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THIS DOCUMENT consists of three sections of additional results: (i) regularity conditions
for Proposition 3; (ii) sketch of proof of Proposition 3; (iii) derivatives of functions based
on exponential of matrices.

8. REGULARITY CONDITIONS FOR PROPOSITION 3

Let & = (0, M) = (9))1<jkss and (D) =[a(x;;0) + A, y,].
Together with Assumptions A.1-A.7, Proposition 3 requires the following assumptions:

ASSUMPTION A.9: I, = (0, A;) belongs to the interior of 8(B) x A.

ASSUMPTION A.10: For any x, the function @ — a(x; @) has continuous third-order
derivatives. The pseudo-density function g is three times continuously differentiable.

ASSUMPTION A.11: The matrices K and L defined in the proof are positive definite.

ASSUMPTION A.12: For atleast one j € {1, ..., J}, the matrix VO(%(x,, 0,)) is positive
definite.

ASSUMPTION A.13: There exists a nelghborhood V(9,) of 9, such that, for i, j =
1,...,r,forall 9 € V(9y;), the process {-% -5 (55 ﬂ 75, £,(9))} is strictly stationary and ergodic,
and,

Ey, sup

IV (9

d J*
ﬁ(aﬁ 99 ¢ (0))

9. PROOF OF PROPOSITION 3

In this section, we will explain how to use an appropriate central limit theorem (CLT),
and we will derive the asymptotic covariance matrix.
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9.1. The Pseudo-Score

For model (6.1), the pseudo log-likelihood for one observation takes the form

J

J
l,(t‘}):l,(O,A):logg[exp{Z[a (x1;0) +A/]C } j|+Za(x,,0)+)\ Tr(C)).
Jj=1

j=1

Let

J
z,(0,A) = exp{Z[af(xt; 0) + Aj]Cj}J’z

j=1

For y = (Tx(Cy), ..., Tr(C;)), we have
1,(0,A) =logg{z(0, M)} +y'{a(x;; 0) + A}.

Using the computations of Section 10.3, it follows that

d _ dlogg dz,(0, A) , )
g0 = — - {z.(9, )t)}—(%9 +v'{a(x; 0)+ A}
dlogg A\ da(x:; 0)
= (ﬁ—ll/{Z[(a’ A)}C[IJ®Zt(07 A)]-I-'Y)T
— (0, A)ﬁa(xal, 0)

Proceeding similarly with parameter A, we find that

P il,(o, A) da'(x;; 0)
ﬁlt(l’, A)= = 70 hi(0, A).
x (6, 2) I;

5

9.2. The Martingale Difference Property
Replacing y, by exp{— Z;:, [a;(x;; 00) + Ao;j1C;}u,, we find that

J

Zt(O(), /\;) = CXP{Z()\SJ — )\gj)Cj}u, = I‘(A:; — Ao)ut

j=1

Thus,
J ,
J —1 (OO,A*) da'(x;; 0y)
SO ) = [ T = (Tae Jkaw,
5@(00,)‘0) I,
where

dlogg
17

k(u) = [I; ® (T(A; — Ao)u,) ] C’ {T(A; = Ao)u} + .
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Noting that

k(u) =1, ® (V(ap)u,) ]C

,dlo
agg {T(ag)u.} + v,

where aj is defined in Assumption A.5, we have E{k(u,)} = 0 from the first-order condi-

tions in the generic model. Thus, using Assumption A.8, (%I,(()O, Ap), F,) is a martingale

difference sequence, where F, = o{(u;, x;), i < t}. The asymptotic normality follows from

applying a CLT for the square integrable, ergodic, and stationary martingale difference
(see Billingsley (1961)). We get

v vT ?T_OO —A'BA,
Ar— X

where
a=5[——T 1oor)],  B=w[ LAy
00D 0
9.3. Computation of the Asymptotic Covariance Matrix
We have
J aa'(x;; 0y) aa'(x;; 0y) '
BzVo[—ﬂlt(Oo,Ag)} =E, 90 K 90 . K=Vy[k(u)].

J 1, 1,

Now,
& Jn,(0, A) da(x,; )

—1 A)=—"" "O,AN)QI,t A(x,;

050’0 0 g THO. MR AKX 0),
where A(x,; ) is the Jp x p matrix:

7*ay(x; )
7000
A(x;0) = :
azaj(xt; 0)
3000’
Noting that
dlo dlo
1,(0,A) = [ o820, D} Ciz (0, 1), ..., 28 {z,0, 1)) €z (0, A)} +v,

we compute

d [dlogg

%{W{Zt(O,A)}Cth(B,A)}

_d [dlogg J J(dlogg '
_%{—(m, {z,(a,A>}}cjzt(0,A)+[@{Cjzt(a,m}“—au/ {zt(ﬂ,M}}
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_0z,(0,A) J*logg
00 Juou
oa'(x;; 0)
+ 00
_ da'(x;; 0)
90
{ J*logg
X
dudu’

{z:(0,1)}C;z,(0, 1)

(I ®z(0,M)]CC,

dlogg
S 1z(0.0)

[, ®z(0, )] C

a0
{200, )}C;z,(0,2) + C, %{ ,(O,A)}}.

