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BY NORBERT CHRISTOPEIT AND STEFAN G. N. HODERLEIN

IN THIS PAPER we provide additional material on four issues in the main text.
The first is an estimator for the covariance matrix ¥ in Theorem 3.2, precisely
defined in (A.15). The second concerns the claim that under our assumptions,
(3.5) and (3.6) are already implied. The third issue is the calculation of the
matrix V' in Remark 3.3 for general heteroscedasticity. The last issue is the
proof of Theorem 3.3.

1. AN ESTIMATOR FOR THE COVARIANCE MATRIX 3

Let 3}, denote the remaining components of 3, i.e.,

1
Sh= Gef(x)! ( ! ”1(“)

m(x) m(x)

y < 7 (x) w;’z(m) ( 1 m(:o)‘1
2 2 a

af(x) @y (x)) \mx) m(x)
with all quantities as defined in Assumptions 1 and 2. To estimate f(x), we
propose to use the standard kernel density estimator; to estimate m,(x) =
E{P!|X; = x}, v = 1,2, any standard nonparametric regression estimator,
e.g., local polynomials, will do. More delicate is the estimation of wjz(x) =
E(P!o>(X;, Z)IX; = x}, v = 1,2, and of 3*(x) = =y (x) = E{0*(X,, Z))|
Xi = x}.

However, estimators can be constructed as in Remark 3.6. Starting out with
an estimator for o?(X;, Z;), namely

-1
oX(X;, Z)) = [Z K; (X, Z,)] > KX, Zph*E,
I#] I#]

where all quantities are defined in the main text in Remark 3.6, recall that un-
dersmoothing is required. Finally, to obtain estimators for 77 2(x), v=0,1,2,

303X, ZDPILL(h™ (X — X))
Y L (X, — X))?

rv=0,1,2),

where L, is a standard, symmetric second order kernel and # is a pilot band-
width. Together with the discussion in Remark 3.6, this summarizes the esti-
mation of 3. In the case of general heteroscedasticity, localization in P is also
required.
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2. EQUATIONS (3.5) AND (3.6) ARE IMPLIED BY THE ASSUMPTIONS
We establish first the following lemma:
LEMMA SO: Let h(x, z, p) be a nonnegative measurable function such that

[h(x,z,p)dzdp < oo and [ p*h(x,z, p)dzdp < co. Then if h(x,z, p) >0
on a (z, p) set of positive Lebesgue measure and f(x) > 0,

Jh(x,z, p)dzdp [ p*h(x,z, p)dzdp - [fph(x,z,p)dzdp]2
f(x) f(x) f(x) ‘

PROOF: By the Cauchy-Schwarz inequality (in L*(dz, dp)),

(S2) [/ ph(x,z, p) dzde = [/ p«/ﬁ«/ﬁdzdp}z

§/p2hdzdp/hdzdp,

(S1)

with equality holding if and only if p~/& and v/ are linearly dependent, i.e., if
there exists a constant A such that

p*h(x, z, p) = Ah(x, z, p) fora.a.(z, p).

However, this is impossible if A(x,z, p) > 0 on a (z, p) set of positive
Lebesgue measure, so that strict inequality holds in (S2). Q.E.D.

Special cases—f (x, z, p) continuous density:

(i) h(x,z,p) = f(x,z,p) ~ [f(x,z, p)dzdp = f(x), so that (S1) be-
comes

[Pfx.z,p)dzdp [fpf(x,z, p)dzde
f(x) f(x) '

Alternatively, with

m(x) =E{P|X = x} = M’
f(x)
2
m(x) = E{PYX = x} = fpf(x—’l’)dp,
f(x)

the relation
m(x) > 7 (X)

holds (this is the first part of (3.5)).
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(i) h(x,z, p) =o*(x, 2)f(x, z, p) ~ (S1) becomes

[ (x,2)f(x,2)dz [ p*o?(x,2)f(x,z, p)dzdp
f(x) f(x)
. [fpa%x, 2f(x, 2, p)dzde
f(x) '

Alternatively, with

[o*(x,2)f(x,2)dz

7 (x) =] (x) =E{0*(X, Z)|X = x} =

f(x) ’
2
77 (1) = E{Po*(X, Z)|X = x) = L P DI 2, pydzdp.
fx)
_ [P (x,2)f(x, 2, p)dzdp

70 (x) =E{P*|X = x} o :

the relation
) (x) > 77 (x)°
holds (this is the first part of (3.6)).
Second parts of (3.5) and (3.6): By Bayes formula, o»(x) = 0 implies that

/az(x, 2)p—mx,2))*f(x,z, p)dzdp =0

or, a forteriori,
o*(x, 2)[p — m(x,2)P =0

for all (z, p) such that f(x, z, p) > 0. Hence, if 0%(x, z) > 0, p = m(x, z) for
all such (z, p), contradicting the assumption of a joint density f(x, z, p).

