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This material contains three appendices: Appendix A includes results of three
Monte Carlo experiments; Appendix B contains all proofs of the theoretical results
reported in the main body of the paper; Appendix C contains all the diagrams that
illustrate the estimation results of Experiment A1 in the main body of the paper.

APPENDIX A: EXPERIMENTS

Experiment A1: Basic Model

ALL PRIORS ARE SET TO BE DIFFUSE. We set the initial guesses of the para-
meters to be the true parameter values given by θ0, and set the initial guess of
the expected value function to be 0. We used the same 200 grid points in each
iteration as used to generate the data. The pseudo-MCMC sampler was gen-
erated 10�000 times. The posterior mean and standard errors from the 5�001st
iteration up to 10�000th iteration are shown in the second, third, and fourth
columns of Table AI.1 As we can see, the sample averages of the Bayesian DP
posterior means are very close to the true parameter values. We also conducted
the same simulation-estimation exercises for full-solution-based Bayesian es-
timation and ML estimation. The CPU time required for the full-solution-
based Bayesian estimation was 15 minutes 44 seconds for sample size of 2�000,
21 minutes 31 seconds for sample size of 5�000, and 29 minutes 44 seconds for
sample size of 10�000. Note that for the Bayesian DP estimation, as the sample
size decreases from 10�000 to 2�000, the CPU time decreases from 18 minutes
17 seconds to 4 minutes 53 seconds—a factor of 3�5 to 1. On the other hand,
for the full-solution-based Bayesian estimation, there is only a 50% decrease.
That is, as the sample size decreases, relatively more CPU time is spent on
the solution of the model than on computing the likelihood. Hence, the com-
putational advantage of the Bayesian DP algorithm becomes more apparent.
Similar estimation exercises using the full-solution-based ML required only
17 seconds for sample size of 10�000, with parameter estimates that are similar
to the posterior means of the Bayesian estimates. Thus, it is clear that for a
simple DP model, ML estimation outperforms Bayesian DP. The advantages
of the Bayesian DP algorithm become more apparent as the model becomes
more complex, as we show in the next experiment.

To check robustness of the Bayesian DP algorithm, we also ran a simulation-
estimation exercise where the starting parameter value was set to be half of

1The posterior means and posterior standard deviations presented are the sample averages of
the posterior means and posterior standard deviations across the 50 replications.
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TABLE AI

POSTERIOR MEANS AND STANDARD DEVIATIONSa

Parameter PM PM PM Starting Value: 0�5θ0 True

δ 0�4046 (0�0295) 0�4043 (0�0195) 0�4021 (0�0135) 0�3991 (0�0134) 0�4
α 0�1001 (0�00620) 0�1000 (0�00397) 0�1003 (0�00288) 0�1000 (0�00288) 0�1
σε1 0�3005 (0�00734) 0�3003 (0�00481) 0�3001 (0�00354) 0�3004 (0�00350) 0�3
σε2 0�3101 (0�0214) 0�3035 (0�0159) 0�3027 (0�0122) 0�2986 (0�0125) 0�3
b0 0�00310 (0�0121) 0�000739 (0�00770) 0�000218 (0�00547) 0�000265 (0�00547) 0�0
b2 0�3920 (0�0236) 0�3973 (0�0152) 0�3993 (0�0106) 0�3994 (0�0107) 0�4
be 0�4966 (0�0242) 0�5043 (0�0157) 0�5015 (0�0111) 0�5015 (0�0112) 0�5
σu 0�3981 (0�00729) 0�3994 (0�00465) 0�3997 (0�00328) 0�3997 (0�00330) 0�4

Sample 2,000 5,000 10,000 10,000
CPU time 4 min 53 s 9 min 53 s 18 min 17 s 18 min 11 s

aStandard deviations are in parentheses.

the true values. As we can see from the results reported in the fifth column,
the posterior means and the standard deviations are almost the same as those
of the fourth column, where the initial parameter values were set to be the
true ones. These results confirm the theorems on convergence in Section 3,
that stated that the estimation algorithm is not sensitive to the initial values.

Experiment A2: Estimation of Discount Factor

In Table AII we present the results of the Bayesian DP estimation where
we also estimate the discount factor. As we can see, the posterior means and
standard errors are very close to the true values.

TABLE AII

POSTERIOR MEANS AND STANDARD DEVIATIONSa

Parameter Basic Model True Value

δ 0�3938 (0�0130) 0�4
α 0�09889 (0�00287) 0�1
σε1 0�3023 (0�00348) 0�3
σε2 0�2877 (0�0112) 0�3
b0 −0�001686 (0�00554) 0�0
b2 0�4038 (0�0108) 0�4
be 0�5069 (0�0112) 0�5
σu 0�3984 (0�00331) 0�4
β 0�9727 (0�0104) 0�98

CPU time 18 min 12 s

aStandard deviations are in parentheses.
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TABLE AIII

FULL-SOLUTION-BASED ESTIMATIONa

Parameter Full-Solution Bayes Full-Solution ML True Value

δ 0�3981 (0�0182) 0�3795 (0�0171) 0.4
α 0�1977 (0�0105) 0�1701(0�0135) 0.2
σα 0�1008 (0�00729) 0�09326 (0�0140) 0.1
σε1 0�3017 (0�00302) 0�3025 (0�00317) 0.3
σε2 0�3022 (0�0149) 0�2805 (0�0176) 0.3
b1 0�1000 (0�00487) 0�1004 (0�00530) 0.1
b2 0�3971 (0�00978) 0�4003 (0�0101) 0.4
be 0�4965 (0�0137) 0�5054 (0�0145) 0.5
σu 0�4003 (0�00321) 0�3990 (0�00317) 0.4

Sample size 100 × 100 100 × 100
CPU time 30 h 59 min 20 h 47 min

aStandard deviations are in parentheses.

Experiment A3: Full-Solution-Based Bayesian and ML Estimation for the
Random Effects Model

In Table AIII we report the results of the full-solution-based Bayesian esti-
mation (second column) and ML estimation (third column) with 100 εi draws
(i.e., Mε = 100) used to integrate over εi to evaluate the expected value func-
tion, 100 αi draws per firm to simulate the likelihood (i.e., Mα = 100). For the
ML algorithm, we used the Newton–Raphson routine. Since we took numerical
derivatives, in addition to the likelihood evaluation under the original parame-
ter θ, we calculated the likelihood for the 9 parameter perturbations θ+ 
θi,
i = 1� � � � �9. We stopped running the program when either the absolute val-
ues of all the gradients were less than 0�01 or the step size became less than
1�0D− 5. In all the simulation-estimation results in Tables AIII and AIV, we
report the average across 10 simulation-estimation exercises.

As was discussed in the main part of the paper, the posterior means of the
full-solution-based Bayesian estimates are close to the true values. On the
other hand, some parameter estimates of the full-solution-based simulated ML
estimates have biases that make them more than 1 standard deviation away
from the true values. They are δ and α. In the second column of Table AIV we
report the estimation results of the simulated ML when we reduce the number
of αi draws,Mα, to 20. Then, even though the bias of δ and σε2 is similar to that
with Mα = 100, the bias of α increases substantially, with the posterior mean
being 0�1450. In third column of Table AIV we report the estimation results of
the simulated ML when we reduce the number of εi draws, Mε, to 20. Then, as
we can see, the magnitude of bias is similar to that with Mε = 100, but there is
not much reduction in computational time either, dropping only from 20 hours
47 minutes to 18 hours 15 minutes.
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TABLE AIV

SIMULATED ML ESTIMATIONa

Parameter 20αi Draws 20ε Draws True Value

δ 0�3795 (0�0173) 0�3895 (0�0192) 0.4
α 0�1450 (0�0123) 0�1764 (0�0157) 0.2
σα 0�1076 (0�0203) 0�09527 (0�0126) 0.1
σε1 0�3030 (0�00315) 0�3028 (0�00315) 0.3
σε2 0�2790 (0�0177) 0�2810 (0�0181) 0.3
b1 0�1003 (0�00526) 0�09977 (0�00524) 0.1
b2 0�3999 (0�0100) 0�4000 (0�00996) 0.4
be 0�5030 (0�0146) 0�5048 (0�0145) 0.5
σu 0�3988 (0�00318) 0�3988 (0�00317) 0.4

CPU time 8 h 43 min 18 h 15 min

aStandard deviations are in parentheses.

