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APPENDIX B: MORE RESULTS ON NUMERICAL STUDIES
B.1. Supplementary to Section 4.1

IN THIS SUBSECTION, WE REPORT RESULTS ABOUT AUTOCOVARIANCES; those about au-
tocorrelations are given in the main article. Figure 14 compares the estimates of scaled
autocovariances based on Theorem 3.1 with the infeasible estimates based on the noise
process and the theoretical values. The estimates are based on one simulated path. More
specifically, we use red dashed curve to report the estimates of the scaled autocovariances
based on Theorem 3.1, namely,

R(j)":=U@)"/N! forj=(0,)),j=0,1,..., (B.1)

as in (3.9) with ¢ = 1; blue dotted curve to report the infeasible estimates based on the
noise process €' = yr@,Xi» hamely, the autocovariances estimated from (&) (which
are not observed in practice); black solid curve to report the theoretical values, that is,
R(j)1 :=R(j), asin (3.4). The theoretical values R(j), are,with yp=1and ¢;, j=1,2, ...
as in (4.39),

M—j 1
R(j)1=022¢i¢,»+,~/ Yiayds, forj=0,1...,M. (B.2)
i=0 0

Figure 14 shows that for autocovariances, our estimates are also comparable to the in-
feasible estimates based on the noise process, both of which are close to the theoretical
values.

To examine the CLT in Theorem 3.8, we plot the normal quantile-quantile plots of

VN
VZ'G01
Jean Jacod: jean.jacod@gmail.com

Yingying Li: yyli@ust.hk
Xinghua Zheng: xhzheng@ust.hk

(R(); — R(j)1) (B.3)

© 2017 The Econometric Society DOI: 10.3982/ECTA13085


http://www.econometricsociety.org/suppmatlist.asp
mailto:jean.jacod@gmail.com
mailto:yyli@ust.hk
mailto:xhzheng@ust.hk
http://www.econometricsociety.org/
http://dx.doi.org/10.3982/ECTA13085

2 J.JACOD, Y. LI, AND X. ZHENG

Scaled autocovariances of noise
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FIGURE 14.—Estimates of scaled autocovariances. The feasible estimates based on the observed prices are
compared with the infeasible estimates based on unobservable noise process, and with the theoretical values.

with Z/(j, J)} given by the second formula (3.32), since here @ =1 (with k/, chosen to
be 3). Analogously to Figure 2, we show the plots for lags 1, 4, and 7 in Figure 15. The
normality is again supported.

B.2. Supplementary to Section 4.2
B.2.1. Colored Noise With Rounding

The setting considered is the same as in Section 4.1, namely, when the processes X, v,
and y are specified by equations (4.38)—(4.41), except that the observed prices are given
by

85" = [exp(X 1 + £7)/0.01] x 0.01, (B.4)

that is, the (contaminated) observed prices in Section 4.1 further rounded to cents. A sam-
ple path of (S) is given in Figure 16. One can clearly see the rounding effect from Fig-
ure 16. The proportion of flat trading, namely, zero intraday (observed) returns for this

Normal Q-Q plot of estimates of autocovariance of lag 1 Normal Q-Q plot of estimates of autocovariance of lag 4 Normal Q-Q plot of estimates of autocovariance of lag 7

Sample Quantiles
Sample Quantiles
Sample Quantiles

Theoretical Quaniles Theoretical Quantiles. Theoretical Quaniles

FIGURE 15.—Normal QQ-plots of (B.3) for lags 1, 4, and 7, based on 1000 replications.
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FIGURE 16.—A sample path of the rounded prices (:S'Jf’) as in (B.4).

particular sample path is 75%. Different sample paths have similar proportions of flat
trading.
Under such a setting, the “noise” is

B =10g(S") — Xrns-

Our goal is to estimate the autocovariance and autocorrelation of the noise (€”) based on
the observations S?, or equivalently, based on

Y :=log(S?).

To do so, we apply the same estimators as in Section 4.1, namely, ﬁ( D =U@{)] /Ny for
j=1(0,/),j=0,1,...asin (3.9) for estimating the autocovariances, and 7(j)" as in (3.12)
for estimating the autocorrelations. The tuning parameter &, is chosen to be 6 based on
the heuristic criterion in Section 5.1.2. We compare these estimates with those estimated
from the noise (£!). Figure 17 shows the comparison results for autocovariances based on
one random sample path; those for autocorrelations are given in the main article. We see
from Figure 17 that our estimates are close to the infeasible estimates based on the noise,
indicating that our method works well even in the presence of rounding.

B.2.2. White Noise With Rounding

For the white noise with rounding case, we let the process y be a sequence consisting
of i.i.d. N(0, o) random variables. The proportion of flat trading is about 72%, slightly
lower than the proportion in Section B.2.1 where y is colored. The estimators are also
the same as before, except that the tuning parameter k, is reduced to 3, again based on
the heuristic criterion in Section 5.1.2. This smaller choice of k, is due to the weaker
dependence in the noise; see also the discussions in Remark 3.6. Figure 18 reports the
estimation results for autocovariances. Figure 18 shows that our estimators also work
well in this case.
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Scaled autocovariances of noise, colored noise with rounding
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FIGURE 17.—Estimates of autocovariances for the case of colored noise with rounding. The feasible esti-
mates based on the observed prices are compared with the infeasible estimates based on the noise.

B.3. Supplementary to Section 5
B.3.1. Results for Citigroup (C) on May 06, 2010

In this section, we analyze the same stock, Citigroup (C), but focus on a special day,

May 06, 2010, the day on which a flash crash occurred. The number of transactions on
that day is about 524,000.

Choosing k,. Following the heuristic criterion in Section 5.1.2, k,, is chosen to be 60,
which yields the plot in Figure 19, analogous to Figure 6.

Diurnal Features in the Noise. We start with the size of noise. Figure 20 shows the
estimated sizes of noise and estimated volatility during different half-hour intervals.
We see that when the volatility is unusually high, so is the size of noise.

Next, we examine the dependence during different half-hour intervals. Figure 21 gives
the estimated autocorrelations during different half-hour intervals.