3. CALCULATION OF THE ¥ MATRIX FOR GENERAL HETEROSCEDASTICITY

In the case of unrestricted heteroscedasticity, we need the following slight
modification of Assumption 2:

ASSUMPTION 2': We have ]E{S,‘IX,’, Zi’ Pl} =(0and E{S?lXi, Zia Pl} = (TZ(Xi,
Z:, P;). The function o*(x, z, p) is positive, continuously differentiable with
respect to x in a neighborhood of x,, and SUP o<k o?(x,z, p) <8(z, p) for
some function 8(z, p) that satisfies [ 8(z, p)*y(z, p)dzdp < co. Moreover,
E|&;|** < oo for some k > 1.
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To start with, as in Appendix A.4 in the main text, we use the expansion

E{Uz(Xi, Ziapi)@iq);}
=E{o*(x0, Zi, P)®,d) +E{3x0'2(X;<, Z:, P)(X; — x0)D; D)}
= I/n + Rn,

where R, = O(h?).

Calculating the Entries of V,

The entries of V), are of the form

(S3)

PR B E (0, 7, P))

(with ¢/ = W (X — xo)*P"). To calculate these expected value, we need a vari-
ant of Corollary A.4 for 7(z, p) = 0*(x, z, p) instead of 7(z) = o?(xy, z).
From Lemmas A.2 and A.3 we obtain the expressions (S4)—(S6):

(84)

with

(85)

with

v(w,l,v,m) =R e r(Z, P) = h 'EEH1"1(Z, P)

T R A + OB, w+ v even,
oy, w+ v odd,

Az+m=//p’+’"7(z,p)f(x@,z, p)dzdp;

v(w, L, v,m)
=Egm'gnmr(Z, P)
=EW (X — x0)*P'7(Z, PYW(X — x,)"P"

[ B + 00 1),  both  and v even,
~ oy, uor v odd,

Bl,m:/’n-m(-xﬂaz)’n-[gz(x()a Z)f(xO,Z)dZ,

where now w;’z(x, z) is defined as a (continuous) version of the conditional
expectation E{P'7(Z, P)|X =x,Z=z}and 7, (x,z) =E{P'| X =x,Z =z} as
in the main text (for /, m € N) (note that, by definition of 7(z, p), 77,"2 (xg,2) =
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E{P'o*(X, Z,P)|X = xo, Z = 2});
(S6) v(w, 1, v, m)
=E&wlg™m1(Z, P)

=EW (X — x0)"P"1(Z, P)W (X — xo)*P!

— hM+V_1 K;,LKVBm,l + 0(hp+v—l)’ bOth 2 and v even,
|l oy, w or v odd.

By (A.1),
(S7) E{éwlégrmr(Z, P)\WZ} = héwl&mE{W T(Z, P)IW Z)
= hgmlE W (Z)

= {rlgnmT(Z)
with
) ol 7z, ) (x, 2, p) dxdp
[ f(x, 2) dx
Whereas
12
numerator = h // 7(z, p)f(x0+ hs, z, p)dsdp
-1/2
= h/ 7(z, p)f (x0, z, p)dp + O(h?),
denominator = hf (xy) + O(h?),
we obtain

7(2) = f(x0)™ / 7(z, p)f(xo, 2, p)dp+O(*).

T0(2)
Inserting into (S7) and taking expectation yields
(S8)  E{gr'gmn(Z, P} = E{&-&"[m(2) + O(h")]}
=E{én1gmmy(2)} + O,

provided the interchange of limit and expectation is justified. Now the first
term on the right-hand side of (S8) can be calculated as in Corollary A.4, with
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7(z) replaced by 7y(z):

E{¢nlérmry(2)}

_ [ ke, B, + o(h* ), both w and v even,
~ oy, wor v odd,

with
B?,m=/To(2)m(xO,Z)7Tm(xO,Z)f(xO,Z)dZ-

Hence
(S9) v, l,v,m)
=E{¢wlémmr(Z, P)}

_ [ A kK, By, 4+ o(h*7Y), both w and v even,
oy, wor v odd.

