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proofs in the main text, and an extension of the generalized Helmert transformation to
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APPENDIX D: SUPPLEMENTAL MATERIAL

D.1. Supplemental Material for the Example

IN THE FOLLOWING SECTION we provide proofs for the lemmata for the example in Sec-
tion 2.

PROOF OF LEMMA EX1: Confirming with W +
1 = [y+

1 �Z
+
1 ], we define the partitions

�′
HW =

(
�′
HMy

�′
HZ

)
� �WAru =

(
�yMAru
�ZAru

)
� �WArW =

(
�yMArMy �yMArZ
�ZArMy �ZArZ

)
�

Observe that u+
1 (δ)= y+

1 −W +
1 δ= u+

1 +W +
1 (δ0 −δ), and letml(δ)= plimn−1/2mn�l(δ) and

mq(δ)= plimn−1/2mn�q(δ). Then utilizing Assumption EX, the limiting objective function
of the GMM estimator defined by (6) is given by

Q(δ)=Ql(δ)+Qq(δ)� Ql(δ)=ml(δ)
′(V h

)−1
ml(δ)�

Qq(δ)=mq(δ)
′(V a

)−1
mq(δ)�

with

ml(δ)= plimn−1H ′u+
1 (δ)= plimn−1H ′u+

1 + plimn−1H ′W +
1 (δ0 − δ)

= �HW (δ0 − δ) (D.1)

and with the rth element of mq(δ) given by

mq�r(δ)= plimn−1u+
1 (δ)

′Aru+
1 (δ)= plimn−1u+′

1 A
ru+

1

+ 2(δ0 − δ)′ plimn−1W +′
1 A

ru+
1 + (δ0 − δ)′ plimn−1W +′

1 A
rW +

1 (δ0 − δ)
= 2(δ0 − δ)′�WAru + (δ0 − δ)′�WArW (δ0 − δ)� (D.2)
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Observe that Ql(δ) ≥ 0, Qq(δ) ≥ 0, and Q(δ) ≥ 0 with Ql(δ0) = Qq(δ0) = Q(δ0) = 0,
since ml(δ0) = 0 and mq(δ0) = 0. Thus any minimizer, say δ∗, of Q(δ) not only satisfies
∂Q(δ∗)/∂δ= 0, but also ∂Ql(δ∗)/∂δ= 0 and ∂Qq(δ∗)/∂δ= 0.

Case 1: �HW has full column rank. In this case, δ= δ0 is obviously the unique solution
of ml(δ)= �HW (δ0 − δ)= 0. Of course, since

∂Ql(δ)

∂δ
= 2ml(δ)

′(V h
)−1 ∂ml(δ)

∂δ
= −2ml(δ)

′(V h
)−1
�HW �

it follows further that δ = δ0 is also the unique solution of ∂Ql(δ)/∂δ = 0 and of
∂Q(δ)/∂δ = 0. Thus, in this case the unknown parameters can be identified solely from
the linear moment condition. Within the context of a cross-sectional model and a general
M matrix, an assumption analogous to that of assuming that �HW has full column rank
was maintained in Kelejian and Prucha (1998) and subsequent papers on instrumental
variable estimators for spatial network models.

Case 2: �HZ has full column rank, but �HW = [�HMy��HZ] does not have full column
rank. In this case, �HMy must be contained in the linear span of �HZ ; that is, �HMy = �HZc
for some vector c. Since �HZ has full column rank by assumption, the vector c is unique
and can be expressed as

c = (�′
HZ�HZ

)−1
�′
HZ�HMy�

Observe that

Ql(δ)= (δ0 − δ)′�′
HW

(
V h
)−1
�HW (δ0 − δ)= (λ0 − λ)2�′

HMy

(
V h
)−1
�HMy

+ 2(λ0 − λ)�′
HMy

(
V h
)−1
�HZ(β0 −β)+ (β0 −β)′�′

HZ

(
V h
)−1
�HZ(β0 −β)�

Clearly

∂Ql(δ)/∂λ= −2(λ0 − λ)�′
HMy

(
V h
)−1
�HMy − (β0 −β)′�′

HZ

(
V h
)−1
�HMy�

∂Ql(δ)/∂β= −2(λ0 − λ)�′
HMy

(
V h
)−1
�HZ − 2(β0 −β)′�′

HZ

(
V h
)−1
�HZ�

Utilizing that �HMy = �HZc, we see that ∂Ql(δ)/∂λ= [∂Ql(δ)/∂β]c; that is, the first first
order condition is linearly dependent on the second set. Given that �HZ is assumed to
have full column rank, we can, for any given value of λ, solve the first order condition
∂Ql(δ)/∂β= 0 for β(λ), which yields

β(λ)−β0 = −(�′
HZ

(
V h
)−1
�HZ

)−1
�′
HZ

(
V h
)−1
�HMy(λ− λ0)= −c(λ− λ0)�

Lee (2007, p. 493) obtains an analogous result within the context of a cross-sectional
model. From this we see that β is identified if λ is identified. Now λ is identified if
mq(λ�β(λ)) = 0 has a unique solution at λ0, which implies that Qq(β(λ0)�λ0) has a
unique minimum of zero at λ= λ0. Observe that in light of (D.2),

mq�r(δ)= 2(λ− λ0)�yMAru + 2(β−β0)
′�ZAru

+ (λ− λ0)
2�yMArMy + 2(β−β0)

′�ZArMy(λ0 − λ)+ (β−β0)
′�ZArZ(β−β0)�

Then utilizing β(λ)−β0 = −c(λ− λ0) yields

mq�r

(
λ�β(λ)

)= (λ− λ0)s
∗
1r + (λ− λ0)

2s∗2r�
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s∗r1 = 2�yMAru − 2c′�ZAru�

s∗r2 = �yMArMy − 2c′�ZArMy + c′�ZArZc�

Now let S∗ be the q× 2 matrix with elements s∗r1� s
∗
r2 in the rth row. Then

mq

(
λ�β(λ)

)= S∗[λ− λ0� (λ− λ0)
2
]′
�

Substituting the above expression for c, we get

s∗r1 = 2
[
�yMAru − �′

HMy�HZ
(
�′
HZ�HZ

)−1
�ZAru

]
= 2 plimn−1y+′

1 Q
′
HA

ru+
1 �

s∗r2 = �yMArMy − 2�′
HMy�HZ

(
�′
HZ�HZ

)−1
�ZArMy

+ �′
HMy�HZ

(
�′
HZ�HZ

)−1
�ZArZ

(
�′
HZ�HZ

)−1
�′
HZ�HMy

= plimn−1y+′
1 Q

′
HA

rQHy
+
1 �

with QH = I −Z+
1 (Z

+′
1 PHZ

+
1 )

−1Z+′
1 PH , where we utilized that (�′

HZ	�HZ)
−1�′

HZ	�HMy =
(�′

HZ	�HZ)
−1�′

HZ	�HZc = c for any nonsingular matrix 	.
Observing that

n−1y+′
1 Q

′
HA

rQHy
+
1 = n−1

[
λ0y

+
1 +Z+

1 β0 + u+
1

]′
Q′
HA

rQH

[
λ0y

+
1 +Z+

1 β0 + u+
1

]
= n−1

[
λ0y

+
1 + u+

1

]′
Q′
HA

rQH

[
λ0y

+
1 + u+

1

]
= λ2

0n
−1y+′

1 Q
′
HA

rQHy
+
1 + 2λ0n

−1y+′
1 Q

′
HA

rQHu
+
1

+ n−1u+′
1 Q

′
HA

rQHu
+
1

= λ2
0n

−1y+′
1 Q

′
HA

rQHy
+
1 + 2λ0n

−1y+′
1 Q

′
HA

ru+
1 + n−1u+′

1 A
ru+

1 + op(1)
p→ λ2

0s
∗
r2 + λ0s

∗
r1

n−1y+′
1 Q

′
HA

rQHu
+
1 = n−1y+′

1 Q
′
HA

ru+
1 + op(1)

p→ s∗r1/2�

n−1y+′
1 Q

′
HA

rQHy
+
1 = n−1y+′

1 Q
′
HA

rQH

[
λ0y

+
1 +Z+

1 β0 + u+
1

]
=λ0n

−1y+′
1 Q

′
HA

rQHy
+
1 + n−1y+′

1 Q
′
HA

rQHu
+
1

p→ λ0s
∗
r2 + s∗r1/2�

it follows that

n−1
(
y+

1 − λy+
1

)′
Q′
HA

rQH

(
y+

1 − λy+
1

)
= n−1y+′

1 Q
′
HA

rQHy
+
1 − 2λn−1y+′

1 Q
′
HA

rQHy
+
1 + λ2n−1y+′

1 Q
′
HA

rQHy
+
1

p→ λ2
0s

∗
r2 + λ0s

∗
r1 − 2λλ0s

∗
r2 − λs∗r1 + λ2s∗r2

= (λ0 − λ)s∗r1 + (λ0 − λ)2s∗r2 =mq�r

(
λ�β(λ)

)
�
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Let S = [S′
1� � � � � S

′
q]′ with Sr = [s∗r1/2 + λ0s

∗
r2� s

∗
r2]. Then

S = S∗
(

1/2 0
λ0 1

)
�

From the latter we see that S has full column rank if and only if S∗ has full column rank.
Q.E.D.

PROOF OF LEMMA EX2: The lemma assumes for the network formation process that
the elements of u are i.i.d. with E[uit] = 0, Var(uit) = 1, conditional on z1

1 , z1
2 , τ, υ1, υ2,

μ, ν. As discussed, in this case we may think of the matrix ζt to contain τ (or the subset
of strictly exogenous variables not already included in z1

t ) as well as υt and ν. Recall that
mij�1 =mij�1(τ�υ1�μ� ν) andmij�2 =mij�2(τ�υ1�υ2�μ� ν), and thus we can also think of ζt to
contain Mt . With either interpretation, the conditioning information set is given by G =
σ(z1� z2�μ), and M1 and M2 as well as hr and Ar are measurable w.r.t. G. By (4) we have
E[n−1hr′u+

1 ] = 0 and E[n−1u+′
1 A

ru+
1 ] = 0. By Theorem 1, and replacing the conditioning

information set by G, we have Var(n−1hr′u+
1 | G) = n−2hr′hr and Var(n−1u+′

1 A
ru+

1 | G) =
2n−2 tr(ArAr). Observing that E[n−1hr′u+

1 | G] = 0 and E[n−1u+′
1 A

ru+
1 | G] = 0, and using

iterated expectations yields

Var
(
n−1hr′u+

1

)= n−2E
[
hr′hr

]= n−2
n∑
i=1

E
[
h2
ir

]≤ n−2
n∑
i=1

‖hir‖2
2+δ ≤ n−1K2

h → 0�

Var
(
n−1u+′

1 A
ru+

1

)= n−22E
[
tr
(
ArAr

)]= n−22E

[
n∑
i=1

n∑
j=1

(
arij
)2

]

≤ 2Kan
−2E

[
n∑
i=1

n∑
j=1

∣∣arij∣∣
]

≤ n−12K2
a → 0�

Consequently n−1hr′u+
1 = op(1) and n−1u+′

1 A
ru+

1 = op(1) by Chebychev’s inequality,
which proves part (a) of the lemma.

We next prove part (b) of the lemma. Recall that Mt = (mij�t) with mij�t = dij�t/

(
∑N

j=1 dij�t). Let e be an n × 1 vector of 1s. Then clearly Mte = e and
∑m

j=1 |mij�t | =∑m

j=1mij�t = 1. Furthermore, since
∑n

j=1 1{sij ≤ c} ≤ K <∞, we have
∑n

i=1mij�t ≤ K, as
shown in the proof of Lemma D.2 Let B = (bij) be a matrix of the form Mτ

t , Mτ′
t , or

M̄τ
t with M̄t = (Mt +M ′

t )/2 or more generally of the form Mσ
t M

τ−σ
t

′ or M̄σ
t M̄

τ−σ
t

′ with
0 ≤ σ ≤ τ, τ ≤ s, and t = 1�2. Then it follows immediately from, for example, Kelejian
and Prucha (1999, footnote 20), that

∑n

j=1 |bij| ≤Kb and
∑n

i=1 |bij| ≤Kb for someKb <∞.
Let A= B− diag(B). Then

∑n

j=1 |aij| ≤Kb and
∑n

i=1 |aij| ≤Kb. This establishes that un-
der the maintained assumptions, the second sufficient condition of part (a) of the lemma
holds.

Suppose further that
∑n

j=1(Pr(sij ≤ c))1/[s(2+δ)] ≤ K < ∞. Then by Lemma D.2 and
Lyapunov’s inequality,

∑n

i=1 ‖mij�t‖τ(2+δ) ≤ K and
∑n

j=1 ‖mij�t‖τ(2+δ) ≤ K for τ ≤ s. Let B
and A be a matrix of the form defined above. Then by Lemma D.1 and the remark af-
ter that lemma, we have

∑n

j=1 ‖bij‖2+δ ≤ Kτ,
∑n

i=1 ‖bij‖2+δ ≤ Kτ and
∑n

j=1 ‖aij‖2+δ ≤ Kτ,∑n

i=1 ‖aij‖2+δ ≤Kτ. This establishes the last claim of part (b) of the lemma.
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To verify the claims after the lemma, suppose that Pr(sij ≤ c)= 0 implies 1{sij ≤ c} = 0
and

∑n

j=1 1{Pr(sij ≤ c) > 0} ≤K. Then it follows from Lemma D.2 that
∑n

j=1 1{sij ≤ c} ≤
K <∞ and

∑n

j=1(Pr(sij ≤ c))1/[s(2+δ)] ≤K <∞ for all s. Consequently, for matrices B and
A of the above form the L2+δ summability now holds for arbitrary τ.

Let zt be an arbitrary column of z1
t with typical element zj�t , let B =Mr

t , and let h =
(hi) =Mr

t zt . Then hi =∑n

j=1 bij�tzj�t . By assumption ‖zj�t‖4+δ∗ ≤ Kz for some δ∗ > 0. Let
p = 2 + δ with δ = δ∗/2 and 1/p + 1/q = 1. Then applying Hölder’s and Lyapunov’s
inequalities yields

E
[|hi|p]≤ E[

∣∣∣∣∣
n∑
j=1

|bij||zj�t |
∣∣∣∣∣
p]

=E
[{ n∑

j=1

|bij|1/q|bij|1/p|zj�t |
}p]

≤ E
[{[

n∑
j=1

|bij|
]1/q[

n∑
j=1

|bij||zj�t |p
]1/p}p]

≤Kp/q
b

n∑
j=1

E
[|bij||zj�t |p]=Kp/q

b (1 +Kz)
2

n∑
j=1

‖bij‖2 ≤ const<∞�

observing that E[|bij||zj�t |p] ≤ ‖bij‖2‖|zj�t |p‖2 ≤ ‖bij‖2[‖zj�t‖4+δ∗ ](4+δ∗)/(2+δ) ≤ ‖bij‖2(1 +Kz)
2

and observing that as shown above
∑n

j=1 ‖bij‖2 ≤ const <∞. This shows that under the
maintained assumptions the first sufficient condition of part (a) also holds, which com-
pletes the proof of part (b) of the lemma. Q.E.D.

LEMMA D.1: Let A and B be symmetric n × n matrices with
∑n

i=1 |aij| ≤ K < ∞,∑n

i=1 ‖aij‖pa ≤K <∞,
∑n

i=1 |bij| ≤K <∞, and
∑n

i=1 ‖bij‖pb ≤K <∞ for some pa�pb ≥ 1,
and let C =AB. Then

∑n

i=1 |cij| ≤K2 <∞ and
∑n

i=1 ‖cij‖p ≤K2 <∞ with 1/p= 1/pa +
1/pb. Note that the results also hold for the row sums of C if we allow for A and B to be
nonsymmetric, and place conditions both on row and column sums.

PROOF: Since cij =∑n

l=1 ailblj , we have

n∑
i=1

|cij| ≤
n∑
i=1

n∑
l=1

|ail||blj| =
n∑
l=1

|blj|
n∑
i=1

|ail| ≤K2�

Next observe that by the generalized Hölder inequality, ‖ailblj‖p ≤ ‖ail‖pa‖blj‖pb and thus

n∑
i=1

‖cij‖p ≤
n∑
i=1

n∑
l=1

‖ailblj‖p ≤
n∑
i=1

n∑
l=1

‖ail‖pa‖blj‖pb

=
n∑
l=1

‖blj‖pb
n∑
i=1

‖ail‖pa ≤K2�
Q.E.D.

REMARK: Suppose the elements of a matrix M satisfy
∑n

i=1 ‖mij‖p ≤ K as well as∑n

j=1 ‖mij‖p ≤ K, where w.o.l.o.g. K ≥ 1. Then it follows for M̄ = (M + M ′)/2 that
‖m̄ij‖p ≤ 2−1(‖mij‖p + ‖mji‖p) by the Minkowski inequality, such that ‖m̄ij‖p is also
summable in both indices. Next, for any integer s ≥ 1, suppose that

∑n

i=1 ‖mij‖sp ≤ K
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as well as
∑n

j=1 ‖mij‖sp ≤ K. Then by applying the above lemma recursively it is readily
seen that the elements of A =Mτ or A =Mτ′ with τ ≤ s satisfy

∑n

j=1 ‖aij‖p ≤ Ks and∑n

i=1 ‖aij‖p ≤Ks. Furthermore, if
∑n

i=1 ‖mij‖sp ≤K as well as
∑n

j=1 ‖mij‖sp ≤K, then the
elements of A =Mσ(Mτ−σ)′ or A =Mσ ′Mτ−σ with 0 ≤ σ ≤ τ, τ ≤ s, or A = (M ′M)τ/2

with τ ≤ s even, satisfy
∑n

j=1 ‖aij‖p ≤Ks and
∑n

i=1 ‖aij‖p ≤Ks. The results also hold if M
is replaced by M̄ .

