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This material contains three appendices: Appendix A includes results of three
Monte Carlo experiments; Appendix B contains all proofs of the theoretical results
reported in the main body of the paper; Appendix C contains all the diagrams that
illustrate the estimation results of Experiment A1 in the main body of the paper.

APPENDIX A: EXPERIMENTS
Experiment Al: Basic Model

ALL PRIORS ARE SET TO BE DIFFUSE. We set the initial guesses of the para-
meters to be the true parameter values given by 6°, and set the initial guess of
the expected value function to be 0. We used the same 200 grid points in each
iteration as used to generate the data. The pseudo-MCMC sampler was gen-
erated 10,000 times. The posterior mean and standard errors from the 5,001st
iteration up to 10,000th iteration are shown in the second, third, and fourth
columns of Table AL! As we can see, the sample averages of the Bayesian DP
posterior means are very close to the true parameter values. We also conducted
the same simulation-estimation exercises for full-solution-based Bayesian es-
timation and ML estimation. The CPU time required for the full-solution-
based Bayesian estimation was 15 minutes 44 seconds for sample size of 2,000,
21 minutes 31 seconds for sample size of 5,000, and 29 minutes 44 seconds for
sample size of 10,000. Note that for the Bayesian DP estimation, as the sample
size decreases from 10,000 to 2,000, the CPU time decreases from 18 minutes
17 seconds to 4 minutes 53 seconds—a factor of 3.5 to 1. On the other hand,
for the full-solution-based Bayesian estimation, there is only a 50% decrease.
That is, as the sample size decreases, relatively more CPU time is spent on
the solution of the model than on computing the likelihood. Hence, the com-
putational advantage of the Bayesian DP algorithm becomes more apparent.
Similar estimation exercises using the full-solution-based ML required only
17 seconds for sample size of 10,000, with parameter estimates that are similar
to the posterior means of the Bayesian estimates. Thus, it is clear that for a
simple DP model, ML estimation outperforms Bayesian DP. The advantages
of the Bayesian DP algorithm become more apparent as the model becomes
more complex, as we show in the next experiment.

To check robustness of the Bayesian DP algorithm, we also ran a simulation-
estimation exercise where the starting parameter value was set to be half of

The posterior means and posterior standard deviations presented are the sample averages of
the posterior means and posterior standard deviations across the 50 replications.
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TABLE Al
POSTERIOR MEANS AND STANDARD DEVIATIONS?

Parameter PM PM PM Starting Value: 0.560  True
é 0.4046 (0.0295)  0.4043 (0.0195) 0.4021 (0.0135) 0.3991 (0.0134) 0.4
a 0.1001 (0.00620) 0.1000 (0.00397)  0.1003 (0.00288)  0.1000 (0.00288) 0.1
O 0.3005 (0.00734) 0.3003 (0.00481)  0.3001 (0.00354)  0.3004 (0.00350) 0.3
o, 0.3101 (0.0214)  0.3035 (0.0159) 0.3027 (0.0122) 0.2986 (0.0125) 0.3
b 0.00310 (0.0121) 0.000739 (0.00770) 0.000218 (0.00547) 0.000265 (0.00547) 0.0
b, 0.3920 (0.0236)  0.3973 (0.0152) 0.3993 (0.0106) 0.3994 (0.0107) 0.4
b, 0.4966 (0.0242)  0.5043 (0.0157) 0.5015 (0.0111) 0.5015 (0.0112) 0.5
ou 0.3981 (0.00729) 0.3994 (0.00465)  0.3997 (0.00328)  0.3997 (0.00330) 0.4
Sample 2,000 5,000 10,000 10,000

CPU time 4min53s 9min 53s 18 min 17 s 18 min 11's

aStandard deviations are in parentheses.

the true values. As we can see from the results reported in the fifth column,
the posterior means and the standard deviations are almost the same as those
of the fourth column, where the initial parameter values were set to be the
true ones. These results confirm the theorems on convergence in Section 3,
that stated that the estimation algorithm is not sensitive to the initial values.

Experiment A2: Estimation of Discount Factor

In Table AII we present the results of the Bayesian DP estimation where
we also estimate the discount factor. As we can see, the posterior means and
standard errors are very close to the true values.

TABLE AIl
POSTERIOR MEANS AND STANDARD DEVIATIONS?

Parameter Basic Model True Value
13 0.3938 (0.0130) 0.4
o 0.09889 (0.00287) 0.1
o, 0.3023 (0.00348) 0.3
o, 0.2877 (0.0112) 0.3
bo —0.001686 (0.00554) 0.0
b, 0.4038 (0.0108) 0.4
b, 0.5069 (0.0112) 0.5
Ty, 0.3984 (0.00331) 0.4
B 0.9727 (0.0104) 0.98
CPU time 18 min 12s

aStandard deviations are in parentheses.
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TABLE AIIl
FULL-SOLUTION-BASED ESTIMATION*

Parameter Full-Solution Bayes Full-Solution ML True Value
é 0.3981 (0.0182) 0.3795 (0.0171) 0.4
o 0.1977 (0.0105) 0.1701(0.0135) 0.2
oy 0.1008 (0.00729) 0.09326 (0.0140) 0.1
o, 0.3017 (0.00302)  0.3025 (0.00317) 03
O, 0.3022 (0.0149) 0.2805 (0.0176) 0.3
b, 0.1000 (0.00487)  0.1004 (0.00530) 0.1
b, 0.3971 (0.00978) 0.4003 (0.0101) 0.4
b, 0.4965 (0.0137) 0.5054 (0.0145) 0.5
oy 0.4003 (0.00321) 0.3990 (0.00317) 0.4
Sample size 100 x 100 100 x 100

CPU time 30 h 59 min 20 h 47 min

aStandard deviations are in parentheses.

Experiment A3: Full-Solution-Based Bayesian and ML Estimation for the
Random Effects Model

In Table AIII we report the results of the full-solution-based Bayesian esti-
mation (second column) and ML estimation (third column) with 100 €; draws
(i.e., M. = 100) used to integrate over ¢; to evaluate the expected value func-
tion, 100 «; draws per firm to simulate the likelihood (i.e., M, = 100). For the
ML algorithm, we used the Newton—Raphson routine. Since we took numerical
derivatives, in addition to the likelihood evaluation under the original parame-
ter 0, we calculated the likelihood for the 9 parameter perturbations 6 + A6;,
i=1,...,9. We stopped running the program when either the absolute val-
ues of all the gradients were less than 0.01 or the step size became less than
1.0D — 5. In all the simulation-estimation results in Tables AIIl and AIV, we
report the average across 10 simulation-estimation exercises.

As was discussed in the main part of the paper, the posterior means of the
full-solution-based Bayesian estimates are close to the true values. On the
other hand, some parameter estimates of the full-solution-based simulated ML
estimates have biases that make them more than 1 standard deviation away
from the true values. They are 6 and «. In the second column of Table AIV we
report the estimation results of the simulated ML when we reduce the number
of a; draws, M,, to 20. Then, even though the bias of 6 and o, is similar to that
with M, = 100, the bias of « increases substantially, with the posterior mean
being 0.1450. In third column of Table AIV we report the estimation results of
the simulated ML when we reduce the number of €; draws, M., to 20. Then, as
we can see, the magnitude of bias is similar to that with M, = 100, but there is
not much reduction in computational time either, dropping only from 20 hours
47 minutes to 18 hours 15 minutes.



4 S. IMAL N. JAIN, AND A. CHING

TABLE AIV
SIMULATED ML ESTIMATION?

Parameter 20 a; Draws 20 € Draws True Value
0 0.3795 (0.0173) 0.3895 (0.0192) 0.4
a 0.1450 (0.0123) 0.1764 (0.0157) 0.2
04 0.1076 (0.0203) 0.09527 (0.0126) 0.1
o, 0.3030 (0.00315)  0.3028 (0.00315) 0.3
o, 0.2790 (0.0177) 0.2810 (0.0181) 0.3
b, 0.1003 (0.00526)  0.09977 (0.00524) 0.1
by 0.3999 (0.0100) 0.4000 (0.00996) 0.4
b, 0.5030 (0.0146) 0.5048 (0.0145) 0.5
oy 0.3988 (0.00318)  0.3988 (0.00317) 0.4
CPU time 8 h 43 min 18 h 15 min

aStandard deviations are in parentheses.

APPENDIX B: PROOFS

The following two lemmas establish some properties that are used in the
later proofs.

LEMMA 1: Let h(-), &y, and g(-) be defined as

- h(6*
h(6") =inf (0, 0"), aoz/h(e)de, g(@*)z(i

)
/h(é)dé
Then 0 < gy < 1 and forany 0, 6* € O,

£08(6") < q(0, 6").

PROOF: By Assumption 1 (compactness of parameter space), for any 6* €
0, h(6*) = infyp q(0, 6*) exists, is strictly positive, and is uniformly bounded
below. Notice that A(-) is Lebesgue integrable. Furthermore, for any 0 € 0,
£0g(0*) = h(0*) < q(6, 6*). Next, since g satisfies Assumption 1, g(-) is strictly
positive and bounded, and [ g(0)d6 = 1. Hence, g(-) is a density function.
Also, by construction, & is a strictly positive constant. Finally, since both g(-)
and g(#, -) are densities and integrate to 1,0 < gy < 1. QO.E.D.

Lemma 1 implies that the proposal density of the modified Metropolis—
Hastings algorithm has an important property: regardless of the current para-
meter values or the number of iterations, every neighborhood in the compact
parameter space is visited with a strictly positive probability.
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LEMMA 2: Let h(-) be a continuously differentiable and uniformly bounded

function which satisfies the inequality h(6*) > sup,_o q(0, 6*). Let &, and g(-) be
defined as

£l E/E(émé, 20 =

Then 1 < g, < oo and for any 0, 6* € 0,
q(0, 0) < &:8(6").

PROOF: Using similar logic as in Lemma 1, one can show that for any 6* € 6,
SUp,.e q(0, 6) exists and is bounded. Then g(6) and &, satisfy the conditions
of the lemma. Q.E.D.

Lemma 2 implies that the proposal density is bounded above, the bound
being independent of the current parameter value or the number of iterations.

PROOF OF THEOREM 1: For notational convenience, in the subsequent
proofs we omit . We need to show that for any s € S, €, and 6 € O,

V©(s, €, 0) >V (s, € 60) uniformly, as t — oco.
But since
V(s e, 0) = mahxv(’)(s, a,e,0),

Vs, €, 0)= mzsz(s, a,e0),
it suffices to show that for any s € S, a € 4, €, and 6 € 6,

VO (s, a, e 0)>V(s,a,e 0) ast— oo.
Define

Ky(6— 67
N (1)

D Ki(0—6"")

k=1

WN(z),h (9, 0(:—;1)) =

Then the difference between the true value function of action a and that ob-
tained by the Bayesian dynamic programming iteration can be decomposed
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into two parts as follows.