APPENDIX B: PROOFS

The following two lemmas establish some properties that are used in the
later proofs.

LEMMA 1: Let h(·), ε0, and g(·) be defined as

h(θ∗)≡ inf
θ∈Θ
q(θ�θ∗)� ε0 =

∫
h(θ̃)dθ̃� g(θ∗)≡ h(θ∗)∫

h(θ̃)dθ̃

�

Then 0< ε0 ≤ 1 and for any θ, θ∗ ∈Θ,

ε0g(θ
∗)≤ q(θ�θ∗)�

PROOF: By Assumption 1 (compactness of parameter space), for any θ∗ ∈
Θ, h(θ∗) ≡ infθ∈Θ q(θ�θ∗) exists, is strictly positive, and is uniformly bounded
below. Notice that h(·) is Lebesgue integrable. Furthermore, for any θ ∈ Θ�
ε0g(θ

∗)= h(θ∗)≤ q(θ�θ∗)� Next, since q satisfies Assumption 1, g(·) is strictly
positive and bounded, and

∫
g(θ)dθ = 1. Hence, g(·) is a density function.

Also, by construction, ε0 is a strictly positive constant. Finally, since both g(·)
and q(θ� ·) are densities and integrate to 1, 0< ε0 ≤ 1. Q.E.D.

Lemma 1 implies that the proposal density of the modified Metropolis–
Hastings algorithm has an important property: regardless of the current para-
meter values or the number of iterations, every neighborhood in the compact
parameter space is visited with a strictly positive probability.
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LEMMA 2: Let h̃(·) be a continuously differentiable and uniformly bounded
function which satisfies the inequality h̃(θ∗)≥ supθ∈Θ q(θ�θ

∗)� Let ε1 and g̃(·) be
defined as

ε1 ≡
∫
h̃(θ̃) dθ̃� g̃(θ∗)≡ h̃(θ∗)∫

h̃(θ̃) dθ̃

�

Then 1 ≤ ε1 <∞ and for any θ, θ∗ ∈Θ�
q(θ�θ∗)≤ ε1g̃(θ

∗)�

PROOF: Using similar logic as in Lemma 1, one can show that for any θ∗ ∈Θ,
supθ∈Θ q(θ�θ

∗) exists and is bounded. Then g̃(θ) and ε1 satisfy the conditions
of the lemma. Q.E.D.

Lemma 2 implies that the proposal density is bounded above, the bound
being independent of the current parameter value or the number of iterations.

PROOF OF THEOREM 1: For notational convenience, in the subsequent
proofs we omit H. We need to show that for any s ∈ S, ε, and θ ∈Θ,

V (t)(s� ε�θ)
p→ V (s� ε�θ) uniformly, as t → ∞�

But since

V (t)(s� ε�θ)= max
a∈A

V (t)(s� a� ε�θ)�

V (s� ε�θ)= max
a∈A

V(s�a� ε�θ)�

it suffices to show that for any s ∈ S, a ∈A, ε, and θ ∈Θ,

V (t)(s� a� ε�θ)
p→ V(s�a� ε�θ) as t → ∞�

Define

WN(t)�h

(
θ�θ(t−n)

)≡ Kh(θ− θ(t−n))
N(t)∑
k=1

Kh(θ− θ(t−k))
�

Then the difference between the true value function of action a and that ob-
tained by the Bayesian dynamic programming iteration can be decomposed
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into two parts as follows.

V(s�a� ε�θ)− V (t)(s� a� ε�θ)

= β
[∫ ∑

s′
V (s′� ε′� θ)f (s′|s� a�θ)dFε′(ε′� θ)

−
N(t)∑
n=1

∑
s′
V (t−n)(s′� ε(t−n)� θ∗(t−n))f (s′|s� a�θ∗(t−n))

×WN(t)�h

(
θ�θ∗(t−n))]

= β
[∫ ∑

s′
V (s′� ε′� θ)f (s′|s� a�θ)dFε′(ε′� θ)

−
N(t)∑
n=1

∑
s′
V
(
s′� ε(t−n)� θ∗(t−n))f (s′|s� a�θ∗(t−n))WN(t)�h

(
θ�θ∗(t−n))]

+β
[
N(t)∑
n=1

∑
s′

[
V
(
s′� ε(t−n)� θ∗(t−n))− V (t−n)(s′� ε(t−n)� θ∗(t−n))]

× f (s′|s� a�θ∗(t−n))WN(t)�h

(
θ�θ∗(t−n))]

≡A(t)
1 (θ)+A(t)

2 (θ)�

The kernel smoothing part is difficult to handle because the underlying dis-
tribution of θ∗(s) has a density function conditional on θ(s−1). Therefore, in-
stead of deriving the asymptotic value of 1

N(t)

∑N(t)

k=1 Kh(θ− θ∗(t−k)), as is done
in standard nonparametric kernel asymptotics, we sometimes derive and use
its asymptotic lower bound and upper bound. Lemma 1 is used for the deriva-
tion of the asymptotic lower bound. Lemma 2 is used for the derivation of the
asymptotic upper bound. Using the results of Lemmas 1 and 2, we prove the
following lemma.

LEMMA 3: |A(t)
1 (θ)| P→ 0 uniformly in Θ as t → ∞� Furthermore,

Pr
[
sup
θ∈Θ

∣∣A(t)
1 (θ)

∣∣<C1h
(3/2)J

]
> 1 − C2√

N(t)h5J
�

where C1 and C2 are positive constants.
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PROOF: Denote

Es′V (s� ε
′� a�θ)≡

∑
s′
V (s′� ε′� θ)f (s′|s� a�θ)�

Recall that∣∣∣∣A(t)
1 (θ)

β

∣∣∣∣=
∣∣∣∣∣
∫
Es′V (s� ε

′� a�θ)dFε′(ε′� θ)

−
N(t)∑
n=1

Es′V
(
s� ε(t−n)� a�θ∗(t−n))WN(t)�h

(
θ�θ∗(t−n))∣∣∣∣∣�

Rewrite the preceding equation as

∣∣∣∣A(t)
1 (θ)

β

∣∣∣∣=
∣∣∣∣∣ 1
N(t)

N(t)∑
n=1

(∫
Es′V (s� ε

′� a�θ)dFε′(ε′� θ)

−Es′V
(
s� ε(t−n)� a�θ∗(t−n)))Kh

(
θ− θ∗(t−n))

/(
1

N(t)

N(t)∑
k=1

Kh

(
θ− θ∗(t−k)))∣∣∣∣∣�

We show that the numerator goes to 0 in probability uniformly in Θ and the
denominator is bounded below by a positive number uniformly inΘ with prob-
ability arbitrarily close to 1 as t → ∞.

Let

XN(t)�t−n(θ)

≡
[∫

Es′V (s� ε
′� a�θ)dFε′(ε′� θ)−Es′V

(
s� ε(t−n)� a�θ∗(t−n))]

×Kh

(
θ− θ∗(t−n))�

XN(t)(θ)≡ 1
N(t)

N(t)∑
n=1

XN(t)�t−n(θ)�

First, we show that E[XN(t)(θ)] → 0 uniformly in Θ as N(t) → ∞ (h → 0).
Since | ∫ Es′V (s� ε′� a�θ∗(t−n)) dFε′(ε′� θ∗(t−n))| is uniformly bounded, by change
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of variable and by the bounded convergence theorem, we get

E

[∫
Es′V

(
s� ε′� a�θ∗(t−n))dFε′(ε′� θ∗(t−n))Kh

(
θ− θ∗(t−n))∣∣∣θ(t−n)]

=
∫ [∫

Es′V (s� ε
′� a�θ− hz)dFε′(ε′� θ− hz)

]
×K(z)q(θ(t−n)� θ− hz)dz

and [∫
Es′V (s� ε

′� a�θ− hz)dFε′(ε′� θ− hz)
]
K(z)q

(
θ(t−n)� θ− hz)

→
[∫

Es′V (s� ε
′� a�θ)dFε′(ε′� θ)

]
K(z)q

(
θ(t−n)� θ

)
as h→ 0�

Because | ∫ Es′V (s� ε′� a�θ)dFε′q| is uniformly bounded, by the bounded con-
vergence theorem, we obtain

