeujic) Wjo (T Ysobirs + Wsﬁysublis)ulﬁ|c]
= E[E[(TuYnij + ToYulji) Win(TouYssbiss + o5 Ysubuis) s By js v C]IC]
= E[(Wtu%uaijt + T Yeuljie) (Tou Vsibits + T Vsubiis) Ui ElUis | By j5 vV C]|C] =0.
Forv=7vand j #1, say j > [, observing that v > ¢,
E[(Wm')’tuaijt + T Yeujie) Wjo (o Ysubirs + stysublis)ulv|c]
= E[E[(TuYntij + T Yeulji) Ujn (T Ysubits + Ty Ysubiis) o) B oo V C]IC]
= E[(ﬂ'zu’}’zuaiﬂ + T Yl jie) (Tou Vsobits + Too Ysubiis) U Euj| By jo V C]|C] =0.
For v="v and j =/, observing that v > ¢,
E[(ﬂ'zu')’zvaijt + T Yeuljic) Wjo (T Ysubis + WsuVsubjis)uju|C]
= E[E[(ﬂ'tu%uaijt + T Vi) Wjo (T YsuDizs + Teo Vsujis ) jo| By jw v C] |C]
= E[(Wm’)’tvaijt + T Yeujic) (T Ysobijs + stYsubjis)E[ujz‘u|Bn,j,v \ C] |C]
= E[(ﬂ'tu%uazjt + T Yeuljie) (T Vsubijs + 7Tsu7subjz's)|c]-
Thus,

E(th,A)ZFs,B) |C)

1222

= W[lleuE[ailbiS |C]

i—1
+ Z 7Ttu’)’tu7TsuF)/suE[(aijt + ajit)(bijs + bjis)lc]
j=1
u—-1 n
+ Z ZE[(WIMthaijt + thytuajit)(WSMYXUbijs + stYsubjisNC]
v=t j=I
t—1 n
+ Ty Tsy Z 'YS{) Z E[aizbilsulﬁ|c]
v=s =1

t—1 n
+ TruYsu Z s Z E[aitblisulﬂc]'

v=s =1
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Recall that
Flo efie] = Y3 KV Y]
u=t i=1
T n
= 33 B~ D221
u=t i=1
T n
+ ZZE[M lu( (o A)Zl(fl B Z(s B)Z,(;A))|C]
u=t i=1
T n
+ Y E[ZeZi ).
u=t i=1
Thus,
E[0/0¢|C]

T n
= Z ZE[(M4,W - 1)aiitbiisIC]W[uytuWSMYSu

u=t i=1

T n T n
+ Z Z WtuytuﬂsuE[/Jv?:,iuaiitbis |C] + Z Z 7Tsuysu”TtuE[/-L?:,iubiisait|C]

u=t i=1 u=t i=1

n t—1

+ Z Z Z TtuYtuTsuYsv Z E[,U/; tuautszsu}vlc]

u=t i=1 v=s

n t—1

+ Z Z Z T Y uTsvYsu Z E[/\‘G tuautbﬂsu/v|c]

u=t i=1 v=s

+ Z Z T T E[a;bi|C]

u=t i=1

n i-1

+ Z Z Z T Y tuTsuY su [(aljl‘ + a]lt)(bljS + b]ls)|c]

u=t i=1 j=1

n u-1 n

+ Z Z Z ZE (thtytvazjt + th')’tua/tt)(ﬂsu')/svszs + TsvYsu le)|C]

u=t i=1 v=t j=I

+ Z Z TtuTsu Z Ysv Z E[altbll‘ulvlc]

u=t i=1 v=s

+ Z Z T Ysu Z T Z Elaibiisur|C]

u=t i=1 v=s
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and

E[Q/0]IC]

