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THIS SUPPLEMENTAL MATERIAL contains the proofs of Lemmas A.1 and A.2
in Section SM.1 (ill-posedness), and Lemma A.3 in Section SM.2 (consis-
tency). Section SM.2 also establishes existence of the Q-TiR estimator. Sec-
tion SM.3 provides the Frechet derivative of operator A and a characteriza-
tion of its adjoints. Lemmas A.4–A.11 are proved in Section SM.4 (asymptotic
distribution) and Lemmas A.12–A.15 are proved in Section SM.5 (estimation
of the asymptotic variance). In Section SM.6, we characterize the asymptotic
MISE. In Section SM.7, we provide an example of a NIVQR model, and de-
rive the spectrum of ÃA (Remark 1), the spectrum of A∗A (Remark 2), and
the asymptotic behavior of the variance function (Remark 3). To streamline
the presentation, we gather the proofs of the secondary technical Lemmas
B.1–B.15 and C.1–C.10 at the end of this technical report (Section SM.8).
Equation labels that do not include SM refer to the main paper. To simplify
the proofs, we adopt a product kernel in the estimation of the density of
(X�Y�Z) in R

d . We use the generic notation K for both the d-dimensional
product kernel and each of its components. We take C as a generic con-
stant.

SM.1. ILL-POSEDNESS

SM.1.1. Proof of Lemma A.1

Take a sequence (ϕn) as in condition (ii). Since ϕn � ϕ0, without loss
of generality (w.l.o.g.) we can assume that ‖ϕn − ϕ0‖ ≥ ε for some 0 <
ε < r (otherwise take a subsequence). Since A is compact (condition (i))
and (ϕn) is bounded, the sequence A(ϕn) admits a convergent subsequence

A(ϕm(n))→ ξ. Since the weak limit is unique, we have ξ = A(ϕ0). Thus
A(ϕm(n))→ A(ϕ0) and Q∞(ϕm(n))→ 0, but ‖ϕm(n) −ϕ0‖ ≥ ε, hence the stated
result follows.

SM.1.2. Proof of Lemma A.2

We have to show that A maps closed sets into relatively compact sets.
Let S ⊂ L2[0�1] be bounded. We have to prove that the closure of A(S) ⊂
L2(FZ� τ) is compact. We can equivalently use ‖ · ‖L2(FZ�τ)

or ‖ · ‖L2(FZ)
�

Proposition 2.24 in Alt (1992) states that A(S) is relatively compact if and
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only if

sup
ϕ∈S

‖A(ϕ)‖L2(FZ)
<∞�(SM.1)

sup
ϕ∈S

‖A(ϕ)(· + h)− A(ϕ)‖L2(FZ)
→ 0 as |h| → 0�(SM.2)

and

sup
ϕ∈S

∥∥A(ϕ) ·χ
R
dZ \BR(0)

∥∥
L2(FZ)

→ 0 as R↗ ∞�(SM.3)

where χ
R
dZ \BR(0)(z) := 1{z ∈ R

dZ \BR(0)} and BR(0) is a ball in R
dZ of radius R

around 0. To prove (SM.1), notice that for any z,

|A(ϕ)(z)| =
∫

X
fX|Z(x|z)FU |X�Z

(
g−1(x�ϕ(x))|x�z)dx(SM.4)

≤
∫

X
fX|Z(x|z)dx= 1�

Thus ‖A(ϕ)‖L2(FZ)
≤ 1 for any ϕ ∈ L2[0�1] and (SM.1) follows. To prove

(SM.2), we use

|A(ϕ)(z+ h)− A(ϕ)(z)|
≤
∫

X

∣∣fX|Z(x|z+ h)− fX|Z(x|z)∣∣FU |X�Z
(
g−1(x�ϕ(x))|x�z+ h

)
dx

+
∫

X
fX|Z(x|z)∣∣FU |X�Z

(
g−1(x�ϕ(x))|x�z+ h

)
− FU |X�Z

(
g−1(x�ϕ(x))|x�z)∣∣dx

≤ C|h|�
whereC := supu�x�z |∇zFU |X�Z(u|x�z)|fX|Z(x|z)+supx�z |∇zfX|Z(x|z)|<∞ from
Assumption A.3(ii) and (iii). Thus we get

‖A(ϕ)(· + h)− A(ϕ)‖L2(FZ)
≤ C|h| → 0 as h→ 0�(SM.5)

uniformly in ϕ ∈L2[0�1]. Thus, (SM.2) is proved. Finally, from (SM.4), we get
that for ϕ ∈L2[0�1],

∥∥A(ϕ) ·χ
R
dZ \BR(0)

∥∥2

L2(FZ)
≤
∫

R
dZ \BR(0)

fZ(z)dz → 0 as R↗ ∞�

This implies (SM.3) and that A is compact.
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SM.2. CONSISTENCY

SM.2.1. Existence of the Q-TiR Estimator

Since QT(ϕ)= 1
Tτ(1−τ)

∑T

t=1 m̂(ϕ�Zt)
2 is positive, a function ϕ̂ ∈Θ minimizes

QT(ϕ)+ λT‖ϕ‖2
H if and only if

ϕ̂= arg inf
ϕ∈Θ

QT(ϕ)+ λT‖ϕ‖2
H such that λT‖ϕ‖2

H ≤LT(ϕ0)�(SM.6)

The solution ϕ̂ in (SM.6) exists P-a.s. since (i) mapping ϕ → ‖ϕ‖2
H is lower

semicontinuous on Hl[0�1] w.r.t. the norm ‖ · ‖ (see Reed and Simon (1980,
p. 358)) and mapping ϕ→QT(ϕ) is continuous on Θ w.r.t. the norm ‖ · ‖, P-
a.s., for any T , and (ii) set {ϕ ∈ Θ :‖ϕ‖2

H ≤ L̄} is compact w.r.t. the norm ‖ · ‖
for any constant 0 < L̄ < ∞ (compact embedding theorem; see Adams and
Fournier (2003)).

SM.2.2. Proof of Lemma A.3

(i) We use the following lemma, which is proved by extending an argument
in Hansen (2008).

LEMMA B.1: Under Assumptions A.1, A.2, and A.3(iii),

sup
x∈[0�1]�y∈R�z∈Z

∣∣f̂X|Z(x|z)F̂Y |X�Z(y|x�z)− fX|Z(x|z)FY |X�Z(y|x�z)
∣∣2

=Op(aT )�

where aT := logT

Th
dZ+1
T

+ h2m
T .

We have QT(ϕ0) − Q∞(ϕ0) = 1
Tτ(1−τ)

∑T

t=1 �m̂(ϕ0�Zt)
2, where �m̂(ϕ� ·) :=

m̂(ϕ� ·)−m(ϕ� ·). Furthermore,

|�m̂(ϕ� ·)| ≤
∫

X

∣∣f̂X|Z(x|·)F̂Y |X�Z(ϕ(x)|x� ·)(SM.7)

− fX|Z(x|·)FY |X�Z(ϕ(x)|x� ·)
∣∣dx

≤ sup
x∈[0�1]�y∈R

∣∣f̂X|Z(x|·)F̂Y |X�Z(y|x� ·)

− fX|Z(x|·)FY |X�Z(y|x� ·)
∣∣

uniformly in ϕ ∈Θ. Then (i) follows from Lemma B.1.
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(ii) Using m̂(ϕ� ·)= �m̂(ϕ� ·)+m(ϕ� ·), we have

QT(ϕ)−Q∞(ϕ)= 1
Tτ(1 − τ)

T∑
t=1

�m̂(ϕ�Zt)
2

+
{

1
Tτ(1 − τ)

T∑
t=1

m(ϕ�Zt)
2 −Q∞(ϕ)

}

+ 2
1

Tτ(1 − τ)

T∑
t=1

�m̂(ϕ�Zt)m(ϕ�Zt)�

From (SM.7) and Lemma B.1, the first term in the RHS is Op(aT ), uniformly in
ϕ ∈ Θ. By Cauchy–Schwarz inequality, we get that the third term in the RHS
is Op(

√
aT (

1
Tτ(1−τ)

∑T

t=1 m(ϕ�Zt)
2)1/2), uniformly in ϕ ∈ Θ. Thus, the conclu-

sion follows if we show that IT := supϕ∈Θ | 1
Tτ(1−τ)

∑T

t=1 m(ϕ�Zt)
2 − Q∞(ϕ)| =

Op(
1√
T
). To bound IT , we use m(ϕ�z) = ∫

X [FU |X�Z(g−1(x�ϕ(x))|x�z) − τ]×
fX|Z(x|z)dx. Then

1
T

T∑
t=1

m(ϕ�Zt)
2 −E[m(ϕ�Z)2]

=
∫

X

∫
X

1
T

T∑
t=1

{
fX|Z(x|Zt)fX|Z(ξ|Zt)

× [
FU |X�Z

(
g−1(x�ϕ(x))|x�Zt

)− τ
]

× [
FU |X�Z

(
g−1(ξ�ϕ(ξ))|ξ�Zt

)− τ
]

−E
[
fX|Z(x|Z)fX|Z(ξ|Z)

× [
FU |X�Z

(
g−1(x�ϕ(x))|x�Z)− τ

]
× [

FU |X�Z
(
g−1(ξ�ϕ(ξ))|ξ�Z)− τ

]]}
dxdξ�

We get IT ≤ 1
τ(1−τ)√T

sup�∈[0�1]4 | 1√
T

∑T

t=1(a(Zt��) − E[a(Z��)])|� where a(z�

�) := fX|Z(x|z)fX|Z(ξ|z)[FU |X�Z(u|x�z) − τ][FU |X�Z(v|ξ�z) − τ], � := (x�ξ�
u� v) ∈ [0�1]4. Using Assumption A.3(ii) and (iii), function a is bounded and
Lipschitz w.r.t. �: |a(·��1) − a(·��2)| ≤ C|�1 − �2| for a constant C. By
Andrews (1994, Theorem 2), the family F := {a(·��) :� ∈ [0�1]4} satisfies
the Pollard entropy condition. By Andrews (1994, Theorem 1), the empiri-
cal process νT (�) := 1√

T

∑T

t=1(a(Zt��) − E[a(Z��)]), � ∈ [0�1]4, is stochas-
tically equicontinuous. Since we can apply a CLT for any � ∈ [0�1]4, by
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the fundamental convergence result for empirical processes (see, e.g., An-
drews (1994, p. 2251)), νT (·) converges weakly. By the continuous mapping
theorem� sup�∈[0�1]4 |νT (�)| =Op(1) and thus IT =Op(1/

√
T). Hence, the con-

clusion follows.

SM.3. FRECHET DERIVATIVE OF A AND CHARACTERIZATION OF ITS ADJOINTS

We start with the Frechet derivative A of operator A before characterizing
the adjoints Ã and A∗.

LEMMA A.16: Under Assumption A.4(ii) and (iii), the Frechet derivative of A
at ϕ0 is the linear operator A :=DA(ϕ0) defined by Aϕ(z)= ∫

fX�Y |Z(x�ϕ0(x)|
z)ϕ(x)dx�z ∈ Z� for ϕ ∈ L2[0�1]. Moreover, we have A(ϕ) = A(ϕ0) +
A�ϕ+ R(ϕ�ϕ0), where the residual R(ϕ�ϕ0) is such that ‖R(ϕ�ϕ0)‖L2(FZ�τ)

≤
1

2
√
τ(1−τ) c‖�ϕ‖2, �ϕ := ϕ−ϕ0� and c := supx∈X �y∈Y�z∈Z |∇yfX�Y |Z(x� y|z)|�

The characterization of the adjoint Ã of operator A w.r.t. the L2 scalar prod-
uct 〈·� ·〉 is obtained from

〈ψ�Aϕ〉L2(FZ�τ)

= 1
τ(1 − τ)

∫
ψ(z)

(∫
fX�Y |Z(x�ϕ0(x)|z)ϕ(x)dx

)
f (z)dz

= 1
τ(1 − τ)

∫ (∫
fX�Y�Z(x�ϕ0(x)� z)ψ(z)dz

)
ϕ(x)dx= 〈Ãψ�ϕ〉

for ϕ ∈ L2[0�1] and ψ ∈ L2(FZ� τ), which yields Ãψ(x) = 1
τ(1−τ)

∫
fX�Y�Z(x�

ϕ0(x)� z)ψ(z)dz.
The characterization of the adjointA∗ of operatorAw.r.t. the Sobolev scalar

product 〈·� ·〉H involves the solution of a Dirichlet problem of finite, or infinite,
order (see Dubinskij (1986, Chapter 2), for elliptic boundary value problems of
infinite order). Let us introduce the function p(λ) = ∑l

s=0 asλ
s. When l < ∞,

as = 1 for s ≤ l, and as = 0 for s > l, the function p(λ) is a polynomial of
order l. When l = ∞ and as = 1/s!, we get p(λ) = exp(λ). Moreover, let us
introduce the complete orthonormal system of L2[0�1] given by ψ̃1(x) = 1,
ψ̃j(x)= √

2 cos(π(j − 1)x), j > 1. Let us define

S l[0�1] =
{
ϕ ∈L2[0�1] :

∞∑
j=1

[
p
(
(π(j − 1))2

)〈ϕ� ψ̃j〉
]2
<∞

}
�

to l ∈ N∪{∞}�
Space S l[0�1] is a linear vector subspace of L2[0�1] made of functions whose
basis coefficients 〈ϕ� ψ̃j〉 feature rapid decay such that p((π(j − 1))2)〈ϕ� ψ̃j〉,
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j = 1� � � � , are square-summable. It is a Hilbert space w.r.t. the scalar product

〈ϕ�φ〉S :=
∞∑
j=1

[
p
(
(π(j − 1))2

)]2〈ϕ� ψ̃j〉〈φ� ψ̃j〉�

We denote by ‖ϕ‖S := 〈ϕ�ϕ〉1/2
S the associated norm. When l < ∞, the space

S l[0�1] is equivalent to H2l
0 [0�1] := {ϕ ∈ H2l[0�1] :∇sϕ(0) = ∇sϕ(1) = 0� s =

1�3� � � � �2l − 1}, that is, the Sobolev space of order 2l with boundary condi-
tions for the odd-order derivatives (see Kress (1999, Chapter 8), for similar
results with periodic functions). When l = ∞, the functions in S ∞[0�1] are
C∞-functions with odd-order derivatives vanishing at the boundary and expo-
nentially decaying basis coefficients.

LEMMA A.17: (i) The differential operator D := p(−∇2) is well defined on
S l[0�1]. (ii) For any f ∈ L2[0�1], the (infinite-order) ordinary differential equa-
tion (ODE)

Du= f� u ∈ S l[0�1]�(SM.8)

admits the unique solution u = ∑∞
j=1

1
p((π(j−1))2)

〈f� ψ̃j〉ψ̃j . (iii) The operator D
from S l[0�1] to L2[0�1] is invertible and the inverse D−1 :L2[0�1] → S l[0�1] is
continuous.

For any a ∈ [0�1] and s = 1� � � � � l − 1, the linear functional ϕ �→ ∇sϕ(a) is
continuous on Hl[0�1]. Denote by δ(s)a ∈Hl[0�1] its Riesz representant, that is,
〈δ(s)a �ϕ〉H = ∇sϕ(a) for any ϕ ∈Hl[0�1]. The next lemma gives the characteri-
zation of the adjoint A∗ for l ≥ 1�

LEMMA A.18: (i) The adjoint of operator A w.r.t. the Sobolev scalar prod-
uct 〈·� ·〉H is A∗ = E D−1Ã� where the operator E : S l[0�1] → Hl[0�1] is de-
fined by Eu = u if l = 1; by Eu = u − ∑�l/2�

j=1 (−1)j(ũj(1)δ
(2j−1)
1 − ũj(0)δ

(2j−1)
0 ),

where ũj =∑l−j
i=j(−∇2)iu, if 2 ≤ l <∞; by Eu= u−∑∞

j=1(−1)j 1
j!(ũj(1)δ

(2j−1)
1 −

ũj(0)δ
(2j−1)
0 ), where ũj = ∑∞

i=j
j!

(i+j)!(−∇2)iu� if l = ∞, for u ∈ S l[0�1]� (ii) The
operator E : S l[0�1] →Hl[0�1] is continuous.

SM.3.1. Proof of Lemma A.16

We have for z ∈ Z ,

R(ϕ�ϕ0)(z)=
∫

X
fX|Z(x|z)[FY |X�Z(ϕ(x)|x�z)− FY |X�Z(ϕ0(x)|x�z)

− fY |X�Z(ϕ0(x)|x�z)�ϕ(x)
]
dx

= 1
2

∫
X
fX|Z(x|z)∇yfY |X�Z(y(x� z)|x�z)�ϕ(x)2 dx�
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where |y(x� z)| ≤ |�ϕ(x)|. Thus, from Assumption A.4(iii),

|R(ϕ�ϕ0)(z)| ≤ 1
2

∫
X

∣∣∇yfX�Y |Z(x� y(x� z)|z)
∣∣�ϕ(x)2 dx

≤ 1
2

[
sup
x�y

∣∣∇yfX�Y |Z(x� y|z)
∣∣]‖�ϕ‖2�

Hence, ‖R(ϕ�ϕ0)‖L2(FZ�τ)
≤ 1

2
√
τ(1−τ) c‖�ϕ‖2. In particular, we get ‖A(ϕ) −

A(ϕ0)−A�ϕ‖L2(FZ�τ)
/‖�ϕ‖ → 0 as ‖�ϕ‖ → 0� Since operator A is bounded

(Assumption A.4 (ii)), this implies that A is the Frechet derivative of A at ϕ0.

SM.3.2. Proof of Lemma A.17

(i) The gradient operator ∇ is the weak (or distributional) derivative (see
Adams and Fournier (2003, p. 22)). Then, when l < ∞, operator p(−∇2) is
well defined for functions in H2l[0�1], and hence on the subspace S l[0�1]�
Moreover, for ϕ ∈ S l[0�1], we have

p(−∇2)ϕ=
∞∑
j=1

p
(
(π(j − 1))2

)〈ϕ� ψ̃j〉ψ̃j ∈L2[0�1]�(SM.9)

Indeed, for any φ ∈ C∞
0 [0�1], we have

∫
[p(−∇2)φ](x)ϕ(x)dx=

∞∑
j=1

〈ψ̃j�ϕ〉
∫

[p(−∇2)φ](x)ψ̃j(x)dx

=
∞∑
j=1

〈ψ̃j�ϕ〉
∫
φ(x)p(−∇2)ψ̃j(x)dx

=
∞∑
j=1

p
(
(π(j − 1))2

)〈ϕ� ψ̃j〉〈φ� ψ̃j〉�

where the first equality uses the equation ϕ=∑∞
j=1〈ϕ� ψ̃j〉ψ̃j , the second equal-

ity comes from partial integration with vanishing boundary terms, and the third
equality exploits p(−∇2)ψ̃j = p((π(j − 1))2)ψ̃j .

Let us now consider the case l = ∞. The operator p(−∇2) = exp(−∇2) is
defined as an L2-limit, that is, p(−∇2)ϕ := limn→∞

∑n

s=0
1
s!(−∇2)sϕ for ϕ ∈

S ∞[0�1], where the limit is in the L2-norm. Now, from the above arguments,
we have

∑n

s=0
1
s!(−∇2)sϕ = ∑∞

j=1(
∑n

s=0
1
s!(π(j − 1))2s)〈ϕ� ψ̃j〉ψ̃j for any n ∈ N.

By using the Lebesgue theorem, it is seen that the L2-limit of the RHS is∑∞
j=1 exp((π(j − 1))2)〈ϕ� ψ̃j〉ψ̃j . Thus, equation (SM.9) holds also in the case

l = ∞.
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(ii) By using (SM.9), it is seen that function u solves the ODE

p(−∇2)u= f�(SM.10)

Let us now prove uniqueness. Suppose that u�v ∈ S l[0�1] solve the ODE
(SM.10). Thus, ϕ := u− v ∈ S l[0�1] solves p(−∇2)ϕ= 0. We now use the next
lemma.

LEMMA B.2: For ϕ�φ ∈ S l[0�1], we have 〈φ�ϕ〉H = 〈φ�p(−∇2)ϕ〉 =∑∞
j=1 p((π(j − 1))2)〈φ� ψ̃j〉〈ϕ� ψ̃j〉.
From Lemma B.2, we have 0 = 〈ϕ�p(−∇2)ϕ〉 = ‖ϕ‖2

H� which implies ϕ= 0,
that is, u= v.

(iii) Let f ∈ L2[0�1] and u = D−1f = ∑∞
j=1

1
p((π(j−1))2)

〈ψ̃j� f 〉ψ̃j . We have

〈ψ̃j� u〉 = 1
p((π(j−1))2)

〈ψ̃j� f 〉 and ‖u‖2
S = ∑∞

j=1[p((π(j − 1))2)]2〈ψ̃j� u〉2 =∑∞
j=1〈ψ̃j� f 〉2 = ‖f‖2. The conclusion follows.

SM.3.3. Proof of Lemma A.18

(i) Let ψ ∈ L2(FZ� τ) be given. Define f := Ãψ ∈ L2[0�1] and u := D−1f ∈
S l[0�1]. Let us first consider the case l < ∞. From partial integration (see
also (SM.32) in Section SM.7.2), for any φ ∈ Hl[0�1], we have 〈∇sφ�∇su〉 =
〈φ�(−∇2)su〉 +∑s−1

i=0(−1)i∇s−1−iφ∇s+iu|1
0� where the terms with s+ i odd van-

ish in the sum. Thus, we get

〈φ�u〉H = 〈φ�p(−∇2)u〉 +
l∑

s=0

as

s−1∑
i=0

(−1)i∇s−1−iφ∇s+iu|1
0

= 〈φ�p(−∇2)u〉 +
∑
q≤l−1
q odd

l−1−q∑
i=0

(−1)iaq+i+1∇qφ∇q+2i+1u|1
0

= 〈φ�p(−∇2)u〉 +
�l/2�∑
j=1

l−2j∑
i=0

(−1)ia2j+i∇2j−1φ∇2j+2iu|1
0

= 〈φ�p(−∇2)u〉 +
�l/2�∑
j=1

l−j∑
i=j

(−1)jaj+i∇2j−1φ(−∇2)iu|1
0�

Now, by using 〈φ�p(−∇2)u〉 = 〈φ�f 〉 = 〈φ�Ãψ〉 = 〈φ�A∗ψ〉H , we get

〈φ�A∗ψ〉H = 〈φ�u〉H −
�l/2�∑
j=1

l−j∑
i=j

(−1)jaj+i∇2j−1φ(−∇2)iu|1
0
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for any φ ∈ Hl[0�1]. Then, by using ∇2j−1φ(a)= 〈φ�δ(2j−1)
a 〉H for a= 0�1, we

get

A∗ψ= u−
�l/2�∑
j=1

l−j∑
i=j

(−1)jaj+i
([(−∇2)iu](1)δ(2j−1)

1

− [(−∇2)iu](0)δ(2j−1)
0

)
�

When l = 1, no boundary term appears. Then A∗ψ= u and A∗ = D−1Ã� When
2 ≤ l <∞, we set as = 1 for s ≤ l and as = 0 for s > l. In the infinite-order case,
we set as = 1/s! and let l → ∞. The conclusion follows.

(ii) We have to prove that ‖Eu‖H ≤ C‖u‖S for a constant C < ∞. We con-
sider the case l = ∞ (the case l <∞ is similar). We have, for any u ∈ S l[0�1],

‖Eu‖H ≤ ‖u‖H +
∞∑
j=1

1
j!
(|ũj(1)|∥∥δ(2j−1)

1

∥∥
H

+ |ũj(0)|
∥∥δ(2j−1)

0

∥∥
H

)
�(SM.11)

Moreover, ‖u‖H ≤ ‖u‖S from Lemma B.2. Let us now bound |ũj(a)| and
‖δ(2j−1)

a ‖H , a ∈ {0�1}, j ∈ N. We use the next lemma.

LEMMA C.1: For any ϕ ∈H1[0�1], we have supx∈[0�1] |ϕ(x)| ≤ 2‖ϕ‖H1 .

From Lemma C.1 and by using that ‖ϕ‖2
H ≥ 1

(2j)! ‖∇2j−1ϕ‖2
H1 for any ϕ ∈

H∞[0�1] and j ∈ N, we get∥∥δ(2j−1)
a

∥∥
H

= sup
ϕ∈H∞[0�1]:

‖ϕ‖H=1

〈
δ(2j−1)
a �ϕ

〉
(SM.12)

= sup
ϕ∈H∞[0�1]:

‖ϕ‖H=1

∇2j−1ϕ(a)≤ 2
√
(2j)!�

Moreover, |ũj(a)| ≤ ∑∞
i=j

j!
(i+j)! |(−∇2)iu(a)| ≤ ∑∞

i=j
j!

(i+j)! ‖(−∇2)iu‖H1 . Now, by
using j!

(i+j)! ≤ 1
(i+1)! and the Cauchy–Schwarz inequality, we get, for any a and j,

|ũj(a)| ≤
∞∑
i=0

1
(i+ 1)!‖(−∇2)iu‖H1

≤
( ∞∑

i=0

22i+1

(2i+ 1)!‖(−∇2)iu‖2
H1

)1/2( ∞∑
i=0

(2i+ 1)!
22i+1[(i+ 1)!]2

)1/2

�
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Let us prove that the two series in the RHS are convergent. From Lemma B.2,
we have

‖(−∇2)iu‖2
H1 = 〈u� (−∇2)2iu〉 + 〈u� (−∇2)2i+1u〉

=
∞∑
j=1

[
(π(j − 1))4i + (π(j − 1))4i+2

]〈ψ̃j� u〉2

≤ 2
∞∑
j=1

(
(π(j − 1))2

)2i+1〈ψ̃j� u〉2�

Thus, we get

∞∑
i=0

22i+1

(2i+ 1)!‖(−∇2)iu‖2
H1

≤ 2
∞∑
j=1

( ∞∑
i=0

(2(π(j − 1))2)2i+1

(2i+ 1)!