E

[∫
Es′V

(
s� ε′� a�θ∗(t−n))dFε′(ε′� θ∗(t−n))Kh

(
θ− θ∗(t−n))∣∣∣θ(t−n)]

→
∫
Es′V (s� ε

′� a�θ)dFε′(ε′� θ)q
(
θ(t−n)� θ

)
as h→ 0�

Thus, we have shown that

E
[
XN(t)�t−n(θ)

∣∣θ(t−n)]→ 0 as h→ 0�

Because |E[XN(t)�t−n(θ)|θ(t−n)]| is uniformly bounded, by the bounded conver-
gence theorem,

E
[
XN(t)(θ)

]= E
[

1
N(t)

N(t)∑
n=1

E
[
XN(t)�t−n(θ)

∣∣θ(t−n)]]→ 0�(A1)

as N(t)→ ∞�

We can also show that the above convergence is uniform. For some h> 0,

sup
θ∈Θ

∣∣E[XN(t)�t−n(θ)
]∣∣ ≤ sup

θ∈Θ

∣∣∣∣E[[∫ Es′V (s� ε
′� a�θ)dFε′(ε′� θ)(A2)

−
∫
Es′V

(
s� ε′� a�θ∗(t−n))dFε′(ε′� θ∗(t−n))]

×Kh

(
θ− θ∗(t−n))I(∣∣θ− θ∗(t−n)∣∣≤ √

h
)]∣∣∣∣
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+ sup
θ∈Θ

∣∣∣∣E[[∫ Es′V (s� ε
′� a�θ)dFε′(ε′� θ)

−
∫
Es′V

(
s� ε′� a�θ∗(t−n))dFε′(ε′� θ∗(t−n))]

×Kh

(
θ− θ∗(t−n))I(∣∣θ− θ∗(t−n)∣∣>√

h
)]∣∣∣∣�

By Lemma 2, q(θ�θ′) ≤ ε1g(θ
′) for any θ�θ′ ∈Θ. Furthermore, because both

Es′V (s� ε
′� a�θ) and dFε′(ε′� θ) are assumed to satisfy the Lipschitz conditions,

there exists a constant B such that

right hand side (RHS) of (A2)

≤E
[

sup
θ�θ′∈Θ�|θ−θ∗|≤√

h

B|θ− θ∗|Kh(θ− θ∗)
]

+ 2 sup
θ∈Θ

∣∣∣∣∫ Es′V (s� ε
′� a�θ)dFε′(ε′� θ)

∣∣∣∣
× ε1

∫
|z|>1/

√
h

K(z)g̃(θ− hz)dz

≤ ε1 sup
θ�θ′∈Θ�|θ−θ′ |≤√

h

∣∣∣∣∫ B|θ− θ∗|Kh(θ− θ∗)dg̃(θ∗)

∣∣∣∣
+ 2 sup

θ∈Θ

∣∣∣∣∫ Es′V (s� ε
′� a�θ)dFε′(ε′� θ)

∣∣∣∣
× ε1

∫
|z|>1/

√
h

K(z)g̃(θ− hz)dz�

From Assumption 8, there exists a constant A> 0 such that∫
|z|>1/

√
h

K(z)dz ≤Ah2J�

Therefore,

RHS of (A2)(A3)

≤ ε1 sup |K| sup |̃g|
∫

|z|≤√
h

Bh|z|dz

+ 2 sup
θ∈Θ

∣∣∣∣∫ Es′V (s� ε
′� a�θ)dFε′(ε′� θ)

∣∣∣∣ sup
θ

g̃(θ)ε1Ah
2J
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≤ ε1 sup |K| sup |̃g|Bh2J/2

+ 2 sup
θ∈Θ

∣∣∣∣∫ Es′V (s� ε
′� a�θ)dFε′(ε′� θ)

∣∣∣∣ sup
θ

g̃(θ)ε1Ah
2J

= B1h
2J

for some positive constant B1. Therefore, we have shown that the convergence
in (A1) is uniform in Θ.

Next, we show that XN(t)(θ) converges to zero uniformly in Θ. Here we fol-
low Section 10�3 of Bierens (1994) closely. Denote

RN(t)(θ)≡ 1
N(t)

N(t)∑
n=1

Es′V
(
s� ε(t−n)� a�θ∗(t−n))Kh

(
θ− θ∗(t−n))�

By using the Fourier transform, we can express the kernel as

K(x)=
(

1
2π

)J ∫
exp(−iz′x)ψ(z)dz�

where ψ(z) = ∫
exp(iz′x)K(x)dx� By Assumption 6,

∫ |ψ(z)|dz <∞. Then,
by Fourier inversion,

RN(t)(θ)(A4)

=
[

1
2π

]J 1
N(t)hJ

N(t)∑
n=1

EVs′
(
s� ε(t−n)� a�θ∗(t−n))

×
∫

exp
(−iz′(θ− θ∗(t−n))

h

)
ψ(z)dz

=
[

1
2π

]J 1
N(t)

∫ [N(t)∑
n=1

EVs′
(
s� ε(t−n)� a�θ∗(t−n))exp

(
iz′θ∗(t−n))]

× exp(−iz′θ)ψ(hz)dz�

Hence,

E
[
sup
θ∈Θ

∣∣RN(t)(θ)−E[RN(t)(θ)]∣∣](A5)

≤
[

1
2π

]J ∫
E

∣∣∣∣∣ 1
N(t)

N(t)∑
n=1

{
EVs′

(
s� ε(t−n)� a�θ∗(t−n))exp

(
iz′θ∗(t−n))

−E[EVs′(s� ε(t−n)� a�θ∗(t−n))exp
(
iz′θ∗(t−n))]}∣∣∣∣∣|ψ(hz)|dz�
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Using the Liapunov inequality and exp(ia)= cos(a)+ i sin(a)� we get

E

∣∣∣∣∣ 1
N(t)

N(t)∑
n=1

{
EVs′

(
s� ε(t−n)� a�θ∗(t−n))exp

(
iz′θ∗(t−n))

−E[EVs′(s� ε(t−n)� a�θ∗(t−n))exp
(
iz′θ∗(t−n))]}∣∣∣∣∣

≤
{

Var

[
1

N(t)

N(t)∑
n=1

EVs′
(
s� ε(t−n)� a�θ∗(t−n)) cos

(
z′θ∗(t−n))]

+ Var

[
1

N(t)

N(t)∑
n=1

EVs′
(
s� ε(t−n)� a�θ∗(t−n)) sin

(
z′θ∗(t−n))]}1/2

�

Now, because ε(t−n)� ε(t−m) n �=m are i.i.d.,

Cov
[
EVs′

(
s� ε(t−n)� a�θ∗(t−n)) cos

(
z′θ∗(t−n))�

EVs′
(
s� ε(t−m)� a�θ∗(t−m)) cos

(
z′θ∗(t−m))]= 0�

Hence,

Var

[
1

N(t)

N(t)∑
n=1

EVs′
(
s� ε(t−n)� a�θ∗(t−n)) cos

(
z′θ∗(t−n))]

= 1
N(t)2

N(t)∑
n=1

N(t)∑
m=1

Cov
[
EVs′

(
s� ε(t−n)� a�θ∗(t−n)) cos

(
z′θ∗(t−n))�

EVs′
(
s� ε(t−m)� a�θ∗(t−m)) cos

(
z′θ∗(t−m))]

= 1
N(t)2

N(t)∑
n=1

Var
[
EVs′

(
s� ε(t−n)� a�θ∗(t−n)) cos

(
z′θ∗(t−n))]�

Similarly,

Var

[
1

N(t)

N(t)∑
n=1

EVs′
(
s� ε(t−n)� a�θ∗(t−n)) sin

(
z′θ∗(t−n))]

= 1
N(t)2

N(t)∑
n=1

Var
[
EVs′

(
s� ε(t−n)� a�θ∗(t−n)) sin

(
z′θ∗(t−n))]�
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Together, we derive that

E
[
sup
θ∈Θ

∣∣RN(t)(θ)−E[RN(t)(θ)]∣∣](A6)

≤
[

1
2π

]J ∫ { 1
N(t)2

N(t)∑
n=1

{
Var

[
EVs′

(
s� ε(t−n)� a�θ∗(t−n)) cos

(
z′θ∗(t−n))]