T n
= Z 7Ttu’Ytu7Tsu’y‘vu ZE[(,u%,iu - l)aiitbiislc]

u=t i=1

+ Z 7Ttu’)’tu7Tsu Z E[M?} zuautbtslc] + Z 7Tsu75u77tu Z E[M?) iu ltsattlc]

u=t u=t

+ Z Ty tuTsu Z Ysv Z Z E[/-LS,iuaiitbijsujv|C]

v=s i=1 j=1

+ Z Ty uYsu Z sy Z Z E[:UG 1uazztb]zsu]v|c]

i=1 j=1

T n
+ Z T T ZE[aitbislc]

n i1

+ Z TtuYtuTsuYsu Z ZE (agt + a]lt)(bys + b]zs)|c]

i=1 j=1

T u-1 n

+ Z Z Z ZE (7Ttu7tvat/t + thytlla/tt)(ﬂsuysubt/s + TsvYsu jls)|c]

u=t v=t i=1 j=1

T t—1 n n
+ Z TruTsu Z Vsv Z Z E[aitbilsulﬁlc]

u=t v=s i=1 [=1
+ Z TtuYsu Z s Z Z E[aztbltsulvlc]
i=1 I=1

From this we have

E(0/0/IC)

T n
= Z W[uYtquu’Ysu ZE[(/-L4,iu - l)aiitbiis|c]

u=t i=1

T n T n
+ Z Wtuytu’n-su Z E[MS,iuaiitbislc] + Z Wsuysu m Z E[M3,iubiisaitlc]

u=t i=1 u=t i=1

+ Z Ty Ty ZE[aztbzslc]

u=t

39
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n i—1
+ Z TtuwYeuTsuYsu Z ZE (al]l + a]tt)(btjs + b]ls)|c]
u=t i=1 j=1

T u-1 n

+ Z Z Z ZE (Wtuytuazjt + thYtuajtt)(Wszt')/squs + TsvYsu ]lX)'C]

u=t v=t i=1 j=1

Z TiuY tuTsu Z Vsv Z Z E[MS,iuaiitbijs ujvlc]

v=s i=1 j=1

T t—1 n n
+ Z TiuYtuYsu Z sy Z Z E[MS,iuaiitbjisujv|C]
u=t v=s

i=1 j=1

+ Z Ty s Z Vs Z Z Ela;bsur|C]

v=s i=1 I=1

+ Z TuYsu Z Ty Z Z E[attblzsulvlc]

i=1 [=1

E[Q/'Q?|C]

T n
= Z TeuwYiuTsuY su ZE[(M4,1'M - 1)aiitbiis|c]

u=t i=1

T n T n
+ Z Ty tuTsu Z E[M3,iuaiitbis|c] + Z TsuY suTtu Z E[MB,iubit’sait |C]

u=t i=1 u=t i=1

T n
+ Z T o s Z Ela;b;|C]
u=t i=1

n

T n
+ Z T Y tu TsuYsu Z Z Ela;bis + a;ibji|C]

u=t i=1 j=1

-2 Z T YiuTsuYsu ZE[aut nslc]

u=t
T u-1
+ Z Z(WtuytvwsL¢75v + TtvYtu styxu) Z Z E[al]tbl]s |C]
u=t v=t =1 j=1
T u-1
+ Z Z(WtuythSUYSM + 7TtU7lu7Tsu75v) Z ZE[al]tb]lblc]
u=t v=t i=1 j=1

+ Z T YuTsu Z Vsv Z Z E[:u/S,iuaiitbijsujvlc]

u=t i=1 j=1
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+ Z TuYtuYsu Z sy Z Z E[:UG zuazztbjlsu]v|c]

i=1 j=1

+ Z T Tsu Z Vso Z Z Ela;bisur|Cl

i=1 [=1

+ Z TiuYsu X_: T Z Z Ela;b;ur|Cl,
u=t v=s

i=1 [=1

and, furthermore,
E[0/0/|C]