V(S7 a, e, 0) - V(t)(sa a, e, 0)

= ,3|:/ ZV(S/, €,0)f(s'|s,a,0)dF.(€, 0)

N(t)

_ Z Z V(t—n) (S/, e(t—n)’ 0*(1—n))f(sr|s, a, 0*([—/1))

n=1 s

X WN(IM(Q, 9*<t—n)):|
P [/ D Vs, €, 0)f (s, a,0)dF(€,6)

N(t)
— Z Z V(s’, e(t—n), 0*(t—n))f(s’|s, a, 0*(1_n))WN(l),h(0, 0*(t—n)):|

n=1 s

N(t)
" "[Z STV (s €0, 0°0-0) — pen (s, eien, g

n=1 s

x f(s'ls, a, 0"~ ) Wy (6, 0*(’”)):|

= A" (0)+ A" (0).

The kernel smoothing part is difficult to handle because the underlying dis-
tribution of #*® has a density function conditional on §“~V. Therefore, in-
stead of deriving the asymptotic value of ﬁ Ziv:(? K, (6 — 6*0) as is done
in standard nonparametric kernel asymptotics, we sometimes derive and use
its asymptotic lower bound and upper bound. Lemma 1 is used for the deriva-
tion of the asymptotic lower bound. Lemma 2 is used for the derivation of the
asymptotic upper bound. Using the results of Lemmas 1 and 2, we prove the
following lemma.

LEMMA 3: |AY)(0)| £0 uniformly in O as t — oco. Furthermore,

Pr[sup|A<1’)(0)| < Clh(3/2”] >1— G

6e6 N

where C, and C, are positive constants.
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PROOF: Denote

EV(s,€,a,0)=) V(s,€,0)f(s']s,a,0).

Recall that

'Ai”(e)

B = ‘/EX/V(S, €,a,0)dF.(€,0)

N(1)

=Y EV (s, €™, a, 0" ) Wi (0, 67)
n=1

Rewrite the preceding equation as

n=1

AY)(Q) B 1 N(1) ) )
' 5 ‘_ N(t)Z(/ES/V(s,e,a,H)dFE/(e,G)

- Es’V(S7 e(t—n), a, 0*(t_n))>Kh(9 — 0*“‘”))

1 N(t) .
- _ pxlt=k)
/(N(t) ;Kh(o ) ))'

We show that the numerator goes to 0 in probability uniformly in @ and the
denominator is bounded below by a positive number uniformly in @ with prob-
ability arbitrarily close to 1 as t — oo.

Let

XN(I),t—n(G)
= |:/ EsV(s,€,a,0)dF.(€,0)— Es’V(S, €M g, 0*(t_n))i|

x Ky (6 — 677),

N(t)

XN([)(G) = m ZXN(I),tfn(O)-
n=1

First, we show that E[Xy,(6)] — O uniformly in & as N(t) — oo (h — 0).
Since | [ E V (s, €, a, 6*"™)dF. (€, 6*“~™)| is uniformly bounded, by change
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of variable and by the bounded convergence theorem, we get

E|:/ EV (s, €,a,6"")dFa(e, 0" ") K, (0 — 67")

e(l—ﬂ):|

= /[/ E/V(s,€,a,0—hz)dF.(€,0— hz):|
x K(2)q(6"™", 0 — hz)dz

and

[/ EyV(s,€,a,0 —hz)dF.(€, 0 — hz)]K(z)q(B“‘”), 0 — hz)
— U E )V (s,€,a,0)dF.(€, 0):|K(z)q(6“"), ) ash— 0.

Because | [ E,V (s, €, a, 6) dF.q| is uniformly bounded, by the bounded con-
vergence theorem, we obtain
e(l—ﬂ):|

- /EX/V(S, €,a,0)dF.(€e,0)q(6"™,0) ash— 0.

E|:/ EV (s, €,a,6"")dFa(e, 0" ") K, (0 — 67")

Thus, we have shown that
E[Xyw.—n(0)]0"] =0 ash—0.

Because |E[Xy.—.(60)]0“]| is uniformly bounded, by the bounded conver-
gence theorem,

1 X .
(A1) E[XN<t>(9)] - E[W ZE[XNm,t—n(e)’H( n)]j| — 0,

n=1

as N(t) — oo.

We can also show that the above convergence is uniform. For some 4 > 0,

(A2) Sup|E[XN(t),t—n(9)]| =sup
0O

0O

E|:|:/ EJV(s,€,a,0)dF.(€,0)
— [ BV a0 are, 9*<f—n>)}

x Ky(0—6°")I(]o— 6| < \/E)”
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+ sup
0O

~ [EViscia o) are. 0*“'“)]

EH f EV(s,€,a,0)dF.(€, 0)

x Ky(0— 0") (|6 — 07| > \/E)] ‘

By Lemma 2, q(6, 6') < ,g(9') for any 6, 6 € O. Furthermore, because both
E V(s,€,a,0)and dF. (€, 0) are assumed to satisfy the Lipschitz conditions,
there exists a constant B such that

right hand side (RHS) of (A2)

§E[ sup B|0—0*|Kh(0—0*)]

0,0'€0,10—0%|<Vh

+ 2sup

0O

/ES/V(S, €,a,0)dF. (€, 0)‘
« & / K(2)3(0— hz)dz
lzI>1/vh

<é& sup
0,0'cO,|0—0'|<vh

/BIO — 0"|K; (6 — 07) dg(6")

+ 2sup
0O

/ES’V(S7 6,7 a, 0) dFe’(€,7 0)‘

X & / K(2)g(0 — hz)dz.
|z|>1/h
From Assumption 8, there exists a constant 4 > 0 such that
/ K(z)dz < AW¥.
|z1>1/vh
Therefore,

(A3)  RHS of (A2)

< g sup|K|sup|g| Bh|z|dz

lzl=vh

+ 2sup

0O

/Es/V(s, €,a,0)dF.(€, 0)|supg(0)e, Ah¥
6



10 S. IMAI N. JAIN, AND A. CHING
< &y sup |K|sup |g|Bh™ /2

+ 2sup
0cO

— BthJ

/ES/V(S, €,a,0)dF.(€,0)|supg(0)e, A
0

for some positive constant B;. Therefore, we have shown that the convergence
in (Al) is uniform in 6.

Next, we show that Xy, (6) converges to zero uniformly in @. Here we fol-
low Section 10.3 of Bierens (1994) closely. Denote

N(1)

RN(t)(G) = m Es’V(S, E(I_n), a, 0*(t_n))Kh(9 _ 9*(1—:1)).
n=1

By using the Fourier transform, we can express the kernel as

1 J
K(x)= (E) /exp(—iz’x)(p(z) dz,

where ¢(z) = [exp(iz'x)K(x)dx. By Assumption 6, [ |¢(z)|dz < oo. Then,
by Fourier inversion,

(A4) Ry (0)

N(1)

17 1
=\~ 7 , (t—n) w(t—n)
a [277} N(OW ;EVS (s,€"™, a,6°'™)

77 _ p*t—n)
x/exp( zz(0h0 ))Lp(z)dz

N(1)

17 1
— , (t—n) *(t—n) . s px(t—n)
— [277} NG -/|:,,X_1:EK (s, €™, a, 0" ") exp(iz'0 )}

x exp(—iz'0)(hz)dz.

Hence,

(AS)  E[sup|Ry((0) — E[Ry(0)]]
0O

< i J/E L%{EV/(S e=m g4 0*({—11)) eXp(iZ/H*(t_n))
T 27 N(t) = AT T

— E[EV;(s, "™, a, 6*"") exp(iz'6*")]} ‘ |y (hz)|dz.
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Using the Liapunov inequality and exp(ia) = cos(a) + isin(a), we get
N(t)

Z{EVs’ (s, €, a, ) exp(iz 0°~)

n=1

gl L
N(1)

_ E[EV;/ (S, E(t—n)’ a, 0*(t—n)) exp(izfa*(t—n))]}‘

N(t)
= {Var[ D EVi(s, "™, a,077") cos(z/e*("”)}
n=1

NG 1/2
+ Var|: Z EVy(s, "™, a,6™") sin(Z/O*“_”)):| } .
n=1

Now, because €, €"™ n £ m are i.i.d.,

COV[EI/S, (S, E(t—n), a, 0*(Z7n)) COS(Z/G*(Fn)),
EVy(s, €™, a, ") cos(z'§*~™)] =0.

Hence,
k2
Var EVy (s, e a, 9*<t—n)) COS(Z/O*(t_"))i|
N (1) —
1 N(t) N(1)
= —N(t)z Z Z COV[EI/S/ (S, 5([41)’ a, 0*(!41)) COS(Z/O*(F"))’
n=1 m=1
EVy(s, €™, a, 6*""™)cos(z'6*"™)]
Ly
= — Var[EVs, (s’ E(l—n), a, 6*(t7n)) COS(Z/O*(tin))].
N(t)z n=1
Similarly,

N(t)
Var|:Ntt) ;El/sr (S, E(t—n)’ a, 0*([—:1)) Sin(z/e*(t—n)):|

N(t)

TN
=1
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Together, we derive that

(A6) E[SUP|RN<0(9) - E[RN(t)(e)“]
0cO

1 J 1 N(t)
<[on] [t Dttt oo csteorn)
T

n=1

12
+ Var[EVy (s, €™, a, °“"") sin(z' 6" )]} } | (hz)|dz

N(t)

1 ; 1 1/2
5{%} {WZsup EVi s, e,a,9>|2} [ whzyiaz

=1 00, e

17 1 12
=|:Ei| {W:;;UEK'(S,E,% 9)|2} /|¢(Z)|dz~

Therefore, from Chebychev inequality, for « = 3/2,

B
(A7) Pr[sup|RN<t>(0) — E[RN([)(O):” < ha]:| >1-— 2

) /N (t)h¥ 0+’

where B, = [3-1' supy.e . [V (5, €, 0)| [ |4(2)| dz. Thus, we have shown that the
numerator of 4\”(#) — 0 in probability uniformly in 6 € ©.

We next show that the denominator of A" (8) is bounded below by a positive
number uniformly in @ with probability arbitrarily close to 1 as t — co. Let

R(tin) _, g(e*(t—n))
= Oq(e(tfn), gr-my’

Then, from Lemma 1, 0 < R“™ <1 and 0 < g, < 1. Also, define a random

variable

Y (g) = K, (6 — 6" (q)) with probability R“~™,
|0 with probability 1 — R,

We denote 6*~"(q) to mean that 6*~™ is generated from a distribution func-
tion g. Then Y™™ is a mixture of 0 and K,(6 — 0*~"(g)), with the mixing
probability being 1 — g, and ;. That is,

YU () = Kh(H — 0*<’*">(g)) with probability &,
10 with probability 1 — &;
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equivalently,
Y(t—n)(g) — Kh(e _ 9*(t—n)(g))1(t—n)’
where

Ju-m _ 1 with probability &,
|10 with probability 1 — &.

From the construction of Y=,
Y(t—n)(e) < Kh(G _ 9*(t—n)(q)).

