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This Supplemental Material consists of Appendices B, C, and D to the main text.

APPENDIX B: ADDITIONAL RESULTS AND PROOFS OF THE RESULTS
IN THE MAIN TEXT

IN APPENDIX B, we provide the proofs of all the lemmas, theorems, and propo-
sitions stated in the main text. Additional results on consistent sieve variance
estimators and bootstrap sieve t statistics are also presented.

B.1. Proofs for Section 3 on Basic Conditions

PROOF OF LEMMA 3.3: For Result (1). Observe that dφ(α0)

dα
[·] is bounded on

(V�‖ · ‖); and in this case equation (3.4) holds. By definitions of v∗
n and v∗, we

have: dφ(α0)

dα
[v] = 〈v∗

n� v〉 and dφ(α0)

dα
[v] = 〈v∗� v〉 for all v ∈ Vk(n). Thus〈

v∗ − v∗
n� v

〉= 0 for all v ∈ Vk(n) and
∥∥v∗∥∥2 = ∥∥v∗ − v∗

n

∥∥2 + ∥∥v∗
n

∥∥2
�

Since Vk(n) is a finite dimensional Hilbert space, we have v∗
n =

arg minv∈Vk(n) ‖v∗ − v‖. Since Vk(n) is dense in (V�‖ · ‖), we have ‖v∗ − v∗
n‖ → 0

and ‖v∗
n‖ → ‖v∗‖<∞ as k(n)→ ∞.

For Result (2). We show this part by contradiction. That is, assume that
limk(n)→∞ ‖v∗

n‖ = C∗ <∞. Since dφ(α0)

dα
is unbounded under ‖ · ‖ in V, we have:

for anyM > 0, there exists a vM ∈ V such that | dφ(α0)

dα
[vM]|>M‖vM‖.

Since vM ∈ V, and {Vk}k is dense (under ‖ · ‖s) in V, there exists a sequence
(vn�M)n such that vn�M ∈ Vk(n) and limn→∞ ‖vn�M − vM‖s = 0. This result and the
fact that ‖ · ‖ ≤ C‖ · ‖s for some finite C > 0 imply that limn→∞ ‖vn�M‖ = ‖vM‖.
Also, since dφ(α0)

dα
[·] is continuous or bounded on (V�‖ · ‖s), we have

lim
n→∞

∣∣∣∣dφ(α0)

dα
[vn�M − vM]

∣∣∣∣= 0�

Hence, there exists a N(M) such that∣∣∣∣dφ(α0)

dα
[vn�M]

∣∣∣∣≥M‖vn�M‖
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for all n≥N(M). Since vn�M ∈ Vk(n), the previous inequality implies that

∥∥v∗
n

∥∥= sup
v∈Vk(n):‖v‖�=0

∣∣∣∣dφ(α0)

dα
[v]
∣∣∣∣

‖v‖ ≥M

for all n≥N(M). SinceM is arbitrary, we have limk(n)→∞ ‖v∗
n‖ = ∞. A contra-

diction. Q.E.D.

B.2. Proofs for Section 4 on Sieve t (Wald) and SQLR

LEMMA B.1: Let α̂n be the PSMD estimator (2.2) and conditions for Lemma
3.2 hold. Let Assumptions 3.5(i) and 3.6(i) hold. Then:

√
n
〈
u∗
n� α̂n − α0

〉= −√
nZn + oPZ∞ (1)�

PROOF: We note that n−1
∑n

i=1 ‖m̂(Xi�α)‖2
Σ̂−1 = Q̂n(α). By Assumption

3.6(i), we have: for any εn ∈ Tn,

n−1
n∑
i=1

∥∥m̂(Xi� α̂n + εnu∗
n

)∥∥2

Σ̂−1 − n−1
n∑
i=1

∥∥m̂(Xi� α̂n)∥∥2

Σ̂−1(B.1)

= 2εn
{
Zn + 〈

u∗
n� α̂n − α0

〉}+ ε2
nBn + oPZ∞

(
r−1
n

)
�

where r−1
n = max{ε2

n� εnn
−1/2� s−1

n } with s−1
n = o(n−1), and

Zn = n−1
n∑
i=1

(
dm(Xi�α0)

dα

[
u∗
n

])′
Σ(Xi)

−1ρ(Zi�α0)�

By adding

En(̂αn� εn)≡ o
(
n−1

)+ λn
(

Pen
(
ĥn + εn

v∗
h�n∥∥v∗
n

∥∥
sd

)
− Pen(ĥn)

)
to both sides of equation (B.1), we have, by the definition of the approximate
minimizer α̂n and the fact α̂n + εnu∗

n ∈Ak(n), that, for all εn ∈ Tn,

2εn
{
Zn + 〈

u∗
n� α̂n − α0

〉}+ ε2
nBn +En(̂αn� εn)+ oPZ∞

(
r−1
n

)≥ 0�

Or, equivalently, for any δ > 0 and some N(δ),

PZ∞
(∀εn : α̂n + εnu∗

n ∈Nosn�2εn
{
Zn + 〈

u∗
n� α̂n − α0

〉}
(B.2)

+ ε2
nBn +En(̂αn� εn)≥ −δr−1

n

)≥ 1 − δ
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for all n ≥ N(δ). In particular, this holds for εn ≡ ±{s−1/2
n + o(n−1/2)} =

±o(n−1/2) since s−1/2
n = o(n−1/2). Under this choice of εn, r−1

n = max{s−1
n �

s−1/2
n n−1/2}. Moreover, Assumptions 3.2(i)(ii) and 3.4(iv) imply that E(̂αn� εn)=
oPZ∞ (n

−1). Thus
√
nε−1
n E(̂αn� εn) = oPZ∞ (

√
nε−1
n n

−1) = oPZ∞ (1). Thus, from
equation (B.2), it follows,

PZ∞
(
An�δ ≥ √

n
{
Zn + 〈

u∗
n� α̂n − α0

〉}≥ Bn�δ
)≥ 1 − δ

eventually, where

An�δ ≡ −0�5
√
nεnBn − δ√nε−1

n r
−1
n + 0�5δ

and

Bn�δ ≡ −0�5
√
nεnBn − 0�5

√
nδε−1

n r
−1
n − 0�5δ

(here the 0�5δ follows from the previous algebra regarding
√
nε−1
n E(̂αn� εn)).

Note that
√
nεn = o(1), Bn = OPZ∞ (1), and

√
nε−1
n r

−1
n = ±max{s−1/2

n

√
n�1} �

±1. Thus

PZ∞
(
2δ≥ √

n
{
Zn + 〈

u∗
n� α̂n − α0

〉}≥ −2δ
)≥ 1 − δ� eventually�

Hence we have established
√
n〈u∗

n� α̂n − α0〉 = −√
nZn + oPZ∞ (1). Q.E.D.

PROOF OF THEOREM 4.1: By Lemma B.1 and Assumption 3.6(ii), we imme-
diately obtain:

√
n〈u∗

n� α̂n − α0〉 ⇒N(0�1). Hence, in order to show the result,
it suffices to prove that

√
n
φ(̂αn)−φ(α0)∥∥v∗

n

∥∥
sd

= √
n
〈
u∗
n� α̂n − α0

〉+ oPZ∞ (1)�

By the Riesz representation theorem and the orthogonality property of α0�n,
it follows

dφ(α0)

dα
[̂αn − α0�n] = 〈

v∗
n� α̂n − α0�n

〉= 〈
v∗
n� α̂n − α0

〉
�

By Assumptions 3.1(iv) and 3.5(i), we have ‖v∗
n‖sd � ‖v∗

n‖. This and Assump-
tion 3.5(ii)(iii) imply

√
n
φ(̂αn)−φ(α0)∥∥v∗

n

∥∥
sd

= √
n
∥∥v∗
n

∥∥−1

sd

dφ(α0)

dα
[̂αn − α0] + oPZ∞ (1)

= √
n
∥∥v∗
n

∥∥−1

sd

dφ(α0)

dα
[̂αn − α0�n]
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+ √
n
∥∥v∗
n

∥∥−1

sd

dφ(α0)

dα
[α0�n − α0] + oPZ∞ (1)

= √
n
∥∥v∗
n

∥∥−1

sd

dφ(α0)

dα
[̂αn − α0�n] + oPZ∞ (1)

= √
n
∥∥v∗
n

∥∥−1

sd

〈
v∗
n� α̂n − α0

〉+ oPZ∞ (1)�

Thus

√
n
φ(̂αn)−φ(α0)∥∥v∗

n

∥∥
sd

= √
n

〈
v∗
n� α̂n − α0

〉∥∥v∗
n

∥∥
sd

+ oPZ∞ (1)�

and the claimed result now follows from Lemma B.1 and Assumption 3.6(ii).
Q.E.D.

PROOF OF LEMMA 4.1: By the definitions of Vk(n) and the sieve Riesz rep-
resenter v∗

n ∈ Vk(n) of dφ(α0)

dα
[·] given in (3.6), we know that v∗

n = (v∗′
θ�n� v

∗
h�n(·))′ =

(v∗′
θ�n�ψ

k(n)(·)′β∗
n)

′ ∈ Vk(n) solves the following optimization problem:

dφ(α0)

dα

[
v∗
n

]
(B.3)

= ∥∥v∗
n

∥∥2

= sup
v=(v′θ�vh)′∈Vk(n)�v �=0

∣∣∣∣∂φ(α0)

∂θ′ vθ + ∂φ(α0)

∂h

[
vh(·)

]∣∣∣∣2
E

[(
dm(X�α0)

dα
[v]
)′
Σ(X)−1

(
dm(X�α0)

dα
[v]
)]

= sup
γ=(v′θ�β′)′∈Rdθ+k(n)�γ �=0

γ′�n�′
nγ

γ′Dnγ
�

whereDn =E[(dm(X�α0)

dα
[ψk(n)(·)′])′Σ(X)−1(dm(X�α0)

dα
[ψk(n)(·)′])] is a (dθ+k(n))×

(dθ + k(n)) positive definite matrix such that

γ′Dnγ ≡E
[(
dm(X�α0)

dα
[v]
)′
Σ(X)−1

(
dm(X�α0)

dα
[v]
)]

for all v= (
v′
θ�ψ

k(n)(·)′β)′ ∈ Vk(n)�

and �n ≡ ( ∂φ(α0)

∂θ′ �
∂φ(α0)

∂h
[ψk(n)(·)′])′ = dφ(α0)

dα
[ψk(n)(·)] is a (dθ + k(n))× 1 vector.
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The sieve Riesz representation (3.6) becomes: for all v = (v′
θ�ψ

k(n)(·)′β)′ ∈
Vk(n),

dφ(α0)

dα
[v] =�′

nγ = 〈
v∗
n� v

〉= γ∗′
n Dnγ for all γ = (

v′
θ�β

′)′ ∈ Rdθ+k(n)�(B.4)

It is obvious that the optimal solution of γ in (B.3) or in (B.4) has a closed
form expression:

γ∗
n = (

v∗′
θ�n�β

∗′
n

)′ =D−
n�n�

The sieve Riesz representer is then given by

v∗
n = (

v∗′
θ�n� v

∗
h�n(·)

)′ = (
v∗′
θ�n�ψ

k(n)(·)′β∗
n

)′ ∈ Vk(n)�

Consequently, ‖v∗
n‖2 = γ∗′

n Dnγ
∗
n =�′

nD
−
n�n. Q.E.D.

Another consistent variance estimator. For ‖v∗
n‖2

sd = E(S∗
n�iS

∗′
n�i) given in (3.8)

and (4.3), by Lemma 4.1, it has an alternative closed form expression:∥∥v∗
n

∥∥2

sd
=�′

nD
−
n ΩnD

−
n�n�

Ωn ≡E
[(
dm(X�α0)

dα

[
ψ
k(n)
(·)′])′

Σ(X)−1Σ0(X)Σ(X)
−1

×
(
dm(X�α0)

dα

[
ψ
k(n)
(·)′])]

=�n�

Therefore, in addition to the sieve variance estimator ‖̂v∗
n‖n�sd given in (4.7), we

can define another simple plug-in sieve variance estimator:∥∥̂v∗
n

∥∥2

n�sd
= ∥∥̂v∗

n

∥∥2

n�Σ̂−1Σ̂0Σ̂
−1(B.5)

= 1
n

n∑
i=1

(
dm̂(Xi� α̂n)

dα

[̂
v∗
n

])′
Σ̂−1
i Σ̂0iΣ̂

−1
i

(
dm̂(Xi� α̂n)

dα

[̂
v∗
n

])

with Σ̂0i = Σ̂0(Xi), where Σ̂0(x) is a consistent estimator of Σ0(x), for example,
Ên[ρ(Z� α̂n)ρ(Z� α̂n)′|X = x], where Ên[·|X = x] is some consistent estimator
of a conditional mean function of X , such as a series, kernel, or local polyno-
mial based estimator.
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The sieve variance estimator given in (B.5) can also be expressed as∥∥̂v∗
n

∥∥2

n�sd
= V̂2 ≡ �̂′

nD̂
−
n Ω̂nD̂

−
n with(B.6)

Ω̂n = 1
n

n∑
i=1

(
dm̂(Xi� α̂n)

dα

[
ψ
k(n)
(·)′])′

Σ̂−1
i Σ̂0iΣ̂

−1
i

×
(
dm̂(Xi� α̂n)

dα

[
ψ
k(n)
(·)′])�

ASSUMPTION B.1: (i) sup
v∈V1

k(n)
|〈v� v〉n�Σ−1Σ0Σ

−1 − 〈v� v〉Σ−1Σ0Σ
−1 | = oPZ∞ (1);

and
(ii) supα∈Nosn supx∈X ‖Ên[ρ(z�α)ρ(z�α)′|X = x] − E[ρ(z�α)ρ(z�α)′|X =

x]‖e = oPZ∞ (1).

THEOREM B.1: Let Assumption 4.1(i)–(iv), Assumption B.1, and assumptions
for Lemma 3.2 hold. Then: Results (1) and (2) of Theorem 4.2 hold with ‖̂v∗

n‖2
n�sd

given in (B.5).

Monte Carlo studies indicate that both sieve variance estimators perform
well and similarly in finite samples.

PROOF OF THEOREMS 4.2 AND B.1: In the proof, we use simplified notation
oPZ∞ (1) = oP(1). Also, Result (2) trivially follows from Result (1) and Theo-
rem 4.1. So we only show Result (1). For Result (1), by the triangle inequality,
we have that∣∣∣∣

∥∥̂v∗
n

∥∥
n�sd

− ∥∥v∗
n

∥∥
sd∥∥v∗

n

∥∥
sd

∣∣∣∣ ≤ ∣∣∣∣
∥∥̂v∗
n

∥∥
n�sd

− ∥∥̂v∗
n

∥∥
sd∥∥v∗

n

∥∥
sd

∣∣∣∣+ ∣∣∣∣
∥∥̂v∗
n

∥∥
sd

− ∥∥v∗
n

∥∥
sd∥∥v∗

n

∥∥
sd

∣∣∣∣
≤
∣∣∣∣
∥∥̂v∗
n

∥∥
n�sd

− ∥∥̂v∗
n

∥∥
sd∥∥v∗

n

∥∥
sd

∣∣∣∣+
∥∥̂v∗
n − v∗

n

∥∥
sd∥∥v∗

n

∥∥
sd

�

This and the fact ‖̂v∗n−v∗n‖sd
‖v∗n‖sd

� ‖̂v∗n−v∗n‖
‖v∗n‖ (under Assumption 3.1(iv)) imply that Re-

sult (1) follows from∥∥̂v∗
n − v∗

n

∥∥∥∥v∗
n

∥∥ = oP(1)�(B.7)

and ∣∣∣∣
∥∥̂v∗
n

∥∥
n�sd

− ∥∥̂v∗
n

∥∥
sd∥∥v∗

n

∥∥
sd

∣∣∣∣= oP(1)�(B.8)
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We will establish results (B.7) and (B.8) in Step 1 and Step 2 below.

STEP 1: Observe that result (B.7) is about the consistency of the empirical
sieve Riesz representer v̂∗

n in ‖ · ‖ norm, which is the same whether we use ρ̂iρ̂′
i

or Σ̂0i to compute the sieve variance estimators (4.7) or (B.5). By the Riesz
representation theorem, we have, for all v ∈ Vk(n),

dφ(̂αn)

dα
[v] = 〈̂

v∗
n� v

〉
n�Σ̂−1 and

dφ(α0)

dα
[v] = 〈

v∗
n� v

〉= 〈
v∗
n� v

〉
Σ−1 �

Hence, by Assumption 4.1(i), we have

oP(1)= sup
v∈Vk(n)

∣∣∣∣
〈̂
v∗
n� v

〉
n�Σ̂−1 − 〈

v∗
n� v

〉
‖v‖

∣∣∣∣
= sup
v∈Vk(n)

∣∣∣∣
〈̂
v∗
n� v

〉
n�Σ̂−1 − 〈̂

v∗
n� v

〉∥∥̂v∗
n

∥∥× ‖v‖
∥∥̂v∗
n

∥∥+
〈̂
v∗
n� v

〉− 〈
v∗
n� v

〉
‖v‖

∣∣∣∣
≥ sup
v∈Vk(n)

∣∣∣∣
〈̂
v∗
n − v∗

n� v
〉

‖v‖
∣∣∣∣

− sup
�∈Vk(n):‖�‖=1

∣∣〈�̂∗
n��

〉
n�Σ̂−1 − 〈

�̂∗
n��

〉∣∣× ∥∥̂v∗
n

∥∥�
where�≡ v/‖v‖ and �̂∗

n ≡ v̂∗
n/‖̂v∗

n‖. First note that∣∣〈�̂∗
n��

〉
n�Σ̂−1 − 〈

�̂∗
n��

〉∣∣
≤ ∣∣〈�̂∗

n��
〉
n�Σ̂−1 − 〈

�̂∗
n��

〉
n�Σ−1

∣∣+ ∣∣〈�̂∗
n��

〉
n�Σ−1 − 〈

�̂∗
n��

〉
Σ−1

∣∣
≡ ∣∣T1n(�)

∣∣+ ∣∣T2n(�)
∣∣�

By Assumption 4.1(ii), we have: sup�∈Vk(n):‖�‖=1 |T2n(�)| = oP(1). Note that

T1n(�)= n−1
n∑
i=1

(
dm̂(Xi� α̂n)

dα

[
�̂∗
n

])′{
Σ̂−1(Xi)−Σ−1(Xi)

}
×
(
dm̂(Xi� α̂n)

dα
[�]

)
�

By the triangle inequality, Assumptions 3.1(iv), and 4.1(ii)(iii), we obtain∣∣T1n(�)
∣∣

≤ sup
x∈X

∥∥Σ̂−1(x)−Σ−1(x)
∥∥
e
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×
√√√√n−1

n∑
i=1

∥∥∥∥dm̂(Xi� α̂n)dα

[
�̂∗
n

]∥∥∥∥2

e

√√√√n−1

n∑
i=1

∥∥∥∥dm̂(Xi� α̂n)dα
[�]

∥∥∥∥2

e

≤ oP(1)×OP
(√〈
�̂∗
n� �̂

∗
n

〉
n�Σ−1 ×√〈���〉n�Σ−1

)
= oP(1)×OP(1)= oP(1)�

Hence

0< sup
v∈Vk(n)�v �=0

∣∣∣∣
〈̂
v∗
n − v∗

n� v
〉

‖v‖
∣∣∣∣= oP(1 + ∥∥̂v∗

n

∥∥)�
In particular, for v= v̂∗

n − v∗
n, this implies∥∥̂v∗

n − v∗
n

∥∥∥∥v∗
n

∥∥ = oP
(
1 + ∥∥̂v∗

n

∥∥)∥∥v∗
n

∥∥ �

Note that ‖v∗
n‖ ≥ const� > 0 and ‖̂v∗n‖

‖v∗n‖ ≤ ‖̂v∗n−v∗n‖
‖v∗n‖ + 1, and thus, the previous equa-

tion implies∥∥̂v∗
n − v∗

n

∥∥∥∥v∗
n

∥∥ (
1 − oP(1)

)= oP(1) and

∥∥̂v∗
n

∥∥∥∥v∗
n

∥∥ =OP(1)�

STEP 2: We now show that result (B.8) holds for the sieve variance estima-
tors ‖̂v∗

n‖2
n�sd defined in (4.7) and (B.5). By Assumption 3.1(iv), we have

∣∣∣∣
∥∥̂v∗
n

∥∥
n�sd

− ∥∥̂v∗
n

∥∥
sd∥∥v∗

n

∥∥
sd

∣∣∣∣
=
∣∣∣∣
∥∥̂v∗
n

∥∥
n�sd

− ∥∥̂v∗
n

∥∥
sd∥∥̂v∗

n

∥∥
sd

∣∣∣∣×
∥∥̂v∗
n

∥∥
sd∥∥v∗

n

∥∥
sd

�
∣∣∣∣
∥∥̂v∗
n

∥∥
n�sd∥∥̂v∗

n

∥∥
sd

− 1
∣∣∣∣×

∥∥̂v∗
n

∥∥∥∥v∗
n

∥∥
≤
(∥∥̂v∗

n

∥∥
n�sd∥∥̂v∗

n

∥∥
sd

+ 1
)∣∣∣∣
∥∥̂v∗
n

∥∥
n�sd∥∥̂v∗

n

∥∥
sd

− 1
∣∣∣∣×

∥∥̂v∗
n

∥∥∥∥v∗
n

∥∥ =
∣∣∣∣
∥∥̂v∗
n

∥∥2

n�sd∥∥̂v∗
n

∥∥2

sd

− 1
∣∣∣∣×

∥∥̂v∗
n

∥∥∥∥v∗
n

∥∥
= ∣∣∥∥�̂∗

n

∥∥2

n�sd
− ∥∥�̂∗

n

∥∥2

sd

∣∣× ∥∥̂v∗
n

∥∥2∥∥̂v∗
n

∥∥2

sd

×
∥∥̂v∗
n

∥∥∥∥v∗
n

∥∥
= ∣∣∥∥�̂∗

n

∥∥2

n�sd
− ∥∥�̂∗

n

∥∥2

sd

∣∣×OP(1)�
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where �̂∗
n ≡ v̂∗

n/‖̂v∗
n‖, ‖̂v∗n‖

‖v∗n‖ =OP(1) (by Step 1), and ‖̂v∗n‖2

‖̂v∗n‖2
sd

=OP(1) (by Assump-

tion 3.1(iv) and i.i.d. data). Thus, it suffices to show that

∣∣∥∥�̂∗
n

∥∥2

n�sd
− ∥∥�̂∗

n

∥∥2

sd

∣∣= oP(1)�(B.9)

STEP 2A FOR THE ESTIMATOR ‖̂v∗
n‖2
n�sd DEFINED IN (4.7): We now establish

the result (B.9) when the sieve variance estimator is defined in (4.7).
Let M̂(Zi�α) = Σ̂−1

i ρ(Zi�α)ρ(Zi�α)
′Σ̂−1
i and M(z�α0) ≡ Σ−1(x)ρ(z�α0)×

ρ(z�α0)
′Σ−1(x) and Mi = M(Zi�α0). Also let T̂i[vn] ≡ dm̂(Xi�̂αn)

dα
[vn], Ti[vn] ≡

dm(Xi�α0)

dα
[vn], and Σ(x�α)≡E[ρ(Z�α)ρ(Z�α)′|x].

It turns out that |‖�̂∗
n‖2
n�sd − ‖�̂∗

n‖2
sd| can be bounded above by

sup
vn∈V1

k(n)

∣∣∣∣∣n−1
n∑
i=1

T̂i[vn]′M̂(Zi� α̂n)T̂i[vn] − n−1
n∑
i=1

T̂i[vn]′MiT̂i[vn]
∣∣∣∣∣

+ sup
vn∈V1

k(n)

∣∣∣∣∣n−1
n∑
i=1

T̂i[vn]′MiT̂i[vn] −E[Ti[vn]′MiTi[vn]
]∣∣∣∣∣

+ sup
vn∈V1

k(n)

∣∣E[Ti[vn]′MiTi[vn]
]

−E[Ti[vn]′Σ−1(Xi)Σ(Xi�α0)Σ
−1(Xi)Ti[vn]

]∣∣
≡A1n +A2n +A3n�

Note that A3n = 0 by the fact that E[Mi|Xi] = Σ−1(Xi)Σ(Xi�α0)Σ
−1(Xi), and

that A2n = oP(1) by Assumption 4.1(v). Thus it remains to show that A1n =
oP(1). We note that

A1n ≤ sup
z

sup
α∈Nosn

∥∥M̂(z�α)−M(z�α0)
∥∥
e

sup
vn∈V1

n

∣∣∣∣∣n−1
n∑
i=1

T̂i[vn]′T̂i[vn]
∣∣∣∣∣

≤ const�× sup
z

sup
α∈Nosn

∥∥M̂(z�α)−M(z�α0)
∥∥
e

× sup
vn∈V1

n

∣∣∣∣∣n−1
n∑
i=1

T̂i[vn]′M(Zi�α0)T̂i[vn]
∣∣∣∣∣�

where the first inequality follows from the fact that for matrices A and B,
|A′BA| ≤ ‖A‖2

e‖B‖e and Assumption 3.1(iv). Observe that by Assumptions
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4.1(iii)(iv) and 3.1(iv),

sup
z

sup
α∈Nosn

∥∥M̂(z�α)−M(z�α0)
∥∥
e

≤ sup
z

sup
α∈Nosn

∥∥Σ̂−1(x)
{
ρ(z�α)ρ(z�α)′ − ρ(z�α0)ρ(z�α0)

′}Σ̂−1(x)
∥∥
e

+ sup
z

∥∥Σ̂−1(x)ρ(z�α0)ρ(z�α0)
′Σ̂−1(x)

−Σ−1(x)ρ(z�α0)ρ(z�α0)
′Σ−1(x)

∥∥
e
�

The first term in the RHS is oP(1) by Assumptions 4.1(iii)(iv) and 3.1(iv);
the second term in the RHS is also of order oP(1) by Assumptions 4.1(iii)
and 3.1(iv) and the fact that ρ(Z�α0)ρ(Z�α0)

′ =OP(1). By Assumption 4.1(v),
sup

vn∈V1
n
|n−1

∑n

i=1 T̂i[vn]′M(Zi�α0)T̂i[vn]| = OP(1). Hence A1n = oP(1) and re-
sult (B.9) holds.

STEP 2B FOR THE ESTIMATOR ‖̂v∗
n‖2
n�sd DEFINED IN (B.5): Since we already

provide a detailed proof for result (B.9) in Step 2a for the case of (4.7), here
we present a more succinct proof for the case of (B.5).

By the triangle inequality,∣∣∥∥�̂∗
n

∥∥2

n�sd
− ∥∥�̂∗

n

∥∥2

sd

∣∣
≤ ∣∣∥∥�̂∗

n

∥∥2

n�sd
− ∥∥�̂∗

n

∥∥2

n�Σ−1Σ0Σ
−1

∣∣+ ∣∣∥∥�̂∗
n

∥∥2

n�Σ−1Σ0Σ
−1 − ∥∥�̂∗

n

∥∥2

sd

∣∣
≡R1n +R2n�

By Assumptions 3.1(iv), 4.1(iii)(iv), and B.1, we have

sup
x∈X

∥∥Σ̂−1(x)Σ̂0(x)Σ̂
−1(x)−Σ−1(x)Σ0(x)Σ

−1(x)
∥∥
e
= oP(1)�

where Σ̂0(x) = Ên[ρ(Z� α̂n)ρ(Z� α̂n)′|x]. Therefore, by Assumptions 3.1(iv)
and 4.1(ii) and similar algebra to the one used to bound T1n(�), we have

R1n ≤ oP(1)× n−1
n∑
i=1

∥∥∥∥dm̂(Xi� α̂n)dα

[
�̂∗
n

]∥∥∥∥2

e

= oP(1)×OP(1)= oP(1)�

Also by Assumption B.1, R2n = oP(1). Thus result (B.9) holds. Q.E.D.

Before we prove Theorem 4.3, we introduce some notation that will simplify
the presentation of the proofs. For any φ ∈ R, let A(φ)≡ {α ∈A :φ(α)=φ},
and Ak(n)(φ) ≡ A(φ) ∩ Ak(n). In particular, let A0 ≡ A(φ(α0)) and A0

k(n) ≡
Ak(n)(φ(α0)).
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Also, we need to show that for any deviation of α of the type α+ tu∗
n, there

exists a t such that φ(α + tu∗
n) is “close” to φ(α0). Formally, the following

lemma holds.

LEMMA B.2: Let Assumption 3.5 hold. (1) For any n ∈ {1�2� � � �}, any r ∈ {r :
|r| ≤ 2Mn‖v∗

n‖δn}, and any α ∈Nosn, there exists a t ∈ Tn such that φ(α+ tu∗
n)−

φ(α0)= r and α+ tu∗
n ∈Ak(n). (2) For any r ∈ {r : |r| ≤ ‖v∗

n‖τn} and any α ∈ {α ∈
Ak(n) : ‖α − α0‖ ≤ τn} with some positive sequence (τn)n such that τn = O(δn),
the t in Part (1) also satisfies |t| ≤ max{Cτn�o(n−1/2)} for some constant C > 0.