Putting (S4)—(S6) and (S9) together, we can calculate

Wyt = E(E* — En0) (£ — &) 7(Z, P),
noting that

Wt = V(e 1, v, m) = v(p, 1, 7570) = v(w, L, v, m) + v(pa, 1, 7,770).
When u=v =1 and / = m = 0 (corresponding to entry (1, 1) of 1}),
(S10)  wyypo = hky Ay + O(H?),

Ay ://7(2, p)f(xo,z, p)dzdp;
when u=1,v=0,/=0,and m =1 (entry (1, 2)),

Wi = O(h);
when u=v=1,/=0,and m =1 (entry (1, 3)),
(S11)  wyo = hky Ay + O(h?),

A1=//p7(z, p)f(xo, 2, p)dzdp:;

when u=v=0and/=m=1 (entry (2, 2)),
woor1 =h (A, — 2By, + B(1),1) +o(h™)
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with
(S12) A, —2B;;+ B(fyl = f / p*1(z, p)f(xo,z, p)dzdp

2 / (o, )77 (X0, 2)f (X0, 2) dz

+ / To(2) 7} (X0, 2) f (X0, 2) dz;

when p=0,v=1,and / =m =1 (entry (2, 3)),
wor1 = O(h);
when u=v=1and /=m=1 (entry (3, 3)),
(S13)  wyy = hk, Ay + O(K?),
A, ://pzf(z, p)f(xo,z, p)dzdp.

Taking account of (S3), we find that

hiky Ag + O(h2) O(h?) hiky Aq 4+ O(h?)
V, = * h(Ay —2By 1 +BY )+ O(h) O(h?)
* * hiy Ay + O(h?)

and hence V' = (nh)~' >/, V; is of the form

K2 Ao 0 Ky Ay
(S14) V:( x  A,—2B,+B), 0 )
k % K2A2

Introduce the notation (for v € N)
T (x,z)=R{6*(X,Z,P)| X =x,Z =z},
o' (x) =E{c*(X, Z,P)|X = x},
77 (x) =E{P"0*(X, Z, P)| X = x},
T2 (x) = m¢ (x0) — 2B{m (X, Z)m? (X, Z)|X = xo)
+E{7*(X, Z)m (X, Z)|X = xo}.

Evaluate the constants according to (S10)—(S13), making use of the relations

//QD(X(),Z, p)f(x(), z, p)dde:E{QD(X, 25 P)|X=x0}f(x0),
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/ (X0, 2, p)f (os 2, p) dp = E{@(X, Z, )X = x0, Z = 2} (x0),

ro(2) = f(x0)”" / (2, p)f (%0, 2, p)dp

=E{c*(X,Z,P)|X =x,, Z =2z).

The result is

AO=//T(Z, p)f(x0,z, p)dzdp
= ]E{O'Z(X, Z, P)|X = x0}f(x0)
=7 (x0) f(x0),

ai= [ [ pree.pif ez, prdzdp
=E{Po*(X, Z, P)|X = xo}f (x0)
= 77" (x0) f (x0),

= [ [ prczppf oz, prdzap
=E{P?c*(X, Z,P)| X =x0}f(x0)
= 75" (x0)f (x0),

By = f (X, 2)7 (X0, 2) f (X0, 2) dz
=E{m(X, Z)m (X, 2)1X = xo}f (x0),

B}, :/ro(z)wf(xo,z)f(xo, z)dz

=E{r(Z)m} (X, Z)|X = x} f (x0)
=E{0*(X, Z)m (X, Z)|X = xo}f (xo),
Ay, — 2By, + B},
= fxo) [ (x0) = 2B{m (X, Z)m? (X, Z)1X = x,}
+E{d(X, Z2)m (X, Z)| X = xo}]

:an(xo)-
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So, finally,
7 (x0) 0 77 (Xo)
(S15) V= kyf (x0) * Ky T r(X0) 0
* * W{z(xo)

This illustrates that the structure of the matrix remains preserved, but with
all quantities redefined to take account of the dependence on p. Note that if
o*(x, z, p) is independent of p, all entries of (S15) reduce to the correspond-
ing entries of (A.13) in the main text.

4. PROOF OF THEOREM 3.3
4.1. General Structure

In this section we will establish conditions under which the effect of preesti-
mation is of lower order than the leading bias term. In particular, we are inter-
ested in the difference between the infeasible estimator that contains unknown
conditional expectations,

n -1 n
6, = [Z @@;} Y PV,
i=1 i=1

where @; = [U,, Qu;, O1;] with U;, Qy;, and Qy; as defined in the main paper,
and an estimator that contains preestimators for these conditional expecta-
tions, denoted as

n -1y
b~ [Z 5@;} 67
i=1 i=1

Without further mention, the assumptions of Theorem 3.4 are valid. The struc-
ture of the proof is as follows: In the second section, we decompose the differ-
ence 6, — 6, into an expression that involves individual differences between
infeasible and feasible quantities. For instance, let A, = (nh)~' Y U;V; and

A = (nh)=* ", U.V,. One individual difference is then

A= A= ()™ Y IOV - UV,

i=1

Corresponding to the nine separate entries in 6,,, there will be eight additional
differences A; — A;, j =2, ..., 9. In the third section we will derive the rates of
convergence for these various differences in detail. First we treat the difference
A1 — Ay in detail. This is done in Lemmas S.1 and S.2. Second, in Lemma S.3
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we present the analogous results for the differences /Xj — A, j=2,...,9. Fi-
nally, in the last section which contains Lemmas S.4 and S.5, we synthesize the
lemmas to produce the result for the overall estimator.