LEMMA D.2: For i� j = 1� � � � � n, let dij ∈ {0�1} with dii = 0 and
∑n

l=1 dil ≥ 1, let sij ≥ 0 be
a measure of “distance” between units i and j, and let mij = dij/(∑n

l=1 dil). Then, obviously,∑n

j=1mij =∑n

j=1 |mij| = 1. Furthermore, consider the following situations.
(a) Suppose dij = 0 for sij > c, where c is a finite nonnegative constant, sij = sji,∑n

j=1 1{sij ≤ c} ≤K <∞, and
∑n

j=1(Pr(sij ≤ c))1/p ≤Kp for some p≥ 1, where Kp is
a finite constant. Then

∑n

i=1mij ≤K,
∑n

i=1 ‖mij‖p ≤Kp, and
∑n

j=1 ‖mij‖p ≤Kp.
(b) Suppose that

∑n

j=1 1{Pr(sij ≤ c) > 0} ≤ K, where K is a finite constant. Then∑n

j=1(Pr(sij ≤ c))1/p ≤K for all finite p≥ 1.
(c) If Pr(sij ≤ c)= 0 implies 1{sij ≤ c} = 0, then

∑n

j=1 1{sij ≤ c} ≤∑n

j=1 1{Pr(sij ≤ c) > 0}.

PROOF: To prove part (a) of the lemma, observe that

n∑
i=1

mij ≤
n∑
i=1

∣∣mij1{sij ≤ c}
∣∣≤ n∑

i=1

1{sji ≤ c} ≤K

by symmetry and summability of 1{sji ≤ c}. Further, using Minkowski’s inequality,

n∑
j=1

‖mij‖p ≤
n∑
j=1

∥∥mij1{sij ≤ c}
∥∥
p
+

n∑
j=1

∥∥mij1{sij > c}
∥∥
p

≤
n∑
j=1

∥∥1{sij ≤ c}
∥∥
p

=
n∑
j=1

(
Pr(sij ≤ c)

)1/p ≤Kp

as well as
n∑
i=1

‖mij‖p ≤
n∑
i=1

∥∥mij1{sij ≤ c}
∥∥
p
+

n∑
i=1

∥∥mij1{sij > c}
∥∥
p

≤
n∑
i=1

∥∥1{sij ≤ c}
∥∥
p

=
n∑
i=1

(
Pr(sji ≤ c)

)1/p ≤Kp�

showing summability in both indices.
To prove part (b) of the lemma observe that

n∑
j=1

[
Pr(sij ≤ c)

]1/p
=

n∑
j=1

[
Pr(sij ≤ c)1

{
Pr(sij ≤ c) > 0

}+ Pr(sij ≤ c)1
{
Pr(sij ≤ c)= 0

}]1/p
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=
n∑
j=1

[
Pr(sij ≤ c)1

{
Pr(sij ≤ c) > 0

}]1/p ≤
n∑
j=1

[
1
{
Pr(sij ≤ c) > 0

}]1/p
=

n∑
j=1

1
{
Pr(sij ≤ c) > 0

}≤K�

For (c) note that

1{sij ≤ c} = 1{sij ≤ c}1
{
Pr(sij ≤ c) > 0

}+ 1{sij ≤ c}
(
1 − 1

{
Pr(sij ≤ c) > 0

})
= 1{sij ≤ c}1

{
Pr(sij ≤ c) > 0

}+ 1{sij ≤ c}1
{
Pr(sij ≤ c)= 0

}
= 1{sij ≤ c}1

{
Pr(sij ≤ c) > 0

}
≤ 1
{
Pr(sij ≤ c) > 0

}
such that

n∑
j=1

1{sij ≤ c} ≤
n∑
j=1

1
{
Pr(sij ≤ c) > 0

}
�

Q.E.D.

D.2. Variance–Covariance of Linear Quadratic Forms

In this section we investigate the variance–covariances of linear quadratic forms based
on forward differenced disturbances. We maintain the setup and notational conventions
of the previous sections. For the moment we only assume that the T+ × T transforma-
tion matrices Π and � are upper triangular. The following proposition gives a general-
ized version of Theorem 1. The extension of the proposition establishes that in general
the variance–covariance matrix of linear quadratic forms is complicated and depends on
higher order moments unless specific choices aboutΠ andAt are made. An explicit proof
of the following proposition is given in Appendix D.4.

PROPOSITION D.1: Let the disturbance process (uit) and the information sets Bn�i�t be
as in Assumption 1, and let Bn�t = σ({xotj� zoj � uot−1j�μj}nj=1) and Zn=σ({zoj �μj}nj=1). Fur-
thermore, assume that for all t = 1� � � � �T , i = 1� � � � � n, n ≥ 1, E[uit |Bn�i�t ∨ C] = 0,
E[u2

it|Bn�i�t ∨ C] = �2
i σ

2
t > 0, E[u3

it|Bn�i�t ∨ C] = μ3�it , and E[u4
it|Bn�i�t ∨ C] = μ4�it , where σt is

finite and measurable w.r.t. C, and �i, μ3�it , and μ4�it are finite and measurable w.r.t. Zn ∨ C.
Define Σ� = diag(�2

1� � � � ��
2
n) and Σσ = diag(σ2

1 � � � � �σ
2
T ). LetAt = (aijt) and Bt = (bijt) be

n×nmatrices, and let at = (ait) and bt = (bit) be n×1 vectors, where aijt ,bijt , ait , and bit are
measurable w.r.t. Bn�t ∨ C. Let πt = [0� � � � �0�πtt� � � � �πtT ] and γt = [0� � � � �0�γtt� � � � � γtT ]
be 1 × T vectors where πtτ and γtτ are measurable w.r.t. C, and consider the forward differ-
ences u+

t = [u+
1t � � � � � u

+
nt]′ and u×

t = [u×
1t � � � � � u

×
nt]′ with

u+
it =

T∑
s=t
πtsuis = πtu′

i� and u×
it =

T∑
s=t
γtsuis = γtu′

i�

Then

E
[
u+′
t Atu

×
t + u+′

t at |C
]= πtΣσγt tr[E(AtΣ�|C)

]
� (D.3)
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Cov
(
u+′
t Atu

×
t + a′

tu
+
t � u

+′
t Btu

×
t + b′

tu
+
t |C
)

= (πtΣσπ ′
t

)(
γtΣσγ

′
t

)
E
[
tr
(
AtΣ�B

′
tΣ�
)|C]

+ (πtΣσγ′
t

)2
E
[
tr(AtΣ�BtΣ�)|C

]
+ (πtΣσπ ′

t

)
E
[
a′
tΣ�bt |C

]+K1� (D.4)

Cov
(
u+′
t Atu

×
t + a′

tu
+
t � u

+′
s Bsu

×
s + b′

su
+
s |C
)=K

2
for all t > s� (D.5)

with

K1 =
T∑
u=t
π2
tuγ

2
tu

n∑
i=1

E
[(
μ4�iu − 3�4

i σ
4
u

)
aiitbiit |C

]
+

T∑
u=t
π2
tuγtu

n∑
i=1

E
[
μ3�iu(aiitbit + biitait)|C

]
�

K2 = (πtΣσπ ′
s

)(
γtΣσγ

′
s

)
E
[
tr
(
AtΣ�B

′
sΣ�
)|C]+ (πtΣσγ′

s

)(
π ′
sΣσγt

)
E
[
tr(AtΣ�BsΣ�)|C

]
+ (πtΣσπ ′

s

)
E
[
a′
tΣ�bs|C

]+ T∑
u=t
πtuγtuπsuγsu

n∑
i=1

E
[(
μ4�iu − 3�4

i σ
4
u

)
aiitbiis|C

]
+

T∑
u=t
πtuγtuπsu

n∑
i=1

E[μ3�iuaiitbis|C] +
T∑
u=t
πsuγsuπtu

n∑
i=1

E[μ3�iubiisait |C]

+ (πtΣσπ ′
s

) t−1∑
v=s
γsv

n∑
i=1

n∑
j=1

E
[
�2
i aitbijsujv|C

]

+ (πtΣσγ′
s

) t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E
[
�2
i aitbjisujv|C

]

+
T∑
u=t
πtuγtuπsu

t−1∑
v=s
γsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbijsujv|C]

+
T∑
u=t
πtuγtuγsu

t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbjisujv|C]�

(Of course, the first covariance also yields an expression for the variance of u+′
t Atu

×
t + u+′

t at
if we take Bt =At and bt = at .)

The standard catalogue of assumption in the spatial panel data literature resulted in
formulations of the moment conditions where the coefficients of the linear quadratic
forms are treated as nonstochastic. We note that in this case the expectations simplify
in that the last four lines in the expression for K2 are zero. If furthermore Π = � = I,
then u+

it = u×
it = uit and the above proposition yields expressions consistent with those

given in Kelejian and Prucha (2010).
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From the above proposition we see that E[u+′
t Atu

×
t + u+′

t at |C] = 0 if vecD(At) = 0.
Under cross-sectional homoskedasticity, that is, Σ� = I, a sufficient condition for this
expectation to be zero is tr(At)= 0.

From the above proposition we see furthermore that, in general, linear quadratic forms
are correlated within a time period and across time periods. We now explore the effect
of using an orthogonal forward differencing transformation on the correlation structure
of linear quadratic forms. More specifically, suppose that Π = � and ΠΣσΠ′ = I. Then
it is readily seen that the expressions for the covariances in (D.4) and (D.5) simplify as
summarized in the following corollary.

COROLLARY D.1: Under the conditions of Proposition D.1 and additionally imposing that
Π = � with ΠΣσΠ′ = I, we have

Cov
(
u+′
t Atu

+
t + u+′

t at� u
+′
t Btu

+
t + u+′

t bt |C
)

=E[tr(AtΣ�
(
Bt +B′

t

)
Σ�
)|C]+E[a′

tΣ�bt |C
]

+
T∑
u=t
π4
tu

n∑
i=1

E
[(
μ4�iu − 3�4

i σ
4
u

)
aiitbiit |C

]
+

T∑
u=t
π3
tu

n∑
i=1

E
[
μ3�iu(aiitbit + biitait)|C

]
(D.6)

and for t > s,

Cov
(
u+′
t Atu

+
t + u+′

t at� u
+′
s Bsu

+
s + u+′

s bs|C
)

=
T∑
u=t
π2
tuπ

2
su

n∑
i=1

E
[(
μ4�iu − 3�4

i σ
4
u

)
aiitbiis|C

]
+

T∑
u=t
π2
tuπsu

n∑
i=1

E[μ3�iuaiitbis|C] +
T∑
u=t
π2
suπtu

n∑
i=1

E[μ3�iubiisait |C]

+
T∑
u=t
π2
tuπsu

t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbijsujv|C]

+
T∑
u=t
π2
tuπsu

t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbjisujv|C]� (D.7)

From this we see that in contrast to the case of pure linear forms (where At = Bt = 0),
quadratic forms will generally be correlated across time, even if based on orthogonally
transformed disturbances. Furthermore, when it comes to the estimation of the covari-
ances, it seems that even if μ3�iu = μ3 and is fixed, the terms

∑n

i=1

∑n

j=1E[aiitbijsujv|C] and∑n

i=1

∑n

j=1E[aiitbjisujv|C] would still be difficult to handle without further assumptions
on the data generating process. However, an inspection of the above expressions shows
that those difficulties can be avoided if we assume that vecD(At)= vecD(Bt)= 0 for all t.
In this case the expressions in (D.6) and (D.7) simplify further. We note that assuming
only that tr(At)= tr(Bt)= 0 does not avoid those difficulties even under cross-sectional
homoskedasticity.
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COROLLARY D.2: Under the conditions of Proposition D.1 and additionally imposing that
vecD(At)= 0, vecD(Bt)= 0, and Π = � with ΠΣσΠ′ = I, we have

Cov
(
u+′
t Atu

+
t + u+′

t at� u
+′
t Btu

+
t + u+′

t bt |C
)=E[tr(AtΣ�

(
Bt +B′

t

)
Σ�
)|C]+E[a′

tΣ�bt |C
]

and

Cov
(
u+′
t Atu

+
t + u+′

t at� u
+′
s Bsu

+
s + u+′

s bs|C
)= 0 for t �= s�

The linear quadratic forms are only contemporaneously correlated, but uncorrelated
over time, which motivates us to restrict the class of moment conditions underlying our
GMM estimator to the case where the diagonal elements of the matrices in the quadratic
forms are zero, that is, vecD(At)= vecD(Bt)= 0 for all t.

Next consider the case where a researcher uses both the transformation � = F and
the corresponding orthogonal transformation Π = U−1F with UU ′ = FΣσF

′. In this
case ΠΣσ�′ = U ′ and thus πtΣσγ′

s = 0 for s > t, but generally πtΣσγ′
s �= 0 for t > s. As

a consequence, in this case the linear quadratic forms are generally autocorrelated in
time due to the presence of the term (πtΣσγ

′
s)
∑t−1

v=s πsv
∑n

i=1

∑n

j=1E[�2
i aitbjisujv|C] even

if vecD(At)= vecD(Bt)= 0 for all t.
Finally, the next corollary covers the case where Π = �, but where the transformation

is not efficient, that is, ΠΣσΠ′ �= I. In that case, the moment conditions are correlated
across t with the difficult to estimate term

∑n

i=1

∑n

j=1E[�2
i ait(bijs + bjis)ujv|C] present in

the covariance term. This result demonstrates the importance of efficient detrending.

COROLLARY D.3: Under the conditions of Proposition D.1, but additionally imposing that
vecD(At)= 0, vecD(Bt)= 0, and Π = �, but ΠΣσΠ′ �= I, then

E
[
u+′
t Atu

+
t + u+′

t at |C
]= 0�

Cov
(
u+′
t Atu

+
t + a′

tu
+
t � u

+′
t Btu

×
t + b′

tu
+
t |C
)

= (πtΣσπ ′
t

)2
E
[
tr
(
AtΣ�

(
Bt +B′

t

)
Σ�
)|C]+ (πtΣσπ ′

t

)
E
[
a′
tΣ�bt |C

]
�

and

Cov
(
u+′
t Atu

+
t + a′

tu
+
t � u

+′
s Bsu

+
s + b′

su
+
s |C
)

= (πtΣσπ ′
s

)2
E
[
tr
(
AtΣ�

(
Bs +B′

s

)
Σ�
)|C]+ (πtΣσπ ′

s

)
E
[
a′
tΣ�bs|C

]
+ (πtΣσπ ′

s

) t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E
[
�2
i ait(bijs + bjis)ujv|C

]
�

D.3. Proofs of Lemmas in Appendix C.2 and of Theorem 3

PROOF OF LEMMA 1: In the following discussion, all bounding constants from above
are w.o.l.o.g. assumed to be greater than 1. Recall from Proposition 1 that for πts =
πts(f0�γ0�σ) we have πtΣ0�σπ

′
t = 1. Since by Assumption 1 we have σ2

0�t ≥ cu > 0, it follows
that πtπ ′

t ≤Kπ for Kπ = c−1
u and, thus, |πts| ≤Kπ . By Assumption 2(i) the 2 + δ absolute

moments of the elements of the pt × 1 vector hit are uniformly bounded by some finite
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constant K2+δ
h . Let p∗ = max(pt). Then observing that |λrt | ≤ 1 since λ′λ = 1, it follows

that

E
[∣∣λ′

th
′
it

∣∣2+δ]=E[∣∣∣∣∣
pt∑
r=1

λrthirt

∣∣∣∣∣
2+δ]

≤ p1+δ
∗

pt∑
r=1

E
[|hirt |2+δ]≤ p2+δ

∗ K2+δ
h �

where we have also utilized inequality (1.4.3) In Bierens (1994). Hence, in light of (32),

E
[|cit |2+δ]≤Kc

with Kc = Tp2+δ
∗ K2+δ

h Kπ .
By Assumption 2(ii), for all r and t we have

∑n

i=1 |arij�t | =
∑n

j=1 |arij�t | ≤Ka. Consequently,
observing that |λ′

ta
′
ij�t | ≤

∑pt
r=1 |λrt ||arij�t | ≤

∑pt
r=1 |arij�t |, we have

n∑
i=1

∣∣λ′
ta

′
ij�t

∣∣= n∑
j=1

∣∣λ′
ta

′
ij�t

∣∣≤ pt∑
r=1

n∑
j=1

∣∣arij�t∣∣≤ p∗Ka�

Thus, in light of (34) and s ≤ t,
n∑
i=1

|cij�ts| =
n∑
j=1

|cij�ts| ≤
s∑
τ=1

n∑
j=1

∣∣λ′
τa

′
ij�τ

∣∣|πτs||πτt | ≤Kcc

with Kcc = Tp∗KaK
2
π . Furthermore for q≥ 1,

n∑
i=1

|cij�ts|q =
n∑
j=1

|cij�ts|q ≤Kq−1
cc

n∑
j=1

[|cij�ts|/Kcc

]q−1|cij�ts| ≤Kq
cc�

By Minkowski’s inequality, we have

‖cij�ts‖q =
∥∥∥∥∥

s∑
τ=1

λ′
τa

′
ij�τπτsπτt

∥∥∥∥∥
q

≤
∥∥∥∥∥

s∑
τ=1

pτ∑
r=1

∣∣arij�τ∣∣|πτs||πτt |
∥∥∥∥∥
q

≤K2
π

s∑
τ=1

pτ∑
r=1

∥∥arij�τ∥∥q�
Hence by Assumption 2(ii) and Lyapunov’s inequality, we have for 1 ≤ q≤ 2 + δ,

n∑
j=1

‖cij�ts‖q ≤K2
π

s∑
τ=1

pτ∑
r=1

n∑
j=1

∥∥arij�τ∥∥2+δ ≤ Tp∗KaK
2
π =Kcc�

Also recall that by Assumption 1, observing that Fn�(t−1)n+i ⊆ Bn�i�t ∨ C, we have for all i
and t that

E
[|uit |2+δ|Fn�(t−1)n+i

]=E[E[|uit |2+δ|Bn�i�t ∨ C
]|Fn�(t−1)n+i

]≤Ku�

and thus also E[|uit |2+δ] ≤ Ku for some finite constant Ku. Of course, by Lyapunov’s in-
equality we also have for 1 ≤ q≤ 2 + δ,

E
[|uit |q|Fn�(t−1)n+i

]≤ {E[|uit |2+δ|Fn�(t−1)n+i
]}q/(2+δ) ≤Kq/(2+δ)

u ≤Ku�
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Furthermore, observe that for s ≤ t and for 1 ≤ q≤ 2 + δ and 1/q+ 1/p= 1,

E

[
n∑
i=1

|uis|q|cij�ts||Bn�s ∨ C
]

≤
n∑
i=1

E
[
E
[|uis|q|Fn�(s−1)n+i

]|cij�ts||Bn�s ∨ C
]

≤KuKcc

E

[(
n∑
i=1

|uis||cij�ts|
)q

|Bn�s ∨ C
]

=E
[(

n∑
i=1

|uis||cij�ts|1/q|cij�ts|1/p

)q
|Bn�s ∨ C

]

≤E
[{(

n∑
i=1

|uis|q|cij�ts|
)1/q( n∑

i=1

|cij�ts|
)1/p

}q
|Bn�s ∨ C

]

≤
(

n∑
i=1

|cij�ts|
)q/p

E

[
n∑
i=1

|uis|q|cij�ts||Bn�s ∨ C
]

≤Kq/p+1
cc Ku ≤K2+δ

cc Ku�

where we used that cij�ts is measurable w.r.t. Bn�s ∨ C and Fn�(s−1)n+i. Recall that w.o.l.o.g.
the constants Kc , Kcc , Ka, and Ku are assumed to be greater than 1. Also let Kσ and K�

be finite constants such that σ2
0�t ≤Kσ and �2

0�i ≤K�. In the following discussion we take

K = max
{
Kσ�K��Kc�Kcc�K

2+δ
cc �p∗Ka�Ku

}≥ 1� Q.E.D.