)
〈ψ̃j� u〉2

≤
∞∑
j=1

[
exp

(
2(π(j − 1))2

)− exp
(−2(π(j − 1))2

)]〈ψ̃j� u〉2

≤
∞∑
j=1

[
exp

(
(π(j − 1))2

)]2〈ψ̃j� u〉2 = ‖u‖2
S�

where we have used that
∑∞

i=0
z2i+1

(2i+1)! = ez−e−z
2 . Let us now consider the series∑∞

i=0
(2i+1)!

22i+1[(i+1)!]2 . Note that (2i+ 1)! = 1 · 2 · 3 · 4 · · · · · (2i− 1)(2i)(2i+ 1) and
22i+1[(i+ 1)!]2 = 2(i+ 1)2(2ii!)2 = 2(i+ 1)2[22 · 42 · · · · · (2i)2]. Thus,

(2i+ 1)!
22i+1[(i+ 1)!]2

= 1
2(i+ 1)2

1
2

· 3
4

· · · · · 2i− 1
2i

(2i+ 1)

=
(

2i+ 3
i+ 1

)
1
2

· 3
4

· · · · · 2i− 1
2i

· 2i+ 1
2(i+ 1)

1
2i+ 3

�

Since 2i+3
i+1 ≤ 3, the series

∑∞
i=0

(2i+1)!
22i+1[(i+1)!]2 converges if the series

∑∞
i=0

1
2 · 3

4 ·
· · · · 2i−1

2i · 2i+1
2(i+1)

1
2i+3 = 1

2
1
3 + 1

2
3
4

1
5 + 1

2
3
4

5
6

1
7 + · · · converges. The Taylor series of

the arcsin function is arcsin(z) = z + 1
2
z3

3 + 1
2

3
4
z5

5 + 1
2

3
4

5
6
z7

7 + · · · . Thus, we get
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∑∞
i=0

1
2 · 3

4 · · · · · 2i−1
2i · 2i+1

2(i+1)
1

2i+3 = arcsin(1)−1 = π/2−1� It follows that the series∑∞
i=0

(2i+1)!
22i+1[(i+1)!]2 converges� We get

|ũj(a)| ≤
( ∞∑

i=0

(2i+ 1)!
22i+1[(i+ 1)!]2

)1/2

‖u‖S(SM.13)

for any a ∈ {0�1} and j ∈ N� Finally, from (SM.11), (SM.12), and (SM.13), we

get ‖Eu‖H ≤ C‖u‖S , where C = 1 + 4(
∑∞

j=1

√
(2j)!
j! )(

∑∞
i=0

(2i+1)!
22i+1[(i+1)!]2 )

1/2 <∞.

SM.4. ASYMPTOTIC DISTRIBUTION

SM.4.1. Proof of Lemma A.4

The statement follows from arguments similar to those developed in the
proof of Lemma A.16 in Section SM.3.1.

SM.4.2. Proof of Lemma A.5

Operator Â∗ is the adjoint of Â w.r.t. scalar products 〈·� ·〉H and 〈·� ·〉L2(F̂Z�τ)
,

that is, 〈ϕ�Âψ〉L2(F̂Z�τ)
= 〈Â∗ϕ�ψ〉H . We have

‖K̂T (�ϕ̂)‖ ≤ ‖K̂T (�ϕ̂)‖H
≤ ‖(λT + Â∗

0Â0)
−1Â∗

0‖L(L2(F̂Z�τ)�Hl[0�1])‖R̂(ϕ̂�ϕ0)‖L2(F̂Z�τ)
�

We will show below that P-a.s.,

(i) ‖(λT + Â∗
0Â0)

−1Â∗
0‖L(L2(F̂Z�τ)�Hl[0�1]) ≤ 1/

√
λT

and

(ii) ‖R̂(ϕ̂�ϕ0)‖L2(F̂Z�τ)

≤ 1
2
√
τ(1 − τ)

sup
x∈X �y∈R�z∈Z

∣∣∇y f̂X�Y |Z(x� y|z)
∣∣‖�ϕ̂‖2�

where ‖(λT + Â∗
0Â0)

−1Â∗
0‖L(L2(F̂Z�τ)�Hl[0�1]) := supψ∈L2(F̂Z�τ):‖ψ‖

L2(F̂Z �τ)
=1 ‖(λT +

Â∗
0Â0)

−1Â∗
0ψ‖H denotes the operator norm of (λT + Â∗

0Â0)
−1Â∗

0.1 Then it fol-

1For a linear operator B :H1 → H2 between Hilbert spaces H1 and H2, we denote by
‖B‖L(H1�H2) the operator norm ‖B‖L(H1�H2) := supϕ∈H1 :‖ϕ‖H1 =1 ‖Bϕ‖H2 .
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lows that

‖K̂T (�ϕ̂)‖ ≤ 1√
λT

1
2
√
τ(1 − τ)

× sup
x∈X �y∈R�z∈Z

∣∣∇y f̂X�Y |Z(x� y|z)
∣∣‖�ϕ̂‖2� P-a.s.

We deduce that for ε := C − 1
2
√
τ(1−τ) supx∈X �y∈R�z∈Z |∇yfX�Y |Z(x� y|z)| > 0, we

have

P

[
‖K̂T (�ϕ̂)‖> C√

λT
‖�ϕ̂‖2

]

≤ P

[
1

2
√
τ(1 − τ)

sup
x∈X �y∈R�z∈Z

∣∣∇y f̂X�Y |Z(x� y|z)
∣∣>C

]

≤ P
[

sup
x∈X �y∈R�z∈Z

∣∣∇y f̂X�Y |Z(x� y|z)
∣∣

> sup
x∈X �y∈R�z∈Z

∣∣∇yfX�Y |Z(x� y|z)
∣∣+ 2ε

√
τ(1 − τ)

]

≤ P
[

sup
x∈X �y∈R�z∈Z

∣∣∇y f̂X�Y |Z(x� y|z)− ∇yfX�Y |Z(x� y|z)
∣∣

≥ 2ε
√
τ(1 − τ)

]
�

The latter probability converges to zero exponentially fast by an application of
Bernstein’s inequality similar to the proof of Lemma B.1, using that logT

Th
4+dZ
T

+
h2m
T = o(1), and that kernel K and variables X�Y have compact support.
Finally, let us prove statements (i) and (ii) above. To prove (i), define opera-

tor Û := (λT + Â∗
0Â0)

−1Â∗
0. The adjoint of Û w.r.t. scalar products 〈·� ·〉L2(F̂Z�τ)

and 〈·� ·〉H is Û∗ = Â0(λT + Â∗
0Â0)

−1. Further, we have ‖Û‖L(L2(F̂Z�τ)�Hl[0�1]) =
‖Û∗‖L(Hl[0�1]�L2(F̂Z�τ))

from Kress (1999, Theorem 4.9). For any ϕ ∈H2[0�1], we
have

‖Û∗ϕ‖2
L2(F̂Z�τ)

= 〈Â0(λT + Â∗
0Â0)

−1ϕ�Â0(λT + Â∗
0Â0)

−1ϕ〉L2(F̂Z�τ)

= 〈(λT + Â∗
0Â0)

−1ϕ�Â∗
0Â0(λT + Â∗

0Â0)
−1ϕ〉H

= ∥∥(Â∗
0Â0)

1/2(λT + Â∗
0Â0)

−1ϕ
∥∥2

H
�
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Moreover,∥∥(Â∗
0Â0)

1/2(λT + Â∗
0Â0)

−1ϕ
∥∥
H

= ∥∥(λT + Â∗
0Â0)

−1(Â∗
0Â0)

1/2ϕ
∥∥
H

≤ ∥∥(λT + Â∗
0Â0)

−1/2
∥∥

L(Hl[0�1]�Hl[0�1])

× ∥∥(λT + Â∗
0Â0)

−1/2(Â∗
0Â0)

1/2ϕ
∥∥
H
�

Using ‖(λT + Â∗
0Â0)

−1/2‖L(Hl[0�1]�Hl[0�1]) ≤ λ−1/2
T and ‖(λT + Â∗

0Â0)
−1/2(Â∗

0 ×
Â0)

1/2ϕ‖H ≤ ‖ϕ‖H , P-a.s., we get ‖Û∗ϕ‖L2(F̂Z�τ)
≤ λ−1/2

T ‖ϕ‖H , P-a.s.
Statement (ii) follows from Lemma A.4 with ϕ̄= ϕ0.

SM.4.3. Proof of Lemma A.6

SM.4.3.1. Control of the Nonlinearity Term

First we consider the nonstochastic analog of Equation (A.4).

LEMMA B.3: Let function ϕ satisfy ϕ = ψ + εK(ϕ), where ψ is a known
function, K is a nonlinear operator such that ‖K(ϕ)‖ ≤ ‖ϕ‖2, and ε > 0. If
ε‖ψ‖< 1/8, then either |‖ϕ‖2 − ‖ψ‖2| ≤ 32ε‖ψ‖3 or ‖ϕ‖2 ≥ 3

8ε2 .

We can use Lemma B.3 with ε= εT = C√
λT

to bound the difference ‖�ϕ̂‖2 −
‖�ψ̂‖2 on the set {εT‖�ψ̂‖< 1/8 ∧ ‖�ϕ̂‖2 < 3

8ε2
T

∧ ‖K̂T (�ϕ̂)‖ ≤ εT‖�ϕ̂‖2} and
derive the following result.

LEMMA B.4: Under Assumptions A.1–A.3, and A.4(ii) and (iii), and η <
1

4+dZ � we have for any b̄ > 0, with C > 1
2
√
τ(1−τ) supx∈X �y∈Y�z∈Z |∇yfX�Y |Z(x� y|z)|,

E[‖�ϕ̂‖2] −E[‖�ψ̂‖2](SM.14)

=O

(
1√
λT

E[‖�ψ̂‖3] + P

[
‖�ψ̂‖2 ≥ λT

64C2

]
+ P

[
‖�ϕ̂‖2 ≥ 3λT

8C2

])

+O(T−b̄)�

Note that for large T� probability P[‖�ϕ̂‖2 > 3λT
8C2 ] on the RHS of (SM.14)

controls for both the event ‖�ϕ̂‖2 ≥ 3
8ε2

T

and the event ‖�ϕ̂‖ ≥ r, in which the
first-order condition (4.1) does not hold.

SM.4.3.2. A Large Deviation Bound for Penalized Minimum
Distance Estimators

LEMMA B.5: We have

P[‖ϕ̂−ϕ0‖ ≥ εT ] ≤ k1(T�C(εT �λT ))+ k2(T�C(εT �λT ))
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if εT �λT > 0 are such that C(εT �λT ) > 0� where

C(ε�λ) := inf
ϕ∈Θ:‖ϕ−ϕ0‖≥ε

Q∞(ϕ)+ λ‖ϕ‖2
H − λ‖ϕ0‖2

H(SM.15)

and

k1(T�η) := P

[
sup
ϕ∈Θ

sup
z∈Z

|�m̂(ϕ�z)|√
τ(1 − τ)

(SM.16)

≥
√
λT‖ϕ0‖2

H + 2η−√
λT‖ϕ0‖2

H

4

]
�

k2(T�η) := P

[
sup
ϕ∈Θ

∣∣∣∣∣ 1
Tτ(1 − τ)

T∑
t=1

m(ϕ�Zt)
2 −Q∞(ϕ)

∣∣∣∣∣≥ η/2

]
�(SM.17)

In an ill-posed setting, the usual “identifiable uniqueness” condition (White
and Wooldridge (1991)) infϕ∈Θ:‖ϕ−ϕ0‖≥ε Q∞(ϕ) > Q∞(ϕ0) does not hold (see
Gagliardini and Scaillet (2012, GS)). It is replaced by the inequality C(ε�λ) >
0 for the penalized criterion, and the behavior of C(ε�λ) as λ�ε→ 0 matters
for the rate of convergence of ϕ̂. A lower bound for the function C(ε�λ) as
λ→ 0 and ε=O(

√
λ) is given in the next result.

LEMMA B.6: Under Assumptions 1–4 and A.4(ii) and (iii), we have for any
c < d2,

inf
ϕ∈Θ:

‖ϕ−ϕ0‖≥d√
λ

Q∞(ϕ)+ λ‖ϕ‖2
H − λ‖ϕ0‖2

H ≥ cλΓ (λ)

as λ→ 0, where Γ (λ) is defined in Assumption 4.

From Lemmas B.5 and B.6, we deduce that for a constant c > 0,

P[‖�ϕ̂‖2 ≥ d2λT ](SM.18)

≤ P
[
sup
ϕ∈Θ

sup
z∈Z

|�m̂(ϕ�z)|2 ≥ cλTΓ (λT )
2
]

+ P

[
sup
ϕ∈Θ

∣∣∣∣∣ 1
Tτ(1 − τ)

T∑
t=1

m(ϕ�Zt)
2 −Q∞(ϕ)

∣∣∣∣∣≥ cλTΓ (λT )

]
�

The next lemma is proved by bounding terms supϕ∈Θ supz∈Z |�m̂(ϕ�z)|2 and
supϕ∈Θ | 1

Tτ(1−τ)
∑T

t=1 m(ϕ�Zt)
2 − Q∞(ϕ)| in terms of suprema of suitable em-

pirical processes over compact finite-dimensional sets.
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LEMMA B.7: Under Assumptions 1–4, A.1–A.3, and A.4(ii) and (iii), and 0 <
γ < min{ 1−η(dZ+1)

1+2a � 2mη
1+2a �

1
2(1+a)} for any d� b̄ > 0, we have

P[‖�ϕ̂‖2 ≥ d2λT ] =O(T−b̄)� P[‖�ψ̂‖2 ≥ d2λT ] =O(T−b̄)�

By combining Lemmas B.4 and B.7, Lemma A.6 is proved.

SM.4.4. Proof of Lemma A.7

From Lemma A.6, the conclusion follows if

(i) E[‖�ψ̂‖2] =O(MT(λT ))

and

(ii)
1√
λT

E[‖�ψ̂‖3] = o(MT(λT ))�

To show these statements, we use the decomposition (A.5) and give a series
of inequalities and bounds to show that the remainder term RT given in (A.6)
can be neglected. First, from Cauchy–Schwarz inequality,

E[‖�ψ̂‖2] = E[‖VT + BT‖2] +E[‖RT‖2](SM.19)

+O
(
E[‖VT + BT‖2]1/2E[‖RT‖2]1/2

)
�

where VT := (λT +A∗A)−1A∗ζ̂ and

E[‖�ψ̂‖3] ≤ E[‖�ψ̂‖4]1/2E[‖�ψ̂‖2]1/2(SM.20)

≤ C
(
E[‖VT + BT‖4] +E[‖RT‖4])1/2

E[‖�ψ̂‖2]1/2

for a constant C. Second, we can isolate the estimation bias by writing

VT + BT = (λT +A∗A)−1A∗(ζ̂ −Eζ̂)+ (λT +A∗A)−1A∗Eζ̂

+ [(λT +A∗A)−1A∗A− 1]ϕ0�

Thus,

E[‖VT + BT‖2] = E
[‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖2

]
(SM.21)

+ ∥∥(λT +A∗A)−1A∗Eζ̂

+ [(λT +A∗A)−1A∗A− 1]ϕ0

∥∥2



16 P. GAGLIARDINI AND O. SCAILLET

and, for a constant C,

‖VT + BT‖4 ≤ C
(‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖4(SM.22)

+ ∥∥(λT +A∗A)−1A∗Eζ̂

+ [(λT +A∗A)−1A∗A− 1]ϕ0

∥∥4)
�

In Lemma B.8, we give the asymptotic behavior of E[‖(λT + A∗A)−1A∗(ζ̂ −
Eζ̂)‖2] and E[‖(λT +A∗A)−1A∗(ζ̂−Eζ̂)‖4]. In Lemma B.9, we prove that esti-
mation bias is negligible compared to regularization bias, and in Lemma B.10,
we give bounds on the remainder term. Combining Lemmas B.8(i), B.9,
and B.10(i) with Equations (SM.19) and (SM.21), and using MT(λT ) =
1
T

∑∞
j=1

νj

(νj+λT )2 ‖φj‖2 + ∫
BT (x)

2 dx yields statement (i) above. Then combin-
ing Lemmas B.8(ii), B.9, and B.10(ii) with inequalities (SM.20) and (SM.22)
yields E[‖�ψ̂‖3] = O(MT(λT )

3/2). The latter in turn implies statement (ii) by
using MT(λT )= VT (λT )+O(λ2δ

T )= o(λT ).

LEMMA B.8: Under Assumptions A.1, A.2, A.4(i), and A.5, and if h1/4
T ×

VT (λT ;2)
VT (λT )

= o(1), then

(i) E
[‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖2

]
=O

(
1
T

∞∑
j=1

νj

(νj + λT)2
‖φj‖2

)
�

(ii) E
[‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖4

]

=O

((
1
T

∞∑
j=1

νj

(νj + λT)2
‖φj‖2

)2)
�

LEMMA B.9: Under Assumptions A.1, A.2, A.3(ii), and A.4(i), and γ < ηm

2 ,

∥∥(λT +A∗A)−1A∗Eζ̂ + [(λT +A∗A)−1A∗A− 1]ϕ0

∥∥2

= (1 + o(1))
∫

BT (x)
2 dx�

LEMMA B.10: Under Assumption A.1–A.5, andη< 1
2(dZ+2) and γ < 1

2 min{1−
(dZ + 1)η�mη}, we have (i) E[‖RT‖2] = o(MT(λT )) and (ii) E[‖RT‖4] =
o(MT(λT )

2).
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SM.4.5. Proof of Lemma A.8

We have

∞∑
j=1

wj�T (x)Zj�T

=
∞∑
j=1

wj�T (x)
√
T

∫
S
gj(s)[f̂X�Y�Z(s)−Ef̂X�Y�Z(s)]ds�

where s = (x� y� z) and S = X × Y × Z . The estimator f̂X�Y�Z(s) is defined

by f̂X�Y�Z(s) = f̂X�Y�Z∗ (s)∫
Z f̂Z∗ (z)dz , where f̂X�Y�Z∗(s) is the kernel estimator f̂X�Y�Z∗(s) =

1
T ∗hdT

∑T ∗
t=1 K(

St−s
hT

), St = (Xt�Yt�Z
∗
t ). We use that both T/T ∗ and

∫
Z f̂Z∗(z)dz

converge to P[Z∗ ∈ Z]. Then we get

∞∑
j=1

wj�T (x)
√
T

∫
S
gj(s)f̂X�Y�Z(s)ds

= 1√
T

∞∑
j=1

T ∗∑
t=1

wj�T (x)
1
hd
T

∫
S
gj(s)K

(
St − s

hT

)
ds · (1 + op(1))�

Moreover, by a change of variable,

1
hd
T

∫
S

gj(r)K

(
St − s

hT

)
ds

= gj(St)1S(St)

+
∫

[gj(St − hTv)1S(St − hTv)− gj(St)1S(St)]K(v)dv

= gj(St)1S(St)+ 1S(St)
∫

[gj(St − hTv)− gj(St)]K(v)dv

+
∫
gj(St − hTv)[1S(St − hTv)− 1S(St)]K(v)dv

=: gj(St)1S(St)+ vj�T (St)+ uj�T (St)

and similarly

1
hd
T

∫
S

gj(s)E

[
K

(
S − s

hT

)]
ds =E[vj�T (S)] +E[uj�T (S)]�
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Since
∑T ∗

t=1 gj(St)1S(St) = ∑T

t=1 gj(Rt), where Rt = (Xt�Yt�Zt), the result fol-
lows if we can prove that

JT (x) := 1√
T

T∑
t=1

∞∑
j=1

wj�T (x)
{
vj�T (Rt)−E[vj�T (R)]

}= op(1)(SM.23)

and

IT (x) := 1√
T

T ∗∑
t=1

∞∑
j=1

wj�T (x)
{
uj�T (St)−E[uj�T (S)]

}= op(1)�(SM.24)

Let us first focus on JT (x). Write gj(s) =: 1
τ(1−τ)ψj(z)1ϕ0(w), v = (ξ�η�ζ)

and

gj(Rt − hTv)− gj(Rt)

= 1
τ(1 − τ)

ψj(Zt − hTζ)
[
1{Yt − hTη≤ ϕ0(Xt − hTξ)} − 1ϕ0(Wt)

]

+ 1
τ(1 − τ)

[ψj(Zt − hTζ)−ψj(Zt)]1ϕ0(Wt)�

Then we have

vj�T (Rt) = 1
τ(1 − τ)

∫
ψj(Zt − hTζ)

× [
1{Yt − hTη≤ ϕ0(Xt − hTξ)} − 1ϕ0(Wt)

]
K(v)dv

+ 1
τ(1 − τ)

1ϕ0(Wt)

∫
[ψj(Zt − hTζ)−ψj(Zt)]K(ζ)dζ

=: v̄j�T (Rt)+ ṽj�T (Rt)�

Inserting into (SM.23), this yields an analogous decomposition JT (x) =
J̄T (x)+ J̃T (x) and we have to prove that both terms are op(1).

For J̄T (x), we have E[J̄T (x)2] = E[(∑∞
j=1 wj�T (x){v̄j�T (R)− E[v̄j�T (R)]})2] =∑∞

j�l=1wj�T (x)wl�T (x)Cov[v̄j�T (R)� v̄l�T (R)] from the i.i.d. assumption. Using
the same arguments as in the proof of Lemma C.2 (Section SM.8.17), we
have E[v̄j�T (R)2] ≤ C‖ψj‖2

L2(FZ)

∫
1{|y −ϕ0(x)| ≤ C

√
hT }fW (w)dw=O(

√
hT).

Thus, by the Cauchy–Schwarz inequality, Cov[v̄j�T (R)� v̄l�T (R)] =O(
√
hT) uni-

formly in j� l. Moreover,
∑∞

j�l=1 |wj�T (x)wl�T (x)| ≤ (
∑∞

j=1 |wj�T (x)|)2. Thus, we
get E[J̄T (x)2] =O(

√
hT(

∑∞
j=1 |wj�T (x)|)2). We use Cauchy–Schwarz inequality
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to get

( ∞∑
j=1

|wj�T (x)|
)2

=

( ∞∑
j=1

√
νj

λT + νj
|φj(x)|

)2

∞∑
j=1

νj

(λT + νj)2
φj(x)

2

≤

∞∑
j=1

νj

(λT + νj)2
|φj(x)|2jε1

∞∑
j=1

j−ε1

∞∑
j=1

νj

(λT + νj)2
φj(x)

2

for ε1 > 1. Using VT (λT )

σ2
T (x)/T

=O(1), we get

E[J̄T (x)2] =O

(√
hT

1/T
∑∞

j=1(νj/(λT + νj)
2)|φj(x)|2jε1

VT (λT )

)
�

Now, since
∫ 1

0 (
1
T

∑∞
j=1

νj

(λT+νj)2 |φj(x)|2jε1)dx = VT(λT ;ε1), we get E[J̄T (x)2] =
O(

√
hT

VT (λT ;ε1)

VT (λT )
). We deduce E[J̄T (x)2] = o(1)� which implies J̄T (x)= op(1).

For J̃T (x), as above, E[J̃T (x)2] =∑∞
j�l=1wj�T (x)wl�T (x)Cov[ṽj�T (R)� ṽl�T (R)].

By the Taylor theorem, using boundedness of 1ϕ0 and Assumption A.2(i) and
(ii), we get

Cov[ṽj�T (R)� ṽl�T (R)]
=O

(
h2m
T sup

|ζ|≤ε
sup

α∈N
dZ :|α|=m

E
[|∇αψj(Z − ζ)|2

]1/2
E
[|∇αψl(Z − ζ)|2

]1/2
)

uniformly in j� l, for ε > 0. To bound E[|∇αψj(Z − ζ)|2], we use

E
[|∇αψj(Z − ζ)|2

]
=
∫

|∇αψj(z)|2fZ(z+ ζ)dz

=E
[|∇αψj(Z)|2

]+
∫

|∇αψj(z)|2[fZ(z+ ζ)− fZ(z)]dz

=E
[|∇αψj(Z)|2

]
+
∫ ∫

|∇αψj(z)|2[fX�Y�Z(w�z+ ζ)− fX�Y�Z(w�z)]dz dw�
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By the mean-value theorem, Cauchy–Schwarz inequality and Assump-
tion A.4(i), we get

E
[|∇αψj(Z − ζ)|2

]
≤E

[|∇αψj(Z)|2
]+ |ζ|

∫ ∫
|∇αψj(z)|2q(w�z)dz dw

≤E
[|∇αψj(Z)|2

]+ |ζ|E[|∇αψj(Z)|4
]1/2

(∫
q(s)2

fXYZ(s)
ds

)1/2

�

From Assumptions A.4(i) and A.5(iii), we get Cov[ṽj�T (R)� ṽl�T (R)] =O(h2m
T ×

jmlm). Thus, E[J̃T (x)2] =O(h2m
T (

∑∞
j=1 wj�T (x)j

m)2). By the same arguments as
above, E[J̃T (x)2] = O(h2m

T
VT (λT ;2m+ε1)

VT (λT )
) = o(1), ε1 > 1. Similar arguments can

be used to prove (SM.24), and the conclusion follows.