4.2. The Structure of the Difference 6, — 0,

In this section we break the estimators into their individual components.
To this end, define )\2 = (l’ll’l)_l Z?:l QliI/i7 )\3 = (nh)_l Z?:l Q(]il/ia )\4 =
(nh) ' U2, As = () Y UiQuy Ag = () Y0, Q% As = h™' x
(nh)™' 30 UiQuiy As = h™ (nh)™' 377, Q0 Qyi, and Ao = (nh) ™' 3", OF;. The
reason for including 2! in the definition of A; and Ag is that only then are both
random variables O, (1) like all the others. With this notation, rewrite 6, as

MAs—AoAs+hAg IA3As s —A3A6 A71+h2AG Mo A7 Ag— A1 AZ]
M hg—A2+h2A5 205 A7 05— Ag A3 A6 A2]

)\;1 [)\3)\4)\67)\3)\24»11[/\1 ()\5 )\87/\6)\7)+)\2()\5)\77)\4)\8)]]
A ho=A2+h2A5 205 A7 05— A4 A3 A6 A2]

D
=
|

Mg —A1As+hAg A3 50— A3 g Ag 102 Ag A A dg — A A2
A hg=A2+h20g 205 A7 05— A4 A3 A6 A2]

Now, let A = (A1, ..., Ag). Then 6, = ¢(A)"'()), where ¢(A) is the denom-
inator, i.e., Agds — A2 + A2A5 ' [2A5h745 — AA2 — AgA2], and (M) is the 3 x 1
vector of numerators. Finally, let the differences A; — A, j=1,...,9, be de-
fined in the obvious fashion by replacing conditional expectations with suitable
estimators. Then
6, — b, = (V)P (V) — e(N) P (R)
=[e(MeMT o) — e(MIP M) + e D) '[P (A) — p (V).
Because (p(/):) =¢@(A) +0,(1) and @(X) as well as (A) are O,(1), the crucial
differences are s (A) — lﬁ(/):) and go(’)() — @(A). Start with the differences for the
estimators for the first derivative k’, i.e., 6; — 6;, where the subscript denotes
the first component. With ¢; denoting the first component of ¢, we obtain
1A — 1 (A)
= (A X = AAg) — (AAs — AzAs)
+ h(Aghy) ™! {//\\9[/\3)\5/\8 — X3AsAq] = Ao[A3AsAg — /X3/X6/X7]}
+ B (Ahe) " Aol AaArAs — MAT] = Ao[Aahshs — A A

Consider in turn the first difference on the right-hand side, that is,

AiAs — A A = Ay (Ag — Ag) + Ag(A — Ap).
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Because ’):6 =As+0,(1),
A1As _,}\\l/xﬁ =0,(\ —/X1) +0,(Aq —Xﬁ)-

Similarly, the second expression in brackets on the right-hand side is of order
O,(A; — A2) + O,(As — As), while the third is of order

h{O,(As = A3) + O, (As = As5) + O, (As — As) + O, (Ao — A9)}

and the fourth is of order /4? times the order of the slowest converging compo-
nent. By similar arguments for the denominator, we obtain that
61— 6, = 0,(A; = X)) + O, (h(Ae — A0)
(j=1,2,4,5,6,k=3,7,8,9).
At this point, it is imperative to note that j covers only those terms that are
free of Qy;, while terms that involve Q,; enter only with an additional 4. The
same applies for the difference in the estimators of the second derivative g'.
Finally, note that the difference between the estimators of the function 47'g,
ie., 6, — 92, behaves differently. Because 6, = h~'g, we obtain
g —&=0,(h(}; = 1)) + 0, (I (N = X))
(j=3,4,5,6,9,k=1,2,7,8).

4.3. The Behavior of the Differences /X, —A,j=1,...,9
4.3.1. The behavior of//\\l -\

In this subsection we will concentrate on the difference ’):1 — A;. This differ-
ence may be rewritten as

(nh)™! (Z uvi-Yy. OJZ) = Ti+ Ton + T,
i=1 i=1

where Ty, = (nh)™' Y US;, T, = (nh)™'Y"_ ViG; and T3, = (nh)™' x
Y0 S:Gy, with S; = E[W,Y||W,Z,] — E[W,Y)|WZ,] and G, = E[W,.X,|W,Z] —
E[W,X;|W,Z,;]. We will establish in Lemma S.1 conditions under which T3, con-
verges faster than the leading bias term, i.e., is 0,(h?). More precisely:

LEMMA S.1: We have Ty, = 0,(h?) § WO W R (nh(‘M)/zh(‘”1)/2)*1fr2 X
p 0 1 0 1
In(n) = o(1).
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In the following lemmas we establish that under the same conditions 73,
dominates 7y, and 75, asymptotically. Intuitively, this is due to the independent
and identically distributed structure of the data. The terms U; and S; (as well as
V; ind G,) are almost uncorrelated, because only the ith observation contained
in E[W;Y;|W;Z,] is a potential source of correlation. However, this observation
has only influence of order n~!.