PROOF: For Part (1), we first show that there exists a t ∈ Tn such that φ(α+
tu∗
n)−φ(α0)= r. By Assumption 3.5, there exists a (Fn)n such that Fn > 0 and

Fn = o(n−1/2‖v∗
n‖) and, for any α ∈Nosn and t ∈ Tn,∣∣∣∣φ(α+ tu∗

n

)−φ(α0)−
〈
v∗
n�α− α0

〉− t ∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

∣∣∣∣≤ Fn�(B.10)

(Note that by Assumption 3.5, Fn does not depend on α nor t.)
For any r ∈ {|r| ≤ 2Mn‖v∗

n‖δn}, we define (tl)l=1�2 as

tl
∥∥u∗

n

∥∥2 = −〈u∗
n�α− α0

〉+ al�nFn∥∥v∗
n

∥∥−1

sd
+ r∥∥v∗

n

∥∥−1

sd
�

where al = (−1)l2. Note that, by Assumption 3.5(i) (the second part), ‖u∗
n‖−2 ≤

c−2, and thus

|tl| ≤ c−2
(∥∥u∗

n

∥∥× ‖α− α0‖ + 2|Fn| ×
∥∥v∗
n

∥∥−1

sd
+ |r| × ∥∥v∗

n

∥∥−1

sd

)
�

Without loss of generality, we can re-normalize Mn so that c−2C < Mn and
C ≥ 1. Hence,

|tl| ≤ c−2
(∥∥u∗

n

∥∥× ‖α− α0‖ + 2|Fn| ×
∥∥v∗
n

∥∥−1

sd
+ |r| × ∥∥v∗

n

∥∥−1

sd

)
= c−2

(∥∥u∗
n

∥∥× ‖α− α0‖ + 2|Fn| ×
∥∥v∗
n

∥∥−1

sd
+ |r| × ∥∥v∗

n

∥∥−1∥∥u∗
n

∥∥)
≤ c−2C

(∥∥u∗
n

∥∥× ‖α− α0‖ + 2|Fn| ×
∥∥v∗
n

∥∥−1

sd
+ |r| × ∥∥v∗

n

∥∥−1)
≤ 4M2

nδn�

where the third inequality follows from Assumption 3.5(i) (the second part),
and the last inequality follows from the facts that α ∈ Nosn, c−2C2|Fn| ×
‖v∗
n‖−1

sd = o(n−1/2) ≤M2
nδn, r ∈ {|r| ≤ 2Mn‖v∗

n‖δn}. Thus, tl is a valid choice in
the sense that tl ∈ Tn for l= 1�2.
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Thus, this result and equation (B.10) imply

φ
(
α+ t1u∗

n

)−φ(α0) ≤ 〈
v∗
n�α− α0

〉+ t1 ∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

+ Fn

= ∥∥v∗
n

∥∥
sd

(〈
u∗
n�α− α0

〉+ t1∥∥u∗
n

∥∥2 + Fn
∥∥v∗
n

∥∥−1

sd

)
= r − Fn < r�

Hence, φ(α+ t1u∗
n)−φ(α0) < r. Similarly,

φ
(
α+ t2u∗

n

)−φ(α0) ≥ 〈
v∗
n�α− α0

〉+ t2 ∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

− Fn

= ∥∥v∗
n

∥∥
sd

(〈
u∗
n�α− α0

〉+ t2∥∥u∗
n

∥∥2 − Fn
∥∥v∗
n

∥∥−1

sd

)
= r + Fn > r

and thus φ(α+ t2u∗
n)−φ(α0) > r. Since t �→ φ(α+ tu∗

n) is continuous, there
exists a t ∈ [t1� t2] such that φ(α+ tu∗

n)−φ(α0)= r. Clearly, t ∈ Tn.
The fact that α(t)≡ α+ tu∗

n ∈Ak(n) for α ∈Nosn and t ∈ Tn follows from the
fact that the sieve space Ak(n) is assumed to be convex with non-empty interior.
Part (2) can be proved in the same way as that for Part (1). Q.E.D.

PROOF OF THEOREM 4.3: Result (2) directly follows from Result (1) with
Σ= Σ0 and ‖u∗

n‖ = 1. The proof of Result (1) consists of several steps.

STEP 1: For any tn ∈ Tn wpa1, by Assumption 3.6 and Lemma B.1, we have

0�5
(
Q̂n
(̂
αn(−tn)

)− Q̂n(̂αn)
)

(B.11)

= −tn
{
Zn + 〈

u∗
n� α̂n − α0

〉}+ Bn
2
t2n + oPZ∞

(
r−1
n

)
= Bn

2
t2n + oPZ∞

(
r−1
n

)
�

where r−1
n = max{t2n� tnn−1/2� s−1

n } and s−1
n = o(n−1).

And under the null hypothesis, α̂Rn ∈Nosn ∩A0
k(n) wpa1,

0�5
(
Q̂n
(̂
αRn (tn)

)− Q̂n
(̂
αRn
))

(B.12)

= tn
{
Zn + 〈

u∗
n� α̂

R
n − α0

〉}+ Bn
2
t2n + oPZ∞

(
r−1
n

)
= tnZn + Bn

2
t2n + oPZ∞

(
r−1
n

)
�
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where the last line follows from the fact that tn〈u∗
n� α̂

R
n − α0〉 = oPZ∞ (r

−1
n ). To

show this, note that under the null hypothesis, α̂Rn ∈ Nosn ∩ A0
k(n) wpa1. This

and Assumption 3.5(ii) imply that∣∣∣∣φ(̂αRn )−φ(α0)︸ ︷︷ ︸
=0

− dφ(α0)

dα

[̂
αRn − α0

]∣∣∣∣= oPZ∞
(
n−1/2

∥∥v∗
n

∥∥)�
Thus

PZ∞

( √
n∥∥v∗
n

∥∥
∣∣∣∣dφ(α0)

dα

[̂
αRn − α0

]∣∣∣∣< δ)≥ 1 − δ

eventually. By similar calculations to those in the proof of Theorem 4.1, we
have

PZ∞
(√
n
∣∣〈u∗

n� α̂
R
n − α0

〉∣∣< δ)≥ 1 − δ� eventually�

Hence, 〈u∗
n� α̂

R
n −α0〉 = oPZ∞ (n

−1/2), and thus tn〈u∗
n� α̂

R
n −α0〉 = oPZ∞ (n

−1/2tn)=
oPZ∞ (r

−1
n ).

STEP 2: We choose tn = −ZnB
−1
n . Note that under Assumption 3.6, tn ∈ Tn

wpa1. By the definition of α̂n, we have, under the null hypothesis,

0�5
(
Q̂n
(̂
αRn
)− Q̂n(̂αn)

)
≥ 0�5

(
Q̂n
(̂
αRn
)− Q̂n

(̂
αRn (tn)

))− oPZ∞
(
n−1

)
= 1

2
Z2
nB

−1
n − oPZ∞

(
max

{
B−2
n Z2

n�−B−1
n Znn

−1/2� s−1
n

})− oPZ∞
(
n−1

)
= 1

2
Z2
nB

−1
n + oPZ∞

(
n−1

)
�

where the first inequality follows from the fact that, since tn ∈ Tn and α̂Rn ∈Nosn

wpa1, then α̂Rn (tn) ∈ Ak(n) wpa1; and the second line follows from equation
(B.12) with tn = −ZnB

−1
n .

STEP 3: We choose t∗n ∈ Tn wpa1 such that (a) φ(̂αn(t∗n)) = φ(α0), α̂n(t∗n) ∈
Ak(n), and (b) t∗n = Zn

‖v∗n‖2
sd

‖v∗n‖2 + oPZ∞ (n
−1/2)=OPZ∞ (n

−1/2).
Suppose such a t∗n exists; then [rn(t∗n)]−1 = max{(t∗n)2� t∗nn

−1/2�o(n−1)} =
OPZ∞ (n

−1). By the definition of α̂Rn , we have, under the null hypothesis,

0�5
(
Q̂n
(̂
αRn
)− Q̂n(̂αn)

)
≤ 0�5

(
Q̂n
(̂
αn
(
t∗n
))− Q̂n(̂αn)

)+ oPZ∞
(
n−1

)
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= t∗n
{
Zn + 〈

u∗
n� α̂n − α0

〉}+ Bn
2
(
t∗n
)2 + oPZ∞

(
n−1

)
= Bn

2

(
Zn

∥∥v∗
n

∥∥2

sd∥∥v∗
n

∥∥2 + oPZ∞
(
n−1/2

))2

+ oPZ∞
(
n−1

)
= 1

2
Z2
nB

−1
n + oPZ∞

(
n−1

)= 1
2
Z2
n

∥∥v∗
n

∥∥2

sd∥∥v∗
n

∥∥2 + oPZ∞
(
n−1

)
�

where the second line follows from Assumption 3.6(i) and the fact that t∗n sat-
isfying (b), [rn(t∗n)]−1 =OPZ∞ (n

−1); the third line follows from equation (B.11)
and the fact that t∗n satisfying (b); and the last line follows from Assumptions
3.5(i) and 3.6(ii), |Bn − ‖u∗

n‖2| = oPZ∞ (1), and u∗
n = v∗

n/‖v∗
n‖sd.

We now show that there is a t∗n ∈ Tn wpa1 such that (a) and (b) hold.
Denote r ≡ φ(̂αn) − φ(α0). Since α̂n ∈ Nosn wpa1 and φ(̂αn) − φ(α0) =
OPZ∞ (‖v∗

n‖/
√
n) (see the proof of Theorem 4.1), we have |r| ≤ 2Mn‖v∗

n‖δn.
Thus, by Lemma B.2, there is a t∗n ∈ Tn wpa1 such that α̂n(t∗n)= α̂n+ t∗nu∗

n ∈Ak(n)

and φ(̂αn(t∗n))=φ(α0), so (a) holds. Moreover, by Assumption 3.5(ii), such a
choice of t∗n also satisfies∣∣∣∣φ(̂αn(t∗n))−φ(α0)︸ ︷︷ ︸

=0

− dφ(α0)

dα

[̂
αn − α0 + t∗nu∗

n

]∣∣∣∣= oPZ∞
(∥∥v∗

n

∥∥/√n)�
By Assumption 3.5(i) and the definition of u∗

n = v∗
n/‖v∗

n‖sd, we have:
dφ(α0)

dα
[t∗nu∗

n] = t∗n ‖v∗n‖2

‖v∗n‖sd
. Thus

PZ∞

( √
n∥∥v∗
n

∥∥
∣∣∣∣dφ(α0)

dα
[̂αn − α0] + t∗n

∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

∣∣∣∣< δ)≥ 1 − δ

eventually. By similar algebra to that in the proof of Theorem 4.1, it follows
that the LHS of the equation above is majorized by

PZ∞

( √
n∥∥v∗
n

∥∥
∣∣∣∣〈v∗

n� α̂n − α0

〉+ t∗n
∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

∣∣∣∣< δ)+ δ

= PZ∞

( √
n∥∥v∗
n

∥∥
∣∣∣∣−Zn

∥∥v∗
n

∥∥
sd

+ t∗n
∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

∣∣∣∣< δ)+ δ

= PZ∞

(√
n

∥∥v∗
n

∥∥
sd∥∥v∗

n

∥∥
∣∣∣∣−Zn + t∗n

∥∥v∗
n

∥∥2∥∥v∗
n

∥∥2

sd

∣∣∣∣< δ)+ δ�
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where the second line follows from the proof of Lemma B.1. Since ‖v∗n‖sd
‖v∗n‖ �

const� (by Assumption 3.5(i)), we obtain

PZ∞

(√
n

∣∣∣∣t∗n −Zn

∥∥v∗
n

∥∥2

sd∥∥v∗
n

∥∥2

∣∣∣∣< δ)≥ 1 − δ� eventually�

Since
√
nZn =OPZ∞ (1) (Assumption 3.6(ii)), we have t∗n =OPZ∞ (n

−1/2), and in

fact,
√
nt∗n = √

nZn
‖v∗n‖2

sd
‖v∗n‖2 + oPZ∞ (1) and hence (b) holds. Q.E.D.

Let AR ≡ {α ∈ A : φ(α) = φ0} be the restricted parameter space. Then
α0 ∈ AR iff the null hypothesis H0 : φ(α0) = φ0 holds. Also, AR

k(n) ≡ {α ∈
Ak(n) :φ(α)=φ0} is a sieve space for AR. Let {α0�n ∈AR

k(n)} be a sequence such
that ‖α0�n − α0‖s ≤ infα∈AR

k(n)
‖α− α0‖s + o(n−1).1

ASSUMPTION B.2: (i) |Pen(h0�n) − Pen(h0)| = O(1) and Pen(h0) < ∞;
(ii) Q̂n(α0�n)≤ c0Q(α0�n)+ oPZ∞ (n

−1).

This assumption on α0�n ∈AR
k(n) is the same as Assumptions 3.2(ii) and 3.3(i)

imposed on Πnα0 ∈ Ak(n), and can be verified in the same way provided that
α0 ∈AR.

PROPOSITION B.1: Let α̂Rn ∈ AR
k(n) be the restricted PSMD estimator (4.10)

and α0 ∈ AR. Let Assumptions 3.1, 3.2(iii), 3.3(ii), B.2, and Q(α0�n)+ o(n−1)=
O(λn)= o(1) hold. Then:

(1) Pen(ĥRn )=OPZ∞ (1) and ‖α̂Rn − α0‖s = oPZ∞ (1).
(2) Further, let Q(α0�n) � Q(Πnα0) and Assumptions 3.2(ii), 3.3(i), and

3.4(i)(ii)(iii) hold. Then: ‖α̂Rn − α0‖ = OPZ∞ (δn) and ‖α̂Rn − α0‖s = OPZ∞ (‖α0 −
Πnα0‖s + τnδn).

PROOF: The proof is very similar to those for Theorem 3.2 and Remark 4.1
in Chen and Pouzo (2012a) by recognizing that AR

k(n) is a sieve for α0 ∈AR.
For Result (1), we first want to show that α̂Rn ∈AR

k(n)∩{Pen(h)≤M} for some
M > 0 wpa1-PZ∞ . By definitions of α̂Rn and α0�n, Assumption B.2(i)(ii) and the
condition that Q(α0�n)+ o(n−1)=O(λn), we have

Pen
(
ĥRn
) ≤ Q̂n(α0�n)

λn
+ Pen(h0�n)+ o

(
n−1

)
λn

≤ Q(α0�n)+ o
(
n−1

)
λn

+OPZ∞ (1)=OPZ∞ (1)�

1Sufficient conditions for α0�n ∈ ARk(n) to solve infα∈AR
k(n)

‖α−α0‖s under the null include either
(a) Ak(n) is compact (in ‖ · ‖s) and φ is continuous (in ‖ · ‖s), or (b) Ak(n) is convex and φ is linear.



16 X. CHEN AND D. POUZO

Therefore, for any ε > 0, Pr(Pen(ĥRn )≥M)< ε for someM , eventually.
We now show that Pr(‖α̂Rn − α0‖s ≥ ε) = o(1) for any ε > 0. Let AR�M

k(n) ≡
AR
k(n) ∩ {Pen(h) ≤M} and AR�M ≡ AR ∩ {Pen(h) ≤M}. These sets are com-

pact under ‖ · ‖s (by Assumption 3.2(iii) and the ‖ · ‖s-continuity of φ). As-
sumptions 3.1(i)(iv) and B.2(i) imply that α0 ∈ AR�M and α0�n ∈ AR�M

k(n) . Under
Assumption 3.1(ii), cl(

⋃
kAk) ⊇ A and thus cl(

⋃
kAR�M

k ) ⊇ AR�M . Therefore
‖α0�n − α0‖s = o(1) by the definition of α0�n and the fact that AR�M

k(n) is dense in
AR�M .

By standard calculations, it follows that, for any ε > 0,

Pr
(∥∥α̂Rn − α0

∥∥
s
≥ ε)

≤ Pr
(

inf
AR�M
k(n)

:‖α−α0‖s≥ε

{
Q̂n(α)+ λn Pen(h)

}
≤ Q̂n(α0�n)+ λn Pen(h0�n)+ oP

(
n−1

))+ 0�5ε�

Moreover (up to omitted constants)

Pr
(∥∥α̂Rn − α0

∥∥
s
≥ ε)

≤ Pr
(

inf
AR�M
k(n)

:‖α−α0‖s≥ε

{
Q(α)+ λn Pen(h)

}
≤Q(α0�n)+ λn Pen(h0�n)+OP

(
δ

2

m�n

)+ oP
(
n−1

))+ ε

≤ Pr
(

inf
AR�M :‖α−α0‖s≥ε

{
Q(α)+ λn Pen(h)

}
≤Q(α0�n)+ λn Pen(h0�n)+OP

(
δ

2

m�n

)+ oP
(
n−1

))+ ε�

where the first line follows by Assumptions 3.3(ii) and B.2 and the second by
AR�M
k(n) ⊆ AR�M . Since AR�M is compact under ‖ · ‖s, α0 ∈ AR�M is unique, and
Q is continuous (Assumption 3.1), then infAR�M :‖α−α0‖s≥ε{Q(α) + λn Pen(h)} ≥
c(ε) > 0; however, the term Q(α0�n) + λn Pen(h0�n) + OP(δ2

m�n) + oP(n−1) =
oP(1) and thus the desired result follows.

For Result (2), we now show that ‖α̂Rn − α0‖ = OPZ∞ (κn) where κ2
n ≡

max{δ2
n�‖α0�n − α0‖2�λn�o(n

−1)}. Let AR
osn = {α ∈ Aosn : φ(α) = φ(α0)} and

AR
os = {α ∈ Aos : φ(α) = φ(α0)}. Result (1) implies that α̂Rn ∈ AR

osn wpa1. To
show Result (2), we employ analogous arguments to those for Result (1) and
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obtain that, for all large K > 0,

Pr
(∥∥α̂Rn − α0

∥∥≥Kκn
)

≤ Pr
(

inf
ARosn:‖α−α0‖≥Kκn

Q(α)+ λn Pen(h)

≤Q(α0�n)+ λn Pen(h0�n)+OP
(
δ2
n

)+ oP
(
n−1

))+ ε

≤ Pr
(

inf
ARos :‖α−α0‖≥Kκn

‖α− α0‖2

≤ const� {‖α0�n − α0‖2 + λn Pen(h0�n)+OP
(
δ2
n

)+ oP
(
n−1

))+ ε
≤ Pr

(
K2κ2

n ≤ const�‖α0�n − α0‖2 +O(λn)+OP
(
δ2
n

)+ oP
(
n−1

))+ ε�
where the first inequality is due to Assumption B.2(ii) and the assumption that
Q̂n(α) ≥ cQ(α)−OPZ∞ (δ

2
n) uniformly over Aosn; the second inequality is due

to Assumption 3.4. By our choice of κn the first term in the RHS is zero for
large K. So the desired result follows. The fact that κn coincides with δn fol-
lows from the fact that ‖α0�n−α0‖2 �Q(α0�n)�Q(Πnα0) by assumption in the
proposition.

Finally, the convergence rate under ‖·‖s is obtained by applying the previous
result and the definition of τn. Q.E.D.

PROOF OF THEOREM 4.4: Since suph∈H Pen(h) <∞, the relevant parame-
ter set is AM ≡ {α ∈ A : Pen(h) ≤M} with M = suph∈H Pen(h), which is non-
empty and compact (in ‖ · ‖s) under Assumptions 3.1(i)(ii) and 3.2(iii). Let
AR�M =AM ∩ {α ∈ A :φ(α)=φ0}. Since φ is continuous in ‖ · ‖s, AR�M is also
compact (in ‖ · ‖s). Note that α0 ∈AR�M iff the null H0 :φ(α0)=φ0 holds.

If AR�M is empty, then there does not exist any α ∈AM such that φ(α)=φ0,
and hence it holds trivially that Q̂LRn(φ0)≥ nC for some C > 0 wpa1.

If AR�M is non-empty, under Assumption 3.1(iii) we have: minα∈AR�M Q(α)
is achieved at some point within AR�M , say, α ∈ AR�M . This and Assump-
tion 3.1(i)(iv) imply that Q(α)= minα∈AR�M Q(α) > 0 =Q(α0) under the fixed
alternatives H1 :φ(α0) �=φ0.

By definitions of α̂n and Πnα0 and Assumption 3.3(i), we have

Q̂n(̂αn)≤ Q̂n(Πnα0)≤ c0Q(Πnα0)+ oPZ∞
(
n−1

)
�

Since M = suph∈H Pen(h) <∞, we also have that α̂Rn ∈ AR�M
k(n) ⊆ AM

k(n) wpa1,
so by Assumption 3.3(ii), we have

Q̂n
(̂
αRn
)≥ cQ(̂αRn )−OPZ∞

(
δ

2

m�n

)≥ c× min
α∈AR�M

Q(α)−OPZ∞
(
δ

2

m�n

)
�
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Thus

Q̂n
(̂
αRn
)− Q̂n(̂αn)

≥ c× min
α∈AR�M

Q(α)− c0Q(Πnα0)− oPZ∞
(
n−1

)−OPZ∞
(
δ

2

m�n

)
= cQ(α)+ oPZ∞ (1)�

Thus under the fixed alternatives H1 :φ(α0) �=φ0,

Q̂LRn(φ0)

n
≥ cQ(α) > 0 wpa1 � Q.E.D.

A consistent variance estimator for optimally weighted PSMD estimator. To
stress the fact that we consider the optimally weighted PSMD procedure, we
use v0

n and ‖v0
n‖0 to denote the corresponding v∗

n and ‖v∗
n‖ computed using the

optimal weighting matrix Σ= Σ0. That is,

∥∥v0
n

∥∥2

0
=E

[(
dm(X�α0)

dα

[
v0
n

])′
Σ0(X)

−1

(
dm(X�α0)

dα

[
v0
n

])]
�

We call the corresponding sieve score, S0
n�i ≡ (dm(Xi�α0)

dα
[v0
n])′Σ0(Xi)

−1ρ(Zi�α0),
the optimal sieve score. Note that ‖v0

n‖2
sd = Var(S0

n�i)= ‖v0
n‖2

0. By Theorem 4.1,
‖v0
n‖2

sd = ‖v0
n‖2

0 is the variance of the optimally weighted PSMD estimator

φ(̂αn). We could compute a consistent estimator ‖̂v0
n‖2

0 of the variance ‖v0
n‖2

0

by looking at the “slope” of the optimally weighted criterion Q̂0
n:∥̂∥v0

n

∥∥2

0
≡
(
Q̂0
n(̃αn)− Q̂0

n(̂αn)

ε2
n

)−1

�(B.13)

where α̃n is an approximate minimizer of Q̂0
n(α) over {α ∈ Ak(n) :φ(α) =

φ(̂αn)− εn}.
THEOREM B.2: Let α̂n be the optimally weighted PSMD estimator (2.2) with

Σ = Σ0, and conditions for Lemma 3.2, Assumptions 3.5 and 3.6 hold with
‖v0
n‖sd = ‖v0

n‖0 and |Bn − 1| = oPZ∞ (1). Let cn−1/2 ≤ εn
‖v0
n‖0

≤ Cδn for finite con-
stants c�C > 0. Then: α̃n ∈Nosn wpa1-PZ∞ , and∥̂∥v0

n

∥∥2

0∥∥v0
n

∥∥2

0

= 1 + oPZ∞ (1)�

When α̂n is the optimally weighted PSMD estimator of α0, Theorem B.2 sug-
gests ‖̂v0

n‖2
0 defined in (B.13) as an alternative consistent variance estimator for
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φ(̂αn). Compared to Theorems 4.2 and B.1, this alternative variance estimator
‖̂v0
n‖2

0 allows for a non-smooth residual function ρ(Z�α) (such as the one in
NPQIV), but is only valid for an optimally weighted PSMD estimator.

PROOF OF THEOREM B.2: Recall that for the optimally weighted criterion
case u∗

n = v0
n/‖v0

n‖0, and hence ‖u∗
n‖ = 1, Bn = 1+oPZ∞ (1). To simplify notation,

in this proof we use 〈·� ·〉, ‖ · ‖, and Q̂n(·) for the ones corresponding to the
optimal weighting matrix Σ= Σ0.

We first show that α̃n ∈ Nosn wpa1. Recall that α̃n is defined as an approxi-
mate optimally weighted PSMD estimator constrained to {α ∈ Ak(n) :φ(α) =
φ(̂αn)− εn}. In the following, since there is no risk of confusion, we use P in-
stead of PZ∞ .

Let r = φ(̂αn) − φ(α0) − εn. Since εn ≤ C‖v0
n‖0δn (by assumption), and

α̂n ∈ Nosn wpa1, φ(̂αn) − φ(α0) = OP(‖v0
n‖0/

√
n) (by Theorem 4.1), we have

|r| ≤ C‖v0
n‖0O(δn + n−1/2) ≤ C‖v0

n‖0δn for some C > 0. Also note that ‖α̂n −
α0‖ ≤ Cδn wpa1. Thus, by Lemma B.2(2), there exists a t∗n ∈ Tn such that
φ(̂αn(t

∗
n))=φ(̂αn)− εn and α̂n(t∗n)= α̂n + t∗nu∗

n ∈Ak(n) and t∗n =O(δn). Hence-
forth, let αn ≡ α̂n(t∗n). Observe that

‖αn − α0‖ ≤ δn + t∗n =O(δn)�
and

‖αn − α0‖s ≤ ‖α̂n − α0‖s + t∗n
∥∥u∗

n

∥∥
s
≤ δs�n + t∗nτn

which is of order δs�n. Therefore, αn satifies: (a) αn ∈ Nosn wpa1, and t∗n ∈ Tn
with t∗n =O(δn); and (b) αn ∈ {α ∈Ak(n) :φ(α)=φ(̂αn)− εn}.

We now establish the consistency of α̃n using the properties of αn. We ob-
serve that, for any ε > 0,

Pr
(‖α̃n − α0‖s ≥ ε

)
≤ Pr

(
inf

Bn:‖α−α0‖s≥ε
Q̂n(α)≤ Q̂n(αn)+ o

(
n−1

)+ λn Pen(hn)
)

where Bn ≡ {α ∈AM0
k(n) :φ(α)=φ(̂αn)− εn} and the inequality is valid because

αn ∈ Bn by (a) and (b). Under (a) and Lemma 3.2, λn Pen(hn) = OP(λn) =
o(n−1).

By (a), under assumption 3.6(i),

Q̂n(αn)= Q̂n(̂αn)+ t∗n
{
Zn + 〈

u∗
n� α̂n − α0

〉}
+ 0�5

(
t∗n
)2 + oP

(
t∗nn

−1/2 + (
t∗n
)2 + o(n−1

))
�
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By Lemma B.1, Zn + 〈u∗
n� α̂n − α0〉 = oP(n−1/2) and thus, given that t∗n =

O(δn), the previous display implies that

Q̂n(αn)≤ Q̂n(̂αn)+ oP
(
n−1/2δn + δ2

n + o(n−1
))≤OP

(
δ2
n

)
�

Therefore,

Pr
(‖α̃n − α0‖s ≥ ε

)
≤ Pr

(
inf

Bn:‖α−α0‖s≥ε
Q̂n(α)≤ Q̂n(̂αn)+O

(
λn + δ2

n

))
�

Since Q̂n(̂αn) ≤ Q̂n(Πnα0)+ O(λn) by definition of α̂n and from the fact that
Bn ⊆AM0

k(n), it follows that

Pr
(‖α̃n − α0‖s ≥ ε

)
≤ Pr

(
inf

AM0
n :‖α−α0‖s≥ε

Q̂n(α)≤ Q̂n(Πnα0)+O
(
λn + δ2

n

))
�

The rest of the consistency proof follows from identical steps to the standard
one; see Chen and Pouzo (2009).

In order to show the rate, by similar arguments to the previous ones

Q̂n(̃αn)≤ Q̂n(Πnα0)+O
(
λn + δ2

n

)
�

under our assumptions Q̂n(̃αn) ≥ c‖α̃n − α0‖2 − OP(δ2
n) and Q̂n(Πnα0) ≤

c0Q(Πnα0) + oP(n−1), so the desired rate under ‖ · ‖ follows. The rate un-
der ‖ · ‖s immediately follows using the definition of sieve measure of local
ill-posedness τn. Thus α̃n ∈Nosn wpa1.

We now show that
̂‖v0
n‖2

0
‖v0
n‖2

0
= 1 + oPZ∞ (1). This part of the proof consists of

several steps that are similar to those in the proof of Theorem 4.3, and
hence we omit some details. We first provide an asymptotic expansion for
n(Q̂n(̃αn)−Q̂n(̂αn)) using Assumption 3.6(i) (with Bn = 1+oPZ∞ (1)), and then
show that this is enough to establish the desired result.

In the following we let tn ≡ εn/‖v0
n‖0. By the assumption on εn we have:

cn−1/2 ≤ tn ≤ Cδn. Therefore, tn ∈ Tn, tn = oPZ∞ (1), and oPZ∞ (
1
tn
n−1/2) =

oPZ∞ (1).

STEP 1: First, we note that α̂n ∈ Nosn wpa1, that −tn ∈ Tn, and α̂n(−tn) ∈
Ak(n). So we can apply Assumption 3.6(i) with α= α̂n and −tn as the direction,
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and obtain(
Q̂n
(̂
αn(−tn)

)− Q̂n(̂αn)
)

t2n
= −2
tn

{
Zn + 〈

u∗
n� α̂n − α0

〉}+ 1(B.14)

+ oP
(

max
{

1�
n−1/2

tn
�
o
(
n−1

)
t2n

})
= 1 + oPZ∞ (1)�

where the last equality follows from the fact that 〈u∗
n� α̂n − α0〉 + Zn =

oPZ∞ (n
−1/2) (by Lemma B.1), and that oPZ∞ (

1
tn
n−1/2)= oPZ∞ (1) (by our choice

of tn).

STEP 2: Since α̃n ∈ Nosn wpa1, tn ∈ Tn, and α̃n(tn) ∈ Ak(n), we can apply As-
sumption 3.6(i) with α= α̃n and tn as the direction, and obtain(

Q̂n
(̃
αn(tn)

)− Q̂n(̃αn)
)

t2n
= 2
tn

{
Zn + 〈

u∗
n� α̃n − α0

〉}+ 1(B.15)

+ oP
(

max
{

1�
n−1/2

tn
�
o
(
n−1

)
t2n

})
= −1 + oPZ∞ (1)�

where the last line follows from the definition of the restricted estimator α̃n.
This is because φ(̃αn)=φ(̂αn)− εn, by Assumptions 3.5(i)(ii),∣∣∣∣−εn − dφ(α0)

dα
[̂αn − α̃n]

∣∣∣∣= oPZ∞
(∥∥v0

n

∥∥
0
/
√
n
)
�

Hence 〈v0
n� α̃n − α0〉 = 〈v0

n� α̂n − α0〉 − εn + oPZ∞ (‖v0
n‖0/

√
n). This implies that

Zn + 〈u∗
n� α̃n − α0〉 = − εn

‖v0
n‖0

+ oPZ∞ (n
−1/2)= −tn + oPZ∞ (n

−1/2).