Scaled autocovariances of noise, white noise with rounding
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FIGURE 18.—Estimates of autocovariances for the case of white noise with rounding. The feasible estimates
based on the observed prices are compared with the infeasible estimates based on the (unobservable) noise.
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Comparison of estimated R(0)1 - R(j); on May 6, 2010

1.4e-06  1.6e-06
L L

1.2e-06
L

1.0e-06
L

0 20 40 60 80 100

i

——— n,adj
FIGURE 19.—Comparison of the two estimates of R(0); — R(j);, one based on AR(j) * J, the other based
on (R(0)} — R(j)H}), for Citigroup (C) on May 06, 2010.
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FIGURE 20.—Estimated sizes of noise and volatilities for Citigroup (C) during 13 half-hour intervals on May
06, 2010.
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FIGURE 21.—Estimated autocorrelations of noise up to lag 50 for Citigroup (C) during different half-hour
intervals on May 06, 2010.
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Autocorrelations of noise for Citi on May 6, 2010
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FIGURE 22.—Estimated autocorrelations of noise up to lag 100 for Citigroup (C) stock on May 06, 2010.

Estimating the Autocorrelations of Noise. Finally, we estimate the autocorrelations us-
ing the whole-day data. Figure 22 shows similar features to Figure 11, namely, the auto-
correlations are positive and slowly decay to 0.

B.3.2. Results for Intel (INTC)

In this section, we briefly report the results for Intel (INTC) during the same period of
January 2011. The average number of daily transactions is about 143,500.

Choosing k,. Analogously to Figure 6, we have the plot in Figure 23 by using
k, =20.

Diurnal Features in the Noise. We first examine the size of noise. Figure 24 shows the
estimated sizes of noise during different half-hour intervals.

The average curve suggests that the noise tends to be larger towards the end of trading
hours. As to the volatility, we have the plots in Figure 25.

Comparison of estimated R(0)4 — R(j) on Jan 3, 2011
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FIGURE 23/.\—Comparison of the two estimates of R(0); — R(j)1, one based on AR(j) J, the other based
on (R(0)] — R(j)}), for Intel (INTC) stock, on January 3, 2011.
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FIGURE 24.—Estimated sizes of noise for Intel (INTC) stock, during 13 half-hour intervals and for different
trading days. The first five curves plot the estimates for the first five trading days in January 2011. The low-
er-right curve plots the sizes of noise during different half-hour intervals averaged over the 20 trading days in
January 2011.
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FIGURE 25.—Estimated volatilities for Intel (INTC) stock, during 13 half-hour intervals and for different
trading days. The first five curves plot the estimates for the first five trading days in January 2011. The low-
er-right curve plots the estimated half-hour volatilities during different half-hour intervals averaged over the
20 trading days in January 2011.
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FIGURE 26.—Scatterplots of the estimated sizes of noise against volatilities during different half-hour inter-
vals for Intel (INTC) stock, in January 2011. The right panel is a zoomed-in version of the left panel with the
two outliers on its far right removed.

Again, we see a U-shaped pattern.

Finally, we plot the estimated size of noise against volatility during different half-hour
intervals in Figure 26.

We observe a similar pattern to Figure 9. The correlations in two plots are —0.07 and
—0.13, respectively, the former being insignificant and the latter being significant at the
5% level.

Next, we examine the dependence during different half-hour intervals. Figure 27 shows
the estimated autocorrelations during different half-hour intervals.

Estimating the Autocorrelations of Noise. Finally, the estimated autocorrelations using
the whole-day data are given in Figure 28. Again, we observe similar features to Figure 11,
namely, the autocorrelations are positive and slowly decay to 0.
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FIGURE 27.—Estimated autocorrelations of noise up to lag 50 for Intel (INTC) stock, during different
half-hour intervals. Each red curve represents the estimates during one half-hour interval. Left: autocorrela-
tions on January 3, 2011; right: autocorrelations averaged over the 20 trading days in January 2011.
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Autocorrelations of noise for Intel in Jan 2011
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FIGURE 28.—Estimated autocorrelations of noise for Intel (INTC) stock in January 2011. Each curve is for
one trading day, and plots the estimated autocorrelations of lags up to 50.

APPENDIX C: TECHNICAL DETAILS OF THE PROOFS

C.1. The Sampling Scheme and the Localization Procedure

PROOF OF LEMMA A.1: For any i > 0, we let (F") be the smallest filtration containing
(F,) and for which T'(n,0), ..., T(n, i) are stopping times, so Fr'=F, and F>* = Fr.
We will prove by induction on i the property (P;): any (F,)-martingale is an (F,"')-
martingale.

The proof is based on a “concrete” description of F,*"*" in terms of F,"' and A(n, i+ 1).
Obviously, F-7 contains the class ‘H! of all sets B € F such that BN{T(n,i+1) >t} =

N{T(n,i+1)>t}and BN{T(n,i+1)<t}=B'N{T(n,i+1) <t} forsome B € F"'
and B” € F"' v o(A(n, i + 1)). It is easy checking that ‘H? is a o-field containing Fr
and increasing with ¢ and that T'(n, i+ 1) is an (H/)-stopping time. Thus, we indeed have
f-ln,i-%—l — H?

Suppose (P;) for some i > 0, and let M be an (F,)-martingale, hence an (Frh-
martingale. Let s > >0 and B € ]:t”’i+1, with which we associate B, B” as above, and
observe that B’ = {w : (w, A(n, i + 1)(w)) € B} for some € F*' ® R-measurable subset B
of {2 x R (R is the Borel o-field of R). We have E((M; — M,)15) = a + a’, where

= E((M, = M) isn=ronin15( A, i+ D)),
= E((Ms - Mt)lB’ﬂ{A(n,i+1)>t7T(n,i)))-

Now, we apply (ii) of Assumption (O), plus the obvious fact that 77, , = F7;, ;. By con-
ditioning on this o-field, since M, — M, is F.-measurable, and with F denoting the 7, ;-
conditional law of A(n, i), we obtain

t—T(n,i)
a=E</ ]E((MS_MI)lﬁ('ax) | T(n z))F(dx))
0
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Since 13(-, x) is F;"'-measurable and M is an (F;"")-martingale, the inner conditional
expectation above vanishes, and a = 0. An analogous argument yields @' = 0, and thus M
is an (F""*")-martingale.

Therefore, (P;) implies (P;,;) and, since (P,) obviously holds true, we see that in fact
(P;) holds for all .

Now, proving the claim is easy. First, it is enough to prove it when M is a bounded
(F;)-martingale. From what precedes it is an (F;"')-martingale for all i, hence the stopped
process M} = M, 7., as well. Since F' = F;"" in restriction to the set {t < T'(n, i)} and M’
is constant in time after T'(n, i), we deduce that M' is an (F")-martingale. Since T'(n, i) —
oo as [ — 0o, it follows that M is an (F")-local martingale, hence an (F/')-martingale
because it is bounded. O.E.D.