Now, because 0"~ (g), n =1,...,N(¢), are ii.d., we can follow Bierens
(1994, Sections 10.1 and 10.3) to work with the Fourier transform of the kernel:

N(t)

(t—n)
Nm ZY (6)

LS pem( LY —iz'(6— 6" (9))
= m L 1 (ﬁ) /exp( 2 >l,[/(Z) dz

1 J 1 N(1)
_ = (t—n) - x(t—n)
- (277) /|:—N(t) ;1 exp(iz'6 (g)):|

x exp(—iz'0)y(hz)dz.

Hence, following (10.3.5) and (10.3.6) of Bierens (1994), we get

1 N(1t) 1 N(1)
_ Y(l*n) 0O —E| —— Y(t—n) 0
PR Pt |
N(t)

1 ! 1 (t—n) - 1 nx(t—n)
< (ﬁ) /E W;{] exp(iz' 0" (g))

E [sup
]

— E[I"™" exp(iz' 6" ()]} ‘ lY(hz)|dz

E[17]
NU( >/|¢<hz>|dz

E[I?
‘/N(g)h]”( )/|¢<z)|dz
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Furthermore,

1 N(t)
- (t—n) —
E|:N(t) ;Y (9)} = £0g(0).

From Chebycheyv inequality, for any « > 0,

N
B;
A8 P Y=m(g) — 0 1- - R
(A% f[i‘:}?zmz “ ‘S”g””} PNAOT
where By = (=)' VEI? [ |(z)|dz. That is,
N(t) B
. (t-n) ; S N
Pr|:})2£ NG ; YY" (0) 4+ k > g brelef)g(())] >1 NGO

Now, choose k = § infyep £9g(6). Then

NG
P{g%iyw (9) > —80 1nfg(0):| >1-— \/]%h”
where
2VET [ 1021z
b= (2m)’ inf e0g(6)
Since
NG NG

P ACELACOED I St
n=1

n=1
we conclude that
N(t)

. 1 *(t—n
(A9) Pr|:é2£WZKh0 6" (q)) > —solnfg(O)j|
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Now, we use (A3), (A7), and (A9) to derive the following inequality for 4 < 1:

(A10) Pr |:sup

0O

<’>(0)‘ (1 +B1)h“f}
580 1nfg(0)

sup [|E[ Xy ()] + [Ry (6) — ERy o (0)]]

0O
Pr

N(t)

ZK,,(B 6"")

050

N(t)
ha]+B1h21
S —
1 . £ (0
&0 Infg(6)
> Pr [sup|E[XN(t)(0)]’ SBlhzj]

0O

N [sup| Ry (0) — ERN(,><6>|sh“’]

- 0O
1 inf g(0
> 780 10f8(0)

>1- Pr[su(l))|E[XN(,)(0)]| > B |
0c6

N(t)

1
fl—— Y K, (06— 0"
o N(t); at )

Nli
0cO

N(t)

. Pr[sup]RNm(e) — ERy(0)] > h“’]
0O
ZKh 0*(t n)

—Pr |:inf
960
B, B;

/NG JNOW
(B, + B3)

/N(t)th(Ha) ’

Letting C; =1+ By and C, = B, + B;, Lemma 3 follows. O.E.D.

1 .

>1-
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Next, we proceed to prove A (8) L 0ast— oo uniformly in 6.
Recall that

(A11)  V(s,a,€,0)—V(s,a,¢€,0)

N (1)

Z[EVs'(S, E(t—n), a, 0*(t7n))

n=1

=AY)(0)+[{

_ EI/;[_n)(S, e(t—n)’ a, 0*(t_n))]WN(t),h(9, 0*(t—n)):| .

Notice that if V' (s, €, 8) > V'V (s, €, 6), then

0<V(s, e, 0)—V (s, e, 0)
=maxV(s, a, €, 0) —max V" (s, a, €, 0)
acA acA

< m:ilx[V(s, a,e,0)—V(s,a,ceE, 9)]

< max|V(s, a,€,0) = V(s,a, €, 0)].

Similarly, if V' (s, €, 0) < V(s €, 6), then
0<V9(s, e, 0)—V(s, e, 0)
= mazXV(’)(s, a,e,0)— mELXV(s, a,e,0)

<max[V"(s,a,€,0) —V(s,a,¢€,0)]
acA

< max|V(s, a,€,0) = V(s,a, €, 0)].

Hence, taking the supremum over s on the right-hand side of (A11) and then
taking absolute values on both sides, we obtain

(A1) |V(s,€,0) —V"(s, € 0)|
<max|V(s,a,€,0) — V" (s,a,€,0)|
acA
N(t)
Z§up |EV, (5, €', a, 07")

seS,a

<sup|A4)”(6)| +B[
s'eS

n=1

— EI/Sftfn)("'S?’ E(l—n)’ a, 6*(t7n))|WN(t),h(0, 0*(tn))i|
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N(t)
<sup|4;"(0)| + B |:Z sup|V/ (5, €™, g~
s'eS =1 ses

_ V(t—n) (’S\, e_(z‘—n) , 0*(1?711)) | WN(!),h (0, 0*(tn)):| .

Denote

AV(I)(E(t)’ 0*0)) = sup\V(’s\, e_(t), 0*(0) _ V(t)(is?, E(t), 0*(t))|.

ses

Now, [V (s,€,0) — V" (s,¢€,0)| appears on the left-hand side (LHS) and
[V (5, €=, gx=m) — YU=m (s e~ g*=m)| appears on the RHS of equation
(A11"). Using this, we can recursively substitute away [V (s, €™, 6*/~") —
V=m (g, et~ 9*=m)|. This logic is used in the following lemma. Before we
proceed with the lemma and its proof, we introduce some additional notation.
For 7 < t,let

W (t, 7) = BWwa(6,6),

where 6 is the parameter vector at iteration ¢ and 6’ the parameter vector at
iteration 7. Now, for N > 1 and for m such that 0 < m < N + 1, define

lI/\m(t_{—ﬁ7 f, T) = {]m = (tma bnts -5 11, t()):

th=t+N>t, 1>--->t,>H>t1ty=r}

That is, ¥,,(t + N, ¢, 7) is the resulting set of iterations where the largest is
t + N and the smallest is 7, and the other m — 1 iterations are greater than or
equal to ¢. Furthermore, let

N+1 m
W(tw,mzz{ S [Pl
m=1 \ ¥, (t+N,t,7) k=1

Notice that W(t, L,T)= W(t, 7).

LEMMA 4: Forany N > 1,t >0,

(A12) AV (e, 6) < sup| 4™ (0))

s'eS

=z

-1

W({t+N,t+N—m,t+N—-m—1)

M \

_|_
0

3
Il
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X sup } Aiwﬂ—m—l) (0*(t+ﬂfm71)) ‘

s'eS
N(1)
+ Y AV (e, 0 YW (1 + N, £, 1 — n).
n=1
Furthermore,
N(t)
(A13) Y W(+N,t,t—n)<B.
n=1

PROOF: First, we show that inequalities (A12) and (A13) hold for N = 1.
For iteration ¢ + 1, we get

AV (e, 0) < sup| 4]V (0))

s'eS

N(t+1)
+ Z AV(t+1fn)(€(t+lfn)’0*(t+17n))

n=1
X W(t+1,t+1—n)
< sup| AV ()| + AV (e©, 0OV (¢ + 1, 1)
s'eS
N(t+1)—-1 N
+ > AV )W+ 1, — ).

n=1

Now, we substitute away AV (e, 6*”) by using (A11") and the fact that N (¢) >
N(t+1)—1:
AV (e, 0) < sup| ATV (0)]

s'eS

+sup| AV (6* )W (t+1,1)
s'eS

N(1)
+ Z AV(t—n)(E(l—n)’ 0*([—/1))
n=1
< (Wt+1,OWt, t—n)+W(t+1,t—n))
= sup| AV (0)| +sup| AL ()W (1 +1, 1 +1, 1)

s'eS s'eS
N(1t)

+ Y AV (T, 9TV (41,1, — n).

n=1

Hence, inequality (A12) holds for N = 1.
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We now prove (A13) for N = 1. Since

N() _ N(1)
Z W(t’ t— n)/ﬁ = Z WN(t),h(O*(t), 0*(Z—n)) = 1,
n=1 n=l1

then
N(t)
ZW(t—I—l,t,t—n)
n=1
N(t) N - N(t) -
=ZW(I+1,t)W(t,t—n)—{—ZW(t—i—l,t—n)
n=1 n=1
" N(t) - N(t) -
=We+1,0Y W, t—n+Y Wt+1,t-n)
n=1 n=1
~ N ~
=BW(t+1,0+Y Wi+1,t—n)
n=1
N()+1 "
<Y We+1,t+1-n).

n=1

Since W(t+1,t4+1—n)=0foranyn> N(t+1),

N+ N(t+1)
Z Wit+1,t41—n)= Z Wit+1,t+1—n)
n=1 n=1
N(t+1)
=B Z WN(t+l),h(0*(t+1): 9*(t+1_n)) =pB.
n=1

Thus,

N(1)

Y W(t+1,t,t—n) <p.

n=1

Hence, inequality (A13) holds for N = 1.
Next, suppose that inequality (A12) holds for N = M. Then, using ¢ + 1
instead of ¢ in inequality (A12), we get

AV([+1+M)(€’ ) < sup|A§’+1+M)(0)|

s'eS

M-1
+Y W1+ M, t+1+M—m,t+ M —m)
m=0
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X sup | A(1t+M—m) (0*(t+M—m)) |
s'eS

FAVO (€D, YW (t+1+ M, t+1,1)

N(t+1)
(t+1—n) ( (t+1—n) *(t+1—n)
+ Z AV (e ,0 )

n=2

xWit+1+M,t+1,t+1—n).
Now, using (A11") to substitute away AV (e, 6*), we get

(Al4) AV (e, 9) < sup|A{HV(0)]
s'esS

M
+ZI717(t+M+1,t+M+1—m,t+M—m)

m=0

x sup|A§t+M7m) (0*(t+M—m)) |

s'eS

N(t)

+ Z AV(t—n)(e(t—n), 0*(t—n))

n=1

x[W(E+M+1,t+1,0OW(t,t—n)
+WE+M+1,t+1,t—n)).
CLAIM: Now, we claim that, for any M > 1,
(A15) WE+M,t+1,0OW(t,t—n)+W(E+M,i+1,t—n)
—W(t+M,t,t—n).
PROOF: Let

Y (t+M,t,7)
E{sz(tm7tm717---at1at0):
th=t+M>t, > -->HL>t+1,,=t,t,="1}.