STEP 3: It is easy to see that, from equation (B.15) and by the definition of
α̂n, (

Q̂n(̃αn)− Q̂n(̂αn)
)

t2n
≥
(
Q̂n(̃αn)

)− Q̂n
(̃
αn(tn)

)
t2n

− oPZ∞ (1)

= 1 + oPZ∞ (1)�

Also, from equation (B.14), Assumption 3.6(i), and by the definition of α̃n,(
Q̂n(̃αn)− Q̂n(̂αn)

)
t2n

≤
(
Q̂n
(̂
αn
(
t∗n
))− Q̂n(̂αn)

)
t2n

+ oPZ∞ (1)
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= 2t∗n
{
Zn + 〈

u∗
n� α̂n − α0

〉}+ (
t∗n
)2

t2n

+ t−2
n oP

(
max

{(
t∗n
)2
� t∗nn

−1/2�o
(
n−1

)})+ oP(1)

= −2
tn

{
Zn + 〈

u∗
n� α̂n − α0

〉}+ 1 + oPZ∞ (1)

= 1 + oPZ∞ (1)�

provided that there is a t∗n ∈ Tn such that (3a) φ(̂αn(t∗n)) = φ(̂αn) − εn and
(3b) t∗n/tn = −1 + oPZ∞ (1). In Step 5, we verify that such a t∗n exists.

By putting these inequalities together, it follows that

∥∥v0
n

∥∥2

0

Q̂n(̃αn)− Q̂n(̂αn)
ε2
n

=
(
Q̂n(̃αn)− Q̂n(̂αn)

)
t2n

= 1 + oPZ∞ (1)�(B.16)

STEP 4: By equation (B.16) we have∥∥v0
n

∥∥2

0∥̂∥v0
n

∥∥2

0

= 1 + oPZ∞ (1)� with
∥̂∥v0
n

∥∥2

0
≡
(
Q̂n(̃αn)− Q̂n(̂αn)

ε2
n

)−1

�

which implies that 0�5 ≤ ‖v0
n‖2

0
̂‖v0
n‖2

0

≤ 1�5 with probability PZ∞ approaching 1. By the

continuous mapping theorem, we obtain∥̂∥v0
n

∥∥2

0∥∥v0
n

∥∥2

0

= 1 + oPZ∞ (1)�

STEP 5: We now show that there is a t∗n ∈ Tn such that (3a) and (3b)
in Step 3 hold. Denote r ≡ φ(̂αn) − φ(α0) − εn. Since εn ≤ C‖v0

n‖0δn, and
α̂n ∈ Nosn wpa1, φ(̂αn) − φ(α0) = OP(‖v0

n‖0/
√
n) (by Theorem 4.1), we have

|r| ≤ ‖v0
n‖0δn(Mn + C) ≤ 2Mn‖v0

n‖0δn (since C < Mn eventually). Thus, by
Lemma B.2, there exists a t∗n ∈ Tn such that φ(̂αn(t∗n)) = φ(̂αn) − εn and
α̂n(t

∗
n) = α̂n + t∗nu∗

n ∈ Ak(n), and hence (3a) holds. Moreover, by Assump-
tion 3.5(i)(ii), such a choice of t∗n also satisfies∣∣∣∣φ(̂αn(t∗n))−φ(̂αn)︸ ︷︷ ︸

=−εn

− dφ(α0)

dα

[
t∗nu

∗
n

]∣∣∣∣= oPZ∞
(∥∥v0

n

∥∥
0
n−1/2

)
�

Since u∗
n = v0

n/‖v0
n‖0 for optimally weighted criterion case, we have dφ(α0)

dα
[u∗
n] =

‖v0
n‖0. Thus∣∣−εn − t∗n

∥∥v0
n

∥∥
0

∣∣= oPZ∞
(∥∥v0

n

∥∥
0
n−1/2

)
�
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Since tn ≡ εn/‖v0
n‖0, we obtain |−tn − t∗n | = oPZ∞ (n

−1/2), and hence∣∣(t∗n/tn)+ 1
∣∣= oPZ∞

(
n−1/2/tn

)= oPZ∞ (1)

due to the fact that cn−1/2 ≤ tn ≤ Cδn. Thus (3b) holds. Q.E.D.

B.3. Proofs for Section 5 on Bootstrap Inference

Throughout the appendices, we sometimes use the simplified term “wpa1”
in the bootstrap world while its precise meaning is given in Section 5.

Recall that Zωn ≡ 1
n

∑n

i=1ωig(Xi�u
∗
n)ρ(Zi�α0) with g(Xi�u

∗
n) ≡

(dm(Xi�α0)

dα
[u∗
n])′Σ(Xi)−1.

LEMMA B.3: Let α̂Bn be the bootstrap PSMD estimator and conditions for
Lemma 3.2 and Lemma A.1 hold. Let Assumption Boot.3(i) hold. Then: (1) for
all δ > 0, there exists a N(δ) such that, for all n≥N(δ),

PZ∞
(
PV∞|Z∞

(√
n
∣∣〈u∗

n� α̂
B
n − α0

〉+Zωn
∣∣≥ δ|Zn)< δ)≥ 1 − δ�

(2) If, in addition, assumptions of Lemma B.1 hold, then
√
n
〈
u∗
n� α̂

B
n − α̂n

〉= −√
nZω−1

n + oPV∞|Z∞ (1) wpa1 (PZ∞)�

PROOF: The proof is very similar to that of Lemma B.1, so we only present
the main steps.

For Result (1). Under Assumption Boot.3(i) and using the fact that α̂Bn is an
approximate minimizer of Q̂Bn (α)+ λn Pen(h) on Ak(n) and α̂Bn ∈ Nosn wpa1, it
follows (see the proof of Lemma B.1 for details), for sufficiently large n,

PZ∞
(
PV∞|Z∞

(
2εn

{
Zωn + 〈

u∗
n� α̂

B
n − α0

〉}+ ε2
nB

ω
n +En

(̂
αBn � εn

)
≥ −δr−1

n |Zn)≥ 1 − δ)> 1 − δ�
where rn and En are defined as in the proof of Lemma B.1, and εn = ±{s−1/2

n +
o(n−1/2)}. Dividing by 2εn and multiplying by

√
n, it follows that

PZ∞
(
PV∞|Z∞

(
Aωn�δ ≥ √

n
{
Zωn + 〈

u∗
n� α̂

B
n − α0

〉}≥ Bωn�δ|Zn
)≥ 1 − δ)

> 1 − δ
eventually, where

Aωn�δ ≡ −0�5
√
nεnB

ω
n − δ√nε−1

n r
−1
n + 0�5δ�

Bωn�δ ≡ −0�5
√
nεnB

ω
n − δ√nε−1

n r
−1
n − 0�5δ�
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Since
√
nεn = o(1) and Bωn =OPV∞|Z∞ (1) wpa1 (PZ∞) and |√nε−1

n r
−1
n | � 1, it

follows, for sufficiently large n,

PZ∞
(
PV∞|Z∞

(
2δ≥ √

n
{
Zωn + 〈

u∗
n� α̂

B
n − α0

〉}≥ −2δ|Zn)≥ 1 − δ)
> 1 − δ�

Or equivalently, for sufficiently large n,

PZ∞
(
PV∞|Z∞

(∣∣√n{Zωn + 〈
u∗
n� α̂

B
n − α0

〉}∣∣≥ 2δ|Zn)< δ)≥ 1 − δ�
Result (2) directly follows from Result (1) and Lemma B.1. Q.E.D.

PROOF OF THEOREM 5.1: We note that Assumption Boot.4 implies that
|n−1

∑n

i=1 T̂i[vn]′M̂B
i T̂i[vn] − σ2

ωn
−1
∑n

i=1 T̂i[vn]′M̂iT̂i[vn]| = oPV∞|Z∞ (1), uni-
formly over vn ∈ V

1
k(n) with M̂i = M̂(Zi� α̂n) and T̂i[vn] ≡ dm̂(Xi�̂αn)

dα
[vn]. The rest

of the proof follows directly from that of Theorem 4.2(1) for the sieve variance
defined in (4.7) case. Q.E.D.

PROOF OF THEOREM 5.2: By Lemma B.3 and steps analogous to those used
to show Theorem 4.1, it follows that

√
n
φ
(̂
αBn
)−φ(̂αn)

σω
∥∥v∗
n

∥∥
sd

= −√
n
Zω−1
n

σω
+ oPV∞|Z∞ (1) wpa1 (PZ∞)�(B.17)

For Result (1), we note that the result for Ŵ B
2�n follows directly from Theo-

rem 5.1 and the proof of the Result (1) for Ŵ B
1�n ≡ √

nφ(̂α
B
n )−φ(̂αn)

σω ‖̂v∗n‖n�sd
.

In fact, for both j = 1�2, Theorem 4.2(1), equation (B.17), and Theorem 5.1
imply that

Ŵ B
j�n = −√

n
Zω−1
n

σω
+ oPV∞|Z∞ (1) wpa1 (PZ∞);(B.18)

equation (B.18) and Assumptions 3.6(ii) and Boot.3(ii) imply that∣∣LV∞|Z∞
(
Ŵ B
j�n|Zn

)−L(Ŵn)
∣∣= oPZ∞ (1)�

Result (1) now follows from the following two equations:

sup
t∈R

∣∣PV∞|Z∞
(
Ŵ B
j�n ≤ t|Zn)−�(t)∣∣= oPV∞|Z∞ (1) wpa1 (PZ∞)�(B.19)

and

sup
t∈R

∣∣PZ∞(Ŵn ≤ t)−�(t)∣∣= oPZ∞ (1)�(B.20)
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where �() is the c.d.f. of a standard normal. Equation (B.20) follows directly
from Theorem 4.2(2) and Polya’s theorem (see, e.g., Bickel and Millar (1992)).
Equation (B.19) follows by the same arguments in Lemma 10.11 in Kosorok
(2008) (which are in turn analogous to those used in the proof of Polya’s theo-
rem).

Result (2) follows from equation (B.17) and the fact that ‖v∗
n‖sd → ‖v∗‖sd ∈

(0�∞) for regular functionals. Q.E.D.

PROOF OF THEOREM 5.3: For Result (1), denote

Fn ≡ n
inf

Ak(n)(φ̂n)
Q̂Bn (α)− Q̂Bn

(̂
αBn
)

σ2
ω

= Q̂LR B
n (φ̂n)

σ2
ω

= nQ̂
B
n

(̂
αR�Bn

)− Q̂Bn
(̂
αBn
)

σ2
ω

+ oPV∞|Z∞ (1) wpa1 (PZ∞)�

where Ak(n)(φ̂n) ≡ {α ∈ Ak(n) :φ(α) = φ(̂αn)}. Since oPV∞|Z∞ (1) wpa1 (PZ∞)
will not affect the asymptotic results, we omit it from the rest of the proof to
ease the notational burden. We want to show that for all δ > 0, there exists a
N(δ) such that

PZ∞

(
PV∞|Z∞

(∣∣∣∣Fn −
(√
n

Zω−1
n

σω
∥∥u∗

n

∥∥
)2∣∣∣∣≥ δ∣∣∣Zn)< δ)≥ 1 − δ

for all n≥N(δ). We divide the proof in several steps.

STEP 1: By assumption |Bωn − ‖u∗
n‖2| = oPV∞|Z∞ (1) wpa1 (PZ∞) and ‖u∗

n‖ ∈
(c�C), we have: | ‖u∗

n‖2

Bωn
− 1| = oPV∞|Z∞ (1) wpa1 (PZ∞). Therefore, it suffices to

show that

PZ∞

(
PV∞|Z∞

(∣∣∣∣Fn −
(√
n

Zω−1
n

σω
√
Bωn

)2∣∣∣∣≥ δ∣∣∣Zn)< δ)≥ 1 − δ(B.21)

eventually.

STEP 2: By Assumption Boot.3(i), for all δ > 0, there is aM > 0 such that

PZ∞
(
PV∞|Z∞

(√
n
∣∣Zω−1
n /Bωn

∣∣≥M|Zn)< δ)≥ 1 − δ
eventually. Thus tn = −Zω−1

n /Bωn ∈ Tn wpa1. By the definition of α̂Bn , and the
fact that α̂R�Bn ∈Nosn wpa1 (by Lemma A.1(3)),

Fn ≥ nQ̂
B
n

(̂
αR�Bn

)− Q̂Bn
(̂
αR�Bn (tn)

)
σ2
ω

− oPV∞|Z∞ (1) wpa1 (PZ∞)�
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By specializing Assumption Boot.3(i) to α= α̂R�Bn and tn = −Zω−1
n /Bωn , it fol-

lows that

0�5
(
Q̂Bn

(
α̂R�Bn

(
−Zω−1

n

Bωn

))
− Q̂Bn

(̂
αR�Bn

))
(B.22)

= −Zω−1
n

Bωn

{
Zωn + 〈

u∗
n� α̂

R�B
n − α0

〉}+
(
Zω−1
n

)2

2Bωn

+ oPV∞|Z∞
(
r−1
n

)
wpa1 (PZ∞)�

By Assumption 3.5(i)(ii), and the fact that α̂R�Bn ∈Nosn wpa1,

PZ∞

(
PV∞|Z∞

( √
n∥∥v∗
n

∥∥
∣∣∣∣φ(̂αR�Bn )−φ(̂αn)︸ ︷︷ ︸

=0

− dφ(α0)

dα

[̂
αR�Bn − α̂n

]∣∣∣∣
≥ δ

∣∣∣Zn)< δ)≥ 1 − δ

eventually. Also by definition dφ(α0)

dα
[̂αR�Bn − α̂n] = 〈v∗

n� α̂
R�B
n − α̂n〉. This and As-

sumption 3.5(i) imply that
√
n
〈
u∗
n� α̂

R�B
n − α̂n

〉= oPV∞|Z∞ (1) wpa1 (PZ∞)�(B.23)

Equation (B.23) and
√
n〈u∗

n� α̂n−α0〉 = −√
nZn+oPZ∞ (1) (Lemma B.1) imply

that
√
n
〈
u∗
n� α̂

R�B
n − α0

〉= −√
nZn + oPV∞|Z∞ (1) wpa1 (PZ∞)�

Thus we can infer from equation (B.22) that

0�5
(
Q̂Bn

(
α̂R�Bn

(
−Zω−1

n

Bωn

))
− Q̂Bn

(̂
αR�Bn

))
(B.24)

= −
(
Zω−1
n

)2

2Bωn
+ oPV∞|Z∞

(
r−1
n

)
wpa1 (PZ∞)�

Since nr−1
n =O(1), multiplying both sides by −2nσ−2

ω , we obtain

Fn ≥
(√
n

Zω−1
n

σω
√
Bωn

)2

− oPV∞|Z∞ (1) wpa1 (PZ∞)�

STEP 3: In order to show

Fn ≤
(√
n

Zω−1
n

σω
√
Bωn

)2

+ oPV∞|Z∞ (1) wpa1 (PZ∞)�(B.25)
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we can repeat the same calculations as in Step 2, provided there exists a
t∗n ∈ Tn wpa1 such that (a) φ(̂αBn (t

∗
n)) = φ(̂αn) with α̂Bn (t

∗
n) ∈ Ak(n), and (b)

t∗n = Zω−1
n /‖u∗

n‖2 + oPV∞|Z∞ (n
−1/2) = OPV∞|Z∞ (n

−1/2) wpa1 (PZ∞). This is be-
cause by (a) and the definition of α̂R�Bn ,

n
Q̂Bn

(̂
αR�Bn

)− Q̂Bn
(̂
αBn
)

σ2
ω

≤ nQ̂
B
n

(̂
αBn
(
t∗n
))− Q̂Bn

(̂
αBn
)

σ2
ω

+ oPV∞|Z∞ (1) wpa1 (PZ∞)�

By specializing Assumption Boot.3(i) to α = α̂Bn ∈ Nosn wpa1 (by Lemma
A.1(2)), and t∗n as the direction, it follows that

0�5
(
Q̂Bn

(̂
αBn
(
t∗n
))− Q̂Bn

(̂
αBn
))

= t∗n
{
Zωn + 〈

u∗
n� α̂

B
n − α0

〉}+ B
ω
n

2
(
t∗n
)2 + oPV∞|Z∞

(
r−1
n

)
wpa1 (PZ∞)

= B
ω
n

2

(
Zω−1
n∥∥u∗
n

∥∥2 + oPV∞|Z∞
(
n−1/2

))2

+ oPV∞|Z∞
(
r−1
n

)
wpa1 (PZ∞)

= 1
2

(
Zω−1
n√
Bωn

)2

+ oPV∞|Z∞
(
r−1
n

)
wpa1 (PZ∞)�

where the second equality is due to Lemma B.3(1) and (b), the third equality
is due to the assumption |Bωn − ‖u∗

n‖2| = oPV∞|Z∞ (1) wpa1 (PZ∞) and ‖u∗
n‖ ∈

(c�C). Thus equation (B.25) holds.

STEP 4: We now show that there exists a t∗n such that (a) and (b) hold in
Step 3.

Let r ≡ φ(̂αn) − φ(α0). Since α̂Bn ∈ Nosn wpa1, and φ(̂αn) − φ(α0) =
OPZ∞ (‖v∗

n‖/
√
n), by Lemma B.2, there is a t∗n ∈ Tn wpa1 satisfying (a) with

α̂Bn (t
∗
n)= α̂Bn + t∗nu∗

n ∈Ak(n) and φ(̂αBn (t
∗
n))−φ(α0)= r. Moreover, by Assump-

tion 3.5(i)(ii), such a choice of t∗n also satisfies∣∣∣∣φ(̂αBn (t∗n))−φ(̂αn)︸ ︷︷ ︸
=0

− dφ(α0)

dα

[̂
αBn − α̂n + t∗nu∗

n

]∣∣∣∣
= oPV∞|Z∞

(∥∥v∗
n

∥∥/√n) wpa1 (PZ∞)�
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Thus, for sufficiently large n,

PZ∞

(
PV∞|Z∞

( √
n∥∥v∗
n

∥∥
∣∣∣∣dφ(α0)

dα

[̂
αBn − α̂n

]+ t∗n
∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

∣∣∣∣≥ δ∣∣∣Zn)< δ)
≥ 1 − δ�

By Assumption 3.5(i) and Lemma B.3(2), it follows that the LHS of the above
equation is majorized by

PZ∞

(
PV∞|Z∞

( √
n∥∥v∗
n

∥∥
∣∣∣∣〈v∗

n� α̂
B
n − α̂n

〉+ t∗n
∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

∣∣∣∣≥ 2δ
∣∣∣Zn)< δ)+ δ

= PZ∞

(
PV∞|Z∞

( √
n∥∥v∗
n

∥∥
∣∣∣∣−Zω−1

n

∥∥v∗
n

∥∥
sd

+ t∗n
∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

∣∣∣∣≥ 2δ
∣∣∣Zn)< δ)

+ δ�

Therefore,

√
nt∗n = √

nZω−1
n /

∥∥u∗
n

∥∥2 + oPV∞|Z∞ (1) wpa1 (PZ∞)�

Since
√
nZω−1

n =OPV∞|Z∞ (1) with probability PZ∞ approaching 1 (Assumption
Boot.3(ii)) and ‖u∗

n‖2 =O(1), we have t∗n =OPV∞|Z∞ (n
−1/2) with probability PZ∞

approaching 1. Thus (b) holds.
Before we prove Result (2), we wish to establish the following equation

(B.26):

∣∣∣∣LV∞|Z∞

(
Q̂LR B

n (φ̂n)

σ2
ω

∣∣∣Zn)−L
(
Q̂LRn(φ0)|H0

)∣∣∣∣= oPZ∞ (1)�(B.26)

where L(Q̂LRn(φ0)|H0) denotes the law of Q̂LRn(φ0) under the null H0 :
φ(α) = φ0, which will be simply denoted as L(Q̂LRn(φ0)) in the rest of the
proof. By Result (1), it suffices to show that for any δ > 0, there exists a N(δ)
such that

PZ∞

(
sup
f∈BL1

∣∣∣∣E[f([√
nZω−1

n

σω
∥∥u∗

n

∥∥
]2)∣∣∣Zn]−E[f (Q̂LRn(φ0)

)]∣∣∣∣≤ δ)
≥ 1 − δ
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for all n ≥ N(δ). Let Z denote a standard normal random variable (i.e., Z ∼
N(0�1)). If the following equation (B.27) holds, which will be shown at the end
of the proof of equation (B.26):

Tn ≡ sup
f∈BL1

∣∣∣∣E[f([ Z∥∥u∗
n

∥∥
]2)]

−E[f (Q̂LRn(φ0)
)]∣∣∣∣= o(1)�(B.27)

then, it suffices to show that

PZ∞

(
sup
f∈BL1

∣∣∣∣E[f([√
nZω−1

n

σω
∥∥u∗

n

∥∥
]2)∣∣∣Zn]−E

[
f

([
Z∥∥u∗
n

∥∥
]2)]∣∣∣∣≤ δ)(B.28)

≥ 1 − δ
for all n≥N(δ). Suppose we could show that

sup
f∈BL1

∣∣∣∣E[f(√
n

Zω−1
n

σω
∥∥u∗

n

∥∥
)∣∣∣Zn]−E[f (Z∥∥u∗

n

∥∥−1)]∣∣∣∣→ 0� wpa1 (PZ∞)�(B.29)

or equivalently,

PZ∞

(∣∣∣∣LV∞|Z∞

(√
n

Zω−1
n

σω
∥∥u∗

n

∥∥∣∣∣Zn
)

−L
(
Z
∥∥u∗

n

∥∥−1)∣∣∣∣≤ δ)
≥ 1 − δ� eventually�

Then, by the continuous mapping theorem (see Kosorok (2008), Theorem 10.8
and the discussion in Section 10.1.4), we have

PZ∞

(∣∣∣∣LV∞|Z∞

((√
n

Zω−1
n

σω
∥∥u∗

n

∥∥
)2∣∣∣Zn)−L

((
Z
∥∥u∗

n

∥∥−1)2)∣∣∣∣≤ δ)
≥ 1 − δ� eventually�

and hence equation (B.28) follows.
It remains to show equation (B.29). By Assumption Boot.3(ii), and the fact

that if a sequence converges in probability, for all subsequence, there exists
a subsubsequence that converges almost surely, it follows for all subsequence
(nk)k, there exists a subsubsequence (nk(j))j such that∣∣∣∣LV∞|Z∞

(√
nk(j)

Zω−1
nk(j)

σω

∣∣∣Znk(j))−L(Z)
∣∣∣∣→ 0� a.s.-PZ∞ �

Since ‖u∗
nk(j)

‖ ∈ (c�C), then there exists a further subsequence (which we still

denote as nk(j)), such that limj→∞ ‖u∗
nk(j)

‖ = d∞ ∈ [c�C]. Also, since
√
nZ

ω−1
n

σω
is
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a real-valued sequence, by Helly’s theorem, convergence in distribution also
holds for (nk(j))j . Therefore, by the Slutsky theorem,

LV∞|Z∞

(√
nk(j)

Zω−1
nk(j)

σω
∥∥u∗

nk(j)

∥∥∣∣∣Znk(j)
)

−L
(
Zd−1

∞
)→ 0� a.s.-PZ∞ �

Since limj→∞ ‖u∗
nk(j)

‖ = d∞ ∈ [c�C] and Z is bounded in probability, this
readily implies

LV∞|Z∞

(√
nk(j)

Zω−1
nk(j)

σω
∥∥u∗

nk(j)

∥∥∣∣∣Znk(j)
)

−L
(
Z
∥∥u∗

nk(j)

∥∥−1)→ 0� a.s.-PZ∞ �

Therefore, it follows that

sup
f∈BL1

∣∣∣∣E[f(√
nk(j)

Zω−1
nk(j)

σω
∥∥u∗

nk(j)

∥∥
)∣∣∣Znk(j)]−E[f (Z∥∥u∗

nk(j)

∥∥−1)]∣∣∣∣
→ 0� a.s.-PZ∞ �

Since the argument started with an arbitrary subsequence nk, equation (B.29)
holds.

To conclude the proof of equation (B.26), we now show that equation (B.27)
in fact holds (i.e., Tn = o(1)). Again, it suffices to show that for any subse-
quence, there exists a sub-sub-sequence such that Tn(j) = o(1). For any sub-
sequence, since (‖u∗

n‖)n is a bounded sequence (under Assumption 3.1(iv)),
there exists a further subsubsequence (which we denote as (n(j))j) such that
limj→∞ ‖u∗

n(j)‖ = d∞ ∈ [c�C] for finite c�C > 0. Observe that

Tn(j) ≤ sup
f∈BL1

∣∣∣∣E[f([ Z∥∥u∗
n(j)

∥∥
]2)]

−E
[
f

([
Z

d∞

]2)]∣∣∣∣
+ sup
f∈BL1

∣∣∣∣E[f([ Z

d∞

]2)]
−E

[
f

((∥∥u∗
n(j)

∥∥
d∞

)2

Q̂LRn(j)(φ0)

)]∣∣∣∣
+ sup
f∈BL1

∣∣∣∣E[f (Q̂LRn(j)(φ0)
)]

−E
[
f

((∥∥u∗
n(j)

∥∥
d∞

)2

Q̂LRn(j)(φ0)

)]∣∣∣∣�
The first term vanishes because Z is bounded in probability and
limj→∞ ‖u∗

n(j)‖ = d∞ > 0; the third term follows by the same reason (by The-

orem 4.3 and Assumption 3.6(ii), Q̂LRn(φ0) is bounded in probability).
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Finally, for any f ∈ BL1, let f (d−1
∞ ·) ≡ f ◦ d−2

∞ (·). Since f ◦ d−2
∞ is bounded

and |f ◦ d−2
∞ (t) − f ◦ d−2

∞ (s)| ≤ d−2
∞ |t − s| ≤ c−2|t − s|, we have {f ◦ d−2

∞ : f ∈
BL1} ⊆ BLc−2 . Therefore, the second term in the previous display is majorized
by supf∈BL

c−2
|E[f ([Z]2)] −E[f (‖u∗

n(j)‖2 × Q̂LRn(j)(φ0))]|. Hence, to conclude
the proof we need to show that

lim
j→∞

sup
f∈BL

c−2

∣∣E[f (Z2
)]−E[f (∥∥u∗

n(j)

∥∥2 × Q̂LRn(j)(φ0)
)]∣∣= 0�(B.30)

Theorem 4.3 (i.e., ‖u∗
n‖2 × Q̂LRn(φ0) = [√nZn]2 + oP(1)) and Assump-

tion 3.6(ii) directly imply that the above equation (B.30) actually holds for the
whole sequence, which readily implies that for any subsequence (n(j))j , there
is a subsubsequence (which we still denote as (n(j))j) for which the previous
display holds.

Finally for Result (2), we want to show that

sup
t∈R

∣∣∣∣PV∞|Z∞

(
Q̂LR B

n (φ̂n)

σ2
ω

≤ t
∣∣∣Zn)− PZ∞

(
Q̂LRn(φ0)≤ t|H0

)∣∣∣∣
= oPZ∞ (1)�

Let ft(·) ≡ 1{· ≤ t} for t ∈ R. Under this notation, the previous display can
be cast as

An ≡ sup
t∈R

∣∣∣∣EPV∞|Z∞

[
ft

(
Q̂LR B

n (φ̂n)

σ2
ω

)∣∣∣Zn]−EPZ∞
[
ft
(
Q̂LRn(φ0)

)]∣∣∣∣
= oPZ∞ (1)�

Denote Z2 ∼ χ2
1 and

A1�n ≡ sup
t′∈R

∣∣∣∣EPV∞|Z∞

[
ft′

(∥∥u∗
n

∥∥2 × Q̂LR B
n (φ̂n)

σ2
ω

)∣∣∣Zn]−E[ft′(Z2
)]∣∣∣∣�

A2�n ≡ sup
t′∈R

∣∣EPZ∞
[
ft′
(∥∥u∗

n

∥∥2 × Q̂LRn(φ0)
)]−E[ft′(Z2

)]∣∣�
Notice that

An = sup
t∈R

∣∣∣∣EPV∞|Z∞

[
ft‖u∗

n‖2

(∥∥u∗
n

∥∥2 Q̂LR B
n (φ̂n)

σ2
ω

)∣∣∣Zn]
−EPZ∞

[
ft‖u∗

n‖2

(∥∥u∗
n

∥∥2
Q̂LRn(φ0)

)]∣∣∣∣
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≤ sup
t∈R

sup
d∈[c�C]

∣∣∣∣EPV∞|Z∞

[
ftd2

(∥∥u∗
n

∥∥2 Q̂LR B
n (φ̂n)

σ2
ω

)∣∣∣Zn]
−EPZ∞

[
ftd2

(∥∥u∗
n

∥∥2
Q̂LRn(φ0)

)]∣∣∣∣
≤ sup

t′∈R

∣∣∣∣EPV∞|Z∞

[
ft′

(∥∥u∗
n

∥∥2 × Q̂LR B
n (φ̂n)

σ2
ω

)∣∣∣Zn]
−EPZ∞

[
ft′
(∥∥u∗

n

∥∥2 × Q̂LRn(φ0)
)]∣∣∣∣

≤A1�n +A2�n

where the first line follows from the property that ft(·)= ftλ(λ× ·) for any λ ∈
R+ ; the second line follows because by assumption, ‖u∗

n‖2 ∈ [c2�C2]; the third
line follows simply because {1{· ≤ tλ} : t ∈ R and λ ∈ R+} ⊆ {1{· ≤ t} : t ∈ R}.
Finally, the last line is due to the triangle inequality and the definitions of A1�n

and A2�n.
By Theorem 4.3, under the null, ‖u∗

n‖2 ×Q̂LRn(φ0) converges weakly to Z2 ∼
χ2

1, whose distribution is continuous. Therefore, by Polya’s theorem, A2�n =
o(1). Similarly,

A1�n = sup
t′∈R

∣∣∣∣PV∞|Z∞

(∥∥u∗
n

∥∥2 × Q̂LR B
n (φ̂n)

σ2
ω

≤ t ′
∣∣∣Zn)− P(Z2 ≤ t ′)∣∣∣∣

= oPZ∞ (1)

by equation (B.26) and by the same arguments in Lemma 10.11 in Kosorok
(2008). Q.E.D.