PROOF OF LEMMA A.2: By a classical localization procedure, it is no restriction to
assume that 7, = oo in Assumption (O), and also that } is bounded.
(a) We first prove (2.4); we set

[t/An) [t/An]

A'=AN",  L'=T(n,[t/A)) = ZA(n H,  Sr=>

i=1

A(n, i)

AT (n,i-1)

We have §7 — ¢t = Z“/A”J M+ (Alt/A,] — t), where ' = A(n, i) /arp, i1 — Ay, and (2.3)
implies |E(§" | Froni-n)]l < KA?/HK and E(({f)z | Froni-1) < KA%,H, whereas }' 18 Fr,i-

measurable. Therefore, we deduce S LN t, hence S7 =& t as well, from
E((S! — 1)) < 282 + K 1AL 4 KPAL>+H%2,

By the subsequence principle, for (2.4) it is enough to show that any infinite sequence 7,

contains a subsequence 7, such that A;* — A, for all ¢, for all w outside a null set. Since
from any subsequence one can extract a further subsequence such that S} — ¢ holds,
outside a null set again, locally uniformly in time, it is enough to show that if §7(w) — ¢
locally uniformly in # for some given w, then A7(w) - A,(w).

So below, we assume S/ (w) — ¢ locally uniformly, and omit to mention w. The defini-
tions of L" and S” imply L = [, an dS". Equation (2.4) yields L?, — L" < k(S — S');
hence, by Ascoli’s theorem from any subsequence we can extract a further subsequence
n' such that L" converges locally uniformly to a continuous nondecreasing limit L. Pick-
ing any ¢ > 0, we let t; < 1, < --- be the times at which ¢ — «, has a jump of size bigger
than ¢, and set B, = J,.,((t; — &, t; + €] N[0, t]) and B, = [0, ¢] \ B,. The modulus of con-
tinuity w,(p) of a® = a, — Ziz] Aa, 1< on [0, ¢] satisfies lim sup,,w(p) <&, whereas
L" — L, locally uniformly, so limsup,, sup,_ glagy —aL|<e. Thus, for n’ large enough,
LY — [y o, dS"| <2&S" + K [, dS", which in turn goes to 2e¢ + K [, ds < Ke. Since
& is arbitrarily small, we get L" — fot ar, dS" — 0. Another application of S” — s for all
s yields fO’ o, dS" — ]Ot ay,ds. Thus L, = fot a;, ds, so L is strictly increasing and its in-
verse L' is A, as defined by (2.4). Therefore, L is uniquely determined and the original
sequence L" convergesto L = A~

Now, the definitions of A? and L} imply that they are right-continuous inverses one
from the other, hence A7 — L' = A4,, and the proof of (2.4) is complete.

For (a), it remains to deduce (A.2) from (2.4), and without loss of generality we assume
d=1.1f V; = sup,_, |V, we have |H — [ V.dA"| < u,A,V;*, which goes to 0 by our
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assumptions on u,,. The property A" 5 A, implies fo VidA?! = f V,d A, because V is
cadlag and A is continuous. We deduce the convergence (A 2) for each ¢, and the local
uniform convergence easily follows, again because A is continuous.

(b) Set

Ny
Z Vi (@rmpA(n, i+1) —A,), H"=H!—-H.

1
\/In i=0

If u, > 0, we have A(n, i) < KA?, hence |H]"| < Ku,A?~'/* because } and « are bounded.

Then u,A?~'2 — 0 yields H" =% 0. Henceforth, it is enough to show the convergence of
H™, or equivalently suppose that u, =0.

With ¢ = ﬁVT’(n,i)(aTW)A(n,i +1) — A,), we have H" = Zl 0("’, and " is
F1nis1-measurable. Hence by Theorem 1X-7-28 of Jacod and Shiryaev (2003), it suf-
fices to prove the following convergences in probability, for all ¢+ > 0 and all bounded
(F;)-martingales M and with A?M = My, 1) — Mr,i:

H'=HV)" =

N N?

DB P =0 B F ) [ ViV e, ds,
" , (C.1)
ZE(|§{'”|4 | Fros) — 0, S E(GVAIM | F, ) 0.

i=1 i=1
The first and third parts of (C.1) readily follow from (2.4) and A’ 5 A,. Next,
|E(§in,j§in’m | F#(n,i)) - A"aT(",i)V%(n,i)VT"(ln,i)‘ = KArlz+K’

so the second part of (C.1) follows from (A.2) applied to al//V'™". For the last part,
since A(n,i+1)is W conditionally independent of F,, whereas M is F,,-measurable
and an (F)")-martingale by the previous lemma, its left side is in fact identically vanish-
ing. Q.E.D.

PROOF OF LEMMA A.3: (1) Assume for a moment the existence of a localizing se-
quence 6, of stopping times and, for each m, of a semimartingale X (m), a sampling
scheme (A™(n, i) :n,i> 1), and a noise process (&;"" : n>1,i > 0), with which we asso-
ciate N/*" and T"(n, i) as in (2.2), o and @ as in (O), and y™ as in (2.7), such that:

(a) For each m, the family [ X", (A" (n, 1)), (¢]"")] satisfies (SHON),

(b) For each m, we have limP(Q2™") = 1, where
s (C2)
Q" ={T"(n,i)=T(n,i) for all i with T'(n, i) < ,,},

(c) We have X" =X, ift < 6,,and &"" = &' if T"(n, i) =T (n,i) < 0,

Each result of Section 3 is the convergence (in probability or stably in law) of a
sequence of statistics Z7 toward some limit Z,, with Z7 based on the restriction of
[X, (A(n, 1)), (¢!)] to some time interval [0, ], and the limit Z, or its F-conditional law
is always some function g,(a, @, y) only depending on the restriction of «, @, vy to [0, ¢].
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Now, compute the same statistic, say Z(m)”, with [X™, (A" (n, i)), (¢]"")]. Equation
(C.2)-(a) and the assumptions of the lemma imply that Z(m)” converges to a limit Z(m),
which is characterized by g,(a™, @™, y") with the same g, as above. Equation (C.2)-(b,c)
implies that Z(m)} = Z} and also g,(a”, @™, y") = gi(a, @, y) on the set 27 = ) N {1 <
0..}, and

lim lim inf P((¢2%2,)°) < limP(¢ > 6,,) + lim lim sup P((£22,)) = 0.

m,t
m n

We deduce first that, in restriction to {¢ < 6,,}, we have Z(m), = Z in case of convergence
in probability, or Z(m), and Z, have the same JF-conditional laws. Second, it follows that
indeed Z! converges to Z, in the appropriate sense, and the claim is proved.

Therefore, it remains to show that we can find 6,, and [ X", (A™(n, i)), (&"")] satisfying
(C.2). This is achieved through several steps.