Notice that

V. (t+M,t+1,7)

E{sz(tmatmfh---atlatﬂ):
tn=t+M>t, 1>--->bLb>t>t+1,ty="1}.
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Then

v.(t+ M, l‘,T)=1I’m,1(t—|—M,t, U, t+M,t+1,71)
and

V.t+M, t, )NV, (t+M,t+1,7)=0.
Also,

Yya(t+M,t+1,7)=0.
Therefore,

W(t+M,t, 1)

EMi{ 3 ﬁW(tk,tk.)}

m=1 \ W (t+M,1,7) k=1
M+1 m "

ZZ{ Z l_IW(tk;tkl)}
—

=1 L%, (+M,1,7) k=1

M+1 m -
+Z{ > ]'[W(tk,tk_l)}

m=1 \ ¥, (t+M,t+1,7) k=1

M+

m—1
= { Z HI/NV(tk,tkl)}W(ta T)

m=2 \W,,,_{ (t+M,t+1,1) k=1

—_

+f{ > lﬁ[%,rkl)}

m=1 ¥, (t+M,1+1,7) k=1

M m
z{ 5 nfvm,w}m, "
Yin

m=1 (t+M,t+1,1) k=1

M m
+Z{ Z HW(tk,l‘k—l)}
m=1 \ ¥, (t+M,t+1,7) k=1

=WE+M,t+1,0OWt, 1)+ WE+M,t+1,7).
Hence, (A15) holds and the claim is proved. Q.E.D.

Substituting this into equation (A14) with M + 1 instead of M yields the first
part of Lemma 4 (that is, (A12)) by induction.
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Next, suppose that (A13) holds for N = M. That is,

N(t)

Y W(t+M,t,t—n)<p.

n=1
Then, denoting ¢ = ¢ + 1 and using (A15) with M + 1 instead of M, we get

N(t)

Y W(t+M+1,t,t—n)

n=1

N(t)
=Y W+M+1,t+1,0W(t, t—n)

n=1
N(t)
+Y We+M+1,t41,1—n)

n=1
N(t)
<SWE M, t,0+> WE+M,{,t—n)
n=1
N(t')
=Y W +M, 1,1 —n)<p.
n=1

Hence, induction holds and for any N > 0,

N(t)

Y W+N,t,t—n) <B,

n=1

which proves the second part of the lemma (that is, (A13)). Thus, Lemma 4 is
proved. Q.E.D.

We sometimes suppress the arguments of A4, for convenience. Now, for any
m=1,...,N(l), if we substitute #(/) — m for t + N and ¢(/ — 1) for ¢, then
equation (A12) becomes

AV(t(l)—m)(E’ 9) < sup|A§’(1)_'")(0)]

s'eS
Nh—-m
+ Y Wy —mt()—m—i,t()—m—i—1)
i=0

D—m—i—1
xsup|AY() mt )|
s'eS
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N(-1)
+ Z AV(t(l—l)—n)(E(z(l—l)—n)’ 0*0(171)7;1))
n=1
x Wty —m, t(l—1),t(l — 1) — n).

Now, we take a weighted sum of AV (e g«tO-m) 1y =1 ... N(),

where the weights are Wy, ,(6, *“©=™). Then

N
(A16) ZAV(t(l)—m)(E(t(l)—m)’ O*U(l)_m))W}\NJ(I),h(G, 9*(t(l)—m))

m=1

N

< su A(I(l)—m)
;{ s’e¥€)| ! ’
N—m
+ Y W) —m ity —m—i t()—m—i—1)
i=0

% Sup|Agt(Z)mil)|}Wﬁ(1),h(9, 0*(t(l)—m))

s'eS

N Ni-1)

+ Z Z AV(t(l—l)—n)(E(t(l—l)—n)’ 0*(:(1—1)—;1))

m=1 n=1

X W (t(l) —m, t(I = 1), t(l = 1) — n) Wiy, (6, 60D~™).

Now, let A(l,]) = B,(l, ) + B,(l, 1), where

N

B\(l,]) = Zsup|A(1t(1)—m)‘Wﬁ(1)yh(0, 0*(1(1)%))’
m=1 58
N
B, = Z Wi (6, 9*(t<l>fm>)
m=1
Ny-m
i=0
X Sup|A§t(1)*I’ﬂ7i71) }’
s'eS

and denote h; = h(t(l)) as the bandwidth at iteration (/).
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LEMMA 5: A(l, 1) L 0asl— o uniformly in 6.

PROOF: We first show that B,(/,[) £0 uniformly in . Now

N() 1
(t(h)—m) . H—
ZSUP |4} " | = Km0, g O=my

m=1 s'eS ﬁ(l)
(A17) B(1,])=" —
1
= ZKh(ﬁ(l))(a, 9*(1(1)_1{))
N S

Because [EV; (s, €, a,0)dF. (€, 0) and EVy(s, €™, a, 6*~™) are uniformly
bounded in a, €, e*, and 6, 6™ € @, A" is uniformly bounded. Hence,
there exists 4 > 0 such that A4!” < A for any ¢. By Lemma 3,

(A18)  E[ sup [40)]]
a,s'e€S,0 c®

<GP Pr| sup |40

a,s'eS, 0 e®

< cnon]

+ AP sup |A(8)] = AP ]

a,s'eS, 0 €O
AGC,

VN ()R

< Clh(3/2)1 +

and

(A19) E[ sup |A§’)(0/)|2]

s'€S,0' €O

§C12h3JPr[ sup |A4}"(6)

s'eS,0' €O

< cnon]

+ A Pr[ sup |A4}(6)

s'eS,0' €O

>C h(3/2)]]

A,
VNI

Now, using the Fourier transform method of Bierens (1994), we let

<Ch¥ +

Y, = sup |40

5'€S,0'€O
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Then

N

(A20) E[sup~ > sup A0

0c0 N(I) i yes,oeo

Kh(ﬁ(l))(ga 0*(””)(61)):|

Ny
<gkFE |:sup Z Kh(N(t)) 9, 6+ (g)):|

96()

1\ 1 Yo 2
<e|=— ) {E| =) Yn,cos(6“™(2)
81<2ﬂ>{ [Mb; ( g)}

1 Ny 2y 172
Y, sin(6*~ ’")(g)):| } /ll//(hz)|dz
L

1 J 1 1\7(1) 24172
< 2E| — Y, / hz)|dz.
el<277) { [N(l); } } |y (hz)|dz

The last inequality holds because Y,, > 0. Now

Ny 2 R Ny
[ZYm} =D Yo 42) V.Y, <) Yo+ [Va+ Y
m=1

m=1 m>n m=1 m>n
N

<2N(HY Y2
m=1

Hence,

(A21) RHS of (A20)
1y 2Ny YO v
2E| = y? / hz)d
<8'<2w>{ [N(Z)Z; g A

1
<2&—

A G, 1
C%h?’.+7<—) /|¢<z)|dz
hy JNU =1y \27
L AG 1y
_2e |0 42 (L /|¢(z>|dz

-0 asl— oo.

25
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Assumption 7 (h(ﬁ(k +1)YN(k+1)— 0o as k — 00) and

N (k)
_— —
Nk)+1

as k — oo together imply N - 1)h)! — oo as [ — oo Therefore, the numera-
tor of By (!, 1) in (A17) converges to zero in probability uniformly in . Further-
more, from (A9), we know that the probability of the denominator of (A17)
being larger than 1 infsce g(6) uniformly in @ can be made arbitrarily close
to 1 by making ¢ large enough. Therefore, B,(/, ) L 0asl— oo uniformly
in 6.

We next show that B, ([, [) N uniformly as ¢ — co.

For any ¢’ > t > 0, let, K, 1) = K,(6" — ). For 7, > 7, >  and for [
such that (I — 1) < 7 < ¢(l), define W*(7;, 75, 7, J) recursively to be

W*(Tb T2, T, 1) = I/~V(Tl9 T)9
T1—T)

Wi(r, 1, 1,2)= Y W, m— W (1 — j, 7,7, 1),

j=1

T1—1p—(k=2)
W*(TMTZa T, k)E Z W(TI7T1_j)W*(Tl _j’ T2, T7k_1)-

j=1

Notice that for 7 < 7, — N(7,), W*(11, 72, 7, k) = 0 for all k. Similarly,

1 ~
K*(Th T2, T, 1) = mK(Tla T)a

T1—T2

I = . .
K*(Tla T2, T, 2) = Z mK(Tla T1 _.])K*(Tl -T2 T, 1)7

j=1

T1—m2—(k=2)

K*(T1’T277? k)E Z WE(TI,T1 _])K*(Tl _j’ T2aT,k_]~)a

j=1
and, for 7 < 7, — N(7,),

K*(Th T2, T, k) =0.
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Then, for any 7| > 7, > 7,

N+1

(A22) W(T], Ty, T) = Z Z l_[ W(fk, t 1)

m=1 Yi(71,7m2,7) k=1

T1—72+1
== Z W*(Tl, T2, T, k)'
k=1
Hence,
ﬁ(l)fm .
S AP = mty = m—i 1ty = m— i~ Dysup| 4y
i=0 s'eS

N—m ( i+1
= Z {ZW*(t(l)—m,t(l)—m—i,t(l)—m—i—l,k)

i=0 k=1

s'eS

% Sup|Ail(Z)mil)|}

N-m (N(-m
= Z { Z Wty —m, t() —m—i, t(l)—m—i—1,k)

k=1 i=k—1

% Sup|Ail(l)fmfifl)| } .

s'eS

Also, notice that, for any 7 such that (I — 1) <7 < t(]),

(A23) W*(t,i—i,t—i—1,k)

k

W (1,1—i,i—i—1) j=1

W, (T 7-i,i-i—1) j=1 ~
E K, t-)
i=1
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N(1)

inf
t(l D<t=<t(])

inf
t(l D<t=<t(l)

ZK(I t—z):|

N([) t(l-1)<t<t(l) &
- 1

N.JAIN, AND A. CHING

k
> TR -0

W, (1,1 1—-i-1) j=1

N(1) -k

ZK(I t—i)

N(t)

Zl?(z,t—i)
=1

SR, 1)
N

K& T—it—i—1,k).

Hence, for any 0 < 6 < 1 we get

Ny Ny

(A24)  Pr |:Z Z Wi (0, 67O~

k=1 m=1

Ny-m

x Z W) —m, t() —m—i,t(l)—m—i—1,k)

i=k—1

% Sup‘Agt(l)—m—i—1)| >

s'eS

N

> Waar

m=1

N)
< Pr|:U

k=1

|

Ny—m

81\7(1)+1

S —
1-06

|

0 6*(1‘(1) m))

x Z wrt() —m, t(l)—m—i,t(l) —m—i—1,k)

i=k—1

X sup|A§t(l)7’"7"71)| > ok

s'eS

N

<ZPr

Ny-m

m=1

i

N
|:Z WN(l)h 9 9*0(1) m))

x Z W) —m, t() —m—i,t(l)—m—i—1,k)

i=k—1



BAYESIAN ESTIMATION OF DDC MODELS 29

s'eS

X sup|AY(l)_m_‘_1)| > 5":|

N N
H—
< ZPr{ |:ZK’4<1\7<1))(9’ g m))
k=1 m=1

N—m
x > K ) —m, () —m—it() —m—i—1,k)
i=k—1
, S k
« SSZE|AY(Z)_m_l_D| > [4143 & irgfg(@)} j|

1 Mo 1
v |:z(l 1)j<z(1)|:N(l) ZK(t 1= l)i| < —Aé‘o 1nfg(0)i|}
Ny Ny
= ZPr[Z Ky (6, 9*<t<l>—m>)
k=1 m=1

Ny—-m
x Z K(t() —m,t(l)—m—i,t(l) —m—i—1,k)
i=k—1
) 5 k+1
% Ss}i?|A;t(l)—m—l—1)| > |:4AB & i1gfg(0):| :|

1 N(1) N 1
* Pr|:r<1—11>r<lf<t<z)|:ﬁ(l) ;K(t ):| <3450 1nfg(0):|

First, we consider the first term of the RHS of equation (A24). We prove the
following claim.