We first recall some notation introduced in the main text. Let Tn ≡ {t ∈
R : |t| ≤ 4M2

nδn}. For tn ∈ Tn, α(tn) ≡ α + tnu∗
n where u∗

n = v∗
n/‖v∗

n‖sd and
v∗
n = (v∗′

θ�n� v
∗
h�n(·))′. To simplify presentation, we use rn = rn(tn) ≡ (max{t2n�

tnn
−1/2�o(n−1)})−1.

PROOF OF LEMMA 5.1: For Result (1), if ω≡ 1, then Assumption Boot.3(i)
simplifies to

PZ∞

(
PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rn

∣∣∣∣Λ̂n(α(tn)�α)
− tn

{
Zn + 〈

u∗
n�α− α0

〉}− Bn
2
t2n

∣∣∣∣≥ δ∣∣∣Zn)≤ δ
)

≥ 1 − δ;
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iff

PZ∞

(
sup

(α�tn)∈Nosn×Tn
rn

∣∣∣∣Λ̂n(α(tn)�α)− tn
{
Zn + 〈

u∗
n�α− α0

〉}− Bn
2
t2n

∣∣∣∣≤ δ)
≥ 1 − δ�

where Λ̂n(α(tn)�α)≡ 0�5(Q̂n(α(tn))− Q̂n(α)) and Bn is a Zn measurable ran-
dom variable with Bn = OPZ∞ (1). Therefore, if we could verify Assumption
Boot.3(i) in Result (2), we also verify Assumption 3.6(i).

For Result (2), we divide its proof in several steps.

STEP 1: We first introduce some notation. Let

Pn
(
Zn
)≡ PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rn

∣∣∣∣Λ̂Bn (α(tn)�α)
− tn

{
Zωn + 〈

u∗
n�α− α0

〉}− B
ω
n

2
t2n

∣∣∣∣≥ δ∣∣∣Zn)�
Recall that �Bn (x�α)≡ m̃(x�α)+ m̂B(x�α0). Let

L̂Bn
(
α(tn)�α

)≡ 1
2n

n∑
i=1

{
�Bn
(
Xi�α(tn)

)′
Σ̂(Xi)

−1�Bn
(
Xi�α(tn)

)
− �Bn (Xi�α)′Σ̂(Xi)−1�Bn (Xi�α)

}
�

We need to show that PZ∞(Pn(Z
n) < δ)≥ 1 − δ eventually, which is equiva-

lent to showing that PZ∞(Pn(Z
n) > δ)≤ δ eventually. Hence, it suffices to show

that

PZ∞
({
P ′
n

(
Zn
)
> δ

}∩ Sn
)+ PZ∞

(
SCn
)≤ δ� eventually�

for some event Sn that is measurable with respect to Zn, and some P ′
n(Z

n) ≥
Pn(Z

n) a.s.; here SCn denotes the complement of Sn. In the following, we take

Sn ≡
{
Zn : PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rn
∣∣Λ̂Bn (α(tn)�α)− L̂Bn

(
α(tn)�α

)∣∣
≥ 0�5δ

∣∣Zn)< 0�5δ
}
�

and

P ′
n

(
Zn
)≡ PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rn

∣∣∣∣L̂Bn (α(tn)�α)
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− tn
{
Zωn + 〈

u∗
n�α− α0

〉}− B
ω
n

2
t2n

∣∣∣∣≥ 0�5δ
∣∣∣Zn)

+ PV∞|Z∞
(

sup
(α�tn)∈Nosn×Tn

rn
∣∣Λ̂Bn (α(tn)�α)− L̂Bn

(
α(tn)�α

)∣∣
≥ 0�5δ

∣∣Zn)�
It follows that we “only” need to show that

PZ∞
(
SCn
)≤ 0�5δ and

PZ∞
({
P ′
n

(
Zn
)
> δ

}∩ Sn
)≤ 0�5δ� eventually�

Since PZ∞(SCn ) can be expressed as

PZ∞
(
PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rn
∣∣Λ̂Bn (α(tn)�α)− L̂Bn

(
α(tn)�α

)∣∣≥ 0�5δ
∣∣Zn)

≥ 0�5δ
)
�

which, by Lemma A.2(3), is in fact less than 0�5δ, we only need to verify

PZ∞
({
P ′
n

(
Zn
)
> δ

}∩ Sn
)≤ 0�5δ� eventually�

It is easy to see that

PZ∞
({
P ′
n

(
Zn
)
> δ

}∩ Sn
)

≤ PZ∞

(
PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rn

∣∣∣∣L̂Bn (α(tn)�α)
− tn

{
Zωn + 〈

u∗
n�α− α0

〉}− B
ω
n

2
t2n

∣∣∣∣≥ 0�5δ
∣∣∣Zn)> 0�5δ

)
�

Hence, in order to prove the desired result, it suffices to show that

PZ∞

(
PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rn

∣∣∣∣L̂Bn (α(tn)�α)(B.31)

− tn
{
Zωn + 〈

u∗
n�α− α0

〉}− B
ω
n

2
t2n

∣∣∣∣≥ δ∣∣∣Zn)> δ)< δ
eventually.
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STEP 2: For any α ∈ Nosn and tn ∈ Tn, α(tn) = α + tnu∗
n, under Assumption

A.7(i), we can apply the mean value theorem (w.r.t. tn) and obtain

L̂Bn
(
α(tn)�α

)= tn
n

n∑
i=1

(
dm̃(Xi�α)

dα

[
u∗
n

])′
Σ̂(Xi)

−1�Bn (Xi�α)

+ t2n
2n

∫ 1

0

n∑
i=1

(
dm̃

(
Xi�α(s)

)
dα

[
u∗
n

])′

× Σ̂(Xi)−1

(
dm̃

(
x�α(s)

)
dα

[
u∗
n

])
ds

+ t2n
2n

∫ 1

0

n∑
i=1

(
d2m̃

(
Xi�α(s)

)
dα2

[
u∗
n�u

∗
n

])′

× Σ̂(Xi)−1�Bn
(
Zi�α(s)

)
ds

≡ tnT B1n(α)+
t2n
2
{
T2n(α)+ TB3n(α)

}
�

where α(s)≡ α+ stnu∗
n ∈Nosn.

From these calculations and the fact that PV∞|Z∞(an + bn ≥ d|Zn) ≤
PV∞|Z∞(an ≥ 0�5d|Zn)+PV∞|Z∞(bn ≥ 0�5d|Zn) a.s. for any two measurable ran-
dom variables an and bn, it follows that

PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rn

∣∣∣∣L̂Bn (α(tn)�α)− tn
{
Zωn + 〈

u∗
n�α− α0

〉}− B
ω
n

2
t2n

∣∣∣∣
≥ 0�5δ

∣∣∣Zn)
≤ PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rntn

∣∣TB1n(α)− {
Zωn + 〈

u∗
n�α− α0

〉}∣∣
≥ 0�25δ

∣∣Zn)
+PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rn
t2n
2

∣∣{T2n(α)+ TB3n(α)
}−Bωn

∣∣
≥ 0�25δ

∣∣∣Zn)�
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Hence, in order to show equation (B.31), it suffices to show that

PZ∞
(
PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn
rntn

∣∣TB1n(α)− {
Zωn + 〈

u∗
n�α− α0

〉}∣∣≥ δ∣∣Zn)
≥ δ

)
< δ

and

PZ∞

(
PV∞|Z∞

(
sup

(α�tn)∈Nosn×Tn

rnt
2
n

2

∣∣{T2n(α)+ TB3n(α)
}−Bωn

∣∣≥ δ∣∣∣Zn)
≥ δ

)
< δ

eventually.
Since rntn ≤ n1/2, by Lemma A.3, the first equation holds. Since rnt2n ≤ 1, in

order to verify the second equation it suffices to verify that, for any δ > 0,

PZ∞
(

sup
α∈Nosn

∣∣T2n(α)−Bωn
∣∣≥ δ)< δ� ∀n≥N(δ)�

and

PZ∞
(
PV∞|Z∞

(
sup
α∈Nosn

∣∣TB3n(α)∣∣≥ δ∣∣Zn)≥ δ
)
< δ� ∀n≥N(δ)�

By Lemmas A.5(1) and A.4, these two equations hold.
By our choice of �Bn ( ) (in particular, the fact that m̃ is measurable with re-

spect to Zn), it follows that Bωn = Bn = OPV∞|Z∞ (1) wpa1 (PZ∞). Thus we veri-
fied Assumption Boot.3(i).

Finally, Lemma A.5(2) implies |Bωn − ‖u∗
n‖2| = oPV∞|Z∞ (1) wpa1 (PZ∞) and

|Bn − ‖u∗
n‖2| = oPZ∞ (1). Q.E.D.

The following lemma is a LLN for triangular arrays.

LEMMA B.4: Let ((Xi�n)ni=1)
∞
n=1 be a triangular array of real-valued random

variables such that (a) X1�n� � � � �Xn�n are independent and Xi�n ∼ Pi�n, for all n,
(b) E[Xi�n] = 0 for all i and n, and (c) there is a sequence of nonnegative real
numbers (bn)n such that bn = o(√n) and

lim sup
n→∞

n−1
n∑
i=1

E
[|Xi�n|1{|Xi�n| ≥ bn}]= 0�
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Then: for all ε > 0, there is a N(ε) such that

Pr

(∣∣∣∣∣n−1
n∑
i=1

Xi�n

∣∣∣∣∣≥ ε
)
< ε for all n≥N(ε)�

PROOF: We obtain the result by modifying the proofs of Billingsley (1995,
Theorem 22.1) and of Feller (1970, p. 248). For any ε > 0, let

Xi�n =Xi�n1
{|Xi�n| ≤ bn}+Xi�n1

{|Xi�n|> bn}≡XB
i�n +XU

i�n�

Thus,

Pr

(∣∣∣∣∣n−1
n∑
i=1

Xi�n

∣∣∣∣∣≥ ε
)

≤ Pr

(∣∣∣∣∣n−1
n∑
i=1

XB
i�n

∣∣∣∣∣≥ 0�5ε

)
+ Pr

(∣∣∣∣∣n−1
n∑
i=1

XU
i�n

∣∣∣∣∣≥ 0�5ε

)
≡ T1�ε + T2�ε�

By conditions (b) and (c), it is easy to see that, for large enough n,

T1�ε ≤ Pr

(∣∣∣∣∣n−1
n∑
i=1

{
XB
i�n −E[XB

i�n

]}∣∣∣∣∣≥ 0�25ε

)

+ 1

{
n−1

n∑
i=1

E
[
XB
i�n

]≥ 0�25ε

}

= Pr

(∣∣∣∣∣n−1
n∑
i=1

{
XB
i�n −E[XB

i�n

]}∣∣∣∣∣≥ 0�25ε

)
≤ 2 exp

(
−const�

ε2n

b2
n

)
�

for some finite constant const� > 0, where the last inequality is due to Hoeffd-
ing inequality (cf. Van der Vaart and Wellner (1996, Appendix A.6)). Thus,
there is a N(ε) such that, for all n≥N(ε), T1�ε < 0�5ε.

For T2�ε, by Markov inequality and then by condition (c), we have

T2�ε ≤ (ε/2)−1n−1
n∑
i=1

∫
{|x|≥bn}

|x|Pi�n(dx)

= (ε/2)−1n−1
n∑
i=1

∫
|x|1{|x| ≥ bn}Pi�n(dx) < 0�5ε

eventually. Q.E.D.
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PROOF OF LEMMA 5.2: We divide the proof into several steps.

STEP 1: We first show that the event

Sn ≡
{
Zn :

∣∣∣∣∣n−1
n∑
i=1

(
g
(
Xi�u

∗
n

)
ρ(Zi�α0)

)2

−E[g(X�u∗
n

)
Σ0(X)g

(
X�u∗

n

)′]∣∣∣∣∣≤ δ
}

occurs wpa1 (PZ∞). For this, we apply Lemma B.4. Using the notation in
the lemma, we let Xi�n ≡ (g(Xi�u∗

n)ρ(Zi�α0))
2 − E[g(X�u∗

n)Σ0(X)g(X�u
∗
n)

′],
and thus conditions (a) and (b) of Lemma B.4 immediately follow (note that
E[g(X�u∗

n)Σ0(X)g(X�u
∗
n)

′] = 1). In order to check condition (c), note first
that for any generic random variable X with mean μ<∞, it follows that

E
[|X −μ|1{|X −μ| ≥ bn

}]
≤E[|X|1{|X| ≥ bn − |μ|}]+ |μ|Pr

{|X| ≥ bn − |μ|}�
Since bn is taken to diverge, we can “redefine” bn as bn − |μ|. Moreover,

Pr
{|X| ≥ bn − |μ|}≤ E[max

{|X|�1}1
{|X| ≥ bn − |μ|}]�

Again, since bn is taken to diverge, the only relevant case is |X| ≥ 1. Therefore,
it suffices to study E[|X|1{|X| ≥ bn}] in order to bound E[|X −μ|1{|X −μ| ≥
bn}]. Thus, applied to our case, it is sufficient to verify that

lim sup
n→∞

n−1
n∑
i=1

E
[(
g
(
Xi�u

∗
n

)
ρ(Zi�α0)

)2

× 1
{(
g
(
Xi�u

∗
n

)
ρ(Zi�α0)

)2 ≥ bn
}]= 0�

which holds under our assumption equation (5.1).

STEP 2: Let
√
nZ

ω−1
n

σω
= 1√

n

∑n

i=1 ζisi�n, where si�n ≡ g(Xi�u∗
n)ρ(Zi�α0), and

either{ζi}ni=1 is i.i.d. with ζi = (ωi − 1)σ−1
ω (under Assumption Boot.1) or{ζi}ni=1

is multinomial with ζi = (ωi�n − 1) (under Assumption Boot.2). In the follow-
ing, we let PΩ denote the conditional distribution of {ζi}ni=1 given the data Zn,
which is also the unconditional distribution of {ζi}ni=1 since {ζi}ni=1 is indepen-
dent of Zn. We want to establish that

sup
f∈BL1

∣∣∣∣E[f(√
n
Zω−1
n

σω

)∣∣∣Zn]−E[f (Z)]∣∣∣∣= oPZ∞ (1)�
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where Z∼N(0�1). Which is equivalent to showing that

1√
n

n∑
i=1

ζisi�n ⇒ Z� wpa1 (PZ∞)�

Which, by Billingsley (1995, Theorem 20.5, p. 268), in turn suffices to show that
any subsequence contains a further subsequence, (nk)k, such that

1√
nk

nk∑
i=1

ζisi�nk ⇒ Z� a.s.-(PZ∞)�(B.32)

Step 3 below establishes (B.32) under Assumption Boot.1, while Step 4 below
establishes (B.32) under Assumption Boot.2.

STEP 3—Under Assumption Boot.1: Since the event Sn occurs wpa1 (PZ∞)
(Step 1), it follows that any subsequence contains a further subsequence such
that n−1

k

∑nk
i=1(si�nk)

2 → 1, a.s.-(PZ∞). Moreover, maxi≤nk |si�nk |/
√
nk = o(1),

a.s.-(PZ∞). This follows since, for any ε > 0,

PZ∞
(

max
i≤n

|si�n| ≥ ε
√
n
)

≤
n∑
i=1

∫
|s|≥ε√n

Pi�n(ds)

≤ ε−2n−1
n∑
i=1

∫
|s|≥ε√n

s2Pi�n(ds)

= ε−2n−1
n∑
i=1

E
[
s2
i�n1

{|si�n| ≥ ε√n}]�
We note that 1{|si�n| ≥ ε√n} ≤ 1{|si�n|2 ≥ bn} (provided that |si�n| ≥ 1, but if it is
not, then the proof is trivial). Hence by equation (5.1) and the fact that si�n are
row-wise i.i.d., the RHS is of order o(1). Going to a subsequence establishes
the result.

Under Assumption Boot.1, ζi = (ωi−1)σ−1
ω is i.i.d. with mean zero, variance

1, hence conditional on the event Sn, for any ε > 0,

n−1
k

nk∑
i=1

EPΩ
[
(ζisi�nk)

21
{|ζisi�nk |> ε√nk}]

≤
(
n−1
k

nk∑
i=1

|si�nk |2

)
×EPΩ

[
ζ2

1 × 1
{
|ζ1| × max

1≤i≤n
|si�nk |> ε

√
nk
}]

≤
(
n−1
k

nk∑
i=1

|si�nk |2

)
×EPΩ

[
ζ2

1 × 1
{|ζ1|> ε/ε′}]→ 0� a.s.-(PZ∞)�
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where the second inequality follows from the fact that maxi≤nk |si�nk |/
√
nk < ε

′,
a.s.-(PZ∞) eventually. Since ζ1 are i.i.d., by choosing the ε′ (small relative
to ε), one can make the term EPΩ[ζ2

1 1{|ζ1| > ε/ε′}] arbitrarily small. The
Lindeberg–Feller CLT then implies that 1√

nk

∑nk
i=1 ζisi�nk ⇒ Z, a.s.-(PZ∞) where

Z∼N(0�1).
We have thus showed that any subsequence contains a further subsequence

such that the above equation holds; therefore,

sup
f∈BL1

∣∣∣∣∣E
[
f

(
1√
n

n∑
i=1

ζisi�n

)∣∣∣Zn]−E[f (Z)]∣∣∣∣∣= oPZ∞ (1)�

STEP 4—Under Assumption Boot.2: We proceed as in Step 3 to establish
equation (B.32). The difference is that now {ζi}ni=1 is not i.i.d., but exchange-
able with ζi = ζi�n ≡ (ωi�n − 1). To overcome this, we follow Lemma 3.6.15 (or
really Proposition A.5.3) in VdV-W for a given subsequence (nk)k. To simplify
notation, we let n= nk and si�n = si�nk .

Under Assumption Boot.2 we have: n−1
∑n

i=1 ζi�n = 0, n−1
∑n

i=1 ζ
2
i�n → 1,

n−1 max1≤i≤n ζ2
i�n = oPΩ(1), and max1≤i≤n E[ζ4

i�n] ≤ c < ∞. Conditional on
the event Sn, we also have n−1

∑n

i=1 si�n → 0, n−1
∑n

i=1 s2
i�n → 1, and n−1 ×

max1≤i≤n s2
i�n = o(1) (this has already been established in Step 3), and finally

we need:

lim sup
n→∞

n−2
n∑
i=1

n∑
j=1

(si�nζj�n)21
{|si�nζj�n|> ε√n}= 0� a.s.-PZ∞ �(B.33)

To show equation (B.33), we note that

lim sup
n→∞

n−2
n∑
i=1

n∑
j=1

(si�nζj�n)21
{|si�nζj�n|> ε√n}

≤ lim sup
n→∞

( n∑
i=1

(ζi�n)
2

n
×

n∑
j=1

(sj�n)2 × 1
{
|sj�n| × max

1≤i≤n
|ζi�n|> ε

√
n
}

n

)
�

Under Assumption Boot.2, conditional on the event Sn we have, for any ε > 0,

lim sup
n−>∞

EPΩ

( n∑
j=1

(sj�n)2 × 1
{
|sj�n| × max

1≤i≤n
|ζi�n|> ε

√
n
}

n

)
= 0� by equation (5.1)�
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Hence (with possibly going to a subsequence) we establish equation (B.33). So,
by Lemma 3.6.15 (or Proposition A.5.3) in Van der Vaart and Wellner (1996),

1√
nk

nk∑
i=1

ζisi�nk ⇒ Z� a.s.-(PZ∞)�

The rest of the steps are analogous to those in Step 3 and will not be repeated
here. Q.E.D.

B.3.1. Alternative Bootstrap Sieve t Statistics

In this subsection, we present additional bootstrap sieve t statistics. Recall
that Ŵn ≡ √

nφ(̂αn)−φ(α0)

‖̂v∗n‖n�sd
is the original-sample sieve t statistic. The first one is

Ŵ B
1�n ≡ √

nφ(̂α
B
n )−φ(̂αn)

σω ‖̂v∗n‖n�sd
. In the definition of Ŵ B

2�n one could also define ‖̂v∗
n‖2
B�sd us-

ing Σ̂B0i = Ên[�(V � α̂n)�(V � α̂n)′|X = Xi] instead of �(Vi� α̂n)�(Vi� α̂n)′, which
will be a bootstrap analog to ‖̂v∗

n‖2
n�sd defined in equation (B.5).

Let Ŵ B
3�n ≡ √

nφ(̂α
B
n )−φ(̂αn)

‖̂vBn ‖B�sd
, where ‖̂vBn‖2

B�sd is a bootstrap sieve variance estima-
tor that is constructed as follows. First, we define

‖ · ‖2
B�M ≡ n−1

n∑
i=1

(
dm̂B

(
Xi� α̂

B
n

)
dα

[·]
)′
Mn�i

(
dm̂B

(
Xi� α̂

B
n

)
dα

[·]
)
�

where Mn�i is some (almost surely) positive definite weighting matrix. Let v̂Bn
be a bootstrapped empirical Riesz representer of the linear functional dφ(̂αBn )

dα
[·]

under ‖ · ‖B�Σ̂−1 . We compute a bootstrap sieve variance estimator as

∥∥̂vBn∥∥2

B�sd
≡ 1
n

n∑
i=1

(
dm̂B

(
Xi� α̂

B
n

)
dα

[̂
vBn
])′
Σ̂−1
i �

(
Vi� α̂

B
n

)
�
(
Vi� α̂

B
n

)′
Σ̂−1
i(B.34)

×
(
dm̂B

(
Xi� α̂

B
n

)
dα

[̂
vBn
])

with �(Vi�α) ≡ (ωi�n − 1)ρ(Zi�α) ≡ ρB(Vi�α) − ρ(Zi�α) for any α. That
is, ‖̂vBn‖2

B�sd is a bootstrap analog to ‖̂v∗
n‖2
n�sd defined in equation (4.7). One

could also define ‖̂vBn‖2
B�sd using Ên[�(V � α̂Bn )�(V � α̂Bn )′|X = Xi] instead of

�(Vi� α̂
B
n )�(Vi� α̂

B
n )

′, which will be a bootstrap analog to ‖̂v∗
n‖2
n�sd defined in

equation (B.5). In addition, one could also define ‖̂vBn‖2
B�sd using α̂n instead of

α̂Bn . In terms of the first order asymptotic approximation, this alternative defi-
nition yields the same asymptotic results. Due to space considerations, we omit
these alternative bootstrap sieve variance estimators.
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The bootstrap sieve variance estimator ‖̂vBn‖2
B�sd also has a closed form ex-

pression: ‖̂vBn‖2
B�sd = (�̂Bn )′(D̂Bn )−1�̂B3�n(D̂

B
n )

−1�̂Bn with

�̂Bn = dφ
(̂
αBn
)

dα

[
ψ
k(n)
(·)′]�

D̂Bn = 1
n

n∑
i=1

(
dm̂B

(
Xi� α̂

B
n

)
dα

[
ψ
k(n)
(·)′])′

Σ̂−1
i

(
dm̂B

(
Xi� α̂

B
n

)
dα

[
ψ
k(n)
(·)′])�

�̂B3�n = 1
n

n∑
i=1

(
dm̂B

(
Xi� α̂

B
n

)
dα

[
ψ
k(n)
(·)′])′

Σ̂−1
i (ωi�n − 1)2

× ρ(Zi� α̂Bn )ρ(Zi� α̂Bn )′Σ̂−1
i

(
dm̂B

(
Xi� α̂

B
n

)
dα

[
ψ
k(n)
(·)′])�

This expression is computed in the same way as ‖̂v∗
n‖2
n�sd = �̂′

nD̂
−1
n �̂nD̂

−1
n �̂n

given in (4.9) but using bootstrap analogs. Note that this bootstrap sieve vari-
ance only uses α̂Bn , and is easy to compute.

When specialized to the NPIV model (2.18) in Section 2.2.1, the expression
‖̂vBn‖2

B�sd simplifies further, with �̂Bn = dφ(ĥBn )

dα
[qk(n)(·)′], D̂Bn = 1

n
ĈBn (P

′P)−(ĈBn )
′,

ĈBn =∑n

j=1ωj�nq
k(n)(Y2j)p

Jn(Xj)
′,

�̂B3�n = 1
n
ĈBn

(
P ′P

)−( n∑
i=1

pJn(Xi)
[
(ωi�n − 1)ÛBi

]2
pJn(Xi)

′
)

× (
P ′P

)−(
ĈBn

)′
� with ÛBi = Y1i − ĥBn (Y2i)�

This expression is analogous to that for a 2SLS t-bootstrap test; see Davidson
and MacKinnon (2010). We leave it to further work to study whether this boot-
strap sieve t statistic might have second order refinement by choice of some
i.i.d. bootstrap weights.

Recall that M̂B
i = (ωi�n − 1)2M̂i and M̂i = Σ̂−1

i ρ(Zi� α̂n)ρ(Zi� α̂n)
′Σ̂−1
i .

ASSUMPTION B.3: (i) sup
v1�v2∈V1

k(n)
|〈v1� v2〉B�Σ−1 − 〈v1� v2〉n�Σ−1 | = oPV∞|Z∞ (1)

wpa1 (PZ∞);
(ii) sup

v∈V1
k(n)

|〈v� v〉B�M̂B − σ2
ω〈v� v〉n�M̂ | = oPV∞|Z∞ (1) wpa1 (PZ∞);

(iii) sup
v∈V1

k(n)
n−1

∑n

i=1(ωi�n − 1)2‖ dm̂B(Xi�̂αBn )
dα

[v]‖2
e =OPV∞|Z∞ (1) wpa1 (PZ∞).

Assumption B.3(i)(ii) is analogous to Assumption 4.1(ii)(v). Assumption
B.3(iii) is a mild one; for example, it is implied by assumptions for Lemma
A.1 and uniformly bounded bootstrap weights (i.e., |ωi�n| ≤ C <∞ for all i).

The following result is a bootstrap version of Theorem 4.2.
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THEOREM B.3: Let conditions for Theorem 4.2(1) and Lemma A.1, Assump-
tion B.3 hold. Then:

(1)

∣∣∣∣
∥∥̂vBn∥∥B�sd

σω
∥∥v∗
n

∥∥
sd

− 1
∣∣∣∣= oPV∞|Z∞ (1) wpa1 (PZ∞)�

(2) If, further, conditions for Theorem 5.2(1) hold, then:

Ŵ B
3�n = −√

n
Zω−1
n

σω
+ oPV∞|Z∞ (1) wpa1 (PZ∞)�∣∣LV∞|Z∞

(
Ŵ B

3�n|Zn
)−L(Ŵn)

∣∣= oPZ∞ (1)� and

sup
t∈R

∣∣PV∞|Z∞
(
Ŵ B

3�n ≤ t|Zn)− PZ∞(Ŵn ≤ t)∣∣= oPV∞|Z∞ (1) wpa1 (PZ∞)�

PROOF: For Result (1), the proof is analogous to the one for Theorem 4.2(1).
As in the proof of Theorem 4.2(1), it suffices to show that∥∥̂vBn − v∗

n

∥∥∥∥v∗
n

∥∥ = oPV∞|Z∞ (1) wpa1 (PZ∞)�(B.35)

and ∣∣∣∣
∥∥̂vBn∥∥B�sd

− ∥∥̂vBn∥∥sd∥∥v∗
n

∥∥
∣∣∣∣= oPV∞|Z∞ (1) wpa1 (PZ∞)�(B.36)

Following the same derivations as in the proof of Theorem 4.2(1) Step 1, for
equation (B.35), it suffices to show∣∣〈�̂B

n ��
〉
B�Σ̂−1 − 〈

�̂B
n ��

〉
B�Σ−1

∣∣= oPV∞|Z∞ (1) and∣∣〈�̂B
n ��

〉
B�Σ−1 − 〈

�̂B
n ��

〉
Σ−1

∣∣= oPV∞|Z∞ (1)

wpa1 (PZ∞), uniformly over � ∈ V
1
k(n), where �̂B

n = v̂Bn
‖̂vBn ‖ . The first term follows

by Assumptions 4.1(iii) and 3.1(iv) and the fact that 〈���〉B�Σ−1 = OPV∞|Z∞ (1)
wpa1 (PZ∞) (by Assumptions B.3(i) and 4.1(ii)). The second term follows di-
rectly from these two assumptions.

Regarding equation (B.36), following the same derivations as in the proof of
Theorem 4.2 Step 2, it suffices to show that |‖�̂B

n‖2
B�sd − ‖�̂B

n‖2
sd| = oPV∞|Z∞ (1)
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wpa1 (PZ∞). By the triangle inequality,

sup
v∈V1

k(n)

∣∣〈v� v〉B�Ŵ B − σ2
ω〈v� v〉n�M̂

∣∣ ≤ sup
v∈V1

k(n)

∣∣〈v� v〉B�Ŵ B − 〈v� v〉B�M̂B
∣∣

+ sup
v∈V1

k(n)

∣∣〈v� v〉B�M̂B − σ2
ω〈v� v〉n�M̂

∣∣
≡AB1n +AB2n�

with Ŵ B
i ≡ Σ̂−1

i �(Vi� α̂
B
n )�(Vi� α̂

B
n )

′Σ̂−1
i = (ωi�n − 1)2Σ̂−1

i ρ(Zi� α̂
B
n )ρ(Zi� α̂

B
n )

′Σ̂−1
i

and M̂B
i = (ωi�n − 1)2M̂i and M̂i = Σ̂−1

i ρ(Zi� α̂n)ρ(Zi� α̂n)
′Σ̂−1
i .