(2) By the classical localization procedure (see, e.g., Section 4.4.4 of Jacod and Protter
(2012)), there are a localizing sequence (6! ) and processes X, o™, @™, y™ satisfying (K)
with 1/a™ bounded, such that X", ™, @™, y™ coincide with X', a, @, y on [0, 6! ).

Second, the process X/ =37 I1{5j<mo=s,<y coincides with X” on [0, 62)), with the
localizing sequence 62, =S, Ainf(S; : i > 1, |I}| > m), and satisfies (ii) of (SHON).

The localizing sequence (6, in (C.2)) willbe 6,, =m A 7, A 0L A 6%, and X" = X"™ +
X" and &"" = vy, xi with the same sequence y; as in (N): we have X" = X, and
AN'=a, and @" =@, and y" = v, for t < 0,,, and also &/"" = & if T(n, i) < 6,,, whereas
X", am, am, y", e"" satisfy (i) and (ii) of (SHON).

(3) The construction of a sampling scheme A™(n, i) satisfying (O) with the processes
o™, a" and A"(n, 1) < KA? identically and satisfying (C.2)-(ii) is more delicate.

Note that 1/a™+/a,, > C for a constant C > 0. Upon enlarging the space if necessary,
we have a sequence (®;) of i.i.d. variables, independent of F,, and of all A(n, i)’s and
xi’S, and which are centered with variance 1 and with support in (—C/2, C'] for another
constant C' > 0. Set also I, = inf(i : A(n,i) > A? or T(n, i) > 7,). The two sequences
A™(n, i), T™(n, i) are defined by induction on i, as follows: we start with 7" (n, 0) = 0 and
set

A(n, i) ifi<I,,
mepy i) — A, o
A™(n, i) m7+Anq)i\/a';TM ifi>1,,
Xpm i1y

T"(n,i)y=T"(n,i— 1)+ A"(n, ).

Since —C/2 < ®; < (' and 1/a™ and a™ are bounded, we have % <A™(n,i) < C'A, for
i > 1,, so the previous induction defines a new sampling scheme with which we associate
the filtration (F;"") as in (O). In this step, we show that this new sampling scheme satisfies
(SHON) with the associated processes a™, &™ in (2.3).

Since A(n, i) < A?ifi < I, and A™(n, i) < C”A, otherwise, we obviously have A”(n, i) <
KA? for some constant K. By construction, 7" (n, i) = T'(n, i) when i < I,,, so the restric-
tions of the o-fields F7., ;, and F7, ; to the set {i < I,} coincide, and this set is 77, ; -
measurable. Hence, for any R ® F7., ;,-measurable function f >0 on R x £ and any
F-measurable variable Z > 0, the variable B = E(Zf (A" (n, i)) | F},_,,) takes the
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form

E(Zf(A(’% i), -)1{A(n,i><Aﬁ} | }-;(n,,q))

A, f— " :
B _ + ]E<Z]‘{A(”>i)>A’n)}f<am + Anq)i aT(n,i—])’ ) ) ‘7:T(n,i—1)> on {l - 1 < In},

T(n,i—1)
A, ,
B(Zf (" + M @iy ) | it on {i—1>1,}.
Qm(p,i-1)

Since the original scheme satisfies (i) of (O) and ® is independent of . and of 775, _,,
we deduce that B is the product of E(Z | F7,,_;,) and E(f(A"(n, 1), ) | Frm,i_1))> SO
A™(m, i) and F, are f}",,’,'(’n,ifl)—conditionally independent.

Since ®; is bounded, centered with variance 1, the above formula with Z =1 and
f(x,w) =x or f(x,w) = (xaf, ,_(w) —A,)* or f(x,»)=|x|” shows us that (iii) of
(O) holds with o™, @™ on the set {i — 1 > I,} (with 7, = 00). To see that it holds also on
the complement {i — 1 < [,}, and because T(n,i — 1) < 7,, on this set and this property
holds by hypothesis for the original scheme, it is clearly enough to prove that, for any
r,q=0,

]E(A(n, i)ql{Am,i)zAZ} | f;(n,i)) = Kr,qAZH' (C~3)

Using Markov’s inequality and the third part of (O)-(iii), we see that the left side above is
smaller than K, 4. -, AZT71~? and upon taking p > r/(1 — p). Therefore, the scheme
(A™(n, i)) satisfies (SHON).

(4) It remains to show (b) of (C.2). By our definition of our new sampling scheme
and of 6,,, this will be implied by the property P(B,) — 1, where B, = {A(n, i) < A? for
i=1,...,N! +1}. Applying (C.3) with g =0 and r = 3, we get

[1/A7)
P((B,)*) <P(Nj > 1/A2) + > P(A(n, i) = &) <P(N}, > 1/A}) + KA,

i=1

and P(N" > 1/A%) — (0 as n — oo by (2.4). This completes the proof. Q.E.D.

C.2. Some Facts About Stationary Sequences

The proof of Theorem A.4 is rather involved. We begin with some notation. By (A.11)
and the Cauchy-Schwarz inequality, > .., E(||[E(&! | H..) ) < oo for any m, whereas V' is
bounded, so the following d-dimensional variables U and M” are well defined, compo-
nentwise, as

U=V Y ViwnE(E 19),

i=(m—wy)*
M, = @Z VTj<n,i> (E(ffj | Hn) — E(f;”j | Ho))
=0

(recall H,, = F* ® G,,), and we write M", for the same variable as M", with & substituted

with £. We also consider the F’-measurable variables v, (1) = (N + w, — u, + 1)™. Since

&' is Gy, -measurable, we have E(&" | H,, ) = €' when 0 <i < N/ — u,, hence
G'=M!,+U;-U!

vp(t) vp(t)*®

(C4)
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LEMMA C.1: Under the assumptions of Theorem A.4, for any t > 0 we have

U, —0, U —>0, (C.5)

and

M’l

n
vp(t) M

P
oty — 0- (C.6)

PROOF: (1) We only prove the first convergence in (C.5), the second one being similar.
We have U}, , = B, + C,, where

&) vp (1)
Bi=vA, Y V8 EE 1 Huw),  Co=VAL Y Vi E(E  Ha).

i=14vpu (1) i=(wp(t)—wp)t

Since V' is bounded, we deduce from (A.11), v > 1, and the Cauchy-Schwarz inequality
that

E(IB.II* | F°) < KA, Z (1E(E 1 Howo) | E(E] | Howin) || 1 F°) < KA,

i,j=14vn(t)

hence B, —> 0. Next, we have E(|I€M1*) < K by (A.10), hence E(||C,||*) is obviously
smaller than KA,w? because the sum defining C, contains at most w, terms. Since

A,w? — 0, we deduce C, LN 0, hence the first convergence in (C.5).