+ Var
[
EVs′

(
s� ε(t−n)� a�θ∗(t−n)) sin

(
z′θ∗(t−n))]}}1/2

|ψ(hz)|dz

≤
[

1
2π

]J{ 1
N(t)2

N(t)∑
n=1

sup
θ∈Θ�ε

|EVs′(s� ε�a�θ)|2

}1/2 ∫
|ψ(hz)|dz

=
[

1
2π

]J{ 1
N(t)h2J

sup
θ∈Θ�ε

|EVs′(s� ε�a�θ)|2

}1/2 ∫
|ψ(z)|dz�

Therefore, from Chebychev inequality, for α= 3/2,

Pr
[
sup
θ∈Θ

∣∣RN(t)(θ)−E[RN(t)(θ)]∣∣<hαJ]> 1 − B2√
N(t)h2J(1+α)

�(A7)

where B2 = [ 1
2π ]J supθ∈Θ�ε |V (s′� ε�θ)|

∫ |ψ(z)|dz. Thus, we have shown that the
numerator of A(t)

1 (θ)→ 0 in probability uniformly in θ ∈Θ.
We next show that the denominator ofA(t)

1 (θ) is bounded below by a positive
number uniformly in Θ with probability arbitrarily close to 1 as t → ∞. Let

R(t−n) ≡ ε0
g(θ∗(t−n))

q(θ(t−n)� θ∗(t−n))
�

Then, from Lemma 1, 0 ≤ R(t−n) ≤ 1 and 0 < ε0 ≤ 1. Also, define a random
variable

Y(t−n)(θ)=
{
Kh

(
θ− θ∗(t−n)(q)

)
with probability R(t−n),

0 with probability 1 −R(t−n).

We denote θ∗(t−n)(q) to mean that θ∗(t−n) is generated from a distribution func-
tion q. Then Y(t−n) is a mixture of 0 and Kh(θ − θ∗(t−n)(g)), with the mixing
probability being 1 − ε0 and ε0. That is,

Y(t−n)(θ)=
{
Kh

(
θ− θ∗(t−n)(g)

)
with probability ε0,

0 with probability 1 − ε0;
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equivalently,

Y(t−n)(θ)=Kh

(
θ− θ∗(t−n)(g)

)
I(t−n)�

where

I(t−n) =
{

1 with probability ε0,
0 with probability 1 − ε0.

From the construction of Y(t−n)�

Y (t−n)(θ)≤Kh

(
θ− θ∗(t−n)(q)

)
�

Now, because θ∗(t−n)(g), n = 1� � � � �N(t), are i.i.d., we can follow Bierens
(1994, Sections 10�1 and 10�3) to work with the Fourier transform of the kernel:

1
N(t)

N(t)∑
n=1

Y(t−n)(θ)

= 1
N(t)

N(t)∑
n=1

I(t−n)
(

1
2πh

)J ∫
exp

(−iz′(θ− θ∗(t−n)(g))
h

)
ψ(z)dz

=
(

1
2π

)J ∫ [ 1
N(t)

N(t)∑
n=1

I(t−n) exp
(
iz′θ∗(t−n)(g)

)]
× exp(−iz′θ)ψ(hz)dz�

Hence, following (10�3�5) and (10�3�6) of Bierens (1994), we get

E

[
sup
θ

∣∣∣∣∣ 1
N(t)

N(t)∑
n=1

Y(t−n)(θ)−E
[

1
N(t)

N(t)∑
n=1

Y(t−n)(θ)

]∣∣∣∣∣
]

≤
(

1
2π

)J ∫
E

∣∣∣∣∣ 1
N(t)

N(t)∑
n=1

{
I(t−n) exp

(
iz′θ∗(t−n)(g)

)
−E[I(t−n) exp

(
iz′θ∗(t−n)(g)

)]}∣∣∣∣∣|ψ(hz)|dz
≤
√
E[I2]
N(t)

(
1

2π

)J ∫
|ψ(hz)|dz

=
√

E[I2]
N(t)h2J

(
1

2π

)J ∫
|ψ(z)|dz�
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Furthermore,

E

[
1

N(t)

N(t)∑
n=1

Y(t−n)(θ)

]
= ε0g(θ)�

From Chebychev inequality, for any κ > 0,

Pr

[
sup
θ∈Θ

∣∣∣∣∣ 1
N(t)

N(t)∑
n=1

Y(t−n)(θ)− ε0g(θ)

∣∣∣∣∣< κ
]
> 1 − B3

κ
√
N(t)hJ

�(A8)

where B3 = ( 1
2π )

J
√
EI2

∫ |ψ(z)|dz. That is,

Pr

[
inf
θ∈Θ

1
N(t)

N(t)∑
n=1

Y(t−n)(θ)+ κ > ε0 inf
θ∈Θ
g(θ)

]
> 1 − B3

κ
√
N(t)hJ

�

Now, choose κ= 1
2 infθ∈Θ ε0g(θ). Then

Pr

[
inf
θ∈Θ

1
N(t)

N(t)∑
n=1

Y(t−n)(θ) >
1
2
ε0 inf

θ∈Θ
g(θ)

]
> 1 − B3√

N(t)hJ
�

where

B3 =
2
√
EI2

∫
|ψ(z)|dz

(2π)J inf
θ∈Θ
ε0g(θ)

�

Since

N(t)∑
n=1

Kh

(
θ− θ∗(t−n)(q)

)≥
N(t)∑
n=1

Y(t−n)�

we conclude that

Pr

[
inf
θ∈Θ

1
N(t)

N(t)∑
n=1

Kh

(
θ− θ∗(t−n)(q)

)
>

1
2
ε0 inf

θ∈Θ
g(θ)

]
(A9)

> 1 − B3√
N(t)hJ

�
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Now, we use (A3), (A7), and (A9) to derive the following inequality for h< 1:

Pr

[
sup
θ∈Θ

∣∣∣∣A(t)
1 (θ)

β

∣∣∣∣≤ (1 +B1)h
αJ

1
2
ε0 inf

θ∈Θ
g(θ)

]
(A10)

≥ Pr

⎡⎢⎢⎢⎢⎢⎣
sup
θ∈Θ

||E[XN(t)(θ)]| + |RN(t)(θ)−ERN(t)(θ)||

inf
θ∈Θ

∣∣∣∣∣ 1
N(t)

N(t)∑
n=1

Kh(θ− θ∗(t−n))

∣∣∣∣∣

≤ hαJ +B1h
2J

1
2
ε0 inf

θ∈Θ
g(θ)

⎤⎥⎥⎥⎥⎥⎦
≥ Pr

{[
sup
θ∈Θ

∣∣E[XN(t)(θ)]
∣∣≤ B1h

2J
]

∩
[
sup
θ∈Θ

∣∣RN(t)(θ)−ERN(t)(θ)
∣∣≤ hαJ]

∩
[

inf
θ∈Θ

∣∣∣∣∣ 1
N(t)

N(t)∑
n=1

Kh

(
θ− θ∗(t−n))∣∣∣∣∣> 1

2
ε0 inf

θ∈Θ
g(θ)

]}

≥ 1 − Pr
[
sup
θ∈Θ

∣∣E[XN(t)(θ)
]∣∣>B1h

2J
]

− Pr
[
sup
θ∈Θ

∣∣RN(t)(θ)−ERN(t)(θ)
∣∣>hαJ]

− Pr

[
inf
θ∈Θ

∣∣∣∣∣ 1
N(t)

N(t)∑
n=1

Kh

(
θ− θ∗(t−n))∣∣∣∣∣≤ 1

2
ε0 inf

θ∈Θ
g(θ)

]

≥ 1 − B2√
N(t)h2J(1+α)

− B3√
N(t)hJ

≥ 1 − (B2 +B3)√
N(t)h2J(1+α)

�

Letting C1 = 1 +B1 and C2 = B2 +B3, Lemma 3 follows. Q.E.D.
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Next, we proceed to prove A(t)
2 (θ)

P→ 0 as t → ∞ uniformly in Θ�
Recall that

V(s�a� ε�θ)− V (t)(s� a� ε�θ)(A11)

=A(t)
1 (θ)+β

[
N(t)∑
n=1

[
EVs′

(
s� ε(t−n)� a�θ∗(t−n))

−EV (t−n)
s′

(
s� ε(t−n)� a�θ∗(t−n))]WN(t)�h

(
θ�θ∗(t−n))]�

Notice that if V (s� ε�θ)≥ V (t)(s� ε�θ), then

0 ≤ V (s� ε�θ)− V (t)(s� ε�θ)