SM.4.6. Proof of Lemma A.9

From Lemma C.1, Lemma A.9 is proved if we show

‖K̂T (�ϕ̂)‖H =Op

(
1√
λT

‖�ϕ̂‖2

)
�(SM.25)

From the proof of Lemma A.5, we know that

‖K̂T (�ϕ̂)‖H ≤ 1√
λT

1
2
√
τ(1 − τ)

× sup
x∈X �y∈R�z∈Z

∣∣∇y f̂X�Y |Z(x� y|z)
∣∣‖�ϕ̂‖2� P-a.s.�

and from Hansen (2008), we know that supx∈X �y∈R�z∈Z |∇y f̂X�Y |Z(x� y|z) −
∇yfX�Y |Z(x� y|z)|2 = Op(

logT

Th
4+dZ
T

+ h2m
T ). Since η < 1

4+dZ and by using Assump-

tion A.4(iii), supx∈X �y∈R�z∈Z |∇y f̂X�Y |Z(x� y|z)| =Op(1), the conclusion follows.

SM.4.7. Proof of Lemma A.10

Using the same arguments as in the proof of Lemma A.8, we have√
T/σ2

T (x)(λT + A∗A)−1A∗Eζ̂(x) = √
T
∑∞

j=1 wjT (x)
1
hdT

∫
S gj(s)E[K(S−s

hT
)]ds ·

(1 + o(1))� Further, we can use 1
hdT

∫
S gj(s)E[K(S−s

hT
)]ds = ∫

S gj(s)
∫
K(v)×

[fXYZ∗(s + hTv) − fXYZ∗(s)]dvds and Assumptions A.2 and A.4(i) to get
1
hdT

∫
S gj(s)E[K(S−s

hT
)]ds = O(hm

T ) uniformly in j. From
∑∞

j=1 |wj�T (x)| =
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O( 1
σT (x)

1
λT
), we get

√
T/σ2

T (x)(λT +A∗A)−1A∗Eζ̂(x)=O( 1√
σ2
T (x)/T

hmT
λT
). By us-

ing 1
σ2
T (x)/T

h2m
T

λ2
T

=O( 1
VT (λT )

h2m
T

λ2
T

)=O(
h2m
T

λ4
T

)= o(1)� the conclusion follows.

SM.4.8. Proof of Lemma A.11

First, by the same argument as in the proof of Lemma A.9 (use of
Lemma C.1), it is enough to show that

√
T/σ2

T (x)‖RT‖H = op(1). Second,
from the proof of Lemma B.10, we have the decomposition RT = ∑5

j=1 Rj�T ,
where

‖R1�T‖H =Op

(
a1/2
T

λT
b(λT )

)
�

‖R2�T‖H =Op

(
a1/2
T

λT
b(λT )

)
�

‖R3�T‖H =Op

(
a1/2
T

λT

√
VT(λT )

)
�

‖R4�T‖H =Op

(
1
λT

(
(logT)2

Th
dZ+1
T

+ hm
T

))
�

and

‖R5�T‖H =Op

(
1
λT

‖�ϕ̂‖
√

logT

Th
dZ
T

+ h2m
T

)
� aT := 1

Th2
T

+ h2m
T �

Then using b(λT ) = O(λδT ) = O(
√
VT (λT )) and ‖�ϕ̂‖ = Op(MT(λT )

1/2) =
Op(

√
VT (λT )), by Lemma A.7, we get

‖RT‖H = Op

(
a1/2
T

λT

√
VT(λT )

)
+Op

(
1
λT

(
(logT)2

Th
dZ+1
T

+ hm
T

))

+Op

(√
VT(λT )

λT

√
logT

Th
dZ
T

+ h2m
T

)
�

The conclusion follows since√
T/σ2

T (x)
a1/2
T

λT

√
VT(λT )= o

(
a1/2
T

λT

)
= o(1)�

√
T/σ2

T (x)

λT

(
(logT)2

Th
dZ+1
T

+ hm
T

)
= o

(√
VT(λT )

λT

)
= o(1)�
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and

√
T/σ2

T (x)

√
VT(λT )

λT

√
logT

Th
dZ
T

+ h2m
T =O

(
1
λT

√
logT

Th
dZ
T

+ h2m
T

)
= o(1)�

SM.5. ESTIMATION OF THE ASYMPTOTIC VARIANCE

SM.5.1. Proof of Lemma A.12

We have

σ̂2
T (x)− σ2

0�T (x) =
NT∑
j=1

νj

(νj + λT)2
(φ̂j(x)

2 −φj(x)
2)

+
NT∑
j=1

(
ν̂j

(ν̂j + λT)2
− νj

(νj + λT)2

)
φ̂j(x)

2�

Moreover,

ν̂j

(ν̂j + λT)2
− νj

(νj + λT)2
= 1
(ν̂j + λT)2(νj + λT)2

(λ2
T − ν̂jνj)(ν̂j − νj)

and ∣∣∣∣ ν̂j

(ν̂j + λT)2
− νj

(νj + λT)2

∣∣∣∣
≤ 1
(νj + λT)2

|ν̂j − νj| + 1
(ν̂j + λT)(νj + λT)

|ν̂j − νj|�

Thus,

δT ≤ 1
σ2
T (x)

NT∑
j=1

νj

(νj + λT)2
|φ̂j(x)

2 −φj(x)
2|(SM.26)

+ 1
σ2
T (x)

NT∑
j=1

1
(νj + λT)2

|ν̂j − νj|φ̂j(x)
2

+ 1
σ2
T (x)

NT∑
j=1

1
(ν̂j + λT)(νj + λT)

|ν̂j − νj|φ̂j(x)
2�
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For any j ≤ NT , we have |φ̂j(x)
2 − φj(x)

2| ≤ ξ∗
j ε2�T � and |ν̂j − νj|φ̂j(x)

2 ≤
νjε1�T (φj(x)

2 + ξ∗
j ε2�T ). Moreover, by Cauchy–Schwarz inequality,

NT∑
j=1

1
(ν̂j + λT)(νj + λT)

|ν̂j − νj|φ̂j(x)
2

≤
NT∑
j=1

√
νjν̂j|φ̂j(x)|(|φj(x)| +√

ξ∗
j ε2�T )

(ν̂j + λT)(νj + λT)

ε1�T√
1 − ε1�T

≤
(

NT∑
j=1

ν̂jφ̂j(x)
2

(ν̂j + λT)2

)1/2

×
[(

NT∑
j=1

νjφj(x)
2

(νj + λT)2

)1/2

+ √
ε2�T

(
NT∑
j=1

νjξ
∗
j

(νj + λT)2

)1/2]

× ε1�T√
1 − ε1�T

�

Thus, from (SM.26), we get

δT ≤ σ2
∗�0�T (x)

σ2
T (x)

(1 + ε1�T )ε2�T + σ2
0�T (x)

σ2
T (x)

ε1�T

+ σ̂T (x)σ0�T (x)

σ2
T (x)

ε1�T√
1 − ε1�T

+ σ̂T (x)σ∗�0�T (x)
σ2
T (x)

ε1�T
√
ε2�T√

1 − ε1�T

�

where σ2
∗�0�T (x) := ∑NT

j=1

νjξ
∗
j

(νj+λT )2 . Now, by using σ2
0�T (x) ≤ σ2

T (x), σ
2
∗�0�T (x) ≤

σ2
∗�T (x)≤ Cσ2

T (x) for a constant C, and σ̂2
T (x)≤ σ2

T (x)(δT + 1 − ξT ), the con-
clusion follows.

SM.5.2. Proof of Lemma A.13

Point (i) follows from Lemma 4.2 in Bosq (2000). Point (ii) follows from
Lemma 4.3 in Bosq (2000) by using that ‖φ̂j −φj‖ ≤ ‖φ̂j −φj‖H�

SM.5.3. Proof of Lemma A.14

Let Ā=DÂ(ϕ̄) and Â0 =DÂ(ϕ0) be the Frechet derivatives of operator Â
at ϕ̄ and ϕ0, respectively. We have

D̂= Ā∗Ā−A∗A= (Â∗
0Â0 −A∗A)+ (Ā∗Ā− Â∗

0Â0)�
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Let us consider the first term, Â∗
0Â0 − A∗A, that does not involve the pilot

estimator ϕ̄. We have Â∗
0Â0 −A∗A= E D−1(

ˆ̃
A0Â0 − ÃA), where

(
ˆ̃
A0Â0 − ÃA)φ(x)

= 1
τ(1 − τ)

∫ 1

0

{
1
T

T∑
t=1

f̂ (x�ϕ0(x)|Zt)f̂ (ξ�ϕ0(ξ)|Zt)

−
∫
f (x�ϕ0(x)|z)f (ξ�ϕ0(ξ)|z)f (z)dz

}
φ(ξ)dξ�

Since operator E D−1 :L2[0�1] → Hl[0�1] is bounded w.r.t. the norms ‖ · ‖
in L2[0�1] and ‖ · ‖H in Hl[0�1] (see Lemmas A.17(iii) and A.18(ii) in Sec-
tion SM.3), we get

‖Â∗
0Â0 −A∗A‖H ≤ C‖ ˜̂

A0Â0 − ÃA‖�

From Lemma C.8 (see Section SM.8.10.2) we have

‖ ˜̂
A0Â0 − ÃA‖ =Op

(
1√
Th2

T

+ hm
T

)
�

Thus, ‖Â∗
0Â0 −A∗A‖H =Op(

1√
Th2

T

+ hm
T ).

Let us now consider the term Ā∗Ā− Â∗
0Â0 that involves the pilot estimator.

It is equal to Ā∗Ā− Â∗
0Â0 = E D−1( ˜̄AĀ− ˜̂

A0Â0), where

( ˜̄AĀ− ˜̂
A0Â0)φ(x)

= 1
τ(1 − τ)

∫ 1

0

{
1
T

T∑
t=1

[
f̂ (x� ϕ̄(x)|Zt)f̂ (ξ� ϕ̄(ξ)|Zt)

− f̂ (x�ϕ0(x)|Zt)f̂ (ξ�ϕ0(ξ)|Zt)
]}
φ(ξ)dξ�

By the convergence of the sample average over the Zt ’s and the convergence
of the kernel, the dominating term in Ā∗Ā − Â∗

0Â0 is A∗
ϕ̄Aϕ̄ − A∗A, where

Aϕ̄ =DA(ϕ̄) is the Frechet derivative of A at ϕ̄. Split A∗
ϕ̄Aϕ̄ −A∗A as

A∗
ϕ̄Aϕ̄ −A∗A= (A∗

ϕ̄ −A∗)A+A∗(Aϕ̄ −A)+ (A∗
ϕ̄ −A∗)(Aϕ̄ −A)�
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Now, from the mean-value theorem and the Cauchy–Schwarz inequality, for
any φ ∈L2[0�1], we have

|(Aϕ̄ −A)φ(z)| ≤
∫ ∣∣f (x� ϕ̄(x)|z)− f (x�ϕ0(x)|z)

∣∣|φ(x)|dx
≤ sup

x�y�z

∣∣∇yf (x� y|z)
∣∣ ∫ |ϕ̄(x)−ϕ0(x)||φ(x)|dx

≤ C1‖ϕ̄−ϕ0‖‖φ‖�
where C1 := supx�y�z |∇yf (x� y|z)| < ∞ by Assumption A.4(iii). Thus, ‖Aϕ̄ −
A‖ ≤ C1‖ϕ̄− ϕ0‖. We get ‖A∗

ϕ̄Aϕ̄ −A∗A‖H = Op(‖ϕ̄− ϕ0‖). The conclusion
follows.

SM.5.4. Proof of Lemma A.15

To prove parts (i) and (ii) of Lemma A.15, we use the next lemma.

LEMMA B.11: Let v′
j = −(j� log j). Then (i) matrix D(T)(V

′
(T)V(T))D(T) con-

verges to a positive definite matrix as nT → ∞, where V(T) = (vnT /2 − vnT � � � � �
vnT−1 − vnT )

′ and D(T) denotes the diagonal matrix with diagonal elements
D(T)�kk = (

∑nT−1
j=nT /2(vj�k−vnT �k))

−1/2; (ii) ζ ′
(T)d(T)d

′
(T)m(T) =O(1) as nT �NT → ∞

such that NT =O(nT), where d(T) is the vector with elements d(T)�k =D(T)�kk, vec-
tor ζ(T) has elements ζ(T)�k = supnT<j≤NT

|vj�k − vnT �k|, and vector m(T) has ele-
ments m(T)�k =∑nT−1

j=nT /2 |vj�k − vnT �k|.
The results in Lemma B.11 hold also for wj = − log j� which is an element

of vj .

SM.5.4.1. Proof of Part (i)

We have ν̂j = ν̄nT exp((vj − vnT )
′α̂) and νj = νnT exp((vj − vnT )

′α)c1�j/c1�nT �
Thus

ν̂j

νj
= ν̄nT
νnT

exp
((
vj − vnT

)′
(α̂− α)

) c1�j

c1�nT

�

Since ν̄nT
νnT

− 1 = op(1) from Appendix A.5, the conclusion follows if

sup
nT<j≤NT

∣∣∣∣ c1�j

c1�nT

− 1
∣∣∣∣= o(1)

and

sup
nT<j≤NT

∣∣exp
((
vj − vnT

)′
(α̂− α)

)− 1
∣∣= op(1)�
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The first condition is satisfied since

sup
nT<j≤NT

∣∣∣∣ c1�j

c1�nT

− 1
∣∣∣∣≤ 1

c1�nT

sup
nT<j

|c1�j − c̄1| + |c1�nT − c̄1|
c1�nT

= o(1)

by the convergences c1�j → c̄1, with c̄1 > 0� and nT → ∞. Let us now con-
sider the second condition. We have α̂ − α = (V ′

(T)V(T))
−1V ′

(T)a(T), where ma-
trix V(T) is defined in Lemma B.11 and vector a(T) = (anT /2� � � � � anT−1)

′ with
aj = log(ν̄j/ν̄nT )− log(νj/νnT )+ log(c1�j/c1�nT ). By using that |ex − 1| ≤ 2|x| for
small x� we get

sup
nT<j≤NT

∣∣exp
((
vj − vnT

)′
(α̂− α)

)− 1
∣∣(SM.27)

=Op

(
sup

nT<j≤NT

∣∣(vj − vnT )
′(V ′

(T)V(T)
)−1

V ′
(T)a(T)

∣∣)�
Let us now bound the RHS. From Lemma B.11(ii), vector vj − vnT is bounded
componentwise by ζ(T) for any j such that nT < j ≤ NT . Moreover, the lth
component of V ′

(T)a(T) is such that

[
V ′
(T)a(T)

]
l
=

nT−1∑
j=nT /2

(
vj�l − vnT �l

)
aj =Op

(
m(T)�lāT

)
�

where āT = supnT /2≤j<nT |aj| and vectorm(T) is defined in Lemma B.11(ii). From
(V ′

(T)V(T))
−1 =D(T)(D(T)(V

′
(T)V(T))D(T))

−1D(T) and Lemma B.11(i) we get

(
V ′
(T)V(T)

)k�l =O
(
d(T)�kd(T)�l

)
�

where (V ′
(T)V(T))

k�l denotes the (k� l) element of matrix (V ′
(T)V(T))

−1� We deduce

sup
nT<j≤NT

∣∣(vj − vnT
)′(
V ′
(T)V(T)

)−1
V ′
(T)a(T)

∣∣=Op

(
ζ ′
(T)d(T)d

′
(T)m(T)āT

)
�

By (SM.27) and Lemma B.11(ii), we get

sup
nT<j≤NT

∣∣exp
((
vj − vnT

)′
(α̂− α)

)− 1
∣∣=Op(āT )�

By using aj = log(1+ ν̄j−νj
νj

)− log(1+ ν̄nT −νnT
νnT

)+ log(c1�j/c1�nT ) and | log(1+x)| ≤
2|x| for small x, we get

āT =Op

(
sup

1≤j≤nT

|ν̄j − νj|
νj

)
+ o(1)= op(1)

from Appendix A.5. The conclusion follows.
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SM.5.4.2. Proof of Part (ii)

Without loss of generality, we can normalize the periodic component such
that

∑S

j=1 χj = 1� Let φS�j(x)
2 =∑S−1

k=0 φj−k(x)2.

LEMMA B.12: We have φS�j(x)
2 = c∗

2�j exp(wjβ), where c∗
2�j/c2�j = 1 + o(1) as

j → ∞.

From Lemma B.12, the filtered spectral coefficients φS�j(x)
2 satisfy a decay

behavior compatible with Assumption 5(i) with vj replaced by wj = − log j. By
applying Lemma B.11 to wj and an argument similar to part (i), we deduce

sup
nT<j≤NT

|φ̂S�j(x)
2 −φS�j(x)

2|
φS�j(x)2

= op(1)�(SM.28)

where φ̂S�j(x)
2 = φ̄S�nT (x)

2 exp((wj −wnT )β̂) for nT < j ≤NT . The consistency
of the estimator of the periodic component is proved in the next lemma.

LEMMA B.13: We have χ̂j −χj = op(1) for j = 1� � � � � S.

Now, by using φ̂j(x)
2 = φ̂S�j(x)

2χ̂jmodS and φj(x)
2 = ξ∗

j χj , where ξ∗
j =

c2�j exp(wjβ), we have

φ̂j(x)
2 −φj(x)

2 = [φ̂S�j(x)
2 −φS�j(x)

2]χ̂jmodS

+ χ̂jmodS[φS�j(x)
2 − ξ∗

j ] + ξ∗
j (χ̂jmodS −χj)�

By combining bound (SM.28) and Lemma B.13, and using φS�j(x)
2/ξ∗

j = 1 +
o(1) from Lemma B.12, the conclusion follows.

SM.6. CHARACTERIZATION OF THE ASYMPTOTIC MISE

The asymptotic MISE of ϕ̂ can be characterized under a strengthening of
Assumption A.5(iii):

ASSUMPTION A.5(iii′): Functions ψj are in class Cm(RdZ ) such that

sup
j∈N

E
[|∇αψj(Z)|s̄

]1/s̄
<∞

for s̄ ≥ 4 and any α ∈ N
dZ with |α| ≤m�

Then, under Assumptions A.1(i)–A.5(iii′), we have E[‖ϕ̂ − ϕ0‖2] =
MT(λT )(1 +o(1))� The proof follows by the same arguments as in the proof of
Lemma A.7 and by replacing Lemma B.8(i) with the next lemma.
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LEMMA B.14: Under Assumptions A.1, A.2, A.4(i), A.5(i)–(iii′),

E
[‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖2

]
= 1
T

∞∑
j=1

νj

(νj + λT)2
‖φj‖2(1 + o(1))�

SM.7. AN EXAMPLE

SM.7.1. The Model

Let us define the functions φ̃j by φ̃1(x)= 1 and φ̃j(x)= √
2 cos[π(j − 1)x]

for j ≥ 2. They build a complete orthonormal system in L2[0�1] w.r.t. norm
‖·‖. Let furtherμj = e−α1(j−1) for j ≥ 1 and α1 > 0� Let us define the conditional
density of (X�Z) given U = τ by the bivariate p.d.f. (see Hall and Horowitz
(2005) and Horowitz and Lee (2007) for similar constructions)

fX�Z|U(x� z|τ)=
∞∑
j=1

μ1/2
j φ̃j(x)φ̃j(z)� x� z ∈ [0�1]�(SM.29)

A sufficient condition for function fX�Z|U to be positive is
∑∞

j=2 μ
1/2
j ≤ 1/2, that

is, α1 ≥ 2 log 3. Moreover, by using that
∫ 1

0 φ̃j(x)dx= 0 for j ≥ 2, it follows that
the total mass of fX�Z|U is 1 and that the distributions of X given U = τ and of
Z given U = τ are uniform.

We consider the separable model

Y = ϕ0(X)+U∗�

where U∗ =G−1(U), variable U is uniformly distributed on [0�1] and indepen-
dent ofZ, the distribution of (X�Z) givenU = τ admits the p.d.f. (SM.29), and
G is a c.d.f. such that G(0)= τ.

SM.7.2. The Spectrum of Operator ÃA

The operator A is given by

Aϕ(z)=G′(0)
∫ 1

0
fX|Z�U(x|z� τ)ϕ(x)dx�

and its adjoint w.r.t. the L2 norm is

Ãψ(x)= G′(0)
τ(1 − τ)

∫ 1

0
fZ|X�U(z|x�τ)ψ(z)dz�
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Then the operator ÃA is such that

ÃAϕ(x)= G′(0)2

τ(1 − τ)

∫ 1

0
a(x�ξ)ϕ(ξ)dξ�

where

a(x�ξ)=
∫ 1

0
fZ|X�U(z|x�τ)fX|Z�U(ξ|z� τ)dz =

∞∑
j=1

μjφ̃j(x)φ̃j(ξ)�

Thus, the operator ÃA admits normalized eigenfunctions φ̃j in L2[0�1] and
eigenvalues

ν̃j = G′(0)2

τ(1 − τ)
μj = G′(0)2

τ(1 − τ)
e−α1(j−1)�

Functions φ̃j are eigenfunctions of operator D = 1 − ∇2 such that Dφ̃j =
[1 +π2(j − 1)2]φ̃j . Moreover, we have

‖φ̃j‖2
H = 〈φ̃j�Dφ̃j〉 = 1 +π2(j − 1)2�

SM.7.3. The Spectrum of Operator A∗A

The operator A∗A= D−1ÃA admits normalized eigenfunctions

φj(x)= 1√
1 +π2(j − 1)2

φ̃j(x)

=

⎧⎪⎨
⎪⎩

1� j = 1,√
2

1 +π2(j − 1)2
cos[π(j − 1)x]� j ≥ 2,

in H1[0�1] and eigenvalues

νj = G′(0)2

τ(1 − τ)

1
1 +π2(j − 1)2

e−α1(j−1)�

Moreover,

‖φj‖2 = 1
1 +π2(j − 1)2

�

The asymptotic behavior of the spectrum is such that

νj � j−2e−α1j� φj(x)
2 � j−2 cos2[π(j − 1)x]� ‖φj‖2 � j−2�

Thus, νj and φj(x)
2 satisfy Assumption 5, and ‖φj‖2 � j−β with β= 2�
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SM.7.4. Asymptotic Behavior of VT(λT ;ε), σ2
T (x), and σ2

∗�T (x)

The asymptotic behavior of VT(λT ;ε), σ2
T (x), and σ2

∗�T (x) as T → ∞ can be
derived using the next lemma, which is a generalization of Lemma A.8 in GS.

LEMMA B.15: Let νj � j−α2e−α1j and aj � j−α3e−α4jχj for α2�α3 ≥ 0, α1�α4 >
0� where χj is positive, bounded, and such that supi≥1:χi=0 minj≥1:χj≥ε |j − i|<∞
for some ε > 0. Let nλ ∈ N be such that νnλ � λ as λ→ 0. Then, as λ→ 0,

∞∑
j=1

aj

(λ+ νj)2
�
{
λ−2+α4/α1n

α2α4/α1−α3
λ � if α4 < 2α1,

1� if α4 > 2α1.