(2) Now we turn to (C.6). Setting & = &/ — &;, we have M

AN _ vp(t) _n
vn(t) -M =2u4=1 "M
where

v (t) k>

nk - \/721/7]‘(11 i) /”j | Hk) - E(éé”’j | Hk—l))

i>0
is a martingale increment, relative to the discrete time filtration (#;).-o. Therefore,
vp (1)

]E((M:néf) Vn(t) ZE

vp(t)

- A ZE(Z V7{(n i) T(n l) g’”] | H ) (g;n’] | Hk)

i[>0
~ B 1 H)B(E 1) | 7).

The double series ), , above is absolutely convergent (almost surely), so we may permute

the summation over (i, /), the one over k, and the conditional expectation E(- | ), to
get

E((M:n{f) Vn (l)) | ‘Fﬂ) V (t)

no__ ] J n
Dy =A, E :VT(n,i)VT(n,[)ai,l,k’

i,[>0

o =E(E(E" | H)E(&" | Ha) | FY).

—Dj, where
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If p, = E(|| " — £|)?), an application of (A.8), (A.9) and the Cauchy-Schwarz inequality
gives us for i < [:
Kp,/(i—k)(I—-k)y ifk<i,
o] Kp,/(I—k)’ if0<i<k<l,
KL= Kp, /(=i —w,)® ifi+w, <l<k,
Kp, otherwise

(use the property E(&)" | Hi) = & when i < k — w,). Thus, since &, , = o], we get
sup,_,, D} < KA, p,(1+ m +w,m), hence, recalling (A.5),

E((M], — M",)" | FY) < Kp,(Ct+1)(1+w,) onthe set 2!
Since w,p, — 0 and P(£2!) — 1, we readily deduce (C.6). O.E.D.

Next, we observe that

= Z (¢, Wwhere
= (C.7)

=VA, ZVT’M DBl BL=E(& | Hy) —E(& | Hia).

LEMMA C.2: Under the assumptions of Theorem A.4, for all t > 0 and ¢ > 0 we have

vp (1) ¢

S E(G G 1 i) imf'"/ ViVmdA,,

= 0

- (C.8)

v (t)

S B g | Hicr) = 0.

k=1

PROOF: (1) The second convergence is easy to prove. Since B;x = ik © 6 (for all
i, k € Z), the variables ,Bk =Y iz | Bill satisfy Bk = Bo o 6%. A priori, ,Bk could be infinite;
however, B, =0 when i < k — w by (A.10), so (A.11) for ¢ implies E((8x)*) < co. The
obvious estimate [|£?|| < D+/A, By for some D > 0 and stationarity yield

E(E(] ¢ ||21{Hz,';||>e} | Hi 1) | FY) < D*AE(B 3, - o/0vamy) = D*A¥(e),  where
¥(&)n =E((Bo)1i5,c/00m)-
Now, y(¢), — 0 as n — oo, because E( Eﬁ) < 00, and the second part of (C.8) follows
since A,v,(1) —> A, by (2.4) and A, (u, + w?) — 0.
(2) By virtue of the square-integrability of S, the d-dimensional variables B; =

>0 Bik are well-defined, square-integrable, and also By = B, 0 65! forall k > w+1
(this fails when 1 < k& < w). In this step, we show that

[E(BLB})| <K, andifk>w+1, then E(BB}) =a’, (C.9)
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with a/” given by (A.12). The first estimate follows from || 8| < Ek = Eo o 0% and ,§0 el
For the second property, by polarization it is enough to show it in the one-dimensional
case d = 1, so below we omit j, m. Then B, =E(& | Gr) — E(& | Gr_1) is G,-measurable
with vanishing G,_,-conditional mean, and &;,{E(&;1 | Gv) = (§E(E | Gi1)) o 0, hence

E(BixBrx) =E(E(& | G Bk —E(& | Geo)Brr) = E(E:Brr)
=E(E(é — &1 | GOEE | Gr)) + E(E(Ei1 | GOE(E — €41 1 G))-

Therefore, for any L > 2k we have

L L L
ZE(Bi,k,Bl,k) = Z]E(E(fo | GOE(E + €41 1 Gr)) — ZE(E(§L+1 | GOE(E + €11 Gr))-
1=0

i,[=0 1=0

By (A.8), the /th summand in the last sum above is smaller in absolute value than K/L"
always, and than K/L"I* when [ > 2k. Since v > 1, by letting L — oo we obtain that

E((Bi)’) =Y E(E(é0 | GOE(E + &1 | G)) =E(£) +2)_E(&éD),
1=0

=1

the last equality following from the fact that k > w + 1, hence & is H,-measurable. The
right side above is (A.12) in the one-dimensional case, and thus the last part of (C.9)
holds.

(3) In this step, we set @/ = E(B,B” | G«_1) and prove that

vu(t)
u.c.p.

B, := Z(E( Z’é“;'fm | Hk—l) A VTj(n k— I)V;r(ln k-4 /jm) = 0. (C.IO)

k=1

Letting n} be the kth summand above, we see that i = A, >, ., n(, 1)}, where

77(1, Z)Z = (VT](n z)VZ?(ln b} V7{(n,k 1)V7{'(1n k— 1)) (B{,kﬁzlk | gk*])'

As seen before, B, =0 if i < k —w and E(|| B« ||*) is smaller than K/(i — k) if i > k
and than K always. Moreover, (A.5) and (A.6) imply E(|Vrwu — Viww 1?) < Klv — u|A?,
whereas V' is bounded; hence by (A.11) and the Cauchy-Schwarz inequality, we obtain
fori<I:

0 ifi<k—w,
LA M+ 1K)V (k=1 - D))
- fk—w<i<k<l,
E(|n(, Dy]) < -0
AN(l4+1—k) .
fi>k
G—k)'d—k)’ e
KA?P? ifk—w<i<l<k,

and similar estimates hold for / < i. Since one can always assume v € (1, 3/2), in which
case Y . (1 A ViAD)/i¥ < KAV, we get E(|n}]) < KA."®~". Therefore, for any
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n,C >0,