PROOF OF LEMMA 2: Probability Limit of n−1
∑n

i=1 ς
(1)
it . Let

ς(1)t = plim
n→∞

n−1
n∑
i=1

σ2
0�tE
[
c2
it |C
]
�

Then recalling the definition of cit in (32), it follows from Assumption 3 that n−1 ×∑n

i=1 ς
(1)
it = n−1

∑n

i=1 c
2
it

p→ ς(1)t as n→ ∞.
Probability Limit of n−1

∑n

i=1 ς
(2)
it . Let ς(2)t = plimn→∞ 2σ2

0�tn
−1
∑n

i=1

∑n

j=1E[c2
ij�tt|C]. Re-

calling that cij�tt = cji�tt and cii�tt = 0, it is readily seen that

n−1
n∑
i=1

ς(2)it = 4n−1
n∑
i=1

i−1∑
j=1

i−1∑
l=1

cij�ttcil�ttujtult

= 4n−1
n−1∑
i=1

u2
it

n∑
j=i+1

c2
ji�tt + 8n−1

n−1∑
i=2

i−1∑
l=1

uitult

n∑
j=i+1

cji�ttcjl�tt �

By observing furthermore that 2
∑n−1

i=1

∑n

j=i+1 c
2
ji�tt =

∑n

i=1

∑n

j=1 c
2
ij�tt , we have

n−1
n∑
i=1

ς(2)it =
n−1∑
i=1

Yn�i + 2σ2
0�tn

−1
n∑
i=1

n∑
j=1

c2
ij�tt �
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where

Yn�i = n−1

[
4
(
u2
it − σ2

0�t

) n∑
j=i+1

c2
ji�tt + 8uit

i−1∑
l=1

ult

n∑
j=i+1

cji�ttcjl�tt

]
�

Given Assumption 3 and recalling the definition of cij�tt in (34) it now follows that

2σ2
0�tn

−1
n∑
i=1

n∑
j=1

c2
ij�tt

p→ ς(2)t as n→ ∞

and, consequently, n−1
∑n

i=1 ς
(2)
it

p→ ς(2)t , provided we show that for given t,
∑n−1

i=1 Yn�i
p→ 0.

Let Gn�i−1 =Fn�(t−1)n+i and Gn�0 =Fn�(t−2)n+n. Then clearly E[Yn�i|Gn�i−1] = 0 and Yn�i is Gn�i-
measurable, and thus

{Yn�i�Gn�i� i= 1� � � � � n}
is a martingale difference array. Next observe that with dni = n−1, q= 1 + δ/2, and 1/p+
1/q= 1, it follows upon utilizing the triangle and Hölder’s inequalities and the bounds in
Lemma 1(ii), (iii), (v), and (vii) that

E
[|Yn�i/dni|q] ≤ 2qE

[∣∣∣∣∣4∣∣u2
it − σ2

0�t

∣∣ n∑
j=i+1

|cji�tt|2

∣∣∣∣∣
q]

+ 2qE

[
|8|uit |

i−1∑
l=1

|ult |
n∑

j=i+1

|cji�tt||cjl�tt|q
]

≤ 2q4qE

[∣∣u2
it − σ2

0�t

∣∣q( n∑
j=1

|cji�tt|2

)q]

+ 2q8qE

[
|uit |q

(
i−1∑
l=1

|ult |
n∑

j=i+1

|cji�tt||cjl�tt|
)q]

≤ 2q4qKqE
{
E
[∣∣u2

it − σ2
0�t

∣∣q|Fn�(t−1)n+i
]}

+ 2q8qE

[
E
[|uit |q|Fn�(t−1)n+i

]( i−1∑
l=1

|ult |
n∑

j=i+1

|cji�tt ||cjl�tt|
)q]

≤ 2q4q2qKq+1 + 2q8qKE

[(
n∑
j=1

|cji�tt|
n∑
l=1

|ult ||cjl�tt|
)q]

≤ 2q4q2qKq+1 + 2q8qKq+2 <∞�
Consequently, |Yn�i/dni| is uniformly integrable. Observing furthermore that

∑n

i=1 din = 1
and

∑n

i=1 d
2
in → 0, it follows from the law of large numbers for martingale difference arrays

given as Theorem 19.7 in Davidson (1994) that indeed
∑n

i=1Yn�i
p→ 0.

Probability Limit of n−1
∑n

i=1 ς
(3)
it . Let

ς(3)t = plimn→∞

t−1∑
s=1

4σ2
0�sn

−1
n∑
i=1

n∑
j=1

E
[
c2
ji�ts|C

]
�
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Recalling that cij�tt = cji�tt and cii�tt = 0, and that
∑n

j=1

∑n

l=1 cij�tscil�tτujsulτ is symmetric in s
and τ, it is readily seen that

n−1
n∑
i=1

ς(3)it = n−1
n∑
i=1

4

[
t−1∑
s=1

n∑
j=1

cij�tsujs

]2

= 4
t−1∑
s=1

n−1
n∑
i=1

u2
is

n∑
j=1

c2
ji�ts + 8

t−1∑
s=1

n−1
n∑
i=1

uis

i−1∑
l=1

uls

n∑
j=1

cji�tscjl�ts

+ 8
t−1∑
s=1

n−1
n∑
i=1

uis

s−1∑
τ=1

n∑
l=1

ulτ

n∑
j=1

cji�tscjl�tτ

and, thus,

n−1
n∑
i=1

ς(3)it =
t−1∑
s=1

n∑
i=1

Y(s)
i�n +

t−1∑
s=1

4σ2
0�sn

−1
n∑
i=1

n∑
j=1

c2
ji�ts

with

Y(s)
i�n = n−1

{
4
(
u2
is − σ2

0�s

) n∑
j=1

c2
ji�ts + 8uis

i−1∑
l=1

uls

n∑
j=1

cji�tscjl�ts + 8uis
s−1∑
τ=1

n∑
l=1

ulτ

n∑
j=1

cji�tscjl�tτ

}
�

Given Assumption 3 and recalling the definition of cij�ts in (34), it now follows that for n→
∞, we have

∑t−1
s=1 4σ2

0�sn
−1
∑n

i=1

∑n

j=1 c
2
ji�ts

p→ ς(3)t and, consequently, n−1
∑n

i=1 ς
(3)
it

p→ ς(3)t ,

provided we show that
∑n

i=1Y
(s)
n�i

p→ 0. Fix s with 1 ≤ s ≤ t − 1, and let Gn�i−1 = Fn�(s−1)n+i
and Gn�0 = Fn�(s−2)n+n. Then clearly, observing that cji�tτ with τ ≤ s is measurable w.r.t.
Fn�(s−1)n+i, we have E[Y(s)

n�i |Gn�i−1] = 0 and Y(s)
n�i is Gn�i-measurable, and thus {Y(s)

n�i �Gn�i� i =
1� � � � � n} is a martingale difference array. Next observe that with dni = n−1 and with q =
1 + δ/2, it follows upon utilizing the triangle inequality and inequality (1.4.3) in Bierens
(1994) that

E
[∣∣Y(s)

j�n /dnj
∣∣q]= E[∣∣∣∣∣4(u2

is − σ2
0�s

) n∑
j=1

c2
ji�ts + 8uis

i−1∑
l=1

uls

n∑
j=1

cji�tscjl�ts

+ 8uis
s−1∑
τ=1

n∑
l=1

ulτ

n∑
j=1

cji�tscjl�tτ

∣∣∣∣∣
q]

≤ 3q4qE

[∣∣u2
is − σ2

0�s

∣∣q∣∣∣∣∣
n∑
j=1

c2
ji�ts

∣∣∣∣∣
q]

+ 3q8qE

[
|uis|q

∣∣∣∣∣
i−1∑
l=1

|uls|
n∑
j=1

|cji�ts||cjl�ts|
∣∣∣∣∣
q]

+ 3q8qE

[
|uis|q

∣∣∣∣∣
s−1∑
τ=1

n∑
l=1

|ulτ|
n∑
j=1

|cji�ts||cjl�tτ|
∣∣∣∣∣
q]
�
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Next observe that in light of the bounds in Lemma 1(iii) and (v),

E

[∣∣u2
is − σ2

0�s

∣∣q∣∣∣∣∣
n∑
j=1

c2
ji�ts

∣∣∣∣∣
q]

≤ 2qKqE
[
E
[|uis|q + σ2q

0�s|Fn�(s−1)n+i
]]≤ 2q+1Kq+1�

Furthermore, in light of the bounds in Lemma 1(ii)–(vii), and observing that cij�ts is mea-
surable w.r.t. Bn�s ∨ C and Fn�(s−1)n+i,

E

[
|uis|q

∣∣∣∣∣
i−1∑
l=1

|uls|
n∑
j=1

|cji�ts||cjl�ts|
∣∣∣∣∣
q]

≤E
[
E
[|uis|q|Fn�(s−1)n+i

]( n∑
j=1

|cji�ts|
i−1∑
l=1

|uls||cjl�ts|
)q]

≤KE
[(

n∑
j=1

|cji�ts|1/p|cji�ts|1/q
n∑
l=1

|uls||cjl�ts|
)q]

≤KE
[(

n∑
j=1

|cji�ts|
)q/p

n∑
j=1

|cji�ts|
(

n∑
l=1

|uls||cjl�ts|
)q]

≤K1+q/pE

[
n∑
j=1

|cji�ts|E
[(

n∑
l=1

|uls||cjl�ts|
)q ∣∣∣∣ Bn�s ∨ C

]]

≤K2+q/pE

[
n∑
j=1

|cji�ts|
]

≤K3+q/p

and

E

[
|uis|q

∣∣∣∣∣
s−1∑
τ=1

n∑
l=1

|ulτ|
n∑
j=1

|cji�ts||cjl�tτ|
∣∣∣∣∣
q]

≤E
[
E
[|uis|q|Fn�(s−1)n+i

]
Tq

s−1∑
τ=1

(
n∑
j=1

|cji�ts|
n∑
l=1

|ulτ||cjl�tτ|
)q]

≤KTq
s−1∑
τ=1

E

[(
n∑
j=1

|cji�ts|
n∑
l=1

|ulτ||cjl�tτ|
)q]

≤K2q+2Tq+1

since

E

[(
n∑
j=1

|cji�ts|
n∑
l=1

|ulτ||cjl�tτ|
)q]

=
∥∥∥∥∥

n∑
j=1

|cji�ts|
n∑
l=1

|ulτ||cjl�tτ|
∥∥∥∥∥
q

q

≤
[

n∑
j=1

n∑
l=1

∥∥|cji�ts||ulτ||cjl�tτ|∥∥q
]q
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≤
[

n∑
j=1

n∑
l=1

‖cji�ts‖2q

n∑
l=1

∥∥|ulτ||cjl�tτ|∥∥2q

]q

≤
[
K1/(2q)

n∑
j=1

‖cji�ts‖2+δ
n∑
l=1

‖cjl�tτ‖2+δ

]q
≤K2q+1/2�

where we used that in light of Assumption 1,∥∥|ulτ||cjl�tτ|∥∥2q
= (E[|ulτ|2q|cjl�tτ|2q

])1/(2q) = (E[|cjl�tτ|2qE
[|ulτ|2q|Bn�τ ∨ C

]])1/(2q)

≤K1/(2q)‖cjl�tτ‖2q�

Consequently, |Yn�j/dnj| is uniformly integrable. Observing furthermore that
∑n

j=1 djn =
1 and

∑n

j=1 d
2
jn → 0, it follows from the law of large numbers for martingale difference

arrays given as Theorem 19.7 in Davidson (1994) that indeed
∑n

i=1Y
(s)
n�i

p→ 0.
Probability Limit of n−1

∑n

i=1 ς
(4)
it = 4n−1

∑n

i=1 cit
∑i−1

j=1 cij�ttujt . It is readily seen that
n−1
∑n

i=1 ς
(4)
it =∑n

i=1Yi�n with

Yi�n = n−14uit
n∑

j=i+1

cjtcji�tt �

Let Gn�i−1 =Fn�(t−1)n+i and Gn�0 =Fn�(t−2)n+n. Then clearly E[Yn�i|Gn�i−1] = 0 and Yn�i is Gn�i-
measurable, and thus {Yn�i�Gn�i� i = 1� � � � � n} is a martingale difference array. Next ob-
serve that with dni = n−1, q = 2 + δ, and 1/p + 1/q = 1, it follows upon utilizing the
triangle and Hölder’s inequalities and the bounds in Lemma 1(i)–(iii) and (v) that

E
[|Yn�i/dni|1+δ/2]≤ 41+δ/2E

[(
n∑

j=i+1

|cji�tt||cjt |
)1+δ/2

E
[|uit |1+δ/2|Fn�(t−1)n+i

]]

≤ 41+δ/2KE

[(
n∑

j=i+1

|cji�tt| q−2
q |cji�tt| 2

q |cjt|
)q/2]

≤ 41+δ/2KE

[[
n∑

j=i+1

|cji�tt|
] q

2
q−2
q
[

n∑
j=i+1

|cji�tt||cjt |q/2
]]

≤ 41+δ/2K1+δ/2E

[(
n∑

j=i+1

|cij�tt||cjt |q/2
)]

≤ 41+δ/2K1+δ/2
(

n∑
j=i+1

E
[|cij�tt|2

]
E
[|cjt |q])1/2

≤ 41+δ/2K
3
2 +δ/2

(
E

[
n∑

j=i+1

|cij�tt|2

])1/2

≤K2+δ/2 <∞�
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Consequently, |Yn�i/dni| is uniformly integrable. Observing furthermore that
∑n

i=1 din = 1
and

∑n

i=1 d
2
in → 0, it follows from the law of large numbers for martingale difference arrays

given as Theorem 19.7 in Davidson (1994) that n−1
∑n

i=1 ς
(4)
it =∑n

i=1Yn�i
p→ 0.

