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THIS SUPPLEMENTAL MATERIAL contains the proofs of Lemmas A.1 and A.2
in Section SM.1 (ill-posedness), and Lemma A.3 in Section SM.2 (consis-
tency). Section SM.2 also establishes existence of the Q-TiR estimator. Sec-
tion SM.3 provides the Frechet derivative of operator A and a characteriza-
tion of its adjoints. Lemmas A.4—A.11 are proved in Section SM.4 (asymptotic
distribution) and Lemmas A.12-A.15 are proved in Section SM.5 (estimation
of the asymptotic variance). In Section SM.6, we characterize the asymptotic
MISE. In Section SM.7, we provide an example of a NIVOR model, and de-
rive the spectrum of A4 (Remark 1), the spectrum of 4*4 (Remark 2), and
the asymptotic behavior of the variance function (Remark 3). To streamline
the presentation, we gather the proofs of the secondary technical Lemmas
B.1-B.15 and C.1-C.10 at the end of this technical report (Section SM.8).
Equation labels that do not include SM refer to the main paper. To simplify
the proofs, we adopt a product kernel in the estimation of the density of
(X, Y, Z) in R?. We use the generic notation K for both the d-dimensional
product kernel and each of its components. We take C as a generic con-
stant.

SM.1. ILL-POSEDNESS
SM.1.1. Proof of Lemma A.1

Take a sequence (¢,) as in condition (ii). Since ¢, - ¢,, without loss
of generality (w.l.o.g.) we can assume that ||¢, — ¢l > & for some 0 <
e < r (otherwise take a subsequence). Since A is compact (condition (i))
and (¢,) is bounded, the sequence A(¢,) admits a convergent subsequence
A(@mm) — €. Since the weak limit is unique, we have & = A(¢y). Thus
A(@miny) = Al@g) and Qo (@mny) —> 0, but |@m — ¢oll > &, hence the stated
result follows.

SM.1.2. Proof of Lemma A.2

We have to show that A maps closed sets into relatively compact sets.
Let S ¢ L?[0, 1] be bounded. We have to prove that the closure of A(S) C
L*(Fz,7) is compact. We can equivalently use || - ll,27,., OF || - llz2(,)-
Proposition 2.24 in Alt (1992) states that A(S) is relatively compact if and
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only if

(SM.1)  sup A(@) I 2, < 00,

peSs

(SM.2) sup |A(@)(- +h) — A(@)ll12r,) = 0 as  |h| =0,

¢eS

and

(SM.3) su159||.A(qo) * XriZ\Bp(0) ||L2(FZ) —-0 as R /oo,
pe

where xga,\ .0, (2) == 1{z € R% \ B(0)} and Bg(0) is a ball in R*z of radius R
around 0. To prove (SM.1), notice that for any z,

(SM.4) |A(¢)(Z)|=/fXZ(x|Z)FUX,Z(g_1(X,QD(X))PC,Z)dx

< / Friz(xlz)dx =1.

Thus | A(@) 12, <1 for any ¢ € L*[0,1] and (SM.1) follows. To prove
(SM.2), we use

|A(e)(z + h) — Alp)(2)]

< / | Frz(xlz + h) — Frz(e12) [ Foiz (87 (6 @) x, 2 + h) dx

+ f Frz K12 [ Fune 2 (g™ (x, () x, 2 + h)
- FU\X,Z(g_l(xa gD(x))lxa Z)| dx
<Clhl,

where C:=sup, , _|V.Fyx z(ulx, z)|fxz(x]z) +sup, , |V.fxz(x|z)| < oo from
Assumption A.3(ii) and (iii). Thus we get

(SM.5)  [JA(@)(- +h) — A(@) 12y < Clhl =0 as h—0,
uniformly in ¢ € L?[0, 1]. Thus, (SM.2) is proved. Finally, from (SM.4), we get
that for ¢ € L?[0, 1],

||~A((P) * XRIZ\BR(0) H;(FZ) =< / fz(z)dz—0 as R / oo.

R?Z\BR(0)

This implies (SM.3) and that .4 is compact.
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SM.2. CONSISTENCY
SM.2.1. Existence of the Q-TiR Estimator

Since Q7 (¢) = ﬁ ZL m(e, Z,)* is positive, a function ¢ € ® minimizes

Or(¢) + ArllellF if and only if

(SM.6) ¢ =arginf Or(e) +Arllgl; such that Ar gl < Lr(eu).

The solution ¢ in (SM.6) exists P-a.s. since (i) mapping ¢ — |l¢|)3, is lower
semicontinuous on H'[0, 1] w.r.t. the norm || - || (see Reed and Simon (1980,
p- 358)) and mapping ¢ — Qr(¢) is continuous on @ w.r.t. the norm | - ||, P-
a.s., for any T, and (ii) set {¢ € O: ||| < L} is compact w.r.t. the norm || - ||

for any constant 0 < L < oo (compact embedding theorem; see Adams and
Fournier (2003)).

SM.2.2. Proof of Lemma A.3
(i) We use the following lemma, which is proved by extending an argument
in Hansen (2008).
LEMMA B.1: Under Assumptions A.1, A.2, and A.3(iii),

sup | friz(x12) Fyix 2 (1%, 2) — frz(x|2)Fyx 2 (ylx, 2)[°

x€(0,1],yeR,zeZ

= Op(aT)a

logT 2m
where ar = + h&m,
T ppdz r

We have QT((PO) - Qoo(go(]) = ﬁ ZtT=1 Aﬁ’l(@(}, Zt)za where A”;’l((P, ) =
m(ep,-) — m(ep, -). Furthermore,

(SM.7) |Aﬁ’l(§0,')|S/|fX|Z(x|')ﬁYX,Z(§D(x)|xs')

- fX\Z(x|')FY|X,Z((P(x)|x’ ')| dx

< sup |fX|Z(x|')ﬁY\X,Z(y|xa )

x€[0,1],yeR
— fxiz(x|)Fyx z(ylx, ')|

uniformly in ¢ € ©. Then (i) follows from Lemma B.1.
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(11) USing ’/h(@’ ) = Aﬁl(@, ) + m(@) ')’ we have

1 . ,
Or(¢) — Q@) = m ;Am(qo, Z)

1 a ,
Tricn ;m(qo, Z) = Q09
1 T
F 2o LA Zome, 2.

From (SM.7) and Lemma B.1, the first term in the RHS is O, (ar), uniformly in
¢ € 0. By Cauchy-Schwarz inequality, we get that the third term in the RHS

is Op(y aT(mLT) Zthlm(QD, Z)?)Y?), uniformly in ¢ € @. Thus, the conclu-
sion follows if we show that I :=sup,_g |_TT(LT) Zszlm(QD, Z) — 0.(0)] =
Op(%). To bound I, we use m(e, z) = [, [Fux,z(g ' (x, p(x))|x, z) — 7] x
fx1z(x|z) dx. Then

1 T
=2 m(@, Z.7 — Elm(g, Z)’]

t=1

_ /X /X % Z{ Friz(X1Z) fxi2(E1Z)

x [Fux,z(g7 (x, (0))1x, Z,) — 7]
x [Fux z(87' (& @(€)IE, Z,) — 7]
— E| fxz(x12) fri2(£12)

x [Fuw.2(¢7 (x, (0))Ix, Z) = 7]

x [Fui.z(¢7' (& ¢(©)1¢, Z) — 7] |} dx de.

We get I < ———sup, 1|75 2 (a(Zi, 0) — E[a(Z, 0)])], where a(z,
0) = fxiz(x|2) fxiz(§|2)[Fux z(ulx, 2) — 7l[Fyix,z(vl§,2) — 7], 0 == (x,§,
u,v) € [0, 1]*. Using Assumption A.3(ii) and (iii), function a is bounded and
Lipschitz w.r.t. o: |a(-, 01) — a(-, 02)| < Clo; — 0| for a constant C. By
Andrews (1994, Theorem 2), the family F := {a(-, 0): 0 € [0, 1]*} satisfies
the Pollard entropy condition. By Andrews (1994, Theorem 1), the empiri-
cal process vr(Q) := % Zthl(a(Z[, 0) — Ela(Z, 0)]), o € [0, 1]%, is stochas-
tically equicontinuous. Since we can apply a CLT for any o € [0, 1]*, by
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the fundamental convergence result for empirical processes (see, e.g., An-
drews (1994, p. 2251)), vr(-) converges weakly. By the continuous mapping

theorem, SUP yeqo.1p¢ 1V1(0) = O,(1) and thus I = Op(l/ﬁ). Hence, the con-
clusion follows.

SM.3. FRECHET DERIVATIVE OF A AND CHARACTERIZATION OF ITS ADJOINTS

We start with the Frechet derivative 4 of operator .4 before characterizing
the adjoints 4 and A*.

LEMMA A.16: Under Assumption A.4(ii) and (iii), the Frechet derivative of A
at @ is the linear operator A := D A(¢,) defined by A¢(z) = [ fx yiz(x, ¢o(x)]
2)e(x)dx,z € Z, for ¢ € L?*[0,1]. Moreover, we have A(¢) = A(¢y) +
AA¢ + R(@, @g), where the residual R(¢, @) is such that |R(@, @) 127, <

s CllAel?, A i= @ — @y, and ¢ :=SUp, . ey ez [Vyfayiz(x, yI2)].

The characterization of the adjoint A of operator 4 w.r.t. the L2 scalar prod-
uct (-, -) is obtained from

(b, A‘P)LZ(FZ,T)

1

= /t!f(@(/fx,yz(x,<po(X)IZ)go(x)dX)f(Z) dz
7(1—17)

1 -
= /(/fx,y,z(x, <Po(x),2)l/f(2)dz)§0(x)dx= (A, )
T(1—17)

for ¢ € L2[0,1] and ¢ € L2(F,, 7), which yields A (x) = ﬁffx,y,z(x,

®o(X), 2)P(z)dz.

The characterization of the adjoint A* of operator A w.r.t. the Sobolev scalar
product (-, -); involves the solution of a Dirichlet problem of finite, or infinite,
order (see Dubinskij (1986, Chapter 2), for elliptic boundary value problems of

infinite order). Let us introduce the function p(A) = Zi:o a,\*. When [ < oo,
a; =1 for s <1, and a;, = 0 for s > [, the function p(A) is a polynomial of
order /. When [/ = oo and a, = 1/s!, we get p(A) = exp(A). Moreover, let us
introduce the complete orthonormal system of L*[0, 1] given by (Z 1(x) =1,
(L,(x) = «/zcos(ﬂ-(j —1)x), j > 1. Let us define

SN0, 11=1¢ € L70,11: Y [p((m(j — D)) (e, §)]" < oo,

j=1
tol e NU{oo}.

Space S'[0, 1] is a linear vector subspace of L?[0, 1] made of functions whose
basis coefficients (¢, ¢;) feature rapid decay such that p((7(j — 1))*) (e, ¥;),
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j=1,..., are square-summable. It is a Hilbert space w.r.t. the scalar product

(0, d)s = Y _[p((m(j = 1)) te, ) (b 45y).

j=1

We denote by |¢|ls := (¢, go)}s/ * the associated norm. When [ < oo, the space
§'10, 1] is equivalent to HZ'[0, 1] := {¢ € H?[0,1]: V*¢(0) = Vi¢(1) = 0,5 =
1,3,...,2l — 1}, that is, the Sobolev space of order 2/ with boundary condi-
tions for the odd-order derivatives (see Kress (1999, Chapter 8), for similar
results with periodic functions). When / = oo, the functions in $*[0, 1] are
C>-functions with odd-order derivatives vanishing at the boundary and expo-
nentially decaying basis coefficients.

LEMMA A.17: (i) The differential operator D := p(—V?) is well defined on
S'10,1]. (ii) For any f € L*[0, 11, the (infinite-order) ordinary differential equa-
tion (ODE)

(SM.8) Du=f, ues'0,1],

admits the unique solution u =73 =, m( f, ¥);. (iii) The operator D
from S'[0, 1] to L*[0, 1] is invertible and the inverse D~': L*[0, 1] — S'[0, 1] is
continuous.

Foranyae[0,1] and s=1,...,/ — 1, the linear functional ¢ — V*¢(a) is
continuous on H'[0, 1]. Denote by 8 € H'[0, 1] its Riesz representant, that is,
(89, @)y = V¢(a) for any ¢ € H'[0, 1]. The next lemma gives the characteri-
zation of the adjoint A* for [ > 1.

LEMMA A.18: (i) The adjoint of operator A w.r.t. the Sobolev scalar prod-
uct (-,-)y is A* = ED' A, where the operator £:S5'[0, 1] — H'0, 1] is de-
fined by Eu=uif l=1;by Eu=u— ZJL.I:/%J(—I)/‘(&]-(I)SQZ’*D — %(0)582]71)),
where Et,.= Zﬁ;_’]:(—vz)"u, if2< l <oosbyEu=u— Z;’il(—l)f%(ﬁj(l)ij_l) —
11,'(0)6(()2’71)), where il; =Y. #(—Vz)iu, if | = oo, for u € 8'0,1]. (ii) The
operator £ : 8'[0, 1] — H'[0, 1] is continuous.

SM.3.1. Proof of Lemma A.16

We have for z € Z,

R(QD’ QDO)(Z) = / fX|Z(x|Z)[Fy|X,Z(§D(X)|x, Z) - FY|X,Z(§DO(X)|X, Z)
_leX,Z(QDO(x)lx:Z)AQD(X)] dx

1
= 5/ x1z(x|2)V, fyix z(y(x, 2)|x, 2)Ap(x)* dx,
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where |y(x, z)| < |A¢(x)|. Thus, from Assumption A.4(iii),

1
[R(¢, ¢0)(2)] < E/ |Vny,Y\Z(x:Y(x7Z)|Z)‘A€0(x)2dx
1
< =|sup|V, fxviz(x, y12)| [|Aell*.
2[;153| vIxviz(x, Y|z |] o]

Hence, [|R(¢, ¢)lli2r,.n < 577==CIAe@l*. In particular, we get [lA(¢) —
A(po) — AA@ll12r,. /1 Aell — 0 as [|Ag|| — 0. Since operator A is bounded
(Assumption A.4 (ii)), this implies that A is the Frechet derivative of A at ¢,.

SM.3.2. Proof of Lemma A.17

(i) The gradient operator V is the weak (or distributional) derivative (see
Adams and Fournier (2003, p. 22)). Then, when / < oo, operator p(—V?) is
well defined for functions in H¥[0, 1], and hence on the subspace S'[0, 1].
Moreover, for ¢ € S'[0, 1], we have

(SM.9)  p(=V)e =) p((m(j = 1)) (¢, )i, € L7[0,1].

j=1
Indeed, for any ¢ € Ci°[0, 1], we have

oo

/[p(—Vz)cb](X)qo(X)dX—Z (s /[p( VA1), (x) dx

Jj=1

(00 /¢<x>p< V)i (x) dx

¢ 10 2

(@G — D)) e, ) (b, §)),

1

.
Il

where the first equality uses the equation ¢ = Z (@, ) U j» the second equal-
ity comes from partial integration with Vanlshmg boundary terms, and the third
equality exploits p(—V?) ;= p((w(j — 1))*)i;.

Let us now consider the case / = co. The operator p(— Vz) =exp(—V?) is
defined as an L*-limit, that is, p(=V?)¢g :=lim,_.o > +(—=V?)'e for ¢ €
810, 1], where the limit is in the L?-norm. Now, from the above arguments,

we have Y0 S(=V2)o =37 (31, 1 (7(j — 1)*) (e, g, for any n e N.
By using the Lebesgue theorem, it is seen that the L>-limit of the RHS is
Z;’:l exp((7(j — 1))*) (e, ¥;)¢;. Thus, equation (SM.9) holds also in the case
[ = o0.
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(if) By using (SM.9), it is seen that function u solves the ODE
(SM.10) p(=VHu=f.

Let us now prove uniqueness. Suppose that u,v € S'[0, 1] solve the ODE
(SM.10). Thus, ¢ := u — v € §'[0, 1] solves p(—V?)¢ = 0. We now use the next
lemma.

LEMMA B.2: For ¢,¢ € S'[0,1], we have (¢, ¢)u = (¢, p(=V)¢) =
> pUT(G =)D, i) e, ).

From Lemma B.2, we have 0 = (¢, p(—V?)¢) = |l¢||3,, which implies ¢ =0,
that is, u = v.

(iii) Let f € L?[0,1] and u = D' = Z;’il m@j,fﬂ[}j. We have
W u) = i W ) and ully = X2 p(a(f — DI, u)* =
payet (&j, )> = 111> The conclusion follows.

SM.3.3. Proof of Lemma A.18

(i) Let ¢y € L*(F,, 7) be given. Define f := Ay € L*[0,1] and u:=D"'f €
S'[0, 1]. Let us first consider the case / < oco. From partial integration (see
also (SM.32) in Section SM.7.2), for any ¢ € H'[0, 1], we have (V*¢, Viu) =
(b, (=V>)u) + Zf;é(—l)ivs‘l‘i¢vs+"u|5, where the terms with s + i odd van-
ish in the sum. Thus, we get

! s—

(¢, uh = (¢, p(~=VIIu)+ Y _ay

1
s=0 i=0

(_1)ivs—l—id)vs+iu|(l)

I-1—q

= (¢, p(—Vz)u) + Z (_1)iaq+i+1vq¢vq+2i+1u (1)
g<i-1 i=0
q odd

/2] 1-2f

= (¢, P(—Vz)u) + Z Z(_l)iazﬂ_iv%*l¢v2j+2iu|(1)

j=1 i=0
/2] 1-j ‘ A A
= (¢, p(=Vu) + > > (=1)a; V' (= V) ul;.
j=1 i=j
Now, by using (¢, p(—V>u) = (¢, ) = (¢, AY) = (p, A*¢), We get

2] 1=j

(b, APy = (b, Wy — Y Y (=1)a;; VI $(=V)'ul;

j=1 i=j
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for any ¢ € H'[0, 1]. Then, by using V¥~'¢(a) = (¢, 8% V), fora=0,1, we
get

U2 i-j
A =u=3 73 DIV (D3P

j=1 i=j
— [(=V*)'ul(0)5577").

When [ = 1, no boundary term appears. Then A*) = u and A* = D' A. When

2 <l <oo,weseta,=1fors </and a; =0 for s > /. In the infinite-order case,

we set a, = 1/s! and let [ — oo. The conclusion follows.