[(Ct+1)/Ap]lH+wp+1 K
B, m (@) + 5SS () <p(@y) + Kage
k=1

Since P((£27)¢) — 0, (C.10) follows.
(4) By the previous step, in order to get the first part of (C.8), we are left to show

vn (1) t
A Z Viok V1@ — “ﬂ/ VIV dA;. (C.11)
0

k=1

The left side above is the integral of the caglad function s +— V/V" with respect to the
(random) measure F,"/"(ds) = A, ZZ’S) a;jmér(n,k_l)(ds), where §, stands for the delta
measure at x, so it is enough to show that F,"’" converges in probability to the measure
a™1.4(s) d A, for the weak topology on the set of (signed) finite measures on R,. To
this aim, it is enough to prove the following convergence of the cumulative distribution
functions:

v (s)

s<t =AY @l a" A, (C.12)
k=1

(this is obvious when m = j, in which case F;’ ™ is a positive measure; when m # j, the
absolute value of F;"'" is dominated by §(F;"” + F;"™"), so again (C.12) is enough).
We recall that 8, = B, o "' when k > w, implying a, = a gk—wt1 5o the

rjm

ergodic theorem and (C.9) and |a;"| < K if k < w imply that

’
w+1 o

L

1 ; :

7 E al™ —a™m PUV-as., as L — co.
k=1

Since A,v,(s) LI Ay, we readily deduce (C.12). O.E.D.

PROOF OF THEOREM A.4: The proof heavily relies on Jacod and Shiryaev (2003), ab-
breviated as [JS] below.

(1) Let the pair (G,, H,) be as in the statement of the theorem. It can be realized as
the value at time ¢ of a process (G, H) defined on an extension ({2, F, P) of (2, F, P),
and which, conditionally on F, is a continuous centered Gaussian martingale, with the
covariance structure given by (A.15) (for all ¢).

The F-stable convergence (G, H') — (G,, H,) amounts to having, for any bounded
F..-measurable variable Y, any continuous bounded function f on R?, and any u € R¢:

E(Yf(H}')e" ) — E(Yf(H,)e™ )
(u - v is the scalar product on R¢). In view of (C.4) and Lemma C.1, this is implied by
E(Yf(H")e" mw) — E(YF(H,)e™). (C.13)

(2) Equation (A.15) and Lemma C.2 and the fact that the {}’s are martingale incre-
ments relative to the filtration (#,) imply, with the help of Theorems VIII.3.22 and
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VIILS.14 of [JS], that

M, converge F'-stably in law to G,. (C.14)

vu(t

On the other hand, Lemma A.2 and our assumption on u, imply
H} converge F-stably in law to H,. (C.15)

Equations (C.14) and (C.15) are not enough for us; we need a joint convergence. To
this end, we need to revisit the convergence (C.14). As for all special semimartingales, we
can write " uniquely as a product g(u)?Z(u)! of a predictable cadlag process with
finite variation g(u)" (called G"(u) in [JS]) and a martingale Z(u)", both relative to the
filtration (H,,(;)):=0, both starting at 1 at time 0, and both complex-valued. Analogously,
e = g(u),Z(u),, with g(u) predictable with finite variation and Z(u) a martingale,
relative to the smallest filtration (]?,(1)) to which G is adapted and such that 7° C ]?él) .

We do not need to recall the explicit form of g(u)"” and g(u) (although g(u) takes the
simple form g(u), = exp(—3 Zimzl wura™ [ VIV™a,ds)), but only that, according to
the proof of Theorem VIII.2.4 of [JS], we do have, for all # and by Lemma C.2:

glu)! — g(u).. (C.16)

Observe that 2e < |g(u),| < i for some constant & € (0, %) (depending on ¢ and u). The
(H,,1y)-stopping times R, = inf{s : |g(w)?| < e or |g(u)!| > %} satisfy P(R, <t) — 0 by
(C.16) and are predictable, so there are (#,,,)-stopping times S, < R, such that P(S, <
1) — 0 as well, whereas & < [g(u)"| < ! and thus & < |Z(u)"| <! for all s < S,,. Then,
partly reproducing the proof of Theorem VIIL5.16 of [JS], for any uniformly bounded
sequence Y, of F’-measurable variables, one can write

[E(Y, ("Moo — e ))| < KPS, < 1)+ [E(Y, (g5, Z(w).5, — g(w) Z(w),)|
<KP(S, <)+ |[E(Ya (g5, — 8(w)) Z (W),
+ |E(Yng(u)t(z(u)ms,, - Z(u)’))|

Since E(Z(u)},g, | F') = E(Z(u), | F°) =1 and Y,g(u), is F'-measurable, the last term
above vanishes. We have |Y,Z(u)}s | < K/e, hence

~ K
[E(Y, (™Mo — e™51))| < KP(S, < 1) + ;E(|g(u);;sn —g(u),|).
Using again (C.16), plus P(S, < t) — 0, we deduce

B(Y, (e Mo — e G1) — 0. (C.17)

_ (3) Now, we are in a position to prove (C.13). First, the characterization of G, gives us
E(e™% | F) = g(u),. Next, apply (C.17) with Y,, = Yf(H!) to get

E(Yf(H")e" o) —E(Yf(H")e™ %) — 0.
Finally, Y’ = Yg(u), is bounded F,-measurable, hence (C.15) yields
E(Yf(H})e" ) =E(Yf(H)g(w),) — E(Yf(H)g(w),) =E(Yf(H,)e" ),
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where the last equality comes from the independence of H, and G,, conditionally on F.
We then deduce (C.13), and the theorem is proved. Q.E.D.

PROOF OF LEMMA A.5: We use a unified approach, by setting

case 1: F'=G™!, gr=¢r h, =w'

1 2

case 2: F'=G"?, gn=¢n?

i+wh+ky’

case 3: F"'=G", En=gnten? h, =k, +w' +w’.

i+wh+kn’

In all cases, E(|£/"|*) < K, and £ is centered in cases 1 and 2, whereas in case 3, (A.9)
yields |[E(¢")| < K/ k. Then another application of (A.9) also yields

K{—-h,)™ in cases 1 and 2,

m 0
I>h, = ‘(5 §,+1|‘7:)‘ {Kk ® 4+ K(—h,)™" incase 3.

Since V' is bounded and N} is F°-measurable and independent of all £&"’s, we deduce

Ny
Kh,N]+ N} Z m™’ in cases 1,2,
|Fn| | f() Z|E f/ng/n m=1 Ny
b= Kh,N} +KKk;*(N?)' + N2> m™ incase 3.
m=1
The result is now obvious. Q.E.D.