—Zm YeuTsuYu ZE (Haiu = 3)ibiss|C]

u=t

+ Z 7Ttu’)’tu7Tsu Z E[M3,iuaiitbislc] + Z 7Tsu')/su o Z E[M?),iubiisaitlc]

u=t i=1 u=t i=1

T n
+ Z Tty Tsu Z E[aitbislc]
u=t i=1
T T n n
+ Z Z Tt Yoo TsuYsv Z Z E[aljtbljslc]

u=t v=t i=1 j=1

T T n n
+ Z Z Ty ’}’tvﬂ-sv')’su Z ZE[aijtbjis|C]

u=t v=t =1 j=1

t—1

T n n
+ Z Ty tuTsu Z Vsv Z Z E[MS,iuaiitbijsujv|C]

v=s i=1 j=1

+ Z TuYtuYsu Z sy Z Z E[IU'S zuazztb]zsu]v|c]

i=1 j=1

+ Z TruTsu 2 Vsv Z Z E[aitbilsulﬁlc]

i=1 [=1

Z TruYsu Z s Z Z E[aitblisulilc]-

i=1 [=1

Observing that

Z Z E[a,»jtbijSIC] = E[tr(AtBi) |C] )

i=1 j=1

41
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Y ) Elayb;s|Cl = E[tr(A,By)IC],

i=1 j=1
Z Z T Yoo Tou Yo = Z T T Z YYo= () (v:7))
u=t v=t u=t
Z Z TuYowTsvYsu = Z TiuYsu Z Yooy = Wtys (Wsy;) 5
u=t v=t u=t
we have
E[0/0!(C]

= (m ) (’y,’y;)E[tr(AthC] + (77,')/;) (W;yt)E[tr(AtBsNC]
+ (mm) E[abC]

t—1 n n
+ (77,77;) Z Vs Z Z Ela;bjsu;,C]

i=1 [=1

77:’)/5 Z Ty Z Z E[allblzsulv|c]

i=1 [=1

T n
+ Z Ty tuTsuYsu ZE[(/‘L4,iu - 3)aiitbiis|c]

u=t i=1
T n T n
+ Z ﬂ-tu’ymﬂ-su Z E[M3,iuaiitbis|c] + Z 775L/Ysu m Z E[M3,iubiisait|c]
u=t i=1 u=t i=1

T t—1 n n
+ Z Tt YeuTsu Z Vsv Z Z E[MB,iuaiitbijsujvlc]

u=t v=s i=1 j=1
+ Z T YiuYsu Z sy Z Z E[MS,iuaiitbjisuju|c]' (DQ’O)
i=1 j=1

After rescaling this will, as shown at the end of the proof, establish the claim in (D.5).

The claims in (D.3)—(D.5) are readily obtained from (D.18)—(D.20) after reversing the
rescaling operations of (D.14)—(D.16). More specifically, to reverse the rescaling opera-
tion of (D.14)—(D.16), we make replacements in (D.18)—(D.20),

Ty —> O, Ty, Yoo > OV,

Ajjr > 0i0;4jj, A= Q0iQj,

bijt > Qinbijn bi+— 0ibi,
M3 > /-‘G,iz/(@?o'?)’ M4, is > /-M,iz/(@?o-;‘)’

Ui —> Ui/ (0i0),
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or in corresponding matrix notation,

12 1/2
m— w3, Ve — v, 3Y

o
Aj— 22,/214:2;/2, a;—> Eé,/zat,
B YPBIS, b X,

Applying those replacements to (D.18) yields
E[Q{IC] = m 3,y [ E(A,3,|0)],
which proves the claim in (D.3). Applying the replacements to (D.19) yields
Cov(Q/', Q71C)
= (m30m) (1307, E[tr(A,3,B,2,)[C] + (7,357)) E[tr(A4,2,B,3,)IC]
+ (m 2, m)E[a;2,b|C] + XT: T Vou XH:E[(MM —30;0,)aiubiC]

u=t i=1
T n
+ Z T Yiu Z E[Ms,iu(aiitbn + biiai) |C],
u=t i=1
which proves the claim in (D.4). Applying the replacements to (D.20) yields
E[0Q707IC]
= (m2,7) (v.2.v))E[tr(A.2,B,3,)IC] + (m2,v.) (7,3 v, E[tr(A,2,B,3,)|C]