(i) We have to prove that || Eully < C|lu|ls for a constant C < co. We con-
sider the case / = oo (the case I < oo is similar). We have, for any u € S'[0, 1],

~ 1, . i - i
(SM.11) [[Eully < Nl + Y ﬁ(|u,.(1)|||5;21 M ERON S )
j=1 7"

Moreover, |lullp < |lulls from Lemma B.2. Let us now bound |u;(a)| and

6%V, a € {0,1}, j € N. We use the next lemma.

LEMMA C.1: Forany ¢ € H'[0, 1], we have SUp, 0. 1O =2l @[l 1.

From Lemma C.1 and by using that |¢||?, > (2#],)!||sz*1§0||§{] for any ¢ €
H*[0,1] and j € N, we get '

(SM.12) |8%V||,, = sup (857", ¢)

eeH[0,1]:

lellg=1
= sup VZle(a) <2(2))
eeH%>[0,1]:

lelg=1

Moreover, |i,(a)] < Y, = (=92 u(a)] < 3, 72 (= V)l . Now, by

i=j (i+j)! (i+))!
. j! 1 . . .
using - < 7y and the Cauchy-Schwarz inequality, we get, for any a and j,

o0

_ 1 :
(@) < T D 1=V ull g

i=0

| 12 1/2
00 22i+1 2Ni 2 - (2l + 1)'

i=0 i=0
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Let us prove that the two series in the RHS are convergent. From Lemma B.2,
we have

1=V ullyy = (u, (=V)*u) + (u, (=V>)**'u)

=Y [(@( =) + (7 (j = 1)), w)?
j=1
<23 (= 1))y, w).
j=1
Thus, we get

o 2i+1

T2V, 12
§(2i+1)z”( V)%,

) SEEINCIC SR
522(2((”“. D) ><w,~,u>2

— (2i+1)!

< [exp(2(m(j — 1))?) — exp(=2(m(j — 1)*) (i, u)?
Jj=1

3

Z[exp((q-r(] -1)) )] (), u)> = [lull},

=1

.

201 .
where we have used that 37, = s

=0 B = . Let us now consider the series
> % Note that (2i+1)!'=1-2-3-4.....(2i = 1)(2i)(2i + 1) and

P0G+ DIF =20 D22 =20 + 1712 - 4. 2i)’). Thus

(2i+1)! 1 13 2i—
2+ DI 26+ 122 4
_ (2i+3\1 3 2i—1 241 1
_(i+1>"'1'”" 2i 2i+1)2i+3

2

2i43 (2i+1)! 3

Since <3, the series > .-, Il E converges if the series ) -, 2 3.
21 241 1 _ 11 4 131 4 1351 4 |

o eas =33 T 335 Taier T converges. The Taylor series of

the arcsin function is arcsin(z) = z + %% +

3 13527
2 +§Zgz7+--~.Thus,we get

=
w|N,
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AR T ERER L. ;iﬂ) 575 = arcsin(1) — 1 = 77/2 — 1. It follows that the series

o Qitl)!
Yo 7ty converges. We get

o . 1/2
_ (2i + 1)
(SM.13) |i;(a)| < ( ——— ) llul
: ;22“[(’“)’12 )

for any a € {0, 1} and j € N. Finally, from (SM.11), (SM.12), and (SM.13), we
get [|€ully < Cllulls, where € =1+ 4(37%, Y22 (100, g2l )12 < .

j i=0 22 i+ 1)12

SM.4. ASYMPTOTIC DISTRIBUTION
SM.4.1. Proof of Lemma A.4

The statement follows from arguments similar to those developed in the
proof of Lemma A.16 in Section SM.3.1.

SM.4.2. Proof of Lemma A.5

Operator A* is the adjoint of A w.r.t. scalar products (-, -}y and (-, )27, )
that is, (o, /All,[l>L2(ﬁZ,T) = (/]*qo, ). We have

1K+ (A < 1K (A 1x
<A + Ay AD) T A p2aiym oy IR(B, @) 1125,
We will show below that P-a.s.,
() IO + Ay A" Al ity o oy < 1V AT
and
(i) IR, el 2z, .0

1 N
<—  su \v4 x, v|2)|1A8)3,
NP LS ]

Jx 4 \—1 4 o
where ||(Ar + A5 Ao) " Al 220ty 1001 = SuplpeLQ(ﬁz,f):quz(ﬁZ = (A7 +

12131210)‘11213([1”,1 denotes the operator norm of (A7 + 1213,210)‘11213.1 Then it fol-

'For a linear operator B:H; — H, between Hilbert spaces H, and H,, we denote by
| Bl £(#,,m,) the operator norm || Bl 2, 1y 1= supWEHl:H@"Hl:1 IBolla,-
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lows that

~ 1 1
K+ (AD)]| <
IKr(Ag) = s
X sup  |Vyfyriz(nyl2)|IAGIP,  P-as.

xeX,yeR,zeZ

We deduce that for ¢ := C — ﬁ SUP, e v yerzez | Vofxviz(X, y|2)| > 0, we
have

A c
P[ , ; ]
VAT
1 )
<P|—— su \Y x,y|2)| > C
- [2mxex,ye£zez| ez 2] ]

< P[ sup \Vyfx,mz(x, yI2)|

xeX,yeR,zeZ

> sup  |Vyfayiz(r vl +26y/7(0= )]

xeX,yeR,zeZ

SP[ sup |vny,Y|Z(X,Y|Z)_Vny,Y\Z(x:y|Z)|

xeX,yeR,zeZ

>2ey/1(1 — 7)].

The latter probability converges to zero exponentially fast by an application of
Bernstein’s inequality similar to the proof of Lemma B.1, using that l‘ﬁzz +

T

h3" = o(1), and that kernel K and variables X, Y have compact support.
Fmally, let us prove statements (i) and (11) above. To prove (i), define opera-

tor U := (Ay + A AO) 1A"‘ The ad]01nt of U w.r.t. scalar products (-, -);2#, )
and (-, )y is U* = Ag(Ar + AgAO) !, Further, we have ||U||L(L2(FZJ),H/[U’1D =
||U*HuH;[O’]LLg(ﬁZ,T» from Kress (1999, Theorem 4.9). For any ¢ € H?[0, 1], we
have

” U*(P”LZ(FZ T)
= (Ay(Ar + A3 A0) o, Ao(Ar + A5 A) ' @) 12ty )
= ((Ar + A5 A0) " @, A5 Ag(Ar + A3 Ag) " o)

= | (A5 A40) > (Ar + A3 Ap) |-
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Moreover,
| (A3 A 2 (A + A3 A) |, = (A + A5 A)) (A A0 o],
< |z + 434077

L£(H!'[0,1],H'[0,1])
x || (Ar + A5 Ag) (A5 A) |,
USlng I(Ar + A Ao) Y2 o, Ho,1) = A7* and [|(Ar + A 1210)_1/2(1213 x

Aol < ll@ly, P-as., we get [U* ¢z, < A7 llellu, P-as.
Statement (ii) follows from Lemma A.4 with ¢ = ¢,.

SM.4.3. Proof of Lemma A.6
SM.4.3.1. Control of the Nonlinearity Term

First we consider the nonstochastic analog of Equation (A.4).

LEMMA B.3: Let function ¢ satisfy ¢ = ¢ + eK(¢p), where i is a known
function, K is a nonlinear operator such that |K(¢)| < |l¢|?, and & > 0. If
eyl < 1/8, then either |[l@|> — I1¢1P| < 32&lly| or llo]? = 2.

We can use Lemma B.3 with e = &7 = % to bound the difference ||A$|> —
1A% on the set {er[|Ag]| < 1/8 A [AS]? <z IK7(A@)Il < erllAG|) and
derive the following result.

LEMMA B.4: Under Assumptions A.1-A.3, and A.A(ii) and (iii), and n <
ﬁ, we have for any b > 0, with C > ;=— %1-7) SUP, v yey.zez | Vafxviz(X, y12)],

(SM.14) E[|A¢|*] — EL|AY]]

1 Ar 3Ar
=0<J—E[|IA¢II ]+P[IIA¢II 264C2]+P[IIA I? ES—CZD

+O(T™).

Note that for large 7', probability P[||A¢|> > 22] on the RHS of (SM.14)

8C?
controls for both the event [|A¢||* > - and the event [[A|| > r, in which the
T

first-order condition (4.1) does not hold.

SM.4.3.2. A Large Deviation Bound for Penalized Minimum
Distance Estimators

LEMMA B.5: We have

Pll¢ — @oll = er] < ki(T, C(er, A1) + ko(T, C(er, Ar))
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if er, Ay > 0 are such that C(er, Ar) > 0, where

(SM.15) C(g,A):= inf  Q.(¢)+Allel? — Aol

0€B:lo—pgll=e

and

|Am(e, 2)|
SM.16) k,(T,n) := P|supsup ——=
( ) 1( n) |:<peg zeg '\/’T(l—T)

_ VAsllgolli +2n — JATucpon%,}
—_— 4 b

1

(SM.17) keo(T, 1) :=P[sup Trd—n

¢e®

T
> me, Z)* = Qwl(e)
t=1

277/2}

In an ill-posed setting, the usual “identifiable uniqueness” condition (White
and Wooldridge (1991)) inf,co.jo—g12e Qo (@) > Qo (@) does not hold (see
Gagliardini and Scaillet (2012, GS)). It is replaced by the inequality C(e, A) >
0 for the penalized criterion, and the behavior of C(e, A) as A, ¢ — 0 matters
for the rate of convergence of ¢. A lower bound for the function C(e, A) as
A — 0 and & = O(¥/A) is given in the next result.

LEMMA B.6: Under Assumptions 1-4 and A.4(ii) and (iii), we have for any
c<d?

i?cg O (@) + All@lly — All@oliy; = AT (M)

le—eoll=dv/x

as A — 0, where I'()) is defined in Assumption 4.
From Lemmas B.5 and B.6, we deduce that for a constant ¢ > 0,
(SM.18) P[IAG]? = d?Ar]

< P[supsup |Ari(e, 2)I = eAr T (Ar)?]

@@ zeZ

+P |:sup

¢eB

T
Y m(e, Z) — Qul9)| = cATmT)}.
t=1

Tl -1

The next lemma is proved by bounding terms sup, o sSup,. - |Ami(e, z)|* and

Sup,,o |ﬁ Zthl m(e, Z;)* — Qu(®)| in terms of suprema of suitable em-
pirical processes over compact finite-dimensional sets.
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LEMMA B.7: Under Assumptions 1-4, A.1-A.3, and A.4(ii) and (iii), and 0 <

s (l-m(dz+1) 2mn 1 A
y <min{—Z—, &L, 2(Ha)}forany d,b >0, we have

PIIAGI? = d®Ar 1= O(T ™),  P[IAG|? = d*Ar] = O(T™).

By combining Lemmas B.4 and B.7, Lemma A.6 is proved.

SM.4.4. Proof of Lemma A.7

From Lemma A.6, the conclusion follows if
(i) EMAFIP = O(Mr(Ar))

and

1 N
(i) \/TE[”AIPHS]:O(MT(AT))-
T

To show these statements, we use the decomposition (A.5) and give a series
of inequalities and bounds to show that the remainder term R given in (A.6)
can be neglected. First, from Cauchy-Schwarz inequality,

(SM.19) E[|AG X = E[|Vr + Br 1+ E[| R 1]
+O(ElIVr + BrIIP12E[IR £ 11P173),
where Vy := (Ar + A*A)"' A*{ and
(SM.20) E[||AG|*] < E[IIAG |1 2E[| A1
< C(ENVr + Br 1+ ENRA 1) ELIAG 1712

for a constant C. Second, we can isolate the estimation bias by writing

Vit+Br=WM\r+ A A A& —ED) + A+ A*A) " A*E?
(A + A A) AT A~ 1.
Thus,
(SM.21) E[|[Vr + Brl*1 = E[ll(Ar + A*A) "' A*({ — ED)|’]
+ (A7 + A AT AEL
A+ A" A) A" A—1]g|
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and, for a constant C,

(SM.22) [[Vr + Brll* < C(I(Ar + A" A) 7 A*({ — ED)|I*

+] (A + 4 4) " AEL

F LA+ A" A) A" A —1]g| ).
In Lemma B.8, we give the asymptotic behavior of E[|[(Ar + A*A)‘lA*(Z —
E))|*1and E[||(Ar + A* A) ' A*({ — E{)||*]. In Lemma B.9, we prove that esti-
mation bias is negligible compared to regularization bias, and in Lemma B.10,
we give bounds on the remainder term. Combining Lemmas B.8(i), B.9,
and B.10(i) with Equations (SM.19) and (SM.21), and using M7r(Ar) =
%2,21 (V}_:#Hd)jll2 + [ Br(x)*dx yields statement (i) above. Then combin-
ing Lemmas B.8(ii), B.9, and B.10(ii) with inequalities (SM.20) and (SM.22)

yields E[||A/|*] = O(M7(A7)¥?). The latter in turn implies statement (i) by
using MT(/\T) = VT(/\T) + O(/\%ﬁ) = 0(/\7").

LEMMA B.8: Under Assumptions A.1, A2, A4(i), and A5, and if h* x

Vr(Ar:2) _
f =o0(1), then

() E[Il(Ar + A A& - EDI]

1 o0
_0( Z( o )zuqs,n)

(i) E[l(Ar + A" A~ A —ED|']

_o((1 i( Tl )2>

LEMMA B.9: Under Assumptions A.1, A.2, A.3(ii), and A.4(i), and y < %~
| + A A AEL+ (A + A" A A" A =1 |
=+ o(1) [ By
LEMMA B.10: Under Assumption A.1-A.5,and 1 < 5; T +2) andy < %min{l —

(dz + 1)m, mm}, we have (i) E[|Rz|*] = o(M7(Ar)) and (ii) E[|Rr|I*] =
O(MT(AT)z)-
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SM.4.5. Proof of Lemma A.8
We have

Z wj,T(x)Zj,T

j=1
=Y wir (VT / g fx.v.z(5) — Efx.y.z(s)]ds,
j=1 s

where s = (x,y,2) and S =X x Y x Z. The estimator fx,Y,z(S) is defined
by fx,y,z(s) _ Jxyz®

R where fx’y’z*(s) is the kernel estimator fAX,sz*(s) =
JzJz*x(2)dz

o Yo KGR, S = (X,, Y, Z). We use that both T/T* and [, f7:(z)dz
converge to P[Z* € Z]. Then we get

Z wj,T(x)ﬁ/ gj(s)fX,Y,Z(S) ds
j=1 N

1 o T* 1 St_
Zﬁzzwﬂﬂﬂh—d/gf(s)K( s)ds-(1+op<1)).
T JS

j=1 t=1 hT
Moreover, by a change of variable,

1 St_
T

T

— g(S)15(S)
+ / [4,(S: — hr)Ls(S: — hrv) — g;(S)Ls(S)IK (v) dv
— g/(S)15(S) + 15(S)) / [8,(S, — hrv) — g,(S)IK () dv

+ / 2,8, — hy)[15(S, — hyv) — 15(S)IK (v) dv
=:8;(8)1s(S) +v;r(S) + u;r(S,)

and similarly

1 S —
h_d/gj(S)E[K( 7 S>]dS:E[Uj,T(S)]+E[uj,T(S)]-
TYS

T
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Since Y1, ,(S)15(S) = X", gi(R,), where R, = (X,, Y,, Z,), the result fol-
lows if we can prove that

T
(SM.23) J7(x) i= —= D> > wir(){vr(R) — E[v 1 (R)]} = 0,(1)

t=1 j=1

3=

and

(SM.24) 1T<x>—fZZw,T(x> u;r(S) — Elu;r ()1} = 0,(1).

t=1 j=1

Let us first focus on J7(x). Write g;(s) = T(l = Pi(2)1,(w), v=(&m, )
and

gi(R, — hTU) - gi(R))

7(1 lP (Z = he O[UY: — hrn < @o(X, — hré)} — 1, (W))]

" m[‘”z’ — hrd) = Y (Z0Vo, (W)).

Then we have

vir(R) = T<1 /w,<z — hed)

X [I{Y, = hrn < eo(X, — hré)} — 1, (W) K (v) dv

1
+ 71%(14’:)/[1///(& —hrl) =i (Z)IK()d{
7(1l—17)

=:0;7(R)) +v;r(R)).

Inserting into (SM.23), this yields an analogous decomposition Jr(x) =
Jr(x) + fT(x) and we have to prove that both terms are o0,(1).

For J7(x), we have E[J7(x)*] = E[(Z,i] wj,r(X){v;,r(R) — E[l_)j,T(R)]})z] =
Z;jzl wjr(x)w;,7(x) Cov[v; 7(R), v, r(R)] from the ii.d. assumption. Using
the same arguments as in the proof of Lemma C.2 (Section SM.8.17), we
have E[0;7(R)*]1 < Cllg;l175p,, [ Hly — @o(x)] < CVhr} fw(w) dw = O(Vhr).
Thus, by the Cauchy-Schwarz inequality, Cov[v; 7(R), v, 7(R)] = O(+/h7) uni-
formly in j, [. Moreover, Z]O',CI:I lw; 7 (xX)wy,r(x)] < (Z;’i] lw; 7(x)])*. Thus, we
get E[J(x)*] = O(\/E(Z;'il lw; 7(x)])?). We use Cauchy—Schwarz inequality
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to get

2
(Z Afy |¢](x>|)

Jj=

—_

2
<Z|w,T(x>|> =
ZOH j)2¢,(x>

1

Z( 19i0F) SIZJ‘“
j=1

Jj=1

N B 2
; (/\T + Vj)z d)/(x)

for &; > 1. Using 212 — O(1), we get
g a2(x)/T g

T T A 2 581
E[]T(x)z]:0<\/— /TY l(v,/(VTT(;rTr;,) )b ()P )

Now, since fo( Z/ . (ATW )2 | (x)1%j*1) dx = Vr(Ar; 1), we get ElJr(x)*] =
O(Vh ey 'We deduce E[J(x)*] = o(1), which implies J(x) = 0,(1).