Probability Limit of n−1
∑n

i=1 ς
(5)
it . Note that, in general, E[citcij�tsujs] �= 0 for s < t, which

suggests that, in general, plimn→∞ n
−1
∑n

i=1 ς
(5)
it �= 0. However, recall that ultimately the

probability limit of n−1
∑T

t=1σ
2
0�t

∑n

i=1 ς
(5)
it is of interest. We next show that when our mo-

ment conditions are based on forward orthogonalized innovations, the terms involving
nonzero expectations sum to zero, and that in that case plimn→∞ n

−1
∑T

t=1σ
2
0�t

∑n

i=1 ς
(5)
it =

0.
Recalling the expressions for cit and cij�ts in (32) and (34), respectively, we obtain

�(5)n = n−1
T∑
t=1

σ2
0�t

n∑
i=1

ς(5)it

= n−1
T∑
t=1

σ2
0�t

n∑
i=1

4cit
t−1∑
s=1

n∑
j=1

cij�tsujs

= 4n−1
T∑
t=1

σ2
0�t

n∑
i=1

t∑
τ=1

λ′
τh

′
iτπτt

t−1∑
v=1

n∑
j=1

cij�tvujv

= 4n−1
T∑
t=1

σ2
0�t

n∑
i=1

t∑
τ=1

λ′
τh

′
iτπτt

t−1∑
v=1

n∑
j=1

v∑
s=1

λ′
sa

′
ijsπsvπstujv

= 4n−1
T∑
t=1

σ2
0�t

t∑
τ=1

t−1∑
v=1

v∑
s=1

πτtπsvπst

n∑
i=1

n∑
j=1

λ′
τh

′
iτλ

′
sa

′
ijsujv

= 4n−1
T∑
u=1

u∑
τ=1

u−1∑
v=1

v∑
s=1

σ2
0�uπτuπsuπsv

n∑
i=1

n∑
j=1

λ′
τh

′
iτλ

′
sa

′
ijsujv

= 4n−1
T∑
u=1

u∑
t=1

u−1∑
v=1

v∑
s=1

σ2
0�uπtuπsuπsv

n∑
i=1

n∑
j=1

λ′
th

′
itλ

′
sa

′
ijsujv

= �(5�1)n +�(5�2)n

with

�(5�1)n = 4n−1
T∑
u=1

u∑
t=1

t−1∑
v=1

v∑
s=1

σ2
0�uπtuπsuπsv

n∑
i=1

n∑
j=1

λ′
th

′
itλ

′
sa

′
ijsujv�

�(5�2)n = 4n−1
T∑
u=1

u∑
t=1

u−1∑
v=t

v∑
s=1

σ2
0�uπtuπsuπsv

n∑
i=1

n∑
j=1

λ′
th

′
itλ

′
sa

′
ijsujv�
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Observing that πtu = 0 for t > u, we have

�(5�1)n = 4n−1
T∑
u=1

T−1∑
t=1

t−1∑
v=1

v∑
s=1

σ2
0�uπtuπsuπsv

n∑
i=1

n∑
j=1

λ′
th

′
itλ

′
sa

′
ij�sujv

= 4n−1
T−1∑
t=1

t−1∑
v=1

v∑
s=1

(
πtΣ0�σπ

′
s

)
πsv

n∑
i=1

n∑
j=1

λ′
th

′
itλ

′
sa

′
ij�sujv = 0

since πtΣ0�σπ
′
s = 0 for t �= s under the maintained orthogonal forward differencing trans-

formation. To determine the probability limit of �(5�2)n , we can focus on the summands
n−1
∑n

i=1

∑n

j=1 λ
′
th

′
itλ

′
sa

′
ij�sujv for given u, t, ν, and s. Observe that in the above sum, v ≥ t

and v≥ s. Define n−1
∑n

i=1

∑n

j=1 λ
′
th

′
itλ

′
sa

′
ij�sujv =∑n

i=1Yi�n with

Yi�n = n−1uiv

n∑
j=1

λ′
th

′
jtλ

′
sa

′
ji�s�

Let Gn�i−1 = Fn�(ν−1)n+i and Gn�0 = Fn�(ν−2)n+n. Then clearly E[Yn�i|Gn�i−1] = 0 and Yn�i is
Gn�i-measurable and, thus, {Yn�i�Gn�i� i = 1� � � � � n} is a martingale difference array. Next
observe that with dni = n−1, q= 1 + δ/2, and 1/p+ 1/q= 1, it follows, upon utilizing the
triangle and Hölder’s inequalities as well as Assumption 2(ii), that

E
[|Yi�n/dnj|q]≤ E[|uiv|q( n∑

j=1

∣∣λ′
th

′
jt

∣∣∣∣λ′
sa

′
ji�s

∣∣)q]

≤ E
[
E
[|uiv|q|Fn�(ν−1)n+i

]( n∑
j=1

∣∣λ′
th

′
jt

∣∣∣∣λ′
sa

′
ji�s

∣∣)q]

≤K
∥∥∥∥∥

n∑
j=1

∣∣λ′
th

′
jt

∣∣∣∣λ′
sa

′
ji�s

∣∣∥∥∥∥∥
q

q

≤K
(

n∑
j=1

∥∥∣∣λ′
th

′
jt

∣∣∣∣λ′
sa

′
ji�s

∣∣∥∥
q

)q

≤K
(

n∑
j=1

∥∥λ′
th

′
jt

∥∥
2q

∥∥λ′
sa

′
ji�s

∥∥
2q

)q
≤ p1+δ/2

∗ K2+δ/2
(

n∑
j=1

∥∥λ′
sa

′
ji�s

∥∥
2+δ

)1+δ/2

≤ p1+δ/2
∗ K2+δ/2

(
pt∑
r=1

n∑
j=1

∥∥arji�s∥∥2+δ

)1+δ/2

≤ p2+δ
∗ K3+δ <∞�

Consequently, |Yn�i/dni| is uniformly integrable. Observing furthermore that
∑n

i=1 din = 1
and

∑n

i=1 d
2
in → 0, it follows from the law of large numbers for martingale difference arrays

given as Theorem 19.7 in Davidson (1994) that
∑n

i=1Yn�i
p→ 0 and, thus, �(5�2)n

p→ 0. Since
we have shown that �(5�1)n = 0, it follows that �(5)n = n−1

∑T

t=1σ
2
0�t

∑n

i=1 ς
(5)
it

p→ 0.
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Probability Limit of n−1
∑n

i=1 ς
(6)
it . Clearly n−1

∑n

i=1 ς
(6)
it

p→ 0 provided we show that for
given t,

�(6)nt = n−1
n∑
i=1

8
i−1∑
j=1

cij�ttujt

t−1∑
s=1

n∑
l=1

cil�tsuls =
n−1∑
j=1

Yj�n
p→ 0�

with Yj�n = 8n−1ujt
∑n

i=j+1 cij�tt
∑t−1

s=1

∑n

l=1 cil�tsuls. Let Gn�j−1 = Fn�(t−1)n+j and Gn�0 =
Fn�(t−2)n+n. Then observing that

∑n

i=j+1 cij�tt
∑t−1

s=1

∑n

l=1 cil�tsuls is measurable w.r.t. Gn�j−1, it
follows from Assumption 1 that E[Yn�j|Gn�j−1] = 0. Since Yj�n is Gn�j-measurable, it follows
further that {Yn�j�Gn�j� i= 1� � � � � n} is a martingale difference array.

Next observe that with djn = n−1 and with q = 1 + δ/2, it follows upon utilizing the
Minkowski and Hölder inequalities and the bound in Lemma 1(v) that

E
[|Yj�n/djn|q]= 8qE

[
E
[|uj�t |q|Fn�(t−1)n+j

]∣∣∣∣∣
n∑

i=j+1

cij�tt

t−1∑
s=1

n∑
l=1

cil�tsuls

∣∣∣∣∣
q]

≤ 8qKE

[∣∣∣∣∣
n∑

i=j+1

cij�ttϑit−1

∣∣∣∣∣
q]

= 8qK
(∥∥∥∥ n∑

i=j+1

cij�ttϑit−1

∥∥∥∥
q

)q

≤ 8qK

(
n∑

i=j+1

‖cij�ttϑit−1‖q
)q

≤ 8qK
( n∑
i=j+1

‖cij�tt‖2q‖ϑit−1‖2q

)q
�

with ϑit−1 =∑t−1
s=1

∑n

l=1 cil�tsuls. Next observe that with q= 2q= 2 + δ and 1/q+ 1/p= 1,
we have upon utilizing the triangle and Hölder inequalities and the bounds in Lemma
1(ii) and (v),

E
[|ϑit−1|q

]= E[∣∣∣∣∣
t−1∑
s=1

n∑
l=1

cil�tsuls

∣∣∣∣∣
q]

≤E
[(

t−1∑
s=1

n∑
l=1

|cil�ts|1/p|cil�ts|1/q|uls|
)q]

≤ Tq−1
t−1∑
s=1

E

[( n∑
l=1

|cil�ts|1/p|cil�ts|1/q|uls|
)q]

≤ Tq−1
t−1∑
s=1

E

[( n∑
l=1

|cil�ts|
)q//p( n∑

l=1

|cil�ts||uls|q
)]

≤ Tq−1Kq/p

t−1∑
s=1

E

[
n∑
l=1

|cil�ts|E
[|uls|q|Fn�(s−1)n+l

]]

≤ Tq−1Kq/p+1
t−1∑
s=1

E

[
n∑
l=1

|cil�ts|
]

≤ TqKq+1�
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Hence,

E
[|Yj�n/dnj|q]≤ 8qK

(
n∑

i=j+1

‖cij�tt‖2q‖ϑit−1‖2q

)q

≤ 8qK

((
TqKq+1

)1/q
n∑

i=j+1

‖cij�tt‖2+δ

)q
≤ 8qT qK2q+3/2 <∞

in light of the bound in Lemma 1(iv). Consequently |Yj�n/djn| is uniformly integrable.
Observing furthermore that

∑n

j=1 djn = 1 and
∑n

j=1 d
2
jn → 0, it follows from the law of

large numbers for martingale difference arrays given as Theorem 19.7 in Davidson (1994)
that indeed �(6)nt =∑n

j=1Yj�n
p→ 0. Q.E.D.

PROOF OF LEMMA 3: The proof utilizes a structure similar to that of the proof of
Lemma 3.2 in Pötscher and Prucha (1997) and employs Lemma A1 in that book. We
first prove the a.s. version of the proposition. Let Ω0 ⊆ Ω be a set of probability 1 such
that for ω ∈Ω0, the following statement holds: R(ω�θ) is uniformly continuous on Θθ,
and as n→ ∞,

θ̂n(ω)→ θ∗(ω)� (D.8)

sup
θ∈Θθ

∣∣Rn(ω�θ)−R(ω�θ)
∣∣→ 0� (D.9)

To apply Lemma A1, define 	=Θθ, Λ= {1}, gn(·)= Rn(ω� ·), gn(·)= R(ω� ·), ϕn(λ)=
θ̂n(ω), and ϕn(λ) = θ∗(ω). Then (D.8) translates into condition (1) of Lemma A1. The
assumption that R(ω�θ) is uniformly continuous onΘθ translates into condition (2)(i) of
Lemma A1, and (D.9) translates into condition (2)(ii) of Lemma A1. It then follows from
part (i) of Lemma A1 that as n→ ∞,

Rn

(
ω� θ̂n(ω)

)−R
(
ω�θ∗(ω)

)→ 0�

which proves the a.s. version of the proposition. The convergence i.p. version of the
proposition follows again from a standard subsequence argument. Q.E.D.

PROOF OF LEMMA 4: The proof utilizes a structure similar to that of the proof of
Lemma 3.3 in Pötscher and Prucha (1997), and employs Lemma A1 in that book. We
first prove the a.s. version of the proposition. Let Ω0 ⊆ Ω be a set of probability 1 on
which m(ω�θ) ∈ K, Ξ(ω) is finite, Ξn(ω) − Ξ(ω) → 0 as n → ∞, and (36) holds.
Fix ω ∈ Ω0. To apply Lemma A1, define 	 = R

m, Λ = Θθ, λ = θ, gn(ϕ) = ϕ′Ξn(ω)ϕ,
gn(ϕ) = g(ϕ) = ϕ′Ξ(ω)ϕ, ϕn(λ) = mn(ω�θ) and ϕn(λ) = ϕ(λ) = m(ω�θ). In light of
(36) we have

sup
λ∈Λ

∥∥n−1/2ϕn(λ)−ϕ(λ)∥∥= sup
θ∈Θθ

∥∥mn(ω�θ)−m(ω�θ)
∥∥→ 0 as n→ ∞�

which verifies condition (1) of Lemma A1. Condition (2′)(i) of Lemma A1 regarding
g(ϕ)= ϕ′Ξ(ω)ϕ is clearly satisfied with	∗ =K. Next observe that clearly there exists sets
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	∗∗ and 	∗∗ which are, respectively, open and compact, and satisfy 	∗ ⊆ 	∗∗ ⊆	∗∗ ⊆	.
Then

sup
ϕ∈	∗∗

∣∣gn(ϕ)− g(ϕ)∣∣= sup
ϕ∈	∗∗

∣∣ϕ′[Ξn(ω)−Ξ(ω)]ϕ∣∣
≤ sup

ϕ∈	∗∗
‖ϕ‖2

∥∥Ξn(ω)−Ξ(ω)∥∥→ 0

as n→ ∞, since supϕ∈	∗∗ ‖ϕ‖2 is finite given that 	∗∗ is compact, and since ‖Ξn(ω) −
Ξ(ω)‖ → 0 by assumption. Thus also condition (2′)(ii) of Lemma A1 is satisfied. Thus by
that lemma,

sup
λ∈Λ

∣∣gn(ϕn(λ))− g(ϕ(λ))∣∣= sup
θ∈Θθ

∣∣mn(ω�θ)
′Ξnmn(ω�θ)−m(ω�θ)′Ξm(ω�θ)

∣∣→ 0

as n→ ∞, which proves the a.s. version of the proposition. The convergence i.p. version
of the proposition follows again from a standard subsequence argument. Q.E.D.

PROOF OF LEMMA 5: We first prove part (i) of the lemma. In light of (19), (20), (23),
and (24) it is readily seen that the typical element n−1/2mrt�n(θ�γ) of n−1/2mn(θ�γ) is given
by

n−1/2mrt�n(θ�γ)

=
T∑
s=t
πts(f�γσ)n

−1h′
r�tΣ�(γ�)

−1/2Rs(ρ)(ys −Wsδ)

+
T∑
τ=t

T∑
s=t
πtτ(f�γσ)πts(f�γσ)n

−1(yτ −Wτδ)
′Rτ(ρ)

′Σ�(γ�)−1/2Ar�t

×Σ�(γ�)−1/2Rs(ρ)(ys −Wsδ)� (D.10)

with hr�t = [h1rt � � � � �hnrt]′ and Ar�t = [arij�t]i�j=1�����n. Observe furthermore that

Rτ(ρ)
′Σ�(γ�)−1/2Ar�tΣ�(γ�)

−1/2Rs(ρ)

=
Q∑
q=0

Q∑
p=0

ρqρpMq�τΣ�(γ�)
−1/2Ar�tΣ�(γ�)

−1/2Mp�s� (D.11)

with ρ0 = −1 and M0�τ =M0�s = I. By Assumption 5(i) the elements of Σ�(γ̄�∗)−1/2 are
uniformly bounded and measurable w.r.t. Zn ∨ C. Thus in light of (D.10) and (D.11), it
is readily seen that n−1/2mrt�n(θ� γ̄∗) is a sum composed of terms of the form considered
in Assumption 5(ii) in part multiplied by elements of δ and πtτ(f� γ̄σ∗). By Assumption
5(ii), the probability limits of those terms exist, are measurable w.r.t. C, and bounded in
absolute value. Given the continuity of πtτ(·� ·) it is then readily seen that

mrt(θ)= plim
n→∞

n−1/2mrt�n(θ� γ̄∗)
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and, thus,

m(θ)= plim
n→∞

n−1/2mn(θ� γ̄∗)

exists, and that m(θ) is measurable w.r.t. C for each θ ∈Θθ.
By Assumption 1 we haveΘγσ ⊆ [cu�Ku/cu] with cu > 0. Recall further thatΘλ,Θβ,Θρ,

andΘf are compact. In light of the boundedness conditions maintained by Assumption 5,
and since |πts(f�γσ)| ≤ Cπ for f ∈Θf and γσ ∈ [cu�Ku/cu] for some constant Cπ <∞ by
Weierstrass’ extreme value theorem, it then follows that m(θ) ∈K, where K is a compact
subset of Rp.

We next prove part (ii) of the lemma. Consider the typical element n−1/2mrt�n(θ�γ)
of n−1/2mn(θ�γ) as defined in (D.10) and (D.11). Let Gn(θ�γ)= ∂n−1/2mn(θ�γ)/∂θ and
let grt�n(θ�γ)= n−1/2∂mrt�n(θ�γ)/∂θ denote the typical row of Gn(θ�γ). Then in light of
(D.10) and (D.11) we see that grt�n(θ�γ) is composed of the terms

gδrt�n(θ�γ)= n−1/2∂mrt�n(θ�γ)/∂δ

= −n−1
T∑
s=t
h′
r�tΣ�(γ�)

−1/2Rs(ρ)Wsπts(f�γσ)

− 2n−1
T∑
s=t

T∑
τ=t
(yτ −Wτδ)

′Rτ(ρ)
′Σ�(γ�)−1/2Ar�tΣ�(γ�)

−1/2Rs(ρ)Ws

×πtτ(f�γσ)πts(f�γσ)�
g
ρq
rt�n(θ�γ)= n−1/2∂mrt�n(θ�γ)/∂ρq

= −n−1
T∑
s=t
h′
r�tΣ�(γ�)

−1/2Mq�s(ys −Wsδ)πts(f�γσ)

− 2n−1
T∑
τ=t

T∑
s=t
(yτ −Wτδ)

′Rτ(ρ)
′Σ�(γ�)−1/2Ar�tΣ�(γ�)

−1/2Mq�s(ys −Wsδ)

×πtτ(f�γσ)πts(f�γσ)
g
f
rt�n(θ�γ)= n−1/2∂mrt�n(θ�γ)/∂f

= n−1
T∑
s=t
h′
r�tΣ�(γ�)

−1/2Rs(ρ)(ys −Wsδ)
[
∂πts(f�γσ)/∂f

]
+ 2n−1

T∑
τ=t

T∑
s=t
(yτ −Wτδ)

′Rτ(ρ)
′Σ�(γ�)−1/2Ar�tΣ�(γ�)

−1/2Rs(ρ)(ys −Wsδ)

×πtτ(f�γσ)
[
∂πts(f�γσ)/∂f

]
�

From the above, we see that the derivatives gδrt�n(θ�γ∗), g
ρq
rt�n(θ�γ∗), and gfrt�n(θ�γ∗) are

again sums composed of terms of the form defined in Assumption 5, in part multiplied by
elements of δ, ρ, Π(f�γσ∗), and ∂Π(f�γσ∗)/∂f , as well as products thereof. By Assump-
tion 5, the probability limits of those terms exist, and they are measurable w.r.t. C and are
bounded in absolute value. From this we see that G(θ)= plimn→∞Gn(θ�γ∗) exists and is
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finite, and that G(θ) is C-measurable for all θ ∈ Θθ. Furthermore, it is readily seen that
G(θ) is continuous for each θ ∈Θθ. Since Θθ is compact, this implies in turn that G(θ) is
also uniformly continuous on Θθ. Q.E.D.