LEMMA S.2: Under the same assumptions, Ty, and T, are 0,(T3,).

4.3.2. The differences ’):j —A,j=2,...,9

In this subsection we focus on the speed of convergence of the remaining
differences. By closer inspection, we see that all individual differences have
approximately the same structure. In particular, it is true that we may always
decompose these expressions into a product of the difference between two esti-
mators that depend on all observations and on an “observation i only” residual.
By the same argument as in Lemma S.2, we may hence focus on the terms that
involve the product of two estimation errors, i.e.,

(EIW, A,\W, Z;) — EIW, A |W, Z;)) (BIW;B;|W, Z;) — EIW,B:|W; Z:])

for A;, B; € {X,, Y;, P;, P;(X; — x¢)}. The following lemma summarizes the re-
sults, which follow similar arguments as in Lemma S.1.

LEMMA S.3: The difference /):j — A; is of order 0,(h?) if

for j=2, BUBFR7 4 (nhVPRER) R Ingn) = o(1);

for j=3, h;l h;zh—S + (nhid+1)/2h;d+l)/2)_lh_3 In(n) = o(1);
for j=4, H"" +nh{*) " n(n) = o(1);

for j=5, hR2T 4 (kPP rh ) T ngn) = o(1);
for j=6, "+ @nh{) " n(n) =o(1);

. ro=lygrg -3 (d+1)/2 3 (d+3)/2\=1; 3 _ .
for j=7, hy hih™+ (nh0 h, ) h~In(n) =o0(1);
for j=8, RZRF'h7 4 (nhSVPRER) S Inen) = o(1);
for j=9, KR4+ @A) h 2 In(n) = o(1).

Note that for j = 4,5, 6, these conditions are always fulfilled; only j =
1,2,3,7,8,9 are restrictive. In particular, j =3, 7, 8 are hard to fulfill but they
enter only premultiplied by /4 and thus have an impact on the overall expres-
sion similar to j =1, 2, 9.
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4.4. Synthesizing the Results

In this section we derive the implications of the speed of convergence of the
various individual differences for the components of the estimators. Start with
the estimators for the derivatives k&’ and g’

LEMMA S.4: We have (8, — 0y, 6; — 0;) = 0,(h?) if

Z Z{h;s—lh;l + (nh§d+3)/2h§d+1)/2)*l ln(n)} — o(h?).

s=0,3t=1,2

Similarly, for the estimators of the function g, we can state:

LEMMA S.5: We have § — g =0, if K'h? + (nh\"™ ") n(n) =
o(h?).

Both proofs are trivial and left to the reader. The only thing to notice in the
proofs is that although some of the terms disappear always if mean squared
error optimal rates for the choice of bandwidth are assumed (e.g., j =4, 5, 6),
others are dominated by the leading terms displayed. This concludes the re-
sults.

4.5. Proofs

PROOF OF LEMMA S.1: Suppressing the subscript on fi,», r;z? _; for ease of
notation, rewrite

B J(Otf(t, 2)de  [T(0Otf(t, z) dr
Ty, = | [ i) [f / _ }
’ /[ ) (I f,2de  JIDOf(t,z)dt

5 [jj(t)ﬁz}f(t, 2)dt  [I(Om(t, 2)f(t, z)dt
I f, 2)dt JIDf(, z)dt

:|ﬁ(dx, dz),

where we use the shorthand J () = 1y,_y;<n2 and F is the empirical cumula-
tive distribution function of X; and Z;. Next, consider

[I()tf(t, 2)dt I, z)di
[If,zde  [IDOf(t,2)dt

_ [0 —x)lft2) — f(t, 1de [T f (1, 2) di
(JIDF @, 2)d? + [TOLf (1, 2) = f(t, D1de [T(0)f (1, 2) di

_ / Tt = x0)f(t, 2) dt / JWOLf(t, 2) — f(t, 2)1dt
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x <</ J()f(t, z)dt>2

~1
+ / JOUf(t, 2) — f(1, ) dt / J(Of, z)dr) .