By using aj = νj‖φj‖2jε, α3 = α2 +β− ε, α4 = α1, and nλ � log(1/λ), we get

VT(λT ;ε)= 1
T

∞∑
j=1

νj

(λT + νj)2
‖φj‖2jε � 1

T
λ−1
T [log(1/λT )]−β+ε�

By using aj = νjφj(x)
2 = νjc2�jj

−βχj , α3 = α2 + β, α4 = α1, and nλ � log(1/λ),
we get

σ2
T (x)=

∞∑
j=1

νj

(λT + νj)2
φj(x)

2 � λ−1
T [log(1/λT )]−β�

where we have used that a periodic function χj satisfies the condition in
Lemma B.15. Finally, by using aj = νjc2�jj

−β, α3 = α2 + β, α4 = α1, and nλ �
log(1/λ), we get

σ2
∗�T (x)=

∞∑
j=1

νj

(λT + νj)2
c2�jj

−β � λ−1
T [log(1/λT )]−β�

Thus, VT (λT )

σ2
T (x)/T

=O(1) and σ2
∗�T (x)/σ

2
T (x)=O(1)�

SM.7.5. Hyberbolic Spectrum

A similar example can be developed if we choose μ1 = 1 and μj = Cj−α1 ,
j > 1, with C > 0 and α1 > 2, in (SM.29). The p.d.f. (SM.29) is well defined if
C ≤ (α1 − 2)/4. The eigenvalues of ÃA are

ν̃j = G′(0)2

τ(1 − τ)
μj�
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SM.8. PROOF OF THE SECONDARY TECHNICAL LEMMAS

SM.8.1. Proof of Lemma B.1

Let T ∗ = T to ease notation. Write

fX|Z(x|z)FY |X�Z(y|x�z)= Ψ(x� y� z)

fZ∗(z)

and similarly

f̂X|Z(x|z)F̂Y |X�Z(y|x�z)= Ψ̂ (x� y� z)

f̂Z∗(z)
�

where

Ψ(x� y� z) :=
∫ y

−∞
fX�Y�Z∗(x� v� z)dv�

Ψ̂ (x� y� z) :=
∫ y

−∞
f̂X�Y�Z∗(x� v� z)dv

= 1

Th
1+dZ
T

T∑
t=1

IK

(
y −Yt

hT

)
K

(
x−Xt

hT

)
K

(
z−Z∗

t

hT

)
�

and IK(y) := ∫ y

−∞K(v)dv. Since

Ψ̂ (x� y� z)

f̂Z∗(z)
− Ψ(x� y� z)

fZ∗(z)

= 1
fZ∗(z)

Ψ̂ (x� y� z)−Ψ(x� y� z)

1 + f̂Z∗(z)− fZ∗(z)

fZ∗(z)

−
(
Ψ(x� y� z)

fZ∗(z)

)
1

fZ∗(z)

f̂Z∗(z)− fZ∗(z)

1 + f̂Z∗(z)− fZ∗(z)

fZ∗(z)

�

supz∈Z |f̂Z∗(z)− fZ∗(z)|2 = Op(
logT

Th
dZ
T

+ h2m
T ) by Assumptions A.1 and A.2, and

Theorem 6 in Hansen (2008), and infz∈Z fZ∗(z) > 0 by Assumption A.1(iii), the
conclusion follows if

sup
x∈[0�1]�y∈R�z∈Z

|Ψ̂ (x� y� z)−Ψ(x� y� z)|2 =Op

(
logT

Th
1+dZ
T

+ h2m
T

)
�(SM.30)
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To show this result, as usual we distinguish the bias term and the stochastic
term. The bias term is E[Ψ̂ (x� y� z)] − Ψ(x� y� z) = ∫ y

−∞(E[f̂X�Y�Z∗(x� v� z)] −
fX�Y�Z∗(x� v� z))dv� Since Y has compact support in [0�1] and kernel K has
compact support (Assumption A.2), f̂X�Y�Z∗(x� v� z) = fX�Y�Z∗(x� v� z) = 0 for
v /∈ [−ε�1+ε] for large T and any ε > 0. It follows that supx∈[0�1]�y∈R�z∈Z |E[Ψ̂ (x�
y� z)] − Ψ(x� y� z)| = O(hm

T ) by a standard bias expansion using Assump-
tion A.1. Similarly, for the stochastic term

sup
x∈[0�1]�y∈R�z∈Z

∣∣Ψ̂ (x� y� z)−E[Ψ̂ (x� y� z)]∣∣
≤ sup

x∈[0�1]�y∈[−ε�1+ε]�z∈Z

∣∣Ψ̂ (x� y� z)−E[Ψ̂ (x� y� z)]∣∣�
To show that the RHS is Op(

√
logT

Th
1+dZ
T

), we follow Hansen (2008, Proof of The-

orem 1) and Bosq (1998, Proof of Theorem 2.2). Write u := (x� y� z) ∈ R
d and

introduce a covering of Ξ := [0�1] × [−ε�1 + ε] × Z by nT balls Bj�T := {u ∈
R

d : |u − uj�T | ≤ C
nT

}, j = 1� � � � � nT , where C is a constant, uj�T ∈ Ξ, and nT is

such that nT = O(T c) for some c > 0 and 1

h
dZ+2
T nT

= o(
√

logT

Th
1+dZ
T

). Kernel K is

bounded and Lipschitz (Assumption A.2), and IK is also Lipschitz. It follows
that

|Ψ̂ (u)− Ψ̂ (uj�T )| ≤ C1

nTh
dZ+2
T

and

∣∣E[Ψ̂ (u)] −E[Ψ̂ (uj�T )]
∣∣≤ C1

nTh
dZ+2
T

� if u ∈ Bj�T �

for a constant C1 and j = 1� � � � � nT . Thus

sup
u∈Ξ

∣∣Ψ̂ (u)−E[Ψ̂ (u)]∣∣≤ 2C1

nTh
dZ+2
T

+ sup
j=1�����nT

∣∣Ψ̂ (uj�T )−E[Ψ̂ (uj�T )]
∣∣�

Then

P
[
sup
u∈Ξ

∣∣Ψ̂ (u)−E[Ψ̂ (u)]∣∣≥ ηT

]
(SM.31)

≤
nT∑
j=1

P

[∣∣Ψ̂ (uj�T )−E[Ψ̂ (uj�T )]
∣∣≥ 1

2
ηT

]

≤ nT sup
u∈Ξ

P

[∣∣Ψ̂ (u)−E[Ψ̂ (u)]∣∣≥ 1
2
ηT

]
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for ηT := η
√

logT

Th
1+dZ
T

and any constant η > 0� To bound P[|Ψ̂ (u)−E[Ψ̂ (u)]| ≥
1
2ηT ], u ∈Ξ, write

Ψ̂ (u)−E[Ψ̂ (u)] = 1
T

T∑
t=1

κt(u)�

where

κt(u) := 1

h
dZ+1
T

IK

(
y −Yt

hT

)
K

(
x−Xt

hT

)
K

(
z−Z∗

t

hT

)

−E

[
1

h
dZ+1
T

IK

(
y −Y

hT

)
K

(
x−X

hT

)
K

(
z−Z∗

hT

)]

and apply Bernstein’s inequality (e.g., Bosq (1998, Theorem 1.2(2))). It is
possible to show that Cramer’s condition is satisfied, with E[|κt(u)|n] ≤
E[|κt(u)|2]( c1

h
dZ+1
T

)n−2n!� n ∈ N� for a constant c1. Then we get, for any u ∈Ξ,

P

[∣∣∣∣∣
T∑
t=1

κt(u)

∣∣∣∣∣≥ 1
2
TηT

]

≤ 2 exp

⎛
⎜⎜⎜⎜⎜⎝−

(
1
2
TηT

)2

4
T∑
t=1

E[|κt(u)|2] + 2
(

c1

h
1+dZ
T

)
1
2
TηT

⎞
⎟⎟⎟⎟⎟⎠ �

Using E[|κt(u)|2] ≤ c2/h
1+dZ
T for large T , then P[|∑T

t=1 κt(u)| ≥ 1
2TηT ] ≤

2 exp(−c3η
2 logT) uniformly in u ∈ Ξ. From (SM.31), P[supu∈Ξ |Ψ̂ (u) −

E[Ψ̂ (u)]| ≥ η
√

logT

Th
1+dZ
T

] = o(1) for η sufficiently large. Then (SM.30) is proved.

SM.8.2. Proof of Lemma B.2

The second equality follows from (SM.9). Let us now prove the first equality.
We first consider the case l <∞. Since the odd-order derivatives of functions
ϕ and φ vanish at the boundary, we have

〈∇sφ�∇sϕ〉 = ∇s−1φ∇sϕ|1
0 − 〈∇s−1φ�∇s+1ϕ〉(SM.32)

= −∇s−2φ∇s+1ϕ|1
0 + 〈∇s−2φ�∇s+2ϕ〉
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���

= (−1)s−1φ∇2s−1ϕ|1
0 + (−1)s〈φ�∇2sϕ〉

= 〈φ�(−∇2)sϕ〉
for s = 0�1� � � � � l. By summing over s, we get 〈φ�ϕ〉H = 〈φ�p(−∇2)ϕ〉. Let us
now consider the case l = ∞. We have for any n ∈ N,

∑n

s=0
1
s! 〈∇sφ�∇sϕ〉 =

〈φ�∑n

s=0
1
s!(−∇2)sϕ〉. Now take the limit n → ∞: the LHS converges to

〈φ�ϕ〉H , while the RHS converges to 〈φ�p(−∇2)ϕ〉 from Lemma A.17(i) in
Section SM.3. The conclusion follows.

SM.8.3. Proof of Lemma B.3

By Cauchy–Schwarz inequality, we have

‖ϕ‖2 = ‖ψ‖2 + 2ε〈ψ�K(ϕ)〉 + ε2‖K(ϕ)‖2(SM.33)

≤ ‖ψ‖2 + 2ε‖ψ‖‖ϕ‖2 + ε2‖ϕ‖4�

Thus, the squared norm ‖ϕ‖2 satisfies the quadratic inequality

ε2‖ϕ‖4 − (1 − 2ε‖ψ‖)‖ϕ‖2 + ‖ψ‖2 ≥ 0�

Let z1 < z2 denote the roots of ε2z2 − (1 − 2ε‖ψ‖)z+ ‖ψ‖2 = 0:

z1�2 = 1 − 2ε‖ψ‖ ∓√
1 − 4ε‖ψ‖

2ε2
�

Then either ‖ϕ‖2 ≤ z1 or ‖ϕ‖2 ≥ z2. Using ε‖ψ‖ < 1/8 and that
√

1 + a ≥
1 + 1

2a − a2 for any a ∈ [−1/2�0]� we deduce that z1 ≤ 8‖ψ‖2 and z2 ≥ 3
8ε2 .

Thus, either ‖ϕ‖2 ≤ 8‖ψ‖2 or ‖ϕ‖2 ≥ 3
8ε2 . Now let us assume we are in the case

‖ϕ‖2 ≤ 8‖ψ‖2. Then

|‖ϕ‖ − ‖ψ‖| ≤ ‖ϕ−ψ‖ = ε‖K(ϕ)‖ ≤ ε‖ϕ‖2 ≤ 8ε‖ψ‖2�

Thus,

|‖ϕ‖2 − ‖ψ‖2| = |‖ϕ‖ + ‖ψ‖||‖ϕ‖ − ‖ψ‖|
≤ (1 + √

8)8ε‖ψ‖3 ≤ 32ε‖ψ‖3�

SM.8.4. Proof of Lemma B.4

Let εT = C√
λT

. Define the set

Ω=
{
εT‖�ψ̂‖ ≤ 1/8 ∧ ‖�ϕ̂‖2 ≤ 3

8ε2
T

∧ ‖K̂(�ϕ̂)‖ ≤ εT‖�ϕ̂‖2

}
�
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For large T , we have Ω⊂ {‖�ϕ̂‖< r} for any r > 0. From Equation (A.4) and
Lemma B.3, |‖�ϕ̂‖2 −‖�ψ̂‖2| ≤ 32εT‖�ψ̂‖3 if eventΩ happens, while |‖�ϕ̂‖2 −
‖�ψ̂‖2| ≤ 4c2 + ‖�ψ̂‖2 on Ωc , where c := supϕ∈Θ ‖ϕ‖. Thus,

|‖�ϕ̂‖2 − ‖�ψ̂‖2| ≤ 32εT‖�ψ̂‖31{Ω} + (4c2 + ‖�ψ̂‖2)1{Ωc}�

We deduce

∣∣E[‖�ϕ̂‖2] −E[‖�ψ̂‖2]∣∣
≤E

[|‖�ϕ̂‖2 − ‖�ψ̂‖2|]
≤ 32εTE[‖�ψ̂‖3] + 4c2P[Ωc] +E[‖�ψ̂‖21{Ωc}]�

From Cauchy–Schwarz inequality, E[‖�ψ̂‖21{Ωc}] ≤ E[‖�ψ̂‖4]1/2P[Ωc]1/2.
Further,

P[Ωc] ≤ P

[
‖�ψ̂‖2 >

λT

64C2

]
+ P

[
‖�ϕ̂‖2 >

3λT
8C2

]

+ P

[
‖K̂(�ϕ̂)‖> C√

λT
‖�ϕ̂‖2

]
�

From Lemma A.5, we get

∣∣E[‖�ϕ̂‖2] −E[‖�ψ̂‖2]∣∣
≤ 32C

1√
λT

E[‖�ψ̂‖3] + 4c2P

[
‖�ψ̂‖2 >

λT

64C2

]

+ 4c2P

[
‖�ϕ̂‖2 >

3λT
8C2

]

+E[‖�ψ̂‖4]1/2P

[
‖�ψ̂‖2 >

λT

64C2

]1/2

+E[‖�ψ̂‖4]1/2P

[
‖�ϕ̂‖2 >

3λT
8C2

]1/2

+O(T−b̄)

for any b̄ > 0� Using E[‖�ψ̂‖4] ≤ 1√
λT
E[‖�ψ̂‖3] and

√
ab ≤ a+ b for a�b ≥ 0,

the conclusion follows.
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SM.8.5. Proof of Lemma B.5

To simplify the notation, we temporarily absorb the factor τ(1 − τ) in the
definition of m and m̂. We have

P[‖ϕ̂−ϕ0‖ ≥ εT ](SM.34)

≤ P
[

inf
ϕ∈Θ:‖ϕ−ϕ0‖≥εT

Q∞(ϕ)+ λT‖ϕ‖2
H ≤Q∞(ϕ̂)+ λT‖ϕ̂‖2

H

]
≤ P[Q∞(ϕ̂)+ λT‖ϕ̂‖2

H − λT‖ϕ0‖2
H ≥ C(εT �λT )]�

Let us now bound Q∞(ϕ̂)+ λT‖ϕ̂‖2
H in probability. Since

Q∞(ϕ̂)= 1
T

T∑
t=1

m(ϕ̂�Zt)
2 −

(
1
T

T∑
t=1

m(ϕ̂�Zt)
2 −Q∞(ϕ̂)

)

and ϕ̂ ∈Θ, we have, for any η> 0,

P[Q∞(ϕ̂)+ λT‖ϕ̂‖2
H ≥ η+ λT‖ϕ0‖2

H]

≤ P

[
1
T

T∑
t=1

m(ϕ̂�Zt)
2 + λT‖ϕ̂‖2

H ≥ η/2 + λT‖ϕ0‖2
H

]

+ P

[
sup
ϕ∈Θ

∣∣∣∣∣ 1
T

T∑
t=1

m(ϕ�Zt)
2 −Q∞(ϕ)

∣∣∣∣∣≥ η/2

]

=: P1 + P2�

To bound probability P1, we denote 〈m1�m2〉T := 1
T

∑T

t=1 m1(Zt)m2(Zt)

and ‖m‖T := 〈m�m〉1/2
T . Then 1

T

∑T

t=1 m(ϕ̂�Zt)
2 = ‖m(ϕ̂� ·)‖2

T and QT(ϕ̂) =
‖m̂(ϕ̂� ·)‖2

T . From the condition QT(ϕ̂) + λT‖ϕ̂‖2
H ≤ QT(ϕ0) + λT‖ϕ0‖2

H ,
we deduce ‖m(ϕ̂� ·)‖2

T + λT‖ϕ̂‖2
H + 2〈m(ϕ̂� ·), �m̂(ϕ̂� ·)〉T + ‖�m̂(ϕ̂� ·)‖2

T −
‖�m̂(ϕ0� ·)‖2

T − λT‖ϕ0‖2
H ≤ 0� Using the Cauchy–Schwarz inequality, we de-

duce that δT :=√‖m(ϕ̂� ·)‖2
T + λT‖ϕ̂‖2

H satisfies δ2
T −2d1�T δT +d2�T ≤ 0, where

d1�T := ‖�m̂(ϕ̂� ·)‖T and d2�T := ‖�m̂(ϕ̂� ·)‖2
T −‖�m̂(ϕ0� ·)‖2

T −λT‖ϕ0‖2
H . Then

δT ≤ d1�T +
√
d2

1�T − d2�T

≤
√√√√sup

ϕ∈Θ

1
T

T∑
t=1

�m̂(ϕ�Zt)2 +
√√√√sup

ϕ∈Θ

1
T

T∑
t=1

�m̂(ϕ�Zt)2 + λT‖ϕ0‖2
H

≤DT +
√
D2

T + λT‖ϕ0‖2
H�
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where DT := supϕ∈Θ supz∈Z |�m̂(ϕ�z)|. Furthermore,

δ2
T ≤ 2D2

T + 2DT

√
D2

T + λT‖ϕ0‖2
H + λT‖ϕ0‖2

H

≤ 4D2
T + 2DT‖ϕ0‖H

√
λT + λT‖ϕ0‖2

H�

We get

P1 = P[δ2
T ≥ η/2 + λT‖ϕ0‖2

H] ≤ P[2D2
T +DT‖ϕ0‖H

√
λT ≥ η/4]�

Since the parabola q(x)= 2x2 + x‖ϕ0‖H√
λT −η/4 has roots

x1�2 = −‖ϕ0‖H√
λT ±√

λT‖ϕ0‖2
H + 2η

4
�

we deduce that

P1 ≤ P

[
DT ≥

√
λT‖ϕ0‖2

H + 2η−√
λT‖ϕ0‖2

H

4

]
�

Thus,

P[Q∞(ϕ̂)+ λT‖ϕ̂‖2
H ≥ η+ λT‖ϕ0‖2

H](SM.35)

≤ P

[
DT ≥

√
λT‖ϕ0‖2

H + 2η−√
λT‖ϕ0‖2

H

4

]

+ P

[
sup
ϕ∈Θ

∣∣∣∣∣ 1
T

T∑
t=1

m(ϕ�Zt)
2 −Q∞(ϕ)

∣∣∣∣∣≥ η/2

]
�

From (SM.34) and (SM.35), the conclusion follows.

SM.8.6. Proof of Lemma B.6

Let ϕλ�A := (λ+A∗A)−1A∗Aϕ0 be the Tikhonov solution of the linearized
problem Aϕ = r. Below we show in part (a) that ‖ϕλ − ϕ0‖H = O(λδ) under
Assumption 4(i) and (ii) before showing in part (b) that the statement of the
lemma holds.

Part (a)

We follow the idea of the proof of Theorem 10.7 in Engl, Hanke, and
Neubauer (2000) that consists in comparing ϕλ and ϕλ�A. By Lemma A.16 in
Section SM.3 we have

A(ϕλ)− τ =A(ϕλ −ϕ0)+R(ϕλ�ϕ0)(SM.36)
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and

A(ϕλ�A)− τ =A(ϕλ�A −ϕ0)+R(ϕλ�A�ϕ0)�(SM.37)

where

‖R(ϕλ�ϕ0)‖L2(FZ)
≤ 1

2
c‖ϕλ −ϕ0‖2�(SM.38)

‖R(ϕλ�A�ϕ0)‖L2(FZ)
≤ 1

2
c‖ϕλ�A −ϕ0‖2�

From the definition of ϕλ, we have

Q∞(ϕλ)+ λ‖ϕλ‖2
H ≤Q∞(ϕλ�A)+ λ‖ϕλ�A‖2

H�

We deduce

‖ϕλ −ϕ0‖2
H = ‖ϕλ‖2

H + ‖ϕλ −ϕ0‖2
H − ‖ϕλ‖2

H(SM.39)

≤ 1
λ
(Q∞(ϕλ�A)−Q∞(ϕλ))

+ ‖ϕλ�A‖2
H + ‖ϕλ −ϕ0‖2

H − ‖ϕλ‖2
H

= 1
λ

(‖A(ϕλ�A)− τ‖2
L2(FZ�τ)

− ‖A(ϕλ)− τ‖2
L2(FZ�τ)

)
+ ‖ϕλ�A −ϕ0‖2

H + 2〈ϕλ�A −ϕ0�ϕ0〉H
− 2〈ϕλ −ϕ0�ϕ0〉H�

From (SM.37), we have

‖A(ϕλ�A)− τ‖2
L2(FZ�τ)

(SM.40)

= ‖A(ϕλ�A −ϕ0)‖2
L2(FZ�τ)

+ ‖R(ϕλ�A�ϕ0)‖2
L2(FZ�τ)

+ 2〈A(ϕλ�A −ϕ0)�R(ϕλ�A�ϕ0)〉L2(FZ�τ)
�

Then we get

‖ϕλ −ϕ0‖2
H ≤ 1

λ
‖A(ϕλ�A −ϕ0)‖2

L2(FZ�τ)
(SM.41)

+ 1
λ

‖R(ϕλ�A�ϕ0)‖2
L2(FZ�τ)

+ 2
λ

〈A(ϕλ�A −ϕ0)�R(ϕλ�A�ϕ0)〉L2(FZ�τ)
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− 1
λ

‖A(ϕλ)− τ‖2
L2(FZ�τ)

+ ‖ϕλ�A −ϕ0‖2
H + 2〈ϕλ�A −ϕ0�ϕ0〉H

− 2〈ϕλ −ϕ0�ϕ0〉H�

Now, from Assumption 4(ii) there exists ψ0 ∈ L2(FZ� τ) such that ϕ0 = A∗ψ0

and ‖ψ0‖L2(FZ�τ)
< 1/c. Indeed, ψ0 = ∑∞

j=1
〈φj�ϕ0〉H

ωj
ψj , where {φj�ψj�ωj : j =

1�2� � � �} is called the singular system of operator A with ωj = √
νj (Kress

(1999, p. 278)), and ‖ψ0‖2
L2(FZ�τ)

=∑∞
j=1

〈φj�ϕ0〉2
H

νj
. Then, from (SM.36), we have

‖A(ϕλ)− τ‖2
L2(FZ�τ)

(SM.42)

= ‖A(ϕλ)− τ+ λψ0‖2
L2(FZ�τ)

− λ2‖ψ0‖2
L2(FZ�τ)

− 2λ〈A(ϕλ)− τ�ψ0〉L2(FZ�τ)

= ‖A(ϕλ)− τ+ λψ0‖2
L2(FZ�τ)

− λ2‖ψ0‖2
L2(FZ�τ)

− 2λ〈ϕλ −ϕ0�ϕ0〉H − 2λ〈R(ϕλ�ϕ0)�ψ0〉L2(FZ�τ)
�

By replacing (SM.42) into (SM.41) and using 〈ϕλ�A − ϕ0�ϕ0〉H = 〈A(ϕλ�A −
ϕ0)�ψ0〉L2(FZ�τ)

, we get

‖ϕλ −ϕ0‖2
H ≤ 1

λ
‖A(ϕλ�A −ϕ0)‖2

L2(FZ�τ)
(SM.43)

+ 1
λ

‖R(ϕλ�A�ϕ0)‖2
L2(FZ�τ)

+ 2
λ

〈A(ϕλ�A −ϕ0)�R(ϕλ�A�ϕ0)〉L2(FZ�τ)

− 1
λ

‖A(ϕλ)− τ+ λψ0‖2
L2(FZ�τ)

+ 2〈R(ϕλ�ϕ0)�ψ0〉L2(FZ�τ)

+ 〈2A(ϕλ�A −ϕ0)+ λψ0�ψ0〉L2(FZ�τ)
+ ‖ϕλ�A −ϕ0‖2

H�

From (SM.38), we have the inequalities

2〈R(ϕλ�ϕ0)�ψ0〉L2(FZ�τ)
≤ c‖ψ0‖L2(FZ�τ)

‖ϕλ −ϕ0‖2�

1
λ

‖R(ϕλ�A�ϕ0)‖2
L2(FZ�τ)

≤ 1
4λ

c2‖ϕλ�A −ϕ0‖4�
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Moreover, by using (SM.38), ϕλ�A − ϕ0 = −λ(λ + A∗A)−1ϕ0, and (λ +
A∗A)−1ϕ0 =A∗(λ+AA∗)−1ψ0� we have

2
λ

〈A(ϕλ�A −ϕ0)�R(ϕλ�A�ϕ0)〉L2(FZ�τ)

≤ 1
λ
c‖A(ϕλ�A −ϕ0)‖L2(FZ�τ)

‖ϕλ�A −ϕ0‖2

≤ c‖ψ0‖L2(FZ�τ)
‖ϕλ�A −ϕ0‖2

and

1
λ

‖A(ϕλ�A −ϕ0)‖2
L2(FZ�τ)

+ 〈2A(ϕλ�A −ϕ0)+ λψ0�ψ0〉L2(FZ�τ)

= λ3‖(λ+AA∗)−1ψ0‖2
L2(FZ�τ)

�

Thus, from (SM.43), we deduce

‖ϕλ −ϕ0‖2
H ≤ c‖ψ0‖L2(FZ�τ)

‖ϕλ −ϕ0‖2

+ (
1 + c‖ψ0‖L2(FZ�τ)

)‖ϕλ�A −ϕ0‖2
H

+ 1
4λ

c2‖ϕλ�A −ϕ0‖4 + λ3‖(λ+AA∗)−1ψ0‖2
L2(FZ�τ)

�

Then, since c‖ψ0‖L2(FZ�τ)
< 1, we get

‖ϕλ −ϕ0‖2
H = O

(
‖ϕλ�A −ϕ0‖2

H + 1
λ

‖ϕλ�A −ϕ0‖4

+ λ3‖(λ+AA∗)−1ψ0‖2
L2(FZ�τ)

)
�

Now, from Assumption 4(i),

‖ϕλ�A −ϕ0‖2
H = λ2

∞∑
j=1

〈φj�ϕ0〉2
H

(λ+ νj)2
=O(λ2δ)�

‖(λ+AA∗)−1ψ0‖2
L2(FZ�τ)

= λ2
∞∑
j=1

〈φj�ϕ0〉2
H

(λ+ νj)2νj
=O(λ2δ−1)�

and we conclude that ‖ϕλ −ϕ0‖H =O(λδ).

Part (b)

From part (a) and Assumption 4(i), it follows that ‖ϕλ − ϕ0‖ = o(
√
λ) and

‖ϕλ�A − ϕ0‖ = o(
√
λ). For η := d2 − c > 0, let λ be such that ‖ϕλ − ϕλ�A‖ ≤
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εη/2 and ‖ϕλ −ϕ0‖ ≤ εη/2, where ε := d
√
λ. Then, by Assumption 2, we have

inf
ϕ∈Θ:

‖ϕ−ϕ0‖≥d√
λ

Q∞(ϕ)+ λ‖ϕ‖2
H = inf

ϕ∈Θ:
‖ϕ−ϕ0‖≥ε

Q∞(ϕ)+ λ‖ϕ‖2
H

≥ inf
ϕ∈Θ:

‖ϕ−ϕλ‖≥ε(1−η/2)

Q∞(ϕ)+ λ‖ϕ‖2
H

= inf
ϕ∈Θ:

‖ϕ−ϕλ‖=ε(1−η/2)

Q∞(ϕ)+ λ‖ϕ‖2
H�

The last equality comes from the fact that the minimum is taken on the
boundary of set {ϕ ∈ Θ :‖ϕ − ϕλ‖ ≥ ε(1 − η/2)} (otherwise the function
Q∞(ϕ)+ λ‖ϕ‖2

H admits a local minimum). Moreover, ‖ϕ− ϕλ‖ = ε(1 − η/2)
implies ε≥ ‖ϕ−ϕλ�A‖ ≥ ε(1 −η). Thus

inf
ϕ∈Θ:

‖ϕ−ϕλ‖=ε(1−η/2)

Q∞(ϕ)+ λ‖ϕ‖2
H ≥ inf

ϕ∈Θ:
ε≥‖ϕ−ϕλ�A‖≥ε(1−η)

Q∞(ϕ)+ λ‖ϕ‖2
H�

We get

inf
ϕ∈Θ:

‖ϕ−ϕ0‖≥d√
λ

Q∞(ϕ)+ λ‖ϕ‖2
H ≥ inf

ϕ∈Θ:
d2

√
λ≥‖ϕ−ϕλ�A‖≥d1

√
λ

Q∞(ϕ)+ λ‖ϕ‖2
H�

where d1 = d(1 −η) and d2 = d.
Now, we prove that for c < d2

1 ,

inf
ϕ∈Θ:

d2
√
λ≥‖ϕ−ϕλ�A‖≥d1

√
λ

Q∞(ϕ)+ λ‖ϕ‖2
H ≥ λ‖ϕ0‖2

H + cλΓ (λ)(SM.44)

for small λ > 0. Since η > 0 can be chosen arbitrarily small, the conclusion
follows.