PROOF OF THEOREM 3: As above, let Gn(θ�γ) = ∂n−1/2mn(θ�γ)/∂θ and G(θ) =
plimn→∞ ∂n

−1/2mn(θ�γ∗)/∂θ. It then follows from Lemma 5 that G(θ) exists and is finite
for each θ ∈ Θθ, that G(θ) is C-measurable for each θ ∈ Θ, and that G(θ) is uniformly
continuous on Θθ. By Assumption 6,

sup
θ∈Θθ

∥∥Gn(θ� γ̃n)−G(θ)∥∥= op(1)

since γ̃n
p→ γ∗. Consequently, in light of Lemma 3,

plim
n→∞

Gn(θ̃n� γ̃n)=G(θ∗)=G�

since θ̃n
p→ θ∗ by Theorem 2. (Of course the above result continues to hold for any con-

sistent estimator for θ∗.)
Given the definition of θ̃n = θ̃n(γ̃n) by (25), and given that θ̃n was shown to be consistent

by Theorem 2, the estimator satisfies the first order condition

mn(θ̃n� γ̃n)
′Ξ̃n

∂mn(θ̃n� γ̃n)

∂θ
= 0�

By the mean value theorem, we have

mn(θ̃n� γ̃n)=mn(θn�0�γn�0)+ ∂mn(θ̄n� γ̄n)

∂θ
(θ̃n − θn�0)+ ∂mn(θ̄n� γ̄n)

∂γ
(γ̃n − γn�0)�

where θ̄n and γ̄n are some between value (abusing notation in an obvious way) with θ̄n
p→

θ∗ and γ̄n
p→ γ∗. Substitution of the above expression into the first order condition yields

∂n−1/2mn(θ̃n� γ̃n)

∂θ′ Ξ̃n

∂n−1/2mn(θ̄n� γ̄n)

∂θ
n1/2(θ̃n − θn�0)

= −∂n
−1/2mn(θ̃n� γ̃n)

∂θ′ Ξ̃nmn(θn�0�γn�0)

− ∂n−1/2mn(θ̃n� γ̃n)

∂θ′ Ξ̃n

∂n−1/2mn(θ̄n� γ̄n)

∂γ
n1/2(γ̃n − γn�0)�

From this we have

n1/2(θ̃n − θn�0)
= −[Gn(θ̃n� γ̃n)

′Ξ̃nGn(θ̄n� γ̄n)
]+
Gn(θ̃n� γ̃n)

′Ξ̃nmn(θn�0�γn�0)

− [Gn(θ̃n� γ̃n)
′Ξ̃nGn(θ̄n� γ̄n)

]+
Gn(θ̃n� γ̃n)

′Ξ̃n

∂n−1/2mn(θ̄n� γ̄n)

∂γ

× n1/2(γ̃n − γn�0)� (D.12)
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As shown above Gn(θ̃n� γ̃n)
p→G and similarly Gn(θ̄n� γ̄n)

p→G. Hence under the main-
tained assumptions [Gn(θ̃n� γ̃n)

′Ξ̃nGn(θ̄n� γ̄n)]+ p→ (G′ΞG)−1, observing that G′ΞG is
positive definite a.s. and Gn(θ̃n� γ̃n)

′Ξ̃n

p→ G′Ξ. Since ∂n−1/2mn(θ̄n� γ̄n)/∂γ
p→ 0 by As-

sumption 6 and n1/2(γ̃n − γn�0) = Op(1), it follows that the term in the second line
of (D.12) is op(1). The limiting distribution of mn(θn�0�γn�0) follows from Theorem 3
with γ� = γ0�� and, thus, �2

i = �2
0�i = �2

i (γ0��). Part (i) of that theorem establishes that
mn = mn(θn�0�γn�0) converges C-stably in distribution (and hence in distribution) to a
random vector to V 1/2ξ, where V = diagT−1

t=1 (V
h
t + 2V a

t ) and n−1
∑n

i=1E[h′
ithit |C] p→ V h

t ,
n−1
∑n

i=1

∑n

j=1E[a′
ij�taij�t |C] p→ V a

t , and where ξ∼N(0� Ip), and ξ and C are independent.
Thus utilizing (D.12),

n1/2(θ̃n − θn�0)= −(G′ΞG
)−1
G′Ξmn(θn�0�γn�0)+ op(1)�

Bn1/2(θ̃n − θn�0)= −B(G′ΞG
)−1
G′Ξmn(θn�0�γn�0)+ op(1)�

Observing further that by assumption Ξ, G, and B are C-measurable and that Ψ =
(G′ΞG)−1G′ΞV ΞG(G′ΞG)−1 and BΨB′ are positive definite a.s., it follows from part
(ii) of Theorem 3 that

n1/2(θ̃n − θn�0) d→Ψ 1/2ξ∗�

Bn1/2(θ̃n − θn�0) d→ (BΨB)1/2ξ∗∗�

where ξ∗ and ξ∗∗ are independent of C, and ξ∗ ∼N(0� Ipθ) and ξ∗∗ ∼N(0� Iq). Q.E.D.

D.4. Proof of the Proposition on Variance–Covariance of Linear Quadratic Forms

PROOF OF PROPOSITION D.1: Note that Zn⊆ Bn�t⊆ Bn�i�t for all n, i, and t. It proves
helpful to define

QA
t = u+′

t Atu
×
t + a′

tu
+
t �

QB
t = u+′

t Btu
×
t + b′

tu
+
t �

Recalling that u+
t = [u+

1t � � � � � u
+
nt]′ and u×

t = [u×
1t � � � � � u

×
nt]′ with

u+
it =

T∑
u=t
πtuuiu and u×

it =
T∑
u=t
γtuuiu

we have

QA
t =

n∑
i=1

n∑
j=1

aijtu
+
it u

×
jt +

n∑
i=1

aitu
+
it

=
n∑
i=1

n∑
j=1

aijt

T∑
u=t

T∑
v=t
πtuuiuγtvujv +

n∑
i=1

ait

T∑
u=t
πtuuiu� (D.13)
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From this we see that we can express QA
t and QB

t as

QA
t =

n∑
i=1

n∑
j=1

aijt

T∑
u=t

T∑
v=t
πtuuiuγtvujv +

n∑
i=1

ait

T∑
u=t
πtuuiu�

QB
t =

n∑
i=1

n∑
j=1

bijt

T∑
u=t

T∑
v=t
πtuuiuγtvujv +

n∑
i=1

bit

T∑
u=t
πtuuiu�

(D.14)

where

πtu = σuπtu� γ
tv

= σvγtv�
aijt = �i�jaijt� ait = �iait�
bijt = �i�jbijt� bit = �ibit�
uiu = uiu/(�iσu)�

(D.15)

and thus

E[uit |Bn�i�t ∨ C] = 0� E
[
u2
it |Bn�i�t ∨ C

]= 1�

E
[
u3
it |Bn�i�t ∨ C

]= μ3�it/
(
�3
i σ

3
t

)
� E

[
u4
it |Bn�i�t ∨ C

]= μ4�it/
(
�4
i σ

4
t

)
�

(D.16)

In proving the theorem it will be convenient to work with the expressions for QA
t and QB

t

as given in (D.14), and to switch notation by writing πtu, γtv, aijt , ait , bijt , bit , uiu, μ3�it ,
and μ4�it for πtu, γtv, aijt , ait , bijt , bit , uiu, μ3�it/(�

3
i σ

3
t ), and μ4�it/(�

4
i σ

4
t ). We note that the

maintained assumptions on πtu, γtu, aijt , ait , bijt , and bit are sufficiently general to allow for
the absorption of the scaling factors σu into the weights πtu and γtu, and for the absorption
of the scaling factors �i and �j into aijt , ait , bijt , and bit . In the following discussion, we
thus first proceed with

E[uit |Bn�i�t ∨ C] = 0� E
[
u2
it |Bn�i�t ∨ C

]= 1�

E
[
u3
it |Bn�i�t ∨ C

]= μ3�it � E
[
u4
it |Bn�i�t ∨ C

]= μ4�it .

Next observe that

T∑
u=t

T∑
v=t
πtuuiuγtvujv

=
T∑
u=t
πtuγtuuiuuju +

T∑
u=t

u−1∑
v=t

[πtuγtvuiuujv +πtvγtuuivuju]� (D.17)
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where we adopt the convention that a sum is zero if the upper limit is less than the lower
limit. With (D.17) the quadratic term in (D.13) can be written as

n∑
i=1

n∑
j=1

aijt

T∑
u=t

T∑
v=t
πtuuiuγtvujv =

n∑
i=1

n∑
j=1

aijt

T∑
u=t
πtuγtuuiuuju

+
n∑
i=1

n∑
j=1

aijt

T∑
u=t

u−1∑
v=t

[πtuγtvuiuujv +πtvγtuuivuju]�

where

n∑
i=1

n∑
j=1

aijt

T∑
u=t
πtuγtuuiuuju

=
T∑
u=t
πtuγtu

n∑
i=1

n∑
j=1

aijtuiuuju

= (1/2)
T∑
u=t
πtuγtu

n∑
i=1

n∑
j=1

(aijt + ajit)uiuuju

=
T∑
u=t
πtuγtu

n∑
i=1

aiitu
2
iu +

T∑
u=t
πtuγtu

n∑
i=1

i−1∑
j=1

(aijt + ajit)uiuuju

=
T∑
u=t

n∑
i=1

πtuγtuaiitu
2
iu +

T∑
u=t

n∑
i=1

i−1∑
j=1

πtuγtu(aijt + ajit)uiuuju

and

n∑
i=1

n∑
j=1

aijt

T∑
u=t

u−1∑
v=t

[πtuγtvuiuujv +πtvγtuuivuju]

=
T∑
u=t

u−1∑
v=t

n∑
i=1

n∑
j=1

aijt[πtuγtvuiuujv +πtvγtuuivuju]

=
T∑
u=t

u−1∑
v=t
πtuγtv

n∑
i=1

n∑
j=1

aijtuiuujv +
T∑
u=t

u−1∑
v=t
πtvγtu

n∑
i=1

n∑
j=1

aijtuivuju

=
T∑
u=t

u−1∑
v=t
πtuγtv

n∑
i=1

n∑
j=1

aijtuiuujv +
T∑
u=t

u−1∑
v=t
πtvγtu

n∑
i=1

n∑
j=1

ajituiuujv

=
T∑
u=t

n∑
i=1

u−1∑
v=t

n∑
j=1

[πtuγtvaijt +πtvγtuajit]uiuujv�
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Hence

QA
t =

T∑
u=t

n∑
i=1

aitπtuuiu +
T∑
u=t

n∑
i=1

πtuγtuaiitu
2
iu

+
T∑
u=t

n∑
i=1

i−1∑
j=1

πtuγtu(aijt + ajit)uiuuju

+
T∑
u=t

n∑
i=1

u−1∑
v=t

n∑
j=1

[πtuγtvaijt +πtvγtuajit]uiuujv�

For u≥ t, let

Y(t�A)
iu = πtuγtuaiit

(
u2
iu − 1

)+ aitπtuuiu +
i−1∑
j=1

(aijt + ajit)πtuγtuuiuuju

+
u−1∑
v=t

n∑
j=1

[πtuγtvaijt +πtvγtuajit]uiuujv�

Then

QA
t −

T∑
u=t
πtuγtu

n∑
i=1

aiit =
T∑
u=t

n∑
i=1

Y(t�A)
iu �

It furthermore proves convenient to rewrite Y(t�A)
iu as

Y(t�A)
iu = (u2

iu − 1
)
z(t�A)iu + uiuZ(t�A)

iu

with

z(t�A)iu = πtuγtuaiit�

Z(t�A)
iu = aitπtu +

i−1∑
j=1

(aijt + ajit)πtuγtuuju

+
u−1∑
v=t

n∑
j=1

[πtuγtvaijt +πtvγtuajit]ujv�

Similarly we have

QB
t −

T∑
u=t
πtuγtu

n∑
i=1

biit =
T∑
u=t

n∑
i=1

Y(t�B)
iu �

where

Y(t�B)
iu = (u2

iu − 1
)
z(t�B)iu + uiuZ(t�B)

iu
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with

z(t�B)iu = πtuγtubiit�

Z(t�B)
iu = bitπtu +

i−1∑
j=1

(bijt + bjit)πtuγtuuju

+
u−1∑
v=t

n∑
j=1

[πtuγtvbijt +πtvγtubjit]ujv

for u≥ t.
Observe that z(t�A)iu , Z(t�A)

iu , z(t�B)iu , and Z(t�B)
iu as well as z(t�A)lu , Z(t�A)

lu , z(t�B)lu , and Z(t�B)
lu for

l < i and z(t�A)lτ , Z(t�A)
lτ , and z(t�B)lτ , Z(t�B)

lτ for all l and t ≤ τ < u are measurable w.r.t. Bn�i�u.
Hence

E
[
Y(t�A)
iu |C]

=E[E[(u2
iu − 1

)
z(t�A)iu + uiuZ(t�A)

iu |Bn�i�u ∨ C
]|C]

=E[z(t�A)iu E
[(
u2
iu − 1

)|Bn�i�u ∨ C
]+Z(t�A)

iu E[uiu|Bn�i�u ∨ C]|C]= 0�

E
[
Y(t�A)
iu Y (t�B)

lu |C]
=E[E[((u2

iu − 1
)
z(t�A)iu + uiuZ(t�A)

iu

)((
u2
lu − 1

)
z(t�B)lu + uluZ(t�B)

lu

)|Bn�i�u ∨ C
]|C]

=E[z(t�A)iu

(
u2
lu − 1

)
z(t�B)lu E

[(
u2
iu − 1

)|Bn�i�u ∨ C
]|C]

+E[z(t�A)iu uluZ
(t�B)
lu E

[(
u2
iu − 1

)|Bn�i�u ∨ C
]|C]

+E[Z(t�A)
iu uluZ

(t�B)
lu E[uiu|Bn�i�u ∨ C]|C]]

+E[Z(t�A)
iu uluZ

(t�B)
lu E[uiu|Bn�i�u ∨ C]|C]

= 0 for l < i�

and

E
[
Y(t�A)
iu Y (t�B)

lτ |C]
=E[E[((u2

iu − 1
)
z(t�A)iu + uiuZ(t�A)

iu

)((
u2
lτ − 1

)
z(t�B)lτ + ulτZ(t�B)

lτ

)|Bn�i�u ∨ C
]|C]

=E[z(t�A)iu

((
u2
lτ − 1

)
z(t�B)lτ + ulτZ(t�B)

lτ

)
E
[(
u2
iu − 1

)|Bn�i�u ∨ C
]|C]

+E[Z(t�A)
iu

((
u2
lτ − 1

)
z(t�B)lτ + ulτZ(t�B)

lτ

)
E[uiu|Bn�i�u ∨ C]|C]

= 0 for all l and t ≤ τ < u�
Consequently,

E
[
QA
t |C]− T∑

u=t
πtuγtu

n∑
i=1

E[aiit |C]=
T∑
u=t

n∑
i=1

E
[
Y(t�A)
iu |C]= 0� (D.18)

After rescaling, this will, as shown at the end of the proof, establish the claim in (D.3).
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We next proceed to prove the claim in (D.4). In light of the above discussion, we have

Cov
(
QA
t �Q

B
t |C
)= T∑

u=t

n∑
i=1

E
[
Y(t�A)
iu Y (t�B)

iu |C]�
Now observe that

E
[
Y(t�A)
iu Y (t�B)

iu |C]
=E[((u2

iu − 1
)
z(t�A)iu + uiuZ(t�A)

iu

)((
u2
iu − 1

)
z(t�B)iu + uiuZ(t�B)

iu

)|C]
=E[(u2

iu − 1
)2
z(t�A)iu z(t�B)iu |C]

+E[(u3
iu − uiu

)
z(t�A)iu Z(t�B)

iu |C]+E[(u3
iu − uiu

)
z(t�B)iu Z(t�A)

iu |C]
+E[u2

iuZ
(t�A)
iu Z(t�B)

iu |C]
=E[z(t�A)iu z(t�B)iu E

[(
u2
iu − 1

)2|Bn�i�u ∨ C
]|C]

+E[(z(t�A)iu Z(t�B)
iu + z(t�B)iu Z(t�A)

iu

)
E
[(
u3
iu − uiu

)|Bn�i�u ∨ C
]|C]

+E[Z(t�A)
iu Z(t�B)

iu E
[
u2
iu|Bn�i�u ∨ C

]|C]
=E[(μ4�iu − 1)z(t�A)iu z(t�B)iu |C]