= max
a∈A

V(s�a� ε�θ)− max
a∈A

V (t)(s� a� ε�θ)

≤ max
a∈A

[
V(s�a� ε�θ)− V (t)(s� a� ε�θ)

]
≤ max

a∈A

∣∣V(s�a� ε�θ)− V (t)(s� a� ε�θ)
∣∣�

Similarly, if V (s� ε�θ)≤ V (t)(s� ε�θ), then

0 ≤ V (t)(s� ε�θ)− V (s� ε�θ)
= max

a∈A
V (t)(s� a� ε�θ)− max

a∈A
V(s�a� ε�θ)

≤ max
a∈A

[
V (t)(s� a� ε�θ)− V(s�a� ε�θ)

]
≤ max

a∈A

∣∣V(s�a� ε�θ)− V (t)(s� a� ε�θ)
∣∣�

Hence, taking the supremum over s on the right-hand side of (A11) and then
taking absolute values on both sides, we obtain∣∣V (s� ε�θ)− V (t)(s� ε�θ)

∣∣(A11′)

≤ max
a∈A

∣∣V(s�a� ε�θ)− V (t)(s� a� ε�θ)
∣∣

≤ sup
s′∈S

∣∣A(t)
1 (θ)

∣∣+β[N(t)∑
n=1

sup
ŝ∈S�a

∣∣EVs′ (̂s� ε(t−n)� a�θ∗(t−n))
−EV (t−n)

s′
(̂
s� ε(t−n)� a�θ∗(t−n))∣∣WN(t)�h

(
θ�θ∗(t−n))]
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≤ sup
s′∈S

∣∣A(t)
1 (θ)

∣∣+β[N(t)∑
n=1

sup
ŝ∈S

∣∣V (̂s� ε(t−n)� θ∗(t−n))
− V (t−n)(̂s� ε(t−n)� θ∗(t−n))∣∣WN(t)�h

(
θ�θ∗(t−n))]�

Denote


V (t)
(
ε(t)� θ∗(t))≡ sup

ŝ∈S

∣∣V (̂s� ε(t)� θ∗(t))− V (t)
(̂
s� ε(t)� θ∗(t))∣∣�

Now, |V (s� ε�θ) − V (t)(s� ε�θ)| appears on the left-hand side (LHS) and
|V (̂s� ε(t−n)� θ∗(t−n))− V (t−n)(̂s� ε(t−n)� θ∗(t−n))| appears on the RHS of equation
(A11′). Using this, we can recursively substitute away |V (̂s� ε(t−n)� θ∗(t−n)) −
V (t−n)(̂s� ε(t−n)� θ∗(t−n))|. This logic is used in the following lemma. Before we
proceed with the lemma and its proof, we introduce some additional notation.
For τ < t, let

W̃ (t� τ)≡ βWN(t)�h(θ�θ
′)�

where θ is the parameter vector at iteration t and θ′ the parameter vector at
iteration τ. Now, for N ≥ 1 and for m such that 0<m≤N + 1� define

Ψm(t +N� t� τ)≡ {Jm = (tm� tm−1� � � � � t1� t0) :

tm = t +N > tm−1 > · · ·> t2 > t1 ≥ t� t0 = τ}�
That is, Ψm(t + N� t� τ) is the resulting set of iterations where the largest is
t +N and the smallest is τ, and the other m− 1 iterations are greater than or
equal to t. Furthermore, let

Ŵ (t +N� t� τ)≡
N+1∑
m=1

{ ∑
Ψm(t+N�t�τ)

m∏
k=1

W̃ (tk� tk−1)

}
�

Notice that Ŵ (t� t� τ)≡ W̃ (t� τ).

LEMMA 4: For any N ≥ 1, t > 0,


V (t+N)(ε�θ) ≤ sup
s′∈S

∣∣A(t+N)
1 (θ)

∣∣(A12)

+
N−1∑
m=0

Ŵ (t +N� t +N −m� t +N −m− 1)
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× sup
s′∈S

∣∣A(t+N−m−1)
1

(
θ∗(t+N−m−1)

)∣∣
+

N(t)∑
n=1


V (t−n)(ε(t−n)� θ∗(t−n))Ŵ (t +N� t� t − n)�
Furthermore,

N(t)∑
n=1

Ŵ (t +N� t� t − n)≤ β�(A13)

PROOF: First, we show that inequalities (A12) and (A13) hold for N = 1.
For iteration t + 1, we get


V (t+1)(ε�θ) ≤ sup
s′∈S

∣∣A(t+1)
1 (θ)

∣∣
+

N(t+1)∑
n=1


V (t+1−n)(ε(t+1−n)� θ∗(t+1−n))
× W̃ (t + 1� t + 1 − n)

≤ sup
s′∈S

∣∣A(t+1)
1 (θ)

∣∣+
V (t)
(
ε(t)� θ∗(t))W̃ (t + 1� t)

+
N(t+1)−1∑
n=1


V (t−n)(ε(t−n)� θ∗(t−n))W̃ (t + 1� t − n)�

Now, we substitute away 
V (ε(t)� θ∗(t)) by using (A11′) and the fact thatN(t)≥
N(t + 1)− 1:


V (t+1)(ε�θ) ≤ sup
s′∈S

∣∣A(t+1)
1 (θ)

∣∣
+ sup

s′∈S

∣∣A(t)
1

(
θ∗(t))∣∣W̃ (t + 1� t)

+
N(t)∑
n=1


V (t−n)(ε(t−n)� θ∗(t−n))
× {W̃ (t + 1� t)W̃ (t� t − n)+ W̃ (t + 1� t − n)}

= sup
s′∈S

∣∣A(t+1)
1 (θ)

∣∣+ sup
s′∈S

∣∣A(t)
1

(
θ∗(t))∣∣Ŵ (t + 1� t + 1� t)

+
N(t)∑
n=1


V (t−n)(ε(t−n)� θ∗(t−n))Ŵ (t + 1� t� t − n)�

Hence, inequality (A12) holds for N = 1�
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We now prove (A13) for N = 1� Since
N(t)∑
n=1

W̃ (t� t − n)/β=
N(t)∑
n=1

WN(t)�h

(
θ∗(t)� θ∗(t−n))= 1�

then
N(t)∑
n=1

Ŵ (t + 1� t� t − n)

=
N(t)∑
n=1

W̃ (t + 1� t)W̃ (t� t − n)+
N(t)∑
n=1

W̃ (t + 1� t − n)

= W̃ (t + 1� t)
N(t)∑
n=1

W̃ (t� t − n)+
N(t)∑
n=1

W̃ (t + 1� t − n)

= βW̃ (t + 1� t)+
N(t)∑
n=1

W̃ (t + 1� t − n)

≤
N(t)+1∑
n=1

W̃ (t + 1� t + 1 − n)�

Since W̃ (t + 1� t + 1 − n)= 0 for any n >N(t + 1)�
N(t)+1∑
n=1

W̃ (t + 1� t + 1 − n)=
N(t+1)∑
n=1

W̃ (t + 1� t + 1 − n)

= β

N(t+1)∑
n=1

WN(t+1)�h

(
θ∗(t+1)� θ∗(t+1−n))= β�

Thus,

N(t)∑
n=1

Ŵ (t + 1� t� t − n)≤ β�

Hence, inequality (A13) holds for N = 1.
Next, suppose that inequality (A12) holds for N = M . Then, using t + 1

instead of t in inequality (A12), we get


V (t+1+M)(ε�θ) ≤ sup
s′∈S

∣∣A(t+1+M)
1 (θ)

∣∣
+

M−1∑
m=0

Ŵ (t + 1 +M�t + 1 +M −m� t +M −m)



20 S. IMAI, N. JAIN, AND A. CHING

× sup
s′∈S

∣∣A(t+M−m)
1

(
θ∗(t+M−m))∣∣

+
V (t)
(
ε(t)� θ∗(t))Ŵ (t + 1 +M�t + 1� t)

+
N(t+1)∑
n=2


V (t+1−n)(ε(t+1−n)� θ∗(t+1−n))
× Ŵ (t + 1 +M�t + 1� t + 1 − n)�

Now, using (A11′) to substitute away 
V (t)(ε(t)� θ∗(t)), we get


V (t+1+M)(ε�θ) ≤ sup
s′∈S

∣∣A(t+M+1)
1 (θ)