By standard arguments,

/](t)f(ta Z) dt = hf(X(), Z) + h371,
/J(t)(t —x0)f(t,2)dt =R 3, f(x0, 2) + h*ya,

where |yi| = | [@*K() &2 f(,, 2)dy| and |ya| = | [*K () 2 f (P, 2) d|

are bounded by csup, . |3 f(x, z)|. Here c is a generic constant. Analogously,

/ FOU 2 — £t 2 dt = hif (e, 2) — Fxo, D)1+ o,

/ Tt = x)f (8, 2) — f(t, 2)1dt

= B[, f (X0, 2) — 0 f (X0, 2)] + h* o,
where

n= / WKW f W, 2) — 2 f Wy, 2)]di,

n= / WKW f W, 2) — 2 f Wy, 2)]di,

and 1], 2| < csup, |02 f — 2| = O0,(hy 7 + (In(n)/nh{**)"?). Therefore,

(S16) JIWif,zydt  [IWif (i, 2)d1
[IOft,zyde [IDOF@ 2 d1

_ 0 (x0,2) = 0uf (x0, 2)1f (X0, 2) + 6
F(xo, DIf (X0, 2) + [f (X0, 2) = f (X0, DN+ 7

where sup, _ 0] = 0,(h*sup, , |ﬁxf(x, z) — dxf(x,2)|) and sup, _ |7| = O,(h?).
Hence, with probability approaching 1, |7| < d for a constant d > 0. Moreover,
|f(x,z) — f(x, z)| < b/2 with probability approaching 1, and |f(x, z)| > b due
to the assumption of continuously distributed random variables with compact
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support. Thus, | f(xo, 2)[f (X0, 2) +[f (X0, 2) — f (x0, 2)11| = b*/2, and by choos-
ing d = b?/4, the denominator is bounded from below by b*/4.
By similar derivations,

[IWmft,z)dt  [It)ym(t, 2)f(t,2) dt
[Inf, z)de JInft, z)dt

= (mf (xo, 2) — mf (x0, 2) + V([f (X0, 2) + Py
+ [ (x0, 2) + Pyl (xo, 2) — £ (x0, 21+ P2mi])

where sup,  [A| = 0,(sup, , |r/n7(x, z) — mf (x, z)|). Using (S16) and (S17), as
well as the boundedness of the denominator, we obtain

(S17)

17551 SC//h]J(x)lﬁxf(xo,Z)—ﬁxf(xo,z)l

X |n//l?(x07 Z) _mf(x07z)|ﬁ(dx’ dZ) +Rn7

where R, contains faster converging terms that involve 6 and A. Then
|Ts,| < csupldsf — dyf] supln/ﬁ‘ — mf| / / h='J(x)F(dx,dz) + R,.

Finally, after change of variables, [ [ A~'J (x)F(dx, dz) is bounded by ﬂxo, z).
Hence, employing standard results, we obtain that T, = O,(hY 'K} +
(nh{"P R n(n)). Thus, Ty, = o,(h*) if hg”ilh?h’z + (nh{"? x
R h2n(n) = o(1). Q.E.D.

PROOF OF LEMMA S.2: Consider first Tj,. Instead of T;,, we will con-
sider T}, where T}, = (nh)™' Y U;S and

1n>
[ JImf-(t,Zydt — [J(Om(t, Z)f(t, Z»dt]
[I()fit, Zydt + ne JInft, Z)dt
contains an additional n~%, with « > 0. Note that in this case

Ty~ T,

Sr=W

1

= (nh)' Y UIS; - S}
i=1
ety Z U JI(tmf-(t, Z)) dt
= JIOf it Zydi+ ] [ IO f (e, Zp) di

= Op(Tln)a
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provided that 7 = o(n*). This is done to ensure that in the following calcula-
tions all expectations exist.

Note that due to Lemma 3.1, S¥ is F,,-measurable, where F, = o(W;{_;) and
g—i = (X1, ,X,‘,l,Xi+1, e ,Xn, Z1, ey Zn; Y1, ey Yi,1, Yi+1, ceey Yn) The
—i indicates that the sigma algebra does not contain Y; and X;. Then

E{(W.X; — EIW.X,|W,Z])S;} =0
by iterated expectations. Turning to the variance, this is
UiS;S;:U; }

(S18) V{Z%} =E{ZWZJ

ij

U2Ss:? UiS; S;U;
- E{Z n’h? } + E{ZZ n2h? }
i i,j>Ii
In Step 1, we treat the second right-hand side term in (S18); in Step 2, we treat
the first.

Step 1: Rewrite the second term as

2(nh*)?
[ [IOmf_(t, Z)dt [I(Omf(t, Z;) dt]
BT ()] E -
X,Z { © (”[ [Tt Zydi 4o JIOF(L Z)dt

X[ fJ(tA)Vﬁ_,(t,Zj)dt - fJ(t)mf(t,Zj)dt]Ui }
[IWf i, Zydt+ne  [TOf(L, Z))dt s

where, in a slight abuse of notation, we write J(i) = J(X;). Denote F_;, =
oW, ..., Wil ..., W, (). By iterated expectations,

(S19)  2(nh*)7?