It is easy to see that AB1n is bounded above by

sup
x

∥∥Σ̂−1(x)
{
ρ
(
z� α̂Bn

)
ρ
(
z� α̂Bn

)′ − ρ(z� α̂n)ρ(z� α̂n)′}Σ̂−1(x)
∥∥
e

× n−1
n∑
i=1

(ωi�n − 1)2
∥∥T̂ Bi [v]∥∥2

e

≤ 2 sup
x

sup
α∈Nosn

∥∥Σ̂−1(x)
{
ρ(z�α)ρ(z�α)′ − ρ(z�α0)ρ(z�α0)

′}Σ̂−1(x)
∥∥
e

× n−1
n∑
i=1

(ωi�n − 1)2
∥∥T̂ Bi [v]∥∥2

e
�

where T̂ Bi [v] ≡ dm̂B(Xi�̂α
B
n )

dα
[v]. The second line follows because α̂B ∈ Nosn wpa1.

The first term in the RHS is of order oPZ∞ (1) by Assumption 4.1(iv). The sec-
ond term is OPV∞|Z∞ (1) by Assumption B.3(iii).
AB2n is of order oPV∞|Z∞ (1) wpa1 (PZ∞) by Assumption B.3(ii).
Result (1) now follows from the same derivations as in the proof of Theo-

rem 4.2(1) Step 2a.
Given Result (1), Result (2) follows from exactly the same proof as that of

Theorem 5.2(1), and is omitted. Q.E.D.

B.4. Proofs for Section 6 on Examples

PROOF OF PROPOSITION 6.1: By our assumption over clsp{pj : j = 1� � � � � J},
dm(x�α0)

dα
[u∗
n] ∈ clsp{pj : j = 1� � � � � Jn} provided k(n)≤ Jn, and thus Assumption

A.6(i) trivially holds. Since Σ= 1, Assumption A.6(ii) is the same as Assump-
tion A.6(i).
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We now show that Assumption A.6(iii)(iv) holds under Condition 6.1. First,
Condition 6.1(i) implies that {(E[h(Y2)− h0(Y2)|·])2 : h ∈ H} is a P-Donsker
class and, moreover,

E
[(
E
[
h(Y2)− h0(Y2)|X

])4]≤ 2c× ‖h− h0‖2 → 0

as ‖h − h0‖L2(fY2 )
→ 0. So by Lemma 1 in Chen, Linton, and van Keilegom

(2003), Assumption A.6(iii) holds. Regarding Assumption A.6(iv), by Theo-
rem 2.14.2 in VdV-W, (up to omitted constants)

E

[∣∣∣∣∣sup
f∈Fn

n−1/2
n∑
i=1

{
f (Xi)−E

[
f (Xi)

]}∣∣∣∣∣
]

≤
∫ ‖Fn‖L2(fX )

0

√
1 + logN[]

(
u�Fn�‖ · ‖L2(fX)

)
du

where Fn ≡ {f : f = g(·�u∗
n)(m(·�α)−m(·�α0)), some α ∈Nosn} and

Fn(x)≡ sup
Fn

∣∣f (x)∣∣= sup
α∈Nosn

∣∣g(x�u∗
n

){
m(x�α)−m(x�α0)

}∣∣�
We claim that, under our assumptions,

N[]
(
u�Fn�‖ · ‖L2(fX)

)≤N[]
(
u�Λγc (X )�‖ · ‖L∞

)
�

To show this claim, it suffices to show that, given a radius δ > 0, if we take
{[lj� uj]}N(δ)j=1 to be brackets of Λγc (X ) under ‖ · ‖L∞ , then we can construct
{[ln�j� un�j]}N(δ)j=1 such that: they are valid brackets of Fn, under ‖ · ‖L2(fX)

. To
show this, observe that, for any fn ∈ Fn, there exists an α ∈ Nosn, such that
fn = g(·�u∗

n){m(·�α)−m(·�α0)}, and under Condition 6.1, it follows that there
exists a j ∈ {1� � � � �N(δ)} such that

lj ≤m(·�α)−m(·�α0)≤ uj�(B.37)

hence, there exists a [ln�j� un�j] such that, for all x,

ln�j(x)=
(
1
{
g
(
x�u∗

n

)
> 0

}
lj(x)+ 1

{
g
(
x�u∗

n

)
< 0

}
uj(x)

)
g
(
x�u∗

n

)
�

and

un�j(x)=
(
1
{
g
(
x�u∗

n

)
> 0

}
uj(x)+ 1

{
g
(
x�u∗

n

)
< 0

}
lj(x)

)
g
(
x�u∗

n

)
�

such that ln�j ≤ fn ≤ un�j . Also, observe that

‖ln�j − un�j‖L2(fX)
=
√
E
[(
g
(
X�u∗

n

))2(
uj(X)− lj(X)

)2]
≤ ‖uj − lj‖L∞ ≤ δ
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because E[(g(X�u∗
n))

2] = ‖u∗
n‖2 = 1 and ‖uj − lj‖L∞ ≤ δ by construction.

Therefore,

E

[∣∣∣∣∣sup
f∈Fn

n−1/2
n∑
i=1

{
f (Xi)−E

[
f (Xi)

]}∣∣∣∣∣
]

≤
∫ ‖Fn‖L2(fX )

0

√
1 + logN[]

(
u�Λγc (X )�‖ · ‖L∞

)
du�

Since by assumption, γ > 0�5, it is well known that (1 + logN[](u�Λγc (X )�‖ ·‖L∞))1/2 is integrable, so in order to show that E[| supf∈Fn n
−1/2

∑n

i=1{f (Xi)−
E[f (Xi)]}|] = o(1), it suffices to show that ‖Fn‖L2(fX)

= o(1). In order to show
this,

‖Fn‖L2(fX)

≤
√
E
[(
g
(
X�u∗

n

))2
(

sup
Nosn

∣∣m(X�α)−m(X�α0)
∣∣)2]

=
√
E
[(
g
(
X�u∗

n

))2
(

sup
Nosn

∣∣E[h(Y2)− h0(Y2)|X
]∣∣)2]

=
√
E

[(
g
(
X�u∗

n

))2
sup
Nosn

∫ (
h(y2)− h0(y2)

)2
fY2|X(y2�X)dy2

]

=
(
E

[(
g
(
X�u∗

n

))2

× sup
Nosn

∫ (
h(y2)− h0(y2)

)2 fY2X(y2�X)

fY2(y2)fX(X)
fY2(y2)dy2

])1/2

≤ sup
x�y2

fY2X(y2�x)

fY2(y2)fX(x)
sup
Nosn

‖h− h0‖L2(fY2 )

√
E
[(
g
(
X�u∗

n

))2]
≤ const�×Mnδs�n → 0�

where the last expression follows from the fact that E[(g(X�u∗
n))

2] = ‖u∗
n‖2 = 1

and Condition 6.1(ii), that states that

sup
x�y2

fY2X(y2�x)

fY2(y2)fX(x)
≤ const� <∞�

Hence, E[| supf∈Fn n
−1/2

∑n

i=1{f (Xi)−E[f (Xi)]}|] = o(1), which implies As-
sumption A.6(iv). Finally, Assumption A.7 is automatically satisfied with the
NPIV model. Q.E.D.
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PROOF OF PROPOSITION 6.2: Assumptions A.6(i) and (ii) hold by the same
calculations as those in the proof of Proposition 6.1 (for the NPIV model).
Also, under Condition 6.2(i), {E[FY1|Y2X(h(Y2)�Y2� ·)|·] : h ∈H} ⊆Λγc (X ) with
γ > 0�5, Assumptions A.6(iii) and (iv) hold by similar calculations to those in
the proof of Proposition 6.1.

Assumption A.7(i) is standard in the literature. Regarding Assumption
A.7(ii), observe that for any h ∈Nosn,∣∣∣∣dm(x�h)dh

[
u∗
n

]− dm(x�h0)

dh

[
u∗
n

]∣∣∣∣
= ∣∣E[{fY1|Y2X

(
h(Y2)�Y2�x

)
− fY1|Y2X

(
h0(Y2)�Y2�x

)}
u∗
n(Y2)|X = x]∣∣

=
∣∣∣∣∫ {∫ 1

0

dfY1|Y2X

(
h0(t)(y2)� y2�x

)
dy1

× (
h(y2)− h0(y2)

)
u∗
n(y2)dt

}
fY2|X(y2�x)dy2

∣∣∣∣
=
∣∣∣∣∫ (∫ 1

0

dfY1|Y2X

(
h0(t)(y2)� y2�x

)
dy1

dt

)
× (
h(y2)− h0(y2)

)
u∗
n(y2)fY2(y2)

(
fY2X(y2�x)

fY2(y2)fX(x)

)
dy2

∣∣∣∣
=
∣∣∣∣∫ Γ1(y2�x)Γ2(y2�x)

(
h(y2)− h0(y2)

)
u∗
n(y2)fY2(y2)dy2

∣∣∣∣
≤ ∥∥Γ1(·�x)Γ2(·�x)

∥∥
L∞ × ‖h− h0‖L2(fY2 )

∥∥u∗
n

∥∥
L2(fY2 )

�

where h0(t) ≡ h0 + t{h − h0} and Γ1(y2�x) ≡ (∫ 1
0

dfY1 |Y2X(h0(t)(y2)�y2�x)

dy1
dt) and

Γ2(y2�x) ≡ fY2X
(y2�x)

fY2
(y2)fX(x)

; the last line follows from the Cauchy–Schwarz inequal-
ity.

Under Condition 6.2(ii), it follows that

sup
y1�y2�x

∣∣∣∣dfY1|Y2X(y1� y2�x)

dy1

∣∣∣∣≤ C <∞

and, under Condition 6.1(ii), it follows that

sup
x�y2

∣∣∣∣ fY2X(y2�x)

fY2(y2)fX(x)

∣∣∣∣≤ C <∞�
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Then it is easy to see that ‖Γj(·�x)‖L∞(fY2 )
≤ C <∞ for both j = 1�2. Thus∣∣∣∣dm(x�h)dh

[
u∗
n

]− dm(x�h0)

dh

[
u∗
n

]∣∣∣∣≤ C2 × ‖h− h0‖L2(fY2 )

∥∥u∗
n

∥∥
L2(fY2 )

and thus, Assumption A.7(ii) is satisfied provided that n×M2
nδ

2
n suph∈Nosn ‖h−

h0‖2
L2(fY2 )

‖u∗
n‖2
L2(fY2 )

= o(1). Since ‖u∗
n‖L2(fY2 )

≤ cμ−1
k(n), it suffices to show that

nM4
nδ

2
n

(‖Πnh0 − h0‖L2(fY2
) +μ−1

k(n)δn
)2
μ−2
k(n) = o(1)�

By assumption, ‖Πnh0 − h0‖L2(fY2
) ≤ const� × μ−1

k(n)δn = O(δs�n) and δ2
n �

const� k(n)/n , then it suffices to show that

nM4
nδ

4
s�n = o(1)�

which holds by Condition 6.3.
Regarding Assumption A.7(iii), observe that for any h ∈Nosn,

d2m(x�h)

dh2

[
u∗
n�u

∗
n

]
=
∫
dfY1|Y2X

(
h(y2)� y2�x

)
dy1

(
u∗
n(y2)

)2
fY2|X(y2�x)dy2�

Again by Conditions 6.2(ii) and 6.1(ii), it follows that | d2m(x�h)

dh2 [u∗
n�u

∗
n]| ≤ C2 ×

‖u∗
n‖2
L2(fY2

)
. Since ‖u∗

n‖L2(fY2
) ≤ const�×μ−1

k(n), Assumption A.7(iii) holds because

μ−2
k(n) × (Mnδn)

2 = o(1)� or M2
nδ

2
s�n = o(1)�

Finally, we verify Assumption A.7(iv). By our previous calculations,∣∣∣∣dm(x�h1)

dh
[h2 − h0] − dm(x�h0)

dh
[h2 − h0]

∣∣∣∣
=
∣∣∣∣∫ (∫

dfY1|Y2X

(
h0(y2)+ t

[
h1(y2)− h0(y2)

]
� y2�x

)
dy1

dt

)
× (
h1(y2)− h0(y2)

)(
h2(y2)− h0(y2)

)
fY2|X(y2�x)dy2

∣∣∣∣
≤ C2 ×

∫ ∣∣(h1(y2)− h0(y2)
)(
h2(y2)− h0(y2)

)∣∣fY2(y2)dy2

≤ C2 × ‖h1 − h0‖L2(fY2 )
‖h2 − h0‖L2(fY2 )

�
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where the first inequality follows from Conditions 6.2(ii) and 6.1(ii), and the
last one from the Cauchy–Schwarz inequality. This result and the Cauchy–
Schwarz inequality together imply that∣∣∣∣E[g(X�u∗

n

)(dm(X�h1)

dh
[h2 − h0] − dm(X�h0)

dh
[h2 − h0]

)]∣∣∣∣
≤ C2

√
E
[(
g
(
X�u∗

n

))2]‖h1 − h0‖L2(fY2 )
‖h2 − h0‖L2(fY2 )

≤ const�× ‖h1 − h0‖L2(fY2 )
‖h2 − h0‖L2(fY2 )

�

where the last line follows from E[(g(X�u∗
n))

2] = ‖u∗‖2 � 1. Thus, Assumption
A.7(iv) follows if

δ2
s�n = (‖Πnh0 − h0‖L2(fY2 )

+μ−1
k(n)δn

)2 = o(n−1/2
)

which holds by Condition 6.3. Q.E.D.

APPENDIX C: PROOFS OF THE RESULTS IN APPENDIX A

In Appendix C, we provide the proofs of all the lemmas, theorems, and
propositions stated in Appendix A.

C.1. Proofs for Section A.2 on Convergence Rates of Bootstrap
PSMD Estimators

PROOF OF LEMMA A.1: For Result (1), we prove this result in two steps.
First, we show that α̂Bn ∈ AM0

k(n) wpa1-PV∞|Z∞ for any Z∞ in a set that occurs
with PZ∞ probability approaching 1, where AM0

k(n) is defined in the text. Second,
we establish consistency, using the fact that we are in the AM0

k(n) set.

STEP 1: We show that for any δ > 0, there exists a N(δ) such that

PZ∞
(
PV∞|Z∞

(̂
αBn /∈AM0

k(n)|Zn
)
< δ

)≥ 1 − δ� ∀n≥N(δ)�

To show this, note that, by definition of α̂Bn ,

λn Pen
(
ĥBn
)≤ Q̂Bn (̂αn)+ λn Pen(ĥn)+ oPV∞|Z∞

(
1
n

)
� wpa1 (PZ∞)�
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By Assumption A.1(i) and the definition of α̂n ∈Ak(n),

λn Pen
(
ĥBn
)

≤ c∗
0

(
Q̂n(̂αn)+ λn Pen(ĥn)

)+ oPV∞|Z∞

(
1
n

)
� wpa1 (PZ∞)

≤ c∗
0

(
Q̂n(Πnα0)+ λn Pen(Πnh0)

)+ oPV∞|Z∞

(
1
n

)
� wpa1 (PZ∞)�

By Assumptions 3.2(i)(ii) and 3.3(i),

λn Pen
(
ĥBn
) ≤ c∗

0c0Q(Πnα0)+ λn Pen(h0)

+OPV∞|Z∞

(
λn + o

(
1
n

))
� wpa1 (PZ∞)�

By the fact that Q(Πnα0)+ o( 1
n
)=O(λn), the desired result follows.

STEP 2: We want to show that for any δ > 0, there exists a N(δ) such that

PZ∞
(
PV∞|Z∞

(∥∥α̂Bn − α0

∥∥
s
≥ δ|Zn)< δ)≥ 1 − δ� ∀n≥N(δ)�

which is equivalent to showing that PZ∞(PV∞|Z∞(‖α̂Bn − α0‖s ≥ δ|Zn) > δ) ≤ δ
eventually. Note that

PZ∞
(
PV∞|Z∞

(∥∥α̂Bn − α0

∥∥
s
≥ δ|Zn)> δ)

≤ PZ∞
(
PV∞|Z∞

({∥∥α̂Bn − α0

∥∥
s
≥ δ}∩ {

α̂Bn ∈AM0
k(n)

}|Zn)> 0�5δ
)

+ PZ∞
(
PV∞|Z∞

(̂
αBn /∈AM0

k(n)|Zn
)
> 0�5δ

)
�

By Step 1, the second summand in the RHS is negligible. Thus, it suffices to
show that

PZ∞
(
PV∞|Z∞

(̂
αBn ∈AM0

k(n) :
∥∥α̂Bn − α0

∥∥
s
≥ δ|Zn)< δ)

≥ 1 − δ� ∀n≥N(δ)
(henceforth, we omit α̂Bn ∈ AM0

k(n)). Note that, conditioning on Zn, by As-
sumption A.1(i)(ii), the definition of α̂n ∈ AM0

k(n), Assumption 3.2(i)(ii), and
max{λn�o( 1

n
)} =O(λn), we have

PV∞|Z∞
(∥∥α̂Bn − α0

∥∥
s
≥ δ|Zn)

≤ PV∞|Z∞

(
inf

{AM0
k(n)

: ‖α−α0‖s≥δ}

{
Q̂Bn (α)+ λn Pen(h)

}
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≤ Q̂Bn (̂αn)+ λn Pen(ĥn)+ o
(

1
n

)∣∣∣Zn)
≤ PV∞|Z∞

(
inf

{AM0
k(n)

: ‖α−α0‖s≥δ}

{
c∗Q̂n(α)+ λn Pen(h)

}
≤ c∗

0

[
Q̂n(̂αn)+ λn Pen(ĥn)

]+O(λn)+ δ∗2

m�n

∣∣Zn)
≤ PV∞|Z∞

(
inf

{AM0
k(n)

: ‖α−α0‖s≥δ}

{
c∗Q̂n(α)

}
≤ c∗

0

[
Q̂n(Πnα0)+ λn Pen(Πnh0)

]+O(λn)+ δ∗2

m�n

∣∣Zn)�
Thus, wpa1 (PZ∞),

PV∞|Z∞
(∥∥α̂Bn − α0

∥∥
s
≥ δ|Zn)

≤ PV∞|Z∞
(

inf
{AM0
k(n)

: ‖α−α0‖s≥δ}
c∗Q̂n(α)

≤ c∗
0Q̂n(Πnα0)+M

(
λn + δ∗2

m�n

)∣∣∣Zn)�
which can be bounded above by

PV∞|Z∞
(

inf
{AM0
k(n)

: ‖α−α0‖s≥δ}
c∗cQ(α)

≤ c∗
0c0Q(Πnα0)+M

(
λn + (

δm�n + δ∗
m�n

)2)∣∣Zn)
+ PV∞|Z∞

(
sup

{AM0
k(n)

: ‖α−α0‖s≥δ}
Q̂n(α)− cQ(α) <−Mδ2

m�n

∣∣Zn)

+ PV∞|Z∞

(
Q̂n(Πnα0)− c0Q(Πnα0) >−o

(
1
n

)∣∣∣Zn)�
Therefore, for sufficiently large n,

PZ∞
(
PV∞|Z∞

(∥∥α̂Bn − α0

∥∥
s
≥ δ|Zn)< δ)

≤ 0�25δ+ PZ∞
(

inf
{AM0
k(n)

: ‖α−α0‖s≥δ}
c∗cQ(α)

≤ c∗
0c0Q(Πnα0)+M

(
λn + (

δm�n + δ∗
m�n

)2))
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+ PZ∞
(

sup
{AM0
k(n)

: ‖α−α0‖s≥δ}
Q̂n(α)− cQ(α) <−Mδ2

m�n

)

+ PZ∞

(
Q̂n(Πnα0)− c0Q(Πnα0) >−o

(
1
n

))
�

By Assumption 3.3, the third and fourth terms in the RHS are less than 0�5δ.
The second term in the RHS is not random. By Assumptions 3.1(ii) and 3.2(iii),
AM0
k(n) is compact, and so is AM0 ≡ {α = (θ′�h) ∈ A : λn Pen(h) ≤ λnM0}. This

fact and Assumption 3.1(iii) imply that inf{AM0
k(n)

: ‖α−α0‖s≥δ}Q(α) ≥ Q(α(δ)) for

some α(δ) ∈ AM0 ∩ {‖α − α0‖s ≥ δ}. By Assumption 3.1(i), Q(α(δ)) > 0, so
eventually, since c∗

0c0Q(Πnα0)+M(λn + (δm�n + δ∗
m�n)

2)= o(1),

PZ∞
(

inf
{AM0
k(n)

: ‖α−α0‖s≥δ}
c∗cQ(α)

≤ c∗
0c0Q(Πnα0)+M

(
λn + (

δm�n + δ∗
m�n

)2))= 0�

For Result (2), we want to show that for any δ > 0, there exists a M(δ) such
that

PZ∞
(
PV∞|Z∞

(
δ−1
n

∥∥α̂Bn − α0

∥∥≥M ′|Zn)< δ)≥ 1 − δ� ∀M ′ ≥M(δ)

eventually. By Assumptions 3.4(iii) and A.1(iii), following the similar algebra
as before, we have: forM ′ large enough,

PV∞|Z∞
(
δ−1
n

∥∥α̂Bn − α0

∥∥≥M ′|Zn)
≤ PV∞|Z∞

(
inf

{Aosn:δ−1
n ‖α−α0‖≥M ′}

c∗cQ(α)≤M(
λn + δ2

n

)∣∣Zn)+ δ�

By Assumption 3.4(i)(ii) and δn =√
max{λn�δ2

n}, we have

PV∞|Z∞
(

inf
{Aosn:δ−1

n ‖α−α0‖≥M ′}
c∗cQ(α)≤M(

λn + δ2
n

)∣∣Zn)
≤ 1

{
c∗cc1

(
M ′δn

)2 ≤M(
λn + δ2

n

)}
�

which is eventually naught, because M ′ can be chosen to be large. The rate
under ‖ · ‖s immediately follows from this result and the definition of the sieve
measure of local ill-posedness τn.
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For Result (3), we note that both α̂R�Bn � α̂n ∈ {α ∈ Ak(n) :φ(α) = φ(̂αn)}, and
hence all the above proofs go through with α̂R�Bn replacing α̂Bn . In particular, let
AM0
k(n)(φ̂)≡ {α ∈AM0

k(n) :φ(α)=φ(̂αn)} ⊆AM0
k(n). Then: for any δ > 0,

PV∞|Z∞
(̂
αR�Bn ∈AM0

k(n)(φ̂) :
∥∥α̂R�Bn − α0

∥∥
s
≥ δ|Zn)

≤ PV∞|Z∞

(
inf

{AM0
k(n)

(φ̂) : ‖α−α0‖s≥δ}

{
Q̂Bn (α)+ λn Pen(h)

}
≤ Q̂Bn (̂αn)+ λn Pen(ĥn)+ o

(
1
n

)∣∣∣Zn)
≤ PV∞|Z∞

(
inf

{AM0
k(n)

(φ̂) : ‖α−α0‖s≥δ}

{
c∗Q̂n(α)+ λn Pen(h)

}≤An
∣∣Zn)

≤ PV∞|Z∞
(

inf
{AM0
k(n)

: ‖α−α0‖s≥δ}

{
c∗Q̂n(α)

}
≤ c∗

0

[
Q̂n(Πnα0)+ λn Pen(Πnh0)

]+O(λn)+ δ∗2

m�n

∣∣Zn)�
whereAn ≡ c∗

0[Q̂n(̂αn)+λn Pen(ĥn)]+O(λn)+δ∗2

m�n. The rest follows from the
proof of Results (1) and (2). Q.E.D.

C.2. Proofs for Section A.3 on Behaviors Under Local Alternatives

PROOF OF THEOREM A.1: The proof is analogous to that of Theorem 4.3,
hence we only present the main steps. Let αn = α0 + dnΔn with dφ(α0)

dα
[Δn] =

〈v∗
n�Δn〉 = κn = κ× (1 + o(1)) �= 0.

STEP 1: By Assumption 3.6(i) under the local alternatives, for any tn ∈ Tn,

0 ≤ 0�5
(
Q̂n
(̂
αn(tn)

)− Q̂n(̂αn)
)

(C.1)

= tn
{
Zn(αn)+

〈
u∗
n� α̂n −αn

〉}+ Bn
2
t2n + oPn�Z∞

([
rn(tn)

]−1)
�

where [rn(tn)]−1 = max{t2n� tnn−1/2� s−1
n } and s−1

n = o(n−1). The LHS is always
positive (up to possibly a negligible term given by the penalty function; see the
proof of Theorem 4.1(1) for details) by definition of α̂n. Hence, by choosing
tn = ±{s−1/2

n +o(n−1/2)}, it follows that {Zn(αn)+〈u∗
n� α̂n−αn〉} = oPn�Z∞ (n

−1/2).
Since 〈u∗

n�αn − α0〉 = dnκn
‖v∗n‖sd

by the definition of local alternatives αn, we obtain
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equation (C.2):{
Zn(αn)+

〈
u∗
n� α̂n − α0

〉− dnκn∥∥v∗
n

∥∥
sd

}
(C.2)

= Zn(αn)+
〈
u∗
n� α̂n −αn

〉= oPn�Z∞
(
n−1/2

)
�

where Zn(αn) is defined as that of Zn but using ρ(z�αn) instead of ρ(z�α0)
(since m(X�αn)= 0 a.s.-X under the local alternative).

Next, by Assumption 3.6(i) under the local alternative, we have: for any
tn ∈ Tn,

0�5
(
Q̂n
(̂
αRn (tn)

)− Q̂n
(̂
αRn
))

(C.3)

= tn
{
Zn(αn)+

〈
u∗
n� α̂

R
n −αn

〉}+ Bn
2
t2n + oPn�Z∞

([
rn(tn)

]−1)
�

By Assumption 3.5(ii),

sup
α∈N0n

∣∣∣∣φ(α)−φ(α0)− dφ(α0)

dα
[α− α0]

∣∣∣∣= o(n−1/2
∥∥v∗
n

∥∥)�
and assumption α̂Rn ∈ Nosn wpa1-Pn�Z∞ , and the fact that φ(̂αRn )− φ(α0) = 0,
following the same calculations as those in Step 1 of the proof of Theorem 4.3,
we have 〈

u∗
n� α̂

R
n − α0

〉= oPn�Z∞
(
n−1/2

)
�

Since αn = α0 + dnΔn ∈Nosn with dφ(α0)

dα
[Δn] = 〈v∗

n�Δn〉 = κn, we have

〈
u∗
n� α̂

R
n −αn

〉= 〈
u∗
n� α̂

R
n − α0

〉− dnκn∥∥v∗
n

∥∥
sd

+ oPn�Z∞
(
n−1/2

)
= − dnκn∥∥v∗

n

∥∥
sd

+ oPn�Z∞
(
n−1/2

)
�

Therefore, by choosing tn ≡ −(Zn(αn) − dnκn
‖v∗n‖sd

)B−1
n in (C.3) with [rn(tn)]−1 =

max{t2n� tnn−1/2�o(n−1)} (which is a valid choice), we obtain

0�5
(
Q̂n(̂αn)− Q̂n

(̂
αRn
))

≤ 0�5
(
Q̂n
(̂
αRn (tn)

)− Q̂n
(̂
αRn
))+ oPn�Z∞

(
n−1

)

= −1
2

((Zn(αn)− dnκn∥∥v∗
n

∥∥
sd

)
√
Bn

)2

+ oPn�Z∞
([
rn(tn)

]−1)
�
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By our assumption and the fact that ‖u∗
n‖ ≥ c > 0 for all n, it follows that Bn ≥

c > 0 eventually, so

0�5
(
Q̂n(̂αn)− Q̂n

(̂
αRn
))

≤ −1
2

((Zn(αn)− dnκn∥∥v∗
n

∥∥
sd

)
∥∥u∗

n

∥∥
)2

× (
1 + oPn�Z∞ (1)

)
�

STEP 2: On the other hand, suppose there exists a t∗n , such that
(a) φ(̂αn(t∗n))=φ(α0), α̂n(t∗n) ∈Ak(n), and (b) t∗n = (Zn(αn)− dnκn

‖v∗n‖sd
)(‖u∗

n‖)−2 +
oPn�Z∞ (n

−1/2). Substituting this into (C.1) with [rn(t∗n)]−1 = max{(t∗n)2� t∗nn
−1/2�

o(n−1)}, we obtain

0�5
(
Q̂n(̂αn)− Q̂n

(̂
αRn
))

≥ 0�5
(
Q̂n(̂αn)− Q̂n

(̂
αn
(
t∗n
)))− oPn�Z∞

(
n−1

)
= −Bn

2
(
t∗n
)2 + oPn�Z∞

([
rn
(
t∗n
)]−1)

= −Bn
2

(
Zn(αn)− dnκn∥∥v∗

n

∥∥
sd

)2(∥∥u∗
n

∥∥)−4 + oPn�Z∞
([
rn
(
t∗n
)]−1)

= −1
2

(Zn(αn)− dnκn∥∥v∗
n

∥∥
sd∥∥u∗

n

∥∥
)2

× (
1 + oPn�Z∞ (1)

)
�

where the second line follows from equation (C.2). Finally, we observe that
point (a) follows from Lemma B.2, with r = 0. Point (b) follows by analogous
calculations to those in Step 3 of the proof of Theorem 4.3, except that now
with α̂(t∗n)= α̂n + t∗nu∗

n,

φ
(̂
α
(
t∗n
))−φ(α0)

= dφ(α0)

dα
[̂αn − α0] + t∗n

∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

+ oPn�Z∞
(
n−1/2

∥∥v∗
n

∥∥)
= −Zn(αn)

∥∥v∗
n

∥∥
sd

+ dnκn∥∥v∗
n

∥∥
sd

∥∥v∗
n

∥∥
sd

+
((

Zn(αn)− dnκn∥∥v∗
n

∥∥
sd

)∥∥v∗
n

∥∥2

sd∥∥v∗
n

∥∥2

) ∥∥v∗
n

∥∥2∥∥v∗
n

∥∥
sd

+ oPn�Z∞
(
n−1/2

∥∥v∗
n

∥∥)
= oPn�Z∞

(
n−1/2

∥∥v∗
n

∥∥)
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where the second line follows from equation (C.2) and some straightforward
algebra.