CLAIM 1: The following inequalities hold:

Ny—m
(A25) E{ > K ) —mt() —m—i,t(l) —m—i—1,k)

i=k—1

X sup |A§’“>mi1>|}
s'€S,0'€O
k+1

Sli{supEe[Kh,(e’_g(g))]}kE[ sup |A(1t(l)7m—i—1)|i|’

- (k - 1)' 0O s'eS, 00
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N()—m
(A26) E{ > K e)—m e —m—i,t(l) —m—i—1,k)

i=k—1

2
% Sup \Ait(l)—m—i—l)|}

s'eS,0e®

8’1<+1 2 %
52((k_ 1)!) {sup £,[K, (6 — 0 @]

< E[ sup A0 mvp],

s'eS, 0O

PROOF: First, by definition of K*, note that

N()-m
(A27) E{ > K —m () —m—i, i) —m—i—1,k)

i=k—1
D—m—i-1
x sup A"
s'eS,0 €O

1 Ny—m

=% YD IGe=tth-m—i—1,

i=k=1 ji,niio

ty—-m—i<ji<p<--<j=t(l)—m)

k—1
X E[{H[Kh(e*(/t+l) — 0*]:)]} Sup |A(1t(1)—m_i_1)|} '

=0 s'eS, 0O

For k > 1, let (Jo, ji,...,jx) satisfy t() — m—i—1=ji< ji<jp<--<
Jji—1 < jx = t(l) — m. Denote the conditional transition probability from 6*
to 0**D given H" as p*(6*", *"+D|H") or, in shorthand, p**V, and denote
f(0" D197 "HD) to be the conditional distribution of 8“1 given 6*, H®,
Then

p*(e*(t)’ 0*(z+1)|H(Z)) — /f(e(t+1)

581/]0(0(:+1>

= e, F(6").

0*(0, H(l))q(e(tJrl)’ 0*(t+1)) dG(H»l)

0*(0 , H(t))g( 9*(t+1)) de(tﬂ)
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Therefore,

t(h—m

(A28) { 1_[ p*(e*(s—l)7 9

s=2

'H(s—l))}

k—1
< [H 81§(9*(jm>):|
m=0

t(hy—m
x { [T [pr (0, 0 [H) 1G5 2 b

s=2

+1(s= {jm}fn=lo)]}-

Because K;(-) >0forany0 < ¢ < ¢,
E[Kh(e*(t’) _ 0*(0)] — E[Kh(O*(t/)(p*(’/)) _ 9*(t)(p*(t)))]
< elEAE[Ki (67" (%) — °(®)]}-
Furthermore,

(A29)  Eyo[Ku(0'(®) — 0] = Ev[Eo{ K, (0'(®) — 0))}]
< sup Ey[ K, (6 — ()]

0c®
Using (A28) and (A29),

k-1
(A30) EHH[K;,(G*(”“) 6*<f”)]}sup|A (t(h=m—i~ 1)|‘H(Io)i|

i=0 s'eS

k
< gl+1E|:{l_[ Kh 9*(h+1)(g) _ 9*(/1)(8))]} Sup|Ait(1)_m_i_l)|:|

s'eS

k—
< 811‘+1E|:{1_[SUp[Kh,(g/ _ 0*(ji)(§))]} Sup|A§t(l)—m—i—1)|:|

i=0 0'c® s'eS

—s’l‘“{supEg[Khl(O’— 9*(§))]}kE[ sup \Ai’(l)f'"*i*l)(e/)”.

0'cO s'eS,0' €O

31
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Furthermore, for any i, m such that 0 <m +1i < N () and for any k£ > 1 such
that k <m +1,

(A31) DI —m—i<ji<-<jici<t()—m)

1o Jk—1

ﬁ(l)k—l .

1 ( [i]! )
NI\ (k= DI — (k—1))!

_WyNor 1
~ (k=1 “ (k=1

Substituting (A30) and (A31) into (A27), (A25) follows and hence the first part
of Claim 1 is proved.

Now, let Y; = K*(¢t(l) — m,t(l) — m — i,t() — m — i — 1,k) x
SUP, s geo |47 7"|. Then

N()y-m
E{ Kt —m i) —m—i,t(l) —m—i—1,k)

i=k—1

s'eS, 0O

2
X sup |Ait(l)—m—i—1)|}

Ni-m 7?2 _ N(y—m
sE[ > Y,»] 52N(1)E[ ) Y?}

i=k—1 i=k—1
2N (1)
ﬁ(l)zk

=

N-m
x Y E|: oI —m—i<ji < <ji <t(l)—m)

i=k—1 Jlreordk—1

k-1 2
1_[ K. (6701 — 9*00) ] sup| 40 O-m=i=1
<Ll lplate

2(k+1
281(+)

ﬁ(l)zk—l

=

N)—-m

2
x Z[ > I(t(l)—m—i§j1<~~-<jk1<t(l)—m)]

i=k—1 =j1,.sjk—1
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k—1 )
X E|:{H[Kh(9*(jx+1)(§) — 9*(1&)(?))] sup |A§t(1)_m_i_1)|} j|

=0 s'e€S, 00

2k

<gtry) sl -r @l

xE[ sup ’AY(/)—m—i_D’z}

s'€S, 00

Hence, the second part of Claim 1 is proved. Q.E.D.

Now, using the law of iterated expectations and Claim 1, we obtain the in-
equality

1 N
E[ Z Kiay (0, 6707™)

N

Ny-m

x Z K(t() —m,t(l)—m—i,t(l) —m—i—1,k)

i=k—1

% Sup|Ait(Z)—m—i—l) |j|

s'eS

N

N(l) |:Kh(N(1)) (6, 6“7 (®))

N(—m
x Z K(t() —m,t(l)—m—i,t(l) —m—i— l,k)}
i=k—1
e 24 ]

JN(I =1k

1
in EK (0 — 0(an ]
5[81 sup £ [ K, (6 = 6] 7,

A
N T

N
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Chebychev inequality implies
N 1

(A32)  Pr |:Z ~—Kh<ﬁ<1))(9a 9*0(1)_’”))
m=1 N(l)

N)-m
x Z K(t()—mt()—m—it(l) —m—i—1,k)

i=k—1

s'eS

D—m—i— o : ‘
x sup| 4| V> [4/4[3 £0infg(6)

AC
< [Clhf/f” 4 }sf“

JN(I = DR

P e k+1

5 e k+1
/|:4A,880Hf}g( )] .

Next, we consider the second term of the RHS of equation (A24). We first
prove the following claim.

CLAIM 2: Forany t(I —1) <t < t(l), either [t(l = 1) +1 =N —1)/2,¢(I —
D+11Ct—=N@),tlor[t(I-1)+1,t(I-1)+N(U—-1)/2+1]C [t —N(1), 1]
or both.

PROOF: First, we show that for ¢ satisfying 1(l — 1) <t <t(I— 1)+ N(I —
D/2,

(A33) [r(-D+1- ﬁ(l —1)/2,tdd—1)+1]C[t—N(),t].
Because N(-) is a nondecreasing function, N (¢) > N (I—-1). Hence,

t—tl-1)<NI-1)2=NI-1)—-N{I-1)/2
<N —NI-1)/2.

Thus,
=N <t(l-1)—NI—-1)/2.

Since (I — 1) +1 <, (A33) holds.
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Next, we show that for ¢ satisfying t(/ — 1) + ﬁ(l —1)/2<t=<td),
(A34) [t(d—1)+1,td-=D)+NI-1)2+11C [t —N(@), 1.
From the definition of N ),
t) =N =td—1)+1.

Furthermore, because N (s) is increasing at most by 1 with unit increase in s,
s — N (s) is nondecreasing in s. Hence,

t—N@O<t)—NOD=td—1)+1.

Furthermore, t > t(I — 1) + N (I —1)/2 + 1. Therefore, (A34) holds. Hence,
Claim 2 is proved. Q.E.D.

Now, following an argument very similar to the one used in deriving (A9), it
is straightforward to show that for any n3; > 0, there exists L such that for any
I>L,ty=t(l—-1)+1,andfort, =t(I - 1)+ N(I—-1)/2+1,

N2 1
Pr| ——— Kivan (0 — 0 < Zg,inf g(0
|:N(l)/2 Z v ( ) < > 09668( ):|

k=1

= M3, = 13 2.
Therefore,

1 N2 1
Pr|{ ~—— K, (6 — 0*1=P) < Zg,inf g(6
HN(Z)/Z 2. Kl )= 7e0infsC )}

k=1

1 N2 1
Ul ~—— K, (60— 0"27P) < —¢g,inf g(6
{N(l)/Z 2 Kl ) = 5e0infe( )H

k=1

1 N2 1
_ px(n—=k) P
< Pr|: < D Ku(0 -6 < 580 ;g(gg(e)}

N2 =

k=1

1 N2 1
+Pr| —— K,(0—0"2"0) < Zg,inf g(0
|:N(l)/2 Z ]( )_ 28oeee)g( )

<2m;.
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Therefore,
1 N2 1
Pr“ 2 ; K, (60— 6"179) > 580 gggg(e)}

1 1
_— K,(6—6"2"0) > —g infg(0
N2 ; i ) > 5eninfg( )”

{ N2

>1- 27]3
Now, since from Assumptions 6 and 7, A(N (¢)) is the same for any ¢(/ — 1) <
t <N(I), from Claim 2, for any ¢ such that ¢(/ — 1) < ¢ < ¢(l),

%K, T N(l~—1)/2~ 1
N(l) 1 -~ N() NUI-1)2

Nu-1)/2

x Z K, (60— 6°¢79),
k=1

where either s=t, =t(I—1)+1ors=t=1t(— 1)+N’(l— 1)/2+ 1 or both

Furthermore, notice that & (11\17(11))/ 2 > -L Therefore,

i 1 W 1
. _ pxt=n) - : _
Pr t(lfll)llf‘ft(l) T 2 Ky(6—6") = 225 ;g(gg(e) >1—2m;.

Thus,
B N(1t)

(A35) Pr| inf ZK(r t—n)| < igomfg(e) <2m;.
t(l <t<t(l) N(l) 44

By (A32) and (A35),
RHS of (A24)

N —
Z[Q R 4 AG, } ght?
k=1 JNUI =R

1

x sup Eo[K,, (6 — 0&N]"

0'cO

(k — 1)!
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5 k41

/[m&) ugfg(e)} + 213
Ac Nor e

=& |:C1h§3/12)1 —_ }e}‘/\2 Z[e_)‘i] + 273,

\/m k=1 (k—1)!