Vr(Ar)

For J1(x), as above, E[Jr(x)*1 = Y_7,_ wr (X)w;,r(x) Cov[d; r(R), ¥, 7 (R)].
By the Taylor theorem, using boundedness of 1,, and Assumption A.2(i) and
(ii), we get

COV[f)j,T(R), v, (R)]

=o(rrsup sup  E[1V°4,(Z - DF] PE[IvunZ - 0 F]")

l{1=8 4eNZ ;| a|=m

uniformly in j, 1, for & > 0. To bound E[|V*§,(Z — {)|?], we use
E[Ivy,(Z - OF]
= [ v n@r 0 dz
= E[V @]+ [ IV 0P+ O - fato1dz
— E[[Vu,(2)F]
+//IV“wj(Z)Iz[fx,y,z(w,erZ)—fx,y,z(w, 2)]dzdw.
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By the mean-value theorem, Cauchy-Schwarz inequality and Assump-
tion A.4(i), we get

E[V,(Z - 0P
B[V 2P +12 [ [ 1999, Pgaw, 2 dzdu

q(s)? )” ?
d .
fXYZ(S) g

From Assumptions A.4(i) and A.5(iii), we get Cov[?; 7(R), U;,7(R)] = O(h7" x
J"™). Thus, E[J7(x)*1 = O(h7" (372, wjr(x)j™)*). By the same arguments as
above, E[J7(x)?] = 0(h§”1%) = o(1), & > 1. Similar arguments can
be used to prove (SM.24), and the conclusion follows.

< E[Vy,(2)P] + |§|E[|V“¢j<Z>I4]”2(

SM.4.6. Proof of Lemma A.9

From Lemma C.1, Lemma A.9 is proved if we show

N R 1 R
(SM.25) K7 (A@) ]I = 0p<ﬁ ||A<o||2).

From the proof of Lemma A.5, we know that

A . 1 1
||’CT(A€D)||H§\/E2m

. .
x sup  |Vyfxyiz(x, y12)|IAG]?,  P-as.,
xeX,yeR,zeZ

and from Hansen (2008), we know that supxex’yek’zez|VyfAX,y‘Z(x,y|z) -
Y, fxviz(x, y12) P = O,(=2L- + h2"). Since n < =~ and by using Assump-

Tntz 4¥dy

tion A.4(iii), SUp, .y e ez |VyfAX,y‘Z(x, y12)| = O,(1), the conclusion follows.

SM.4.7. Proof of Lemma A.10
Using the same arguments as in the proof of Lemma A.8, we have
VT/ar () + A A AEL () = VT 72 wir (057 [ () EIKCGE)1ds -
(1 4+ o(1)). Further, we can use ﬁfs gj(s)E[K(il—‘Ts)]ds = [58;(s) [ K(v) x

[fxyz(s + hrv) — fxyz(s)]dvds and Assumptions A.2 and A.4(i) to get
ﬁfsgj(s)E[K(sﬁ)]ds = O(hy}) uniformly in j. From Y 7° |w;r(x)| =
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O 50), we get ¢T/o%(x YA+ A*A)*lA*EZ(x) -

«/ 2( )/T AT
h2m 1
ing 2(x)/TL2 = (VT(AT) ey O( ) = 0(1), the conclusion follows.

SM.4.8. Proof of Lemma A.11

21

By us-

First, by the same argument as in the proof of Lemma A.9 (use of
Lemma C.1), it is enough to show that \/T/o7.(x)|Rrllw = 0,(1). Second,
from the proof of Lemma B.10, we have the decomposition Ry = 2?21 Rirs

where

1/2
a
Rzl =0, </\T b(AT))
T

a2
e b()\r))

1,2
IRsrlle =0, < u VT()\T)

(logT)*> .
(Thdz+1 +hT 4

IRzl =0,

>,Q
~

IRa,rllm

1’

=

and

lo 1
IRs.zllu = O < 1Al i W) ari= —— 1 B2,

T

T

Then using b(Ar) = O(A}) = O(VVr(Ar)) and [A@] = O,(Mr(Ar)'?) =

O,(/Vr(Ar)), by Lemma A.7, we get

12 log T)?
IRells =0 (‘; \/VT<AT>>+0 (A (MMT))

hdz+1

\/ VT ( /\T IOg T
hdz

The conclusion follows since

1/2 /2
\/T/UT(X) VVT(AT)—O( )=0(1),

2 2
VT/a7x) (ﬂogdZle + h’}‘) - o(@> = o(1),
Ar The Ar
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and
VVr(Ar) logT 1 [logT o
VT T T =0+ Th‘;ZJrhT =o(1).
SM.5. ESTIMATION OF THE ASYMPTOTIC VARIANCE
SM.5.1. Proof of Lemma A.12
We have
Ny
a7(x) — 07 (%) = me,( x)’ = ¢;(x)%)
Nt 1,}
+ s — ) (x)*.
;((Vj‘F)\T)Z (Vj+/\ )? ¢i(x
Moreover,
oo m L (A2 = D) (B —v))
i+ A2 (A2 D+ A2+ A2
and
1’)] _ Vj
@+ Ar)? (vj+ Ap)?
. 1 .
<  |p,— v — .
=< (Vj+)\T)2|V] vil+ (ﬁj"f‘)\T)(Vj"_)\T)'V] Vj
Thus,
1 <
SM.26) 67 < -
(SM.26) T_U%(X)Z(V]H )2|¢,<x> b;(x)|
1 &1
) 2 Z &, +/\T)2 v,l(l),(x)
Nt
1 1 ,
X
o) & Z R SPESWLL — i
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For any j < Ny, we have |;(x)* — ¢;(x)?| < &exr, and [9; — vj|d;(x)* <
vierr(¢;(x)* + € €2,r). Moreover, by Cauchy-Schwarz inequality,
— (Vj+ Ar)(v; + /\T)

ZVV]V]|¢](x)|(|¢](X)I+V§ e_ZT) €17
(V] + AT)(V] + AT) m

Nrooan o\ 12
< Z lijd)j(x)
— (P + Ar)?
J
N 12 N 12
: Vj¢’j(x)2 : ng;f
X[(};MHTV) +V€”(Z(v,+m2> }
€117

X —.
\/1 — €LT

Thus, from (SM.26), we get

—jld;(x)?

2
0.0 T(X) () T(X)
S < =2 (1
T < o2(x) A+e,rer+—F— o2(x) €11
&T(X)O'(),T(X) €T + UT(x)O-*,O,T(x) EI,T\/ €21
0'72~(X) ,/1—61’7" 0'72~(X) \/1_61,T’
vié*
where o7 ,(x) == Zj.vjl (”/_+’A’T)2 Now, by using o7 (x) < 07(x), 02, (x) <

a”(x) < CoZ(x) for a constant C, and 6%(x) < o2(x)(87 + 1 — &), the con-
clusion follows.

SM.5.2. Proof of Lemma A.13
Point (i) follows from Lemma 4.2 in Bosq (2000). Point (ii) follows from

Lemma 4.3 in Bosq (2000) by using that ||¢, ol < ||¢] Oillu.

SM.5.3. Proof of Lemma A.14

Let A= D.fl(gb) and /Alo = D.A((po) be the Frechet derivatives of operator A
at ¢ and ¢, respectively. We have

D=A"A— A" A= (A A)— A*A) + (A*A — A} Ay).
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Let us consider the first term, 12131210 — A* A, that does not involve the pilot
estimator ¢. We have 12131210 —A*A= SD‘l(;lO/AlO — AA), where

(Ao Ay — AA)S(x)

1 ) I .
=i fo {7 ;ﬂx, Qu(D)IZ)f (€ @o(6)|Z)

—/f(x, ©o(X)2)f(€, @o(é)|2)f(2)dz (&) dE.

Since operator D' : L?[0,1] — H'[0,1] is bounded w.r.t. the norms | - ||
in L*[0,1] and || - || in H'[0, 1] (see Lemmas A.17(iii) and A.18(ii) in Sec-
tion SM.3), we get

145 Ay — A* Al < Cll Ay Ay — AAl.
From Lemma C.8 (see Section SM.8.10.2) we have

%A ~ 1 m
|Ag Ay — AA| = Op(ThZT + hT>.

Thus, || A; Ay — A* Al = O + 1),
T

Let us now consider the term A* A — 12131210 that involves the pilot estimator.
It is equal to A*A — 1213210 =ED (A4 - 12101210), where

(A4 — Ay A (x)

1 [ o
=T(1_T)f0 {Tg[ﬂx,<p(x>|zt)f(§,qo<§>|zt>

— f(x, o) Z)f (€, ¢o<§)|z,>]}¢<§> dé.

By the convergence of the sample average over the Z,’s and the convergence
of the kernel, the dominating term in A*A4 — AjA, is A As — A* A, where
Az = DA(9) is the Frechet derivative of A at ¢. Split A A; — A*A4 as

ALy — A A= (A = AVA+ A (Ag — A) + (A — A) (A, - A).
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Now, from the mean-value theorem and the Cauchy-Schwarz inequality, for
any ¢ € L?[0, 1], we have

(A — D (2)] < /!f(x, $(0)[2) = F(x, @o(x)|2)|1$ (x)] dx

ssup|vyf<x,y|z>\f|¢<x)—goo(x>||¢><x)|dx

X,Y,2
= Glle —eolllill,

where C:=sup,  _|V,f(x,y|z)| < oo by Assumption A.4(iii). Thus, |A; —
Al < Cille — @oll. We get [|[A;A; — A" Ally = O,(ll¢ — ¢oll). The conclusion
follows.

SM.5.4. Proof of Lemma A.15

To prove parts (i) and (ii) of Lemma A.15, we use the next lemma.

LEMMA B.11: Let v; = —(j,10g ). Then (i) matrix D, (V7 Vir)) Dz con-
verges to a positive definite matrix as ny — oo, where Viry = (Vup 2 — Unys oo+ s
Uny—1 — Uny) and D1y denotes the diagonal matrix with diagonal elements

—1 _ ..
Dy = Q1L 2k =V i)™V (i) {(pyderydipymiry = O(1) as ny, Ny — 00
such that Ny = O(nr), where d 1) is the vector with elements d )y = Dz xx, vec-
tor {(r) has elements {r)x = sup,, _;_n, IVjx — Uy kl, and vector mer, has ele-

-1
ments mry =Y ;0 [V k= Vnp il

The results in Lemma B.11 hold also for w; = —logj, which is an element
of Vj.

SM.5.4.1. Proof of Part (i)

We have 7; = v,, exp((v; — v,,)'@) and v; = v, exp((v; — V,,) @)C1j/C1pnp-
Thus
V. b, A
= "Lexp((vj — vay) (@ — @)

Vj Vg Cl,ny

C1,j

Since :"—T —1=0,(1) from Appendix A.5, the conclusion follows if
nr

sup
np<j<Nt

ﬁ—l‘ =o(1)

Cl,n’l‘
and

sup |exp((v; — v,,T)/(& —a)) —1]=0,(1).

ny<j<Nt
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The first condition is satisfied since

C,j |cl,n7- — ¢

sup -1 =o0(1)

ny<j<Nt

= sup |c1,; — il +

Clny nr<j Lnr

Cl,nr

by the convergences ¢;; — ¢, with ¢; > 0, and ny — oo. Let us now con-
sider the second condition. We have & — a = (V) Vir)) "'V} a(r), where ma-
trix V{r, is defined in Lemma B.11 and vector a.r) = (du, 2, - - ., @n,—1)" With
a; =log(v;/v,,) —log(v;/v,,) +log(ci ;/c1., ). By using that [e* — 1| < 2|x]| for
small x, we get

(SM.27)  sup |exp((vj — v.y) (& — @) — 1

np<j<Nrt

=0p< sup }(Uj_Unr),(V(/nV(T))_lV(/r)a(T)|>-

np<j<Nt

Let us now bound the RHS. From Lemma B.11(ii), vector v; — v,, is bounded
componentwise by {, for any j such that ny < j < Nr. Moreover, the /th
component of V. ar is such that

nr—1

Vinaw], = Y (v = vari)a; = Op(mep, ar),

Jj=nt/2
where ar =sup,_,;_,, |a;| and vector mr, is defined in Lemma B.11(ii). From
Vi V)™ = Day(Day Vi Vir)Dir)) ™' Dz and Lemma B.11(i) we get
, k1
Vi Vir)™ = O(daxdeay 1)

where (V;,Vr))*! denotes the (k, I) element of matrix (V;, V(7)) ~'. We deduce

sup |(v; — ”nr)/(V(/nV(T))_lV(/T)“(T)’ = 0y ({irderydigymerar).

ny<j=<Nt

By (SM.27) and Lemma B.11(ii), we get

sup |exp((v; — vap) (& — @) — 1| = O, (ar).
ny<j<Nt
By using a; = log(1+ ) —log(1+ L) tlog(cy,;/c1,., ) and | log(1+x)| <
7 nr
2|x| for small x, we get

ar = Op< sup M) +o(1)=0,(1)

1<j<nr J

from Appendix A.5. The conclusion follows.
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SM.5.4.2. Proof of Part (ii)

Without loss of generality, we can normalize the periodic component such
that Zle x;=1.Let ¢s ;(x)* = i;é dik(x)

LEMMA B.12: We have ¢ j(x)* = c; ;exp(w;B), where ¢ /e y=1+0(1)as
Jj — oo.

From Lemma B.12, the filtered spectral coefficients ¢ ;(x)* satisfy a decay
behavior compatible with Assumption 5(i) with v; replaced by w; = —logj. By
applying Lemma B.11 to w; and an argument similar to part (i), we deduce

o 2 ()2
(M28) sup [PUE s, )

np<j<Nt ¢S,/(X)2

where <f>s,j(x)2 = s.ny (X)) exp((w; — w,,T)B’) for ny < j < Nr. The consistency
of the estimator of the periodic component is proved in the next lemma.

LEMMA B.13: We have x; — x;=o0,(1) for j=1,...,S.

Now, by using ¢;(x)* = ds;(x)*¥jmeas and ¢;(x)*> = & x;, where & =
¢, exp(w;fB3), we have

$j(x)* = (1) = [s}(X)* = s ; ()" R jmoas
+ Ximoas[@s.;(X)* = €1+ & (Xjmoas — Xj)-
By combining bound (SM.28) and Lemma B.13, and using ¢s ;(x)*/& =1+

o(1) from Lemma B.12, the conclusion follows.

SM.6. CHARACTERIZATION OF THE ASYMPTOTIC MISE

The asymptotic MISE of ¢ can be characterized under a strengthening of
Assumption A.5(iii):

ASSUMPTION A.5(iii'): Functions s; are in class C™(R‘%) such that

sup E[|V*y;(2)[]” < 00
JEN
for’s >4 and any o € Nz with |a| < m.
Then, under Assumptions A.1(i)-A.5(iii'), we have E[||¢ — @ol*] =

M7 (Ar)(1+0(1)). The proof follows by the same arguments as in the proof of
Lemma A.7 and by replacing Lemma B.8(i) with the next lemma.
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LEMMA B.14: Under Assumptions A.1, A.2, A.4(i), A.5(1)—(iil’),

E[ll(Ar + A" A A& — EDIP

I e
== G A 18+ o).

j=1

SM.7. AN EXAMPLE
SM.7.1. The Model

Let us define the functions (13j by é1(x)=1and J),-(x) = 2cos[m(j — 1)x]
for j > 2. They build a complete orthonormal system in L?[0, 1] w.r.t. norm
|- Il. Let further w; = e=1¢=Y for j > 1 and &; > 0. Let us define the conditional
density of (X, Z) given U = 7 by the bivariate p.d.f. (see Hall and Horowitz
(2005) and Horowitz and Lee (2007) for similar constructions)

(SM.29) fy.zw(x,zlT) =Y /" d;(x)$;(2), x,z¢€[0,1].
j=1
A sufficient condition for function fx z to be positive is Z;’iz ,u]l-/ T<1 /2, that

is, a; > 2log3. Moreover, by using that fol (5 i(x)dx =0for j > 2, it follows that
the total mass of fy 7y is 1 and that the distributions of X given U = 7 and of
Z given U = 7 are uniform.

We consider the separable model

Y =¢o(X)+U",

where U* = G~!(U), variable U is uniformly distributed on [0, 1] and indepen-
dent of Z, the distribution of (X, Z) given U = 7 admits the p.d.f. (SM.29), and
G is a c.d.f. such that G(0) = 7.

SM.7.2. The Spectrum of Operator A A
The operator A is given by

1
A¢(2)=G’(0)/ fxizu(xlz, T)e(x)dx,
0

and its adjoint w.r.t. the L? norm is

G'(0)

Ay = T(1—17)

1
/ fzxuv(zlx, T)Y(z)dz.
0
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Then the operator A A is such that

AAp(x) =

T

G'(0)? !
s [t oo

where

1 o]
a(x, &) = / frxw(zlx, D fuzo(élz, 1) dz =" wid;(x)b;(£).
0 =1

Thus, the operator AA admits normalized eigenfunctions qNS j in L?[0,1] and
eigenvalues

G/(O)Z _ G/(O)Z

_ _ —a(j-1)
Vi 7(1l—17) Hi 7(1l—17)

Functions ¢; are eigenfunctions of operator D = 1 — V? such that D¢; =
[1+ 7%(j — 1)*]1¢,. Moreover, we have

112 = (¢, Ddj) =1+ 72 — 1)

SM.7.3. The Spectrum of Operator A* A

The operator A*A4 =D A A admits normalized eigenfunctions

¢j(x) = (ﬁj(x)

1
V1472 —1)?

1, j=1

= / 2
mcos[ﬁ(j — l)x], ]Z 2,

in H'[0, 1] and eigenvalues
_ G’(O)Z 1 e—oq(j—l)‘

T A1+ 72— 1)

Moreover,

. 2 =
16,8 = T =17
The asymptotic behavior of the spectrum is such that
v e, ()t < T eos [m(j — Dxl, lghl1* <

Thus, v; and ¢;(x)? satisfy Assumption 5, and ||¢;||* < j~? with B =2.
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SM.7.4. Asymptotic Behavior of Vi (Ar; &), 07(x), and o} (x)

The asymptotic behavior of V7 (Ar; €), 07(x), and o7 ;(x) as T — oo can be
derived using the next lemma, which is a generalization of Lemma A.8 in GS.