STEP 3: Finally, the above calculations and κn = κ(1 + o(1)) imply that∥∥u∗
n

∥∥2 × (
Q̂n
(̂
αRn
)− Q̂n(̂αn)

)
(C.4)

=
(
Zn(αn)− dnκ

(
1 + o(1))∥∥v∗
n

∥∥
sd

)2

× (
1 + oPn�Z∞ (1)

)
�

For Result (1), equation (C.4) with dn = n−1/2‖v∗
n‖sd implies that∥∥u∗

n

∥∥2 × Q̂LRn(φ0) = (√
nZn(αn)− κ

(
1 + o(1)))2 × (

1 + oPn�Z∞ (1)
)

⇒ χ2
1

(
κ2
)
�

which is due to
√
nZn(αn)⇒N(0�1) under the local alternatives.

For Result (2), equation (C.4) with
√
n dn

‖v∗n‖sd
→ ∞ implies that

∥∥u∗
n

∥∥2 × Q̂LRn(φ0)

=
(√
nZn(αn)−

√
n
dnκ

(
1 + o(1))∥∥v∗
n

∥∥
sd

)2

× (
1 + oPn�Z∞ (1)

)
=
(
OPn�Z∞ (1)−

√
n
dnκ

(
1 + o(1))∥∥v∗
n

∥∥
sd

)2

× (
1 + oPn�Z∞ (1)

)
�

where the second line is due to
√
nZn(αn) ⇒ N(0�1) under the local al-

ternatives. Since
√
ndnκ(1+o(1))

‖v∗n‖sd
→ ∞ (or −∞) if κ > 0 (or κ < 0), we have

that limn→∞(‖u∗
n‖2 × Q̂LRn(φ0)) = ∞ in probability (under the alternative).

Q.E.D.

PROOF OF PROPOSITION A.1: Recall that Q̂LR 0
n(φ0) denotes the optimally

weighted SQLR statistic. By inspection of the proof of Theorem A.1, it is easy
to see that∥∥u∗

n

∥∥2 × Q̂LRn(φ0)=
(√
nZn(αn)− κ

)2 + oPn�Z∞ (1)

and

Q̂LR 0
n(φ0)=

(√
nZn(αn)− κ

∥∥v∗
n

∥∥
sd∥∥v0

n

∥∥
0

)2

+ oPn�Z∞ (1)
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for local alternatives of the form described in equation (A.2) with dn =
n−1/2‖v∗

n‖sd. Hence, the distribution of ‖u∗
n‖2 × Q̂LRn(φ0) is asymptotically

close to χ2
1(κ

2) and the distribution of Q̂LR 0
n(φ0) is asymptotically close to

χ2
1(

‖v∗n‖2
sd

‖v0
n‖2

0
κ2).

Let A0
n(z) ≡ (dm(x�α0)

dα
[v0
n])′(Σ0(x))

−1ρ(z�α0) and An(z) ≡ (dm(x�α0)

dα
[v∗
n])′ ×

(Σ(x))−1ρ(z�α0), where v0
n is the Riesz representer under ‖ · ‖0. Since

〈v∗n�v0
n〉

〈v0
n�v

0
n〉0
E[(A0

n(Z))(An(Z))
′] = 〈v∗n�v0

n〉
〈v0
n�v

0
n〉0
E[(dm(X�α0)

dα
[v0
n])′(Σ(X))−1(dm(X�α0)

dα
[v∗
n])] =

(〈v∗n�v0
n〉)2

〈v0
n�v

0
n〉0

and E[(A0
n(Z))(A

0
n(Z))

′] = 〈v0
n� v

0
n〉0, we have

E

[(
An(Z)−

〈
v∗
n� v

0
n

〉〈
v0
n� v

0
n

〉
0

A0
n(Z)

)(
An(Z)−

〈
v∗
n� v

0
n

〉〈
v0
n� v

0
n

〉
0

A0
n(Z)

)′]

=E[(An(Z))(An(Z))′]−
(〈
v∗
n� v

0
n

〉)2〈
v0
n� v

0
n

〉
0

= 〈
v∗
n� v

∗
n

〉
sd

−
(〈
v∗
n� v

0
n

〉)2〈
v0
n� v

0
n

〉
0

�

Since the LHS is nonnegative, the previous equation implies that ‖v∗
n‖2

sd −
(〈v∗n�v0

n〉)2
〈v0
n�v

0
n〉0

≥ 0. By definition of v∗
n and v0

n, it follows that

〈
v∗
n� v

0
n

〉= dφ(α0)

dα

[
v0
n

]= ∥∥v0
n

∥∥2

0
�

and thus ‖v∗
n‖2

sd ≥ ‖v0
n‖2

0 for all n.
Observe that for a noncentral chi-square, χ2

p(r), Pr(χ2
p(r)≤ t) is decreasing

in the noncentrality parameter r for each t; thus Pr(χ2
p(r1) > t) > Pr(χ2

p(r2) >

t) for r1 > r2. Therefore, the previous results imply that, for any t,

lim
n→∞

Pn�Z∞
(∥∥u∗

n

∥∥2 × Q̂LRn(φ0)≥ t
)

= Pr
(
χ2

1

(
κ2
)≥ t)

≤ lim inf
n→∞

Pr
(
χ2

1

(∥∥v∗
n

∥∥2

sd∥∥v0
n

∥∥2

0

κ2

)
≥ t

)
= lim inf

n→∞
Pn�Z∞

(
Q̂LR 0

n(φ0)≥ t
)
� Q.E.D.

PROOF OF THEOREM A.2: The proof of Result (1) is similar to that of Theo-
rem 5.3, so we only present a sketch here. By Assumptions 3.6(i) and Boot.3(i)



58 X. CHEN AND D. POUZO

under local alternative, it follows that

0�5
(
Q̂Bn

(
α̂R�Bn

(
−Zω−1

n (αn)

Bωn

))
− Q̂Bn

(̂
αR�Bn

))
= −Zω−1

n (αn)

Bωn

{
Zωn (αn)+

〈
u∗
n� α̂

R�B
n −αn

〉}
+
(
Zω−1
n (αn)

)2

2Bωn
+ oPV∞|Z∞

(
r−1
n

)
� wpa1 (Pn�Z∞)�

where r−1
n = max{(−Z

ω−1
n (αn)

Bωn
)2� |−Z

ω−1
n (αn)

Bωn
|n−1/2�o(n−1)} = OPV∞|Z∞ (n

−1),

wpa1 (Pn�Z∞) under Assumption Boot.3(i)(ii) with αn (instead of α0).
By similar calculations to those in the proof of Result (1) of Theorem 5.3

(equation (B.23)),
√
n
〈
u∗
n� α̂

R�B
n − α̂n

〉= oPV∞|Z∞ (1)� wpa1 (Pn�Z∞)�

that is, the restricted bootstrap estimator α̂R�Bn centers at α̂n, regardless of the
local alternative. Thus〈

u∗
n� α̂

R�B
n −αn

〉= 〈
u∗
n� α̂

R�B
n − α̂n

〉+ 〈
u∗
n� α̂n −αn

〉
= 〈
u∗
n� α̂n −αn

〉+ oPV∞|Z∞
(
n−1/2

)
� wpa1 (Pn�Z∞)�

This result and equation (C.2) (i.e., Zn(αn) + 〈u∗
n� α̂n − αn〉 = oPn�Z∞ (n

−1/2))
imply that

0�5
(
Q̂Bn

(
α̂R�Bn

(
−Zω−1

n (αn)

Bωn

))
− Q̂Bn

(̂
αR�Bn

))
= −Zω−1

n (αn)

Bωn

{
Zωn (αn)+

〈
u∗
n� α̂n −αn

〉}
+
(
Zω−1
n (αn)

)2

2Bωn
+ oPV∞|Z∞

(
r−1
n

)
� wpa1 (Pn�Z∞)

= −Zω−1
n (αn)

Bωn

{
Zω−1
n (αn)+ oPn�Z∞

(
n−1/2

)}
+
(
Zω−1
n (αn)

)2

2Bωn
+ oPV∞|Z∞

(
r−1
n

)
� wpa1 (Pn�Z∞)

= −
(
Zω−1
n (αn)

)2

2Bωn
× (

1 + oPV∞|Z∞ (1)
)

wpa1 (Pn�Z∞)�
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Following the proof of Result (1) of Theorem 5.3 Step 3 with Zω−1
n (αn) re-

placing Zω−1
n , we obtain

Q̂LR B
n (φ̂n)

σ2
ω

=
(√
n
Zω−1
n (αn)

σω
√
Bωn

)2

× (
1 + oPV∞|Z∞ (1)

)
= OPV∞|Z∞ (1)� wpa1 (Pn�Z∞)�

This shows that, since for the bootstrap SQLR the “null hypothesis is φ(α)=
φ̂n ≡φ(̂αn),” it always centers correctly.

By similar calculations to those in the proof of Result (2) of Theorem 5.3,
the law of (

√
nZ

ω−1
n (αn)

σω
√
Bωn
)2 is asymptotically (and wpa1 (Pn�Z∞)) equal to the law

of ( Z

‖u∗
n‖)

2 where Z ∼N(0�1). This implies that the ath quantile of the distribu-

tion of Q̂LRBn (φ̂n)
σ2
ω

, ĉn(a), is uniformly bounded wpa1 (Pn�Z∞). Also, following the
proof of Result (2) of Theorem 5.3, we obtain

sup
t∈R

∣∣∣∣PV∞|Z∞

(
Q̂LR B

n (φ̂n)

σ2
ω

≤ t
∣∣∣Zn)− PZ∞

(
Q̂LRn(φ0)≤ t|H0

)∣∣∣∣
= oPV∞|Z∞ (1) wpa1 (Pn�Z∞)�

This and Theorem A.1 (and the fact that ‖u∗
n‖ ≤ c <∞) immediately imply

Result (2). Q.E.D.

PROOF OF THEOREM A.3: The proof is analogous to that of Theorems 4.2
and A.1, so we only present a sketch here.

Under our assumptions, Theorem 4.2 still holds under the local alternatives
αn. Observe that, with αn = α0 + dnΔn ∈Nosn and dn = o(1),

Tn ≡ √
n
φ(̂αn)−φ0∥∥̂v∗

n

∥∥
n�sd

= √
n
φ(̂αn)−φ0∥∥v∗

n

∥∥
sd

× (
1 + oPn�Z∞ (1)

)
= √

n
〈
u∗
n� α̂n − α0

〉× (
1 + oPn�Z∞ (1)

)+ oPn�Z∞ (1)

=
(

−√
nZn(αn)+

√
n
dnκ

(
1 + o(1))∥∥v∗
n

∥∥
sd

)
× (

1 + oPn�Z∞ (1)
)

+ oPn�Z∞ (1)�

where the second line follows from Assumption 3.5; the third line follows from
equation (C.2), and

√
nZn(αn)⇒N(0�1) under the local alternatives (i.e., As-

sumption 3.6(ii) under the alternatives).
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For Result (1), under local alternatives with dn = n−1/2‖v∗
n‖sd, we have

Tn = −(√nZn(αn)− κ(1 + o(1)))× (
1 + oPn�Z∞ (1)

)+ oPn�Z∞ (1)�

and

Wn ≡ (Tn)2 ⇒ χ2
1

(
κ2
)
�

For Result (2), under local alternatives with
√
n dn

‖v∗n‖sd
→ ∞, we have

Wn ≡ (Tn)2

=
(
OPn�Z∞ (1)−

√
n
dnκ

(
1 + o(1))∥∥v∗
n

∥∥
sd

)2

× (
1 + oPn�Z∞ (1)

)
+ oPn�Z∞ (1)

→ ∞ wpa1 (Pn�Z∞)� Q.E.D.

PROOF OF THEOREM A.4: For Result (1), following the proofs of Theorems
5.2(1) and A.2, we have: under local alternatives αn defined in (A.2), for j =
1�2,

Ŵ B
j�n = −√

n
Zω−1
n (αn)

σω
+ oPV∞|Z∞ (1) wpa1 (Pn�Z∞)�

By similar calculations to those in the proof of Theorem 5.2(1), the law
of

√
nZ

ω−1
n (αn)

σω
is asymptotically (and wpa1 (Pn�Z∞)) equal to the law of Z ∼

N(0�1). Then under the local alternatives αn,

sup
t∈R

∣∣PV∞|Z∞
(
Ŵ B
j�n ≤ t|Zn)− PZ∞(Ŵn ≤ t)∣∣(C.5)

= oPV∞|Z∞ (1) wpa1 (Pn�Z∞)�

where limn→∞ PZ∞(Ŵn ≤ t) = �(t) (i.e., the standard normal c.d.f.). Thus
the ath quantile of the distribution of (Ŵ B

j�n)
2, ĉj�n(a), is uniformly bounded

wpa1 (Pn�Z∞).
For Result (2a), by Theorem A.3(2), Result (1) (i.e., equation (C.5)) and the

continuous mapping theorem, we have

Pn�Z∞
(
Wn ≥ ĉj�n(1 − τ))− PV∞|Z∞

((
Ŵ B
j�n

)2 ≥ ĉj�n(1 − τ)|Zn)
= Pr

(
χ2

1

(
κ2
)≥ ĉj�n(1 − τ))− Pr

(
χ2

1 ≥ ĉj�n(1 − τ))
+ oPV∞|Z∞ (1) wpa1 (Pn�Z∞)�
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Thus, by the definition of ĉj�n(1 − τ), we obtain

Pn�Z∞
(
Wn ≥ ĉj�n(1 − τ))

= τ+ Pr
(
χ2

1

(
κ2
)≥ ĉj�n(1 − τ))− Pr

(
χ2

1 ≥ ĉj�n(1 − τ))
+ oPV∞|Z∞ (1) wpa1 (Pn�Z∞)�

Result (2b) directly follows from Theorem A.3(2), equation (C.5), and the
continuous mapping theorem. Q.E.D.

C.3. Proofs for Section A.4 on Asymptotic Theory Under Increasing
Dimension of φ

LEMMA C.1: Let Assumption 3.1(iv) hold. Then: there exist positive finite con-
stants c�C such that

c2Id(n) ≤D2
n ≤ C2Id(n)�

where Id(n) is the d(n)× d(n) identity and for matrices A≤ B means that B−A
is positive semi-definite.

PROOF: By Assumption 3.1(iv), the eigenvalues of Σ0(x) and Σ(x) are
bounded away from zero and infinity uniformly in x. Therefore, for any ma-
trix A,

A′Σ−1(x)Σ0(x)Σ
−1(x)A≥ dA′Σ−1(x)A

and

A′Σ−1(x)Σ0(x)Σ
−1(x)A≤DA′Σ−1(x)A

for some finite constant 0< d ≤D<∞, and for all x. Taking expectations at
both sides and choosing A′ ≡ dm(x�α0)

dα
[v∗
n]′, these displays imply that

Ωsd�n ≥ dΩn and Ωsd�n ≤DΩn�
Thus

D2
n =Ω1/2

sd�nΩ
−1
n Ωsd�nΩ

−1
n Ω

1/2
sd�n ≥ d{Ω1/2

sd�nΩ
−1
n Ω

1/2
sd�n

}
≥ d2Ω1/2

sd�nΩ
−1
sd�nΩ

1/2
sd�n = d2Id(n)�

Similarly, D2
n ≤D2Id(n). Q.E.D.
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LEMMA C.2: Let T M
n ≡ {t ∈ Rd(n) : ‖t‖e ≤Mnn

−1/2
√
d(n)}. Then:∥∥Ω−1/2

sd�n Zn
∥∥
e
=OP

(
n−1/2

√
d(n)

)
and Ω−1/2

sd�n Zn ∈ T M
n wpa1 �

PROOF: Let Ω−1/2
sd�n Zn ≡ n−1

∑n

i=1 ζin where ζin ∈ Rd(n). Observe that
E[ζinζ ′

in] = Id(n). It follows that

EP
[(
Ω−1/2

sd�n Zn
)′(
Ω−1/2

sd�n Zn
)]= tr

{
EP
[
Ω−1/2

sd�n ZnZ′
nΩ

−1/2
sd�n

]}
= n−2

n∑
i=1

tr
{
EP
[
ζinζ

′
in

]}= n−1d(n)�

and thus the desired result follows by the Markov inequality. Q.E.D.

LEMMA C.3: Let conditions for Lemma 3.2 and Assumption A.3 hold. Denote
γ̃n ≡ √

sn(1 + bn)+ an. Then:
(1) ‖Ω−1/2

sd�n {Zn + 〈v∗′
n � α̂n − α0〉}‖e =OP(

√
d(n)γ̃n)= oP(n−1/2);

(2) further let Assumption A.2 hold. Then∥∥Ω−1/2
sd�n

{
Zn +φ(̂αn)−φ(α0)

}∥∥
e
= oP

(
n−1/2

)
�

PROOF: For Result (1), note that ‖t‖2
e = ∑d(n)

l=1 |tl|2 and if we obtain |tl| =
OP(γ̃n) for γ̃n uniformly over l, then ‖t‖2

e =OP(d(n)γ̃2
n).

The rest of the proof follows closely the proof of Theorem 4.1, so we only
present the main steps. By definition of the approximate PSMD estimator α̂n,
and Assumption A.3(i),

0 ≤ t ′Ω−1/2
sd�n

(
Zn + 〈

v∗′
n � α̂n − α0

〉)+ 1
2
t ′Bnt +OP

(
r−1(t)

)
�

We now choose t = √
sne, where e ∈ {(1�0� � � � �0)� (0�1�0� � � � �0)� � � � �

(0� � � � �1)}; it is easy to see that this t ∈ T M
n , and thus the display above im-

plies

0 ≤ e′Ω−1/2
sd�n

(
Zn + 〈

v∗′
n � α̂n − α0

〉)+OP(γ̃n)�
By changing the sign of t, it follows that∣∣e′Ω−1/2

sd�n

(
Zn + 〈

v∗′
n � α̂n − α0

〉)∣∣=OP(γ̃n)�
Observe that the RHS holds uniformly over e, thus, since e ∈ {(1�0� � � � �0)�
(0�1�0� � � � �0)� � � � � (0� � � � �1)}, it follows that∥∥Ω−1/2

sd�n

(
Zn + 〈

v∗′
n � α̂n − α0

〉)∥∥
e
=OP

(√
d(n)γ̃n

)= oP
(
n−1/2

)
�
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where the second equal sign is due to Assumption A.3(ii).
For Result (2). In view of Result (1), it suffices to show that∥∥Ω−1/2

sd�n

{
φ(̂αn)−φ(α0)−

〈
v∗′
n � α̂n − α0

〉}∥∥
e
= oP

(
n−1/2

)
�

Following the proof of Theorem 4.1, we have

〈
v∗′
n � α̂n − α0

〉= dφ(α0)

dα
[̂αn − α0�n]

= dφ(α0)

dα
[̂αn − α0] − dφ(α0)

dα
[α0�n − α0]�

Since Assumption A.2(ii)(iii) (with t = 0) implies that∥∥∥∥Ω−1/2
sd�n

{
φ(̂αn)−φ(α0)− dφ(α0)

dα
[̂αn − α0] + dφ(α0)

dα
[α0�n − α0]

}∥∥∥∥
e

=OP(cn)�
the desired result now follows from Assumption A.2(iv) of cn = o(n−1/2).

Q.E.D.

PROOF OF THEOREM A.5: Throughout the proof, let Ŵn ≡ n(φ(̂αn) −
φ(α0))

′Ω−1
sd�n(φ(̂αn)−φ(α0)). By Lemma C.3(2),

Tn ≡ (
φ(̂αn)−φ(α0)+ Zn

)′
Ω−1

sd�n

(
φ(̂αn)−φ(α0)+ Zn

)= oP
(
n−1

)
�

Observe that∣∣(φ(̂αn)−φ(α0)
)′
Ω−1

sd�n

(
φ(̂αn)−φ(α0)

)− (Zn)′Ω−1
sd�n(Zn)

∣∣
≤ Tn + 2

∥∥(φ(̂αn)−φ(α0)+ Zn
)′
Ω−1/2

sd�n

∥∥
e
× ∥∥Ω−1/2

sd�n Zn
∥∥
e

= oP
(
n−1

)+ 2
∥∥(φ(̂αn)−φ(α0)+ Zn

)′
Ω−1/2

sd�n

∥∥
e
× ∥∥Ω−1/2

sd�n Zn
∥∥
e

= oP
(
n−1

)+ oP
(
n−1

√
d(n)

)
�

where the last equality is due to Lemmas C.2 and C.3(2). Therefore we obtain
Result (1):

Ŵn = (√nZn)′Ω−1
sd�n(

√
nZn)+ oP

(√
d(n)

)≡ Wn + oP
(√
d(n)

)
�

Result (2) follows directly from Result (1) when d(n)= d is fixed and finite.
Result (3) follows from Result (1) and the following property:

Ξn ≡ (
2d(n)

)−1/2(
Wn − d(n))⇒N(0�1)
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where Wn ≡ (√nZn)′Ω−1
sd�n(

√
nZn), or formally,

sup
f∈BL1(R)

∣∣E[f (Ξn)]−E[f (Z)]∣∣= o(1)
where Z ∼N(0�1) and BL1(R) is the space of bounded (by 1) Lipschitz func-
tions from R to R.

By the triangle inequality, it suffices to show that

sup
f∈BL1(R)

∣∣E[f (Ξn)]−E[f (ξn)]∣∣= o(1)(C.6)

and

sup
f∈BL1(R)

∣∣E[f (ξn)]−E[f (Z)]∣∣= o(1)�(C.7)

where ξn ≡ (2d(n))−1/2(
∑d(n)

j=1 Z2
j − d(n)) with Zj ∼ N(0�1) and independent

across j = 1� � � � � d(n). We now show that both equations hold.
Equation (C.6). Let t �→ νM(t)≡ min{t ′t�M} for someM > 0. Observe

∣∣E[f (Ξn)]−E[f ((2d(n))−1/2(
νM
(
Ω−1/2

sd�n

√
nZn

)− d(n)))]∣∣
= ∣∣E[f ((2d(n))−1/2(

ν∞
(
Ω−1/2

sd�n

√
nZn

)− d(n)))
− f ((2d(n))−1/2(

νM
(
Ω−1/2

sd�n

√
nZn

)− d(n)))]∣∣
=
∣∣∣∣∫{z:nz′Ω−1

sd�nz>M}

[
f

(
ν∞
(
Ω−1/2

sd�n

√
nzn

)− d(n)√
2d(n)

)

− f
(
M − d(n)√

2d(n)

)]
PZ∞(dz)

∣∣∣∣
≤ 2PZ∞

(
(
√
nZn)′Ω−1

sd�n(
√
nZn) >M

)
�

where the last line follows from the fact that f is bounded by 1. Therefore, by
the Markov inequality, for any ε, there exists anM such that

∣∣E[f (Ξn)]−E[f ((2d(n))−1/2(
νM
(
Ω−1/2

sd�n

√
nZn

)− d(n)))]∣∣< ε
for sufficiently large n. A similar result holds if we replace Ω−1/2

sd�n

√
nZn by Zn =

(Z1� � � � �Zd(n))
′ with Zj ∼ N(0�1) and independent across j = 1� � � � � d(n).
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Therefore, in order to show equation (C.6), it suffices to show

sup
f∈BL1(R)

∣∣E[f (ΞM�n)]−E[f (ξM�n)]∣∣= o(1)�
where ΞM�n ≡ (2d(n))−1/2(νM(Ω

−1/2
sd�n

√
nZn) − d(n)) and ξM�n ≡ (2d(n))−1/2 ×

(νM(Zn)− d(n)).
Since f is uniformly bounded and continuous, it is clear that in order to show

the previous display, it suffices to show that(
2d(n)

)−1/2∣∣νM(Ω−1/2
sd�n

√
nZn

)− νM(Zn)
∣∣= oP(1)�(C.8)

It turns out that |νM(t)− νM(r)| ≤ 2
√
M‖t − r‖e, so t �→ νM(t) is Lipschitz

(and uniformly bounded). So in order to show equation (C.8), it is sufficient to
show that for any δ > 0, there exists an N(δ) such that

Pr
((

2d(n)
)−1/2∥∥Ω−1/2

sd�n

√
nZn −Zn

∥∥
e
> δ

)
< δ

for all n ≥ N(δ). Note that Ω−1/2
sd�n

√
nZn = 1√

n

∑n

i=1Ψn(Zi), with Ψn(z) ≡
(dm(x�α0)

dα
[v∗
n]Ω−1/2

sd�n )
′ρ(z�α0), and that Zn can be cast as 1√

n

∑n

i=1 Zn�i with Zn�i ∼
N(0� Id(n)), i.i.d. across i = 1� � � � � n. Following the arguments in Section 10.4
of Pollard (2002), we obtain: for any δ > 0,

Pr

(∥∥∥∥∥√nZ′
nΩ

−1/2
sd�n − 1√

n

n∑
i=1

Zn�i
∥∥∥∥∥
e

> 3δ

)
≤ Yd(n)

(
μ3�nnd(n)

5/2

(δ
√
n)3

)
�

for any n, where x �→ Yd(n)(x) ≡ Cx × (1 + | log(1/x)|/d(n)) and μ3�n ≡
E[‖(dm(X�α0)

dα
[v∗
n]Ω−1/2

sd�n )
′ρ(Z�α0)‖3

e]. Therefore,

Pr
((

2d(n)
)−1/2∥∥Ω−1/2

sd�n

√
nZn −Zn

∥∥
e
> δ

)
≤Yd(n)

(
μ3�nnd(n)

5/2

(δ/3)3d(n)3/2n3/2

)
= Yd(n)

(
n−1/2d(n)

μ3�n

(δ/3)38

)
→ 0

provided that d(n)= o(√nμ−1
3�n) which is assumed in the Theorem Result (3).

Equation (C.7). Observe that ξn ≡ (2d(n))−1/2(
∑d(n)

j=1 Z2
j − d(n)) with Zj ∼

N(0�1) i.i.d. across j = 1� � � � � d(n), E[(Z2
l − 1)] = 0, and E[(Z2

l − 1)2] = 2.
Thus, ξn ⇒N(0�1) by a standard CLT. Q.E.D.

In the following, we recall that α(t)≡ α+ v∗
n(Ωsd�n)

−1/2t for t ∈ Rd(n).

LEMMA C.4: Let all conditions for Theorem A.6(1) hold. Then there exists a tn
(possibly random) such that: (1) tn ∈ T M

n wpa1, (2) α̂n(tn) ∈ AR
k(n) = {α ∈ Ak(n) :
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φ(α)=φ0} wpa1, and (3)

0 ≤ n{Q̂n(̂αn(tn))− Q̂n(̂αn)
}

≤ (√
nΩ−1/2

sd�n Zn
)′
Dn
(√
nΩ−1/2

sd�n Zn
)+ oP

(√
d(n)

)
�

PROOF: To show Parts (1) and (2), we define the following mappings:

t ∈ Rd(n) �→ ϕn(t)≡Ω−1/2
sd�n

{
φ
(̂
αn(t)

)−φ(α0)− dφ(α0)

dα

[̂
αn(t)− α0

]}
and t ∈ Rd(n) �→ τn(t) ≡ −DnΩ

−1/2
sd�n {〈v∗′

n � α̂n − α0〉 + dφ(α0)

dα
[α0n − α0] + Ω1/2

sd�nt}.
Under our assumptions, both mappings are continuous in t (a.s.) and thus
�n ≡ ϕn ◦ τn is also continuous in t (a.s.). Given cn = o(n−1/2) satisfying As-
sumption A.2(iv), we define Tn ≡ {t ∈ Rd(n) : ‖t‖e ≤Lncn} where (Ln)n is a pos-
itive real-valued sequence diverging to infinity slowly such that Lncn = o(n−1/2)
(such a sequence exists by Assumption A.2(iv)).

Let Sn ≡ {Zn : supt∈Tn ‖�n(t)‖e ≤ Lncn}. By Lemmas C.1, C.2, and C.3(2),
and Assumption A.2(iii), we have that, for any t ∈ Tn,∥∥τn(t)∥∥e ≤ OP

(√
d(n)

{
γ̃n + n−1/2

})+O(cn)+ ‖Dnt‖e
= OP

(
n−1/2

√
d(n)

)+O(Lncn)�
where γ̃n ≡ √|sn|(1 + bn) + an = o(n−1/2) (by Assumption A.3(ii)). Hence
τn(t) ∈ T M

n for all t ∈ Tn. This implies, by Assumption A.2(i)(ii), P(Sn)→ 1.
Moreover, these results imply that ‖�n(t)‖e ≤Lncn for all t ∈ Tn andZn ∈ Sn.