The proof is by contradiction. Suppose that (SM.44) is not true for c < d2
1 .

Then there exist sequences (λn), λn → 0� and (ϕn) ⊂ Θ such that d1
√
λn ≤

‖ϕn −ϕλn�A‖ ≤ d2
√
λn and

Q∞(ϕn)+ λn‖ϕn‖2
H ≤ λn‖ϕ0‖2

H + c1λnΓ (λn)

for c < c1 < d2
1 . By using the linearization A(ϕ)− τ =A�ϕ + R(ϕ�ϕ0), As-

sumption A.4(ii), and Lemma A.16, we get

Q∞(ϕn)= 〈�ϕn�A
∗A�ϕn〉H + 2〈A�ϕn�R(ϕn�ϕ0)〉L2(FZ�τ)

+ ‖R(ϕn�ϕ0)‖2
L2(FZ�τ)

≥ 〈�ϕn�A
∗A�ϕn〉H − 2C‖A‖‖�ϕn‖3�
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Further, ‖�ϕn‖ ≤ ‖ϕn −ϕλn�A‖ + ‖ϕλn�A −ϕ0‖ =O(
√
λn) and we get

〈�ϕn�A
∗A�ϕn〉H + λn‖ϕn‖2

H ≤ λn‖ϕ0‖2
H + c1λnΓ (λn)+O

(
λ3/2
n

)
�

By Assumption 4(iii), we deduce for large n that

〈�ϕn�A
∗A�ϕn〉H + λn‖ϕn‖2

H ≤ λn‖ϕ0‖2
H + c2λnΓ (λn)(SM.45)

for c1 < c2 < d2
1� Let us now show that the latter inequality cannot hold. For

this purpose, we derive an explicit expression for

C̃(ε�λ) := inf
ϕ:‖ϕ−ϕλ�A‖≥ε

〈�ϕ�A∗A�ϕ〉H + λ‖ϕ‖2
H�

From GS, proof of Proposition 2, the penalized linearized criterion can be
rewritten as

〈�ϕ�A∗A�ϕ〉H + λ‖ϕ‖2
H

= 〈ϕ−ϕλ�A� (A
∗A+ λ)(ϕ−ϕλ�A)〉H + λ〈ϕλ�A�ϕ0〉H�

Thus

C̃(ε�λ)= inf
ϕ:‖ϕ−ϕλ�A‖≥ε

〈ϕ−ϕλ�A� (A
∗A+ λ)(ϕ−ϕλ�A)〉H

+ λ〈ϕλ�A�ϕ0〉H
= inf

ψ:‖ψ‖≥ε
〈ψ�(A∗A+ λ)ψ〉H + λ〈ϕλ�A�ϕ0〉H

= ε2 inf
ψ:‖ψ‖=1

〈ψ�(A∗A+ λ)ψ〉H + λ〈ϕλ�A�ϕ0〉H
= ε2Γ (λ)+ λ〈ϕλ�A�ϕ0〉H�

Moreover, 〈ϕλ�A�ϕ0〉H = ‖ϕ0‖2
H + 〈ϕλ�A − ϕ0�ϕ0〉H . Thus, we get C̃(ε�λ) =

ε2Γ (λ)+ λ‖ϕ0‖2
H + λ〈ϕλ�A −ϕ0�ϕ0〉H� From Assumption 4(i),

C̃(ε�λ)= ε2Γ (λ)+ λ‖ϕ0‖2
H +O

(
λ3/2

)
�

Now

〈�ϕn�A
∗A�ϕn〉H + λn‖ϕn‖2

H

≥ C̃(d1

√
λn�λn)= d2

1λnΓ (λn)+ λn‖ϕ0‖2
H +O

(
λ3/2
n

)
�

By Assumption 4(iii) and c2 < d2
1 , this is incompatible with (SM.45).
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SM.8.7. Proof of Lemma B.7

SM.8.7.1. Proof of P[‖�ϕ̂‖2 ≥ d2λT ] =O(T−b̄)

Let T ∗ = T to ease notation. We have to bound the two probabilities in the
RHS of inequality (SM.18). Let us consider the first one. From the proofs of
Lemmas A.3 and B.1, we know that

sup
ϕ∈Θ

sup
z∈Z

|�m̂(ϕ�z)|

≤ sup
x∈[0�1]�y∈R�z∈Z

∣∣f̂X|Z(x|z)F̂Y |X�Z(y|x�z)− fX|Z(x|z)FY |X�Z(y|x�z)
∣∣

and

f̂X|Z(x|z)F̂Y |X�Z(y|x�z)− fX|Z(x|z)FY |X�Z(y|x�z)

= 1
fZ∗(z)

Ψ̂ (x� y� z)−Ψ(x� y� z)

1 + f̂Z∗(z)− fZ∗(z)

fZ∗(z)

−
(
Ψ(x� y� z)

fZ∗(z)

)
1

fZ∗(z)

f̂Z∗(z)− fZ∗(z)

1 + f̂Z∗(z)− fZ∗(z)

fZ∗(z)

�

where

Ψ̂ (x� y� z) :=
∫ y

−∞
f̂X�Y�Z∗(x� v� z)dv

= 1

Th
1+dZ
T

T∑
t=1

IK

(
y −Yt

hT

)
K

(
x−Xt

hT

)
K

(
z−Z∗

t

hT

)

and Ψ(x� y� z) := ∫ y

−∞ fX�Y�Z∗(x� v� z)dv. Then using that Ψ(x�y�z)

fZ∗ (z) is bounded
(Assumptions A.1(i) and A.4(ii)) and infz∈Z fZ∗(z) > 0 (see Assump-
tion A.1(iii)), for aT :=√

cλTΓ (λT )2 we get

P
[
sup
ϕ∈Θ

sup
z∈Z

|�m̂(ϕ�z)| ≥ aT
]

(SM.46)

≤ P

[
sup

x∈[0�1]�y∈R�z∈Z

∣∣∣∣∣ Ψ̂ (x� y� z)−Ψ(x� y� z)

1 + f̂Z∗(z)− fZ∗(z)

fZ∗(z)

∣∣∣∣∣≥ aT

logT

]
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+ P

[
sup

x∈[0�1]�y∈R�z∈Z

∣∣∣∣∣ f̂Z∗(z)− fZ∗(z)

1 + f̂Z∗(z)− fZ∗(z)

fZ∗(z)

∣∣∣∣∣≥ aT

logT

]

≤ P

[
sup

x∈[0�1]�y∈R�z∈Z
|Ψ̂ (x� y� z)−Ψ(x� y� z)| ≥ aT

2 logT

]

+ P

[
sup
z∈Z

|f̂Z∗(z)− fZ∗(z)| ≥ aT

2 logT

]

+ 2P
[

sup
z∈Z

∣∣∣∣ f̂Z∗(z)− fZ∗(z)

fZ∗(z)

∣∣∣∣≥ 1
2

]
�

To bound the first probability on the RHS, as in the proof of Lemma B.1, we
use that Ψ̂ (x� y� z)−Ψ(x� y� z)= 0 for y outside a compact interval [−ε̄�1 +
ε̄], because of the assumptions of compact support for the kernel (Assump-
tion A.2) and for Y . Further, using that E[Ψ̂ (x� y� z)] − Ψ(x� y� z) = O(hm

T )
uniformly in z, and hm

T = o( aT
logT ) from Assumption 4(i) and γ < 2mη

1+2a , we have

P

[
sup

x∈[0�1]�y∈R�z∈Z
|Ψ̂ (x� y� z)−Ψ(x� y� z)| ≥ aT

2 logT

]

≤ P

[
sup

x∈[0�1]�y∈[−ε̄�1+ε̄]�z∈Z

∣∣Ψ̂ (x� y� z)−E[Ψ̂ (x� y� z)]∣∣≥ aT

4 logT

]
�

Then, using a covering argument and Bernstein’s inequality as in the proof of
Lemma B.1, we have

P

[
sup

x∈[0�1]�y∈[−ε̄�1+ε̄]�z∈Z

∣∣Ψ̂ (x� y� z)−E[Ψ̂ (x� y� z)]∣∣≥ aT

4 logT

]

≤ c1nT exp
(

−c2
Th

dZ+1
T a2

T

(logT)2

)

for some constants c1 and c2, where nT is such that nT = O(T c) for some
c > 0 and 1

h
dZ
T nT

= o( aT
logT ). Then, P[supx∈[0�1]�y∈R�z∈Z |Ψ̂ (x� y� z)−Ψ(x� y� z)| ≥

aT
2 logT ] = O(T−b̄) for any b̄ > 0, since Th

dZ+1
T a2

T

(logT)2 diverges as a power of T� The
second probability in the RHS of (SM.46) is bounded in a similar vein, and the
third probability is dominated by the second.
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Finally, let us consider the second probability in the RHS of inequality
(SM.18). From the proof of Lemma A.3(ii), we know that

sup
ϕ∈Θ

∣∣∣∣∣ 1
Tτ(1 − τ)

T∑
t=1

m(ϕ�Zt)
2 −Q∞(ϕ)

∣∣∣∣∣
≤ sup

�∈[0�1]4

∣∣∣∣∣ 1
Tτ(1 − τ)

T∑
t=1

(
a(Zt��)−E[a(Z��)])

∣∣∣∣∣�
where a(z��) := fX|Z(x|z)fX|Z(ξ|z)[FU |X�Z(u|x�z) − τ][FU |X�Z(v|ξ�z) − τ],
� := (x�ξ�u�v) ∈ [0�1]4. Then, for aT := cτ(1 − τ)λTΓ (λT ),

P

[
sup
ϕ∈Θ

∣∣∣∣∣ 1
Tτ(1 − τ)

T∑
t=1

m(ϕ�Zt)
2 −Q∞(ϕ)

∣∣∣∣∣≥ c
λT

log(1/λT )

]
(SM.47)

≤ P

[
sup

�∈[0�1]4

∣∣∣∣∣ 1
T

T∑
t=1

(
a(Zt��)−E[a(Z��)])

∣∣∣∣∣≥ aT

]
�

Let us bound the probability in the RHS of (SM.47). Let us introduce a cov-
ering of [0�1]4 with nT balls Bj�T := {� ∈ R

4 : |� − �j�T | ≤ C
nT

}, j = 1� � � � � nT ,
where C is a constant, �j�T ∈ [0�1]4, and nT is such that nT = O(T c̄) for
some c̄ > 0 and 1

nT
= o( λT

log(1/λT )
). Since function a(z��) is Lipschitz w.r.t.

� ∈ [0�1]4 (Assumption A.3), we have, for Φ̂(�) := 1
T

∑T

t=1 a(Zt��), that
|Φ̂(�)− Φ̂(�j�T )| ≤ C1

nT
and |E[Φ̂(�)] −E[Φ̂(�j�T )]| ≤ C1

nT
if � ∈ Bj�T � for a con-

stant C1 and j = 1� � � � � nT . Then

P

[
sup

�∈[0�1]4

∣∣∣∣∣ 1
T

T∑
t=1

(
a(Zt��)−E[a(Z��)])

∣∣∣∣∣≥ aT

]

≤ nT sup
�∈[0�1]4

P

[∣∣∣∣∣ 1
T

T∑
t=1

(
a(Zt��)−E[a(Z��)])

∣∣∣∣∣≥ 1
2
aT

]
�

To bound the latter probability, by noting that function a is bounded by
supz�� |a(z��)| ≤ 4 supx�z fX|Z(x|z)2 =: C2, we get from Hoeffding’s inequality
(e.g., Bosq (1998, Theorem 1.2(1))) that

P

[∣∣∣∣∣ 1
T

T∑
t=1

(
a(Zt��)−E[a(Z��)])

∣∣∣∣∣≥ 1
2
aT

]

≤ 2 exp
(

− 1
8C2

Ta2
T

)
�
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Then we get P[sup�∈[0�1]4 | 1
T

∑T

t=1(a(Zt��)− E[a(Z��)])| ≥ aT ] = O(T−b̄) for
any b̄ > 0, since Ta2

T diverges as a power of T�

SM.8.7.2. Proof of P[‖�ψ̂‖2 ≥ d2λT ] =O(T−b̄)

We have from (A.4) that on set {‖�ϕ̂‖< r ∧ ‖K̂(�ϕ̂)‖ ≤ C√
λT

‖�ϕ̂‖2} it holds
that

‖�ψ̂‖ = ‖�ϕ̂− KT (�ϕ̂)‖ ≤ ‖�ϕ̂‖ + C√
λT

‖�ϕ̂‖2�

where C > 1
2
√
τ(1−τ) supx�y�z |∇yfX�Y |Z(x� y|z)|. Then we get

P[‖�ψ̂‖2 ≥ d2λT ](SM.48)

≤ P[‖�ϕ̂‖ ≥ r] + P

[
‖K̂(�ϕ̂)‖> C√

λT
‖�ϕ̂‖2

]

+ P

[
‖�ϕ̂‖ ≥ 1

2
d
√
λT

]
+ P

[
C√
λT

‖�ϕ̂‖2 ≥ 1
2
d
√
λT

]
�

The second term in the RHS is O(T−b̄) for any b̄ > 0 by Lemma A.5. The first,
third, and fourth terms in the RHS are O(T−b̄) for any b̄ > 0 by part (i).

SM.8.8. Proof of Lemma B.8

SM.8.8.1. Proof of Part (i)

The proof of part (i) is similar to GS, proof of Lemma A.3. The main mod-
ification concerns the nondifferentiability of the moment function w.r.t. data
(see Lemmas C.2 and C.3 below).

Let us first expand the function (λT +A∗A)−1A∗(ζ̂ −Eζ̂) w.r.t. the basis of
eigenfunctions {φj} of operator A∗A, with eigenvalues νj� We have

(λT +A∗A)−1A∗(ζ̂ −Eζ̂)

=
∞∑
j=1

〈φj� (λT +A∗A)−1A∗(ζ̂ −Eζ̂)〉Hφj

=
∞∑
j=1

〈(λT +A∗A)−1φj�A
∗(ζ̂ −Eζ̂)〉Hφj

=
∞∑
j=1

1
λT + νj

〈φj�A
∗(ζ̂ −Eζ̂)〉Hφj�
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Define the variables for j ∈ N,

Zj�T := 1√
νj

〈φj�
√
TA∗(ζ̂ −Eζ̂)〉H(SM.49)

= 1√
νj

〈Aφj�
√
T(ζ̂ −Eζ̂)〉L2(FZ�τ)

= −
√
T

τ(1 − τ)

∫ ∫
1√
νj
(Aφj)(z)1ϕ0(w)(SM.50)

× [f̂X�Y�Z(w�z)−Ef̂X�Y�Z(w�z)]dwdz�

where 1ϕ0(w) := 1{y ≤ ϕ0(x)} − τ and w := (x� y). Then we can write (λT +
A∗A)−1A∗(ζ̂ −Eζ̂)= 1√

T

∑∞
j=1

√
νj

λT+νj Zj�Tφj . We deduce

E
[‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖2

]
(SM.51)

= 1
T

∞∑
j�l=1

√
νj

λT + νj

√
νl

λT + νl
〈φj�φl〉E[Zj�TZl�T ]�

To derive the asymptotic behavior of the RHS, we need the following lem-
mas.

LEMMA C.2: Let g(r) = ψ(z)(1{y ≤ ϕ0(x)} − τ), where r := (x� y� z) =
(w�z) ∈ R

2×R
dZ= R

d . Let FX�Y�Z be a distribution on R
d with margins FW on

R
2 and FZ on R

dZ , and let ψ�∇ψ ∈ L2(FZ). Let k be a bounded product kernel
on R

d with compact support. Define the function �gh(r) := ∫
1
hd
k( v

h
)|g(r − v)−

g(r)|dv, r ∈ R
d , for h > 0. Then there exists a constant c > 0 (independent of h)

such that

‖�gh‖2
L2(F)

≤ ch2‖∇ψ‖2
L2(FZ)

+ ch2

∫
|∇ψ(z)|2 sup

ζ∈Bch(0)
|fZ(z+ ζ)− fZ(z)|dz

+ c‖ψ‖2
L2(FZ)

∫
1
{|y −ϕ0(x)| ≤ c

√
h
}
fW (w)dw�

LEMMA C.3: Let {Rt = (Xt�Yt�Zt) : t = 1� � � � �T } be i.i.d. variables with
value in a convex set S ⊂R

d and density fX�Y�Z satisfying Assumptions A.1(ii)
and A.4(i), and such that E[1{Y ≤ ϕ0(X)} − τ | Z] = 0. Let f̂X�Y�Z denote the
kernel estimator of fX�Y�Z , with kernel K satisfying Assumption A.2 and band-
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width hT → 0. Let G denote the set of functions

G = {
g(r)=ψg(z)

(
1{y ≤ ϕ0(x)} − τ

)
:‖ψg‖H1(FZ)

<∞�

‖ψg‖H1(F̄Z)
<∞}

�

where ‖ · ‖H1(F̄Z)
denotes the Sobolev norm w.r.t. the density f̄Z(z) :=

∫
q(w�z)dw∫

q(w�z)dwdz
,

with q as in Assumption A.4(i), that is, ‖ψ‖2
H1(F̄Z)

= ∫
ψ2f̄Z + ∫

(∇ψ)2f̄Z . Fur-
ther, for g ∈ G and h > 0, denote ρ(g�h)2 := ∫

g(r)21{r ∈ ∂S(h)}fX�Y�Z(r)dr,
where ∂S(h) = {r ∈ S : dist(r�Sc) ≤ h}. Define VT (g) := √

T
∫
g(r)[f̂X�Y�Z(r)−

Ef̂X�Y�Z(r)]dr, T ∈ N, for g ∈ G . Then

E[VT(g)VT (e)] = Cov[g(R)� e(R)] +O(ρ(g�κhT)ρ(e�κhT ))

+O
(
h1/4
T

(‖ψg‖H1(FZ)
+ ‖ψg‖H1(F̄Z)

)
× (‖ψe‖H1(FZ)

+ ‖ψe‖H1(F̄Z)

))
uniformly in g�e ∈ G , for a constant κ > 0.

LEMMA C.4: Under Assumptions A.1, A.2, A.4(i), and A.5(ii) and (iii),
E[Z2

j�T ] = 1 +O(h1/4
T j2) uniformly in j ∈ N�

LEMMA C.5: Let {Zj : j = 1�2� � � �} be a sequence of zero mean random vari-
ables (r.v.’s) and let (αj�l), j� l= 1�2� � � � , be an array of positive numbers. Denote
the correlation ρj�l = corr(Zj�Zl). Then∣∣∣∣∣

∞∑
j�l=1

αj�lE[ZjZl] −
∞∑
j=1

αj�jE[Z2
j ]
∣∣∣∣∣

≤
( ∞∑

j=1

αj�jE[Z2
j ]
)( ∞∑

j�l=1�j �=l
ρ2
jl

α2
j�l

αj�jαl�l

)1/2

�

Let us now conclude the proof of Lemma B.8(i). We apply Lemma C.5 to
sequence Zj =Zj�T in (SM.49) with αj�l := 1

T

√
νj

λT+νj
√
νl

λT+νl 〈φj�φl〉. It follows from
(SM.51) that

E
[‖(λT +A∗A)−1A∗(ψ̂−Eψ̂)‖2

]
(SM.52)

=
(

1
T

∞∑
j=1

νj

(λT + νj)2
‖φj‖2E[Z2

j�T ]
)
(1 +R1�T )�
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where |R1�T | ≤ (
∑∞

j�l=1�j �=l ρ
2
jl�T

〈φj�φl〉2

‖φj‖2‖φl‖2 )
1/2 and ρjl�T = corr(Zj�T �Zl�T ). By using

|ρjl�T | ≤ 1 and Assumption A.5(i), it follows that R1�T = O(1). Furthermore,
from Lemma C.4,

1
T

∞∑
j=1

νj

(λT + νj)2
‖φj‖2E[Z2

j�T ](SM.53)

= 1
T

∞∑
j=1

νj

(λT + νj)2
‖φj‖2

+O

(
h1/4
T

1
T

∞∑
j=1

νj

(λT + νj)2
‖φj‖2j2

)

= VT (λT )

(
1 +O

(
h1/4
T

VT (λT ;2)
VT (λT )

))
�

From (SM.52) and (SM.53), the conclusion follows.

SM.8.8.2. Proof of Part (ii)

The proof follows from the next lemma and Lemma B.8(i).

LEMMA C.6: Under Assumptions A.1, A.2, A.4(i), and A.5, E[‖(λT +
A∗A)−1A∗(ζ̂ −Eζ̂)‖4] =O(E[‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖2]2).

SM.8.9. Proof of Lemma B.9

The proof is omitted since it is analogous to that of Lemma A.4 in GS. The
reason is that −ζ̂ is an integral of the moment function 1{y ≤ ϕ0(x)} − τ w.r.t.
the kernel density estimator, and the proof of Lemma A.4 in GS allows for
nondifferentiable moment functions.

SM.8.10. Proof of Lemma B.10

We separate the proof of part (i) into parts (a) and (b).
(a) First, we show that if γ < 1

2 min{1−(dZ+1)η�mη},E[‖(1+S(λT )Û)
−1 ×

S(λT )Û‖8] = O(1) and E[‖S(λT )Û‖8] = o(1), where m is the order of the
kernel K, dZ is the dimension of Z, S(λT ) := (λT + A∗A)−1, and Û :=
Â∗

0Â0 −A∗A� then under Assumptions A.1, A.2, A.3(ii), A.4, and A.5, we have
E[‖RT‖2] = o(E[‖VT + BT‖2]).

(b) Second, we show that if γ < 1
2 min{1 − 2η�2mη} and η < 1

2(dZ+1) � then

under Assumptions A.1, A.2, A.4, and A.5, we haveE[‖(1+S(λT )Û)
−1S(λT )×

Û‖8] =O(1) and E[‖S(λT )Û‖8] = o(1).
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Combining (a) and (b), and using that E[‖VT + BT‖2] = O(MT(λT )) from
(SM.21) and Lemmas B.8 and B.9, part (i) follows. The proof of part (ii) fol-
lows the same lines and is therefore omitted.