[ JIomf (t, Zyde  [I@mf(t, Zi) dr]
E3J()J ~ -
X,Z { ® (”[ [IOF At Zodt+ne JIOf(t Zodt

EH f](tA)n/z?_j(t,Zj)dt

f](t)f_j(t, Zj) dt+n—«
_fJ(t)mf(t,Zj)dt} } }
[I(Of(t, Zpadt U7 Uiy
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The whole expression would be zero if r/n? _; and f:j were not functions of
(X;, Y;) and X, respectively. To see this, note first that in this case S; would be
JF_; ,-measurable; second note that

E[UI|F ] = E[W.X; — EIW.X\\W.Z || F_;,] =0,

due to independence and identical distribution. Hence, the entire dependence
hinges only on mff (nh{*™H=' 3" K (t, )Y, where K;(t, j) = K(h;'
(Xs—1), hy Yz, — Z;)), depending on X; and Y;. Applying the decomposition
yields

mf_(t, Z) =mf_;(t, Z)) + (nhT) K (2, pim(Xo, Z) + &),
where n@?f@j} is (nh{*)™' Y., K;(t, )Y, i.e., does not have normalization
((n — 1)A™=1. Applying a similar type of decomposition to f: i(t, Z;), then
JIWmf_(t, Z)) dt
JIOf 5, Zydt +n

f— fJ(t)n//l?‘—(L,j)(ty Zl)dt
fJ(t)f—(i,n(t, Z)dt+n—«

+ (nhI™ O + O + 051,

where

-1
O = [ f TOf (¢, Zoydi + n-“} / JWOK (4, ym(Xs, Z2) dt,

-1
0, = [ [1wf . zya +n“} 1wk e,

Oy = —[(/J(t)f,-(t, Z)dt + n‘“)
. -1
X (/ J(l‘)f_(,”j)(l’, Z[)dt +l’la):|

x /J(t)n’;?(i,j)(t, Zi)dt/](t)K;*(t,j) dt.

and

Note that all of Qy;, Oy, and Q5; are F_;, = oW {_j, ..., Wil j, ..., W,{_))-

measurable, because they do not depend on Y; and X;. Because the leadmg
term mf an(tZp/ f ap(t, Z;) is not a functlon of i anymore, if substituted
into the summation (S18), the corresponding expression has expectation zero
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as mentioned above. Thus, (S19) becomes

(S20)

nhth
[ JIomf_(t,Zydt  [I@mf(t, Z;) dt]
EdJ ()] k -
X; { @ (])[fJ(t)f_,-(t, Zydt+n—e  [JWOf(t, Z)dt

X [Qhi + Oni + Q3i]Uin}~

Applying again the law of iterated expectations, but now with F_; ,, yields
n] 2n—4(h2hd+l)—
X ZE J(DI(PIQ1i + Qi + Q31101 + Qs + 031U, U L.
ij>i

All terms that contain &;, e.g., Y, i E{ J(z)](])QleUU U}, can be eliminated
by an iterated expectations argument using a sigma algebra that contains all
variables other than Y;. The same holds true for terms that contain ;. Hence
we are left with the four terms that involve Qy, and Qs;, kK =i, j, only. Pick a
typical term:

P, =2n"*(W*hi*1)~2 Z]E:J(i)J(j)m(X,-, Zoym(X;, Z;)
L,j>1
f](t)K*(t i)dt JI(OK;(t, j)dt
f](t)f i(t, Z)dt +n—~ fJ(t)f (t, Z)dt +n—=

Then write P, = P,; — P,,, where

U,-Uj}.

Py = 2n4(h2h;i+1)ZZE{J(i)J(j)m(Xi, Zym(X;, Z;)
i,j>1i
“TIOF G Zyder e JHof . Zydien =" f}

and
P, =2n" (W) 2 ZE{J(i)J( pmX;, Zom(X;, Z;)
i,j>i
jJ(t)K*(t z)dtf](t)[f i(t, Z)) — f(t, Z))]dt
[fJ(t)f (t, Zydt+n=] [J()f(t, Z;)dt
L JIOK: @, pdt [IOIf-(t Z) - f(t, Zpdr U}‘
T f jt, Zydt+n) [T(Oft, Zode
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Assume for simplicity a product kernel, so that K;(¢,j) = K;(X; — t) x
K,(Z; — Z;), and consider P,

(521) E{J(i)-](j)m(Xi,Zi)m(Xj,Zj)