LEMMA B.15: Let v; < j=2e V and a; < j~ e x; for an, a3 > 0, a1, ay >
0, where x; is positive, bounded, and such that sup,., , _ominjs1, > |j — i| <00
for some & > 0. Let n, € N be such that v,, < Aas A — 0. Then,as A — 0,

oo ooy o —a .
Z aj = )\—2+a4/a1n/\2 4/ —a3 , lfa4 < 2(X1,
(A+v))? 1, if oy > 2a;.

j=1

By using a; = vj||¢j||2j‘, a;=ar+ B —¢, a4 =ay,and n, xlog(1/A), we get

1 & Vi 1
Vi(Ar; &) = — Y ——L——|1;1%° < = A7 [log(1/A7)]PFe.
7(Ar: &) TJZ_;(/\T+V/)2”¢]”] = A7 llog(1/A7)]
By using a; = v;¢;(x)* =vjco;j P xj, a3 = an + B, ey = ay, and n, < log(1/A),
we get

2= — 4 .(x)* = A log(1/A B
7(x) FZI()\T+Vj)2¢,( )* < A7'llog(1/A7)]
where we have used that a periodic function x; satisfies the condition in
Lemma B.15. Finally, by using a; = vjc,;j %, a3 = a» + B, s = ey, and n,, <

log(1/)), we get

]

V; _ ~ -
O-f»T(x) = Z (/\T/Vj)zcz,jj P = )\Tl[log(l//\T)] B,

j=1

Thus, 222 = O(1) and o2 ;(x)/07(x) = O(1).

o2 (x)/T

SM.7.5. Hyberbolic Spectrum

A similar example can be developed if we choose w; =1 and u; = Cj~,
j>1,with C >0 and «; > 2, in (SM.29). The p.d.f. (SM.29) is well defined if

C < (o —2)/4. The eigenvalues of AA are

_ G/(O)Z
Yi= 7(1— T)Mj'
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SM.8. PROOF OF THE SECONDARY TECHNICAL LEMMAS
SM.8.1. Proof of Lemma B.1

Let T* = T to ease notation. Write

Y(x,y,z
fxiz(x|2)Fyx,z(y|x, z) = ¥ix,y.2)
fz+(2)
and similarly
A 3 V(x,y, 2
fxiz(x|2)Fyix,z(y|x, z) = w’
f2+(2)

where

y
V(x,y,z) :zf fxv,z+(x,v,2)dv,

~ Yoo
V(x,y,z) :=/ fxv,z+(x,v,2)dv
T

1 y—Y, x— X, z—7ZF
= — IK K K !
Thy'* 2 ( hr ) ( hr ) ( hr >’

t=1

and IK(y) := f_yooK(v) dv. Since

V(x,y,2)  P(x,y,2)
fre(2) f2:(2)
_ 1 lp'(xuy,z)_’lI/(x,ywz)
_fZ*(Z) fz*(z)—fz*(z)
1 L
L)
~ (‘If(x,y, z)) 1 fr(2=fr(2)
f2(2) ) f2(2)  frz2) = fr(z)
[ A L
[2+(2)

Sup,. |fz*(z) — f2(2)? = 0,(22L + h2") by Assumptions A.1 and A.2, and

Thi?
Theorem 6 in Hansen (2008), andTinfze = fz+(z) > 0 by Assumption A.1(iii), the
conclusion follows if

) log T
(SM.30)  sup  |¥(x,y,2)— ¥(x,y,2)| = OP(TOL n hZT’").

14+d
x€[0,1],yeR,zeZ hT z
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To show this result, as usual we distinguish the bias term and the stochastic
term. The bias term is E[¥(x, y, z)] — ¥(x, y, z) = ffoo(E[fX,y,Z*(x, v,2)] —
fx.v.z+(x,v, z)) dv. Since Y has compact support in [0, 1] and kernel K has
compact support (Assumption A.2), fx v.z+(X,0,2) = fxy.z(x,v,z) =0 for
v ¢ [—¢, 1+¢]forlarge T and any & > 0. It follows that SUP,(0,1],yeR, ze2 |E[W(x,
v,2)] — ¥Y(x,y,z)] = O(h}) by a standard bias expansion using Assump-
tion A.1. Similarly, for the stochastic term

sup | W(x,y,2) — E[¥(x,y,2)]

x€[0,1],yeR,zeZ

= Sup |’@(x7y,2)_E[1p(x7yaz)]|-

x€[0,1],ye[—&,14€],ze 2

1+dZ

To show that the RHS is O, ( | 1oeT ) we follow Hansen (2008, Proof of The-

orem 1) and Bosq (1998, Proof of Theorem 2.2). Write u := (x, y, z) € R? and
introduce a covering of 5 := [0, 1l x[—&,1+ el x Zbynyballs Bjr:={uc

RY: |u — ur| < ”T}, j=1,...,nr, where C is a constant, u;r € 5, and nr is

such that ny = O(T*°) for some ¢ > 0 and dzT = of l"ﬂ ). Kernel K is
nr

bounded and Lipschitz (Assumption A.2), and IK is also L1psch1tz. It follows
that

G

———— and
dz+2
nThTﬁ

1P (1) — W (u;r)| <

A A C
|[E0 () — B[P ()| < ——,
I’lThT

ifue Bj,Ta
for a constant C; and j=1, ..., ny. Thus

suE|¢’(u)—E[‘f’(u)]|§ + sup |‘I’(u]T) E[‘f’(uj,T)]|.

T hd +2
Then

(SM.31) P[sup|¥(u) — EL¥ ()| 2 ny]

ue=

nr R n 1
< ZPDW(%‘,T) — E[¥(u;1)]| = 5”’11]
=1

. . 1
<nr supP[I‘P(u) —E[Y(w)]|= Enr}

==
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for nr:=n l‘ﬁiz and any constant n > 0. To bound Pl|¥(u) — E[¥(w)]| >

57]7‘], uec /:.r', write

. . 1 <
W) — EMV )l =7 3 ki(w),
t=1

where

1 y—Y, x—X, z—7ZF
= IK K K !
K, (1) R < hy ) < hy ) < Iy >
y=Y x—X z—Z
—E IK K
[hdZH ( hr > ( hr >K< hr )]

and apply Bernstein’s inequality (e.g., Bosq (1998, Theorem 1.2(2))). It is

possible to show that Cramer’s condition is satisfied, with E[|K;(u)| 1 <
Ellk,(w)1(=15 dz+1 )"~?n!, n € N, for a constant ¢;. Then we get, for any u € 5

L 1
p >-Tnr
=1 2

<2exp

1 2
-T
(2 "T>

1
42E[|xt<u)| 1+2( T )—an
2 )2

Using E[|x,(w)*] < &/ hy™" for large T, then P[|Y,_ k,(u)| > 1Tn] <
2exp(—c;n*logT) uniformly in u € 5. From (SM.31), P[supuezllj’(u) -

E[Y (W] =1 "}gjz] = o(1) for 7 sufficiently large. Then (SM.30) is proved.

SM.8.2. Proof of Lemma B.2

The second equality follows from (SM.9). Let us now prove the first equality.
We first consider the case / < oco. Since the odd-order derivatives of functions
¢ and ¢ vanish at the boundary, we have

(SM.32) (V’¢, VPg) = V' 1dp V0| — (V7' V*Hg)
_vs—2¢vs+1¢|(l] + (vs—2¢, VH—ZQD)
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= (=11 ¢V= el + (=1)’(¢, Vo)
= (¢, (=V*)’¢)

fors=0,1,...,.. By summing over s, we get (¢, o)y = (P, p( V) ). Let us
now consider the case [ = oo, We have for any n €N, Y | L(V'¢,Vip) =

(¢, >y 2(=V?)'p). Now take the limit n — oo: the LHS converges to

(¢, ¢) i, while the RHS converges to (¢, p(—V?)¢) from Lemma A.17(i) in
Section SM.3. The conclusion follows.

SM.8.3. Proof of Lemma B.3
By Cauchy-Schwarz inequality, we have
(SM.33) llel> = IPII* + 2&(h, K(¢)) + &I K (@) II°
< IglI* +2el¢lllel’ + £ llel*.

Thus, the squared norm | ¢||? satisfies the quadratic inequality

llell* — (@ —2elyDlel’ + Il = 0.
Let z; < z, denote the roots of 222 — (1 — 2&||¢|)z + || ¢||>=0
1 —2e|lyll F /1 —48||¢
2g?

Then elther lell*> < z; or |l@||*> > z,. Using e|||| < 1/8 and that \/1+a >
1+ 1a a* for any a € [-1/2,0], We deduce that z; < 8||||* and z, > o 3.

Thus either | ¢|?> < 8|l or |l¢]|> > 2. Now let us assume we are in the case
llell* < 8¢ 1*. Then

el =¥l < lle — ¥l =elK(@) < ellel® < 8ellyl.

—82

Thus,

el = 1w lP =1l + I lilel — Il
< (1+8)8elly|* < 32¢llyl.

SM.8.4. Proof of Lemma B.4
Let g7 % Define the set

n . 3 PN A
2= {8T|IA¢II <1/8A1A¢|* < 3z IKAP)II < 8T||A<P|I2}-
T
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For large T, we have {2 C {|A¢|| < r} for any r > 0. From Equation (A.4) and
LemmaB.3, [|AG|2— |Af 12| < 32e7||Ad|? if event 2 happens, while || A@||% —
[AY]*] < 4c® + |Ay|1* on 0, where ¢ :=sup,_g [l¢]l. Thus,

HAGI? — 1A 2] < 32e7 |AGIPL{Q} + (4> + | AP {2},
‘We deduce

|E0IAGIM — ENIAYI
<E[lIIAG17 — 1AG]]
< 32&rE[|AJ|P] + 4P + E[|| A |1{024)].

From Cauchy-Schwarz inequality, E[|AJ|*1{€2°}] < E[||A¢|*]/2P[0]>.
Further,

A Ar . 3Ap
P[O°] < P| ||AY)? P||Ag|? > =
(0] < [n ol >64C2]+ [u 3l >8C2]

- C
#2161 > —— 18012
N AT
From Lemma A.5, we get

|E0IAGIM — ETIAYI|

1 . . A
<32C E[IIAG|P] + 4P| |Ad | a
=320 = ELAVI] + 4e [u VIP > o

3\;
4¢*P| 1A > 2L
+4c [II ol >8C2]

A A Ar 172
49172 2
+ E[[A4|°] P[IIAlﬂll > 64C2}

T 411/2 A2 3)\T 12
+E[AG]] P[IIAgoH >@]
+O(T™)

for any b > 0. Using E[[|A/|*] < %TE[HAIMP] and Vab <a+bfora,b>0,
the conclusion follows.
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SM.8.5. Proof of Lemma B.5

To simplify the notation, we temporarily absorb the factor 7(1 — 7) in the
definition of m and . We have

(SM.34) PlI6 — @0l = er]
<P[ _inf  Ou(@)+ Mgl < 0u(®) + Arli gl ]
?€O:llo—¢olzeT

<P[O(p)+ /\T||€5||12q - )\T||¢’0||12q > C(er, Ar)l.

Let us now bound Q..(¢) + Az|¢|13, in probability. Since
1 o 1 o
On(@) =7 m($, Z)" - <T Y m(¢, Z,) - Qm(é))
=1 t=1
and ¢ € O, we have, for any n > 0,
P[Q(®) + A7l @l = m + Arlleolly]

e . R
< P[7 > m(@, Z) + Al @l = /2 + /\T||900||§}

t=1

+P |:sup

¢e®

1 T
= 2 (e, Z07 = Ox(@)
t=1

> 17/2}
22111 4-}3.

To bound probability P;, we denote (my, m,); := %ZLI mi(Z)my(Z,)
and [lmlly == (m,m);”. Then +3°_ m(¢, Z)* = |Im(¢, )} and Qr(¢) =
I71(@, )ll7. From the condition Q7 (¢) + Arll@lly; < Qr(eo) + Arllolly,
we deduce ||m(@, )7 + Arll@lly + 2(m(@, ), Am(@, ))r + I|AR(S, )IIF —
|Am (o, ) |I3 — Arll@oll?; < 0. Using the Cauchy-Schwarz inequality, we de-
duce that 8; := /|[m(&, -) || + A7 || @3 satisfies 82 — 2d, 187 +dy.r < 0, where
di,r == |Am(, ) |lr and dy 7 := [|AR(E, ) IF — 1A @0, )7 — Arll@oll7;- Then

dr <dir+. di; —dyr

R 1, .
< J sup — > | Arin(e, Z,)? + J sup — > Ari(e, Z)? + Arllgolly
=1 t=1

¢e® (IS¢

<Dr+,/ D7 + Arlleollys



ESTIMATION OF STRUCTURAL QUANTILE EFFECTS

where Dy :=sup,_ g sup,. . |Ami(e, z)|. Furthermore,

87 < 2D} +2D7\/ D3 + Arlleol}; + Arlleolly;
<4D% 4+ 2D7 || @olluv/Ar + Arlleoll.

We get

Py =P[8% > n/2+ Arlleoll;] < PI2D5 + Drll@olluv/ Ar = n/4].

Since the parabola g(x) = 2x* + x||@o ||z v/ Ar — n/4 has roots

_ —lleolluvAr £y Azll@olly; + 27
= 1 ,

1,2

we deduce that

p <P[D - JAT||¢0||%1+2n—wrncponz]
1= T — .

4
Thus,

(SM.35) PlO(®) + Arl@lly = 1+ ArllgolF]

s P[DT N Az el +24n - \//\Tllgoollé]
1 T
+P[S“g T Zm(qo, Z)* = Q@) > n/2}-
$e0 =1

From (SM.34) and (SM.35), the conclusion follows.

SM.8.6. Proof of Lemma B.6

37

Let ¢, 4:= (A + A*A)~' A* Ap, be the Tikhonov solution of the linearized
problem A¢ = r. Below we show in part (a) that ||¢, — ¢¢|lz = O(A®) under
Assumption 4(i) and (ii) before showing in part (b) that the statement of the

lemma holds.

Part (a)

We follow the idea of the proof of Theorem 10.7 in Engl, Hanke, and
Neubauer (2000) that consists in comparing ¢, and ¢, 4. By Lemma A.16 in

Section SM.3 we have

(SM.36) A(py) — 7= A(er— @0) + R(@y, @)
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and

(SM.37) A(@r,a) — 7= A(@ra — ®0) + R(@s, 4, 90),

where
1 2
(SM.38) [|IR(@x, ) ll12(ry) < QCII% —ooll*,

1
IR(x,45 P 12(F,) < EC”QDA,A — ¢oll*.
From the definition of ¢,, we have

O (@02) + A @113 < Ouc(@rn) + Ml @aall%e

We deduce
(SM.39) ll@s — @olly = ll@ally, + llor — ol — leall
1
< —
A
+lleaally + llex — @l — lleall?,

(Qoo(SDA,A) — 0x(@))

1
= A1) = Tl = AR = Tl 2y,
+ loa.a — @ollz; +2(@n.4 — 0, @0) 1
= 2{@r — @0, Po) -
From (SM.37), we have
(SM.A0) [A@s.) = Tlsip,

= [1A(@xr4 — 900)”22(1?2,7) + [IR(@a, 4 QDO)“iz(FZ,T)
+ 2(A(@r,4 — ®0)s R(@xr 45 €0)) 125y )

Then we get
2 1 2
(SM41) lles = @ully = S 1A(@sa = 2020, .

1 2
+ IR @ as 20 s,

+ —(A(@r,4 — ©0)s R(@r 45 €0)) 12(F )

>
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1
= S IA@D) = Tl

+ llera — @oll +2(@r,4 — ®0, Po)i
— 2{@r — @0, Po)H-

Now, from Assumption 4(ii) there exists iy € L*(F, 7) such that ¢y = A*i,
and [|¢lli2r,. < 1/c. Indeed, gy = 372, L0 g, where (¢, ), ;1] =

j=1 wj
1,2,...} is called the singular system of opera}tor A with w; = /v; (Kress
(1999, p. 278)), and o2, ,, ., = S5, 2% Then, from (SM.36), we have
T vj

(SM.42) [ A(er) = 7li}2s, .,
= 1A = 7+ Mol iogr, 0y = NNl 2 s,
—2MA(eN) = 7, o) 12y
= AN = 74+ Mol .0 = Xl s, .
—2M@x — @0, @0 — 2MR(@x, ©0), Yo) 12(5y,)-
By replacing (SM.42) into (SM.41) and using (@. 4 — @0, @0} = (A(Pr 4 —

QDO), lpU)Lz(Fz,T)’ weE get

1
(SM43) llea = @olly < 1 A@sa = €02,

1 2
+ X ”R((P)\,A’ QDO) ||L2(FZ,T)

+ <A(€0A,A - ®0), R(‘PA,Aa (P0)>L2(Fz,7')

_ >N

— IA@D) =7+ Ml

+ 2(R(@r, 0)s Y0) 125y, 7
+ 2A(@x 4= 90) + Mo, ) 201 + 00,4 — R0l

From (SM.38), we have the inequalities

2(R(@x, 0)s ¥0) 12051y < ClWoll 2 ym lr — @0l

1 1
TIR(r 45 0 air, 2 = 77 lena = ol
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Moreover, by using (SM.38), ¢, 4 — @0 = —A(A + A*A) 'y, and (A +
A*A) Loy = A*(A+ AA*) 'y, we have

X(A(QDA,A —®0), R(©x 45 ©0)) 125, 1)
1 2
=< XC”A(QDA,A — @) ll2y,mll@r,4 — @oll

2
< cll$oll2rymll@ra — @oll
and

1
X”A((PA,A - @0)”22@2’7) + (2A(@r,a — Qo) + Ao, Yo) 12r.m)

=N+ AA*)A%IIiz(FZ ”
Thus, from (SM.43), we deduce

2 2
lex = @olly = clidollzcry.n llea = @oll

+ (1 + C||¢0||L2(FZ,T))||€D/\,A - S00||§1

1 o
¢ Hl@aa = @oll* + XN+ A4 Poll7ap, .y

Then, since c|| ol 2, < 1, we get
2 2 1 4
ler —@olly; =0 ||QD)\,A_QDO”H+X”§DA,A_§D0”

+ XA+ AA*r%pouiz(Fz,T)).

Now, from Assumption 4(i),

¢7§D0
leaa— ollyy = VZ :

-0 AZS ,
(A+v))? A7)
1A+ A4 ol fj S
L2(Fz,m) — = )\—i—V])zV, ’
and we conclude that ||, — @ollg = O(A?).

Part (b)

From part (a) and Assumption 4(i), it follows that ||, — @o|| = 0(+/A) and
lera— @oll = o(v/A). For n:=d*—c> 0, let A be such that |,

—orall =
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en/2and ||@, — @l < en/2, where & := d+/A. Then, by Assumption 2, we have

inf  O.(@)+Allelly; = inf Q.(e) + Alell;
pe0: e0:
le—@oll=dv/x le—egll=e

inf  O.(¢)+Alely
¢€0):

lle—prll=e(1=1/2)

inf  O.(@)+ Aol
¢€0:

le—@all=e(1—n/2)

v

The last equality comes from the fact that the minimum is taken on the
boundary of set {¢ € @:||l¢ — ¢,|| = (1 — n/2)} (otherwise the function
O (@) + All@|l% admits a local minimum). Moreover, |[¢ — ¢,|| = e(1 — 1/2)
implies € > ||¢ — @, 4]l = (1 — n). Thus

¢€0:

inf  Qu(@)+Alell} > inf  Ox(@)+Allell-

le—eall=e(1-n/2) e2llo—pp allze(1-m)
We get
inf  Qu(@)+Alel; = inf Ow(@) + Aol
¢€0: ¢€0:
le—¢qli=dv/A vV X=llo—o) 4lzd VA

where d; =d(1 —m) and d, =d.
Now, we prove that for ¢ < d},

(SM.44) inf Qo)+ Allely = Alleolly, + cAT(A)
Azl o=, 4llzdi VX

for small A > 0. Since 1 > 0 can be chosen arbitrarily small, the conclusion
follows.