SM.8.10.1. Proof of Part (i)(a)

The proof of part (i)(a) follows the body of the proof of part (i) of
Lemma A.5 in GS. The main modifications concern the proof of Lemma C.7
below and the bound of term R5�T below. Let us write

RT = [(λT + Â∗
0Â0)

−1Â∗
0Â0 − (λT +A∗A)−1A∗A]ϕ0(SM.54)

+ [(λT + Â∗
0Â0)

−1 − (λT +A∗A)−1]A∗Eζ̂

+ [(λT + Â∗
0Â0)

−1 − (λT +A∗A)−1]A∗(ζ̂ −Eζ̂)

+ (λT + Â∗
0Â0)

−1(Â∗
0(ζ̂ − q̂)−A∗ζ̂)

− (λT + Â∗
0Â0)

−1(Â∗ − Â∗
0)(Â(ϕ̂)− τ)

=: R1�T + R2�T + R3�T + R4�T + R5�T �

We bound the terms Ri�T separately.
• Bound of E[‖R1�T‖2]. We can write

(λT + Â∗
0Â0)

−1Â∗
0Â0 − (λT +A∗A)−1A∗A

= (λT + Â∗
0Â0)

−1(Â∗
0Â0 −A∗A)

+ [(λT + Â∗
0Â0)

−1 − (λT +A∗A)−1]A∗A

= (λT + Â∗
0Â0)

−1(Â∗
0Â0 −A∗A)

− (λT + Â∗
0Â0)

−1(Â∗
0Â0 −A∗A)(λT +A∗A)−1A∗A

= −(λT + Â∗
0Â0)

−1(Â∗
0Â0 −A∗A)[(λT +A∗A)−1A∗A− 1]�

Thus, we get R1�T = −Ŝ(λT )ÛBT , where Ŝ(λT ) := (λT + Â∗
0Â0)

−1. Moreover,
using Ŝ(λT ) − S(λT ) = −(1 + S(λT )Û)

−1S(λT )ÛS(λT ), we get R1�T = [(1 +
S(λT )Û)

−1S(λT )Û − 1]S(λT )ÛBT . Thus

‖R1�T‖ ≤ ∥∥(1 + S(λT )Û)
−1S(λT )Û − 1

∥∥‖S(λT )Û‖‖BT‖
≤ (∥∥(1 + S(λT )Û)

−1S(λT )Û
∥∥+ 1

)‖S(λT )Û‖b(λT )�
where

b(λT )
2 := ‖BT‖2 =

∫
BT (x)

2 dx�
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We conclude, by Cauchy–Schwarz inequality, that

E[‖R1�T‖2] ≤ E
[(∥∥(1 + S(λT )Û)

−1S(λT )Û
∥∥+ 1

)4]1/2

×E
[‖S(λT )Û‖4

]1/2
b(λT )

2�

Since the first term of the RHS is O(1) and the second is o(1), it follows that

E[‖R1�T‖2]1/2 = o(b(λT ))�(SM.55)

• Bound of E[‖R2�T‖2]. Similarly to previous lines, we have

(λT + Â∗
0Â0)

−1 − (λT +A∗A)−1(SM.56)

= −(λT + Â∗
0Â0)

−1(Â∗
0Â0 −A∗A)(λT +A∗A)−1�

Thus, we get

R2�T = −Ŝ(λT )ÛS(λT )A∗Eζ̂

= [
(1 + S(λT )Û)

−1S(λT )Û − 1
]
S(λT )ÛS(λT )A

∗Eζ̂

from the arguments in the first point above. Thus, by Cauchy–Schwarz inequal-
ity,

E[‖R2�T‖2]1/2 ≤ E
[(∥∥(1 + S(λT )Û)

−1S(λT )Û
∥∥+ 1

)4]1/4

×E
[‖S(λT )Û‖4

]1/4‖S(λT )A∗Eζ̂‖�

Using ‖S(λT )A
∗Eζ̂‖ = O( 1

λT
‖Eζ̂‖L2(FZ�τ)

) = O( 1
λT
hm
T ), h

m
T = λ2

T , and λT =
o(b(λT )), we get ‖S(λT )A∗Eζ̂‖ = o(b(λT )). It follows that

E[‖R2�T‖2]1/2 = o(b(λT ))�(SM.57)

• Bound of E[‖R3�T‖2]. From (SM.56) and the arguments in the first point
above, we have

R3�T = −(λT + Â∗
0Â0)

−1(Â∗
0Â0 −A∗A)(λT +A∗A)−1A∗(ζ̂ −Eζ̂)

= [
(1 + S(λT )Û)

−1S(λT )Û − 1
]
S(λT )ÛS(λT )A

∗(ζ̂ −Eζ̂)�

Thus we get

E[‖R3�T‖2]1/2 ≤ E
[(∥∥(1 + S(λT )Û)

−1S(λT )Û
∥∥+ 1

)2

× ‖S(λT )Û‖2‖S(λT )A∗(ζ̂ −Eζ̂)‖2
]1/2



52 P. GAGLIARDINI AND O. SCAILLET

≤ E
[(∥∥(1 + S(λT )Û)

−1S(λT )Û
∥∥+ 1

)4‖S(λT )Û‖4
]1/4

×E
[‖S(λT )A∗(ζ̂ −Eζ̂)‖4

]1/4

≤ E
[(∥∥(1 + S(λT )Û)

−1S(λT )Û
∥∥+ 1

)8]1/8

×E
[‖S(λT )Û‖8

]1/8
E
[‖S(λT )A∗(ζ̂ −Eζ̂)‖4

]1/4
�

The first two terms of the RHS are O(1) and o(1), respectively. Then it follows
that

E[‖R3�T‖2]1/2 = o
(
E
[‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖2

]1/2)
(SM.58)

from Lemma C.6.
• Bound of E[‖R4�T‖2]. We have ‖R4�T‖ ≤ ‖R4�T‖H ≤ ‖Ŝ(λT )‖H‖Â∗

0(ζ̂− q̂)−
A∗ζ̂‖H . Moreover, ‖Ŝ(λT )‖H ≤ 1/λT P-a.s. Now we use that Â∗

0 = E D−1 ˜̂
A0,

where

˜̂
A0ψ(x) := 1

Tτ(1 − τ)

T∑
t=1

f̂X�Y |Z(x�ϕ0(x)|Zt)ψ(Zt)�

From Lemmas A.17(iii) and A.18(ii) in Section SM.3, the operator E D−1 from

L2[0�1] to Hl[0�1] is continuous� We get ‖Â∗
0(ζ̂ − q̂)−A∗ζ̂‖H = O(‖ ˜̂

A0(ζ̂ −
q̂)− Ãζ̂‖). We get

E[‖R4�T‖2] = o(b(λT )
2)�(SM.59)

using the next lemma.

LEMMA C.7: Under Assumptions A.1, A.2, and A.5, and γ < 1
2 min{1 − (dZ +

1)η�mη}, we have E[‖ ˜̂
A0(ζ̂ − q̂)− Ãζ̂‖2]1/2 = o(λTb(λT )).

• Bound of E[‖R5�T‖2]. We have

‖R5�T‖ ≤ ‖R5�T‖H
≤ (1/λT )‖E D−1‖HL‖ ˜̂

A− ˜̂
A0‖L(L2(F̂Z�τ)�L2[0�1])

× ‖Â(ϕ̂)− τ‖L2(F̂Z�τ)
�

where ‖E D−1‖HL := ‖E D−1‖L(L2[0�1]�Hl[0�1]) <∞ (Lemmas A.17(iii) and A.18(ii))
and

˜̂
Aψ(x) := 1

Tτ(1 − τ)

T∑
t=1

f̂X�Y |Z(x� ϕ̂(x)|Zt)ψ(Zt)�
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Using the triangular inequality and the Cauchy–Schwarz inequality, for ψ ∈
L2(F̂Z� τ),

‖( ˜̂
A− ˜̂

A0)ψ‖

≤ 1
τ(1 − τ)T

T∑
t=1

|ψ(Zt)|

×
(∫ [

f̂X�Y |Z(x� ϕ̂(x)|Zt)− f̂X�Y |Z(x�ϕ0(x)|Zt)
]2
dx

)1/2

≤ 1√
τ(1 − τ)

‖ψ‖L2(F̂Z�τ)

× sup
z∈Z

(∫ [
f̂X�Y |Z(x� ϕ̂(x)|z)− f̂X�Y |Z(x�ϕ0(x)|z)

]2
dx

)1/2

�

Further, from the mean value theorem, for z ∈ Z , we have∫ [
f̂X�Y |Z(x� ϕ̂(x)|z)− f̂X�Y |Z(x�ϕ0(x)|z)

]2
dx≤ σ̂2‖�ϕ̂‖2�

where σ̂ := supx∈[0�1]�y∈R�z∈Z |∇y f̂X�Y |Z(x� y� z)|. Thus, we get

‖ ˜̂
A− ˜̂

A0‖L(L2(F̂Z�τ)�L2[0�1]) ≤ Cσ̂‖�ϕ̂‖
and

E[‖R5�T‖2] ≤ C

λ2
T

E
[
σ̂2‖�ϕ̂‖2‖Â(ϕ̂)− τ‖2

L2(F̂Z�τ)

]
�

Now, since ‖�ϕ̂‖2 ≤ 4 supϕ∈Θ ‖ϕ‖2, ‖Â(ϕ̂) − τ‖2
L2(F̂Z�τ)

≤ 4
τ(1−τ) , and σ̂ ≤

Ch
−3−dZ
T , we have E[σ̂2‖�ϕ̂‖2‖Â(ϕ̂) − τ‖2

L2(F̂Z�τ)
] ≤ C(logT)2[‖�ϕ̂‖2‖Â(ϕ̂) −

τ‖2
L2(F̂Z�τ)

1{σ̂ ≤ c logT }] + Ch
−6−2dZ
T E[1{σ̂ > c logT }]. For large c, the second

term isO(T−b̄) for any b̄ > 0. We deduce thatE[‖R5�T‖2] =O((logT)2

λ2
T

E[‖�ϕ̂‖2×
‖Â(ϕ̂) − τ‖2

L2(F̂Z�τ)
]). By a similar argument as above, using that ‖Â(ϕ̂) −

τ‖2
L2(F̂Z�τ)

is bounded and is of the order 1

Th
dZ
T

+ h2m
T , and a large deviation

bound argument, it follows that

E[‖R5�T‖2] = O

(
E[‖�ϕ̂‖2](logT)2

λ2
T

(
1

Th
dZ
T

+ h2m
T

))
(SM.60)

= o
(
E[‖�ϕ̂‖2])�
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Now, using Lemmas B.4 and B.7, and E[ 1√
λT

‖�ψ̂‖3] ≤ E[‖�ψ̂‖2d1{‖�ψ̂‖ ≤
d
√
λT }] +E[ 1√

λT
‖�ψ̂‖31{‖�ψ̂‖ ≥ d

√
λT }] = O(E[‖�ψ̂‖2]) for d > 0� we get

E[‖�ϕ̂‖2] = O(E[‖�ψ̂‖2]). Thus, from (SM.55), (SM.57), (SM.58), (SM.59),
and (SM.60), and triangular inequality, we deduce

E[‖RT‖2] = o
(
b(λT )

2 +E
[‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖2

]
(SM.61)

+E[‖�ψ̂‖2])�
From (SM.19) and Lemmas B.8 and B.9, we get E[‖�ψ̂‖2] = O(b(λT )

2 +
E[‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖2]). From (SM.61), we get

E[‖RT‖2] = o
(
b(λT )

2 +E
[‖(λT +A∗A)−1A∗(ζ̂ −Eζ̂)‖2

])
�(SM.62)

Further, using that (see (SM.21) and Lemma B.9) E[‖VT + BT‖2] = b(λT )
2 +

E[‖(λT +A∗A)−1A∗(ζ̂−Eζ̂)‖2]� up to terms that are negligible asymptotically
w.r.t. the RHS, the conclusion follows.

SM.8.10.2. Proof of Part (i)(b)

We have ‖S(λT )Û‖ ≤ ‖S(λT )Û‖HL ≤ ‖S(λT )‖H‖Û‖HL, where ‖S(λT )Û‖ :=
‖S(λT )Û‖L(L2[0�1]�L2[0�1]) denotes operator norm in L2[0�1]� Using ‖S(λT )‖H ≤
1/λT and ‖Û‖HL ≤ ‖E D−1‖HL‖ ˜̂

A0Â0 − ÃA‖, P-a.s., we deduce

‖S(λT )Û‖ ≤ ‖S(λT )Û‖HL ≤ ‖E D−1‖HL

λT
‖ ˜̂
A0Â0 − ÃA‖� P-a.s.(SM.63)

Moreover,∥∥(1 + S(λT )Û)
−1S(λT )Û

∥∥
≤ ∥∥(1 + S(λT )Û)

−1S(λT )Û
∥∥
HL

≤ ∥∥(1 + S(λT )Û)
−1
∥∥
H
‖S(λT )Û‖HL� P-a.s.�

which implies

E
[∥∥(1 + S(λT )Û)

−1S(λT )Û
∥∥8]

(SM.64)

≤E
[∥∥(1 + S(λT )Û)

−1
∥∥16

H

]1/2
E
[‖S(λT )Û‖16

HL

]1/2
�

using Cauchy–Schwarz inequality. From the argument of Hall and Horowitz
(2005, p. 2925), we have ‖(1 + S(λT )Û)

−1‖H ≤ C(1 + 1
λT

1{‖S(λT )Û‖H ≥
1
2 })≤ C(1 + 1

λT
1{‖S(λT )Û‖HL ≥ 1

2 }), P-a.s., where we used that ‖S(λT )Û‖H ≤
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‖S(λT )Û‖HL in the second inequality. As in the argument of Hall and Horowitz
(2005) in their inequality (6.27), from Markov inequality it follows that

E
[∥∥(1 + S(λT )Û)

−1
∥∥16

H

]≤ C

(
1 + 1

λ16
T

E
[‖S(λT )Û‖2l

HL

])
(SM.65)

for any l ∈ N, for a constant C depending on l but not on T . From (SM.63)–
(SM.65), and using 1

Th2
T

+ h2m
T = O(λ2+ε

T ), ε > 0, the conclusion follows from
the next lemma.

LEMMA C.8: Under Assumptions A.1, A.2, and A.5, and η< 1
2(dZ+1) , we have

E[‖ ˜̂
A0Â0 − ÃA‖2ζ] =O(aζT ) for any ζ ∈ N, where aT := 1

Th2
T

+ h2m
T .

SM.8.11. Proof of Lemma B.11

We have vj = −(j� log j)′. Then vj − vnT = −(j − nT � log(j/nT ))′. We have

V ′
(T)V(T) =

⎛
⎜⎝
∑
j

(j − nT)
2

∑
j

(j − nT) log(j/nT )∑
j

log(j/nT )2

⎞
⎟⎠ �

where
∑

j denotes summation over j = nT/T� � � � � nT − 1 and

D(T) =

⎛
⎜⎜⎜⎝

[∑
j

(j − nT)
2

]−1/2

[∑
j

log(j/nT )2

]−1/2

⎞
⎟⎟⎟⎠ �

Thus

D(T)

(
V ′
(T)V(T)

)
D(T) =

⎛
⎜⎜⎜⎜⎜⎝

1

∑
j

(j − nT ) log(j/nT )

√∑
j

(j − nT )
2
√∑

j

log(j/nT )2

1

⎞
⎟⎟⎟⎟⎟⎠ �

Moreover,

m(T) = −

⎛
⎜⎜⎝

∑
j

(j − nT)

∑
j

log(j/nT )

⎞
⎟⎟⎠ �
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To find the asymptotic behavior of D(T)(V
′
(T)V(T))D(T) and m(T), we use the next

lemma.

LEMMA C.9: We have (i)
∑

j(j − nT ) = − n2
T

8 (1 + o(1)), (ii)
∑

j log(j/nT ) =
nT
2 (log 2−1) · (1+o(1)), (iii)

∑
j(j−nT )

2 = n3
T

24 (1+o(1)), (iv)
∑

j log(j/nT )2 =
nT(1 − 1

2(log 2)2 − log 2) · (1 + o(1)), and (v)
∑

j(j − nT) log(j/nT ) = n2
T

16 (5 −
6 log 2)(1 + o(1))�

Thus, we get

D(T)

(
V ′
(T)V(T)

)
D(T) →

⎛
⎝1

√
3

4
5 − 6 log 2√

2 − 2 log 2 − (log 2)2

1

⎞
⎠ �

which shows part (i). Moreover,

d(T) =
(
O
(
n−3/2
T

)
O
(
n−1/2
T

)) � m(T) =
(
O(n2

T )

O(nT)

)
�

and

ζ(T) =
(

NT − nT
log(NT/nT )

)
=
(
O(nT)
O(1)

)
�

since NT =O(nT). Then part (ii) follows.

SM.8.12. Proof of Lemma B.12

From Assumption 5,

φS�j(x)
2 =

S−1∑
k=0

c2�j−k exp(wj−kβ)χj−k

= c2�j exp(wjβ)

S−1∑
k=0

c2�j−k
c2�j

exp((wj−k −wj)β)χj−k�

Then
S−1∑
k=0

c2�j−k
c2�j

exp((wj−k −wj)β)χj−k

=
S−1∑
k=0

χj−k +
S−1∑
k=0

[
c2�j−k
c2�j

exp((wj−k −wj)β)− 1
]
χj−k

= 1 + o(1)
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as j → ∞, since c2�j converges and wj−k − wj → 0 as j → ∞, for any k. The
conclusion follows.

SM.8.13. Proof of Lemma B.13

Write

χ̂j −χj = 2S
nT

∑
k:nT/2≤k<nT �k=jmodS

(
φ̄k(x)

2

φ̄S�k(x)2
− φk(x)

2

φS�k(x)2

)

+ 2S
nT

∑
k:nT/2≤k<nT �k=jmodS

(
ξ∗
k

φS�k(x)2
− 1

)
χk + o(1)�

where ξ∗
k = c2�k exp(wkβ). Thus, from Lemma B.12, we get

|χ̂j −χj| ≤ sup
1≤k≤nT

∣∣∣∣ φ̄k(x)
2

φ̄S�k(x)2
− φk(x)

2

φS�k(x)2

∣∣∣∣+C sup
nT /2≤k

∣∣∣∣c2�k

c∗
2�k

− 1
∣∣∣∣+ o(1)

for all j and a constant C. By using sup1≤j≤nT
|φ̄j (x)2−φj(x)2|

ξ∗
j

= op(1) from Ap-

pendix A.5, sup1≤j≤nT
|φ̄S�j (x)2−φS�j(x)2|

ξ∗
j

= op(1), φS�j(x)
2/ξ∗

j = 1 + o(1) from

Lemma B.12, and c∗
2�j/c2�j = 1 + o(1), the conclusion follows.

SM.8.14. Proof of Lemma B.14

The proof is along the lines of the proof of Lemma B.8(i). We use the next
lemma, which is a modification of Lemma C.4.

LEMMA C.10: Under Assumptions A.1, A.2, A.4(i), and A.5(ii)–(iii′),
(i) E[Z2

j�T ] = 1 + o(1) uniformly in j ∈ N and (ii) E[Zj�TZl�T ] = o(1) uniformly
in j� l ∈ N, j �= l.

From Lemma C.10(ii), we get corr(Zj�T �Zl�T ) = o(1) uniformly in j� l ∈ N,
j �= l. Then the conclusion follows from equation (SM.52), Assumption A.5(i),
and Lemma C.10(i).

SM.8.15. Proof of Lemma B.15

When α4 > 2α1, the quantity
∑∞

j=1
aj

(λ+νj)2 converges to
∑∞

j=1 ajν
−2
j < ∞ as

λ → 0. Let us now consider the case α4 < 2α1. Without loss of generality, let
νj = j−α2e−α1j , aj = j−α3e−α4jχj , and χj ≤ 1. Then

∞∑
j=1

aj

(λ+ νj)2
=

∞∑
j=1

ajν
−2
j

(λwj + 1)2
=

∞∑
j=1

wδ
j

(λwj + 1)2
jρχj�



58 P. GAGLIARDINI AND O. SCAILLET

where wj := 1/νj , ρ := α2α4
α1

− α3, and δ := 2α1−α4
α1

∈ (0�2).
Define

J(λ) := λδn−ρ
λ

∞∑
j=1

aj

(λ+ νj)2
=

∞∑
j=1

(λwj)
δ

(λwj + 1)2

(
j

nλ

)ρ

χj�

The conclusion follows if we show that J(λ)� 1. We give the proof when ρ≥ 0
(similar arguments apply when ρ < 0). We split J(λ) as

J(λ) =
N1(λ)∑
j=1

(λwj)
δ

(λwj + 1)2

(
j

nλ

)ρ

χj +
N2(λ)∑

j=N1(λ)+1

(λwj)
δ

(λwj + 1)2

(
j

nλ

)ρ

χj

+
∞∑

j=N2(λ)+1

(λwj)
δ

(λwj + 1)2

(
j

nλ

)ρ

χj

=: J1(λ)+ J2(λ)+ J3(λ)�

where N1(λ)�N2(λ) ∈ N are such that N1(λ) < nλ < N2(λ),
νnλ

νN1(λ)
= o(1),

(N2(λ)

nλ
)ρ(

νN2(λ)

νnλ
)2−δ = o(1), and rλ := max{ nλ−N1(λ)

nλ
� N2(λ)−nλ

nλ
} = o(1). First, we

show that Ji(λ)= o(1) for i= 1�3. We have

J1(λ) ≤
N1(λ)∑
j=1

(λwj)
δ

(λwj + 1)2
≤ λδ

N1(λ)∑
j=1

wδ
j � 1

wδ
nλ

wδ
N1(λ)

=
(

νnλ
νN1(λ)

)δ

�(SM.66)

= o(1)�

where we used
∑n

j=1w
δ
j =O(wδ

n) as n→ ∞. Similarly,

J3(λ)=
∞∑

j=N2(λ)+1

(λwj)
δ

(λwj + 1)2

(
j

nλ

)ρ

χj(SM.67)

≤ λ−2+δ

nρλ

∞∑
j=N2(λ)+1

ν2−δ
j jρ

≤ λ−2+δ

nρλ

∞∑
j=N2(λ)+1

e−ζjjm�

where ζ = (2 − δ)α1 > 0 and m= �ρ− α2(2 − δ)� ≤ ρ. Now, by using

∞∑
j=n

e−ζjjm =
(

− d

dτ

)m ∞∑
j=n

e−ζj =
(

− d

dτ

)m
e−ζn

1 − e−ζ =O(nme−ζn)
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as n→ ∞, we get

J3(λ) = O

(
λ−2+δ

nρλ
N2(λ)

ρν2−δ
N2(λ)

)

= O

((
N2(λ)

nλ

)ρ(νN2(λ)

νnλ

)2−δ)
= o(1)�

Second, we can write J2(λ) as

J2(λ) =
N2(λ)∑

j=N1(λ)+1

(λwj)
δ

(λwj + 1)2
χj(SM.68)

+
N2(λ)∑

j=N1(λ)+1

(λwj)
δ

(λwj + 1)2

[(
1 + j − nλ

nλ

)ρ

− 1
]
χj

and bound the second term in the RHS. For N1(λ)+ 1 ≤ j ≤N2(λ), the vari-
able x := j−nλ

nλ
is such that |x| ≤ rλ. Thus, |(1 + j−nλ

nλ
)ρ − 1| = |(1 + x)ρ − 1| =

O(rλ)� since the function x �−→ (1 + x)ρ has bounded derivative around 0. We
deduce that the second term in the RHS of (SM.68) is o(

∑N2(λ)
j=N1(λ)+1

(λwj)
δ

(λwj+1)2χj).

Hence we get that the sum is such that J(λ) = (
∑N2(λ)

j=N1(λ)+1
(λwj)

δ

(λwj+1)2χj)[1 +
o(1)] + o(1). Moreover, note that

N2(λ)∑
j=N1(λ)+1

(λwj)
δ

(λwj + 1)2
χj =

∞∑
j=1

(λwj)
δ

(λwj + 1)2
χj −

N1(λ)∑
j=1

(λwj)
δ

(λwj + 1)2
χj

−
∞∑

j=N2(λ)+1

(λwj)
δ

(λwj + 1)2
χj

=
∞∑
j=1

(λwj)
δ

(λwj + 1)2
χj + o(1)

from similar arguments as above and as in (SM.66) and (SM.67). Thus, we have
proved that

J(λ)=
∞∑
j=1

(λwj)
δ

(λwj + 1)2
χj[1 + o(1)] + o(1)�(SM.69)
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The conclusion follows if we show that
∞∑
j=1

(λwj)
δ

(λwj + 1)2
χj � 1�

By the assumptions on sequence χj , we can find ñλ such that νñλ � λ and
χñλ � 1. Then the conclusion follows by using that

∞∑
j=1

(λwj)
δ

(λwj + 1)2
χj =

ñλ−1∑
j=1

(λwj)
δ

(λwj + 1)2
χj + (λwñλ)

δ

(λwñλ + 1)2
χñλ

+
∞∑

j=ñλ+1

(λwj)
δ

(λwj + 1)2
χj

and

(λwñλ)
δ

(λwñλ + 1)2
χñλ � 1�

0<
ñλ−1∑
j=1

(λwj)
δ

(λwj + 1)2
χj ≤

ñλ−1∑
j=1

(λwj)
δ =O

((
λwñλ

)δ)=O(1)�

0<
∞∑

j=ñλ+1

(λwj)
δ

(λwj + 1)2
χj ≤ λ−2+δ

∞∑
j=ñλ+1

ν2−δ
j =

(
νñλ
λ

)2−δ
=O(1)�

SM.8.16. Proof of Lemma C.1

Let a ∈ [0�1]. By the Cauchy–Schwarz inequality, we have

|ϕ(y)−ϕ(x)| =
∣∣∣∣
∫ y

x

∇ϕ(ξ)dξ
∣∣∣∣≤√

y − x‖∇ϕ‖ ≤ ‖∇ϕ‖

for any x� y ∈ [0�1]� Then

‖ϕ‖2 =
∫

[ϕ(x)−ϕ(a)+ϕ(a)]2 dx

= ϕ(a)2 + 2ϕ(a)
∫

[ϕ(x)−ϕ(a)]dx+
∫

[ϕ(x)−ϕ(a)]2 dx

≥ ϕ(a)2 − 2|ϕ(a)|‖∇ϕ‖�
Thus z = |ϕ(a)| satisfies the inequality z2 − 2‖∇ϕ‖z− ‖ϕ‖2 ≤ 0. We get

|ϕ(a)| ≤ 2‖∇ϕ‖ +√
4‖∇ϕ‖2 + 4‖ϕ‖2

2
≤ 2‖ϕ‖H1 �
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Since this bound holds for any a ∈ [0�1], the conclusion follows.