This implies that {�n(t) : t ∈ Tn} ⊆ Tn wpa1.
For any given n, Tn is compact and convex in Rd(n) and since�n is continuous

and maps Tn into itself (wpa1), by the Brouwer fixed point theorem, wpa1 there
exists a t̂n ∈ Tn such that �n(̂tn)= t̂n. Therefore,

t̂n = ϕn ◦ τn(̂tn)

=Ω−1/2
sd�n

{
φ
(̂
αn
(
τn(̂tn)

))−φ(α0)− dφ(α0)

dα

[̂
αn
(
τn(̂tn)

)− α0

]}
�

Since

α̂n
(
τn(̂tn)

)= α̂n + v∗
nΩ

−1/2
sd�n τn(̂tn)

= α̂n − v∗
nΩ

−1/2
sd�n DnΩ

−1/2
sd�n

(〈
v∗′
n � α̂n − α0

〉
+ dφ(α0)

dα
[α0n − α0] +Ω1/2

sd�n̂tn

)
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and Ω−1/2
sd�n DnΩ

−1/2
sd�n =Ω−1

n , we obtain

dφ(α0)

dα

[̂
αn
(
τn(̂tn)

)− α0

]
= dφ(α0)

dα
[̂αn − α0]

− 〈
v∗′
n � v

∗
n

〉
Ω−1
n

(〈
v∗′
n � α̂n − α0

〉+ dφ(α0)

dα
[α0n − α0] +Ω1/2

sd�n̂tn

)
�

Since 〈v∗′
n � v

∗
n〉 =Ωn, we obtain

t̂n =Ω−1/2
sd�n

{
φ
(̂
αn
(
τn(̂tn)

))−φ(α0)− dφ(α0)

dα
[̂αn − α0]

+ 〈
v∗′
n � α̂n − α0

〉+ dφ(α0)

dα
[α0n − α0] +Ω1/2

sd�n̂tn

}
=Ω−1/2

sd�n

{
φ
(̂
αn
(
τn(̂tn)

))−φ(α0)
}+ t̂n�

Thus Ω−1/2
sd�n {φ(̂αn(τn(̂tn))) − φ(α0)} = 0 wpa1 iff φ(̂αn(τn(̂tn))) − φ(α0) = 0

wpa1. Also, since τn(̂tn) ∈ T M
n wpa1, Parts (1) and (2) hold with tn ≡ τn(̂tn).

To show Part (3), recall that α̂n ∈ Nosn wpa1 and α̂n(tn) ∈ AR
k(n) by Parts (1)

and (2) with tn ≡ τn(̂tn). We can rewrite tn as

tn ≡ −DnΩ
−1/2
sd�n

{〈
v∗′
n � α̂n − α0

〉+An(̂tn)} with

An(t)≡ dφ(α0)

dα
[α0n − α0] +Ω1/2

sd�nt�

Observe that ‖tn‖e =OP(
√
d(n)n−1/2), so by Assumption A.3(i) and the def-

inition of α̂n,

0 ≤ n[Q̂n(̂αn(tn))− Q̂n(̂αn)
]

= n(tn)′Ω−1/2
sd�n

{〈
v∗′
n � α̂n − α0

〉+ Zn
}

+ 0�5n
{
t ′nBntn

}+ n×OP
(
sn + ‖tn‖ean + ‖tn‖2

ebn
)

≤ n(tn)′Ω−1/2
sd�n

{〈
v∗′
n � α̂n − α0

〉+ Zn
}

+ 0�5n
{
t ′nD

−1
n tn

}+ n×OP
(
sn + ‖tn‖ean + ‖tn‖2

ebn
)
�

where the third line follows from the fact that supt:‖t‖e=1 |t ′{Bn − D−1
n }t| =

OP(bn) by assumption, and thus we have: t ′Bnt ≤ |t ′{Bn − D−1
n }t| + t ′D−1

n t ≤
‖t‖2

eOP(bn)+ t ′D−1
n t uniformly over t ∈Rd(n) with ‖t‖e = 1.
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By the fact that Ω−1/2
sd�n DnD

−1
n DnΩ

−1/2
sd�n =Ω−1/2

sd�n DnΩ
−1/2
sd�n =Ω−1

n , the definition of
tn, and straightforward algebra, the previous display implies that

n
[
Q̂n
(̂
αn(tn)

)− Q̂n(̂αn)
]

≤ −0�5n
(〈

v∗′
n � α̂n − α0

〉)′
Ω−1
n

(〈
v∗′
n � α̂n − α0

〉)
− n(〈v∗′

n � α̂n − α0

〉)′
Ω−1
n (Zn)− n

(
An(̂tn)

)′
Ω−1
n Zn

+ 0�5n
(
An(̂tn)

)′
Ω−1
n

(
An(̂tn)

)+ n×OP
(
sn + ‖tn‖ean + ‖tn‖2

ebn
)

≤ n(Zn)′Ω−1
n (Zn)− n

(〈
v∗′
n � α̂n − α0

〉+ Zn
)′
Ω−1
n (Zn)

− n(An(̂tn))′Ω−1
n Zn + 0�5n

(
An(̂tn)

)′
Ω−1
n

(
An(̂tn)

)
+ n×OP

(
sn + ‖tn‖ean + ‖tn‖2

ebn
)
�

where the second line follows by (〈v∗′
n � α̂n − α0〉)′Ω−1

n (〈v∗′
n � α̂n − α0〉) ≥ 0 and

straightforward algebra. Observe that[(
An(̂tn)

)′
Ω−1
n

(
An(̂tn)

)]1/2

= [(
An(̂tn)

)′
Ω−1/2

sd�n DnΩ
−1/2
sd�n

(
An(̂tn)

)]1/2

=OP
(∥∥∥∥D1/2

n Ω
−1/2
sd�n

dφ(α0)

dα
[α0n − α0]

∥∥∥∥
e

+ ∥∥D1/2
n t̂n

∥∥
e

)
=OP

(∥∥∥∥Ω−1/2
sd�n

dφ(α0)

dα
[α0n − α0]

∥∥∥∥
e

+ ‖̂tn‖e
)

=OP
(
cn(1 +Ln)

)= oP
(
n−1/2

)
�

where the first equation follows from Lemma C.1, and the last equality follows
from Assumption A.2(iii) and the results from Parts (1) and (2). Also[

(Zn)′Ω−1
n (Zn)

]1/2 = [(
Ω−1/2

sd�n Zn
)′
Dn
(
Ω−1/2

sd�n Zn
)]1/2 =OP

(
n−1/2

√
d(n)

)
by Lemmas C.1 and C.2. Thus (An(̂tn))′Ω−1

n Zn = oP(n−1/2)OP(n
−1/2

√
d(n)) =

oP(n
−1
√
d(n)). Similarly, (〈v∗′

n � α̂n − α0〉 + Zn)′Ω−1
n (Zn) = oP(n−1

√
d(n)) by

Lemmas C.1 and C.3(1). Since ‖tn‖e = OP(
√
d(n)n−1/2), we have n(sn +

‖tn‖ean + (‖tn‖2
e)bn) = OP(nsn + √

d(n)n1/2an + √
d(n)

√
d(n)bn) = oP(n−1 ×√

d(n)) under Assumption A.3(ii). Therefore,

n
[
Q̂n
(̂
αn(tn)

)− Q̂n(̂αn)
]

≤ n(Zn)′Ω−1
n (Zn)+ oP

(√
d(n)

)
= (√

nΩ−1/2
sd�n Zn

)′
Dn
(√
nΩ−1/2

sd�n Zn
)+ oP

(√
d(n)

)
� Q.E.D.
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PROOF OF THEOREM A.6: The proof is very similar to that of Theorem 4.3
and we only provide main steps here.

STEP 1: Similarly to Steps 1 and 2 in the proof of Theorem 4.3, by the def-
initions of α̂Rn and α̂n and Assumption A.3(i), it follows that for any (possibly
random) t ∈ T M

n ,

0�5 Q̂LRn(φ0) ≥ 0�5n
(
Q̂n
(̂
αRn
)− Q̂n

(̂
αRn (t)

))− oP(1)
= −n(t ′Ω−1/2

sd�n

{
Zn + 〈

v∗′
n � α̂

R
n − α0

〉}+ 0�5t ′Bnt
)

+OP
(
snn+ n‖t‖ean + n‖t‖2

ebn
)
�

By Assumption A.2(i)(ii),∥∥∥∥Ω−1/2
sd�n

(
φ
(̂
αRn
)−φ(α0)︸ ︷︷ ︸

=0

− dφ(α0)

dα

[̂
αRn − α0

])∥∥∥∥
e

=OP(cn)�

Hence, by Assumption A.2(iii),∥∥Ω−1/2
sd�n

〈
v∗′
n � α̂

R
n − α0

〉∥∥
e
=OP(cn)�(C.9)

Since supt:‖t‖e=1 |t ′{Bn − D−1
n }t| = OP(bn) by assumption, we have: t ′Bnt ≤

|t ′{Bn − D−1
n }t| + t ′D−1

n t ≤ ‖t‖2
eOP(bn) + t ′D−1

n t uniformly over t ∈ Rd(n) with
‖t‖e = 1. This, Assumption A.3(i), and equation (C.9) together imply that

0�5 Q̂LRn(φ0) ≥ −n(t ′Ω−1/2
sd�n Zn + 0�5t ′D−1

n t
)

+OP
(
snn+ n‖t‖e(an + cn)+ n‖t‖2

ebn
)
�

In the above display, we let t ′ = −Z′
nΩ

−1/2
sd�n Dn, which, by Lemmas C.1 and C.2,

is an admissible choice and ‖t‖e = OP(n−1/2
√
d(n)). Observe that t ′nΩ

−1/2
sd�n Zn =

−Z′
nΩ

−1/2
sd�n DnΩ

−1/2
sd�n Zn and t ′nD

−1
n tn = Z′

nΩ
−1/2
sd�n DnΩ

−1/2
sd�n Zn; we obtain

0�5 Q̂LRn(φ0) ≥ 0�5
(√
nΩ−1/2

sd�n Zn
)′
Dn
(√
nΩ−1/2

sd�n Zn
)

+OP
(
snn+ n1/2

√
d(n)(an + cn)+ d(n)bn

)
= 0�5

(√
nΩ−1/2

sd�n Zn
)′
Dn
(√
nΩ−1/2

sd�n Zn
)+ oP

(√
d(n)

)
�

where the last equal sign is due to Assumptions A.2(iv) and A.3(ii).
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STEP 2: Similarly to Step 3 in the proof of Theorem 4.3, by the definitions
of α̂Rn and α̂n and the result that α̂n(tn) ∈ AR

k(n) (Lemma C.4), with tn given in
Lemma C.4, we obtain

0�5 Q̂LRn(φ0)≤ 0�5n
(
Q̂n
(̂
αn(tn)

)− Q̂n(̂αn)
)+ oP(1)�

By Lemma C.4(3), it follows that

0�5 Q̂LRn(φ0)≤ 0�5
(√
nΩ−1/2

sd�n Zn
)′
Dn
(√
nΩ−1/2

sd�n Zn
)+ oP

(√
d(n)

)
�

STEP 3: The results in Steps 1 and 2 together imply that

Q̂LRn(φ0)=
(√
nΩ−1/2

sd�n Zn
)′
Dn
(√
nΩ−1/2

sd�n Zn
)+ oP

(√
d(n)

)
�

which establishes Result (1).
Result (2) directly follows from Result (1) and the fact that Dn = Id(n),Ωsd�n =

Ω0�n when Σ= Σ0.
Result (3) follows from Result (2), Ωsd�n =Ω0�n when Σ= Σ0, and the follow-

ing property of Wn ≡ nZ′
nΩ

−1
sd�nZn:(

2d(n)
)−1/2(

Wn − d(n))⇒N(0�1)�

which has been established in the proof of Theorem A.5 Result (3). Q.E.D.

C.4. Proofs for Section A.6 on Series LS Estimator m̂ and Its Bootstrap Version

PROOF OF LEMMA A.2: For Result (1), since

Mn

(
Zn
)≡ PV∞|Z∞

(
sup
Nosn

τn

n

n∑
i=1

∥∥m̂B(Xi�α)− m̃(Xi�α)
− m̂B(Xi�α0)

∥∥2

e
≥M

∣∣∣Zn)

≤ PV∞|Z∞

(
sup
Nosn

τn

n

n∑
i=1

∥∥m̂B(Xi�α)− m̂(Xi�α)
− {
m̂B(Xi�α0)− m̂(Xi�α0)

}∥∥2

e
≥ M

2

∣∣∣Zn)

+ PV∞|Z∞

(
sup
Nosn

τn

n

n∑
i=1

∥∥m̂(Xi�α)− m̃(Xi�α)
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− m̂(Xi�α0)
∥∥2

e
≥ M

2

∣∣∣Zn)
≡M1�n

(
Zn
)+M2�n

(
Zn
)
�

we have: for all δ > 0, there is anM(δ) > 0 such that, for allM ≥M(δ),

PZ∞
(
Mn

(
Zn
)≥ 2δ

)≤ PZ∞
(
M1�n

(
Zn
)≥ δ)+ PZ∞

(
M2�n

(
Zn
)≥ δ)�

By following the proof of Lemma C.3(ii) of Chen and Pouzo (2012a), we have
that PZ∞(M2�n(Z

n)≥ δ) < δ/2 eventually. Thus, to establish Result (1), it suf-
fices to bound

PZ∞
({
M1�n

(
Zn
)≥ δ}∩ {

λmin

((
P ′P

)
/n
)
> c

})
+ PZ∞

(
λmin

((
P ′P

)
/n
)≤ c)�

By Assumption A.4(ii)(iii) and Theorem 1 in Newey (1997), λmin((P
′P)/n) ≥

c > 0 with probability PZ∞ approaching 1, hence PZ∞(λmin((P
′P)/n) ≤ c) <

δ/4 eventually. To bound the term corresponding toM1�n, we note that2

n∑
i=1

∥∥m̂B(Xi�α)− m̂(Xi�α)− {
m̂B(Xi�α0)− m̂(Xi�α0)

}∥∥2

e

=
n∑
i=1

%ζB(α)′P
(
P ′P

)−
pJn(Xi)p

Jn(Xi)
′(P ′P

)−
P ′%ζB(α)

= %ζB(α)′P(P ′P
)−
P ′%ζB(α)

≤ 1
λmin

((
P ′P

)
/n
){n−1%ζB(α)′PP ′%ζB(α)

}
�

where %ζB(α)= ((ω1 −1)%ρ(Z1�α)� � � � � (ωn−1)%ρ(Zn�α))′ with %ρ(Z�α)≡
ρ(Z�α)− ρ(Z�α0). It is thus sufficient to show that, for large enough n,

PZ∞

(
PV∞|Z∞

(
sup
Nosn

τn

n2%ζ
B(α)′PP ′%ζB(α)≥M

∣∣∣Zn)≥ δ
)
< δ�(C.10)

which is established in Lemma C.5.

2To ease the notational burden in the proof, we assume dρ = 1; when dρ > 1, the same proof
steps hold, component by component.
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For Result (2), recall that �Bn (x�α)≡ m̃(x�α)+ m̂B(x�α0). By similar calcu-
lations to those in Ai and Chen (2003, p. 1824), it follows that

EPV∞

[
n−1

n∑
i=1

∥∥m̂B(Xi�α0)
∥∥2

e

]
=EPV∞

[
pJn(Xi)

′(P ′P
)−
P ′EPV∞|X∞

[
ρB(α0)ρ

B(α0)
′|Xn

]
× P(P ′P

)−
pJn(Xi)

]
�

where ρB(α) ≡ (ρB(V1�α)� � � � � ρ
B(Vn�α))

′ with ρB(Vi�α) ≡ ωiρ(Zi�α). Note
that

EPV |X∞
[
ρB(Vi�α0)ρ

B(Vj�α0)
′|Xn

]
=EPΩ

[
ωiωjEPV |X

[
ρ(Zi�α0)ρ(Zj�α0)

′|Xi�Xj
]]

= 0 for all i �= j�
and

EPV |X∞
[
ρB(Vi�α0)ρ

B(Vi�α0)
′|Xn

]= σ2
ωΣ0(Xi)�

So under Assumption Boot.1 or Boot.2, Assumptions 3.1(iv) and A.4(ii), ap-
plying the Markov inequality, we obtain: for all δ > 0, there is an M(δ) > 0
such that, for allM ≥M(δ),

PZ∞

(
PV∞|Z∞

(
Jn

n
n−1

n∑
i=1

∥∥m̂B(Xi�α0)
∥∥2

e
≥M

∣∣∣Zn)≥ δ
)
< δ�

To establish Result (2), with (τ′
n)

−1 = max{ Jn
n
� b2
m�Jn
� (Mnδn)

2}, it remains to
show that

PZ∞

(
sup
Nosn
τ′
nn

−1
n∑
i=1

∥∥m̃(Xi�α)∥∥2

e
≥M

)
< δ�(C.11)

By Lemma SM.1 of Chen and Pouzo (2012b), under Assumptions A.4 and
A.5(i), we have: there are finite constants c� c′ > 0 such that, for all δ > 0,
there is an N(δ) such that, for all n≥N(δ),

PZ∞

(
∀α ∈Nosn : cEPX

[∥∥m̃(X�α)∥∥2

e

]
≤ 1
n

n∑
i=1

∥∥m̃(Xi�α)∥∥2

e
≤ c′EPX

[∥∥m̃(X�α)∥∥2

e

])
> 1 − δ�
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Thus to show (C.11), it suffices to show that

sup
Nosn
τ′
nEPX

[∥∥m̃(X�α)∥∥2

e

]=O(1)�

By Assumption A.4(ii), it follows that

sup
α∈Nosn

EPX
[∥∥m̃(X�α)∥∥2

e

]
≤ sup

Nosn

{
EPX

[∥∥m̃(X�α)−m(X�α)∥∥2

e

]+EPX
[∥∥m(X�α)∥∥2

e

]}
≤ const� sup

α∈Nosn
max

{
b2
m�Jn
�‖α− α0‖2

}=O((τ′
n

)−1)
�

where the last inequality follows from Assumptions A.4(ii)(iii)(iv) and 3.4. We
thus obtain Result (2).

For Result (3), we note that

1
n

n∑
i=1

∥∥m̂B(Xi�α)∥∥2

Σ̂−1 − 1
n

n∑
i=1

∥∥�Bn (Xi�α)∥∥2

Σ̂−1 =RB1n(α)+ 2RB2n(α)�

where

RB1n(α)≡
1
n

n∑
i=1

∥∥m̂B(Xi�α)− �Bn (Xi�α)∥∥2

Σ̂−1�

RB2n(α)≤
√
RB1n

√√√√1
n

n∑
i=1

∥∥�Bn (Xi�α)∥∥2

Σ̂−1 �

By Result (1) and Assumption 4.1(iii), we have

PZ∞
(
PV∞|Z∞

(
sup
Nosn
τnR

B
1n(α)≥M

∣∣Zn)≥ δ
)
< δ

with τ−1
n = δ2

n(Mnδs�n)
2κCn. By Results (1) and (2), and Assumption 4.1(iii), we

have

PZ∞
(
PV∞|Z∞

(
sup
Nosn
τ̃nR

B
2n(α)≥M

∣∣Zn)≥ δ
)
< δ

with τ̃−1
n ≡Mnδ

2
n(Mnδs�n)

κ
√
Cn. By Assumption A.5(iii) and the fact that Ln

diverges, we obtain the desired result. Q.E.D.

In the following, we state Lemma C.5 and its proof.
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LEMMA C.5: Let Assumptions 3.4(i)(ii), A.4(iii), A.5(i)(ii), and either Boot.1
or Boot.2 hold. Then: for all δ > 0, there is an M(δ) > 0 such that, for all M ≥
M(δ),

PZ∞

(
PV∞|Z∞

(
sup
Nosn

τn

n2%ζ
B(α)′PP ′%ζB(α)≥M

∣∣∣Zn)≥ δ
)
< 0�5δ

eventually, with τ−1
n ≡ (δn)2(Mnδs�n)

2κCn, where %ζB(α)= ((ω1 − 1)%ρ(Z1�α)�
� � � � (ωn − 1)%ρ(Zn�α))′ and %ρ(Z�α)≡ ρ(Z�α)− ρ(Z�α0).

PROOF: Denote

M ′
1n

(
Zn
)≡ PV∞|Z∞

(
sup
Nosn

τn

n2%ζ
B(α)′PP ′%ζB(α)≥M

∣∣∣Zn)�
By the Markov inequality,

M ′
1n

(
Zn
)≤M−1EPV∞|Z∞

[
sup
Nosn

τn

n2%ζ
B(α)′PP ′%ζB(α)

]
�

Hence it is sufficient to bound

PZ∞
(
M ′

1n

(
Zn
)≥ δ)

≤ 1
Mδ
EPV∞

[
sup
Nosn

τn

n2%ζ
B(α)′PP ′%ζB(α)

]

= τn

nMδ

Jn∑
j=1

EPV∞

[
sup
Nosn

(
1√
n

n∑
i=1

(ωi − 1)fj(Zi�α)

)2]
�

where the first inequality follows from the law of iterated expectations and the
Markov inequality, and the second equality is due to the notation fj(z�α) ≡
pj(x){ρ(z�α)− ρ(z�α0)}.

Under Assumption Boot.1, {(ωi− 1)fj(Zi�α)}ni=1 are independent, and thus,
by Proposition A.1.6 in Van der Vaart and Wellner (1996) (VdV-W),

τn

nMδ

Jn∑
j=1

EPV∞

[
sup
Nosn

(
n−1/2

n∑
i=1

(ωi − 1)fj(Zi�α)

)2]

≤ τn

nMδ

Jn∑
j=1

(
EPV∞

[
sup
Nosn

∣∣∣∣∣n−1/2
n∑
i=1

(ωi − 1)fj(Zi�α)

∣∣∣∣∣
]

+
√
E
[
max
i≤n

sup
Nosn

∣∣n−1/2(ωi − 1)fj(Zi�α)
∣∣2])2

�
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The second term in the RHS is bounded above by√
nn−1EPV∞

[
(ωi − 1)2 sup

Nosn

∣∣fj(Zi�α)∣∣2]

≤
√
EPω

[
(ωi − 1)2

]
EPZ∞

[
sup
Nosn

∣∣fj(Zi�α)∣∣2]=O((Mnδs�n)
κ
)

by Assumptions A.4(iii), A.5(ii), and Boot.1. Hence, under Assumption
Boot.1, we need to control

τn

nMδ

Jn∑
j=1

(
EPV∞

[
sup
Nosn

∣∣∣∣∣n−1/2
n∑
i=1

(ωi − 1)fj(Zi�α)

∣∣∣∣∣
])2

(C.12)

+O
(
τnJn

nMδ
(Mnδs�n)

2κ

)
�

Under Assumption Boot.2, ((ωi − 1)fj(Zi�α))i are not independent. So we
need to take some additional steps to arrive to an equation of the form of
(C.12). Under Assumption Boot.2, it follows that

τn

Mδ

Jn∑
j=1

EPV∞

[
sup
Nosn

(
n−1

n∑
i=1

(ωi − 1)fj(Zi�α)

)2]

= τn

Mδ

Jn∑
j=1

EPV∞

[
sup
Nosn

(
n−1

n∑
i=1

ωifj(Zi�α)− n−1
n∑
i=1

fj(Zi�α)

)2]

= τn

Mδ

Jn∑
j=1

EPZ∞×PẐ∞

[
sup
Nosn

(
n−1

n∑
i=1

(δẐi − Pn)
[
fj(·�α)

])2]
�

where the last line follows from the fact that ωi are the number of times the
variable Zi appears on the bootstrap sample. Thus, the distribution of ωiδZi is
the same as that of δẐi where (Ẑi)i is the bootstrap sample, that is, an i.i.d. sam-
ple from Pn ≡ n−1

∑n

i=1 δZi . By a slight adaptation of Lemma 3.6.6 in VdV-W
(allowing for square of the norm), it follows that

EPZ∞×PẐ∞

[
sup
Nosn

(
n−1

n∑
i=1

(δẐi − Pn)
[
fj(·�α)

])2]

≤EPZ∞

[
EPÑ∞

[
sup
Nosn

(
n−1

n∑
i=1

ÑiδZi
[
fj(·�α)

])2]]
�
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where Ñi =Ni−N ′
i withNi andN ′

i being i.i.d. Poisson variables with parameter
0�5 (PÑ∞ is the corresponding probability). Note that now, {Ñifj(Zi�α)}ni=1 are
independent. So by Proposition A.1.6 in VdV-W,

τn

nMδ

Jn∑
j=1

EQ

[
sup
Nosn

(
n−1/2

n∑
i=1

Ñifj(Zi�α)

)2]

≤ τn

nMδ

Jn∑
j=1

(
EQ

[
sup
Nosn

∣∣∣∣∣n−1/2
n∑
i=1

Ñifj(Zi�α)

∣∣∣∣∣
]

+
√
E
[
max
i≤n

sup
Nosn

∣∣n−1/2Ñifj(Zi�α)
∣∣2])2

�

where Q≡ PZ∞ × PÑ∞ . By the Cauchy–Schwarz inequality, the second term in
the RHS is bounded above by√

nn−1EQ
[
|Ñ|2 sup

Nosn

∣∣fj(Z�α)∣∣2]

≤
√
EPÑ

[|Ñ|2
]
EPZ

[
sup
Nosn

∣∣fj(Z�α)∣∣2]=O((Mnδs�n)
κ
)

by Assumptions A.4(iii) and A.5(ii) and E[|Ñ|2] <∞. Therefore, under As-
sumption Boot.2, we need to control

τn

nMδ

Jn∑
j=1

(
EQ

[
sup
Nosn

∣∣∣∣∣n−1/2
n∑
i=1

Ñifj(Zi�α)

∣∣∣∣∣
])2

+O
(
τnJn

nMδ
(Mnδs�n)

2κ

)
�(C.13)

Applying Lemma 2.9.1 of VdV-W, we can bound the leading terms in equa-
tions (C.12) and (C.13) respectively as follows:

τn

nMδ

Jn∑
j=1

EPV∞

[
sup
Nosn

∣∣∣∣∣n−1/2
n∑
i=1

(ωi − 1)δZi
[
fj(·�α)

]∣∣∣∣∣
]

(C.14)

≤ τn

nMδ

Jn∑
j=1

{∫ ∞

0

√
P
(|ω− 1| ≥ t)dt}

× max
1≤l≤n

EPZ∞ ×Pε∞

[
sup
Nosn

∣∣∣∣∣l−1/2
l∑
i=1

εiδZi
[
fj(·�α)

]∣∣∣∣∣
]
�
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and

τn

nMδ

Jn∑
j=1

EPZ∞

[
EPÑ

[
sup
Nosn

∣∣∣∣∣n−1/2
n∑
i=1

ÑiδZi
[
fj(·�α)

]∣∣∣∣∣
]]

(C.15)

≤ τn

nMδ

Jn∑
j=1

{∫ ∞

0

√
P
(|Ñ| ≥ t)dt}

× max
1≤l≤n

EPZ∞×Pε∞

[
sup
Nosn

∣∣∣∣∣l−1/2
l∑
i=1

εiδZi
[
fj(·�α)

]∣∣∣∣∣
]
�

where (εi)ni=1 is a sequence of Rademacher random variables. Note that
{∫ ∞

0

√
P(|ω− 1| ≥ t)dt} < ∞ (under Assumption Boot.1), and also

{∫ ∞
0

√
P(|Ñ| ≥ t) dt} ≤ 2

√
2 (see VdV-W, p. 351). Hence in both cases we need

to bound

τn

nMδ

Jn∑
j=1

(
max
1≤l≤n

EPZ∞ ×Pε∞

[
sup
Nosn

∣∣∣∣∣l−1/2
l∑
i=1

εiδZi
[
fj(·�α)

]∣∣∣∣∣
])2

(C.16)

≤ τn

nMδ

Jn∑
j=1

(
max
1≤l≤n

EPZ∞ ×Pε∞

[
sup
Nosn

∣∣∣∣∣l−1/2
l∑
i=1

εiδZi
[
f j(·�α)

]∣∣∣∣∣
]

+ max
1≤l≤n

EPZ∞ ×Pε∞

[
sup
Nosn

∣∣∣∣∣l−1/2
l∑
i=1

εiEPZ
[
fj(Z�α)

]∣∣∣∣∣
])2

≤ 2T1�n + 2T2�n�

where f j(Z�α)= fj(Z�α)−EPZ [fj(Z�α)],

T1�n = τn

nMδ

Jn∑
j=1

(
max
1≤l≤n

EPZ∞ ×Pε∞

[
sup
Nosn

∣∣∣∣∣l−1/2
l∑
i=1

εiδZi
[
f j(·�α)

]∣∣∣∣∣
])2

and

T2�n = τn

nMδ

Jn∑
j=1

(
max
1≤l≤n

EPZ∞ ×Pε∞

[
sup
Nosn

∣∣∣∣∣l−1/2
l∑
i=1

εiEPZ
[
fj(Z�α)

]∣∣∣∣∣
])2

�
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To bound the term T2�n, we note that

max
1≤j≤Jn

max
1≤l≤n

EPZ∞×Pε∞

[
sup
Nosn

∣∣∣∣∣l−1/2
l∑
i=1

εiEPZ
[
fj(Z�α)

]∣∣∣∣∣
]

= max
1≤j≤Jn

max
1≤l≤n

sup
Nosn

∣∣EPZ [fj(Z�α)]∣∣EPε∞
[∣∣∣∣∣l−1/2

l∑
i=1

εi

∣∣∣∣∣
]

≤ max
1≤j≤Jn

max
1≤l≤n

sup
Nosn

∣∣EPX [pj(X)%m(X�α)]∣∣
√√√√EPε∞

[(
l−1/2

l∑
i=1

εi

)2]

≤ max
1≤j≤Jn

max
1≤l≤n

(√
EPZ

[∣∣pj(X)∣∣2] sup
Nosn

√
EPX

[∣∣%m(X�α)∣∣2]

×
√√√√EPε∞

[
l−1

l∑
i=1

(εi)2

])
=O(Mnδn)�

where %m(X�α) ≡ m(X�α) − m(X�α0) and the inequality follows from
Cauchy–Schwarz and the fact that εi are independent, and the last two equal
signs are due to Assumptions 3.4(i)(ii) and A.4(iii). Thus T2�n ≤ const� ×
(Mnδn)