The proof is by contradiction. Suppose that (SM.44) is not true for ¢ < d?.
Then there exist sequences (A,), A, — 0, and (¢,) C O such that d;/A, <
l¢n — @apall < dan/A, and

for ¢ < ¢; < d?. By using the linearization A(¢) — 7 =AA¢ + R(¢, ¢y), As-
sumption A.4(ii), and Lemma A.16, we get

Qw(¢n) = (AQD,” A*AA(Pn>H + 2(AAQD,1, R(@m qDO))Lz(FZ,T)
IR @n €0 o,
> (Ap,, A*AAp,) — 2C| Al Ayl .
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Further, [|A@,[l < l¢x — @a, all + 91,4 — @0ll = O(VA,) and we get
(Apu, A" AD@) 1+ Al @allyy < Aull@ollzy + il (M) + O(A}?).

By Assumption 4(iii), we deduce for large n that

(SM.45) (A, A* AN, 1 + Aull@ally < Aull@ollZs + 22Xl (M)

for ¢; < ¢, < d?. Let us now show that the latter inequality cannot hold. For
this purpose, we derive an explicit expression for

Cle,\):= inf  (Ap, A*AA@)y + Al

elle—er allze

From GS, proof of Proposition 2, the penalized linearized criterion can be
rewritten as

(Ap, A" AN@)y + Mol
=(@—@ra, (A" A+ X (@— Qs )+ AEr 4, Po)n-

Thus

Cle, )= inf (¢ — @i (A" A+ N (@ — or))

e:lle—exr, allze
+ Mea 45 Podu

= w:%g”fn(lﬁ, (A" A+ P g+ Mer 4, @o)u

=2 wm\f:l(l/j’ (A" A+ M)+ Mera, @o)n
=& T (A) + M@ 4, Podn-

Moreover, (¢, 4, ¢o)u = ll¢oll3; + (a4 — @0, ®o)u. Thus, we get C(e,\) =
2T (A) + Ml@oll, + A{@r.a — Po, ©0) - From Assumption 4(i),

C(e, ) = T(A) + Allgol%, + O(A?).
Now

<A§Dna A*AA§Dn>H + )\nHQDn”i[
> C(div/ A, M) = dIAT (M) + Mallgolly + O(AY?).

By Assumption 4(iii) and ¢, < d3, this is incompatible with (SM.45).
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SM.8.7. Proof of Lemma B.7
SM.8.7.1. Proof of P[||Ag|> > d*A7] = O(T?)

Let T* =T to ease notation. We have to bound the two probabilities in the
RHS of inequality (SM.18). Let us consider the first one. From the proofs of
Lemmas A.3 and B.1, we know that

supsup |Ar(e, 2)|

¢e® zeZ

< sup  |fxzxl2) Eyx 2 (VIx, 2) = friz(x12) Fyix 2 (Y1x, 2))|

x€[0,1],yeR,ze Z

and
]EX\Z(xlz)FA‘HX,Z(y'x’ z)— fX\Z(x|Z)FY|X,Z(y|xa z)
1 lf/(x,y, z2)—Y(x,y,2)
N fZ*(Z) fz*(z) _fZ*(z)
1 g 2 = o 7
TR
_(W(x,y,z)) 1 fz*(z)—fz*(z)
2@ J12@ | fr@—fr@)
fz:(2)
where

~ Yoo
V(x,y,z) :=/ fxv,z+(x,v,2)dv
T

1 y—Y, x— X, z—ZF
= IK K K !
Thit 2 ( hr ) ( hr ) ( hr )

t=1

and ¥(x,y,z) = ffoo fx.v.z«(x, v, z) dv. Then using that q}(z’:(y;f) is bounded
(Assumptions A.1(i) and A.4(ii)) and inf,.z fz«(z) > 0 (see Assump-

tion A.1(iii)), for ar :=+/cAr ' (Ar)? we get

(SM46) P[supsup |Ari(e, 2)] > ar |

@@ zeZ
W(x,y,z) —V(x,y,2)

fre(2) = fr:(2)
1 Je V2O S V7
+ fz*(z)

<P - ar
= sup >
x€[0,1],yeR,zeZ IOg T
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op| s |2 f2@ | e
x€[0,1],yeR,zeZ fZ*(Z) — fZ*(z) log T
Jz:(2)
SP su ‘q/(x’ ,Z)_W(x7 72) = ]
|:xe[0,1],y5R,zeZ| Y el 2logT

A aT
+P[§E§|fz*(z) —f2(2)] = 2log T}

1
> .
H

To bound the first probability on the RHS, as in the proof of Lemma B.1, we
use that @(x, y,z) —¥(x,y,z) =0 for y outside a compact interval [—&, 1 +
g], because of the assumptions of compact support for the kernel (Assump-
tion A.2) and for Y. Further using that E[ii’(x Y, z)] —Y(x,y,z)=0(hY)

fr:(2) = f£-(2)

+2P|:sup fz+(2)

zeZ

uniformly in z, and A% = logT 121’2’; we have
P su v x,y,2)—VY(x,y,2)| > }
|:xE[0,1J,y£]R,zeZ | ( Y Y | 210g T
<P su V(x,y,z) —E[ll’(x ,2)]| > }
|:xe[0,1],ye[£1+é],zez| Y Y } 410g T

Then, using a covering argument and Bernstein’s inequality as in the proof of
Lemma B.1, we have

P su ﬁl(xa 72)_E[lp(x7 72)] = ]
|:xe[0,1],ye[£1+é],zez| Y » 2| 4logT
Thdz+1 2
<amresn(-e oz )

for some constants cl and ¢,, where ny is such that ny = O(T¢) for some

¢ > 0and dz z2) = V(x,y,2)| >
"r ThdZ+1 2
ZI‘Z)QT = O(T") for any b > 0, since (IT 7 L diverges as a power of 7. The

second probability in the RHS of (SM.46) is bounded in a similar vein, and the
third probability is dominated by the second.
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Finally, let us consider the second probability in the RHS of inequality
(SM.18). From the proof of Lemma A.3(ii), we know that

sup

T
Zm(q:, Z,)’ — Ox(9)
=1

el TT (1_ )
1 T
= ST Ll - Hez o))

where a(z, o) = fX|Z(x|Z)fX|Z(§|Z)[FU|X,Z(U|X,Z) — 7l[Fyx,z(v|€, z) — 7],
0:=(x, & u,v) €0, 1]* Then, for a7 := cm(1 — 7)A; ' (A7),

T

Ar
o )gjm(w,z,) — Oule)| = TWM}

sup >ar|.
0€l0, 1]4

Let us bound the probability in the RHS of (SM.47). Let us introduce a cov-
ering of [0, 1]* with ny balls B;r := {0 e R*:]p — 0;7| < nr}’ ji=1,...,nz,
where C is a constant, Q]T € [0,1]%, and ny is such that n; = O(T‘) for

some ¢ > 0 and % = of ). Since function a(z, o) is Lipschitz w.r.t.

(SM.47) P |:sup

¢e®

T
Z (a(Z:, 0) - Ela(Z, 0)))

Iog(l/)\ )
o€ [0, 1]1‘ (Assumption A.3),Awe have, for d(p) = Tthla(Zt, 0), that
|P(0) — D(0;r)| < 5 and |E[P(0)] — E[P(0; )]l < ;L if 0 € By, for a con-
stant C;and j=1,...,nr. Then

T

1
LSSI?] = 2_(a(Z;, 0) — Ela(Z, 0))) ZaT:|
€ t=1
1< 1
<ny sup P||=> (a(Z,0) - Ela(Z, 0)])| = sar |.
0€[0,1]4 T — 2

To bound the latter probability, by noting that function a is bounded by
sup, , la(z, 0) < 4sup, . fxiz(x|2)* =: C,, we get from Hoeffding’s inequality
(e.g., Bosq (1998, Theorem 1.2(1))) that

gl

< Zexp<—%Ta )
2

T

Y (a(Z, 0) — Ela(Z, 0)])| =

t=1

NI*—*

T
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Then we get Plsup, o 14 |7 ! ZtT (a(Z,,0)—Ela(Z,0)D| = ar] = O(T?) for
any b > 0, since T'a? diverges as a power of T.
SM.8.7.2. Proof of P[||AY|2 > d?Ar] = O(T )

We have from (A.4) that on set {|A¢| <7 A ||I€(A¢>)|| < % |Ag]12} it holds
that

1A =

C
VA7
where C > ﬁ sup, . |V, fx.viz(x, y|z)|. Then we get

(SM.48) P[|AY]? > d*As]

sP[HA@HZrHP[ ¢ Ji_ ]
1
+P[||A¢||z§dm]+1)[r _dm]

The second term in the RHS is O(T?) for any b>0 by Lemma A.5. The first,
third, and fourth terms in the RHS are O(T?) for any b > 0 by part (i).

SM.8.8. Proof of Lemma B.8
SM.8.8.1. Proof of Part (i)

The proof of part (i) is similar to GS, proof of Lemma A.3. The main mod-
ification concerns the nondifferentiability of the moment function w.r.t. data
(see Lemmas C.2 and C.3 below).

Let us first expand the function (Ar + A*A)”A*(Z - EZ) w.r.t. the basis of
eigenfunctions {¢;} of operator A* A, with eigenvalues v;. We have

(Ar + A* A A" (¢ - ED)

=Y {¢j, (Ar+ A A AC—ED)u
j=1

DA+ Ay, A = EDInd;

1

-
Il

1
)\T+Vj

(¢j, AL —ED)ud;.

Il
WK

I
—

J
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Define the variables for j € N,

1 u N
SMA49) Z, .= —(¢p;, VTA({ — E
(SM49) Zir 1= — by NTA (= ED)

1 A A
= \/—]/_(Ad)/, ﬁ(f _E§)>L2(Fz,7)

sMs0) = )//—(Acb,)(Z)l%(w)

X [fX,Y,Z(wa z)— EfX,Y,z(UJ, z)]dwdz,

where 1, (w) :=1{y < (po(x)} — T and w := (x,y). Then we can write (A7 +
A*A)TAN(L—E{) = f > AT+V Z;r¢;. We deduce

(SM.51) E[II(AT + A" A A (- EDIP]

,ONEIZjrZ
X=:T+V1A+Z¢I¢I[TIT]

To derive the asymptotic behavior of the RHS, we need the following lem-
mas.

LEMMA C.2: Let g(r) = p(2)({y < @o(x)} — 7), where r := (x,y,2) =
(w, z) € R*xR“=R". Let Fy.y.; be a distribution on R¢ with margins Fy, on
R? and F; on R, and let r, Vi € L*(Fy). Let k be a bounded product kernel
on R? with compact support. Define the function Ag,(r) := f h%,k(%)l glr—v) —
g(r)|dv, r e R?, for h > 0. Then there exists a constant ¢ > 0 (independent of h)
such that

2 2 2
18G4 2 p, < RV,

+ch2/|w<z>|2 sup 1f2(z+ &) — fo(2)dz

{€B;(0)

el / 11y — g0l < v/} iy (w) duw.

LEMMA C.3: Let {R, = (X,, Y, Z):t=1,...,T)} be iid. variables with
value in a convex set S CR? and density fx.y., satisfying Assumptions A.1(ii)

and A.4(i), and such that E[1{Y < ¢o(X)} — 7| Z]1=0. Let fy.y., denote the
kernel estimator of fx vz, with kernel K satisfying Assumption A.2 and band-
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width ht — 0. Let G denote the set of functions

G ={g(r) = e (2)(Uy < @o()} = 7)  1Wgll s, < 00,

Iellmiy) < 00},

where || - || 17, denotes the Sobolev norm w.r.t. the density fz(z) = %,
with q as in Assumption AA4(i), that is, 143, ; = [ ¢ fz+ [(V)2fy. Fur-

ther, for g € G and h > 0, denote p(g, h)* = [ g(r)*1{r € dS(h)}fx.vz(r)dr,
where dS(h) = {r € S:dist(r, §°) < h}. Define Vr(g) := \/ng(r)[f)(,y’z(r) -
EfX,Y,Z(r)] dr, T eN,forgeG. Then
EVr(g)Vr(e)] = Cov[g(R), e(R)] + O(p(g, khr)p(e, khr))
+ O (1l ey + 1l )
X (||¢e||H1(FZ) + ||¢e||H‘(FZ)))

uniformly in g, e € G, for a constant k > 0.

LEMMA C.4: Under Assumptions A.1, A.2, A.4(i), and A.5(ii) and (iii),
E[Z2;) =14 O(hi"}?) uniformly in j € N.

LEMMA C.5: Let {Z;:j=1,2,...} be a sequence of zero mean random vari-
ables (rv.’s) and let (a;), j, =1, 2, ..., be an array of positive numbers. Denote
the correlation p;, = corr(Z;, Z;). Then

> @y ElZ,Z) - ) a;ElZ]]

jil=1 j=1

00 00 P 1/2
aj,
=< E aj,jE[Z?] E P?[ ’ .
= @ jau

Jil=1,j#l

Let us now conclude the proof of Lemma B.8(i). We apply Lemma C.5 to
sequence Z; = Z; r in (SM.49) with «;; := %Aﬂ A;/f”l (¢j, ). It follows from
J
(SM.51) that

(SM.52) E[l(Ar + A*A) ' A" () — Ed)I]
1 & .
= (7 ) (/\Tiijy])z |I¢,I|2E[ZfT]> (1+R.7),

j=1
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($j.01)
where |R; 7| < (le Ll P?z Tm)l/z and pj r =corr(Z;r, Z;r). By using

lpj,rl <1 and Assumption A.5(i), it follows that R, = O(1). Furthermore,
from Lemma C.4,

oo

(SM.53) Z m I, 1’ELZ] 1]
_1 - Y 2
== ]X_; ot ) ll,ll

(h1/4 Z(A = )2||¢j” )

_ 4 Vr(Ar; 2)))
= VT(/\T)<1 + O(hT —VT(/\T) .

From (SM.52) and (SM.53), the conclusion follows.
SM.8.8.2. Proof of Part (ii)

The proof follows from the next lemma and Lemma B.8(i).

LEMMA C.6: Under Assumptions A1, A2, A4(i), and A.5, E[|[(Ar +
A AT A = EDI1= OE[(Ar + A* A A (L = EDIPP).

SM.8.9. Proof of Lemma B.9

The proof is omitted since it is analogous to that of Lemma A.4 in GS. The

reason is that —Z is an integral of the moment function 1{y < ¢¢(x)} — 7 w.r.t.
the kernel density estimator, and the proof of Lemma A.4 in GS allows for
nondifferentiable moment functions.

SM.8.10. Proof of Lemma B.10

We separate the proof of part (i) into parts (a) and (b).

(a) First, we show that if y < I min{1— (d+1)n, mn}, E[|(1+S(Ar)U)~" x
S U] = 0(1) and E[|S(Ar)U|’] = o(1), where m is the order of the
kernel K, d; is the dimension of Z, S(A7) := (Ar + A*A)™, and U :=
12131210 — A* A, then under Assumptions A.1, A.2, A.3(ii), A.4, and A.5, we have
E[|Rr’1= o(E[IVr + Br|*D.

(b) Second, we show that if y <  min{1 — 2%, 2mn} and n < pre +1)’ then
under Assumptions A.1, A.2, A.4, and A.5, we have ElNA+SA)U)1S(Ar) x

Ul#1=0(1) and E[|S(Ar) U ¥ = o(1).
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Combining (a) and (b), and using that E[||V; + Br|*] = O(Mr(Ar)) from
(SM.21) and Lemmas B.8 and B.9, part (i) follows. The proof of part (ii) fol-
lows the same lines and is therefore omitted.

SM.8.10.1. Proof of Part (i)(a)

The proof of part (i)(a) follows the body of the proof of part (i) of
Lemma A.5 in GS. The main modifications concern the proof of Lemma C.7
below and the bound of term R ; below. Let us write

(SM.54) Ry = [(Ar+ AA)) " AL Ay — (Ar 4+ A*A)~' A* Al gy
FIAr+ Az A)) ™ — (A + A*A) T NA'EY
+[Ar+ Ay A~ — (Ar + A" A)TNA( - ED)
+(Ar+ Ay A (AL - §) — AD)

— (Ar+ Ay A) (A" = A7) (A) — 1)
= Rir+Raor+Rsr+Rar+Rsr.

We bound the terms R; r separately.
e Bound of E[||R1.r||*]. We can write

(Ar+ Az A) T AZ Ay — (Ar + A*A) A" A
= (Ar + A5 Ag) (A Ay — A*A)
FIAr+ A Ay — (Ar + A" A) 114 4
= (A7 + AjAp) ' (A5 Ay — A" A)
— (Ar4 A3 Ag) (Az Ay — A AY(Ar + A*A) A" 4
=—(Ap+ A Ay) (Ar Ay — A A)[(Ar + A" A) A" A —1].
Thus, we get Ry r = —S‘(/\T)UBT, where S()\T) = (A7 + 12131210)*1. Moreover,

using S(Ar) — S(Ar) = —(1 + SANU)'SANUS(Ap), we get Ry = [(1 +
SA)U)'S(A)U — 11S(Ar)UBy. Thus

IRyl < ||+ SAHT)'SANT = 1ISAN) T 11B7 I
< (|A+SANDSANT| + DISAN)UlIb(Ar),

where

b(Ar)* = ||BT||2:/BT(X)2dx~
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We conclude, by Cauchy-Schwarz inequality, that

ENRIP1 < E[(|(1+ SO0 S0 | + 1)

x E[ISOn U1*]"

b(Ar)*.
Since the first term of the RHS is O(1) and the second is o(1), it follows that
(SM.55) E[|Ry7II’1"? = 0(b(Ar)).
e Bound of E[||R,.r|*]. Similarly to previous lines, we have
(SM.56) (Ar+ AZAg)™" — (Ar + A*A)™
=—(\p+ AL Ay) (At Ay — A* A) (A + A" A) 7.
Thus, we get
Ror=—-SAr)US(Ap) A*E
=[A+SADD)'SANT = 1S US(A) A'EL
from the arguments in the first point above. Thus, by Cauchy—Schwarz inequal-
1ty,
ElR.r 1117 < E[(| (1 + SAn D) 'S T | +1)1"
< E[ISAn U] " 1S(Ar) A*EZI.
Using ||S(Ar)A*E{|| = O(A%AIIEZIIL%FZ,T)) = O(ﬁh?’), hyp =A%, and Ar =
o(b(Ar)), we get ||S(Ar)A*E{|| = o(b(Ar)). It follows that
(SM.57) E[|Rs,7II’1"? = 0(b(Ar)).

e Bound of E[||Rs.r|l*]. From (SM.56) and the arguments in the first point
above, we have

Rz =—(Ar+ A;A) (A5 Ay — A" A) (A + A* A) "' A" (¢ — ED)
=[A+SA D) 'SANT —1]SAN)US(Ar) A*(L — ED).
Thus we get
ElIRs 717172 < E[(| (1 + SO D) S(An) O || + 1)’
< IS U IPIS(A) 4*(L — EDIP]"
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<E[(|A+SAn D) SAnT | + 1) 1sAn) )]
x E[IS(Ap A" (¢ - ED)*]™

<E[(|a+SAnD) S| +1)°]"

x E[ISA U] E[IS(An) 4*(& — EDII*].