+ (m 2, m)E[a,2,b|C] + (m 2,7, Z%UZZE 0:aibyu;,|C]

v=s i=1 j=1

7Tt 07 ZWSUZZE Q,att jzsu]vlc]

i=1 j=1

T n
+ Z Ty tuTsuYsu ZE[(/“MJM - 39?0-3)aiitbiis|c]

u=t i=1

+ Z T Y tuTsu Z E[M’? zualllb1s|c] + Z TsuYsuTtu ZE[/JG zubllsall|c]

u=t i=1 i=1

+ Z T tuY tuTsu Z Vsv Z Z E[/J‘S tuautbusu/vlc]

i=1 j=1

+ Z T YiuYsu Z sy Z Z E[I-LS Luautbjzsu/v|c]

i=1 j=1

which proves the claim in (D.5). Q.E.D.
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D.5. Forward Differencing Transformations

In this section we provide some further background and generalizations of the for-
ward differencing transformation considered in Proposition 1. This discussion will utilize
the following general observations. For T+ < T, let F be a T* x T upper triangular ma-
trix and let U be an upper triangular T+ x T+ matrix such that UU’ = F3,F’, where
3, =diag(ad?, ..., o) is some diagonal matrix. Then, as is known from standard linear
algebra, U~! is also upper triangular and, thus, so is the 7" x T matrix IT = () = U"'F.
Furthermore observe that

3,01 =[m 37| =U"'"FSFU' =U"'UU'U" =1

Let m,=][0,...,0, 7, ..., mr] denote the tth row of II. Then
! 1 fort=s
Z"(r / = Tt 2 = B
i s Z i Mo 0 fort#s.

T=max(t,s)

Now let f be some T x 1 vector, and suppose that F = F(f) and Ff = 0; then also IIf =
U-'Ff =0. Furthermore note that U = F3,II' inthat [I3,F = U 'F3,F' =U'UU =
U'. To denote the dependence of IT on f and vy, = [07,..., 7], we sometimes write
II = H(f> Y(r)-

D.5.1. Single Factor
Consider the disturbance process 1, = u;f; + u;, in (14), and let

1 —fi/h 0 ... 0 0
0 1 —p/fs ... 0 0
T—1><T:
0 i1 —fra/fra 0

0 0 e 0 1 —fra/fr

and f =[fi, ..., fr]. Then clearly Ff = 0. Now, corresponding to the F above, let II =
U-'F = () be an upper triangular T — 1 x T matrix with UU’ = F3,F’ as above. Then
by construction IIf =0 and I13,I1' = I_,. Furthermore, as claimed by Proposition 1, the
elements of II can be expressed as

T = th(f, Vo) = (\/ b1/ P/ o,
s = Wts(f, Vo) = _fzfs(\/ ¢z+l/¢t)/(¢t+l O'to'sz) for s > ¢,

ms=0 fors<t,

where ¢, = ZTT:t(fT/(rT)2 and, thus, ¢, = (f,/0:)* + ¢.,1. We now verify that indeed
m 3, =1and 73,7, =0 for ¢ # 5. To see this observe that (with s > ¢)

ba L, r
”’2”—2“2 1 a¢¢,ﬂz i

0- =t+1

t

_ b1 + f_;i _ b1+ (ft/o't)2 —1,

oy 0',2 N N
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T
™, = Z 77,,77'”0'72
T=§
_ _ftf:v ¢t+1 1 d)ﬁ»l lo_z
N
d)t d)t+10-t0-«2 ¢s O
d)H—l ¢)s+1 io_z
o} ¢t+10't b5 ¢s+1 T S+1 .f T

ft fs [ Pyt
UIUS (o} ¢t+1\/¢s{ 1+¢S+1Z(f/0} }— .