C.3. Further Auxiliary Results

PROOF OF LEMMA A.6: We set 8" = E(5! | ﬁ,’.’) and 6" = 67 — 0 and, for j =
0,...,w,—1,

[(I=))/wn]

1
m o __ m /NI /m
Br=Y"8",  B'(= D 8iim
i=0 i=1

so B} = B" + Zw”_l B"(j);. We clearly have E(sup,_, |B;"|) < (k + 1)a,. The summands
87 i_1yw, are martingale increments, relative to the filtration (H" i )iz0, REDCE

[(k=j)/wn] [(k=j)/wn] Kka/

(sup|B”(]) )<4 Z ((87))) < 4 Z ))

Wy

by Doob’s inequality, so E(sup,_, |B"(j)]|) < K\/ka},/w,. The left side of (A.17) being
smaller than E(sup,_, |B}"|) + Zw"_l E(sup,_, |B"()){1), we deduce the result. O.E.D.
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PROOF OF LEMMA A.7: With V = V,a,, we have

t
J(V)! =D} +B} D;

1
t = T =
V. An T(n,NJ'—un)

LI Vs — VT(n,N;“))as ds,
k 1 T(ni+l)

Bi=)>» 9o, 0= — Vs =Vrwmi)ds.

g ; VA, ST

Equation (A.5) and the boundedness of I and « imply |D"| < Ku,A?~/?, which goes to 0.

In view of (A.5), By._,, ==& 0 follows from the property E(sup;_p,a,; |B}) — 0 for any

constant D. This in turn follows from Lemma A.6 applied to &7, the assumptions of this

lemma being fulfilled with #} = F7,, ., and w, = 1 and, by virtue of (A.7), a, = KA}/* and

a, = KAZ2. This completes the proof. Q.E.D.

PROOF OF LEMMA A.8: Since |r(m)| < K(1 Am~"), we have for all j:

BN | , 2 ' K I |
E((x") )ZP > r(l—l)sk—ZV(m)\ = 1+Zﬁ < Kf,(k,), (C.18)
n0<i,l<kp—1 " =0 n m=1

with f,(k,) as in the statement of the lemma. This yields the first claim. Since all moments
of ¥} are bounded in j and n, by Holder’s inequality we also get, for p > 2 and & > 0:

E([xi|") < Kpofolkn)' ™. (C.19)

Next, we denote by Q the set of all non-empty subsets Q of {1, ..., g}, the complement
of O being denoted as Q¢, and its cardinal is |Q|. We have

q q
Uy = H(ij - YZ+<2m—1)kn) - anm - Z(_l)‘glV"(Q)’
- m=1

QeQ

m=1

where
V.(0) = 1_[ Xije HYZHzeq)k,ﬁ
LeQe LeQ
We fix Q € Q and let ry=maxQ and Q' = Q \ {ry}. We have

V.(Q)= V;{(Q)YZH%A)/(,,: where V,(Q) = l_[ Xie HYZJr(Zl—l)k,,'
LeQ¢ LeQ’

The variable V,(Q) is G, (2r,-2)k,-measurable, with all moments bounded in n, whereas
X i200- 1k, 18 G0~ Dkr-measurable, centered, and satisfies (C.19). Then (C.18), (C.19),
(A.9), and the property that k,*f,(k,)"/*~* < Kf,(k,) for € € (0, 1/2] yield

EV(Q)| < Kk;"Vikn),  E(Vi @) < Kpofulkn).

Since (3.1) and (3.26) yield r(k,; j) — r(j) = E(U,), by summing up the estimates above
over all Q € Q, we readily get (A.19). Q.E.D.
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PROOF OF LEMMA A.9: (1) We will focus on the second part of (A.21), the first part
being analogous, and in fact slightly simpler. We take j, j as above, and set for any inte-
ger k:

n
i+u+Qq+1)kn ) :

k
U= (YOIYE), e, = Yo XDIX() (C.20)
i=1
Suppose for a moment that we have

1/r

E(sup|U7]) = Ky (i(kad)) " + K280, (C.21)
k<j

Observe that, with ¢} = [X()/ X ()7t 2geik,| @0d w, = u, vV (0" + (29" + 1)k,)), we have

Ny

i— NI /
i=N{—uy

[U*0); = U"(:0); ] < KR} + sup|U;

Since the variables ¢ have a finite moment (not depending on i) and are independent of
JF?°, by conditioning first on this o-field we see that E(R") < K,+k,. On the other hand, on
the set 27 we have N}' < (14 Ct)/A,, so the left side of (A.21) is smaller than Kk, plus
the bound in (C.21) evaluated at j = [(1 4 Ct)/A,]. Since both k,, and k' T/ AlP=0/2" are
smaller than Kk'/"A?/"~! by (A.4), we deduce the second part of (A.21).

(2) The proof of (C.21) goes through several steps, the first one being devoted to some
estimates. Set for u, [, w € N:

Xromivw — X+ (Yroivw = YTi) Xitu

1

Lmy}, = T Z(7T<n,i+z+j) = YTi)) Xitl+ ifm=1,
n ]:0

Yz (Xisu — Y?H) if m=2.

Upon using (A.5) and (A.6) with V' = X’ (since here X = X, + X’) or with IV = v, the
independence of F° and G, and the fact that y; has moments of all orders, we get for
p=2

E(|CD2 ") <KpAu+l+kn),  E([LQ)7") <K, (C.22)
Moreover, (A.6) and the independence of F° and G yield

1 kn—1

B | Fpny ®G)| < KAL(u+1 + lm(l il + Y |x,-+,+m|>. (C23)

k” m=0

(3) Since Y, — Y S Z(m)!,,, and with the notation

i+l = iu,l>

l<t<q = u/=j, =p+Q@L-1Dk,
q<l=q" = uw=p+Qq+Dk,+j_, [[=p"+2(t+k,,
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a simple calculation shows us that U7 = Zf:o ", where

"

q 2 i
z n J— | |
& = I I( g(m)i+2+2kn,u?,lg> 5(2);:'24'2]‘"’“?”?'

=1 \m=1 =1

/"

So, if Q is the set of all partitions Q = (Qy, Q) of {1,..., ¢"} such that Q; # @, we have

&= n(Q), where

QcQ

Q) =n(Q1, DIN(Q2,2)) and  M(Qp, )} = [ [ LMW} 500000
teQ;

It remains to prove that, for each Q € Q, the sequence M} = Y% 1 (Q)" satisfies (C.21).

(4) We start with the case where O is a singleton, say O, = {¢} forsome £ € {1, ..., q"},
so n(Q)! = 5(1)Zug,1g77(Q2’ 2)!. By (C.22), (C.23), successive conditioning, Hélder’s in-
equality, and the facts that n(Q,,2)” is G-measurable with bounded moments of all or-
ders and u} + I} < K, k,, the assumptions of Lemma A.6 are satisfied by the variables
o' =n(Q)}, with w, = u" + (29" + 1)k, and 7—7? =H! and, for any r > 1,

1/r
a, <K, k,A?, a,<K,,s (knAﬁ) .