∣∣(A14)

+
M∑
m=0

Ŵ (t +M + 1� t +M + 1 −m� t +M −m)

× sup
s′∈S

∣∣A(t+M−m)
1

(
θ∗(t+M−m))∣∣

+
N(t)∑
n=1


V (t−n)(ε(t−n)� θ∗(t−n))
× [Ŵ (t +M + 1� t + 1� t)W̃ (t� t − n)
+ Ŵ (t +M + 1� t + 1� t − n)]�

CLAIM: Now, we claim that, for any M ≥ 1,

Ŵ (t +M�t + 1� t)W̃ (t� t − n)+ Ŵ (t +M�t + 1� t − n)(A15)

= Ŵ (t +M�t� t − n)�

PROOF: Let

Ψm�1(t +M�t� τ)
≡ {Jm = (tm� tm−1� � � � � t1� t0) :

tm = t +M > tm−1 > · · ·> t2 ≥ t + 1� t1 = t� t0 = τ}�
Notice that

Ψm(t +M�t + 1� τ)

≡ {Jm = (tm� tm−1� � � � � t1� t0) :

tm = t +M > tm−1 > · · ·> t2 > t1 ≥ t + 1� t0 = τ}�
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Then

Ψm(t +M�t� τ)=Ψm�1(t +M�t� τ)∪Ψm(t +M�t + 1� τ)

and

Ψm�1(t +M�t� τ)∩Ψm(t +M�t + 1� τ)= ∅�
Also,

ΨM+1(t +M�t + 1� τ)= ∅�
Therefore,

Ŵ (t +M�t� τ)

≡
M+1∑
m=1

{ ∑
Ψm(t+M�t�τ)

m∏
k=1

W̃ (tk� tk−1)

}

=
M+1∑
m=1

{ ∑
Ψm�1(t+M�t�τ)

m∏
k=1

W̃ (tk� tk−1)

}

+
M+1∑
m=1

{ ∑
Ψm(t+M�t+1�τ)

m∏
k=1

W̃ (tk� tk−1)

}

=
M+1∑
m=2

{ ∑
Ψm−1(t+M�t+1�t)

m−1∏
k=1

W̃ (tk� tk−1)

}
W̃ (t� τ)

+
M∑
m=1

{ ∑
Ψm(t+M�t+1�τ)

m∏
k=1

W̃ (tk� tk−1)

}

=
M∑
m=1

{ ∑
Ψm(t+M�t+1�t)

m∏
k=1

W̃ (tk� tk−1)

}
W̃ (t� τ)

+
M∑
m=1

{ ∑
Ψm(t+M�t+1�τ)

m∏
k=1

W̃ (tk� tk−1)

}

= Ŵ (t +M�t + 1� t)W̃ (t� τ)+ Ŵ (t +M�t + 1� τ)�

Hence, (A15) holds and the claim is proved. Q.E.D.

Substituting this into equation (A14) withM+ 1 instead ofM yields the first
part of Lemma 4 (that is, (A12)) by induction.
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Next, suppose that (A13) holds for N =M . That is,

N(t)∑
n=1

Ŵ (t +M�t� t − n)≤ β�

Then, denoting t ′ = t + 1 and using (A15) with M + 1 instead of M , we get

N(t)∑
n=1

Ŵ (t +M + 1� t� t − n)

=
N(t)∑
n=1

Ŵ (t +M + 1� t + 1� t)W̃ (t� t − n)

+
N(t)∑
n=1

Ŵ (t +M + 1� t + 1� t − n)

≤ Ŵ (t ′ +M�t ′� t)+
N(t)∑
n=1

Ŵ (t ′ +M�t ′� t − n)

=
N(t′)∑
n=1

Ŵ (t ′ +M�t ′� t ′ − n)≤ β�

Hence, induction holds and for any N > 0,

N(t)∑
n=1

Ŵ (t +N� t� t − n)≤ β�

which proves the second part of the lemma (that is, (A13)). Thus, Lemma 4 is
proved. Q.E.D.

We sometimes suppress the arguments of A1, for convenience. Now, for any
m = 1� � � � � Ñ(l), if we substitute t(l) −m for t + N and t(l − 1) for t, then
equation (A12) becomes


V (t(l)−m)(ε�θ) ≤ sup
s′∈S

∣∣A(t(l)−m)
1 (θ)

∣∣
+

Ñ(l)−m∑
i=0

Ŵ (t(l)−m� t(l)−m− i� t(l)−m− i− 1)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣
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+
Ñ(l−1)∑
n=1


V (t(l−1)−n)(ε(t(l−1)−n)� θ∗(t(l−1)−n))
× Ŵ (t(l)−m� t(l− 1)� t(l− 1)− n)�

Now, we take a weighted sum of 
V (t(l)−m)(ε�θ∗(t(l)−m)), m = 1� � � � � Ñ(l)�
where the weights are WÑ(l)�h(θ�θ

∗(t(l)−m)). Then

Ñ(l)∑
m=1


V (t(l)−m)(ε(t(l)−m)� θ∗(t(l)−m))WÑ(l)�h

(
θ�θ∗(t(l)−m))(A16)

≤
Ñ(l)∑
m=1

{
sup
s′∈S

∣∣A(t(l)−m)
1

∣∣
+

Ñ(l)−m∑
i=0

Ŵ (t(l)−m� t(l)−m− i� t(l)−m− i− 1)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣}WÑ(l)�h

(
θ�θ∗(t(l)−m))

+
Ñ(l)∑
m=1

Ñ(l−1)∑
n=1


V (t(l−1)−n)(ε(t(l−1)−n)� θ∗(t(l−1)−n))
× Ŵ (t(l)−m� t(l− 1)� t(l− 1)− n)WÑ(l)�h

(
θ�θ∗(t(l)−m))�

Now, let A(l� l)≡ B1(l� l)+B2(l� l), where

B1(l� l)=
Ñ(l)∑
m=1

sup
s′∈S

∣∣A(t(l)−m)
1

∣∣WÑ(l)�h

(
θ�θ∗(t(l)−m))�

B2(l� l)≡
Ñ(l)∑
m=1

WÑ(l)�h

(
θ�θ∗(t(l)−m))

×
Ñ(l)−m∑
i=0

{
Ŵ (t(l)−m� t(l)−m− i� t(l)−m− i− 1)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣}�
and denote hl = h(t(l)) as the bandwidth at iteration t(l).
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LEMMA 5: A(l� l)
P→ 0 as l→ ∞ uniformly in Θ�

PROOF: We first show that B1(l� l)
P→ 0 uniformly in Θ. Now

B1(l� l)=

Ñ(l)∑
m=1

sup
s′∈S

|A(t(l)−m)
1 | 1

Ñ(l)
Kh(Ñ(l))(θ�θ

∗(t(l)−m))

1
Ñ(l)

Ñ(l)∑
k=1

Kh(Ñ(l))(θ�θ
∗(t(l)−k))

�(A17)

Because
∫
EVs′(s� ε

′� a�θ)dFε′(ε′� θ) and EVs′(s� ε(t−n)� a�θ∗(t−n)) are uniformly
bounded in a�ε� ε(t−n), and θ, θ∗(t−n) ∈ Θ, A(t)

1 is uniformly bounded. Hence,
there exists A> 0 such that A(t)

1 ≤A for any t. By Lemma 3,

E
[

sup
a�s′∈S�θ′∈Θ

∣∣A(t)
1 (θ

′)
∣∣](A18)

≤ C1h
(3/2)J Pr

[
sup

a�s′∈S�θ′∈Θ

∣∣A(t)
1 (θ

′)
∣∣<C1h

(3/2)J
]

+APr
[

sup
a�s′∈S�θ′∈Θ

∣∣A(t)
1 (θ

′)
∣∣≥ C1h

(3/2)J
]

≤ C1h
(3/2)J + AC2√

N(t)h5J

and

E
[

sup
s′∈S�θ′∈Θ

∣∣A(t)
1 (θ

′)
∣∣2](A19)

≤ C2
1h

3J Pr
[

sup
s′∈S�θ′∈Θ

∣∣A(t)
1 (θ

′)
∣∣<C1h

(3/2)J
]