T=s+1
Now let 0}, = ZST:, i and uf = ZS , TisU;s denote the corresponding forward differ-
ences. Then

T T
+ _ E § _ 4t
nit _— 7Ttsfv /—Li + 77'tsuit - u,‘p
s=t s=t

since IIf = 0. Furthermore, the property that I13,II' = I, is, in light of Proposition D.1,
crucial to achieve that linear quadratic forms based on forward differenced disturbances
are uncorrelated across time.

Now consider 3, = diag(c>,...,02) # 3, and Il = (7,) = U 'F, where UU =
FX,F' and thus 7, = 7,,(f, ¥,). Then we still have 7 f = 0 and thus this transformation

removes the time-varying unit. However, in general, 3,11 #1,and in light of Proposi-
tion D.1, we see that this transformation will generally not deliver that linear quadratic
forms based on forward differenced disturbances are uncorrelated across time.

D.5.2. Multiple Factors

We next discuss how the generalized Helmert transformation can be extended to the
case of multiple factors, where the disturbance process n;, = u;f; + u;, in (14) is general-
ized to

Nie = Wi fa + piofo + -+ wirfir + Ui, (D.21)

where f,, denotes the pth factor and w;, denotes the corresponding factor loading. Part
of the discussion will focus on how we can impose a needed normalization of the factors,
while ensuring that the weights 7, of the forward differencing transformation remain well
defined for all realizations of the factors.

Let f,=1[fu,-.., firland f =[f],..., fr] be the T x P matrix containing the P factors
for period t =1, ..., T. Similar to Ahn, Lee, and Schmidt (2013, p. 3) we assume that

0 0 0 1

fu 00 ... 10
=" with fe =1 (D.22)

TxP PXCP PxP 1 0 0

1 0 0 0
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as a normalization, where fy denotes the matrix of unconstrained elements and f de-
notes the matrix of constrained elements of f.!

Consider the forward differences 0 = ZST:t M and u}, = ZST:[ U, corresponding
to an upper triangular 7 — P x T transformation matrix II = (r,,) with 7, =0 for s < t.
Then any transformation matrix I1 with I1f = 0 removes the common factors in that

T T T T
n; = |:Z Wlsfs]:|/-‘/il + |:Z 7Ttsfs2:| MiZ + e + |:Z 7TtsfsP:| Mi,P + Z 7Ttsuit = M;.
s=t s=t s=t s=t

In the following we present a simple approach to finding expressions for I1 such that
IIf =0and I13,11' = I;_p. More specifically, we will give expressions on how to compute
II recursively as

Hn=Ilp...ILI1,,

where the matrices I1, are of dimension (7' — p) x (T — p+1), and I, 3,11} = I7_, and
11,11 ; = Ir_,. This in turn implies that I1 3,1 = Ir_p. We shall also use the notation
f.p=1fip, ..., frp] for the pth column of f and to simplify the exposition, we focus on
the case where 3, =1.2

Computation of I1;. As a first step we apply the generalized Helmert transformation to
remove the w; f;;. Consider the (T — 1) x T matrix I} = () with 7,,; =0 for s < ¢,
and

Ti,1 = 7Ttt(f.l, 1) = (\/ ¢z+1,1/¢z1),
M1 = T(f1, 1) = = fufa(V P11/ bin) /b fors>t,

with ¢, = 3.7, f3. Recall that fr; =1 and f; =0fort=T —P+1,..., T — 1 given the
normalization in (D.22). The normalization fr; = 1 ensures that all elements of II; are
well defined for all realizations of the factors. By Proposition 1 it follows that I1, 11} = I7_,
and I, f; = 0. Furthermore, utilizing Lemma D.3 below we have

1,1 12,1 - - T, T-P,1 1, T—-P+1,1 T1,7-1,1 T
0 T21 - 2, 7-P,1 T2, T-P+1,1 T2, 7-1,1 T
II, = 0 Tr-p,T-P,1 TT-P,T-P+1,1 Tr-p,T-1,1 TT-P,T,1
T=IxT 0 0 1 0 0
: : . 0 0
0 0 0 1 0