"ll"]he first two terms of the RHS are O(1) and o(1), respectively. Then it follows

that

(SM.58) E[|Rs.rIP1"> = o(E[I (A7 + A ) 4*( — EDI]™)

from Lemma C.6. . A A
e Bound of E[||R4r|*]. We have | Ry rll < |Rarlly < ||S(AT)||H||A3(§—@2—

A*ZHH. Moreover, ||3'()\T)||H < 1/Ar P-a.s. Now we use that /Alf; = 51)711210,
where

b 1 T ~
Agp(x) == m fo,wz(x’ eo(X)Z)P(Z)).
(=1

7(1

From Lemmas A.17(iii) and A.18(ii) in Section SM.3, the operator ED~" from

L*[0,1] to H'[0, 1] is continuous. We get ||1213(2 —§) — ALy =O(| Ay(E —
q) — ALl). We get

(SM.59) E[||R4.z7lI°] = 0(b(Ar)?),
using the next lemma.
LEMMA C.7: Under Assumptions A.1, A.2,and A.5,and y < % min{1 — (d +
1yn, mn), we have ET| Ay(Z — §) — AL = 0(Arb(Ar).
e Bound of E[||Rs.z||*]. We have
IRs.rll < 1 Rs.rllu

. %%
<A/AD)NED |ucll A — AOHuLZ(ﬁZ,T),LZm,l])
X @) = Tl 27,7

where [|ED ™ L = IED ™ | 2o 1. m110.17) < 00 (Lemmas A.17(iii) and A.18(ii))
and

1

Al!f(x) = m

T
> Frviz(x, GO Z)W(Z).
=1
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Using the triangular inequality and the Cauchy-Schwarz inequality, for ¢ €
Lz(ﬁ Z> T)a

1A — Ayl

1 T
=< W;W(Z)I

A . 172
X (/ [fX,Y\Z(xa ®()NZ) — fx.yviz(x, <P0(x)|Zt)]2 dx)

1
= ﬁ”%ﬂhz(ﬁz,n

A . 12
y sup( / [Frviz(x, $0012) — froa(a, <Po(x)|2)]2dx) .

zeZ

Further, from the mean value theorem, for z € Z, we have
A . A 2 N N
/[fx,YZ(X, ¢(x)|2) = fx.viz(x, @0(x)|z)] dx < &°|A@7,
where 0 :=Sup, 1) er zez | VoSx v12(X, y, 2)|. Thus, we get

A — AO”L(LZ(FZ,T),LZ[O,I]) = C(AT”A@”

and

C . R AA
E[IRs 71" < 5 E[G*1AGIPI1A(S) — 71 I

/\—ZT L2(Fz,7)

: ~ 1A 4
Now, since [|[A@[* < 4sup, l@l? [A(P) — Tlliz(ﬁz,,) = o

Chy"™", we have E[62[AI*IA(@) — 712, ;. 1< ClogTY[IAG]1A) —

L2(Fz,

7||? )1{6’ <clogT}] + Ch}672dZE[1{€r > clogT}]. For large c, the second

L2(Fz,7
term is O(T~?) for any b > 0. We deduce that E[|Rs.7[|*] = 0(“°f—zT>2E[||A¢>||2x
2
IA(P) — T||iz(ﬁz ). By a similar argument as above, using that ||.A(¢) —
2 ; : 1
L2y 1S bounded and is of the order Tz

and 0 <

gl + h3", and a large deviation

bound argument, it follows that

R log T)? 1
(SML60) E[||R5,T||2]=0(E[||A90||2](sz ) < . +h?’”))
> \1h¥

= o(E[IA¢]%).
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Now, using Lemmas B.4 and B.7, and E[ = IAG %] < E[IAG|PdL{|AY] <
dv/Ar)] +ElS= IAGIP1{IAG] > dyvAri] = OELIAG ) for d > 0, we get
E[A®]2] = O(E[||A|1*]). Thus, from (SM.55), (SM.57), (SM.58), (SM.59),
and (SM.60), and triangular inequality, we deduce
(SM.61) E[|Rz |’ = 0(b(Ar)* + E[(Ar + A" A) ' A*({ — ED)|’]

+ ELAG 7).

From (SM.19) and Lemmas B.8 and B.9, we get E[|A¢2] = O(b(Ar)* +
E[|(Ar + A* A)~' A*( — EZ)|2]). From (SM.61), we get

(SM.62) ElIRrI’1=o0(b(Ar)* + E[[(Ar + A" A) ' A*({ — EDIP]).

Further, using that (see (SM.21) and Lemma B.9) E[||V; + Br|*] = b(Ar)* +
E[l|(Ar+ A*A)*lA*(Z — EZ) 1’1, up to terms that are negligible asymptotically
w.r.t. the RHS, the conclusion follows.

SM.8.10.2. Proof of Part (i)(b)

We have ST < ISAr) Ul < ISAD U 1z, where ISR U =
ISA) Ul £2210.11.2210.17) denotes operator norm in L?[0, 1]. Using [|S(A7) ||y <
1/Ar and ||U gz < 1ED Y uell Ay Ao — AA||, P-a.s., we deduce

IED | as

| AgAy — AA|, P-as.
Ar

(SM.63) ST < ISA)U|luL <

Moreover,
|1+ SN0 'sanT|
< |a+San0y'sapd],,

<[a+SanD | NSA) U, P-as.,

'
H

which implies

(SM.64) E[|(1+ SO 0) 'S U]

< E[J(a+S0n0) |1 E[ISan 01k, 17,
using Cauchy-Schwarz inequality. From the argument of Hall and Horowitz
(2003, p. 2925), we have ||(1 +SA)HU)uw < CA + £ HISA) Ul =

h<ca+ ﬁl{”S(/\T)UHHL > 11), P-a.s., where we used that |S(A) Uy <



ESTIMATION OF STRUCTURAL QUANTILE EFFECTS 55

IS(Ar) U |72 in the second inequality. As in the argument of Hall and Horowitz
(2005) in their inequality (6.27), from Markov inequality it follows that

(SM.65) E[[|(1+S(Ar) )~ 1||“"]<c(1+ ! E[ISAn) U2 ])

for any / € N, for a constant C depending on / but not on 7. From (SM.63)-
(SM.65), and using == + h7" = O(A7™), & > 0, the conclusion follows from
T

the next lemma.

LEMMA C.8: Under Assumptions A.1, A.2, and A.5,and n < 5; e +1), we have
E[||A0A0 — AA|*) = 0(d%) for any { € N, where ar = W + h2m,
T

SM.8.11. Proof of Lemma B.11
We have v; = —(j,log ). Then v; — v,, = —(j — nr,log(j/nr)). We have
Y (G—ne) Y (j—nr)log(j/nr)
j J

ViV = .
(T) ) — Zlog(J/nT)z
J

where ) J denotes summation over j =nz/7T,...,nr — 1 and

~12
[Z(I - nT)2:|
D)= !

—-1/2
[Z log(j/nnz}
Jj

Thus
Z(f —nr)log(j/nr)
Dy (Vir)Vir)) Dy = \/Z(] — nr) \/ZIOg(J/nT)Z
1
Moreover,

> G—np)
J

> log(j/nr)
J

ma = —
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To find the asymptotic behavior of D, (V7\Vir))D(r) and mr), we use the next
lemma.

LEMMA C.9: We have (i) Y°,(j — ny) = —="2(1 + o(1)), (i) X, log(j/ns) =

" (log2—1)- (1+0(1), (iii) X,(j — nr)* = 2 (14+0(1)), (iv) X, log(j/ ) =

nr(1 - 3(log2)* —log2) - (1+ o(1)), and (v) 3 ,(j — ny)log(j/nr) = %(5 -
6log2)(1+ o(1)).

Thus, we get

1 V3 5—6log2
D, (Vir)Vir)) Dy — ( 4 /2 —2log2 — (log2) ) .
1

which shows part (i). Moreover,

O(n_3/2) o(n?
dir) = (O(n;m)) > M= (O(n§)> ’

g . NT—I’lT _ O(HT)
M= \log(Nr/nr) ) —\ 0o1) )’

since Ny = O(nr). Then part (ii) follows.

and

SM.8.12. Proof of Lemma B.12

From Assumption 5,

51
bs.i(x)? = Z C2,j—k EXP(W;—k B) X j—k
k=0
51
= cay exp(yB) 3 2 exp(wy — ) B) Xk
k=0 =/
Then
Sl
o, exp((wj_r — w;)B) Xk
=0 2
s-1 51
= ZXj—k + Z[M exp((wj—x —w;)B) — 11|Xj—k
k=0 koo b €2

=1+o0(1)
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as j — oo, since ¢, ; converges and w;_, — w; — 0 as j — oo, for any k. The
conclusion follows.

SM.8.13. Proof of Lemma B.13
Write

.28 3 <<Z>k(x>2 - ¢k(x>2>
T Bsr(1)?  bsa(x)

T kingjp<k<ng k=jmods

25 &
o2 <¢s,k(x)2 _1)’“0(1)’

T k:ingp<k<nr,k=jmodS

where & = ¢, exp(wyB). Thus, from Lemma B.12, we get

br(x)? Pr(x)?
bs.(x)? ¢)s,k(x)2

+ C sup

nr/2<k

IXj—xjl < s

1§k§n,

' +o(1)

Cok

()2 —;(x)?|
&

(x 2 (x 2

pendix A5, sup,__,. w = 0,(1), ¢s,;(x)*/& =1+ o(1) from

Lemma B.12, and ¢; /= =1 + o(1), the conclusion follows.

for all j and a constant C. By using sup,_;_,, = 0,(1) from Ap-

SM.8.14. Proof of Lemma B.14

The proof is along the lines of the proof of Lemma B.8(i). We use the next
lemma, which is a modification of Lemma C.4.

LEMMA C.10: Under Assumptions A.1, A2, A4(i), and A.5(ii)-(iil"),
(1) E[ZiT] =1+ o(1) uniformly in j € N and (ii) E[Z; 1 Z; r]1 = o(1) uniformly
inj,leN,j#£l

From Lemma C.10(ii), we get corr(Z; 7, Z;r) = o(1) uniformly in j,/ € N,
j # [. Then the conclusion follows from equation (SM.52), Assumption A.5(i),
and Lemma C.10(i).

SM.8.15. Proof of Lemma B.15
When ay > 2a,, the quantity Y7, =1 converges to )., a;¥;* < 00 as
]

A— 0. Let us now considqr the case a4y < 2a;. Without loss of generality, let
vi=j e, a;=j*e *y;, and y; < 1. Then

00 0 00 8

w?

J J Py
2 (At 1)) Z ()\w +1)2 (Aw, + 12 X7

j= j= j=1
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where w; :=1/vj, p:= =* — a3, and 6 := 2“1 € (0,2).
Define

oo [e°]

Y (Aw; iy
T = A Z(A+v,)2 Z(/\w,+1)2( )X’

j=1

The conclusion follows if we show that J(A) < 1. We give the proof when p >0
(similar arguments apply when p < 0). We split J(A) as

Ni(A) Ky . p Na(A) 5 . p
(Awy) ( J ) (Awy) <J >
Ty = 3 (L) Al (L),
; (Aw; + 1)? \m, . j=1\’1;)+1 (Aw; +1)*\ n, X
i ()
+ Z Xj
Il 41 (Aw; +1)?
=:J1(A) +2(A) +J3(A),

where N;(A), N,(A) € N are such that N;(A) < n, < N,(A),
Ny(M \p PNy N2—s
(Al 20

YNy () = o),
o(1), and r, := max{”rni/\il“‘), %ﬁf’”} = o(1). First, we

show that J;(A) = o(1) for i =1, 3. We have

N1 (d) (/\ )5 Ny(d) v 8

SM.66) J;(A A w? < —w} I I

(SM.66) J( >_Z(A iy Z iA Mo = (vw))
=o(1),

where we used 27:1 w? = O(w)) as n — oo. Similarly,

S (Aw;)° j .
SM.67) J5(A) = ST
(SM67) S5V = D iy X
J=Na(M)+1
)28 0 o
<= v

A =Ny
)2+ o0
<

75'.
<= > i

A =N 0+

where { =(2—8)a; > 0and m = [p — ay(2 — 8)] < p. Now, by using

— d\" < d\" e
—Ggm [ _ =0 - — m,—{n
;e ! _< d7> 2 e ( dT) et 0ure™

j=n
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as n — oo, we get

—248

J3(A) :0( NZ()\)pVNZ()\)>

)\
_ o((Nz(“>”(VN2m)”) —o(D).
ny Vn)\

Second, we can write J,(A) as

N ()

(SM.68) L() = Y

j=N1(M)+1

(Aw;)?
(MU+1V’

Na(A)

(Aw))? j—m\ }
> (ij+1)2[<1+ , ) o

Jj=N1(M)+1

and bound the second term in the RHS. For N;(A) + 1 < j < N»(A), the vari-

able x := % is such that |x| < r,. Thus, |(1 + %)P —1=11+x)F -1 =

O(r,), since the function x — (1 + x)” has bounded derivative around 0 We
()\w}

deduce that the second term in the RHS of (SM.68) is 0(272,(\?1)( M D2 X Xi)-
Hence we get that the sum is such that J(A) = (32" P xp)Hl +

J=N1O+1 (Aw; +1)2 J
o(1)]+ o(1). Moreover, note that

Na() Ni(»)

BRGNS < W )i O’
j=1\/12<;>+1 (Aw; +1) = Z()\w +1)2 X Z (Aw; +1)? Xi

i (Aw;)?
(1w+1ﬂ’

No(d)

ee] )5
:Z( 41—1)2 x;+o(l)
i W

j=1

from similar arguments as above and as in (SM.66) and (SM.67). Thus, we have
proved that

- (Awy)?

(SM.69) J(A) = Z (/\—Wx,[l +o(D]+o(D).
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The conclusion follows if we show that

[o9)

Z (Aw]')a ;= 1
= Qu; +1)? !

By the assumptions on sequence y;, we can find 7, such that »; =< A and
Xi, < 1. Then the conclusion follows by using that

00 ny—1
(Aw;)? - (Aw;)? (Awg, )°
Z (/\w =+ 1)2 ] Zl ()\wj + 1)2)(] + (/\wﬁA + 1)2X}1A

j=1

o0

(Aw;)?
+ 2 (Aw,; + 12X

Jj=np+1
and
(Awy)
(A, + 12X =
ny—1 (/\w ny—1
0 < ! Aw))? = O((Aws,)°) = O(1),
Z()\w—l—l)z J—Z(w) A)) (1)
0 = (Aw]) 72+5 _ Vi 278_01
<Z(/\ +1)2/— ZV —_ =0(D).
Jj=np+1 Jj=npx+1

SM.8.16. Proof of Lemma C.1
Let a € [0, 1]. By the Cauchy—Schwarz inequality, we have

y
/ < /y—xIVel < Vel

lell* = /[¢(X) —¢(a) + @(a)Pdx

le(y) —e(x)| =

for any x, y € [0, 1]. Then

= ¢(a)’ +2¢(a) /[¢(x) —p(a)ldx + f[so(x) — (@) dx

> ¢(a)’ —2le@|Vell.

Thus z = |¢(a)| satisfies the inequality z> — 2||Vol||z — || ¢|* < 0. We get

2IVell + V4IVel?* +4lel?

lp(a)| < >

=2l el
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Since this bound holds for any a € [0, 1], the conclusion follows.

SM.8.17. Proof of Lemma C.2

Letr:=(x,y,z)=:(w, z) and v:= (x1, y1, 1) =: (w1, z1). Using |g(r —v) —
g =2 (z — z1) — P2 + [P (D)1 (w — wy) — 14 (w)], where 1, (w) :=
Uy < @o(x)}, we have |Ag, ()| <2 [ k(DI (z = 20) — p(2) | dzi + |¢(2)] x
/ h—lzk(%)|1%(w —w;) — 1, (w)| dw;, where, for expository purposes, we de-
note by k any part k,, or k, of product kernel k(r) = k,(w)k,(z) and we as-
sume k > 0. Then, by the triangular inequality,

(SM-70) ||Agh||L2(F) =< 2||A¢h||L2<FZ) + ||‘//||L2(FZ)||X||L2(FW),

where A, (2) := [ h%zk(%)lv,//(z —z1) —(z)|dz and

1
x(w) :=/ﬁk<%)|1%(w— w;) — 1, (w)| dw,.

Let us first consider ||Ay [l 12(r,). Write Ay, (2) = [ k(DI (z—h) —P(2)|d{
and use y(z — h{) — Y (2) = —foh(Wx(z —t{)-{)dt. Thus, we get

h
lp(z—hi) — ()] 5/ IVip(z —tDIIL]de
0

h 12 , b 12
sm(/o |w<z—t§>|2dt> (/O dt)
h 1/2
=|§W(/ |V¢(Z—t§)|2dt> .
0

We deduce from the Cauchy-Schwarz inequality that

h 1/2
A%(Z)Sﬁ/k(@lil(/o IV!J/(Z—té”)Izdt> d{

h 1/2
sﬁwéﬂ(/k(g)(/ |w<z—r§)|2dt)d§> :
0

where w, := [ k({)|{|*d{. Thus, we get

/IAwh(Z)szz(Z) dz

h
< hw, / / k(D) ( / Vi(z — tOP fa(2) dz) dgd.
0
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Now,
[ 1w tortandz= [IVuerse
< [Wu@Pfidz
+ [ U@+ 10~ fr2)d
Then

/|A¢’h(z)|2fz(z)dz
< W, f V()P fo(2) dz

h
—l—hwz/ /k(g’)/|V¢/(z)|2|fz(z+t§)—fZ(z)|dzd§dt.
0

Since k is bounded and has compact support, we get

(SMLTL) [AG4I22 s, < KWV 22,

(Fz) —

+Czh2w2/|v¢(2)|2 sup |fz(z+{) — fz(2)|dz

{EBclh(())

for some constants ¢;, ¢, > 0.