2 τnJn
nMδ

.
To bound the term T1�n, we note that by the “desymmetrization lemma” 2.3.6

in VdV-W (note that f j(Zi�α) are centered),

T1�n ≤ const�× τn

nMδ

Jn∑
j=1

max
1≤l≤n

(
EPZ∞

[
sup
Nosn

∣∣∣∣∣l−1/2
l∑
i=1

f j(Zi�α)

∣∣∣∣∣
])2

�

By Van der Vaart and Wellner (1996, Theorem 2.14.2), we have (up to some
omitted constant), for all j,

EPZ∞

[
sup
α∈Nosn

∣∣∣∣∣l−1/2
l∑
i=1

f j(Zi�α)

∣∣∣∣∣
]

≤
{
(Mnδs�n)

κ

∫ 1

0

√
1 + logN[]

(
w(Mnδs�n)κ�Eojn�‖ · ‖L2(fZ)

)
dw

}
�

where Eojn = {pj(·)(ρ(·�α)−ρ(·�α0))−E[pj(·)(ρ(·�α)−ρ(·�α0))] : α ∈Nosn}.
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Given any w > 0, let ({gml � gmu })m=1�����N(w) be the ‖ · ‖L2(fZ)
-norm brackets of

Oon. If {ρ(·�α) − ρ(·�α0)} ∈ Oon belongs to a bracket {gml � gmu }, then, since
|pj(x)|< const� <∞ by Assumption A.4(iii),

gml (Z)≤ pj(X)
{
%ρ(Z�α)

}≤ gmu (Z)

(where {gml � gmu } are transformations of the original ones, given by (1{pj >
0}gml + 1{pj ≤ 0}gmu )pj and (1{pj > 0}gmu + 1{pj ≤ 0}gml )pj and since |pj(x)|<
const� <∞ the ‖ · ‖L2(fZ)

-norm of the new brackets is given by δ× 2const�. We
keep the same notation and omit the constant “2const�” to ease the notational
burden), and from the previous calculations it is easy to see that{

gml (Z)−E
[
gmu (Z)

]} ≤ pj(X)%ρ(Z�α)−E
[
pj(X)%ρ(Z�α)

]
≤ {
gmu (Z)−E

[
gml (Z)

]}
�

So functions of the form({(
gml (Z)−E

[
gmu (Z)

])
�
(
gmu (Z)−E

[
gml (Z)

])})
m=1�����N(w)

form ‖ · ‖L2(fV )
-norm brackets on Eojn. By construction, N[](w�Eojn�‖ · ‖L2(fZ)

)≤
N(w). Hence (up to some omitted constants)

EPZ∞

[
sup
α∈Nosn

∣∣∣∣∣l−1/2
l∑
i=1

f j(Zi�α)

∣∣∣∣∣
]

≤ (Mnδs�n)
κ

× max
j=1�����Jn

{∫ 1

0

√
1 + logN[]

(
w(Mnδs�n)κ�Oon�‖ · ‖L2(fZ)

)
dw

}
≤ (Mnδs�n)

κ
√
Cn�

where the last inequality follows from Assumption A.5(ii). Notice that the
above RHS does not depend on l nor on j, so we obtain

max
1≤j≤Jn

max
1≤l≤n

EPZ∞

[
sup
α∈Nosn

(
l−1/2

l∑
i=1

f j(Zi�α)

)2]
≤ const�× (Mnδs�n)

2κCn(C.17)

and hence T1�n ≤ const�× (Mnδs�n)
2κCn

τnJn
nMδ

.
Note that max{(Mnδn)

2� (Mnδs�n)
2κ} = (Mnδs�n)

2κ (by assumption) and that
τ−1
n ≡ Jn

n
(Mnδs�n)

2κCn; the desired result follows. Q.E.D.
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PROOF OF LEMMA A.3: Denote

TBnI ≡ sup
Nosn

∣∣∣∣∣1
n

n∑
i=1

(
dm̃(Xi�α)

dα

[
u∗
n

])′
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−1�Bn (Xi�α)

− 1
n

n∑
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(
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[
u∗
n

])′
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−1�Bn (Xi�α)

∣∣∣∣∣�
and

TBnII ≡ sup
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n
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(
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[
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n

])′
Σ(Xi)

−1�Bn (Xi�α)

− {
Zωn + 〈

u∗
n�α− α0

〉}∣∣∣∣∣�
It suffices to show that for all δ > 0, there is N(δ) such that, for all n ≥
N(δ),

PZ∞
(
PV∞|Z∞

(√
nTBnI ≥ δ|Zn)≥ δ)< δ(C.18)

and

PZ∞
(
PV∞|Z∞

(√
nTBnII ≥ δ|Zn)≥ δ)< δ�(C.19)

We first verify equation (C.18). Note that

TBnI ≤ sup
Nosn
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n

n∑
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(
dm̃(Xi�α)

dα

[
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× Σ̂(Xi)−1�Bn (Xi�α)

∣∣∣∣∣
+ sup
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× {
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−1 −Σ(Xi)−1
}
�Bn (Xi�α)

∣∣∣∣∣
≡ TBnIa + TBnIb�
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By Assumption 4.1(iii) and the Cauchy–Schwarz inequality, it follows that, for
some C ∈ (0�∞),

PZ∞
(
PV∞|Z∞

(√
nTBnIa ≥ δ|Zn)≥ δ)

≤ PZ∞
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)
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)
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The second term in the RHS vanishes eventually, so we focus on the first term.
It follows that
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+ PZ∞
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By Lemma A.2(2), the second term on the RHS is less than 0�5δ eventually
(with (τ′

n)
−1 = const� (Mnδn)

2). Regarding the first term, note that
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[
u∗
n
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e

× n

τ′
n
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Nosn

√√√√1
n

n∑
i=1

∥∥∥∥dm(Xi�α0)

dα

[
u∗
n

]− dm̃(Xi�α0)

dα

[
u∗
n

]∥∥∥∥2

e

× n

τ′
n

≤ sup
Nosn

√√√√1
n

n∑
i=1

∥∥∥∥dm(Xi�α0)

dα

[
u∗
n

]− dm(Xi�α)
dα

[
u∗
n

]∥∥∥∥2

e

× n

τ′
n

+ oPZ∞ (1)�

by the LS projection property and the definition of m̃, as well as by the Markov
inequality and Assumption A.6(i). Next, by the Markov inequality and As-
sumption A.7(ii), we have

PZ∞

(
sup
Nosn

√√√√1
n

n∑
i=1

∥∥∥∥dm(Xi�α0)

dα

[
u∗
n

]− dm(Xi�α)
dα

[
u∗
n

]∥∥∥∥2

e

√
n

τ′
n

≥ 0�5δ

)

≤ 2
δ

√
EPZ∞

[
sup
Nosn

∥∥∥∥dm(X�α0)

dα

[
u∗
n

]− dm(X�α)
dα

[
u∗
n

]∥∥∥∥2

e

]
× n

τ′
n

→ 0�

Thus, we established that

PZ∞
(
PV∞|Z∞

(√
nTBnIa ≥ δ|Zn)≥ δ)< δ eventually.

By similar arguments, Assumptions 4.1(iii) and A.5(iv), Lemma A.2(2), and
that 1

n

∑n

i=1 ‖ dm(Xi�α0)

dα
[u∗
n]‖2

e is bounded in probability, it can be shown that

PZ∞
(
PV∞|Z∞

(√
nTBnIb ≥ δ|Zn)≥ δ)< δ� eventually�

Therefore, we establish equation (C.18).
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For equation (C.19), let g(X�u∗
n)≡ (dm(X�α0)

dα
[u∗
n])′Σ−1(X). Then

TBnII ≤ sup
Nosn

∣∣∣∣∣1
n

n∑
i=1

g
(
Xi�u

∗
n

)
m̃(Xi�α)−

〈
u∗
n�α− α0

〉∣∣∣∣∣
+
∣∣∣∣∣1
n

n∑
i=1

g
(
Xi�u

∗
n

)
m̂B(Xi�α0)−Zωn

∣∣∣∣∣
≡ TnIIa + TBnIIb�

Thus, to show equation (C.19), it suffices to show that
√
nTnIIa = oPZ∞ (1) and

that

PZ∞
(
PV∞|Z∞

(√
nTBnIIb ≥ δ|Zn)≥ δ)< δ eventually�(C.20)

First we consider the term TnIIa. This part of the proof is similar to those in
Ai and Chen (2003), Ai and Chen (2007), and Chen and Pouzo (2009) for their
regular functional λ′θ case, and hence we shall be brief. By the orthogonality
properties of the LS projection and the definition of m̃(Xi�α) and g̃(Xi�u∗

n),
we have

n−1
n∑
i=1

g
(
Xi�u

∗
n

)
m̃(Xi�α)= n−1

n∑
i=1

g̃
(
Xi�u

∗
n

)
m(Xi�α)�

By the Cauchy–Schwarz inequality,

sup
Nosn

∣∣∣∣∣1
n

n∑
i=1

{
g̃
(
Xi�u

∗
n

)− g(Xi�u∗
n

)}{
m(Xi�α)−m(Xi�α0)

}∣∣∣∣∣
≤
√√√√1
n

n∑
i=1

∥∥g̃(Xi�u∗
n

)− g(Xi�u∗
n

)∥∥2

e

× sup
Nosn

√√√√1
n

n∑
i=1

∥∥m(Xi�α)−m(Xi�α0)
∥∥2

e
�

By Assumption A.6(iii),

√
n sup

Nosn

1
n

n∑
i=1

{∥∥m(Xi�α)−m(Xi�α0)
∥∥2

e

−EPX
[∥∥m(X1�α)−m(X1�α0)

∥∥2

e

]}= oP(1)�
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Thus, since supNosn EPX [‖m(X1�α)−m(X1�α0)‖2
e] =O(M2

nδ
2
n), it follows that

sup
Nosn

1
n

n∑
i=1

∥∥m(Xi�α)−m(Xi�α0)
∥∥2

e
=OPZ∞

(
(Mnδn)

2 + oPZ∞
(
n−1/2

))
�

This, Assumption A.6(ii), and δn = o(n−1/4) (by Assumption A.5(iv)) imply
that

sup
Nosn

∣∣∣∣∣1
n

n∑
i=1

{
g̃
(
Xi�u

∗
n

)− g(Xi�u∗
n

)}{
m(Xi�α)−m(Xi�α0)

}∣∣∣∣∣
≤ oPZ∞

(
1√
nMnδn

)
×OPZ∞

(√
(Mnδn)2 + o(n−1/2

))= oPZ∞
(
n−1/2

)
�

Therefore,

√
nTnIIa = √

n sup
Nosn

∣∣∣∣∣1
n

n∑
i=1

g
(
Xi�u

∗
n

)
m(Xi�α)−

〈
u∗
n�α− α0

〉∣∣∣∣∣
+ oPZ∞

(
n−1/2

)
�

By Assumption A.6(iv),
√
n supNosn | 1

n

∑n

i=1 g(Xi�u
∗
n)m(Xi�α) − EPX [g(X1�

u∗
n){m(X1�α)−m(X1�α0)}]| = oPZ∞ (1). Thus, by Assumption A.7(iv), we con-

clude that
√
nTnIIa = oPZ∞ (1).

Next we consider the term TBnIIb. By the orthogonality properties of the LS
projection,

n−1
n∑
i=1

g
(
Xi�u

∗
n

)
m̂B(Xi�α0)= n−1

n∑
i=1

g̃
(
Xi�u

∗
n

)
ρB(Vi�α0)�

where ρB(Vi�α0)≡ωi�nρ(Zi�α0) and {ωi�n}ni=1 is independent of {Zi}ni=1.
Hence, by applying the Markov inequality twice, it follows that

PZ∞
(
PV∞|Z∞

(√
nTBnIIb ≥ δ|Zn)≥ δ)

≤ δ−4EPV∞

[
n−1

(
n∑
i=1

{
g
(
Xi�u

∗
n

)− g̃(Xi�u∗
n

)}
ρB(Vi�α0)

)2]
�

Regarding the cross-products terms where i �= j, note that

EPV∞
[{
g
(
Xj�u

∗
n

)− g̃(Xj�u∗
n

)}{
g
(
Xi�u

∗
n

)− g̃(Xi�u∗
n

)}
× ρB(Vi�α0)ρ

B(Vj�α0)
]
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=EPV∞
[{
g
(
Xj�u

∗
n

)− g̃(Xj�u∗
n

)}{
g
(
Xi�u

∗
n

)− g̃(Xi�u∗
n

)}
×EPV∞|X∞

[
ρB(Vi�α0)ρ

B(Vj�α0)|Xn
]]

=EPV∞
[{
g
(
Xj�u

∗
n

)− g̃(Xj�u∗
n

)}{
g
(
Xi�u

∗
n

)− g̃(Xi�u∗
n

)}
×EPV∞|X∞

[
ωiωj|Xn

]
EPZ∞|X∞

[
ρ(Zi�α0)ρ(Zj�α0)|Xn

]]
= 0�

since EPZ∞|X∞ [ρ(Zi�α0)ρ(Zj�α0)|Xn] = EPZ|X [ρ(Zi�α0)|Xi]EPZ|X [ρ(Zj�α0)|
Xj] = 0 for i �= j. Thus, it suffices to study

δ−4EPV∞

[
n−1

n∑
i=1

(
g
(
Xi�u

∗
n

)− g̃(Xi�u∗
n

))2(
ρB(Vi�α0)

)2

]

= δ−4n−1
n∑
i=1

EPV∞
[(
g
(
Xi�u

∗
n

)− g̃(Xi�u∗
n

))2

×EPV∞|X∞
[(
ωiρ(Zi�α0)

)2|Xn
]]
�

By the original-sample {Zi}ni=1 being i.i.d., {ωi�n}ni=1 being independent of
{Zi}ni=1, Assumption 3.1(iv), and the fact that σ2

ω <∞, we can majorize the
previous expression (up to an omitted constant) by

δ−4EPV∞
[(
g
(
Xi�u

∗
n

)− g̃(Xi�u∗
n

))2]= o(1)�
where the last equality is due to Assumption A.6(ii). Hence we established
equation (C.20). The desired result now follows. Q.E.D.

PROOF OF LEMMA A.4: By the Cauchy–Schwarz inequality and Assump-
tion 4.1(iii), it suffices to show that

PZ∞

(
PV∞|Z∞

(
sup
Nosn

√√√√n−1

n∑
i=1

∥∥∥∥d2m̃(Xi�α)

dα2

[
u∗
n�u

∗
n

]∥∥∥∥2

e

× sup
Nosn

√√√√n−1

n∑
i=1

∥∥�Bn (Xi�α)∥∥2

e
≥ δ

∣∣∣Zn)≥ δ
)
< δ�

By Lemma A.2(2), it suffices to show that

PZ∞

(
sup
Nosn

√√√√n−1

n∑
i=1

∥∥∥∥d2m̃(Xi�α)

dα2

[
u∗
n�u

∗
n

]∥∥∥∥2

e

≥ δ

Mnδn

)
< δ�
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By the Markov inequality and the LS projection properties, the LHS of the
previous equation can be bounded above by

M2
nδ

2
n

δ2 EPX

[
sup
Nosn

∥∥∥∥d2m̃(X�α)

dα2

[
u∗
n�u

∗
n

]∥∥∥∥2

e

]

≤ M
2
nδ

2
n

δ2 EPX

[
sup
Nosn

∥∥∥∥d2m(X�α)

dα2

[
u∗
n�u

∗
n

]∥∥∥∥2

e

]
< δ

eventually, which is satisfied given Assumption A.7(iii). The desired result fol-
lows. Q.E.D.

PROOF OF LEMMA A.5: For Result (1), we first want to show that

sup
Nosn

∣∣∣∣∣1
n

n∑
i=1

{∥∥∥∥dm̃(Xi�α)dα

[
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n
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∥∥∥∥dm(Xi�α0)
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[
u∗
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]∥∥∥∥2

Σ−1

}∣∣∣∣∣(C.21)

≤ Tn�I + Tn�II + Tn�III = oPZ∞ (1)�

where

Tn�I = sup
Nosn

∣∣∣∣∣1
n

n∑
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{∥∥∥∥dm̃(Xi�α)dα

[
u∗
n

]∥∥∥∥2
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−
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Tn�II =
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[
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Tn�III =
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n∑
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−
∥∥∥∥dm(Xi�α0)
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[
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]∥∥∥∥2

Σ−1

}∣∣∣∣∣�
Therefore, to prove equation (C.21), it suffices to show that

Tn�j = oPZ∞ (1) for j ∈ {I� II� III}�

Note that for ‖ · ‖L2(Pn) with Pn being the empirical measure, |‖a‖2
L2(Pn)

−
‖b‖2

L2(Pn)
| ≤ ‖a − b‖2

L2(Pn)
+ 2|〈b�a − b〉L2(Pn)|. Now, let a ≡ dm̃(Xi�α)

dα
[u∗
n] and

b ≡ dm̃(Xi�α0)

dα
[u∗
n]. In order to show Tn�I = oPZ∞ (1), under Assumption 4.1(iii),
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it suffices to show√√√√n−1

n∑
i=1

∥∥∥∥dm̃(Xi�α0)

dα

[
u∗
n

]∥∥∥∥2

e

× sup
Nosn

√√√√n−1

n∑
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∥∥∥∥dm̃(Xi�α)dα

[
u∗
n

]− dm̃(Xi�α0)

dα

[
u∗
n

]∥∥∥∥2

e

= oPZ∞ (1)�

By the property of LS projection, we have

n−1
n∑
i=1

∥∥∥∥dm̃(Xi�α0)

dα

[
u∗
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e
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∥∥∥∥dm(Xi�α0)
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[
u∗
n
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e

=OPZ∞ (1)

due to i.i.d. data, Markov inequality, the definition of EPZ∞ [‖ dm(Xi�α0)

dα
[u∗
n]‖2

Σ−1],
and Assumption 3.1(iv). Next, by the property of LS projection, we have

sup
Nosn
n−1
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∥∥∥∥dm̃(Xi�α)dα
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u∗
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]− dm̃(Xi�α0)

dα

[
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e

≤ sup
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[
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]− dm(Xi�α0)
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[
u∗
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e

= oPZ∞ (1)

due to i.i.d. data, Markov inequality, and Assumption A.7(ii). Thus we estab-
lished Tn�I = oPZ∞ (1).

By similar algebra as before, in order to show Tn�II = oPZ∞ (1), given Assump-
tion 4.1(iii), it suffices to show√√√√n−1

n∑
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∥∥∥∥dm(Xi�α0)

dα

[
u∗
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]∥∥∥∥2

e

×
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[
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e

= oPZ∞ (1)�

The term n−1
∑n

i=1 ‖ dm(Xi�α0)

dα
[u∗
n]‖2

e = OPZ∞ (1) is due to i.i.d. data, Markov in-
equality, the definition of EPZ∞ [‖ dm(Xi�α0)

dα
[u∗
n]‖2

Σ−1], and Assumption 3.1(iv).
The term n−1

∑n

i=1 ‖ dm̃(Xi�α0)

dα
[u∗
n] − dm(Xi�α0)

dα
[u∗
n]‖2

e = oPZ∞ (1) is due to i.i.d. data,
Markov inequality, and Assumption A.6(i). Thus Tn�II = oPZ∞ (1).
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Finally, Tn�III = oPZ∞ (1) follows from the fact that n−1
∑n

i=1 ‖ dm(Xi�α0)

dα
[u∗
n]‖2

e =
OPZ∞ (1) and Assumption 4.1(iii). We thus established equation (C.21). Since

EPZ∞

[
n−1

n∑
i=1

∥∥∥∥dm(Xi�α0)

dα

[
u∗
n
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Σ−1

]
=EPX

[
g
(
X�u∗

n

)
Σ(X)g

(
X�u∗

n

)′]≤ C <∞�
we obtain Result (1).

Result (2) immediately follows from equation (C.21) and Assumption B.
Q.E.D.

APPENDIX D: SIEVE SCORE STATISTIC AND SCORE BOOTSTRAP

In the main text, we present the sieve Wald, SQLR statistics, and their boot-
strap versions. Here we consider sieve score (or LM) statistic and its bootstrap
version. Both the sieve score test and score bootstrap only require to compute
the original-sample restricted PSMD estimator of α0, and hence are computa-
tionally attractive.

Recall that α̂Rn is the original-sample restricted PSMD estimator (4.10). Let
v̂∗R
n be computed in the same way as v̂∗

n in Section 4.2, except that we use α̂Rn
instead of α̂n. And
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∥∥2
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ŜB1�n ≡ 1√
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Then
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which coincides with that of Ŝ1�n (once adjusted by σ2
ω).

Following the results in Section 4.2, one can compute v̂∗R
n in closed form,
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Therefore, the bootstrap sieve score statistic ŜB1�n can be expressed as
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For the case of i.i.d. weights, this expression is similar to that proposed in Kline
and Santos (2012) for parametric models, which suggests the potential higher
order refinements of the bootstrap sieve score test (ŜB1�n)

2. We leave it to future
research for bootstrap refinement.

In the rest of this section, to simplify presentation, we assume that m̂(x�α)
is a series LS estimator (2.5) of m(x�α). Then we have

m̂B
(
x� α̂Rn

)− m̂(x� α̂Rn )
=
(

n∑
j=1

(ωj�n − 1)ρ
(
Zj� α̂

R
n

)
pJn(Xj)

′
)(
P ′P

)−
pJn(x)�

When Σ̂= I, then we have

Ŝn = 1√
n

n∑
i=1

(
dm̂

(
Xi� α̂

R
n

)
dα

[̂
v∗R
n /

∥∥̂v∗R
n

∥∥
n�sd

])′
ρ
(
Zi� α̂

R
n

)= Ŝ1�n�

ŜBn = 1√
n

n∑
i=1

(
dm̂

(
Xi� α̂

R
n

)
dα

[̂
v∗R
n /

∥∥̂v∗R
n

∥∥
n�sd

])′
(ωi�n − 1)ρ

(
Zi� α̂

R
n

)
= ŜB1�n�

Let {εn}∞
n=1 and {ζn}∞

n=1 be real-valued positive sequences such that εn = o(1)
and ζn = o(1).

ASSUMPTION D.1: (i) max{εn�n−1/4}Mnδn = o(n−1/2)

sup
Nosn

sup
u∈Vn : ‖u‖=1

n−1
n∑
i=1

∥∥∥∥dm̂(Xi�α)dα
[u] − dm(Xi�α)

dα
[u]

∥∥∥∥2

e

=OPZ∞
(
max

{
n−1/2� ε2

n

});
(ii) there is a continuous mapping Υ : R+ → R+ such that max{Υ(ζn)�

n−1/4}Mnδn = o(n−1/2) and

sup
Nosn

sup
Vn : ‖u∗

n−u‖≤ζn
n−1

n∑
i=1

∥∥∥∥dm(Xi�α)dα

[
u∗
n

]− dm(Xi�α)
dα

[u]
∥∥∥∥2

e

=OPZ∞
(
max

{
n−1/2�

(
Υ(ζn)

)2});
(iii) ‖û∗R

n − u∗
n‖ =OPZ∞ (ζn) where û∗R

n ≡ v̂∗R
n /‖̂v∗R

n ‖sd.
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Assumption D.1(i) can be obtained by similar conditions to those imposed in
Ai and Chen (2003). Assumption D.1(ii) can be established by controlling the
entropy, as in VdV-W, Chapter 2.11 and E[‖ dm(X�α)

dα
[u∗
n] − dm(X�α)

dα
[u]‖2

e] = o(1)
for all ‖u∗

n − u‖ < ζn; this result is akin to that in Lemma 1 of Chen, Linton,
and van Keilegom (2003). However, Assumption D.1(ii) can also be obtained
by weaker conditions, yielding a (Υ(ζn))2 that is slower than O(n−1/2) provided
that Υ(ζn)Mnδn = o(n−1/2). In the proof, we show that ‖û∗R

n − u∗
n‖ = oPZ∞ (1);

faster rates of convergence will relax the conditions needed to show part (ii).

THEOREM D.1: Let α̂Rn be the restricted PSMD estimator (4.10), and condi-
tions for Lemma 3.2 and Proposition B.1 hold. Let Assumptions 3.5, A.4–A.7,
3.6(ii), 4.1, B.1, and D.1 hold and that nδ2

n(Mnδs�n)
2κCn = o(1). Then, under the

null hypothesis of φ(α0)=φ0,
(1) Ŝn = √

nZn + oPZ∞ (1)⇒N(0�1).
(2) Further, if conditions for Lemma A.1 and Assumptions Boot.3(ii), Boot.1,

or Boot.2 hold, then∣∣LV∞|Z∞
(
σ−1
ω Ŝ

B
n |Zn

)−L(Ŝn)
∣∣= oPZ∞ (1)� and

sup
t∈R

∣∣PV∞|Z∞
(
σ−1
ω Ŝ

B
n ≤ t|Zn)− PZ∞(Ŝn ≤ t)∣∣

= oPV∞|Z∞ (1) wpa1 (PZ∞)�

PROOF: We first note that by Lemma 5.1, Assumptions 3.6(i) and Boot.3(i)
hold. Also, by Proposition B.1 we have α̂Rn ∈ Nosn wpa1 under the null hypoth-
esis of φ(α0) = φ0. Under the null hypothesis, and Assumption 3.5, we also
have (see Step 1 in the proof of Theorem 4.3):

√
n
〈
u∗
n� α̂

R
n − α0

〉= oPZ∞ (1)�

For Result (1), we show that Ŝn is asymptotically standard normal under the
null hypothesis in two steps.

STEP 1: We first show that | ‖̂v∗Rn ‖sd
‖̂v∗Rn ‖n�sd

−1| = oPZ∞ (1) and ‖û∗R
n −u∗

n‖ = oPZ∞ (1),

where û∗R
n ≡ v̂∗R

n /‖̂v∗R
n ‖sd and v̂∗R

n is computed in the same way as that in Sec-
tion 4.2, except that we use α̂Rn instead of α̂n.

| ‖̂v∗Rn ‖sd
‖̂v∗Rn ‖n�sd

− 1| = oPZ∞ (1) can be established in the same way as that of Theo-
rem 4.2(1). Also, following the proof of Theorem 4.2(1), we obtain∥∥∥∥ v̂∗R

n − v∗
n∥∥v∗

n

∥∥
∥∥∥∥= oPZ∞ (1)�

∥∥̂v∗R
n

∥∥∥∥v∗
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sd
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n
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∣∣∣∣= oPZ∞ (1)�
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This and Assumption 3.1(iv) imply that | 〈̂v∗Rn �̂v∗Rn −v∗n〉
‖̂v∗Rn ‖2

sd
| = oPZ∞ (1) and | 〈v∗n�̂v∗Rn −v∗n〉
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sd
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Thus ∥∥û∗R
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STEP 2: We show that under the null hypothesis,

Ŝn = √
nZn + oPZ∞ (1)(D.1)

≡ 1√
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(
dm(Xi�α0)
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By Step 1, it suffices to show that under the null hypothesis,
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By Lemma A.2(1) and the assumption that nδ2
n(Mnδs�n)

2κCn = o(1), we have√√√√n−1
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e � 1 by Step 1 and Assumptions A.7
and D.1. Therefore

Sn = 1√
n

n∑
i=1

(
dm̂

(
Xi� α̂

R
n

)
dα

[
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Assumption D.1(i) implies that
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And n−1
∑n

i=1 ‖�n(Xi� α̂Rn )‖2
e = OPZ∞ ((Mnδn)

2) by Lemma A.2(2). These re-
sults, Assumption D.1(i), and Assumption 4.1(iii) together lead to
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where the second equality is due to ‖û∗R
n − u∗

n‖ = OPZ∞ (ζn) (Assumption
D.1(iii)) and Assumption D.1(ii).

Since α̂Rn ∈Nosn wpa1 under the null hypothesis,
√
n〈u∗

n� α̂
R
n −α0〉 = oPZ∞ (1),

and by analogous calculations to those in the proof of Lemma A.3, we obtain

1√
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n∑
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(
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(
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)
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[
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n

])′
Σ(Xi)

−1�n
(
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R
n

)= √
nZn + oPZ∞ (1)�

and hence equation (D.1) holds. By Assumption 3.6(ii), we have: Ŝn ⇒N(0�1)
under the null hypothesis.

For Result (2), we now show that ŜBn also converges weakly (in the sense of
Bootstrap Section 5) to a standard normal under the null hypothesis. It suffices
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to show that

ŜBn = 1√
n

n∑
i=1

(ωi − 1)
(
dm(Xi�α0)

dα

[
u∗
n

])′
Σ(Xi)

−1ρ(Zi�α0)(D.2)

+ oPV∞|Z∞ (1) wpa1 (PZ∞)�

Note that �Bn (Xi� α̂
R
n ) − �n(Xi� α̂

R
n ) = m̂B(Xi�α0) − m̂(Xi�α0), and that

n−1
∑n

i=1 ‖m̂B(Xi�α0) − m̂(Xi�α0)‖2
e = OPV∞|Z∞ (Jn/n) wpa1 (PZ∞) (see the

proof of Lemma A.2). We have, by calculations similar to Step 2,∣∣∣∣∣ŜBn − 1√
n

n∑
i=1

(
dm

(
Xi� α̂

R
n
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dα
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−1
{
�Bn
(
Xi� α̂
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n

)− �n
(
Xi� α̂

R
n

)}∣∣∣∣∣
= oPV∞|Z∞ (1) wpa1 (PZ∞)�

By analogous calculations to those in the proof of Lemma A.3, we obtain
equation (D.2). This and Result (1) and Assumption Boot.3(ii) now imply that
under the null and conditional on the data, σ−1

ω Ŝ
B
n is also asymptotically stan-

dard normally distributed. The last part of Result (2) can be established in the
same way as that of Theorem 5.2(1), and is omitted. Q.E.D.
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