+E[μ3�iuz
(t�A)
iu Z(t�B)

iu +μ3�iuz
(t�B)
iu Z(t�A)

iu |C]
+E[Z(t�A)

iu Z(t�B)
iu |C]�

Since the respective terms in Z(t�A)
iu and Z(t�B)

iu corresponding to uju and uju are uncorre-
lated if either j �= j or u �= u, and given that E[u2

iu|C] = 1, we have

E
[
(μ4�iu − 1)z(t�A)iu z(t�B)iu |C]= E[(μ4�iu − 1)aiitbiit |C

]
π2
tuγ

2
tu�

E
[
μ3�iuz

(t�A)
iu Z(t�B)

iu |C]= E[μ3�iuaiitbit |C]π2
tuγtu�

E
[
μ3�iuz

(t�B)
iu Z(t�A)

iu |C]= E[μ3�iubiitait |C]π2
tuγtu�

E
[
Z(t�A)
iu Z(t�B)

iu |C]= E[aitbit |C]π2
tu +

i−1∑
j=1

E
[
(aijt + ajit)(bijt + bjit)|C

]
π2
tuγ

2
tu

+
u−1∑
v=t

n∑
j=1

E
[
(πtuγtvaijt +πtvγtuajit)(πtuγtvbijt +πtvγtubjit)|C

]
and thus

Cov
(
QA
t �Q

B
t |C
)

=
T∑
u=t

n∑
i=1

E
[
(μ4�iu − 1)aiitbiit |C

]
π2
tuγ

2
tu
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+
T∑
u=t

n∑
i=1

E[μ3�iuaiitbit |C]π2
tuγtu +

T∑
u=t

n∑
i=1

E[μ3�iubiitait |C]π2
tuγtu

+
T∑
u=t

n∑
i=1

E[aitbit |C]π2
tu

+
T∑
u=t

n∑
i=1

i−1∑
j=1

E
[
(aijt + ajit)(bijt + bjit)|C

]
π2
tuγ

2
tu

+
T∑
u=t

n∑
i=1

u−1∑
v=t

n∑
j=1

E[(πtuγtvaijt +πtvγtuajit)(πtuγtvbijt +πtvγtubjit)|C

which can be rewritten as

Cov
(
QA
t �Q

B
t |C
)

=
T∑
u=t
π2
tuγ

2
tu

n∑
i=1

E
[
(μ4�iu − 1)aiitbiit |C

]
+

T∑
u=t
π2
tuγtu

n∑
i=1

E
[
μ3�iu(aiitbit + biitait)|C

]
+

T∑
u=t
π2
tu

n∑
i=1

E[aitbit |C]

+ (1/2)
T∑
u=t
π2
tuγ

2
tu

n∑
i=1

n∑
j=1

E
[
(aijt + ajit)(bijt + bjit)|C

]

− 2
T∑
u=t
π2
tuγ

2
tu

n∑
i=1

E[aiitbiit |C]

+
T∑
u=t

n∑
i=1

u−1∑
v=t

n∑
j=1

E
[
π2
tuγ

2
tvaijtbijt +πtuγtvπtvγtu(aijtbjit + ajitbijt)+π2

tvγ
2
tuajitbjit |C

]
�

Now collecting terms gives

Cov
(
QA
t �Q

B
t |C
)

=
T∑
u=t
π2
tuγ

2
tu

n∑
i=1

(μ4�iu − 3)E[aiitbiit |C]

+
T∑
u=t
π2
tuγtu

n∑
i=1

μ3�iuE[aiitbit + biitait |C]

+
T∑
u=t
π2
tu

n∑
i=1

E[aitbit |C]



DYNAMIC SPATIAL PANEL MODELS 31

+
T∑
u=t
π2
tuγ

2
tu

(
n∑
i=1

n∑
j=1

E[aijtbijt + aijtbjit |C]
)

+
T∑
u=t

u−1∑
v=t

(
π2
tuγ

2
tv +π2

tvγ
2
tu

) n∑
i=1

n∑
j=1

E[aijtbijt |C]

+
T∑
u=t

u−1∑
v=t
πtuγtvπtvγtu

n∑
i=1

n∑
j=1

E[aijtbjit + ajitbijt |C]�

which can be further simplified as

Cov
(
QA
t �Q

B
t |C
)

=
T∑
u=t
π2
tuγ

2
tu

n∑
i=1

E
[
(μ4�iu − 3)aiitbiit |C

]
+

T∑
u=t
π2
tuγtu

n∑
i=1

E
[
μ3�iu(aiitbit + biitait)|C

]
+

T∑
u=t
π2
tu

n∑
i=1

E[aitbit |C]

+ (1/2)
T∑
u=t

T∑
v=t

(
π2
tuγ

2
tv +π2

tvγ
2
tu

) n∑
i=1

n∑
j=1

E[aijtbijt |C]

+
T∑
u=t

T∑
v=t
πtuγtvπtvγtu

n∑
i=1

n∑
j=1

E[aijtbjit |C]�

Observing that

T∑
u=t

T∑
v=t

(
π2
tuγ

2
tv +π2

tvγ
2
tu

)= 2
(
πtπ

′
t

)(
γtγ

′
t

)
�

T∑
u=t

T∑
v=t
πtuγtvπtvγtu = (πtγ′

t

)2
�

the above expression can be written more compactly as

Cov
(
QA
t �Q

B
t |C
)

= (πtπ ′
t

)(
γtγ

′
t

)
E
[
tr
(
AtB

′
t

)|C]+ (πtγ′
t

)2
E
[
tr(AtBt)|C

]+ (πtπ ′
t

)
E
[
a′
tbt |C

]
+

T∑
u=t
π2
tuγ

2
tu

n∑
i=1

E
[
(μ4�iu − 3)aiitbiit |C

]
+

T∑
u=t
π2
tuγtu

n∑
i=1

E
[
μ3�iu(aiitbit + biitait)|C

]
� (D.19)

After rescaling, this will, as shown at the end of the proof, establish the claim in (D.4).
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We now proceed to prove the claim in (D.5). In light of the above discussion, clearly

QB
s −

T∑
ū=s
πsūγsū

n∑
i=1

biis =
n∑
i=1

n∑
j=1

bijsu
+
siu

×
sj +

n∑
i=1

bisu
+
si

=
T∑
ū=s

n∑
i=1

Y(s�B)
iū

with (u≥ s)
Y (s�B)
iū = (u2

iū − 1
)
z(s�B)iū + uiūZ(s�B)

iū �

where

z(s�B)iū = πsūγsūbiis�

Z(s�B)
iū = bisπsū +

i−1∑
j=1

(bijs + bjis)πsūγsūujū

+
ū−1∑
v̄=s

n∑
j=1

[πsūγsv̄bijs +πsv̄γsūbjis]ujv̄�

In the following discussion, let s < t, s ≤ ū ≤ T and t ≤ u ≤ T . Observe that for ū < u,
and all i and l we have

E
[
Y(t�A)
iu Y (s�B)

lū |C]
=E[E[Y(t�A)

iu Y (s�B)
lū |Bn�i�u ∨ C

]|C]=E[Y(s�B)
lū E

[
Y(t�A)
iu |Bn�i�u ∨ C

]|C]
=E[Y(s�B)

lū z(t�A)iu E
[(
u2
iu − 1

)|Bn�i�u ∨ C
]|C]+E[Y(s�B)

lū Z(t�A)
iu E[uiu|Bn�i�u ∨ C]|C]

= 0�

and for u < ū and all i and l we have

E
[
Y(t�A)
iu Y (s�B)

lū |C]
=E[E[Y(t�A)

iu Y (s�B)
lū |Bn�l�ū ∨ C

]|C]=E[Y(t�A)
iu E

[
Y(s�B)
lū |Bn�l�ū ∨ C

]|C]
=E[Y(t�A)

iu z(s�B)iū E
[(
u2
iū − 1

)|Bn�l�ū ∨ C
]|C]+E[Y(t�A)

iu Z(s�B)
iū E[uiū|Bn�l�ū ∨ C]|C]

= 0�

Furthermore, observe that for u= ū and l < i,

E
[
Y(t�A)
iu Y (s�B)

lu |C]
=E[E[Y(t�A)

iu Y (s�B)
lu |Bn�i�u ∨ C

]|C]=E[Y(s�B)
lu E

[
Y(t�A)
iu |Bn�i�u ∨ C

]|C]
=E[Y(s�B)

lu z(t�A)iu E
[(
u2
iu − 1

)|Bn�i�u ∨ C
]|C]+E[Y(s�B)

lu Z(t�A)
iu E[uiu|Bn�i�u ∨ C]|C]

= 0�
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and for u= ū and l > i,

E
[
Y(t�A)
iu Y (s�B)

lu |C]
=E[E[Y(t�A)

iu Y (s�B)
lu |Bn�l�u ∨ C

]|C]=E[Y(t�A)
iu E

[
Y(s�B)
lu |Bn�l�u ∨ C

]|C]
=E[Y(t�A)

iu z(s�B)lu E
[(
u2
lu − 1

)|Bn�l�u ∨ C
]|C]+E[Y(t�A)

iu Z(s�B)
lu E[ulu|Bn�l�u ∨ C]|C]

= 0�

Thus, w.o.l.o.g. for t > s ,

E
[
QA
t Q

B
s |C
]= T∑

u=t

n∑
i=1

T∑
ū=s

n∑
l=1

E
[
Y(t�A)
iu Y (s�B)

lū |C]= T∑
u=t

n∑
i=1

E
[
Y(t�A)
iu Y (s�B)

iu |C]�
We next calculate E[Y(t�A)

iu Y (s�B)
iu |C]. Observe that since u≥ t > s, we have

E
[
Y(t�A)
iu Y (s�B)

iu |C]
=E[((u2

iu − 1
)
z(t�A)iu + uiuZ(t�A)

iu

)((
u2
iu − 1

)
z(s�B)iu + uiuZ(s�B)

iu

)|C]
=E[(u2

iu − 1
)2
z(t�A)iu z(s�B)iu |C]

+E[(u3
iu − uiu

)
z(t�A)iu Z(s�B)

iu |C]+E[(u3
iu − uiu

)
z(s�B)iu Z(t�A)

iu |C]
+E[u2

iuZ
(t�A)
iu Z(s�B)

iu |C]
=E[z(t�A)iu z(s�B)iu E

[(
u2
iu − 1

)2|Bn�i�u ∨ C
]|C]

+E[(z(t�A)iu Z(s�B)
iu + z(s�B)iu Z(t�A)

iu

)
E
[(
u3
iu − uiu

)|Bn�i�u ∨ C
]|C]

+E[Z(t�A)
iu Z(s�B)

iu E
[
u2
iu|Bn�i�u ∨ C

]|C]
=E[(μ4�iu − 1)z(t�A)iu z(s�B)iu |C]

+E[μ3�iu

(
z(t�A)iu Z(s�B)

iu + z(s�B)iu Z(t�A)
iu

)|C]
+E[Z(t�A)

iu Z(s�B)
iu |C]�

Observe that

E
[
(μ4�iu − 1)z(t�A)iu z(s�B)iu |C]=E[(μ4�iu − 1)aiitbiis|C

]
πtuγtuπsuγsu�

To calculate E[μ3�iuz
(t�A)
iu Z(s�B)

iu |C], observe that

z(t�A)iu Z(s�B)
iu = πtuγtuaiitbisπsu

+
i−1∑
j=1

πtuγtuaiit(bijs + bjis)πsuγsuuju

+
u−1∑
v=s

n∑
j=1

πtuγtuaiit[πsuγsvbijs +πsvγsubjis]ujv�



34 G. M. KUERSTEINER AND I. R. PRUCHA

We next consider the conditional expectation of all the products composingμ3�iuz
(t�A)
iu Z(s�B)

iu

with u≥ t > s:
E[μ3�iuπtuγtuaiitbisπsu|C] = πtuγtuπsuE[μ3�iuaiitbis|C]�

For all j,

E
[
μ3�iuπtuγtuaiit(bijs + bjis)πsuγsuuju|C

]
=E[μ3�iuπtuγtuaiit(bijs + bjis)πsuγsuE[uju|Bn�j�u ∨ C]|C]= 0�

For v≥ t > s and all j,

E
[
μ3�iuπtuγtuaiit(πsuγsvbijs +πsvγsubjis)ujv

]
= E[μ3�iuπtuγtuaiit(πsuγsvbijs +πsvγsubjis)E[ujv|Bn�j�v ∨ C]]= 0

and for t > v≥ s and all j,

E
[
μ3�iuπtuγtuaiit(πsuγsvbijs +πsvγsubjis)ujv|C

]
= E[μ3�iuπtuγtu(πsuγsvbijs +πsvγsubjis)E[aiitujv|Bn�j�v ∨ C]|C]
= πtuγtuπsuγsvE[μ3�iuaiitbijsujv|C] +πtuγtuπsvγsuE[μ3�iuaiitbjisujv|C] �= 0�

Thus,

E
[
μ3�iuz

(t�A)
iu Z(s�B)

iu |C]= πtuγtuπsuE[μ3�iuaiitbis|C]

+
t−1∑
v=s
πtuγtuπsuγsv

n∑
j=1

E[μ3�iuaiitbijsujv|C]

+
t−1∑
v=s
πtuγtuπsvγsu

n∑
j=1

E[μ3�iuaiitbjisujv|C]�

To calculate E[μ3�iuz
(s�B)
iu Z(t�A)

iu |C], observe that

z(s�B)iu Z(t�A)
iu = πsuγsubiisaitπtu

+
i−1∑
j=1

πsuγsubiis(aijt + ajit)πtuγtuuju

+
u−1∑
v=t

n∑
j=1

πsuγsubiis[πtuγtvaijt +πtvγtuajit]ujv�

Next we consider the conditional expectation of all the products composingμ3�iuz
(s�B)
iu Z(t�A)

iu

with u≥ t > s:
E[μ3�iuπsuγsubiisaitπtu|C] = πsuγsuπtuE[μ3�iubiisait |C]�
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For all j,

E
[
μ3�iuπsuγsubiis(aijt + ajit)πtuγtuuju|C

]
=E[μ3�iuπsuγsubiis(aijt + ajit)πtuγtuE[uju|Bn�j�v ∨ C]|C]= 0�

For v≥ t > s and all j,

E
[
μ3�iuπsuγsubiis(πtuγtvaijt +πtvγtuajit)ujv|C

]
= E[μ3�iuπsuγsubiis(πtuγtvaijt +πtvγtuajit)E[ujv|Bn�j�v ∨ C]|C]= 0�

The case t > v≥ s does not arise for this term. Thus

E
[
μ3�iuz

(s�B)
iu Z(t�A)

iu |C]= πsuγsuπtuE[μ3�iubiisait |C]�

We next calculate E[Z(t�A)
iu Z(s�B)

iu |C] for u≥ t > s. Recall that

Z(t�A)
iu = aitπtu +

i−1∑
j=1

(aijt + ajit)πtuγtuuju

+
u−1∑
v=t

n∑
j=1

[πtuγtvaijt +πtvγtuajit]ujv�

Z(s�B)
iu = bisπsu +

i−1∑
l=1

(bils + blis)πsuγsuulu

+
u−1∑
v̄=s

n∑
l=1

[πsuγsv̄bils +πsv̄γsublis]ulv̄�

In the following discourse we consider the conditional expectation of all the products
composing Z(t�A)

iu Z(s�B)
iu :

E[aitπtubisπsu|C] = πtuπsuE[aitbis|C]�
For all l,

E
[
aitπtu(bils + blis)πsuγsuulu|C

]
=E[E[aitπtu(bils + blis)πsuγsuulu|Bn�l�u ∨ C

]|C]
=E[aitπtu(bils + blis)πsuγsuE[ulu|Bn�l�u ∨ C]|C]= 0�

For v≥ t ≥ s and all l,

E
[
aitπtu[πsuγsv̄bils +πsv̄γsublis]ulv|C

]
= E[E[aitπtu[πsuγsv̄bils +πsv̄γsublis]ulv|Bn�l�v ∨ C

]|C]
= E[aitπtu[πsuγsv̄bils +πsv̄γsublis]E[ulv|Bn�l�v ∨ C]|C]= 0�
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and for t > v≥ s and all l,

E
[
aitπtu[πsuγsv̄bils +πsv̄γsublis]ulv|C

]
=E[E[aitπtu[πsuγsv̄bils +πsv̄γsublis]ulv|Bn�l�v ∨ C

]|C]
=E[πtu[πsuγsv̄bils +πsv̄γsublis]E[aitulv|Bn�l�v ∨ C]|C]
= πtuπsuγsv̄E[aitbilsulv|C] +πtuπsv̄γsuE[aitblisulv|C] �= 0

in general.
For all j,

E
[
(aijt + ajit)πtuγtuujubisπsu|C

]
= E[E[(aijt + ajit)πtuγtuujubisπsu|Bn�j�u ∨ C

]|C]
= E[(aijt + ajit)πtuγtubisπsuE[uju|Bn�j�u ∨ C]|C]= 0�

For j = l,
E
[
(aijt + ajit)πtuγtuuju(bijs + bjis)πsuγsuuju|C

]
=E[(aijt + ajit)πtuγtu(bijs + bjis)πsuγsuE[u2

ju|Bn�j�u ∨ C
]|C]

= πtuγtuπsuγsuE
[
(aijt + ajit)(bijs + bjis)|C

]
�

and for j �= l, say j > l,

E
[
(aijt + ajit)πtuγtuuju(bils + blis)πsuγsuulu|C

]
=E[E[(aijt + ajit)πtuγtuuju(bils + blis)πsuγsuulu|Bn�j�u ∨ C

]|C]
=E[(aijt + ajit)πtuγtu(bils + blis)πsuγsuuluE[uju|Bn�j�u ∨ C]|C]= 0�

For u > v and all j and l,

E
[
(aijt + ajit)πtuγtuuju[πsuγsv̄bils +πsv̄γsublis]ulv̄|C

]
= E[E[(aijt + ajit)πtuγtuuju[πsuγsv̄bils +πsv̄γsublis]ulv̄|Bn�j�u ∨ C

]|C]
= E[(aijt + ajit)πtuγtu[πsuγsv̄bils +πsv̄γsublis]ulv̄E[uju|Bn�j�u ∨ C]|C]= 0�

For all j and v≥ t ≥ s,
E
[
(πtuγtvaijt +πtvγtuajit)ujvbisπsu|C

]
=E[E[(πtuγtvaijt +πtvγtuajit)ujvbisπsu|Bn�j�v ∨ C

]|C]
=E[(πtuγtvaijt +πtvγtuajit)bisπsuE[ujv|Bn�j�v ∨ C]|C]= 0�

For u > v and all j and l,

E
[
(πtuγtvaijt +πtvγtuajit)ujv(bils + blis)πsuγsuulu|C

]
=E[E[(πtuγtvaijt +πtvγtuajit)ujv(bils + blis)πsuγsuulu|Bn�l�u ∨ C

]|C]
=E[(πtuγtvaijt +πtvγtuajit)ujv(bils + blis)πsuγsuE[ulu|Bn�l�u ∨ C]|C]= 0�
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For v �= v, say v > v, and all i and j, observing that v≥ t,
E
[
(πtuγtvaijt +πtvγtuajit)ujv(πsuγsv̄bils +πsv̄γsublis)ulv̄|C

]
= E[E[(πtuγtvaijt +πtvγtuajit)ujv(πsuγsv̄bils +πsv̄γsublis)ulv̄|Bn�j�v ∨ C

]|C]
= E[(πtuγtvaijt +πtvγtuajit)(πsuγsv̄bils +πsv̄γsublis)ulv̄E[ujv|Bn�j�v ∨ C]|C]= 0�

For v �= v, say v < v, and all i and j, observing that v≥ t,
E
[
(πtuγtvaijt +πtvγtuajit)ujv(πsuγsv̄bils +πsv̄γsublis)ulv̄|C

]
= E[E[(πtuγtvaijt +πtvγtuajit)ujv(πsuγsv̄bils +πsv̄γsublis)ulv̄|Bn�j�v ∨ C

]|C]
= E[(πtuγtvaijt +πtvγtuajit)(πsuγsv̄bils +πsv̄γsublis)ujvE[ulv̄|Bn�j�v ∨ C]|C]= 0�

For v= v and j �= l, say j > l, observing that v≥ t,
E
[
(πtuγtvaijt +πtvγtuajit)ujv(πsuγsvbils +πsvγsublis)ulv|C

]
= E[E[(πtuγtvaijt +πtvγtuajit)ujv(πsuγsvbils +πsvγsublis)ulv|Bn�j�v ∨ C

]|C]
= E[(πtuγtvaijt +πtvγtuajit)(πsuγsvbils +πsvγsublis)ulvE[ujv|Bn�j�v ∨ C]|C]= 0�

For v= v and j = l, observing that v≥ t,
E
[
(πtuγtvaijt +πtvγtuajit)ujv(πsuγsvbijs +πsvγsubjis)ujv|C

]
=E[E[(πtuγtvaijt +πtvγtuajit)ujv(πsuγsvbijs +πsvγsubjis)ujv|Bn�j�v ∨ C

]|C]
=E[(πtuγtvaijt +πtvγtuajit)(πsuγsvbijs +πsvγsubjis)E[u2

jv|Bn�j�v ∨ C
]|C]

=E[(πtuγtvaijt +πtvγtuajit)(πsuγsvbijs +πsvγsubjis)|C]�
Thus,

E
(
Z(t�A)
iu Z(s�B)

iu |C)
= πtuπsuE[aitbis|C]

+
i−1∑
j=1

πtuγtuπsuγsuE
[
(aijt + ajit)(bijs + bjis)|C

]

+
u−1∑
v=t

n∑
j=1

E
[
(πtuγtvaijt +πtvγtuajit)(πsuγsvbijs +πsvγsubjis)|C

]

+πtuπsu
t−1∑
v=s
γsv̄

n∑
l=1

E[aitbilsulv|C]

+πtuγsu
t−1∑
v=s
πsv̄

n∑
l=1

E[aitblisulv|C]�
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Recall that

E
[
QA
t Q

B
s |C
]=

T∑
u=t

n∑
i=1

E
[
Y(t�A)
iu Y (s�B)

iu |C]
=

T∑
u=t

n∑
i=1

E
[
(μ4�iu − 1)z(t�A)iu z(s�B)iu |C]

+
T∑
u=t

n∑
i=1

E
[
μ3�iu

(
z(t�A)iu Z(s�B)

iu + z(s�B)iu Z(t�A)
iu

)|C]
+

T∑
u=t

n∑
i=1

E
[
Z(t�A)
iu Z(s�B)

iu |C]�
Thus,

E
[
QA
t Q

B
s |C
]

=
T∑
u=t

n∑
i=1

E
[
(μ4�iu − 1)aiitbiis|C

]
πtuγtuπsuγsu

+
T∑
u=t

n∑
i=1

πtuγtuπsuE[μ3�iuaiitbis|C] +
T∑
u=t

n∑
i=1

πsuγsuπtuE[μ3�iubiisait |C]

+
T∑
u=t

n∑
i=1

t−1∑
v=s
πtuγtuπsuγsv

n∑
j=1

E[μ3�iuaiitbijsujv|C]

+
T∑
u=t

n∑
i=1

t−1∑
v=s
πtuγtuπsvγsu

n∑
j=1

E[μ3�iuaiitbjisujv|C]

+
T∑
u=t

n∑
i=1

πtuπsuE[aitbis|C]

+
T∑
u=t

n∑
i=1

i−1∑
j=1

πtuγtuπsuγsuE
[
(aijt + ajit)(bijs + bjis)|C

]

+
T∑
u=t

n∑
i=1

u−1∑
v=t

n∑
j=1

E
[
(πtuγtvaijt +πtvγtuajit)(πsuγsvbijs +πsvγsubjis)|C

]

+
T∑
u=t

n∑
i=1

πtuπsu

t−1∑
v=s
γsv̄

n∑
l=1

E[aitbilsulv|C]

+
T∑
u=t

n∑
i=1

πtuγsu

t−1∑
v=s
πsv̄

n∑
l=1

E[aitblisulv|C]
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and

E
[
QA
t Q

B
s |C
]

=
T∑
u=t
πtuγtuπsuγsu

n∑
i=1

E
[
(μ4�iu − 1)aiitbiis|C

]
+

T∑
u=t
πtuγtuπsu

n∑
i=1

E[μ3�iuaiitbis|C] +
T∑
u=t
πsuγsuπtu

n∑
i=1

E[μ3�iubiisait |C]

+
T∑
u=t
πtuγtuπsu

t−1∑
v=s
γsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbijsujv|C]

+
T∑
u=t
πtuγtuγsu

t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbjisujv|C]

+
T∑
u=t
πtuπsu

n∑
i=1

E[aitbis|C]

+
T∑
u=t
πtuγtuπsuγsu

n∑
i=1

i−1∑
j=1

E
[
(aijt + ajit)(bijs + bjis)|C

]

+
T∑
u=t

u−1∑
v=t

n∑
i=1

n∑
j=1

E
[
(πtuγtvaijt +πtvγtuajit)(πsuγsvbijs +πsvγsubjis)|C

]

+
T∑
u=t
πtuπsu

t−1∑
v=s
γsv̄

n∑
i=1

n∑
l=1

E[aitbilsulv|C]

+
T∑
u=t
πtuγsu

t−1∑
v=s
πsv̄

n∑
i=1

n∑
l=1

E[aitblisulv|C]�

From this we have

E
(
QA
t Q

B
s |C
)

=
T∑
u=t
πtuγtuπsuγsu

n∑
i=1

E
[
(μ4�iu − 1)aiitbiis|C

]
+

T∑
u=t
πtuγtuπsu

n∑
i=1

E[μ3�iuaiitbis|C] +
T∑
u=t
πsuγsuπtu

n∑
i=1

E[μ3�iubiisait |C]

+
T∑
u=t
πtuπsu

n∑
i=1

E[aitbis|C]
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+
T∑
u=t
πtuγtuπsuγsu

n∑
i=1

i−1∑
j=1

E
[
(aijt + ajit)(bijs + bjis)|C

]

+
T∑
u=t

u−1∑
v=t

n∑
i=1

n∑
j=1

E
[
(πtuγtvaijt +πtvγtuajit)(πsuγsvbijs +πsvγsubjis)|C

]

+
T∑
u=t
πtuγtuπsu

t−1∑
v=s
γsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbijsujv|C]

+
T∑
u=t
πtuγtuγsu

t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbjisujv|C]

+
T∑
u=t
πtuπsu

t−1∑
v=s
γsv̄

n∑
i=1

n∑
l=1

E[aitbilsulv|C]

+
T∑
u=t
πtuγsu

t−1∑
v=s
πsv̄

n∑
i=1

n∑
l=1

E[aitblisulv|C]�

E
[
QA
t Q

B
s |C
]

=
T∑
u=t
πtuγtuπsuγsu

n∑
i=1

E
[
(μ4�iu − 1)aiitbiis|C

]
+

T∑
u=t
πtuγtuπsu

n∑
i=1

E[μ3�iuaiitbis|C] +
T∑
u=t
πsuγsuπtu

n∑
i=1

E[μ3�iubiisait |C]

+
T∑
u=t
πtuπsu

n∑
i=1

E[aitbis|C]

+
T∑
u=t
πtuγtuπsuγsu

n∑
i=1

n∑
j=1

E[aijtbijs + ajitbjis|C]

− 2
T∑
u=t
πtuγtuπsuγsu

n∑
i=1

E[aiitbiis|C]

+
T∑
u=t

u−1∑
v=t
(πtuγtvπsuγsv +πtvγtuπsvγsu)

n∑
i=1

n∑
j=1

E[aijtbijs|C]

+
T∑
u=t

u−1∑
v=t
(πtuγtvπsvγsu +πtvγtuπsuγsv)

n∑
i=1

n∑
j=1

E[aijtbjis|C]

+
T∑
u=t
πtuγtuπsu

t−1∑
v=s
γsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbijsujv|C]
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+
T∑
u=t
πtuγtuγsu

t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbjisujv|C]

+
T∑
u=t
πtuπsu

t−1∑
v=s
γsv̄

n∑
i=1

n∑
l=1

E[aitbilsulv|C]

+
T∑
u=t
πtuγsu

t−1∑
v=s
πsv̄

n∑
i=1

n∑
l=1

E[aitblisulv|C]�

and, furthermore,

E
[
QA
t Q

B
s |C
]

=
T∑
u=t
πtuγtuπsuγsu

n∑
i=1

E
[
(μ4�iu − 3)aiitbiis|C

]
+

T∑
u=t
πtuγtuπsu

n∑
i=1

E[μ3�iuaiitbis|C] +
T∑
u=t
πsuγsuπtu

n∑
i=1

E[μ3�iubiisait |C]

+
T∑
u=t
πtuπsu

n∑
i=1

E[aitbis|C]

+
T∑
u=t

T∑
v=t
πtuγtvπsuγsv

n∑
i=1

n∑
j=1

E[aijtbijs|C]

+
T∑
u=t

T∑
v=t
πtuγtvπsvγsu

n∑
i=1

n∑
j=1

E[aijtbjis|C]

+
T∑
u=t
πtuγtuπsu

t−1∑
v=s
γsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbijsujv|C]

+
T∑
u=t
πtuγtuγsu

t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbjisujv|C]

+
T∑
u=t
πtuπsu

t−1∑
v=s
γsv̄

n∑
i=1

n∑
l=1

E[aitbilsulv|C]

+
T∑
u=t
πtuγsu

t−1∑
v=s
πsv̄

n∑
i=1

n∑
l=1

E[aitblisulv|C]�

Observing that

n∑
i=1

n∑
j=1

E[aijtbijs|C] =E[tr(AtB
′
s

)|C]�
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n∑
i=1

n∑
j=1

E[aijtbjis|C] =E[tr(AtBs)|C
]
�

T∑
u=t

T∑
v=t
πtuγtvπsuγsv =

T∑
u=t
πtuπsu

T∑
v=t
γtvγsv = (πtπ ′

s

)(
γtγ

′
s

)
�

T∑
u=t

T∑
v=t
πtuγtvπsvγsu =

T∑
u=t
πtuγsu

T∑
v=t
γtvπsv = (πtγ′

s

)(
πsγ

′
t

)
�

we have

E
[
QA
t Q

B
s |C
]

= (πtπ ′
s

)(
γtγ

′
s

)
E
[
tr
(
AtB

′
s

)|C]+ (πtγ′
s

)(
π ′
sγt
)
E
[
tr(AtBs)|C

]
+ (πtπ ′

s

)
E
[
a′
tbs|C

]
+ (πtπ ′

s

) t−1∑
v=s
γsv

n∑
i=1

n∑
l=1

E[aitbilsulv|C]

+ (πtγ′
s

) t−1∑
v=s
πsv

n∑
i=1

n∑
l=1

E[aitblisulv|C]

+
T∑
u=t
πtuγtuπsuγsu

n∑
i=1

E
[
(μ4�iu − 3)aiitbiis|C

]
+

T∑
u=t
πtuγtuπsu

n∑
i=1

E[μ3�iuaiitbis|C] +
T∑
u=t
πsuγsuπtu

n∑
i=1

E[μ3�iubiisait |C]

+
T∑
u=t
πtuγtuπsu

t−1∑
v=s
γsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbijsujv|C]

+
T∑
u=t
πtuγtuγsu

t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbjisujv|C]� (D.20)

After rescaling this will, as shown at the end of the proof, establish the claim in (D.5).
The claims in (D.3)–(D.5) are readily obtained from (D.18)–(D.20) after reversing the

rescaling operations of (D.14)–(D.16). More specifically, to reverse the rescaling opera-
tion of (D.14)–(D.16), we make replacements in (D.18)–(D.20),

πtu �−→ σuπtu� γtv �−→ σvγtv�

aijt �−→ �i�jaijt� ait �−→ �iait�

bijt �−→ �i�jbijt� bit �−→ �ibit�

μ3�it �−→ μ3�it/
(
�3
i σ

3
t

)
� μ4�it �−→ μ4�it/

(
�4
i σ

4
t

)
�

uit �−→ uit/(�iσt)�
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or in corresponding matrix notation,

πt �−→ πtΣ
1/2
σ � γt �−→ γtΣ

1/2
σ �

At �−→ Σ1/2
� AtΣ

1/2
� � at �−→ Σ1/2

� at�

Bt �−→ Σ1/2
� BtΣ

1/2
� � bt �−→ Σ1/2

� bt�

Applying those replacements to (D.18) yields

E
[
QA
t |C]= πtΣσγt tr[E(AtΣ�|C)

]
�

which proves the claim in (D.3). Applying the replacements to (D.19) yields

Cov
(
QA
t �Q

B
t |C
)

= (πtΣσπ ′
t

)(
γtΣσγ

′
t

)
E
[
tr
(
AtΣ�B

′
tΣ�
)|C]+ (πtΣσγ′

t

)2
E
[
tr(AtΣ�BtΣ�)|C

]
+ (πtΣσπ ′

t

)
E
[
a′
tΣ�bt |C

]+ T∑
u=t
π2
tuγ

2
tu

n∑
i=1

E
[(
μ4�iu − 3�4

i σ
4
u

)
aiitbiit |C

]
+

T∑
u=t
π2
tuγtu

n∑
i=1

E
[
μ3�iu(aiitbit + biitait)|C

]
�

which proves the claim in (D.4). Applying the replacements to (D.20) yields

E
[
QA
t Q

B
s |C
]

= (πtΣσπ ′
s

)(
γtΣσγ

′
s

)
E
[
tr
(
AtΣ�B

′
sΣ�
)|C]+ (πtΣσγ′

s

)(
π ′
sΣσγt

)
E
[
tr(AtΣ�BsΣ�)|C

]
+ (πtΣσπ ′

s

)
E
[
a′
tΣ�bs|C

]+ (πtΣσπ ′
s

) t−1∑
v=s
γsv

n∑
i=1

n∑
j=1

E
[
�2
i aitbijsujv|C

]

+ (πtΣσγ′
s

) t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E
[
�2
i aitbjisujv|C

]

+
T∑
u=t
πtuγtuπsuγsu

n∑
i=1

E
[(
μ4�iu − 3�4

i σ
4
u

)
aiitbiis|C

]
+

T∑
u=t
πtuγtuπsu

n∑
i=1

E[μ3�iuaiitbis|C] +
T∑
u=t
πsuγsuπtu

n∑
i=1

E[μ3�iubiisait |C]

+
T∑
u=t
πtuγtuπsu

t−1∑
v=s
γsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbijsujv|C]

+
T∑
u=t
πtuγtuγsu

t−1∑
v=s
πsv

n∑
i=1

n∑
j=1

E[μ3�iuaiitbjisujv|C]�

which proves the claim in (D.5). Q.E.D.
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D.5. Forward Differencing Transformations

In this section we provide some further background and generalizations of the for-
ward differencing transformation considered in Proposition 1. This discussion will utilize
the following general observations. For T+ ≤ T , let F be a T+ × T upper triangular ma-
trix and let U be an upper triangular T+ × T+ matrix such that UU ′ = FΣσF

′, where
Σσ = diag(σ2

1 � � � � �σ
2
T ) is some diagonal matrix. Then, as is known from standard linear

algebra,U−1 is also upper triangular and, thus, so is the T+ ×T matrixΠ = (πts)=U−1F .
Furthermore observe that

ΠΣσΠ
′ = [πtΣπ ′

s

]=U−1FΣF ′U ′−1 =U−1UU ′U ′−1 = I�
Let πt = [0� � � � �0�πtt� � � � �πtT ] denote the tth row of Π. Then