(D.23)
Let f*' =[f', f3',..., f3'1=II,f be the matrix of transformed factors based on the
transformation I1,. Then in light of the derived structure for the elements of 11, in (D.23)

1Of course, we could also adopt the normalization f¢ = Ip. The reason for the above specification is that it
simplifies the notation in the subsequent discussion.
2The discussion can be readily extended to the case 3, # 1.
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and the adopted normalization for f in (D.22), we have

00 ... 01
f&rl 00 ... 10

+Ho_ T—le T—;ﬁ’—l with f' =1: + . o], (D.24)
T=Ixp r-ixt S Prxp=l 01 ... 00
1 0 ... 00

From this we see that the adopted normalization is preserved by the transformed factors.
Applying the transformation I1; to (D.21) yields

my' = pafy e e (D.25)

with 77 Zz t Tis,17s15 f[p ZjT ¢ Tis, 1fsp, and M ZZ“ + s, 1Uis.

Computatlon of I1,. Having eliminated w; f1, as a next step we apply the generalized
Helmert transformation to (D.25) to remove the w;f,}'. Consider the (T —2) x (T — 1)
matrix II, = (r,,) with 7, =0 for s < ¢, and

T2 = 77'tt(fJrl 1) = (Vbi12/P0),
5,2 = Wt.s(f;—17 1) =—- ;zrl ;51(\/ bii12/ b))/ P fors>t,

with ¢ = Y1 (f5))% Observe that f! ,=1and f}'=0fort=T—-P+1,...,T -2
given the normahzatlon in (D.24). The normalization f;, , = 1 ensures that all elements
of IT, are well defined for all realizations of the factors. By Proposition 1 it follows that
ILIL =17, and 1L, f 11 = 0. Furthermore, utilizing Lemma D.3 below we have

T, 7122 o« 1, T-P,2 T, T-P+1,2 ce T1,T-2,2 T,T-1,2
0 722 .- T2, 7—P2 T, T—P+1,2 ce T2, 17-2,2 T2, 7-1,2
I, = 0 Tr-p,T-P2 TT—-PT-P+12 Tr-pr1-22 TT-P,T-1,2
T2l 0 0 1 0 0
: : . 0 0
0 .. 0 0 e 1 0
(D.26)
Let f*2=[f% f1%, ..., f5*] = IL,f*! be the matrix of transformed factors based on the

transformatlon IT,. Then in light of the derived structure for the elements of I1, in (D.26)
and the adopted normalization for £/ in (D.24), we have

0 0 0 1
0 B 0 0 10

T—Px2 .
f+2 — 0 T—Pilf—Z Wlth fg»Z — : .. :
foaer P22 pips P2 01 ... 00
10 ... 00

From this we see that adopted normalization is again preserved by the transformed fac-
tors. Applying the transformation I1, to (D.25) yields

T]it _Ml3f't3 +. +/~L1P +2+u+2
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with 77;;2 = ZST:, 15,2515 f,;z = ZST:t 5.2 fsp, and uztz = ZST:, Tis2Uijs.

Computation of I1,, p > 2. The matrices II, for p =3, ..., P can be computed by
applying the above approach recursively. By construction, it follows that the total trans-
formation II = Il .. .1l eliminates all time-varying unit-specific components w;,f;, in
that I1f = 0, and the transformation is orthogonal in the sense that I13,IT' = I_p.

The above discussion utilized the following lemma.

LEMMA D.3: Let B = (b;;) be some upper triangular (M +m — 1) x (M + m) matrix with
b;=0for j <i,let D=diag(d}) be a diagonal (M + m) x (M + m) matrix, and let b =
[b1,...,bx,0,...,0,7) be a (M + m) x 1 vector with T # 0. Suppose that BDB' = I,
and Bb = 0. Then B must be of the form

bll blM bl,M+1 e bl,M+m—1 bl,M+m

B= 0 cee bMM bM,M+1 bM,M+m—1 bM,M+m
—lo 0  1/dyy 0 0
: : . 0 0
0 ... 0 0 oo 1/dyime 0

Thatis,fori=M +1,...,M +m —1,we have b;; =1/d; and b; =0 for all j # i.