4ABe sup Eg[Ky, (6 — 6(2))]

0O

dg ir(}fg(e)

where

Notice that e™*(A*/k!) is the formula for the distribution function of the Pois-
son distribution. Hence,

NX(% e’ (/?(ill))z = iw (2(:))! =1
k=1 k=1
Together, we have shown that
(A36) LHS of (A24)
AC,

<ég [Clh}i/f” + })\2 exp(A) + 21s.

JNI=1Dh

Ey[K(6,6(8)] — g(0) ash— 0.

Now,

Hence, for any B > sup,_,[8(0)], there exists H > 0 such that for any positive
h<H,

E {Ki(0,6(8)} <B.

Therefore, for 4 < H, A is uniformly bounded. Hence, for any 6 > 0, the RHS
of (A36) can be made arbitrarily small by choosing / — 1 large enough to make
h,_, arbitrarily small, N(/ — 1)}’ arbitrarily large, and m; arbitrarily small.
Hence, we have shown that B,(l,[) £o.

We now proceed to show uniform convergence of B,(/, /). As before, we use
a Fourier transform. Let

N-m
Y,= Y K —mt()—m—it(l)—m—i—1,k)
i=k—1
x sup| ATV
s'eS
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Then

N()

(A37) E[Supz —_ h(N(l)) 0 0*(1(1) m)(q)) }

0cO

N(l)
S 81E [Sup Z mKh(ﬁ(])) (0’ 0*(t(1)*m) (g)) Ym}

0O m=1 l

1\ 1 Ny 12
< QE| —— Y? / hz)|dz.
el<2w) { {N(l); m“ ly(hz)|dz

Now, using Claim 1,

RHS of (A37)

242k ' ok
< oy e ELK (0~ 6@

—2 J
A 1
x cfh;{1+—cz (-) /|¢1(hz)|dz

N — Dy \27

2\/_ k42 N k
=N _‘91), [sup E[Ki, (¢~ 6@))]]

—2 J
pe 1
« th{1+—(—> / () dz.
NI —1p \27

Hence,

N{) N
t(l
{SUPZZKMNU» (6, 60™™)

BEleml

N(l)—m

X Z K*(t(D) —m,t(l) —m—i,t()) —m—i—1,k)

i=k—1

% sup|A§t<l)mj1)|:|

s'eS

N 24/26k+2 Lk
DT [sup E[K,,., (6~ 6@))]

0'cO®
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AC 1
x C%h{_1+—2(g> / ()| dz

JNU =R
e ]

N
R Ny N )\(k—l) 1 J
X e A;[e (k—l)!](%) /Il//(z)ldz,

<2V2¢ [th{1 -

where

A =g supEy[Ky, (8 — 6(8))] — e supg(6).

0'cO 0'cO

Because, Cih) | + (ZzCz /«/N( —1)h}") can be made arbitrarily small by in-
creasing /, we have shown that the numerator of B,(/, /) converges to zero uni-
formly. Now, consider the denominator. We can follow the earlier arguments
(see (A9)) to prove that for any 1 > 0, there exists / > 0, N = N(%,) such that
for any ¢ > 7,, that is, N(I) > N,

Na-12

1
. _ prt—=k) - :
Pr|})£1£ a1z Z K, (0 —6""(g) > 50 élel@fg(e):|

k=1

>1—n.

Therefore, for sufficiently large /, the denominator is bounded away from zero
uniformly in @ with probability arbitrarily close to 1. Together, we have shown

that B,(/, 1) £o uniformly in @. Thus, Lemma 5 is proved. That is, we have
shown that

A(l,l)—P>() as | — oo,

uniformly in 6. Q.E.D.

To prove Theorem 1, we now return to (A16). Before we proceed further,
we introduce the following notation. Let

E,L+1)= {(l‘z, -1, ---,f11+1)1
t(h) <ty <t(h+1),... 6 <t(l—=1) <y <t(D}.
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Now, define W ((1), t (1), 4,) as follows: For [, =1,
W(t(l)a t(h, ) = Wm,)’,,(e, 9*(’1)).
Forl,=1-1,

W (e(D), (1= 1), 1,4)

N

= Waau(0, 0OV (¢(D) —m, t(L— 1), 11y).
m=1

Forl, <1-2,

W (), t(l), 1)
= Z Wi .a(8, 677)
U ti—15entiy 4 1)EE (LI +1)

-1

<3 [T W s 6 1) W (40, (1), 1),

J=h+1
Recursively, we can express for /; < [,

N+1

W (e, e, t) = > W t(h+1),t(ly +1) —m)

m=1

x W (el +1) —m, t(h), 1,).

Hence, (A16) can be written as

N
(A38) D AV (O, g (1), 1(D), t(1) — m)
m=1
N
= YWD, 1), 11y — m)sup| A7 (60|
m=1 s'eS

N

+ Y W), 1), (1) — m)

m=1
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N({)—m
x Y W) —m, t() —m—it()—m—i—1)

i=0

% Sup| Ail(l)fmfifl) |

s'eS

Nu-1)
+ Z A =hmm) (gud=h=m) | gad=1-m)

m=1

x W (), t(d — 1), t(1 —1) —m).
Furthermore, by Lemma 4,

Nap

D W (ty4, t L), t(h) — m) < B
m=1

Applying these inequalities to w yields

Ny

(A39) Z W(t(l), t(ll), t(ll) — m) < B(Z—ll+|).
m=1
Now, let

A(l’ ll) EBl(l, ll) +BZ(Z7 ll)a

where

Ny
Bi(l,ly =Y W(t(), t(1), t(ly) — m)sup| A\~

m=1 s'eS

and

Nap

By(l,1) =Y W), t(ly), t(ly) — m)

m=1
N(ly)—m

x S AW ey —m,edy —m—jedy —m—j-1)

j=0

X sup\AY(ll)_m_j_l)i}.

s'eS

41
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Then, for [, <,

Nap

(A40) ) ApUtmm (ttnm, 0N (11, (1), t(ly) — m)
m=1
N -1
SA(I, l1)+ Z AV(z(ll—U—m)(€(z(lrl)fm)’e(t(llfl)fm))
m=1

x W), t(dy — 1), t(l, = 1) — m).
LEMMA 6: Given A=1-1,>0,
ALI=MN B0 asl— co.

PROOF: Lemma 5 proves Lemma 6 with A = (. Consider A > 0. We prove
convergence of B;(/,/ — A). By definition of W/,

W (D), t(ly), t(Ly) — m)

= |: Z W/V(l),h(07 9*0’)){ Z Wty t(L—1),1_y) -

t(l—1)<g=t(l) t(1-2)<y_y1<t(I-1)

x{ Y Wt ti+ 1), t,1)

t) <y =ti+1)
X W(tll+17 t(h), t(h) — m)} }:|

Using this expression, we write the numerator of B;(/, [;) divided by N (D) as

1
(A41) E|: Z N—)KW(;»(&@*”’))

t(-1)<g=t(l) (

x { Z ZK*(fl,t(l—l),tl,l,k)...

t(1-2)<tj_1<t(l-1) k

x{ Yo DKty th A1), 14, k)

t <ty <t(h+1) k
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N
x Y K (ty41, (1), £(1) — m)”

m=1
1)—
x sup| AT |.
s'eS

Then, using the arguments similar to the derivation of (A36), we can show that

RHS of (A41)
< ersup Eg[K;, (6 — 6())]
0'ecO®

-1

gkt k-1
X H{Z T 1 o |:l_[supE Ky, (8 — H(g))]:”

. 'e®
j=l 0'e

[Clh(m” 726 ]
Nk

h+1

AC,

\V N(l1)h11+1

< AlgjAer ] I[C h(s/zw -0 asl — oo,

where

A=z sup Ey[K, (6 —06(2)]>0.

0€0,l;<j<l-1

Next, we consider the denominator of B;(/,/;) divided by N (D). Let 1,() =
tl—1)+1and (/) =t(l - 1)+ N(I — 1)/2 + 1. Then arguments similar
to ones used to derive equation (A35) can be used to derive the inequal-

ity

1 N(1)
inf | <— Y K,(6— 6"
1(11—})n<t<t(1)|:N(l) ; h( ):|

NDi2 1
NiO) ND2

> min
L—1<I<l

ND/2 ND/2
; _ pru D=k _ prD-h
X mln{ Z Khm(e 0 ) Z Khﬂl(O 0 )”
k=1 k=1
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- 1 1
— 2 A4H+1-4 ﬁ(l*)/z

Na2 Nu2
X min{ Z K, (9 — e*m(z*)—k)), Z Ky, (9 _ 0*02(1*)1«))}’
k=1 k=1

where
. 1 1
"=arg min {———~~—
Tn-1<i<t | 2A*UN(1) /2
N2 _ N2 N
X mln{ Z I{hT_1 (0 _ 0*(t1(1)7k))’ Z KhT_l (0 _ 0*(:2(1)—k)) } }
k=1 k=1
Hence,

1 N(t)
inf | ~—) K,(6—6""
t(ll}gt<z(l)|:N([) Z h( ):|

i=1

. {ﬁJ)/z 1
> min ~ _~
n-1<l<t| N({) N()/2

ND2 ~ N2 ~
X mln{ Z Kh7_1 (9 _ 9*(ﬂ(l)—k)), Z K/’lj_l (9 _ 9*(t2(l)—k)) } }
k=1 k=1

Hence, similarly to (A35), we can show that the denominator is positively
bounded away from zero with probability arbitrarily close to 1 by choosing
[ to be large enough. Therefore, given that A =1/ — /; is a constant,

Bi(l,1—A) 50

as [ — oo.

Next, we prove uniform convergence by using the arguments in Bierens
(1994). Let

()

Yuz S SR - my ), 1y, k) supl 4|

z,lzz(ll—1)+1 k
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Then

N 1
A42) E|su ~—K, 50 (0, O™ )
( ) [egng_:N(l) h(N(l))( (Q)) :|

1\ NO) 172
§<E>{ [N(I)ZW“ [ whzyidz,

t(ly) 2
E[Y:]<E Z ZK*(t(l)—m,t(ll),tll, )sup|A(l1 |:|

Lo =t -+1 & s'es

=E {ZZK*(r(l) —m, (I =1), 11, k)

1 k

x ZZK*(tI LU =2), 6.0, k) -

12

tll

2
x ZZK t1, (), 1y, )Sup|A(Zl1 |} }}:|

Using the results in Claim 1, we can show that

(A43) RHS of (Ad2)
! 2ek 2
S[E;<<k—1)!)

- 2k
x { sup  E,[K;(6 — 9*(8))]}

0'e0,hy<h<hy

—2
aAC
x [cfh;’_l + 72}

JNORT
482k+2

{HZ('{_”{ w; E"[K%W—H*(E))]}Zk}

=l Kk €O, h<hzhy
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A, }
IN( - DR
ac, }

INU —D)h!