+A2
Pr
[

sup
s′∈S�θ′∈Θ

∣∣A(t)
1 (θ

′)
∣∣≥ C1h

(3/2)J
]

≤ C2
1h

3J + A
2
C2√

N(t)h5J
�

Now, using the Fourier transform method of Bierens (1994), we let

Ym ≡ sup
s′∈S�θ′∈Θ

∣∣A(t(l)−m)
1 (θ′)

∣∣�
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Then

E

[
sup
θ∈Θ

1
Ñ(l)

Ñ(l)∑
m=1

sup
s′∈S�θ′∈Θ

∣∣A(t(l)−m)
1 (θ′)

∣∣Kh(Ñ(l))

(
θ�θ∗(t−m)(q)

)]
(A20)

≤ ε1E

[
sup
θ∈Θ

1
Ñ(l)

Ñ(l)∑
m=1

YmKh(Ñ(t))

(
θ�θ∗(t−m)(g̃)

)]

≤ ε1

(
1

2π

)J{
E

[
1

Ñ(l)

Ñ(l)∑
m=1

Ym cos
(
θ∗(t−m)(g̃)

)]2

+E
[

1
Ñ(l)

Ñ(l)∑
m=1

Ym sin
(
θ∗(t−m)(g̃)

)]2}1/2 ∫
|ψ(hz)|dz

≤ ε1

(
1

2π

)J{
2E

[
1

Ñ(l)

Ñ(l)∑
m=1

Ym

]2}1/2 ∫
|ψ(hz)|dz�

The last inequality holds because Ym > 0. Now[
Ñ(l)∑
m=1

Ym

]2

=
Ñ(l)∑
m=1

Y 2
m + 2

∑
m>n

YmYn ≤
Ñ(l)∑
m=1

Y 2
m +

∑
m>n

[Y 2
m +Y 2

n ]

≤ 2Ñ(l)
Ñ(l)∑
m=1

Y 2
m�

Hence,

RHS of (A20)(A21)

≤ ε1

(
1

2π

)J{
2E

[
2Ñ(l)
Ñ(l)2

Ñ(l)∑
m=1

Y 2
m

]}1/2 ∫
|ψ(hlz)|dz

≤ 2ε1
1
hJl

√√√√√C2
1h

3J
l−1 + A

2
C2√

N(l− 1)h5J
l

(
1

2π

)J ∫
|ψ(z)|dz

= 2ε1

√√√√√C2
1h

J
l−1 + A

2
C2√

N(l− 1)h9J
l

(
1

2π

)J ∫
|ψ(z)|dz

→ 0 as l→ ∞�
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Assumption 7 (h(Ñ(k+ 1))9JÑ(k+ 1)→ ∞ as k→ ∞) and

Ñ(k)

Ñ(k)+ 1
→ 1

as k→ ∞ together imply Ñ(l− 1)h9J
l → ∞ as l→ ∞ Therefore, the numera-

tor of B1(l� l) in (A17) converges to zero in probability uniformly inΘ� Further-
more, from (A9), we know that the probability of the denominator of (A17)
being larger than 1

2ε0 infθ∈Θ g(θ) uniformly in Θ can be made arbitrarily close
to 1 by making t large enough. Therefore, B1(l� l)

P→ 0 as l → ∞ uniformly
in Θ.

We next show that B2(l� l)
P→ 0 uniformly as t → ∞�

For any t ′ > t > 0, let, K̃(t ′� t) ≡ Kh(θ
∗(t′) − θ∗(t)). For τ1 > τ2 > τ and for l

such that t(l− 1) < τ1 ≤ t(l), define W ∗(τ1� τ2� τ� j) recursively to be

W ∗(τ1� τ2� τ�1)≡ W̃ (τ1� τ)�

W ∗(τ1� τ2� τ�2)≡
τ1−τ2∑
j=1

W̃ (τ1� τ1 − j)W ∗(τ1 − j� τ2� τ�1)�

���

W ∗(τ1� τ2� τ�k)≡
τ1−τ2−(k−2)∑

j=1

W̃ (τ1� τ1 − j)W ∗(τ1 − j� τ2� τ�k− 1)�

Notice that for τ < τ2 −N(τ2), W ∗(τ1� τ2� τ�k)= 0 for all k. Similarly,

K∗(τ1� τ2� τ�1)≡ 1
Ñ(l)

K̃(τ1� τ)�

K∗(τ1� τ2� τ�2)≡
τ1−τ2∑
j=1

1
Ñ(l)

K̃(τ1� τ1 − j)K∗(τ1 − j� τ2� τ�1)�

���

K∗(τ1� τ2� τ�k)≡
τ1−τ2−(k−2)∑

j=1

1
Ñ(l)

K̃(τ1� τ1 − j)K∗(τ1 − j� τ2� τ�k− 1)�

and, for τ < τ2 −N(τ2),

K∗(τ1� τ2� τ�k)= 0�
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Then, for any τ1 > τ2 > τ,

Ŵ (τ1� τ2� τ)≡
Ñ(l)+1∑
m=1

{ ∑
Ψm(τ1�τ2�τ)

m∏
k=1

W̃ (tk� tk−1)

}
(A22)

=
τ1−τ2+1∑
k=1

W ∗(τ1� τ2� τ�k)�

Hence,

Ñ(l)−m∑
i=0

{
Ŵ (t(l)−m� t(l)−m− i� t(l)−m− i− 1) sup

s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣}

=
Ñ(l)−m∑
i=0

{
i+1∑
k=1

W ∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣}

=
Ñ(l)−m∑
k=1

{
Ñ(l)−m∑
i=k−1

W ∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣}�
Also, notice that, for any t̃ such that t(l− 1) < t̃ ≤ t(l)�

W ∗(̃t� t̃ − i� t̃ − i− 1�k)(A23)

=
∑

Ψk(̃t�̃t−i�̃t−i−1)

k∏
j=1

W̃ (tj� tj−1)

=
∑

Ψk(̃t�̃t−i�̃t−i−1)

k∏
j=1

β
K̃(tj� tj−1)

N(tj)∑
i=1

K̃(tj� tj−i)
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≤ βk
[

inf
t(l−1)<t≤t(l)

N(t)∑
i=1

K̃(t� t − i)
]−k ∑

Ψk(̃t�̃t−i�̃t−i−1)

k∏
j=1

K̃(tj� tj−1)

= βk
[

1
Ñ(l)

inf
t(l−1)<t≤t(l)

N(t)∑
i=1

K̃(t� t − i)
]−k ∑

Ψk(̃t�̃t−i�̃t−i−1)

k∏
j=1

K̃(tj� tj−1)

Ñ(l)

= βk
[

1
Ñ(l)

inf
t(l−1)<t≤t(l)

N(t)∑
i=1

K̃(t� t − i)
]−k

K∗(̃t� t̃ − i� t̃ − i− 1�k)�

Hence, for any 0< δ< 1 we get

Pr

[
Ñ(l)∑
k=1

Ñ(l)∑
m=1

WÑ(l)�h

(
θ�θ∗(t(l)−m))(A24)

×
Ñ(l)−m∑
i=k−1

W ∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣≥ δ− δÑ(l)+1

1 − δ

]

≤ Pr

[
Ñ(l)⋃
k=1

{
Ñ(l)∑
m=1

WÑ(l)�h

(
θ�θ∗(t(l)−m))

×
Ñ(l)−m∑
i=k−1

W ∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣≥ δk}]

≤
Ñ(l)∑
k=1

Pr

[
Ñ(l)∑
m=1

WÑ(l)�h

(
θ�θ∗(t(l)−m))

×
Ñ(l)−m∑
i=k−1

W ∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)
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× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣≥ δk]

≤
Ñ(l)∑
k=1

Pr

{[
Ñ(l)∑
m=1

Kh(Ñ(l))

(
θ�θ∗(t(l)−m))

×
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣≥ [ δ

4Aβ
ε0 inf

θ
g(θ)

]k]

∪
[

inf
t(l−1)<t≤t(l)

[
1

Ñ(l)

N(t)∑
i=1

K̃(t� t − i)
]
<

1
4A

ε0 inf
θ
g(θ)

]}

≤
Ñ(l)∑
k=1

Pr

[
Ñ(l)∑
m=1

Kh(Ñ(l))

(
θ�θ∗(t(l)−m))

×
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣≥ [ δ

4Aβ
ε0 inf

θ
g(θ)

]k+1
]

+ Pr

[
inf

t(l−1)<t≤t(l)

[
1

Ñ(l)

N(t)∑
i=1

K̃(t� t − i)
]
<

1
4A
ε0 inf

θ
g(θ)

]
�

First, we consider the first term of the RHS of equation (A24). We prove the
following claim.