It follows that

072
0000 s099 0N
da' (x;; 0) r
= T[I]®Zt(0a )‘)] C
' (#logg ogg daj(x; 0)
x;{ {20, 0)}C;2.0,0) + C —u{ Z(O,A)}}T
+ {10, M) ®T,} A(x;; 0)
da'(x;; 0) d*logg da(x,; 0)
= T [ ® 20, 0] €722 2,0, 1)) C[1 @ 2.0, )] = 2=
"(x:; 0 50
+%[l,®z,(0 M) CGlzo, A)]%@) +{h(0, M) ®1,} A(x.; 0),
where G(u) is the n x J matrix:
Glu) = [ &logg(u) C,zalogg(u) z?logg( )j|
u du

Note that the first-order conditions imply E4/(60,, A;) = 0. Therefore,

P dd'(x;; 0y) dd'(x;; 00)\
A=Ey| ——=51(00, ;) | =E L :
o] =) (T ) (T )

where

J*logg
dudu’

L- —EO{ (1, @ (A, = o), ] € 288 1P (A2 — A)u} €1, @ (A, = Ag)u]

[ ® T = A, ] CG(T (A, - Ao)u,)}.
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10. DERIVATIVES OF FUNCTIONS BASED ON EXPONENTIAL OF MATRICES
10.1. Derivatives of a — log g(e““y)
Fora eR, ye R", C an n x n matrix, g : R” — R* a function,

4 aC aC (92 aC 2 aC
— (e““y) = Ce“y, o7 (e”“y) = C?e““y,
Jd aC _ logg aC
= logg(e““y) = [ ~ (e ):| Ce*“y,

7 [ 1o [alo
—zlogg(E"Cy)=(C€”CY)[ g_g(e“CY)]CeaCy + (Cze“CY)[ afg(eucy)]

da dudu’
10.2. Derivatives of 0 — ¢“®€y and 6 — log g(e“?€y)
For a : R? — R and 0 € R?,
da(0)
— [e?®Cyl _ Cer®Cy 777
g1y = e y—a,
da(0
—logg{ a(0)C } logg{ a(0)C } a(0)
00
Jlogg e da(0)
— a C a(0)C .
:[au/{e vH|Ce ™y 30 ’
7 J a0 &P da(0) da(0)
1 a(0)C — _1 a(0)C . _1 aC .
3056’ oggle"®y} =7 logsgle ! 7000 " 3d og8(e™y) 0 o0

_ dlogg a(6)C a(6)C 7’a(0)
_” o ey} |Ce ™y 9056/

2
+ :(Cea((’)Cy)’[O’) 1Ogg (ea(ﬂ)Cy)i| Cea(())Cy

duou’
[ dlogg da(0) da(@)
C2 a(0)C a(0)C .
r(Cemeyy| T ey || 5P

[13 ”

In these equalities, “-” indicates the multiplication of a matrix by a scalar.

10.3. Derivatives of 0 — exp{Zf_l[a i(x:;0)+ A1C; )y,

Let z,(A,0) = exp{z _la;j(x,;;0) + A1C;}y,, where A = (A, ..., A)) € R/, a;(-) are
real valued functions w1th 0 c RI’, y, € R", C; are n x n matrices. Let a(xt, 0) =
(a1(x;;0),...,a;(x;0)).Fori=1,...,J,let the n x 1 vectors

i—1

2(0,A) = exp{Z[aj(xt; 0) + \;]C; } Ciexp{[ai(x;; 0) + L] Ci}

j=1

J
X exp{ Z [a,(xt; 0) + )\j]C,«}y,,
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where the first and last sums are replaced by 0 when i =1 and i = J, respectively. Let the
n x J block-matrix

Z,(0,0)=[z"(0,M)]...1z2(6,1)].

We have

0z,(0, A) _ 7,00, A)ﬂa(x,, 0)
00 00

When the matrices C; commute, we have 727(0,A) = Ciz,(0, A) and
Z,(0,0)=[Ciz(0,N)]...1C;z,(0,1)] =C[I; ® 2,(0, A)],
where C =[C,]|...|C,]. Thus, when the C; commute,

0z:(0, A)
00’

da(x,; 0)

= C[L @20, 0] =
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