πtΣσπ
′
s =

T∑
τ=max(t�s)

πtτπsτσ
2
τ =
{

1 for t = s
0 for t �= s�

Now let f be some T × 1 vector, and suppose that F = F(f ) and Ff = 0; then also Πf =
U−1Ff = 0. Furthermore note that U = FΣσΠ′ in that ΠΣσF ′ =U−1FΣσF

′ =U−1UU ′ =
U ′. To denote the dependence of Π on f and γσ = [σ2

1 � � � � �σ
2
T ]′, we sometimes write

Π =Π(f�γσ).
D.5.1. Single Factor

Consider the disturbance process ηit = μift + uit in (14), and let

F
T−1×T

=

⎛⎜⎜⎜⎜⎝
1 −f1/f2 0 � � � 0 0
0 1 −f2/f3 � � � 0 0
���

� � �
� � �

���
0 0 � � � 1 −fT−2/fT−1 0
0 0 � � � 0 1 −fT−1/fT

⎞⎟⎟⎟⎟⎠
and f = [f1� � � � � fT ]. Then clearly Ff = 0. Now, corresponding to the F above, let Π =
U−1F = (πts) be an upper triangular T − 1 ×T matrix with UU ′ = FΣσF ′ as above. Then
by constructionΠf = 0 andΠΣσΠ′ = IT−1. Furthermore, as claimed by Proposition 1, the
elements of Π can be expressed as

πtt = πtt(f�γσ)= (√φt+1/φt)/σt�

πts = πts(f�γσ)= −ftfs(
√
φt+1/φt)/

(
φt+1σtσ

2
s

)
for s > t�

πts = 0 for s < t�

where φt = ∑T

τ=t(fτ/στ)
2 and, thus, φt = (ft/σt)

2 + φt+1. We now verify that indeed
πtΣσπ

′
t = 1 and πtΣσπ ′

s = 0 for t �= s. To see this observe that (with s > t)

πtΣσπ
′
t =

T∑
τ=t
π2
tτσ

2
τ = φt+1

φt

1
σ2
t

σ2
t + f 2

t

σ2
t

1
φtφt+1

T∑
τ=t+1

f 2
τ

σ4
τ

σ2
τ

= φt+1

φt
+ f 2

t

σ2
t

1
φt

= φt+1 + (ft/σt)2

φt
= 1�
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πtπ
′
s =

T∑
τ=s
πtτπsτσ

2
τ

= −ftfs
√
φt+1

φt

1
φt+1σtσ

2
s

√
φs+1

φs

1
σs
σ2
s

+ ft
√
φt+1

φt

1
φt+1σt

fs

√
φs+1

φs

1
φs+1σs

T∑
τ=s+1

f 2
τ

1
σ4
τ

σ2
τ

= ft

σt

fs

σs

√
φt+1

φt

1
φt+1

√
φs+1

φs

{
−1 + 1

φs+1

T∑
τ=s+1

(fτ/στ)
2

}
= 0�

Now let η+
it =∑T

s=t πtsηis and u+
it =∑T

s=t πtsuis denote the corresponding forward differ-
ences. Then

η+
it =

(
T∑
s=t
πtsfs

)
μi +

T∑
s=t
πtsuit = u+

it �

sinceΠf = 0. Furthermore, the property thatΠΣσΠ′ = IT−1 is, in light of Proposition D.1,
crucial to achieve that linear quadratic forms based on forward differenced disturbances
are uncorrelated across time.

Now consider Σσ = diag(σ2
1� � � � �σ

2
T ) �= Σσ and Π = (πts) = U

−1
F , where UU

′ =
FΣσF

′ and thus πts = πts(f�γσ). Then we still have Πf = 0 and thus this transformation
removes the time-varying unit. However, in general, ΠΣσΠ

′ �= I, and in light of Proposi-
tion D.1, we see that this transformation will generally not deliver that linear quadratic
forms based on forward differenced disturbances are uncorrelated across time.

D.5.2. Multiple Factors

We next discuss how the generalized Helmert transformation can be extended to the
case of multiple factors, where the disturbance process ηit = μift + uit in (14) is general-
ized to

ηit = μi1ft1 +μi2ft2 + · · · +μiPftP + uit� (D.21)

where ftp denotes the pth factor and μip denotes the corresponding factor loading. Part
of the discussion will focus on how we can impose a needed normalization of the factors,
while ensuring that the weights πts of the forward differencing transformation remain well
defined for all realizations of the factors.

Let ft = [ft1� � � � � ftP] and f = [f ′
1� � � � � f

′
T ]′ be the T ×P matrix containing the P factors

for period t = 1� � � � � T . Similar to Ahn, Lee, and Schmidt (2013, p. 3) we assume that

f
T×P

=
⎛⎝ fU
T−P×P
fC
P×P

⎞⎠ with fC
P×P

=

⎛⎜⎜⎜⎜⎝
0 0 � � � 0 1
0 0 � � � 1 0
���
���
� � �

���
���

0 1 � � � 0 0
1 0 � � � 0 0

⎞⎟⎟⎟⎟⎠ (D.22)
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as a normalization, where fU denotes the matrix of unconstrained elements and fC de-
notes the matrix of constrained elements of f .1

Consider the forward differences η+
it =∑T

s=t πtsηis and u+
it =∑T

s=t πtsuis corresponding
to an upper triangular T − P × T transformation matrix Π = (πts) with πts = 0 for s < t.
Then any transformation matrix Π with Πf = 0 removes the common factors in that

η+
it =

[
T∑
s=t
πtsfs1

]
μi1 +

[
T∑
s=t
πtsfs2

]
μi2 + · · · +

[
T∑
s=t
πtsfsP

]
μi�P +

T∑
s=t
πtsuit = u+

it �

In the following we present a simple approach to finding expressions for Π such that
Πf = 0 andΠΣσΠ′ = IT−P . More specifically, we will give expressions on how to compute
Π recursively as

Π =ΠP � � �Π2Π1�

where the matrices Πp are of dimension (T −p)× (T −p+ 1), and Π1ΣσΠ
′
1 = IT−1 and

ΠpΠ
′
p = IT−p. This in turn implies that ΠΣσΠ′ = IT−P . We shall also use the notation

f�p = [f1p� � � � � fTp]′ for the pth column of f and to simplify the exposition, we focus on
the case where Σσ = I.2

Computation ofΠ1. As a first step we apply the generalized Helmert transformation to
remove the μi1ft1. Consider the (T − 1)× T matrix Π1 = (πts�1) with πts�1 = 0 for s < t,
and

πtt�1 = πtt(f�1�1)= (√φt+1�1/φt1)�

πts�1 = πts(f�1�1)= −ft1fs1(
√
φt+1�1/φt1)/φt+1�1 for s > t�

with φt1 =∑T

τ=t f
2
τ1. Recall that fT�1 = 1 and ft1 = 0 for t = T −P + 1� � � � � T − 1 given the

normalization in (D.22). The normalization fT�1 = 1 ensures that all elements of Π1 are
well defined for all realizations of the factors. By Proposition 1 it follows thatΠ1Π

′
1 = IT−1

and Π1f�1 = 0. Furthermore, utilizing Lemma D.3 below we have

Π1
T−1×T

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

π11�1 π12�1 � � � π1�T−P�1 π1�T−P+1�1 � � � π1�T−1�1 π1T�1

0 π22�1 � � � π2�T−P�1 π2�T−P+1�1 � � � π2�T−1�1 π2T�1
���

���
���

���
���

0 � � � πT−P�T−P�1 πT−P�T−P+1�1 πT−P�T−1�1 πT−P�T�1
0 0 1 0 0
���

���
� � � 0 0

0 � � � 0 0 � � � 1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
�

(D.23)
Let f+1 = [f+1

�1 � f
+1
�2 � � � � � f

+1
�P ] = Π1f be the matrix of transformed factors based on the

transformationΠ1. Then in light of the derived structure for the elements ofΠ1 in (D.23)

1Of course, we could also adopt the normalization fC = IP . The reason for the above specification is that it
simplifies the notation in the subsequent discussion.

2The discussion can be readily extended to the case Σσ �= I.
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and the adopted normalization for fC in (D.22), we have

f+1

T−1×P
=
⎛⎝ 0
T−P×1

f+1
U

T−P×P−1

0
P−1×1

f+1
C

P−1×P−1

⎞⎠ with f+1
C

P−1×P−1
=

⎛⎜⎜⎜⎜⎝
0 0 � � � 0 1
0 0 � � � 1 0
���
���
� � �

���
���

0 1 � � � 0 0
1 0 � � � 0 0

⎞⎟⎟⎟⎟⎠ � (D.24)

From this we see that the adopted normalization is preserved by the transformed factors.
Applying the transformation Π1 to (D.21) yields

η+1
it = μi2f+1

t2 + · · · +μiPf+1
tP + u+1

it (D.25)

with η+1
it =∑T

s=t πts�1ηs1, f+1
tp =∑T

s=t πts�1fsp, and u+1
it =∑T

s=t πts�1uis.
Computation of Π2. Having eliminated μi1ft1, as a next step we apply the generalized

Helmert transformation to (D.25) to remove the μi2f+1
t2 . Consider the (T − 2)× (T − 1)

matrix Π2 = (πts�2) with πts�2 = 0 for s < t, and

πtt�2 = πtt
(
f+1
�2 �1

)= (√φt+1�2/φt2)�

πts�2 = πts
(
f+1
�2 �1

)= −f+1
t2 f

+1
s2 (
√
φt+1�2/φt2)/φt+1�2 for s > t�

with φt2 =∑T

τ=t(f
+1
τ2 )

2. Observe that f+1
T−1�2 = 1 and f+1

t2 = 0 for t = T − P + 1� � � � �T − 2
given the normalization in (D.24). The normalization f+1

T−1�2 = 1 ensures that all elements
of Π2 are well defined for all realizations of the factors. By Proposition 1 it follows that
Π2Π

′
2 = IT−2 and Π2f

+1
�2 = 0. Furthermore, utilizing Lemma D.3 below we have

Π2
T−2×T−1

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

π11�2 π12�2 � � � π1�T−P�2 π1�T−P+1�2 � � � π1�T−2�2 π1�T−1�2

0 π22�2 � � � π2�T−P�2 π2�T−P+1�2 � � � π2�T−2�2 π2�T−1�2
���

���
���

���
���

0 � � � πT−P�T−P�2 πT−P�T−P+1�2 πT−P�T−2�2 πT−P�T−1�2

0 0 1 0 0
���

���
� � � 0 0

0 � � � 0 0 � � � 1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
�

(D.26)
Let f+2 = [f+2

�1 � f
+2
�2 � � � � � f

+2
�P ] =Π2f

+1 be the matrix of transformed factors based on the
transformationΠ2. Then in light of the derived structure for the elements ofΠ2 in (D.26)
and the adopted normalization for f+1

C in (D.24), we have

f+2

T−2×P
=
⎛⎝ 0
T−P×2

f+1
U

T−P×P−2

0
P−2×2

f+1
C

P−2×P−2

⎞⎠ with f+2
C

P−2×P−2
=

⎛⎜⎜⎜⎜⎝
0 0 � � � 0 1
0 0 � � � 1 0
���
���
� � �

���
���

0 1 � � � 0 0
1 0 � � � 0 0

⎞⎟⎟⎟⎟⎠ �
From this we see that adopted normalization is again preserved by the transformed fac-
tors. Applying the transformation Π2 to (D.25) yields

η+2
it = μi3f+2

t3 + · · · +μiPf+2
tP + u+2

it
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with η+2
it =∑T

s=t πts�2ηs1, f+2
tp =∑T

s=t πts�2fsp, and u+2
it =∑T

s=t πts�2uis.
Computation of Πp, p > 2. The matrices Πp for p = 3� � � � �P can be computed by

applying the above approach recursively. By construction, it follows that the total trans-
formation Π = ΠP � � �Π1 eliminates all time-varying unit-specific components μipftp in
that Πf = 0, and the transformation is orthogonal in the sense that ΠΣσΠ′ = IT−P .

The above discussion utilized the following lemma.

LEMMA D.3: Let B= (bij) be some upper triangular (M+m− 1)× (M+m)matrix with
bij = 0 for j < i, let D = diag(d2

i ) be a diagonal (M +m)× (M +m) matrix, and let b =
[b1� � � � � bM�0� � � � �0� τ]′ be a (M +m)× 1 vector with τ �= 0. Suppose that BDB′ = IM+m−1

and Bb= 0. Then B must be of the form

B=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

b11 b1M b1�M+1 � � � b1�M+m−1 b1�M+m
���

���
���

���
���

0 � � � bMM bM�M+1 bM�M+m−1 bM�M+m
0 0 1/dM+1 0 0
���

���
� � � 0 0

0 � � � 0 0 � � � 1/dM+m−1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
�

That is, for i=M + 1� � � � �M +m− 1, we have bii = 1/di and bij = 0 for all j �= i.

PROOF: To see this, observe that Bb= 0 implies that bi�M+m = 0 for i=M+1� � � � �M+
m. Since with bij = 0 for j < i, by assumption it follows that the (M +m− 1)th row of B
is given by [0� � � � �0� bM+m−1�M+m−1�0], and, thus, the (M +m− 1)th column of B′ is given
by [0� � � � �0� bM+m−1�M+m−1�0]′. Consequently, for i=M + 1� � � � �M +m− 1,

ci�M+m−1 = d2
M+m−1bi�M+m−1bM+m−1�M+m−1� (D.27)

For i =M +m− 1, we have from (D.27) that cM+m−1�M+m−1 = d2
M+m−1b

2
M+m−1�M+m−1. Re-

calling that, by assumption, C = BDB′ = IM+m−1 and, thus, cM+m−1�M+m−1 = 1, we have
bM+m−1�M+m−1 = 1/dM+m−1. Since ci�M+m−1 = 0 for i �=M +m− 1, it follows furthermore
from (D.27) that bi�M+m−1 = 0 for i=M + 1� � � � �M +m− 2. This in turn implies that for
i=M + 1� � � � �M +m− 1,

ci�M+m−2 = d2
M+m−2bi�M+m−2bM+m−2�M+m−2�

Since cM+m−2�M+m−2 = 1, we have bM+m−2�M+m−2 = 1/dM+m−2, and since ci�M+m−2 = 0 for
i �=M +m− 2, we have bi�M+m−2 = 0 for i =M + 1� � � � �M +m− 3 and i =M +m− 1.
The remainder of the claim is proven by recursive argumentation. Q.E.D.

APPENDIX E: ADDITIONAL RESULTS

Below we provide some additional results and detailed derivations for the benefit of
the referee. This material is not intended for publication.



DYNAMIC SPATIAL PANEL MODELS 49

E.1. Detailed Derivation of S2

In the following discussion we verify the expression for S2 =∑n

i=1

∑T−1
t=1 λ

′
t

∑n

j=1 a
′
ij�tu

+
it u

+
jt

given in (33). Let λT = 0, and recalling that πts = 0 for s < t and that aii�t = 0, we have

n∑
i=1

T−1∑
t=1

λ′
t

n∑
j=1

a′
ij�t

T∑
u=t

T∑
v=t
πtuπtvuiuujv

=
n∑
i=1

n∑
j=1

T∑
t=1

λ′
ta

′
ij�t

T∑
u=1

T∑
v=1

πtuπtvuiuujv

=
n∑
i=1

n∑
j=1

T∑
t=1

λ′
ta

′
ij�t

T∑
u=1

πtuπtuuiuuju +
n∑
i=1

n∑
j=1

T∑
t=1

λ′
ta

′
ij�t

T∑
u=2

u−1∑
v=1

πtuπtv(uiuujv + uivuju)

=
n∑
i=1

n∑
j=1

T∑
u=1

uiuuju

T∑
t=1

λ′
ta

′
ij�tπ

2
tu +

n∑
i=1

n∑
j=1

T∑
u=2

u−1∑
v=1

(uiuujv + uivuju)
T∑
t=1

λ′
ta

′
ij�tπtuπtv

=
n∑
i=1

n∑
j=1

T∑
u=1

uiuuju

u∑
t=1

λ′
ta

′
ij�tπ

2
tu +

n∑
i=1

n∑
j=1

T∑
u=2

u−1∑
v=1

(uiuujv + uivuju)
v∑
t=1

λ′
ta

′
ij�tπtuπtv

=
T∑
u=1

n∑
i=1

n∑
j=1

uiuuju

u∑
t=1

λ′
ta

′
ij�tπ

2
tu +

T∑
u=2

u−1∑
v=1

n∑
i=1

n∑
j=1

(uiuujv + uivuju)
v∑
t=1

λ′
ta

′
ij�tπtuπtv

=
T∑
t=1

n∑
i=1

n∑
j=1

uitujt

t∑
τ=1

λ′
τa

′
ij�τπ

2
τt +

T∑
t=2

t−1∑
s=1

n∑
i=1

n∑
j=1

(uitujs + uisujt)
s∑
τ=1

λ′
τa

′
ij�τπτtπτs

=
T∑
t=1

n∑
i=1

2
i−1∑
j=1

uitujt

t∑
τ=1

λ′
τa

′
ij�τπ

2
τt +

T∑
t=2

n∑
i=1

2
t−1∑
s=1

n∑
j=1

uitujs

s∑
τ=1

λ′
τa

′
ij�τπτtπτs

=
T∑
t=1

n∑
i=1

2

{
i−1∑
j=1

uitujtcij�tt

t∑
τ=1

λ′
τa

′
ij�τπ

2
τt +

t−1∑
s=1

n∑
j=1

uitujscij�ts

}
�

with cij�ts =∑s

τ=1 λ
′
τa

′
ij�τπτsπτt .
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