JIMK(X;—tydt  [J(OK(X; —t)dt
JIWOft, Zydt+n—= [J()f(t, Z;)dt +n~

x (Ky(Z; — Zj))zUin}

=h2///Jlu,-—xo|<h/zlm(x/,zj)so(x,-,z,-)(x,-—xo)f(xj|zj)dxj

x / Lwj—xol<hym(Xi, Z) @ (X4, 2:) (x; — X0) f(x4]2;) dx;

x (Ky(z; — z;))* dF (z;) dF (z;) + R,,
where ¢(x;,z;) =[[J(O)f(t, Z)dt +n~1"" [J(t)K,(X; — t)dt and R, con-
tains the Op(hz) terms in the approximation, i.e., v; in U; = Wi(X; — xo +
h*v(X))), with sup, . |v| = csup, . 1d.f(x,z)]. From the right-hand side
of (S21), after change of variables (x; — x¢) = ¥ ;h, it is tedious but straightfor-
ward to show that P,; = O((nh*t")~?).

Next, consider a typical element P,(i,j) in P, = 2n~*(h*h¢)~2 x
>ij-i Pr2(i, j). By similar arguments as in Step 1,

/ TOUF (8, Z0) = [ty ZoVdit = hf xo, Z2) — fCros Z01+ By,

where we suppress the indices as f:i = ﬁj = f in large samples. Hence, the
leading term is

[Pl DI < E{J(i)](j)|m(Xi, Zi)m(Xj, Zj)d)(Xi, Xj, Z, Zj)|
x [f(x0, Zi) = f (X0, ZOIf (x05 Z) — f(x0, ZNUANU 1},
where

(822) d)(Xi: Xj7Zi7 Z])

= <h2/J(z)K1(X, - t)dt/](t)Kl(Xi — 1) dt[Ky(Zi — Zj)]2>

X ([/J(t)f(t, Z,-)dt+n“]/](t)f(t, Z;)dt
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R -1
X /J(t)f(t, Z,-)dt[/](t)f(t, Z,-)dt-i—n“])

= (h2 / J(OHK(X;—1)dt / J(OK(X; —t)dt[K,(Z; —Z_,)]Z)

2
([ f Jof, Z;)dr}
-1
N ( / TOU G Z) — f(t, Z))di + na) / Twf, z,odr)

2
{ / IOt Z) dr]

-1
+ (/J(t)[f(t, Z)—f(, Z;)]dt+n“)/1(t)f(t, Zi)dt)

and we assume again for simplicity K; (¢, j) = K{(X; — ) K>(Z; — Z;). Applying
the Cauchy-Schwarz inequality, we obtain that

|Pali, )| < EIGELGLE(f — F19'2,
where ¢, = ¢ (X, X;, Z;, Z;), and
E[G}] =E[J()J(Hm(X;, Z)*'m(X;, Z))*U}U;]
= / / / Ly wgrznmym(X;, 2) (6 = x0)* f(x;12)) dx;
X / Ljix;—xg1<hy2y (X5, zi)4(x,» — x0)4

x f(xi|z;)dx; dF(z;) dF (z;) + R,,

where R, contains the higher order terms in the approximation U; = W;(X; —
X0+ h*v(X))). By standard arguments, E[G}]"/* = O(h*?). Next, the following
expression in the denominator of (S22) can be bounded by

[[/J(t)f(t, Z,-)a.’t]2

1
+ f TOLft, Zo) — ¢, Z)1d / JOf, Z,«)dt}

[h2f<xo, Zo[f (0, Z0) + 1f (%0, Zi) = f(x0, ZON] + 1"+ 7]

=n
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Proceeding analogously for the other terms in (S22), we obtain after change
of variables that |¢),j| < h*n**. Hence, E[¢2 14 < h2n®. Thus, P, = O(n® x

(nh=2h=12E(|f — f|*)"/2), and this term converges under general assump-
tions faster than P,;. Hence, we obtain that P, = O((nh‘”l) 1). Similar argu-
ments apply to all other terms in (S20) and hence the behavior of the second
term is clarified.

Step 2: Turning to the first term in (S18),
(n2h2)-1E{Z UfS;*z} (n*h?)~ Z]E[UZS*Z

and

E[U2S*] < E[U'*E[S:*]'72.
Note that E[U!]'* = O(h*/*) and E[S*]'/* < nza]Eﬂ[[mf mf1*]"/? by the same
arguments as in Step 1. Consequently,

(n2h2 1E{ZU2S*2} nz"n_lhl/z(hzrl—l—(nhdﬂ) ))

Hence, the first term in (S18) is T, = O,((n'* )7 'h'*h! +
YA (n'=h (")) To see that T, = 0,(Ty3), set n® ~ h=2. Then this is the
case under our assumptions. Finally, by similar arguments, 7,, = 0,(T,3) and
this completes the second step. Q.E.D.