Then, since k,A? — 0, (A.17) implies that M (Q)" satisfies (C.21).
In all other cases of Q € Q, there are at least two distinct integers ¢ and ¢ in Q.
Then n(Q)} = {(1)75 00,001 E D 2420, 00, &> Where £ has finite moments of all order
ns £} ns el’ 4),/
by (C.22). Then (C.24), (C.22), and Hoélder’s inequality yield E(|n(Q)?|) < K, (k,A?)".
Thus (C.21) holds again. This completes the proof. Q.E.D.

PROOF OF LEMMA A.10: (1) We begin by proving that

An n — / “n 2 "
|E(AY | Ffon) — @ron| <Ko, E((A!) | Fp) <K. (C.24)
Set
a A, i+1) 1 on T(ni+k,)—T(n,i) 1
)\i’ = — , /\i’ = — ,
An aT(n,i) knAn aT(n,i)
A?,rt: T(n7l+1+kn)_T(nal+1) _ 1 , A?,nz(Ai,n_)L?,n)z,
knAn aT(n,i)
As,n _ knAn

(T(n7 l+ kn) - T(”: l)) Vv d)n .
First, (2.3) with 7, = oo yields

IE(A" | Fps)| < KAV E((A)' | F) <K,

o C.25
E((A}’n)z | Frowiy) = azTW) <KAj. ( :
T(n,i)
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Next, we have

n : _
3 1 kn—1 ( l+j | ’FT(n t+])) if m= 1)
Ln _ m, j,n m,j,n __ 1,n . .
A= e T G = AN BN Fliey) ifm=2,
=1 " j=0 .
" / l/aT(n,,-ﬂ-) — 1/0(7"(,,,,') ifm=1.

The process 1/« satisfies (K), hence (A.6), (C.25), and (3.5) yield for r =1, 2:
B 1 )| < K@+ kA, E(A]) 1 F) <K,

B 1 P <K (A4 k) < 1

n

(C.26)

Upon expanding the square in the definition of A}", this for r = 2 and (C.25) and also
(A.6) for the process @/a? yield

n a n,i K 1 /]
( l+kn | ‘FT(H l)) 2:,171.; = K(An + \/—kj> 5 E(( H—kn) | ‘FT(n l)) K. (C.27)

Observe that /\f’” = arp.y/(1+ am’,«))\f’”) Vv b,, where b, = ¢, arq.y/k.A,. Let D be a
constant such that o, < D, and p =2, 4. Expanding x — ;7 around 0 for |x| < 3, and

using (C.26) with r = 2, we get (since ¢,/ k,A, — 0 by (3.14), we can assume b, < 2).

[E((A7")" ] Flonn) = %n|

al’ n,i n n n n
= %P(M% | > 1/2D | Ff,,,) +K0‘[T)(+nlz) (A7 Frni)

n

k,A? .
(2D)*(k,A,)" K=y if p=2,
n=n 4,n 2 n - n
= d)l’ E((l\l ) | ]:T(n,i)) + KE(( ) | ]:T(n 1)) 34
! K="" LK if p=4.
Since A” = (X +,{”)2()\5 ")? and k>A? /¢ — 0, the above estimate and (C.27) yield (C.24).

(2) Now we turn to our claim, The assumptions of Lemma A.6, for the sequence & =
AV, ,)(A — a7, are satisfied with H” Finy and w, =2+ 2k, and a, = K¢, and
a, = K, by (C.24). Hence (A.22) readily follows from (A.17). Q.E.D.

PROOF OF LEMMA A.11: (1) We prove (3.19) only, the other two claims being proved
analogously (in a slightly simpler way). The second part of (3.19) is an obvious conse-
quence of the first part and of (2.4), so we focus on the first part, and we let j, j € J+ with
p=pn@) and u' =u() and ¢ = q + ¢’ and u” = u + w'. By virtue of (A.2), (A.4), and
Lemma A.S, it is enough to show that

NP —1-p"—(2¢"+3)kn

B! =AU, ) — Aur (ko )r (ks ) > @ronVhon sy — 0.

i=0
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With the same notation y(j)” as in (A.20), we set

k k k
Uy = E 87, U= E 87, U= E 6", where
i=0 i=0 i=0

5 = E?(?(j)zr’l+2+2k,,?(j/)z,‘l+2+u+(2q+3)kn - yg/én,i)j(\(j)?+2+2k,,:\/\(jl)?+2+u+(2q+3)kn)’
o = K? 7?(,,1,0 (/X\(j);'1+2+2k,,/).(\(j,):l+2+u+(2q+3)kn — 1k (ks ),
87" = vk 1 (ki §) ¥4 0 (B = @orinn)-

We will prove that, for any r > 1,

E(sup|T7]) = K, (j(kadp) " + J2H 0P An),

k<j
E(skup|U,g|) < K(jk;" + Vjkn), (C.28)
<J

E(skup{U,i”D <K(jd, +/jkn).
=]

Suppose indeed that (C.28) holds. We have |B}| < A, sup, ;. c;ya, (IUF| + [U}"]) in re-
striction to the set (27, whose probability goes to 1. Substituting j with [(1 + Ct)/A,] in
(C.28), and since ¢, — 0 and under our assumptions, we readily deduce B! 0.

(2) We are thus left to proving (C.28). The third estimate is (A.22) with V' = y¢". The

first one is proved exactly as (C.21), once noticed that U} here has the same structure
as in (C.20), with, in each summand, a shift by 2 + 2k, of the indices and the additional
multiplicative term A? which satisfies (C.24).

Finally, with the notation }'(j) = xX((j)? — r(k,; j), we have

n

8? = Z? V;Zn,i) (j(\(j)?+2+2kn 5(\, (J,) i+2+p+(2q+2)ky + I‘(k,,; J,) 5(\, (-] )?+2+2k,,) .

Since the variables X'(j)? are centered by definition of r(k,;j), we deduce from
(A.8) and the facts that X(j)},, 5, 18 Gitorp+2g+1)k,-measurable and Y'(§)},, it Qg4 Dk
is GrrAtrtatdknmeasurable that E(|E(8” | H!)|) < K/ k. Then 8 satisfies the assump-
tions of Lemma A.6, with 7—7? = Froy and w, =1+ u” + (29" + 3)k, and a, = K and
a, = K/k?, and the second part of (C.28) follows from (A.17). Q.E.D.
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