PROOF: To see this, observe that Bb = 0 implies that b; y,,, =0fori=M+1,..., M+
m. Since with b; = 0 for j < i, by assumption it follows that the (M + m — 1)th row of B
isgiven by [0, ...,0, byrym_1.m+m-1, 0], and, thus, the (M + m — 1)th column of B’ is given
by [0,...,0, byrsm_1.mrm-1,0]. Consequently, fori=M+1,.... M +m—1,

2
CiM4m-1= dM+m,1bi,M+m—1bM+m—1,M+m—1- (D-27)

For i = M + m — 1, we have from (D.27) that cysm—1.m4m-1 = A3y 1Dyr it arom-1- RE-
calling that, by assumption, C = BDB' = Ij;,,,—1 and, thus, cyym_1.m+m—1 = 1, we have
byrsm-1.mem—1 = 1/dprim-1. Since ¢;prim_1 =0 for i 2 M + m — 1, it follows furthermore
from (D.27) that b; pyy 1 =0fori=M +1,..., M + m — 2. This in turn implies that for

i=M+1,... M+m-1,

2
CiM+m—2 = dM+m_2bi,M+m—2bM+m—2,M+m—2-

Since cyim-a.mim—2 =1, we have by 2mim—2 = 1/dpym—2, and since ¢; pimo = 0 for
i#M+m—2,wehave b yyypo=0fori=M+1,.. M+m—-3andi=M+m— 1.
The remainder of the claim is proven by recursive argumentation. Q.E.D.

APPENDIX E: ADDITIONAL RESULTS

Below we provide some additional results and detailed derivations for the benefit of
the referee. This material is not intended for publication.
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E.1. Detailed Derivation of S,

In the following discussion we verify the expression for S, =7 S 'A/ Y JRY R TATS
given in (33). Let Ay =0, and recalling that 7,; = 0 for s < ¢ and that a;;, = 0, we have

n

T T
)\ a,]t 77'tu77-tvl’£iul’tjv

i=1 t=1 u=t v=t

- Z Z Z )\t ij,t Z Z T T Uil jy

i=1 j=1 t=1 u=1 v=1

u—1

- ZZ Z/\’ ’/ ! Z T T Ui U ju + ZZ Z)\t lj t ZZ Wtuwtv(uiuuju + uivuju)

i=1 j=1 t=1 i=1 j=1 t=1 u=2 v=1

= Z Z Z Wil Z Ndyy o, + Z Z Z Z(umu,v + i) Z N,y T T

i=1 j=1 u=1 i=1 j=1 u=2 v=1

= Z Z Z Wiulhju Z Ndly o, + Z Z Z Z(umuw + i) Z Ny T T,

i=1 j=1 u=1 i=1 j=1 u=2 v=1

- Z Z Z Uy Ujy Z A;a;j [7Tm + Z Z Z Z(uzuu]v + uw”]u) Z /\t ij, (TTtu Ty

u=1 i=1 j=1 u=2 v=1 i=1 j=1

= Z Z Z Uil j; Z )\T i T’7Tﬂ + Z Z Z Z(ul,u” + UisUj) Z /\Tal/ i

t=1 i=1 j=1 t=2 s=1 i=1 j=1

= Z Z 22 Wil Z Aa, i TTrﬂ + Z 22 Z Z Wi Ujs Z )\T% T

t=1 i=1 j=1 t=2 i=1 s=1 j=1

t—=1 n
2
= E E 2 § U Ui Cij, ttE )\7— ij, 7W7t+§ E UjtUjsCij s ( »

t=1 i=1 s=1 j=1

with ¢ s =Y 0 _ A.d), w7,

T l]T
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