Let us now consider | xll;2s,,. We use |1, (w — wy) — 1, (w)| < 1{y >
o)y <y + @o(x — x)} + H{y < o(0)}{y > y1 + @o(x — x1)}. Further,
using @o(x — x1) < @o(x) + | [T Vo (€) dé| < @o(x) + ll@oll+/1x1], and sim-
ilarly @o(x — x1) > @o(x) — ll@ollu+/1x1], we have 1{y < y; + @o(x — x1)} <

Hy = @o(x) = 31 + ll@ollav/1x11} and 1{y > y1 + @o(x — x1)} < Hy — @o(x) >
1 — lleollu+/1%1]}. Since function k is bounded and has compact support,

there exist constants ¢,, ¢; > 0 such that y(w) < c;1{0 < y — @o(x) < czx/ﬁ} +

csl{—covh < y — @o(x) <0} < 2¢31{]y — @o(x)| < c;3/h} for small k. The con-
clusion follows from (SM.70) and (SM.71) for a suitable c.

SM.8.18. Proof of Lemma C.3

In this subsection, we suppress the subscript x v z in f and f. We have
E[Vr(&)Vr(e)]

=T / / g)e(E[(f(x) — Ef (x)(f(y) — Ef(y))] dx dy.
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Let us compute the cross-moment of the kernel estimator in the RHS:

E[(f() ~ Ef))(f(») — Ef ()]
=z B[ ()R ()
- (5 el ()
(SM.72) ElVr(g)Vi(e)]
=g | [reoeel 6T () awas
(g [l (57)) )
(g [eor (57 )

=: Ar — Br(g)Br(e).

Thus, we get

Let us derive the asymptotic expansions of these two terms.

SM.8.18.1. Asymptotic Expansion of Br

Let us first consider the second term in (SM.72). We have

1 _
Br(g)szg(x)h—dK(”h—x>f(u)dudx
T T
=/fg(x)K(z)f(x+hTz) dzdx
=/fg(x)K(Z)[f(x+hrz)—f(x)]dzdx.

This term can be bounded by |Br(g)| < [Ig(x0)|([|IK()|If(x + hrz) —
f(x)|dz)dx. Since K has a bounded support (Assumption A.2(ii)), and by the
mean-value theorem, [ |K(2)||f(x+hrz)—f(x)|dz < hr([|K(2)||z|dz)q(x)
for large T, where ¢ is defined in Assumption A.4(i), then, by Cauchy-Schwarz
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inequality and Assumption A.4(i),

B ()| < chy / 18(0)lg(x) dx

1,2
< Chr( / |g<x)|2q<x)dx) ( / q(x)dx)

for a constant c. Thus, using that 1{y < ¢,(x)} — 7 is bounded gives

172

(SM.73) Br(g) = O(hrllP,ll 2 z,))-

SM.8.18.2. Asymptotic Expansion of Ar
Let us now consider the first term in (SM.72). We have

KO )< (5]

1 xX—y
_h—%/K(u)K(u—i— 7 >f(x—|—hTu)du.

T

We get

1 _
Ar = o / f / g(x)e(y)K(u)K(u—{—xh Y
T T

+ L / / / g(x)e(y)K(u)K(u ML dnbi
hg hr

X [f(x +hru) — f(x)]dudxdy
=: IZIIT + 1212T~

)f(x) dudxdy

)

To rewrite these terms, we have

1
/EK<u+

= /K(u +2)e(x — hrz)ls(x — hrz)dz

x—y
o )e(y) dy

= (/ K(u+2)1s(x — hrz) dZ)e(X)

+/K(u + 2)[e(x — hrz) —e(x)]1ls(x — hrz)dz.
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Thus, we get

zzlnzfg(X)e(x)f(X)
X (/[K(M)K(u +2)1s(x — hr2) dzdu) dx

—I—//g(x)f(x)K(u)
X /K(u +2)e(x — hrz) —e(x)|ls(x — hrz)dzdudx
= Cov[g(R), e(R)]

—/g(X)e(X)f(X)
X (//K(M)K(u—i—z)lsc(x—hTz)dzdu) dx
+//g(X)f(x)K(u)

X (/ K(u+2z)e(x —hrz) —e(x)]|1ls(x — hrz) dz) dudx.
Similarly

A%T=fguwu{//KnoKw+zn4x—hﬂ)
X [f(x+ hru) — f(x)]dzdudx

+//ﬁwmm

X (/ K(u+2z)[e(x —hrz) —e(x)|1s(x — hrz) dz)

x [f(x 4+ hru) — f(x)]dudx.
We conclude that
(SM.74) Ar = Cov[g(R), e(R)]

—/g(X)e(X)f(X)

X (//K(u)K(u+z)1sc(x—hTz)dzdu) dx
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+/g(x)f(x)(/ / KwK((u+ 2)[e(x — hrz) —e(x)]
X 1s(x — hrz) dzdu) dx

+ st [ [ Kk 21ste -
X [f(x 4+ hru) — f(x)]dzdudx

+//g(x)K(u)

X (/ Ku+2)e(x —hrz) —e(x)|ls(x — hrz) dz)

X [f(x+ hru) — f(x)]dudx
(SM75) = COV[g(R), E(R)] + Al,T + AZ,T + AS,T -+ A4,T‘

Let us now bound terms A4, r—A, r, separately.
e Bound of A r. We have

Ay 1] < f 8O lle)IF ()
X (/ K(2)15(x)1sc(x — hr2) dz) dx,

where K (z) := JIK(uw)K (u+ z)| du. By Assumption A.2(ii), K has bounded
support included in B,(0), k = 25up,_ .ok, 12| Then [K(2)1s(x)1se(x —
hrz)dz < cl{x € dS(xhr)} for large T, for a constant c. Thus,

(SM.76) | A, 7| < c/ lg(x)|le(x)|1{x € dS(khr)}f(x)dx
= cp(ga KhT)P(e, KhT)

by Cauchy-Schwarz inequality.

e Bound of A 7. We have A, r = [ g(x)([ k(z)[e(x — hrz) — e(x)]1s(x —
hrz)dz)f(x)dx, thus |A, 7| < flg(x)lAehT(x)f(x) dx, where Ae,, (x) =
[1k(2)|le(x—hrz)—e(x)|dz and k(z) := [ K(u)K (u+ z) du. By the Cauchy—
Schwarz inequality, we have

(SM.77) | Az 7l < lIgllr2r) ||AehTHL2

o
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To bound the term ||Aey, |2+, we can apply Lemma C.2. Function k is
bounded and has compact support by Assumption A.2(i) and (ii). We get

|Aen, |2 < RVl s,

ek / VD) sup 1fz(z+0) — fr(2)] dz

{eBopy (0)
el [ iy = ool = evhrlfw) dw.

Term [ 1{|y — ¢o(x)| < cv/hr}fw(w)dw is O(+/hr). Further, from Assump-
tion A:4(i) and using sup, ., , [V=fz(z + O] < fsupgegchT((D IV fx.y.z(w, z +

Oldw < [ q(w, 2) dw, we deduce sup,.; o, |f2(z+ &) = f2(2)| < chr [ q(w,
z)dw. Thus, [|Ae,, |12, . = ORLIV |20 ARV, - R

L2(F) L3(Fz) L2(Fz) L2<Fz>)'
We conclude from (SM.77) that

(SM.78) Az = O(hrllWgll 2y IVWellizr, + H Nl 2ap IVl 20,
+hL N 1l 2r,))-

e Bound of A;r. We have

| A3 7| < (/ IK(Z)IdZ)/Ig(x)Ile(X)I

x ( / K @)If (x + hru) — f(2)] du) dx.

Again, by Assumptions A.2(i) and (i) and A.4(i), [|IK(w)||f(x + hru) —
f(x)|du < chrq(x) for a constant ¢ and large 7. Thus,

| As.r| < éhy f 180 lle(x)]q(x) dx

1/2 1/2
< 5hT( / g(x)zq(xwx) ( / e(x)2q<x>dx)

from Cauchy-Schwarz inequality, and using that 1{y < ¢,(x)} — 7 is bounded,
we have

(SM.79) As 1= O(hrllgllrzipllbelliziy)-

e Bound of Ayr. We have Ay r = [ K(u)([ g(x)[Aeyn, (X)I[f(x + hru) —
f(x)1dx)du, where Ae, ;,(x) = [k(z;u)le(x — hrz) — e(x)]1s(x — hrz)dz
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and k(z; u) = K(u + z). Since K has bounded support, then
| Ay 7| < / IK(u)|<f 1g(x0)||Aen, (X)|1f (x + hru) — f(X)IdX> du

=/|g(X)|AehT(X)7TT(x)dx,

where Aey,, (x) == [1{|z| < c1}le(x — hrz) — e(x)|dz and 77(x) := [ |K(u)| x
|f(x + hru) — f(x)| du for a constant c;. By Cauchy-Schwarz inequality,

1/2

1/2
(SM.80) |Ayr| < </ lg(x) > (x) dx) </|Aeh,,(x)|27TT(x)dx>
Since 77 (x) < c;hrq(x) for a constant ¢,, we get
(SM.81) / 18O Prr(x) dx = O(Rr sz, ).

To bound [ |Aey, (x)|*mr(x)dx, we apply the argument in the proof of
Lemma C.2, with k(z) = 1(|z| < ¢;). Then

/|AehT(u)|27TT(u)du
fchzT/ |V (2) 7 2(2) dz

+Ch2T/|V¢e(Z)|2 sup |mr,z(z+ ) — mr,2(2)|dz

gEBchT (0)

+ C(/ e (2) P17, 2(2) dZ)
X / 1{|y —@o(x)| <cvy hT}WT,W(w) dw,
where 77 2(z) == [ mr(w, z) dw and 77y (w) := [ 77 (w, z) dz. Using that for
large T, SUP;cp, o) T1.2(2+ ) < chr [ q(w, z) dw for some constant ¢,, we
ch
deduce that
(SM.82) / |Aen, O 77 (x) dx = O(RH IVl g, + B NN -

From (SM.80), (SM.81), and (SM.82), we get

(SM.83) Au7 = ORI Wellaip IV elliay, + B Mgl oy el 2iy))-
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From (SM.72), (SM.73), (SM.74), (SM.76), (SM.78), (SM.79), and (SM.83),
we derive the asymptotic expansion of E[V7(g)Vr(e)]:

EVr(e)Vr(e)l
= Cov[g(R), e(R)]1+ O(p(g, khr)p(e, khr))
+ O(hrllWgll 2ap IV Welliziy, + el Wellizip | Well iz,
+ hP Nl 2 IV el 2y + Wl 2 IV el 2y,
+h P Nl 2 ap lWellizi, + B Wl 2ip 1 Well 2y -

SM.8.19. Proof of Lemma C.4

Let us apply Lemma C.3 with u = (w, z) and g(u) = e(u) = (1/f)(Ad),) X
(z)% =: g;(u) for any j € N. We have V[g;(R)] = ) [7(1 .,)]2E[(A¢]) X

(ZPEIY < go(X)} — 7 | ZI = LS E[(A46)(2)] = Ly, 4°A4 x
¢;)u = 1. Thus, we get

E[Z2;1=1+O(p(g;, kh)?) + O (1912, + 15 l27,)))-

Let us now bound the terms in the RHS. We have p(g;, khr)* = E[gj(R)zl{R €
IS (khp)}] < = Elly;(Z)FPFPIR € 3S(khp)]' = O(hy ") from As-
sumption A.5(ii). Using 5 > 4, we get p(g;, khr)* = O(hY*). Moreover,

[ J¥j(2)2q(w,2)dwdz
“ivll]“LZ(FZ) W

) (S)2 1/2
/ / ¥i(2)%q(w, 2) dwdz < E[|;(2)]*]" ( q—ds) :
Ix.v,z(8)
From Assumptions A.4(i) and A.5(ii), it follows that ||¢;|? 12y = O(1) uni-
formly in j € N. Similarly, [|Vy; |3 < AV ]l/z(ffq“) ds)'? = O(j%)

Lz(Fz) — [ [qw,2)dwdz y,z($)

by Assumptions A.4(i) and A.5(iii). The conclusion follows.

and by the Cauchy-Schwarz inequality,

SM.8.20. Proof of Lemma C.5

The proof of Lemma C.5 is given in the technical report of Gagliardini and
Scaillet (2012, GS)).

SM.8.21. Proof of Lemma C.6

From the proof of Lemma B.8(i), we have (Ar + A*A)~ 1A*(Z EZ)
Z;’il cirZird;, where ¢;r = f)u:j;} and Z; are defined in (SM.49) and
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(SM.50). Using [|(Ar + A*A) "' A*(r — E) 1> = Y5 ¢irar Zir Zur (b, b,
we get

E[ll(Ar + A" A A — Ed)|1*]

Z Cj,TCZ,TCm,Tcn,TE[Zj,TZl,TZm,TZn,T](d’j: b1 (Dms Pu).

jol,m,n=1

Let us now bound the expectation terms. By twice applying the Cauchy-
Schwarz inequality, we get |E[Z;1ZirZmrZyr]|l < EIZ}1E[Z][]V* x
E[Z, [1'*E[Z, 1% Let ¢ 1 := ,TE[ZﬁT]1/4.Thenwe get

E[I(Ar + A" A A*(f — Ed)|*]

< Y GrGrinrnrl(di, Sl (bms bu)l

Jil,m,n=1

=Y a il +4 > Sl e, ¢l

JjeN (j.))eD?

+ Y & (10,1711 bil” + 20, b))

(j,)ed?2

+2 3 @808l b1 brs bl

Gol,m)eD3

+4 ) G rCrlmrl(ds, d)II(B), bl

(jrl,m)ed3

+ D ErburlnrCurl(i A (b i)l

(jul,m,n)eD*

=J1+4J2+]3+2J4+4J5 +J6,

where D¢ denotes the set of d-tuples, which consist of d different natural num-
bers. Let us now bound separately the different terms.
e Bound of J,. We have

00 2
2 =2 2 2 =2 2 ~4
JlsZc,Tc,Tndnn Il =<Zc,,T||¢j||) =qr
j=1

jii=1

where we denote g7 := >, ¢ /Il 1> = 7 277, <A,+v Ll IPELZ] 12,
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e Bound of J,. Using ¢; ;1|¢;|I> < g7, j € N, we get
L@ Y Grarlid, dil.
(j,heD?
Let us consider the term
oo
_ - _ [{}), du)l
Y Grarlidy, ddl=> &rld;l (Z arllgll—2=" ).

(iew Py oy il ll

Using Cauchy-Schwarz inequality, for any j, we have

_ (), d1)l ( i >/( (), 1) )”2
2_crli 16,1l — 2_ el ) (22 TRETAE

LI#] L] LI#]

- ¢/’ d)l 12
" (1,# 16,1 |Id>1||2>

Thus, we get again, by Cauchy-Schwarz inequality,

(SM.84) >~ Girairl(d, bo)l

(j.))eD?

= (bi 1)* \"
<qr Zc,-,rlld’j“ (Z m)

j=1 L]

IA

v, <¢ ¢>2 1/2
" PP qap
(Zcﬂndnll) (ZZ||¢,||2||¢1||2) —ane

Jj=1 Li#j

where p = (37 11 udjﬁ sz),nz )72 < oo by Assumption A.5(i). We deduce J, <
qrp-

e Bound of J5. We have J3 <33 . 1 EjoE,ZTH(l),H llbill* < 3G5-

e Bound of J,. We have J, < (Z, ]T||¢]|| )2(1 m)eD? CLrCm (b1, dm)| <
q+p, using (SM.84).
e Bound of Js. We have

¢j, ¢[ ¢j’ d)m)l)
15<Zc rll ¢l (Z 2 arl il n bl foma

LI#] m:m#j

=X ael (ZC!I”‘i””u(p,-nu(t,n |

L:I#]
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Using ¢; ,[|¢;|I> < g; for all j € N and

_ (s, D)l ( (b, b1)? )“2
;#c””d”” oo =\ 2 g Flgq)

LI#£]

—4 (). 1) -4 =2
wegetJs<qr) ;D ”4’1‘!‘2—”4’1”2 =dqrp

e Bound of Js. Finally, Js <3 Des?.mmen? Ci.7C1,7Cm,7Cn,71{( P> D) [{Dim)
d)n | = (Z(] IeD? C/ Tcl T| ¢j7 d)l |)2 =< q 2 USIIlg (SM 84)

To summarize, we have proved E[[|[(Ar + A* A) "' A*(ff — Eff)||*] < Cq5. Us-
ing a result similar to Lemma C.4, and Assumptions A.4(i), A.5(ii) and (iii), we

can show that g3 = O( Z/ 1 (ATW s lp;lI*). Since E[||(Ar + A*A)' A (¢ _
E)IA] _O( Z} | (AT“ v l¢;1I*) by Lemma B.8(i), the conclusion follows.

SM.8.22. Proof of Lemma C.7
Let 1,,(w) = 1{y < ¢o(x)} — 7. We have

(SM.85) —(Ao(Z —§) — AD)(x)

_ 1 . fX,Y,Z(X, oo(x), Z,) A
STz Loy (W) fry, 2, Z)) dw
Trd—n /fx,YZ(x, sDo(x)IZ)/1¢0(w)fx,y,z(w,z) dwdz
mZAf”Z(x eo(x), Z)
1

x A—/lwo(wmf},y,z(w, Z,) dw
[2(Z,)?

1 T
+ {m ;fX,Y\Z(xa vo(x)|Z:)

x f2(Z,) /1490(UJ)AfAX’Y’Z(w’ 7)) dw

1 N
- f Fryiz (s @o(X)12) f Loy (WA fyy 2 (w, 2) dwdz}
T(1—17)

1 r A ZOf2(Z) + f2(Z)]
. , . Z, !
Tri— ;fx,xz(x e0(x), Z,) 2oz
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X / 1¢U(w)Afx,Y,Z(W, Z)dw
=1 (x) + LL(x) + I3(x).