X |:C12h,31]_1 +

< [4g§emﬁ[c§h;{_l +

where
) 2
r=al s EKG - 0@)])]
9’6(’9,h11,1§h§h1
— gisupg(0)* asl — oo.
0'cO
Hence,

N
E|sup Y ~—Kuiay (6, 07" (q)
{eeg; N h<N<1>>( q )

x DKt = m, 1), 1, k) sup|A<‘11)|]
k

s'eS

-2 J
A 1
< el[4s?eAA]A/2[C%h?f. + —Cz}(ﬁ) f | (hz)|dz

ING—1yny
ac, }

ING - 1R

J
x(i> /|zp(z)|dz—>0 as l; — oo.
2

Therefore, the numerator divided by N (I) converges to zero. Because the de-
nominator divided by N (/) can be shown to be bounded away from zero uni-
formly in @ with probability arbitrarily close to 1 given sufficiently large /, we
have shown that

=g [48‘1‘6)‘/\]A/2[C12h{11 -

Bi(l,l—A) 50

uniformly in 6.
Next, we prove convergence of B, ([, [;).
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Again, the arguments are very similar to these of Lemma 5. That is, we con-
sider the numerator divided by N (/). It can be written as

1
(A44) E[WKMM))(O, g O=m) {Z D KAt = m, 11— 1), 41, k)

1 k

{ZZK*(n Lt =2), 60, k)

/)

{N(ll) tll —t(l;-1)-1

Z Z K*(tll’tll_ja tll_j—l,k)
k=1 j

j=k-1

X sup|A(t’1 a ])|} }”
s'eS

Then, again by using Claim 1,
RHS of (A44)
=& sup Ee[Kh(e/ - 6(?))]

9’6@,h,§h§h,l 1

-1 k+1

XH{Z[(k81 i [ﬁ sup E[Kh(e/—e(g))]”

P 40 0/€Oly=<h<hy,

AC
x [Clhg*/ﬁ” ot B }
IN( — DA

AG,

N

A= g sup  Ey[K, (6 — 6(8))] — e1supg(6) asl — oo.

9/6(’9,/1151151‘111_1 0O

< /\[Sle)l)\]A_l[Clh}f/?] + ] -0 asl, — oo,

where

Next, we consider the denominator of B,(/,/,) divided by N (). Let t;(I) =
td—1)+1land ,(/)=t(I—1)+ N({ —1)/2 4 1. Then, arguments similar to
those used to derive equation (A35) can be used to derive the inequality

1 N(t) -
1(1111§1<€<t(1)|:m ;K(t, t— l):|

, {1\7(7)/2 1
> min ~ ~
n-1<i<i| N({) N)/2
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N2 . N2 .
X min{ Z K, (0 — 071070, Z K (60— 0*(t2(l)—k))} }

k=1 k=1
1 1
> ~
ol 2Al+1711 N(l*)/2

N(I")/2 N(*)/2
X mln{ Z Khl* (0 _ 0*(t1(l*)—k)), Z Khl* (0 _ 0*(t2(l*)—k))},

k=1 k=1

where

1 1
"=arg min {———~~—
Ti1— 1<1<1{ 2A%-EN(D )2

N2 ~ INGY 3
X Il'lll'l{ Z KhT(G _ 0*(t1(1)—k))’ Z Kh7(0 _ 9*(!2(1)—k)) } }

k=1 k=1

Hence, we can show that the denominator divided by N (1) is bounded away
from zero uniformly in ® with probability arbitrarily close to 1 with sufficiently
large /. Because the numerator divided by N (/) converges to zero uniformly in
O, we have shown convergence. Therefore,

By, —A) 50

as [ — oo. Next, we prove uniform convergence. Let
—t(l1-1)

= Z ZK* (t() —m, (1)) — j, by, — j— 1, k)

D-m—i-1
xsup|A§’() mh).
s'eS

Then
N(l)

(A45) E |:sup Z h(N(l)) 9, g~ (C])) Ym:|

0O

1V Ny , 172
sal<%){ {N(l ZY“ [wnaz
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and

Z[l —t(l1—1)

(A46) E[Y;JSE[ YKty —my i) —job, — j—1,k)
k

j=1

2
« Sup|A§t(l)—m—i—1)|:|

s'eS

=E“ZZK*W> —m, t(I=1), 11, k)

41 k

x ZZK*UH, t(=2), 112, k)-

o k

g, —th=1)

X Z ZK*(th’tll_j’tll_j_l,k)
j=1 k

2
X sup|Ait’1_j_1)|} ”:| )
s'eS

Using the results in Claim 1, we can show that

(A47)  RHS of (A46)

! 2k \? %
Sm;((k_ll),){ sup  E,[K(0' - 0"(®))]| }

0’66‘),h[§h5h[171

ac, }
JN — 1)h151]

! 43%“2 ) T
= [H;(k—l)!{ Sup EO[Kh(9 -0 (g))]}

H’ee),hlghshll_l

|t +

—2
AC
X [th?{_l o 5}}
IN( = )i

aG, ]

1/1\’(11 — l)h?li

< [4.s;‘eM\]A[th§1f1 +
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where

A=g  sup  Ey[K,(6 — 9*(§))]2-

6’e(~),h[§h§h[1_1
Hence, substituting (A47) into (A45), we obtain

RHS of (A45)

A,

IN( = 1R

1y ,
531<%> 2[4&1e* A 1Y | Cihy _, +

></|¢(z)|dz—>0 asl; — oo.

Therefore, the numerator of B,(I,/ — A) divided by N (I) converges to zero
as [ — oo. Since the denominator divided by N (/) is bounded away from zero
uniformly in @ with probability arbitrarily close to 0 for sufficiently large /,

we have shown that B,(/,] — A) ) uniformly in @. Thus, we have proved
Lemma 6. O.E.D.

Now, let

AV (m, n) = AV (10—, grtom=m)
AV (m) =[AV (m, 1), ..., AV (m, N (m))],

N{+1-k)

m=1

Wl k=W, td+1-k), t(+1—k) —m)]
Then, iterating on (A37) and (A40), we obtain

AVIOW U, 1) < AL D+AV(I—-1D)W(,2)
k-1
<...< ZA(Z,I— D+AVI =KW, k+1).

i=0

By Lemma 6, given k, the first term on the RHS, Zf.:()l A(l, ! —1i) converges to
0 in probability as / — oo uniformly in @, and since AV (I + 1 — k) is uniformly
bounded and W (I, k)’ < B* from (A39), the second term can be made arbi-
trarily small by choosing a large enough k. Therefore, AV (1) W (I, 1) converges
to zero in probability as / — oo uniformly in ®. Hence, we have shown that

|AS P (6)] 5 0
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uniformly in @. Therefore,

|EV (s, €,0) — E“P[V (s, €, 0)]]

=

/ V(S,’ 6/5 0) dFe’(E/a 0)

N(1t)
_ Z V(tfn)(s/’ e(tfn), 0*(lfn))WN(t)’h(0’ 0*(t7n))

n=1
<[4+ |48 % 0
uniformly in 6.
LEMMA 7: We have

[V(s,€,0) =V (s, € 0)] L0 ast— ocouniformlyin ©.

PROOF: Because both 4" (6) and AV ()W (1, 1) converge to zero in prob-
ability as / — oo uniformly in O, then

V(s € 0) =V D (s, € 0)
<sup| 4" (0)|

s'eS
N(t(1) p
- n- h-
+B Z AV(E(t() n), g+t n))WN(t(l)),h(07 gt n)) =0.
n=1

From Lemma 3,

sup|A{"(8)| — 0

s'eS
uniformly in @ in probability as t — co. That is, for any 6 > 0 and n > 0, there
exists L such that for any / > L,

() Prob(sup|V'(s,e, 0) = V““(s,€,0)| > ) < m,

0O

N
Prob( Z AV (€D 0" DN Wy n (0, 07O T) > 8) <,

n=1

and, for any ¢ > t(/),

Prob( sup |A§”(0)| > 6) <.

s'eS, 0O
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Now, for t(/) + 1,

V(s €, 0) =V (s, €, 0)]
< sup|A§’(1)+1)(0)|
s'eS

N(t(D)+1)

DH+1— D+1— t(H+1-
+B Z AV(e(’() n>, gr® n))WN(t(l)+l),h(07 g n))

n=1

< sup|A§’(l>+1)(0)| + BAV“” (emm’ 0@(1)))[,“1}(“1) +1,t(0))

s'eS

N(t()
t(h)— H— hH—
+B Z AV(E( 0] n), gred n))WN(t(l)Jrl),h(Oa g n))_

n=1

Now, for large enough L' > L, for any [ > L,

RN + 1 N() = h(N(L)" N(L).
This is true from the assumption h(N(k+1)¥ Nk +1) — oo and

N (k)

_—

Nk)+1
as k — oo. Furthermore, because /4 (/) is nonincreasing in N,

RN+ DYN O = hNL)YN(L)
for~311 0 < k <9. Now define the new bﬂngwidth ’l;, v~vhich is iz\(ﬁ () =
AN (j)) for j=1,...,1—-1,1+1,... and A(N()) = h(N(l + 1)). Then, be-
cause the bandwidth is the same as before until j =/ and also because the new

bandwidth satisfies the same assumptions as before, Lemma 6 holds with the
new bandwidth. Therefore,

Prob(sup|V(s, €,0)— Vﬁ”(’”(s, €, 0)] > 8) >

0O

and, similarly,

N(()
Prob( DAV ("D, 0 O Wy 7(6, 07O > 5) <.

n=1
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Now, by construction

l —
Wy (0 — 67O7")

Ky (0 — gr(h=m)
N+1

Z Ky (8 — 07000

k=1

Kyway1) (6 — 67¢0O=m)

N
~ t(h—k - !
ZKh(N([)+1)(0_ 0*( @ ))+Kh(N(l)+1)(0_ 0*(()))

k=1

Hence,
(- t()—
0 =< WN(t(I)+1),h(67 0*( o n)) =< WN(z(l)),E(Oa 6*( @ n))~

Therefore, for the original bandwidth 4,

Prob(sup|V(s, €,0)— Vﬁ(’(”*l)(s’ €, 0)| > 28>

0O

< Prob(sup|AY”)“)(9){ > 6)

s'eS

N(t()

+Pr0b(ﬁ Z AV(e(t(l)*"), 0*0(1)7”))

n=1

X WN(:(I)+1),h(9: 9*(t(l)_n)) > 5)
< 2.

Therefore, AV (e"*D 9) also converges to zero in probability uniformly
infe0.
Let t =¢(l) + 1. Now, from Lemma 4,

AV (e, 6)
< sup|AY+M(0)|

s'eS

b4

-1

W({+N,t+N—-m,t+N—-m—1)

M \

+

Il
=)

m
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% Sup|A(t+ﬂ—m—1) (0*(t+ﬁ—m—1)) i

s'eS
N(t)
+Y AV (e, 0 YW (L + N, 1t — n).

n=1
Then, for any M > 0,

W(t+M,t,t—n)
—WU+M,t+1,0W(t,t—n)+W(E+M,t+1,t—n)
=W(t+M,t+1,0W(t,t—n)

FW(E+M, t4+2,t+ D)W (t+1,1—n)
+W(E+M,t42,t—n)

ZW(I+M,t+m—|—1,t+m)W(t+m,t—n),
where

W({t+N,t+m+1,t+m)

M=

W(t+N,t,t—n)=

0

3
Il

x W(t+m,t—n).