SM.8.17. Proof of Lemma C.2

Let r := (x� y� z)=: (w�z) and v := (x1� y1� z1)=: (w1� z1). Using |g(r− v)−
g(r)| ≤ 2|ψ(z − z1)− ψ(z)| + |ψ(z)||1ϕ0(w − w1)− 1ϕ0(w)|, where 1ϕ0(w) :=
1{y ≤ ϕ0(x)}, we have |�gh(r)| ≤ 2

∫
1

hdZ
k( z1

h
)|ψ(z− z1)−ψ(z)|dz1 +|ψ(z)| ×∫

1
h2k(

w1
h
)|1ϕ0(w − w1)− 1ϕ0(w)|dw1� where, for expository purposes, we de-

note by k any part kw or kz of product kernel k(r) = kw(w)kz(z) and we as-
sume k≥ 0. Then, by the triangular inequality,

‖�gh‖L2(F) ≤ 2‖�ψh‖L2(FZ)
+ ‖ψ‖L2(FZ)

‖χ‖L2(FW )�(SM.70)

where �ψh(z) := ∫
1

hdZ
k( z1

h
)|ψ(z− z1)−ψ(z)|dz1 and

χ(w) :=
∫

1
h2
k

(
w1

h

)∣∣1ϕ0(w−w1)− 1ϕ0(w)
∣∣dw1�

Let us first consider ‖�ψh‖L2(FZ)
. Write �ψh(z)= ∫

k(ζ)|ψ(z−hζ)−ψ(z)|dζ
and use ψ(z− hζ)−ψ(z)= − ∫ h

0 (∇ψ(z− tζ) · ζ)dt. Thus, we get

|ψ(z− hζ)−ψ(z)| ≤
∫ h

0
|∇ψ(z− tζ)||ζ|dt

≤ |ζ|
(∫ h

0
|∇ψ(z− tζ)|2 dt

)1/2(∫ h

0
dt

)1/2

= |ζ|√h

(∫ h

0
|∇ψ(z− tζ)|2 dt

)1/2

�

We deduce from the Cauchy–Schwarz inequality that

�ψh(z) ≤ √
h

∫
k(ζ)|ζ|

(∫ h

0
|∇ψ(z− tζ)|2 dt

)1/2

dζ

≤ √
hw1/2

2

(∫
k(ζ)

(∫ h

0
|∇ψ(z− tζ)|2 dt

)
dζ

)1/2

�

where w2 := ∫
k(ζ)|ζ|2 dζ. Thus, we get∫

|�ψh(z)|2fZ(z)dz

≤ hw2

∫ h

0

∫
k(ζ)

(∫
|∇ψ(z− tζ)|2fZ(z)dz

)
dζ dt�
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Now, ∫
|∇ψ(z− tζ)|2fZ(z)dz =

∫
|∇ψ(z)|2f (z+ tζ)dz

≤
∫

|∇ψ(z)|2fZ(z)dz

+
∫

|∇ψ(z)|2|fZ(z+ tζ)− fZ(z)|dz�

Then ∫
|�ψh(z)|2fZ(z)dz

≤ h2w2

∫
|∇ψ(z)|2fZ(z)dz

+ hw2

∫ h

0

∫
k(ζ)

∫
|∇ψ(z)|2|fZ(z+ tζ)− fZ(z)|dz dζ dt�

Since k is bounded and has compact support, we get

‖�ψh‖2
L2(FZ)

≤ h2w2‖∇ψ‖2
L2(FZ)

(SM.71)

+ c2h
2w2

∫
|∇ψ(z)|2 sup

ζ∈Bc1h(0)
|fZ(z+ ζ)− fZ(z)|dz

for some constants c1� c2 > 0.
Let us now consider ‖χ‖L2(FW ). We use |1ϕ0(w − w1) − 1ϕ0(w)| ≤ 1{y >

ϕ0(x)}1{y ≤ y1 + ϕ0(x − x1)} + 1{y ≤ ϕ0(x)}1{y > y1 + ϕ0(x − x1)}. Further,
using ϕ0(x− x1)≤ ϕ0(x)+ | ∫ x−x1

x
∇ϕ0(ξ)dξ| ≤ ϕ0(x)+ ‖ϕ0‖H√|x1|, and sim-

ilarly ϕ0(x − x1) ≥ ϕ0(x) − ‖ϕ0‖H√|x1|� we have 1{y ≤ y1 + ϕ0(x − x1)} ≤
1{y − ϕ0(x) ≤ y1 + ‖ϕ0‖H√|x1|} and 1{y > y1 + ϕ0(x − x1)} ≤ 1{y − ϕ0(x) >
y1 − ‖ϕ0‖H√|x1|}. Since function k is bounded and has compact support,
there exist constants c2� c3 > 0 such that χ(w) ≤ c31{0 < y − ϕ0(x) ≤ c2

√
h} +

c31{−c2

√
h < y −ϕ0(x)≤ 0} ≤ 2c31{|y −ϕ0(x)| ≤ c2

√
h} for small h� The con-

clusion follows from (SM.70) and (SM.71) for a suitable c.

SM.8.18. Proof of Lemma C.3

In this subsection, we suppress the subscript X�Y�Z in f̂ and f . We have

E[VT(g)VT (e)]
= T

∫ ∫
g(x)e(y)E

[
(f̂ (x)−Ef̂ (x))(f̂ (y)−Ef̂ (y))

]
dxdy�
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Let us compute the cross-moment of the kernel estimator in the RHS:

E
[
(f̂ (x)−Ef̂ (x))(f̂ (y)−Ef̂ (y))

]
= 1
Th2d

T

{
E

[
K

(
R− x

hT

)
K

(
R− y

hT

)]

−E

[
K

(
R− x

hT

)]
E

[
K

(
R− y

hT

)]}
�

Thus, we get

E[VT(g)VT (e)](SM.72)

= 1
h2d
T

∫ ∫
g(x)e(y)E

[
K

(
R− x

hT

)
K

(
R− y

hT

)]
dxdy

−
(

1
hd
T

∫
g(x)E

[
K

(
R− x

hT

)]
dx

)

×
(

1
hd
T

∫
e(x)E

[
K

(
R− x

hT

)]
dx

)

=:AT −BT(g)BT(e)�

Let us derive the asymptotic expansions of these two terms.

SM.8.18.1. Asymptotic Expansion of BT

Let us first consider the second term in (SM.72). We have

BT(g)=
∫ ∫

g(x)
1
hd
T

K

(
u− x

hT

)
f (u)dudx

=
∫ ∫

g(x)K(z)f (x+ hTz)dz dx

=
∫ ∫

g(x)K(z)[f (x+ hTz)− f (x)]dz dx�

This term can be bounded by |BT(g)| ≤ ∫ |g(x)|(∫ |K(z)||f (x + hTz) −
f (x)|dz)dx� Since K has a bounded support (Assumption A.2(ii)), and by the
mean-value theorem,

∫ |K(z)||f (x+hTz)−f (x)|dz ≤ hT(
∫ |K(z)||z|dz)q(x)

for large T , where q is defined in Assumption A.4(i), then, by Cauchy–Schwarz
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inequality and Assumption A.4(i),

|BT(g)| ≤ chT

∫
|g(x)|q(x)dx

≤ chT

(∫
|g(x)|2q(x)dx

)1/2(∫
q(x)dx

)1/2

for a constant c. Thus, using that 1{y ≤ ϕ0(x)} − τ is bounded gives

BT(g)=O
(
hT‖ψg‖L2(F̄Z)

)
�(SM.73)

SM.8.18.2. Asymptotic Expansion of AT

Let us now consider the first term in (SM.72). We have

1
h2d
T

E

[
K

(
R− x

hT

)
K

(
R− y

hT

)]

= 1
hd
T

∫
K(u)K

(
u+ x− y

hT

)
f (x+ hTu)du�

We get

AT = 1
hd
T

∫ ∫ ∫
g(x)e(y)K(u)K

(
u+ x− y

hT

)
f (x)dudxdy

+ 1
hd
T

∫ ∫ ∫
g(x)e(y)K(u)K

(
u+ x− y

hT

)

× [f (x+ hTu)− f (x)]dudxdy
=: Ã1T + Ã2T �

To rewrite these terms, we have∫
1
hd
T

K

(
u+ x− y

hT

)
e(y)dy

=
∫
K(u+ z)e(x− hTz)1S(x− hTz)dz

=
(∫

K(u+ z)1S(x− hTz)dz

)
e(x)

+
∫
K(u+ z)[e(x− hTz)− e(x)]1S(x− hTz)dz�
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Thus, we get

Ã1T =
∫
g(x)e(x)f (x)

×
(∫ ∫

K(u)K(u+ z)1S(x− hTz)dz du

)
dx

+
∫ ∫

g(x)f (x)K(u)

×
∫
K(u+ z)[e(x− hTz)− e(x)]1S(x− hTz)dz dudx

= Cov[g(R)� e(R)]
−
∫
g(x)e(x)f (x)

×
(∫ ∫

K(u)K(u+ z)1Sc (x− hTz)dz du

)
dx

+
∫ ∫

g(x)f (x)K(u)

×
(∫

K(u+ z)[e(x− hTz)− e(x)]1S(x− hTz)dz

)
dudx�

Similarly

Ã2T =
∫
g(x)e(x)

∫ ∫
K(u)K(u+ z)1S(x− hTz)

× [f (x+ hTu)− f (x)]dz dudx
+
∫ ∫

g(x)K(u)

×
(∫

K(u+ z)[e(x− hTz)− e(x)]1S(x− hTz)dz

)
× [f (x+ hTu)− f (x)]dudx�

We conclude that

AT = Cov[g(R)� e(R)](SM.74)

−
∫
g(x)e(x)f (x)

×
(∫ ∫

K(u)K(u+ z)1Sc (x− hTz)dz du

)
dx
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+
∫
g(x)f (x)

(∫ ∫
K(u)K(u+ z)[e(x− hTz)− e(x)]

× 1S(x− hTz)dz du

)
dx

+
∫
g(x)e(x)

∫ ∫
K(u)K(u+ z)1S(x− hTz)

× [f (x+ hTu)− f (x)]dz dudx
+
∫ ∫

g(x)K(u)

×
(∫

K(u+ z)[e(x− hTz)− e(x)]1S(x− hTz)dz

)
× [f (x+ hTu)− f (x)]dudx

=: Cov[g(R)� e(R)] +A1�T +A2�T +A3�T +A4�T �(SM.75)

Let us now bound terms A1�T–A4�T , separately.
• Bound of A1�T . We have

|A1�T | ≤
∫

|g(x)||e(x)|f (x)

×
(∫

K(z)1S(x)1Sc (x− hTz)dz

)
dx�

where K(z) := ∫ |K(u)K(u + z)|du. By Assumption A.2(ii), K has bounded
support included in Bκ(0), κ = 2 supz∈supp(K) |z|. Then

∫
K(z)1S(x)1Sc (x −

hTz)dz ≤ c1{x ∈ ∂S(κhT )} for large T , for a constant c. Thus,

|A1�T | ≤ c

∫
|g(x)||e(x)|1{x ∈ ∂S(κhT )}f (x)dx(SM.76)

≤ cρ(g�κhT)ρ(e�κhT )

by Cauchy–Schwarz inequality.
• Bound of A2�T . We have A2�T = ∫

g(x)(
∫
k(z)[e(x− hTz)− e(x)]1S(x−

hTz)dz)f (x)dx, thus |A2�T | ≤ ∫ |g(x)|�ehT (x)f (x)dx� where �ehT (x) :=∫ |k(z)||e(x−hTz)−e(x)|dz and k(z) := ∫
K(u)K(u+z)du. By the Cauchy–

Schwarz inequality, we have

|A2�T | ≤ ‖g‖L2(F)

∥∥�ehT ∥∥L2(F)
�(SM.77)
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To bound the term ‖�ehT ‖L2(F), we can apply Lemma C.2. Function k is
bounded and has compact support by Assumption A.2(i) and (ii). We get

∥∥�ehT ∥∥2

L2(F)
≤ ch2

T‖∇ψe‖2
L2(FZ)

+ ch2
T

∫
|∇ψe(z)|2 sup

ζ∈BchT (0)
|fZ(z+ ζ)− fZ(z)|dz

+ c‖ψe‖2
L2(FZ)

∫
1
{|y −ϕ0(x)| ≤ c

√
hT

}
fW (w)dw�

Term
∫

1{|y − ϕ0(x)| ≤ c
√
hT }fW (w)dw is O(

√
hT). Further, from Assump-

tion A.4(i) and using supζ∈BchT (0)
|∇zfZ(z + ζ)| ≤ ∫

supζ∈BchT (0)
|∇fX�Y�Z(w�z +

ζ)|dw≤ ∫
q(w�z)dw, we deduce supζ∈BchT (0)

|fZ(z+ ζ)− fZ(z)| ≤ chT

∫
q(w�

z)dw. Thus, ‖�ehT ‖2
L2(F)

=O(h2
T‖∇ψe‖2

L2(FZ)
+h3

T‖∇ψe‖2
L2(F̄Z)

+h1/2
T ‖ψe‖2

L2(FZ)
).

We conclude from (SM.77) that

A2�T = O
(
hT‖ψg‖L2(FZ)

‖∇ψe‖L2(FZ)
+ h3/2

T ‖ψg‖L2(FZ)
‖∇ψe‖L2(F̄Z)

(SM.78)

+ h1/4
T ‖ψg‖L2(FZ)

‖ψe‖L2(FZ)

)
�

• Bound of A3�T . We have

|A3�T | ≤
(∫

|K(z)|dz
)∫

|g(x)||e(x)|

×
(∫

|K(u)||f (x+ hTu)− f (x)|du
)
dx�

Again, by Assumptions A.2(i) and (ii) and A.4(i),
∫ |K(u)||f (x + hTu) −

f (x)|du≤ chTq(x) for a constant c and large T . Thus,

|A3�T | ≤ c̃hT

∫
|g(x)||e(x)|q(x)dx

≤ c̃hT

(∫
g(x)2q(x)dx

)1/2(∫
e(x)2q(x)dx

)1/2

from Cauchy–Schwarz inequality, and using that 1{y ≤ ϕ0(x)} − τ is bounded,
we have

A3�T =O
(
hT‖ψg‖L2(F̄Z)

‖ψe‖L2(F̄Z)

)
�(SM.79)

• Bound of A4�T . We have A4�T = ∫
K(u)(

∫
g(x)[�eu�hT (x)][f (x + hTu) −

f (x)]dx)du, where �eu�hT (x) = ∫
k(z;u)[e(x − hTz) − e(x)]1S(x − hTz)dz
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and k(z;u)=K(u+ z). Since K has bounded support, then

|A4�T | ≤
∫

|K(u)|
(∫

|g(x)|∣∣�ehT (x)∣∣|f (x+ hTu)− f (x)|dx
)
du

=
∫

|g(x)|�ehT (x)πT (x)dx�

where �ehT (x) := ∫
1{|z|< c1}|e(x− hTz)− e(x)|dz and πT(x) := ∫ |K(u)| ×

|f (x+ hTu)− f (x)|du for a constant c1. By Cauchy–Schwarz inequality,

|A4�T | ≤
(∫

|g(x)|2πT(x)dx

)1/2(∫ ∣∣�ehT (x)∣∣2πT(x)dx

)1/2

�(SM.80)

Since πT(x)≤ c2hTq(x) for a constant c2, we get∫
|g(x)|2πT(x)dx=O

(
hT‖ψg‖2

L2(F̄Z)

)
�(SM.81)

To bound
∫ |�ehT (x)|2πT(x)dx, we apply the argument in the proof of

Lemma C.2, with k(z)= 1(|z|< c1). Then∫ ∣∣�ehT (u)∣∣2πT(u)du

≤ ch2
T

∫
|∇ψe(z)|2πT�Z(z)dz

+ ch2
T

∫
|∇ψe(z)|2 sup

ζ∈BchT (0)
|πT�Z(z+ ζ)−πT�Z(z)|dz

+ c

(∫
|ψe(z)|2πT�Z(z)dz

)

×
∫

1
{|y −ϕ0(x)| ≤ c

√
hT

}
πT�W (w)dw�

where πT�Z(z) := ∫
πT(w�z)dw and πT�W (w) := ∫

πT(w�z)dz. Using that for
large T , supζ∈BchT (0)

πT�Z(z + ζ) ≤ c2hT

∫
q(w�z)dw for some constant c2, we

deduce that∫ ∣∣�ehT (x)∣∣2πT(x)dx=O
(
h3
T‖∇ψe‖2

L2(F̄Z)
+ h3/2

T ‖ψe‖2
L2(F̄Z)

)
�(SM.82)

From (SM.80), (SM.81), and (SM.82), we get

A4�T =O
(
h2
T‖ψg‖L2(F̄Z)

‖∇ψe‖L2(F̄Z)
+ h5/4

T ‖ψg‖L2(F̄Z)
‖ψe‖L2(F̄Z)

)
�(SM.83)
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From (SM.72), (SM.73), (SM.74), (SM.76), (SM.78), (SM.79), and (SM.83),
we derive the asymptotic expansion of E[VT(g)VT (e)]:

E[VT(g)VT (e)]
= Cov[g(R)� e(R)] +O(ρ(g�κhT)ρ(e�κhT ))

+O
(
hT‖ψg‖L2(FZ)

‖∇ψe‖L2(FZ)
+ hT‖ψg‖L2(F̄Z)

‖ψe‖L2(F̄Z)

+ h3/2
T ‖ψg‖L2(FZ)

‖∇ψe‖L2(F̄Z)
+ h2

T‖ψg‖L2(F̄Z)
‖∇ψe‖L2(F̄Z)

+ h1/4
T ‖ψg‖L2(FZ)

‖ψe‖L2(FZ)
+ h5/4

T ‖ψg‖L2(F̄Z)
‖ψe‖L2(F̄Z)

)
�

SM.8.19. Proof of Lemma C.4

Let us apply Lemma C.3 with u= (w�z) and g(u)= e(u)= (1/√νj)(Aφj)×
(z) 1{y≤ϕ0(x)}−τ

τ(1−τ) =: gj(u) for any j ∈ N. We have V [gj(R)] = 1
νj

1
[τ(1−τ)]2E[(Aφj)×

(Z)2E[(1{Y ≤ ϕ0(X)} − τ)2 | Z]] = 1
νj

1
τ(1−τ)E[(Aφj)(Z)

2] = 1
νj

〈φj�A
∗A ×

φj〉H = 1. Thus, we get

E[Z2
j�T ] = 1 +O(ρ(gj�κhT)

2)+O
(
h1/4
T

(‖ψj‖H2(FZ)
+ ‖ψj‖H2(F̄Z)

)2)
�

Let us now bound the terms in the RHS. We have ρ(gj�κhT)
2 =E[gj(R)21{R ∈

∂S(κhT )}] ≤ 1
[τ(1−τ)]2E[|ψj(Z)|s̄]2/s̄P[R ∈ ∂S(κhT )]1−2/s̄ = O(h1−2/s̄

T ) from As-
sumption A.5(ii). Using s̄ ≥ 4, we get ρ(gj�κhT)

2 = O(h1/2
T ). Moreover,

‖ψj‖2
L2(F̄Z)

=
∫ ∫

ψj(z)
2q(w�z)dwdz∫ ∫

q(w�z)dwdz
and by the Cauchy–Schwarz inequality,

∫ ∫
ψj(z)

2q(w�z)dwdz ≤E
[|ψj(z)|4

]1/2
(∫

q(s)2

fX�Y�Z(s)
ds

)1/2

�

From Assumptions A.4(i) and A.5(ii), it follows that ‖ψj‖2
L2(F̄Z)

= O(1) uni-

formly in j ∈ N. Similarly, ‖∇ψj‖2
L2(F̄Z)

≤ E[|∇ψj(Z)|4]1/2∫ ∫
q(w�z)dwdz

(
∫

q(s)2

fX�Y�Z(s)
ds)1/2 = O(j2)

by Assumptions A.4(i) and A.5(iii). The conclusion follows.

SM.8.20. Proof of Lemma C.5

The proof of Lemma C.5 is given in the technical report of Gagliardini and
Scaillet (2012, GS)).

SM.8.21. Proof of Lemma C.6

From the proof of Lemma B.8(i), we have (λT + A∗A)−1A∗(ζ̂ − Eζ̂) =∑∞
j=1 cj�TZj�Tφj , where cj�T := 1√

T

√
νj

λT+νj and Zj�T are defined in (SM.49) and
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(SM.50). Using ‖(λT +A∗A)−1A∗(ψ̂−Eψ̂)‖2 =∑∞
j�l=1 cj�T cl�TZj�TZl�T 〈φj�φl〉,

we get

E
[‖(λT +A∗A)−1A∗(ψ̂−Eψ̂)‖4

]
=

∞∑
j�l�m�n=1

cj�T cl�T cm�T cn�TE[Zj�TZl�TZm�TZn�T ]〈φj�φl〉〈φm�φn〉�

Let us now bound the expectation terms. By twice applying the Cauchy–
Schwarz inequality, we get |E[Zj�TZl�TZm�TZn�T ]| ≤ E[Z4

j�T ]1/4E[Z4
l�T ]1/4 ×

E[Z4
m�T ]1/4E[Z4

n�T ]1/4. Let c̄j�T := cj�TE[Z4
j�T ]1/4. Then we get

E
[‖(λT +A∗A)−1A∗(ψ̂−Eψ̂)‖4

]
≤

∞∑
j�l�m�n=1

c̄j�T c̄l�T c̄m�T c̄n�T |〈φj�φl〉||〈φm�φn〉|

=
∑
j∈N

c̄4
j�T‖φj‖4 + 4

∑
(j�l)∈D2

c̄3
j�T c̄l�T‖φj‖2|〈φj�φl〉|

+
∑

(j�l)∈D2

c̄2
j�T c̄

2
l�T

(‖φj‖2‖φl‖2 + 2|〈φj�φl〉|2
)

+ 2
∑

(j�l�m)∈D3

c̄2
j�T c̄l�T c̄m�T‖φj‖2|〈φl�φm〉|

+ 4
∑

(j�l�m)∈D3

c̄2
j�T c̄l�T c̄m�T |〈φj�φl〉||〈φj�φm〉|

+
∑

(j�l�m�n)∈D4

c̄j�T c̄l�T c̄m�T c̄n�T |〈φj�φl〉||〈φm�φn〉|

=: J1 + 4J2 + J3 + 2J4 + 4J5 + J6�

where D
d denotes the set of d-tuples, which consist of d different natural num-

bers. Let us now bound separately the different terms.
• Bound of J1. We have

J1 ≤
∞∑

j�l=1

c̄2
j�T c̄

2
l�T‖φj‖2‖φl‖2 =

( ∞∑
j=1

c̄2
j�T‖φj‖2

)2

= q̄4
T �

where we denote q̄2
T :=∑∞

j=1 c̄
2
j�T‖φj‖2 = 1

T

∑∞
j=1

νj

(λT+νj)2 ‖φj‖2E[Z4
j�T ]1/2.
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• Bound of J2. Using c̄2
j�T‖φj‖2 ≤ q̄2

T , j ∈ N, we get

J2 ≤ q̄2
T

∑
(j�l)∈D2

c̄j�T c̄l�T |〈φj�φl〉|�

Let us consider the term

∑
(j�l)∈D2

c̄j�T c̄l�T |〈φj�φl〉| =
∞∑
j=1

c̄j�T‖φj‖
(∑

l:l �=j
c̄l�T‖φl‖ |〈φj�φl〉|

‖φj‖‖φl‖
)
�

Using Cauchy–Schwarz inequality, for any j, we have

∑
l:l �=j

c̄l�T‖φl‖ |〈φj�φl〉|
‖φj‖‖φl‖ ≤

(∑
l:l �=j

c̄2
l�T‖φl‖2

)1/2(∑
l:l �=j

〈φj�φl〉2

‖φj‖2‖φl‖2

)1/2

≤ q̄T

(∑
l:l �=j

〈φj�φl〉2

‖φj‖2‖φl‖2

)1/2

�

Thus, we get again, by Cauchy–Schwarz inequality,∑
(j�l)∈D2

c̄j�T c̄l�T |〈φj�φl〉|(SM.84)

≤ q̄T

∞∑
j=1

c̄j�T‖φj‖
(∑

l:l �=j

〈φj�φl〉2

‖φj‖2‖φl‖2

)1/2

≤ q̄T

( ∞∑
j=1

c̄2
j�T‖φj‖2

)1/2( ∞∑
j=1

∑
l:l �=j

〈φj�φl〉2

‖φj‖2‖φl‖2

)1/2

= q̄2
T ρ̄�

where ρ̄ := (
∑∞

j�l=1:l �=j
〈φj�φl〉2

‖φj‖2‖φl‖2 )
1/2 <∞ by Assumption A.5(i). We deduce J2 ≤

q̄4
T ρ̄�• Bound of J3. We have J3 ≤ 3

∑
(j�l)∈D2 c̄2

j�T c̄
2
l�T‖φj‖2‖φl‖2 ≤ 3q̄4

T .
• Bound of J4. We have J4 ≤ (

∑
j c̄

2
j�T‖φj‖2)

∑
(l�m)∈D2 c̄l�T c̄m�T |〈φl�φm〉| ≤

q̄4
T ρ̄� using (SM.84).
• Bound of J5. We have

J5 ≤
∑
j

c̄2
j�T‖φj‖2

(∑
l:l �=j

∑
m:m �=j

c̄l�T‖φl‖ |〈φj�φl〉|
‖φj‖‖φl‖ c̄m�T‖φm‖ |〈φj�φm〉|

‖φj‖‖φm‖
)

=
∑
j

c̄2
j�T‖φj‖2

(∑
l:l �=j

c̄l�T‖φl‖ |〈φj�φl〉|
‖φj‖‖φl‖

)2

�
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Using c̄2
j�T‖φj‖2 ≤ q̄2

T for all j ∈ N and

∑
l:l �=j

c̄l�T‖φl‖ |〈φj�φl〉|
‖φj‖‖φl‖ ≤ q̄T

(∑
l:l �=j

〈φj�φl〉2

‖φj‖2‖φl‖2

)1/2

�

we get J5 ≤ q̄4
T

∑
j

∑
l:l �=j

〈φj�φl〉2

‖φj‖2‖φl‖2 = q̄4
T ρ̄

2.
• Bound of J6. Finally, J6 ≤ ∑

(j�l)∈D2�(m�n)∈D2 c̄j�T c̄l�T c̄m�T c̄n�T |〈φj�φl〉||〈φm�

φn〉| = (
∑

(j�l)∈D2 c̄j�T c̄l�T |〈φj�φl〉|)2 ≤ q̄4
T ρ̄

2, using (SM.84).
To summarize, we have proved E[‖(λT +A∗A)−1A∗(ψ̂−Eψ̂)‖4] ≤ Cq̄4

T � Us-
ing a result similar to Lemma C.4, and Assumptions A.4(i), A.5(ii) and (iii), we
can show that q̄2

T = O( 1
T

∑∞
j=1

νj

(λT+νj)2 ‖φj‖2). Since E[‖(λT + A∗A)−1A∗(ψ̂ −
Eψ̂)‖2] =O( 1

T

∑∞
j=1

νj

(λT+νj)2 ‖φj‖2) by Lemma B.8(i), the conclusion follows.