We consider in detail term /,(x); the analysis of the other terms is similar.
Write

T—1¢ 30(Z,
Lx) = TZ{JCX,Y,Z(X,QDO(X),Z:)%

t=1

X /I%(w)f_(w, Z,)dw

- / Frv.2(x, @o(x), 2)Z0(2) f 1, () f(w, z)dwdz}

T-1
T2

)EO(Z,)
“f(Z))

T
Z{fx,Y,z(X, Po(x), Z

t=1

x/1¢0(w)b(w, Z,) dw

_/fX,Y,Z(x5 QDO(X),Z)Eo(Z)/le(U))b(w, Z)dwdz}

K(0)
T2

20(Z)
f2(Z))

T
Z{fx,y,z(x, e0(x), Z,)

t=1

- / Fx.v.z(x, @o(x), 2) 2 (2) dZ}

x/1¢0(w)Kh(w—W)dw

= 121(X) +122(X) + IZS(X)’

where 3y(z) :=1/(fz(2)T(1=7)), f(w, Z)) := fx.v.z~(w, Z)) = Elfx.y.z~(w,
ZINZ], b(w, Z,) := Elfx.v,z.-«(w, Z)|Z] — fx.v.z(w, Z,), and fx y 7 is the
kernel density estimator based on the sample of 7" — 1 observations excluding
(W,, Z,). Note that b(w, Z,) is equal to the bias function E[Afx,y,z(w, z)] eval-
uated at z = Z,. Let us first consider I,;. Using f(w, z) = ﬁ ZST:],S# Kko(w, z),
with k,(w, 2) := K (w — W)K,(z — Z,) — E[K,(w — W)K,(z — Z)], Ky (u) :=
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+K (%), we have
1 T T
L(x) = ZZ {a(x, <po(X),Zt)/Ks(w, Z)ly,(w) dw
=1 s=1 ,S#L
_/a(xa QD()(X),Z)/KS('LU, Z)lwg(w)fZ(Z)dde

T T
YN U,

t=1 s=1,s#t

ﬂIH

where a(x, @o(x),z) = fxyiz(X, o(x)|2)3(z). Variables U,(x) satisfy
E[U,(x)|W;, Z,] = E[U(x)|W,, Z,] = 0 for s # t. By symmetrization, we have

T
L(x) = % D UL,

t=1 s<t

where Uy (x) := Uy (x) + Uy(x) and E[Uy(x)|W,, Z,] = E[Uy(x)|W;, Z,1 = 0
for s < ¢. We get

[ [ ey dx} = Ty [ Bl o1

t=1 s<t

=5 E[Uq(x)’]dx.
The term E[([K,(w — W)1,,(w)dw)’K,(Z, — Z,)*a(x, ¢y(x), Z,)*] in
E[U,(x)?] is dominant and is O(h_dz) uniformly in x € [0, 1] by Assump-
tion A.4(ii). We get E[|| 1 ||*1'* = O( dz/z) = o(Arb(Ar)) from the conditions
on 1 and .

Let us now consider I,,. Since the observations are i.i.d. and the bias term
b(w, Z,) is O(hy), we get E[||I]*]"* = (Tl/z h7) = o(Arb(A7)).

Finally, to bound I, we use | [ 1, (w)K;, (W, — w)dw| < [|1,,(W, —
hrv)||K(v)| dv < 2||K]||. Then we get

T

— Y (20(Z) + EL30(Z)])

T (=1

C
Lol =

by Assumption A.4(ii). By Cauchy-Schwarz inequality, it follows that

21172

E[|[I5]I1"* <

T
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Since inf,.; f7(z) > 0, we conclude that E[||I3]*]"*> = O(2 1°gT ) o(Arb(A7)).

SM.8.23. Proof of Lemma C.8

We have
(Ao Av) (x)
_/ XT) e v.2(X, ©0(X), Z) fx.v 2(€, 00(€), Z1)
T’T(l—T — fZ(Zt)2
x @(&)dé
and
(AAp)(x)
_ 1 fX,Y,Z(x’ ¢0(x)7z)fX,Y,Z(§, QDO(§)7Z)
~ri-n / ( Fo(2)? J2(2) dz)
x @(&)dé.
Thus,
1A Ay — AAJ?
1
< -
~r(1—1)P
//[ foyz(x 00(X), Z) frv.z(€, 00(£), Zy)
f2(Z,)?
frr s 6 @00, DfsroEou.2) ’ dxde
fz(z)z

:://f(x, Edxdé =: ||f||iz([0,1]2), P-as.
xJx

We decompose I (x, &) as

A

x,v,z(X, @o(x), Z)fXYZ(f, ©o(€), Z))
fZ(Zt)2

T
Ix, &) = TT(l ) Z

- /fX,Y,Z(xs @o(x), Z)fX,Y,Z(fa ®o($), 2)3y(z)dz
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+/fX,Y,Z(x7 QDO(x)a Z)fX,Y,Z(ga ¢0(§)7 Z)EO(Z) dZ

- /fX,Y,Z(xa ©o(X), 2) fx,v.z(&, @o(€), 2)20(2) dz

= fl(x, f) +f2(x7 5)7

where 3 is defined as in the proof of Lemma C.7. Then

5 2
I Ao Ay — AAN <> Il 2g01p),  P-as.,
j=1
and
- B 2
E[[| Ay Ay — AA|*1Y%0 < Z LIS

L2([0, 1]2

Moreover, for any j, E[||]; ||L2([0 )= [EU;(r)?---1;(r))*1dr, - - dr;, where
r:=(x, £), and by repeatedly applying the Cauchy-Schwarz inequality, we get

E[Lj(r T (r2) - Ii(r)*)
< EUL;(r)1"PE;(r)* - ()1
A A A (-1
< E[Ij(rl)4]1/2E[Ij(r2)8]1/4 . E[Ij(r{)zi]l/(z )
d 2 £q1/@2fh
<T[EelLe*]™ .
=1
Thus, we get E[ll Ao Ay — AAI] < (52, ([, [, EU(x, %1V dx dg)P)%,
with £ =2¢-!. We deduce that the lemma is proved if we show that
(SM..86) / f Ell;(x,&)dxdé =0(a)) forany N eN
X JX
and any j = 1, 2. This is implied by E[f,(x, £)*N] = O(aY) uniformly in x, £ €

[0, 1]. Let us prove (SM.86) for the different terms.
e Bound of I,. Write

A _ Txvz(x, 00(x), Z0) fxv.2(€, @o(§), Z1)
Lx, &) = = (1 Z s 2y

- /fX,Y,Z(xa @o(x), Z)fX,Y,Z('f, ©o(€), 2)3(2)dz



ESTIMATION OF STRUCTURAL QUANTILE EFFECTS 77

L1
Tr(1—-r1)

y i Afrrz(x, 00(), Z) frv.2(€, 90(£), Z)
=1 f2(Z)?

- /AfX,Y,Z(X, @o(x), Z)fx,y,z(g, @o(€),2)3(2)dz
1

)
5 i Frv.z(x, @o(x), ZA»AfAX,Y,Z(g, 00(£), Z,)
—1 fz(Z))?

_ / Frv 206 00(x), DA fr v (&, @0(£), 2)So(2) dz

1
+ Tt(1—1)
D\ Afyyz(x, 00(x), Z)Afx.y 2 (&, 00(£), Z,)
X -
=1 fZ(Zt)2

- /AfX,Y,Z(x: @o(x), Zt)AfX,Y,Z(§; (&), Z)2(2)dz
4 A

= lej(X, ).
j=1

We focus on the second term 1 12. By controlling term fZ(Z,) in the denomina-
tor, we see that the dominant component is

oA
Toi(x, €)= 1 Z Afxy,z(x, GDo(X),ffE)Zf);Y,Z(fa vo(§), Z))

T 20(Z)

t=1

- /Afx,Y,Z(X, ©0(x), 2) fx,v,z(&, @o(€), 2)20(2) dz

30(Z))

T-1 i(f_(x, 00(%), Z) fr.v.z(€ 00(£), Z))
T2 F2(Z)

t=1

- / Fx, 00(x), 2) fx.v.2(€, 00(£), 2)30(2) dz)
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4 T-1 XT:(b(X, ©o(x), Z) fxv.2(&, o(€), Z,)

T2 p— fZ(Z[) Z:U(Zl‘)

— / b(x, eo(x), 2) fx,v,z(&, ¢o(€), 2)20(2) dZ>

1 1 —
Tt O ;Imx — X)Ki(go(x) = Y7)
Ixv.z(& @0(€), Z))
v, z,
) ( fZ(Zz) 20( )

_/Kh(z_zt)fX,Y,Z(ga @0(5)52)20(Z)d2>7

with the notation introduced in the proof of Lemma C.7. We consider in de-
tail the first term /151 (x, §) (the second and the third terms can be bounded
a_long the lines of terms I» and I in the proof of Lemma C.7). Write
Fx, @o(x),2) = 75 YL, ko(x, 2), where k,(x, 2) 1= K, (x = X,) K (@o(x) —
YO)Ku(z — Zy) — E[Ky(x — X)K;(¢o(x) — Y)K;,(z — Z)]. Then

ille(xa &)

1 T T
=2 2. [Ks(x, Zya(¢, Z) - f K:(x, 2)a(€, 2)f7(2) dz}

t=1 s=1,s#t

1 T T
= EZ Z Usta

t=1 s=1,s#t

where a(é, 2) = fx.vi2(£, @o(£)|2)30(2). We get, for N €N,

Ell1211(x, )]

1z T T T
ZWZ Z Z Z E[U»Yﬂl'”USZNfZN]‘

n=1s1=1,s1#1 bn=1sn=LsNF#bN

Variables U, satisfy E[U,|X;, Z,] = E[Uy|X,, Z,]=0 for s # t and any x, £ €
[0, 1]. Thus, the expectation E[Uy,,, - - - Uy, ,, | can be different from zero only
if the ordered 2N-tuple (s, t,..., San, y) is such that each element has
multiplicity at least 2. Let us first bound the number C(N, T) of such 2N-
tuples. We have C(N,T) < Zfl Ci(N,T), where C;(N,T) is the number
of 2N-tuples with j different clements. Moreover, C;(N,T) = ¢;(N)T(T —
1)---(T — j+ 1), where ¢;(N) is the number of ways in which we can build
j groups using 4N different elements. Thus, C(N, T) = O(T?"). Further, the
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dominant term in E[U,,,, - - - U, 1, 118 E[K(x — X ) K, (@o(x) = Y, ) K, (Z,, —
Zsl)a(§5 Ztl) Kh(x SZN)K/’I(QDO('X:) SZN)Kh(ZIZN SZN)a(f’ ZtZN)] Thls
is bounded by O( %‘,’\,%ZT fdz) ). Thus, we get

. 1 (log T)*N (log T)> \"
Ell(x, §)*] = O(WTZNW =0 Tzh2T<2+dz>

1 N
- O<<Th2 ) ) = 0D,
(1

2
where we used Th;’(glsz) =0(1).
T

e Bound of fz. Let us write
L(x,§) = / Afyy.z(x, 90(x), 2) fx.v.2(&, 00(€), 2)S0(2) dz
+ / Ay 2(€, 00(£), 2) fxv.2(xs @0(X), 2)S0(2) dz

+ / Afry. 206, 90(x), A fry.2(€, 00(£), 2)30(2) dz

= f21(x, §) +f22(x: f) +IA23(X, g)

Let us start from term L (x, £). We have E[ly(x, £)%] = [ EIT], AfAX,y’Z(x,
©o(x), Z2D1T 1, frv.z(€, @o(€), z1)20(z1) [ ], dz1, where [ ], denotes product from
I=1t01=2¢. Let Afyyz(x, ¢o(x), 2) = [(x, 9o(x), 2) + b(x, @o(x), ), with
f(x, @0(x), 2) = frv.z(x, @0(x), 2) = Elfx.y,2(x, @o(x), 2)] and b(x, ¢o(x),
z):=Elfxy.z(x, eo(x), 2)] = fx,v.z(x, ¢o(x), z). We get

(SM.87) Elly(x, £)*]
27 2_ J _
=Z( f) (/E[nf(x, ¢O(x)azl):|
J=0 =1

J J
X HfX,Y,Z(ga ®0(€), z1)20(21) 1_[ dll)

=1 =1

~ 20—
X (/ b(x, ¢o(x), 2) fx,v,z(&, <Po(§),2)20(2)d2> .

From Assumption A.4(ii) and (iii), we have fl;(x, @o(x), 2) fx.v.z(&, goo(_f),
2)30(z) dz = O(h’}) uniformly in x, ¢ € [0, 1]. Furthermore, by writing f(x,
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@o(x), z) = ]7 ZL K. (x, ¢o(x), z) and using the independence of the observa-

. . 77 17/2) D
tions, we can write E[[[,_, f(x, @o(x), z/)] = an/l (X, 21, ..., 2;), Where

Ju(x,z1,...,2;) is a term that is split in a sum of products of n expectations,
Dy, =T(T—-1)---(T —n+1),and [J/2] denotes the largest integer that is
smaller than or equal to J/2. To derive the order of the term in E[l5 (x, £)*]

that corresponds to J, (x, z1, ..., z;), note that all the powers h;dz can be elim-
inated by a change of variable, while a power /4, coming from variable X and
Y can be eliminated for each expectation term contained in J,(x, zy, ..., z;).

Thus7 f']n(x7217 "'azf) 1_[;=1 fX,Y,Z(§7 ¢0(§)7 ZI)EO(ZZ)H{=1 de = O(W)

uniformly in x, ¢ € [0, 1]. This implies fE[]_[,]:1 fix, zl)]]_[ljzl fxy.z(& @o(€),
23020 [T2 dz = OCCY ) = Olgabam ) since (ThD)™ = o(D).

n=l(Th)/-n (Th3.
From (SM.87), we get
27 1
r 27 2mN\E—-J /2
ElL(x, &)*] = O(Z W(hT ) )
J=0
{ 1 k B _
= 0(Z<T/’L2T> (hsz)gk) = O(Clé)
k=0

uniformly in x, £ € [0, 1]. _
The bound for the term E[/x(x, £)*] is obtaine_d similarly, interchangil}g X
and ¢. Finally, let us consider the term E[I;(x, £)*]. We have E[l;(x, £)*] =

JEMT Afxyvz(x, 00(x), 2)Afr.y.2(& @o(£), 201T1, Zo(z) [1,dz1, where the
product Hl is from / =1 to [ =2/. Let C; and C, denote subsets of
{1,2,...,2¢}, and let C{ and C5 be their complements. We can write

(SM.88) Ells(x, £)*]

=3 / ED_[ fe @),z [T &, qoo(f),zp)}

C1,Co leCq peCy

X (1‘[ b(x, ¢o(x), 21) [ | b(&, @0 (), z,,>> [T ]]da
! !

lecs PeCs

— O(Z (hrzq)th—\cl\—\cZ\

C1,Co
x / E[l_[f_(x, eo(0),2) [] f(&, @o(f),zp)i| I1 dz,),
leCy PECy leciucy

where |C| denotes the cardinality of set C. Similarly to above, for any two sub-

sets C; and C, such that |C;| + |C,| = J, we can write E[]_[,Ecl f(x, ¢o(x), z;) X



ESTIMATION OF STRUCTURAL QUANTILE EFFECTS 81

[Tyec, (& @o(&), 201 = 20 28, (x, & (21,1 € €U o). Moreover, [ 1,(x,
E Nz, leCLUGY) H1ecluc2 dz; = O(—g= h2T<an) W) uniformly in x, £ € [0, 1].
T

Thus, among the terms in the sum (SM.88) such that |C,| + |C;| = J, the dom-
inant term is the one with |C,| = |C,] if J is even or with |C;| = |C,| £ 1 if J is
odd. These dominant terms are of O(—5— P — W27 ). We deduce, for any C; and

Cz such |C1| + |C2| = J that

/ E[Hf(X,QDo(X),ZI)l_[f_(f, <po<§>,zp)} [1 4=

leCy peCy leCciUCy

&1 1 1 1
=0<Z Th2) - dzwm) =0< Th2)v/m dzwm)'
—~ (Thy)™" hy (Th7)"72 by

Thus, we get

4Z
R - < 1 1
EllL;(x,6)*]1=0 Ry
[L23( f) ] ( ( T) (Th%)(J/ZW hﬂT-'zU/ﬂ)

Since M[,Z = O(1) implies (—3— MZ + h¥m)? = O(Th2 + h¥m), we get Ellx(x,
T

T

£)%]1=0(a%) uniformly in x, £ € [0, 1].

SM.8.24. Proof of Lemma C.9

We have
Z(;—nn— X/f = % ’;—ZT(Ho(l)).
pm
Moreover,
Xj:log(j/m) = nTXj: niT log(j/n1) = nr (/1/12 log(y) dy + o(l)>

- %(logZ — 1)1 +o(1)),
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where we use the property of a Riemann sum and

1
1
/ log(y) dy = [ylog(y) — 1l , = 5(10g2 - 1.
1/2

Similarly,

nr/2
.o 5 nr/2np/2+ D(nr+1)  ny
;u np)’ =y = . =5, L+ o),

j=1

1
> log(j/nr)* =ny (/ log(y)*dy + 0(1)>
- 1
J

/2

= nT(l — %(logZ)2 - logZ)(l +o(1)),
Xj:(] nr)log(j/nr) = ny Xj: . (nT 1) log(j/nr)

1
:n’é( <y—1>1og<y>dy+o<1>)
1/2

2

"5
_16(5 6log2)(1+ 0(1)),

where we use
1 1
/ log(y)*dy =[ylog(y)*1l;, — 2 / log(y)dy
1/2 1/2
1 2
= —E(logZ) —log2+1,

1 1 1
(y—Dlog(y)dy = f ylog(y)dy — | log(y)dy
172 1/2 1/2

2 oo ! 1

= = log(y) ——/ ydy — =(log2—1)
2 20 2

_ 1! (5—-06log2)

=16 £<)

SM.8.25. Proof of Lemma C.10

The proof is along the lines of the proof of Lemma C.4. We apply
Lemma C.3 with g(u) = g;(u) and e(u) = g(u) for any j # 1 € N. We
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have Cov[g;(R), gi(R)] = J%((bj,A*Ad)z)H =0 for j # I. Thus, we get

E(Z;1Zi1] = O(p(g;, khr)p(g1 khp)) + OChi (1l + 18llmi,) X
Uil 2er,y + Iill2,))) uniformly in j # [ By similar arguments as in
the proof of Lemma C.4, and using Assumptions A.4(i), A.5(ii) and (iii"),
1 ll2cr5s IVW1l20,), and [Vll12r;, are bounded and p(g;, khr) = o(1)
uniformly in j € N. The conclusion for part (ii) follows. The proof of part (i) is
similar.
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