We have already shown that

1
sup| A\ (0| +Y W+ N, t+N—m,t + N —m—1)

s'eS

|=

=0

X Sup|A(t+ﬂfmfl) 0*(l+ﬁfm—l))’ —)O
s'eS

3

in probability as t — co. We know from the proof of Lemma 5 that
N
Y W@+N, t+m+1,t+m)
m=0

is uniformly bounded with probability that can be made arbitrarily close to 1
with sufficiently large z.
Furthermore, because A(N (t +m)) = h(N (1)),

W(t+m,t—n)= BWx ey n (07T — 0°¢77)
< BWN(I),h(e*(H—m) _ 0*(t—n)).
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Therefore,

N() ~
Z AV (e 0 YW (t+ N, t, t — n)

n=1

N
<Y W(E+N, t+m+1,t+m)
m=0

N(t)
% ZAV(tfn)(e(tfn), 0*(t7n))BWN(t),h(0*(t+m) _ 6*(t7n)) )
n=1

Because we have shown that

N(t)

Z AP (e(’*”), 0*“7"))BWN(:>,/1(9 _ 0*(1771)),

n=1

t =t(l) + 1 converges to zero uniformly in probability in 6 as [ — oo, and
because

W(t+N, t+m+1,t+m)

M=

Il
=)

m

is uniformly bounded with probability arbitrarily close to 1 for large enough ¢,
we have shown that for any § > 0, n > 0, there exists sufficiently large L such
that for any /> L,

N(1)
Pr(z AV(Z*")(G(’*”), 0*(1%))1,’17(1‘ +N,t,t—n) < 5) >
n=1

holdsforany N:0 <N < N (I+1). Therefore, for any 6 > 0, n > 0, there exists
sufficiently large L such that for any / > L,

Pr(sup AV (e, 9) < 8) >

0O

forany N:0 <N < N (I + 1) and we have proved Lemma 7. Q.E.D.
This also concludes the proof of Theorem 1. Q.E.D.

COROLLARY 1: Suppose Assumptions 1-8 are satisfied. Then Theorem 1 im-
plies that A(07, 6 |H"=D) converges to A(6", 6*") in probability uniformly.
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PROOF: From Assumption 5, L(Yya 7410,V (-, 8)) is uniformly continuous
and strictly positive. Hence, A(6, 6*) is also uniformly continuous in 6, 6* € 6.
Since V¥ — V' in probability uniformly in s, O, then L(Yya 410,V " (-, 0)) is
stochastically equicontinuous. To see this, note that

|L(Yya7al0, VO, 0)) — L(Yya 710, V(- 6))]
< |L(Yya, 76, [V, 0)]) = L(Yya 7410,V (-, 0))]
+|L(Yna7al0, 1V, 0)1) = L(Yya 74|60,V (-, )]
+ |L(Yya 7al0, [V (-, 0)]) — L(Yya 7216, VO, 6))].
Hence,
(A51)  Pr(|L(Yya 710,V 8)) = L(Yya 1|60,V ., 0))] = m)
< Pr(|L(Yye a0, [VOC, 0)]) = L(Yna 7410,V (-, 9))| = m/3)
+ Pr(|L(Yya 7al0, [V (-, 0)]) = L(Yya 7|0,V (-, 6)| = 1/3)
+ Pr(|L(Yyaral0, [V (-, 0)]) = L(Yya 7a|6, VO, 0))| = 1/3).

Furthermore, because of uniform continuity of the likelihood, there exists & >
0 such that forany 6, ' € 0, |0 — 0'| < 6,

(A52)  |L(Yyaral0, [V (-, 0)1) — L(Yya 7|0,V (-, 0))| < m/3.

Because V" — V' in probability uniformly, for any x > 0 there exists positive
T such that for any ¢ > T,

(A53) Pr(sup|L(YNd,Td|a, [VOC, 0)]) = L(Yya.a10,V (-, 0))] = n/3)

0O

< k/2.

(A51), (A52), and (AS3) imply that for any k > 0, > 0, there exist positive &
and T such that for any ¢ > T, forany 0, ' € O, |6 — 0’| < 8,

Pr(|L(Yyaral0, VO, 0)) — L(Yya 1410, VO, )| = 1) < k.

Therefore, L(Yya 7416, V' (-, 0)) is stochastically equicontinuous. Because the
likelihood is strictly positive in @, this implies that A(6, 6*|H") is also stochas-
tically equicontinuous. Hence, all the conditions for Theorem 2.1 of Newey
(1991) are satisfied. Therefore, A(0, 6*|H”) converges to A(6, 6*) uniformly
in 6, 6* € 0. O.E.D.

THEOREM 2: Suppose Assumptions 1-8 are satisfied for VO, t =1,..., m,
L, €, and 6. Suppose 0, t =1, ..., is generated by the modified Metropolis—
Hastings algorithm described earlier, where A(0", 0*©O|H"=D) converges to
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A0, 07 in probability uniformly. Then 6 converges to 6 in probability,
where 0" is a Markov chain generated by the Metropolis—Hastings algorithm with
proposal density q(6, 6*) and acceptance probability function A(6, 6*).

PROOF: We are given a random process with transition probability f©(-, -)
which is

f(t)(e(t), 0/) — /\(H(t), 0/|H(t—1))q(0(t), 0/)
+ |:1 _ f /\(0(1)’ OIH(z—l))q(e(t), 9) d0i| 59(1)(0/),

where 8,0 is the Dirac mass at 6. Because A(6, 0'|H"~") converges to
A(6, §) in probability uniformly on 6, 6’ € @, f(-,-) converges to f(-,-) in
probability uniformly as ¢t — oo. Because both A(6, -|H""V) and q(6,-) are
strictly positive functions for any 6 € @, using similar arguments as in the proof
of Lemma 1, we can construct a density g(-) and a constant gy > 0 such that
for any 6 € O,

f(t)(e’ ) 2 SOg(')a
1(0,-) > eog(-).
Define
v(’)zminiinf{w},l}.
veo| f(6,0)
Then
000, =v"f(8,),
f(99 ) 2 v(t)f(07 ')-

Then, because of uniform convergence of f” to f in probability, v'” converges
to 1 in probability.

Now, construct the following coupling scheme. Let X ¥ be a random variable
that follows the transition probability f (x, -) given X“~V = x, and let Y be
a Markov process that follows the transition probability f(y, -) given Y~V = y.
Suppose X # Y. With probability &, > 0, let

X([+1) — Y(t+1) — Z(z+1) ~ g(_)’

and with probability 1 — g, let

XD 1%80[]0(0()((0’ ) — Sog(-)],
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v~ L [7(Y, )~ eg()]

1-— &o
Suppose X =Y = Z®. With probability v'*,
X(H—l) — Y(H—l) ~ f(Z(t)’ _),
and with probability (1 — v?),

XD o : 1 —[FOx0, ) —v0f(29,)],
—V

Y(t+1) ~ 1 [f(Y(”, ) _ v(”f(Z(”, )]

1— o0

Let w® =1—v®. Then w® 5 0 as t — oo. Let S© € {1, 2} be the state at
iteration ¢, where state 1 is assumed to be the state in which X =Y and
state 2 is the state in which X # Y. Then S follows the Markov process
with the transition matrix

P=|:1_w<t) w® ]

& 1-— &
Denote the unconditional probability of state 1 at time ¢ as p”. Then

[P0, 1= p] = [p®,1—p®] [1 —w?® w® ] .

& 1—¢g
Hence,
p“V = pO[(1 = w®) — &] + &
> p(1— &) + & —w"”
= p" (L —g)" 1= (1= &)™
—[w” + (A = w4 4+ (1 — &) w" ™).
We now prove that p* £ 1. Define

Won=w" + (1= g)w" ™"+ + (1 — g)"w" ™.

Because w'” > 0, for any 8; > 0, 8, > 0, there exists N > 0 such that for any
t>N,

Pr[|w(’) - 0| <8]>1-26..
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Now, given any 8, >0, 5, > 0, let m be such that,

S
(1— &))" < gl

Also, let 8, satisfy 6, < and let 8, satisty 6, < =2-. Then

5(m+1) +1)

§ . ,
(A54) Pr!|I/V,m—O|<§1}2Pr{ ﬂ |w</)_0|<51}

j=t—m

t
:1_1>r{ U |w<f>—0\351}
J

j=t—m
t
>1— > Pr{jw? —0]>8}>1-5,.
j=t—m

Now, let N be defined as N = max{N, m}. Then, for each k > N,
(A55)  Pr[|p"" — 1| < &]

=Pr[|p" (1 = £0)" — (1 — &))" + W,| < 8]

> Pr[|p(”")(1 — &))" — (1 —g9)""'| < @, [Wiml < il }

Because 0 < p—™ <1,

25
{pufm)(l —g)"—(1— 30)’"”| <12(1—g))"| < ?1

Hence,
3 _
RHS of (A55) =Pr |W,m|<? >1-—6,.

Therefore, p'” converges to 1 in probability.
Therefore, for any 6 > 0, there exists M such that for any t > M,
Pr[X“) = Y(’)] >1-24.

Since Y®follows a stationary distribution, X' converges to a stationary
process in probability and we have proved the theorem. Q.E.D.
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COROLLARY 2: The sequence of parameter simulations generated by the
Metropolis—-Hastings algorithm with proposal density q(0, 6*) and acceptance
probability A(0, 6*) converges to the true posterior in total variation norm. That
is,

hm =0

f K"(0, )po(d6) —

TV

for arbitrary initial distribution ., where . is the true posterior distribution and
K"(0, ) is the transition kernel for n iterations.

PROOF: Here, we use Corollary 7.7 of Robert and Casella (2004), which
states the following: Assume the Metropolis—Hastings Markov chain has in-
variant probability density u and the proposal density satisfies the property
that there exist positive that € and & such that g(x, y) > € if |x — y| < 8. Then
forany h € L'(p),

lim —Zh (67) /h(e)u(e)de,

hm

/K”(O Imo(do) — H =0

vV

for arbitrary initial distribution wy, where K"(#, -) is the transition kernel for
n iterations, which in this case is defined by the proposal density g and the
acceptance rate A, and the norm is the total variation norm. By construction,
the Metropolis—Hastings Markov chain has an invariant probability density,
which is proportional to 7(6)L(Yy« 74|6), which is assumed to be bounded and
positive on @. Since the proposal density is strictly positive over the parameter
space, the condition for the proposal density is also satisfied. Q.E.D.

APPENDIX C: FIGURES

We present the MCMC plots of the estimation of the random effects model.
In Figures 1-9, we plotted one of every ten MCMC iterations. We can see that
there is sufficient movement of the parameters around the posterior mean and
the serial correlations do not seem to be excessively large.
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