SM.8.22. Proof of Lemma C.7

Let 1ϕ0(w)= 1{y ≤ ϕ0(x)} − τ. We have

−( ˜̂
A0(ζ̂ − q̂)− Ãζ̂)(x)(SM.85)

= 1
Tτ(1 − τ)

T∑
t=1

f̂X�Y�Z(x�ϕ0(x)�Zt)

f̂Z(Zt)2

∫
1ϕ0(w)f̂X�Y�Z(w�Zt)dw

− 1
τ(1 − τ)

∫
fX�Y |Z(x�ϕ0(x)|z)

∫
1ϕ0(w)f̂X�Y�Z(w�z)dwdz

= 1
Tτ(1 − τ)

T∑
t=1

�f̂X�Y�Z(x�ϕ0(x)�Zt)

× 1

f̂Z(Zt)2

∫
1ϕ0(w)�f̂X�Y�Z(w�Zt)dw

+
{

1
Tτ(1 − τ)

T∑
t=1

fX�Y |Z(x�ϕ0(x)|Zt)

× 1
fZ(Zt)

∫
1ϕ0(w)�f̂X�Y�Z(w�Zt)dw

− 1
τ(1 − τ)

∫
fX�Y |Z(x�ϕ0(x)|z)

∫
1ϕ0(w)�f̂X�Y�Z(w�z)dwdz

}

− 1
Tτ(1 − τ)

T∑
t=1

fX�Y�Z(x�ϕ0(x)�Zt)
�f̂Z(Zt)[f̂Z(Zt)+ fZ(Zt)]

f̂Z(Zt)2fZ(Zt)2
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×
∫

1ϕ0(w)�f̂X�Y�Z(w�Zt)dw

=: I1(x)+ I2(x)+ I3(x)�

We consider in detail term I2(x); the analysis of the other terms is similar.
Write

I2(x) = T − 1
T 2

T∑
t=1

{
fX�Y�Z(x�ϕ0(x)�Zt)

Σ0(Zt)

fZ(Zt)

×
∫

1ϕ0(w)f̄ (w�Zt)dw

−
∫
fX�Y�Z(x�ϕ0(x)� z)Σ0(z)

∫
1ϕ0(w)f̄ (w�z)dwdz

}

+ T − 1
T 2

T∑
t=1

{
fX�Y�Z(x�ϕ0(x)�Zt)

Σ0(Zt)

fZ(Zt)

×
∫

1ϕ0(w)b(w�Zt)dw

−
∫
fX�Y�Z(x�ϕ0(x)� z)Σ0(z)

∫
1ϕ0(w)b(w�z)dwdz

}

+ K(0)

T 2h
dZ
T

T∑
t=1

{
fX�Y�Z(x�ϕ0(x)�Zt)

Σ0(Zt)

fZ(Zt)

−
∫
fX�Y�Z(x�ϕ0(x)� z)Σ0(z)dz

}

×
∫

1ϕ0(w)Kh(w−Wt)dw

=: I21(x)+ I22(x)+ I23(x)�

where Σ0(z) := 1/(fZ(z)τ(1−τ)), f̄ (w�Zt) := f̂X�Y�Z�−t(w�Zt)−E[f̂X�Y�Z�−t(w�
Zt)|Zt], b(w�Zt) := E[f̂X�Y�Z�−t(w�Zt)|Zt] − fX�Y�Z(w�Zt), and f̂X�Y�Z�−t is the
kernel density estimator based on the sample of T − 1 observations excluding
(Wt�Zt). Note that b(w�Zt) is equal to the bias function E[�f̂X�Y�Z(w�z)] eval-
uated at z =Zt . Let us first consider I21. Using f̄ (w� z)= 1

T−1

∑T

s=1�s �=t κs(w�z),
with κs(w�z) :=Kh(w−Ws)Kh(z−Zs)−E[Kh(w−W )Kh(z−Z)], Kh(u) :=



74 P. GAGLIARDINI AND O. SCAILLET

1
h
K(u

h
), we have

I21(x) = 1
T 2

T∑
t=1

T∑
s=1�s �=t

{
a(x�ϕ0(x)�Zt)

∫
κs(w�Zt)1ϕ0(w)dw

−
∫
a(x�ϕ0(x)� z)

∫
κs(w�z)1ϕ0(w)fZ(z)dwdz

}

=: 1
T 2

T∑
t=1

T∑
s=1�s �=t

Ust(x)�

where a(x�ϕ0(x)� z) := fX�Y |Z(x�ϕ0(x)|z)Σ0(z). Variables Ust(x) satisfy
E[Ust(x)|Ws�Zs] =E[Ust(x)|Wt�Zt] = 0 for s �= t. By symmetrization, we have

I21(x)= 1
T 2

T∑
t=1

∑
s<t

Ũst(x)�

where Ũst(x) := Ust(x) + Uts(x) and E[Ũst(x)|Ws�Zs] = E[Ũst(x)|Wt�Zt] = 0
for s < t. We get

E

[∫
I21(x)

2 dx

]
= 1
T 4

T∑
t=1

T∑
s<t

∫
E[Ũst(x)

2]dx

≤ 2
T 2

∫
E[Ust(x)

2]dx�

The term E[(∫ Kh(w − Ws)1ϕ0(w)dw)
2Kh(Zt − Zs)

2a(x�ϕ0(x)�Zt)
2] in

E[Ust(x)
2] is dominant and is O(h

−dZ
T ) uniformly in x ∈ [0�1] by Assump-

tion A.4(ii). We get E[‖I21‖2]1/2 =O( 1

Th
dZ/2
T

)= o(λTb(λT )) from the conditions
on η and γ.

Let us now consider I22. Since the observations are i.i.d. and the bias term
b(w�Zt) is O(hm

T ), we get E[‖I22‖2]1/2 =O( 1
T 1/2h

m
T )= o(λTb(λT )).

Finally, to bound I23, we use | ∫ 1ϕ0(w)KhT (Wt − w)dw| ≤ ∫ |1ϕ0(Wt −
hTv)||K(v)|dv≤ 2‖K‖∞. Then we get

|I23(x)| ≤ C

T 2h
dZ
T

T∑
t=1

(
Σ0(Zt)+E[Σ0(Zt)]

)

by Assumption A.4(ii). By Cauchy–Schwarz inequality, it follows that

E[‖I23‖2]1/2 ≤ C

Th
dZ
T

E[Σ0(Z)
2]1/2�
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Since infz∈Z fZ(z) > 0, we conclude that E[‖I23‖2]1/2 =O( logT

Th
dZ
T

)= o(λTb(λT )).

SM.8.23. Proof of Lemma C.8

We have

(
˜̂
A0Â0ϕ)(x)

=
∫ (

1
Tτ(1 − τ)

T∑
t=1

f̂X�Y�Z(x�ϕ0(x)�Zt)f̂X�Y�Z(ξ�ϕ0(ξ)�Zt)

f̂Z(Zt)2

)

×ϕ(ξ)dξ

and

(ÃAϕ)(x)

= 1
τ(1 − τ)

∫ (∫
fX�Y�Z(x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)� z)

fZ(z)2
fZ(z)dz

)
×ϕ(ξ)dξ�

Thus,

‖ ˜̂
A0Â0 − ÃA‖2

≤ 1
[τ(1 − τ)]2

×
∫

X

∫
X

[
1
T

T∑
t=1

f̂X�Y�Z(x�ϕ0(x)�Zt)f̂X�Y�Z(ξ�ϕ0(ξ)�Zt)

f̂Z(Zt)2

−
∫

fX�Y�Z(x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)� z)

fZ(z)2
fZ(z)dz

]2

dxdξ

=:
∫

X

∫
X
Î(x�ξ)2 dxdξ=: ‖Î‖2

L2([0�1]2)� P-a.s.

We decompose Î(x�ξ) as

Î(x�ξ) = 1
Tτ(1 − τ)

T∑
t=1

f̂X�Y�Z(x�ϕ0(x)�Zt)f̂X�Y�Z(ξ�ϕ0(ξ)�Zt)

f̂Z(Zt)2

−
∫
f̂X�Y�Z(x�ϕ0(x)� z)f̂X�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz
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+
∫
f̂X�Y�Z(x�ϕ0(x)� z)f̂X�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

−
∫
fX�Y�Z(x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

=: Î1(x�ξ)+ Î2(x�ξ)�

where Σ0 is defined as in the proof of Lemma C.7. Then

‖ ˜̂
A0Â0 − ÃA‖ ≤

2∑
j=1

‖Îj‖L2([0�1]2)� P-a.s.�

and

E[‖ ˜̂
A0Â0 − ÃA‖2ζ]1/(2ζ) ≤

2∑
j=1

E
[‖Îj‖2ζ

L2([0�1]2)
]1/(2ζ)

�

Moreover, for any j, E[‖Îj‖2ζ
L2([0�1]2)] = ∫

E[Îj(r1)
2 · · · Îj(rζ)2]dr1 · · · drζ , where

r := (x�ξ), and by repeatedly applying the Cauchy–Schwarz inequality, we get

E[Îj(r1)
2Îj(r2)

2 · · · Îj(rζ)2]
≤E[Îj(r1)

4]1/2E[Îj(r2)
4 · · · Îj(rζ)4]1/2

≤E[Îj(r1)
4]1/2E[Îj(r2)

8]1/4 · · ·E[Îj(rζ)2ζ
]1/(2ζ−1)

≤
ζ∏
l=1

E
[
Îj(rl)

2ζ
]1/(2ζ−1)

�

Thus, we get E[‖ ˜̂
A0Â0 − ÃA‖2ζ] ≤ (

∑2
j=1(

∫
X

∫
X E[Îj(x�ξ)2ζ̄]1/ζ̄ dxdξ)1/2)2ζ ,

with ζ̄ = 2ζ−1. We deduce that the lemma is proved if we show that∫
X

∫
X
E[Îj(x�ξ)2N]dxdξ=O(aNT ) for any N ∈ N(SM.86)

and any j = 1�2. This is implied by E[Îj(x�ξ)2N] = O(aNT ) uniformly in x�ξ ∈
[0�1]� Let us prove (SM.86) for the different terms.

• Bound of Î1. Write

Î1(x�ξ) = 1
Tτ(1 − τ)

T∑
t=1

fX�Y�Z(x�ϕ0(x)�Zt)fX�Y�Z(ξ�ϕ0(ξ)�Zt)

f̂Z(Zt)2

−
∫
fX�Y�Z(x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz
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+ 1
Tτ(1 − τ)

×
T∑
t=1

�f̂X�Y�Z(x�ϕ0(x)�Zt)fX�Y�Z(ξ�ϕ0(ξ)�Zt)

f̂Z(Zt)2

−
∫
�f̂X�Y�Z(x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

+ 1
Tτ(1 − τ)

×
T∑
t=1

fX�Y�Z(x�ϕ0(x)�Zt)�f̂X�Y�Z(ξ�ϕ0(ξ)�Zt)

f̂Z(Zt)2

−
∫
fX�Y�Z(x�ϕ0(x)� z)�f̂X�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

+ 1
Tτ(1 − τ)

×
T∑
t=1

�f̂X�Y�Z(x�ϕ0(x)�Zt)�f̂X�Y�Z(ξ�ϕ0(ξ)�Zt)

f̂Z(Zt)2

−
∫
�f̂X�Y�Z(x�ϕ0(x)�Zt)�f̂X�Y�Z(ξ�ϕ0(ξ)�Zt)Σ0(z)dz

=:
4∑

j=1

Î1j(x�ξ)�

We focus on the second term Î12. By controlling term f̂Z(Zt) in the denomina-
tor, we see that the dominant component is

Î121(x�ξ) := 1
T

T∑
t=1

�f̂X�Y�Z(x�ϕ0(x)�Zt)fX�Y�Z(ξ�ϕ0(ξ)�Zt)

fZ(Zt)
Σ0(Zt)

−
∫
�f̂X�Y�Z(x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

= T − 1
T 2

T∑
t=1

(
f̄ (x�ϕ0(x)�Zt)fX�Y�Z(ξ�ϕ0(ξ)�Zt)

fZ(Zt)
Σ0(Zt)

−
∫
f̄ (x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

)
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+ T − 1
T 2

T∑
t=1

(
b(x�ϕ0(x)�Zt)fX�Y�Z(ξ�ϕ0(ξ)�Zt)

fZ(Zt)
Σ0(Zt)

−
∫
b(x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

)

+ 1

Th
dZ
T

K(0)
1
T

T∑
t=1

Kh(x−Xt)Kh(ϕ0(x)−Yt)

×
(
fX�Y�Z(ξ�ϕ0(ξ)�Zt)

fZ(Zt)
Σ0(Zt)

−
∫
Kh(z−Zt)fX�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

)
�

with the notation introduced in the proof of Lemma C.7. We consider in de-
tail the first term Î1211(x�ξ) (the second and the third terms can be bounded
along the lines of terms I22 and I23 in the proof of Lemma C.7). Write
f̄ (x�ϕ0(x)� z)= 1

T−1

∑T

s=1�s �=t κs(x� z), where κs(x� z) :=Kh(x−Xs)Kh(ϕ0(x)−
Ys)Kh(z−Zs)−E[Kh(x−X)Kh(ϕ0(x)−Y)Kh(z−Z)]. Then

Î1211(x�ξ)

= 1
T 2

T∑
t=1

T∑
s=1�s �=t

[
κs(x�Zt)a(ξ�Zt)−

∫
κs(x� z)a(ξ� z)fZ(z)dz

]

=: 1
T 2

T∑
t=1

T∑
s=1�s �=t

Ust�

where a(ξ� z)= fX�Y |Z(ξ�ϕ0(ξ)|z)Σ0(z). We get, for N ∈ N,

E[Î1211(x�ξ)
2N]

= 1
T 4N

T∑
t1=1

T∑
s1=1�s1 �=t1

· · ·
T∑

t2N=1

T∑
s2N=1�s2N �=t2N

E
[
Us1t1 · · ·Us2Nt2N

]
�

Variables Ust satisfy E[Ust|Xs�Zs] = E[Ust|Xt�Zt] = 0 for s �= t and any x�ξ ∈
[0�1]. Thus, the expectation E[Us1t1 · · ·Us2Nt2N ] can be different from zero only
if the ordered 2N-tuple (s1� t1� � � � � s2N� t2N) is such that each element has
multiplicity at least 2. Let us first bound the number C(N�T) of such 2N-
tuples. We have C(N�T) ≤ ∑2N

j=1 Cj(N�T), where Cj(N�T) is the number
of 2N-tuples with j different elements. Moreover, Cj(N�T) = cj(N)T(T −
1) · · · (T − j + 1), where cj(N) is the number of ways in which we can build
j groups using 4N different elements. Thus, C(N�T) = O(T 2N). Further, the
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dominant term in E[Us1t1 · · ·Us2Nt2N ] is E[Kh(x−Xs1)Kh(ϕ0(x)−Ys1)Kh(Zt1 −
Zs1)a(ξ�Zt1) · · ·Kh(x−Xs2N )Kh(ϕ0(x)−Ys2N )Kh(Zt2N −Zs2N )a(ξ�Zt2N )]. This
is bounded by O( (logT)2N

h
2N(2+dZ)
T

). Thus, we get

E[Î1211(x�ξ)
2N] = O

(
1
T 4N

T 2N (logT)2N

h
2N(2+dZ)
T

)
=O

((
(logT)2

T 2h
2(2+dZ)
T

)N)

= O

((
1

Th2
T

)N)
=O(aNT )�

where we used (logT)2

Th
2(1+dZ)
T

=O(1).

• Bound of Î2. Let us write

Î2(x�ξ) =
∫
�f̂X�Y�Z(x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

+
∫
�f̂X�Y�Z(ξ�ϕ0(ξ)� z)fX�Y�Z(x�ϕ0(x)� z)Σ0(z)dz

+
∫
�f̂X�Y�Z(x�ϕ0(x)� z)�f̂X�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

=: Î21(x�ξ)+ Î22(x�ξ)+ Î23(x�ξ)�

Let us start from term Î21(x�ξ). We have E[Î21(x�ξ)
2ζ̄] = ∫

E[∏l �f̂X�Y�Z(x�
ϕ0(x)� zl)]∏l fX�Y�Z(ξ�ϕ0(ξ)� zl)Σ0(zl)

∏
l dzl, where

∏
l denotes product from

l = 1 to l= 2ζ̄. Let �f̂X�Y�Z(x�ϕ0(x)� z)= f̄ (x�ϕ0(x)� z)+ b̄(x�ϕ0(x)� z), with
f̄ (x�ϕ0(x)� z) := f̂X�Y�Z(x�ϕ0(x)� z) − E[f̂X�Y�Z(x�ϕ0(x)� z)] and b̄(x�ϕ0(x)�

z) :=E[f̂X�Y�Z(x�ϕ0(x)� z)] − fX�Y�Z(x�ϕ0(x)� z). We get

E[Î21(x�ξ)
2ζ̄](SM.87)

=
2ζ̄∑
J=0

(
2ζ̄
J

)(∫
E

[
J∏
l=1

f̄ (x�ϕ0(x)� zl)

]

×
J∏
l=1

fX�Y�Z(ξ�ϕ0(ξ)� zl)Σ0(zl)

J∏
l=1

dzl

)

×
(∫

b̄(x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)� z)Σ0(z)dz

)2ζ̄−J
�

From Assumption A.4(ii) and (iii), we have
∫
b̄(x�ϕ0(x)� z)fX�Y�Z(ξ�ϕ0(ξ)�

z)Σ0(z)dz = O(hm
T ) uniformly in x�ξ ∈ [0�1]. Furthermore, by writing f̄ (x�
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ϕ0(x)� z)= 1
T

∑T

t=1 κt(x�ϕ0(x)� z) and using the independence of the observa-
tions, we can write E[∏J

l=1 f̄ (x�ϕ0(x)� zl)] =∑�J/2�
n=1

DT�n

TJ
Jn(x� z1� � � � � zJ), where

Jn(x� z1� � � � � zJ) is a term that is split in a sum of products of n expectations,
DT�n := T(T − 1) · · · (T − n+ 1), and �J/2� denotes the largest integer that is
smaller than or equal to J/2. To derive the order of the term in E[Î21(x�ξ)

2ζ̄]
that corresponds to Jn(x� z1� � � � � zJ), note that all the powers h−dZ

T can be elim-
inated by a change of variable, while a power h−2

T coming from variable X and
Y can be eliminated for each expectation term contained in Jn(x� z1� � � � � zJ).
Thus,

∫
Jn(x� z1� � � � � zJ)

∏J

l=1 fX�Y�Z(ξ�ϕ0(ξ)� zl)Σ0(zl)
∏J

l=1 dzj = O( 1
h

2(J−n)
T

)

uniformly in x�ξ ∈ [0�1]� This implies
∫
E[∏J

l=1 f̄ (x� zl)]
∏J

l=1 fX�Y�Z(ξ�ϕ0(ξ)�

zl)Σ0(zl)
∏J

l=1 dzj = O(
∑�J/2�

n=1
1

(Th2
T )

J−n ) = O( 1
(Th2

T )
�J/2� ), since (Th2

T )
−1 = o(1).

From (SM.87), we get

E[Î21(x�ξ)
2ζ̄] = O

(
2ζ̄∑
J=0

1
(Th2

T )
�J/2� (h

2m
T )ζ̄−J/2

)

= O

(
ζ̄∑

k=0

(
1

Th2
T

)k

(h2m
T )ζ̄−k

)
=O(aζ̄T )

uniformly in x�ξ ∈ [0�1].
The bound for the term E[Î22(x�ξ)

2ζ̄] is obtained similarly, interchanging x
and ξ. Finally, let us consider the term E[Î23(x�ξ)

2ζ̄]. We have E[Î23(x�ξ)
2ζ̄] =∫

E[∏l �f̂X�Y�Z(x�ϕ0(x)� zl)�f̂X�Y�Z(ξ�ϕ0(ξ)� zl)]∏l Σ0(zl)
∏

l dzl, where the
product

∏
l is from l = 1 to l = 2ζ̄. Let C1 and C2 denote subsets of

{1�2� � � � �2ζ̄}, and let Cc
1 and Cc

2 be their complements. We can write

E[Î23(x�ξ)
2ζ̄](SM.88)

=
∑

C1�C2

∫
E

[∏
l∈C1

f̄ (x�ϕ0(x)� zl)
∏
p∈C2

f̄ (ξ�ϕ0(ξ)� zp)

]

×
(∏
l∈Cc

1

b̄(x�ϕ0(x)� zl)
∏
p∈Cc

2

b̄(ξ�ϕ0(ξ)� zp)

)∏
l

Σ0(zl)
∏
l

dzl

=O

(∑
C1�C2

(hm
T )

4ζ̄−|C1|−|C2|

×
∫
E

[∏
l∈C1

f̄ (x�ϕ0(x)� zl)
∏
p∈C2

f̄ (ξ�ϕ0(ξ)� zp)

] ∏
l∈C1∪C2

dzl

)
�

where |C| denotes the cardinality of set C . Similarly to above, for any two sub-
sets C1 and C2 such that |C1| + |C2| = J, we can write E[∏l∈C1

f̄ (x�ϕ0(x)� zl)×
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∏
p∈C2

f̄ (ξ�ϕ0(ξ)� zp)] = ∑�J/2�
n=1

DT�n

TJ
Jn(x�ξ� {zl� l ∈ C1 ∪ C2}). Moreover,

∫
Jn(x�

ξ� {zl� l ∈ C1 ∪ C2})∏l∈C1∪C2
dzl = O( 1

h
2(J−n)
T

1

h
dZ |C1∩C2 |
T

) uniformly in x�ξ ∈ [0�1].
Thus, among the terms in the sum (SM.88) such that |C1| + |C2| = J, the dom-
inant term is the one with |C1| = |C2| if J is even or with |C1| = |C2| ± 1 if J is
odd. These dominant terms are of O( 1

h
2(J−n)
T

1

h
dZ �J/2�
T

). We deduce, for any C1 and
C2 such |C1| + |C2| = J, that∫

E

[∏
l∈C1

f̄ (x�ϕ0(x)� zl)
∏
p∈C2

f̄ (ξ�ϕ0(ξ)� zp)

] ∏
l∈C1∪C2

dzl

=O

(�J/2�∑
n=1

1
(Th2

T )
J−n

1

h
dZ�J/2�
T

)
=O

(
1

(Th2
T )

�J/2�
1

h
dZ�J/2�
T

)
�

Thus, we get

E[Î23(x�ξ)
2ζ̄] = O

(
4ζ̄∑
J=0

(hm
T )

4ζ̄−J 1
(Th2

T )
�J/2�

1

h
dZ�J/2�
T

)

= O

(
2ζ̄∑
k=0

(
1

Th
2+dZ
T

)k

(h2m
T )2ζ̄−k

)

= O

((
1

Th
2+dZ
T

+ h2m
T

)2ζ̄)
�

Since 1

Th
2+2dZ
T

= O(1) implies ( 1

Th
2+dZ
T

+ h2m
T )2 = O( 1

Th2
T

+ h2m
T ), we get E[Î23(x�

ξ)2ζ̄] =O(aζ̄T ) uniformly in x�ξ ∈ [0�1].

SM.8.24. Proof of Lemma C.9

We have

∑
j

(j − nT )= −
nT /2∑
j=1

j = −nT/2(nT/2 + 1)
2

= −n2
T

8
(1 + o(1))�

Moreover,

∑
j

log(j/nT )= nT
∑
j

1
nT

log(j/nT )= nT

(∫ 1

1/2
log(y)dy + o(1)

)

= nT

2
(log 2 − 1)(1 + o(1))�
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where we use the property of a Riemann sum and∫ 1

1/2
log(y)dy = [y log(y)− y]|1

1/2 = 1
2
(log 2 − 1)�

Similarly,

∑
j

(j − nT )
2 =

nT /2∑
j=1

j2 = nT/2(nT/2 + 1)(nT + 1)
6

= n3
T

24
(1 + o(1))�

∑
j

log(j/nT )2 = nT

(∫ 1

1/2
log(y)2 dy + o(1)

)

= nT

(
1 − 1

2
(log 2)2 − log 2

)
(1 + o(1))�

∑
j

(j − nT ) log(j/nT )= n2
T

∑
j

1
nT

(
j

nT
− 1

)
log(j/nT )

= n2
T

(∫ 1

1/2
(y − 1) log(y)dy + o(1)

)

= n2
T

16
(5 − 6 log 2)(1 + o(1))�

where we use∫ 1

1/2
log(y)2 dy = [y log(y)2]|1

1/2 − 2
∫ 1

1/2
log(y)dy

= −1
2
(log 2)2 − log 2 + 1�

∫ 1

1/2
(y − 1) log(y)dy =

∫ 1

1/2
y log(y)dy −

∫ 1

1/2
log(y)dy

= y2

2
log(y)

∣∣∣∣
1

1/2

− 1
2

∫ 1

1/2
y dy − 1

2
(log 2 − 1)

= 1
16
(5 − 6 log 2)�

SM.8.25. Proof of Lemma C.10

The proof is along the lines of the proof of Lemma C.4. We apply
Lemma C.3 with g(u) = gj(u) and e(u) = gl(u) for any j �= l ∈ N. We
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have Cov[gj(R)�gl(R)] = 1√
νjνl

〈φj�A
∗Aφl〉H = 0 for j �= l. Thus, we get

E[Zj�TZl�T ] = O(ρ(gj�κhT)ρ(gl�κhT )) + O(h1/4
T (‖ψj‖H2(FZ)

+ ‖ψj‖H2(F̄Z)
)×

(‖ψl‖H2(FZ)
+ ‖ψl‖H2(F̄Z)

)) uniformly in j �= l. By similar arguments as in
the proof of Lemma C.4, and using Assumptions A.4(i), A.5(ii) and (iii′),
‖ψj‖L2(F∗

Z)
, ‖∇ψj‖L2(FZ)

, and ‖∇ψj‖L2(F∗
Z)

are bounded and ρ(gj�κhT) = o(1)
uniformly in j ∈ N. The conclusion for part (ii) follows. The proof of part (i) is
similar.
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