CLAIM 1: The following inequalities hold:

E

{
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)(A25)

× sup
s′∈S�θ′∈Θ

∣∣A(t(l)−m−i−1)
1

∣∣}

≤ εk+1
1

(k− 1)!
{

sup
θ′∈Θ

Eθ
[
Khl(θ

′ − θ(g̃))]}kE[ sup
s′∈S�θ∈Θ

∣∣A(t(l)−m−i−1)
1

∣∣]�
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E

{
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)(A26)

× sup
s′∈S�θ′∈Θ

∣∣A(t(l)−m−i−1)
1

∣∣}2

≤ 2
(

εk+1
1

(k− 1)!
)2{

sup
θ′∈Θ

Eθ
[
Khl(θ

′ − θ∗(g̃))
]}2k

×E
[

sup
s′∈S�θ∈Θ

∣∣A(t(l)−m−i−1)
1

∣∣2]�
PROOF: First, by definition of K∗, note that

E

{
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)(A27)

× sup
s′∈S�θ′∈Θ

∣∣A(t(l)−m−i−1)
1

∣∣}

= 1
Ñ(l)k

Ñ(l)−m∑
i=k−1

∑
j1�����jk−1

I(j0 = t(l)−m− i− 1�

t(l)−m− i≤ j1 < j2 < · · ·< jk = t(l)−m)

×E
[{

k−1∏
s=0

[
Kh

(
θ∗(js+1) − θ∗js)]} sup

s′∈S�θ∈Θ

∣∣A(t(l)−m−i−1)
1

∣∣]�
For k ≥ 1, let (j0� j1� � � � � jk) satisfy t(l) − m − i − 1 = j0 < j1 < j2 < · · · <
jk−1 < jk = t(l) −m. Denote the conditional transition probability from θ∗(t)

to θ∗(t+1) given H(t) as p∗(θ∗(t)� θ∗(t+1)|H(t)) or, in shorthand, p∗(t+1), and denote
f (θ(t+1)|θ∗(t)�H(t)) to be the conditional distribution of θ(t+1) given θ∗(t)�H(t).
Then

p∗(θ∗(t)� θ∗(t+1)
∣∣H(t)

)=
∫
f
(
θ(t+1)

∣∣θ∗(t)�H(t)
)
q
(
θ(t+1)� θ∗(t+1)

)
dθ(t+1)

≤ ε1

∫
f
(
θ(t+1)

∣∣θ∗(t)�H(t)
)
g̃
(
θ∗(t+1)

)
dθ(t+1)

= ε1g̃
(
θ∗(t+1)

)
�
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Therefore,

{
t(l)−m∏
s=2

p∗(θ∗(s−1)� θ∗(s)∣∣H(s−1)
)}

(A28)

≤
[
k−1∏
m=0

ε1g̃
(
θ∗(jm))]

×
{
t(l)−m∏
s=2

[
p∗(θ∗(s−1)� θ∗(s)∣∣H(s−1)

)
1(s �= {jm}k−1

m=0)

+ 1(s = {jm}k−1
m=0)

]}
�

Because Kh(·)≥ 0 for any 0< t < t ′�

E
[
Kh

(
θ∗(t′) − θ∗(t))]= E

[
Kh

(
θ∗(t′)(p∗(t′))− θ∗(t)(p∗(t)))]

≤ ε2
1Et′

{
Et
[
Kh

(
θ∗(t′)(g̃)− θ∗(t)(g̃)

)]}
�

Furthermore,

Eθ′�θ
[
Kh(θ

′(g̃)− θ(g̃))]= Eθ′
[
Eθ
{
Kh(θ

′(g̃)− θ(g̃))}](A29)

≤ sup
θ̃∈Θ

Eθ
[
Kh(θ̃− θ(g̃))]�

Using (A28) and (A29),

E

[{
k−1∏
i=0

[
Kh

(
θ∗(ji+1) − θ∗(ji))]} sup

s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣∣∣∣H(j0)

]
(A30)

≤ εk+1
1 E

[{
k−1∏
i=0

[
Kh

(
θ∗(ji+1)(g̃)− θ∗(ji)(g̃)

)]}
sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣]

≤ εk+1
1 E

[{
k−1∏
i=0

sup
θ′∈Θ

[
Khl

(
θ′ − θ∗(ji)(g̃)

)]}
sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣]

= εk+1
1

{
sup
θ′∈Θ

Eθ
[
Khl(θ

′ − θ∗(g̃))
]}k
E
[

sup
s′∈S�θ′∈Θ

∣∣A(t(l)−m−i−1)
1 (θ′)

∣∣]�
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Furthermore, for any i�m such that 0 <m+ i ≤ Ñ(l) and for any k > 1 such
that k≤m+ i,

1
Ñ(l)k−1

∑
j1�����jk−1

I(t(l)−m− i≤ j1 < · · ·< jk−1 < t(l)−m)(A31)

= 1
Ñ(l)k−1

( [i]!
(k− 1)!(i− (k− 1))!

)

≤ [[i]/Ñ(l)]k−1

(k− 1)! ≤ 1
(k− 1)! �

Substituting (A30) and (A31) into (A27), (A25) follows and hence the first part
of Claim 1 is proved.

Now, let Yi = K∗(t(l) − m� t(l) − m − i� t(l) − m − i − 1�k) ×
sups′∈S�θ∈Θ |A(t(l)−m−i−1)

1 |. Then

E

{
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S�θ∈Θ

∣∣A(t(l)−m−i−1)
1

∣∣}2

≤E
[
Ñ(l)−m∑
i=k−1

Yi

]2

≤ 2Ñ(l)E

[
Ñ(l)−m∑
i=k−1

Y 2
i

]

≤ 2Ñ(l)
Ñ(l)2k

×
Ñ(l)−m∑
i=k−1

E

[ ∑
j1�����jk−1

I(t(l)−m− i≤ j1 < · · ·< jk−1 < t(l)−m)

×
k−1∏
s=0

[
Kh

(
θ∗(js+1) − θ∗(js))] sup

s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣]2

≤ 2ε2(k+1)
1

Ñ(l)2k−1

×
Ñ(l)−m∑
i=k−1

[ ∑
j1�����jk−1

I(t(l)−m− i≤ j1 < · · ·< jk−1 < t(l)−m)
]2
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×E
[{

k−1∏
s=0

[
Kh

(
θ∗(js+1)(g̃)− θ∗(js)(g̃)

)]
sup

s′∈S�θ∈Θ

∣∣A(t(l)−m−i−1)
1

∣∣}2]

≤ 2
(

εk+1
1

(k− 1)!
)2{

sup
θ′∈Θ

Eθ
[
Khl(θ

′ − θ∗(g̃))
]}2k

×E
[

sup
s′∈S�θ∈Θ

∣∣A(t(l)−m−i−1)
1

∣∣2]�
Hence, the second part of Claim 1 is proved. Q.E.D.

Now, using the law of iterated expectations and Claim 1, we obtain the in-
equality

E

[
1

Ñ(l)

Ñ(l)∑
m=1

Kh(Ñ(l))

(
θ�θ∗(t(l)−m))

×
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣]

≤ ε1

Ñ(l)

Ñ(l)∑
m=1

E

[
Kh(Ñ(l))

(
θ�θ∗(t(l)−m)(g̃)

)

×
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

]

×
[
C1h

(3/2)J
l−1 + AC2√

N(l− 1)h5J
l

]

≤
[
εk+2

1 sup
θ′∈Θ

Eθ
[
Khl(θ

′ − θ(g̃))]k+1 1
(k− 1)!

]

×
[
C1h

(3/2)J
l−1 + AC2√

N(l− 1)h5J
l

]
�
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Chebychev inequality implies

Pr

[
Ñ(l)∑
m=1

1
Ñ(l)

Kh(Ñ(l))

(
θ�θ∗(t(l)−m))(A32)

×
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣> [ δ

4Aβ
ε0 inf

θ
g(θ)

]k]

≤
[
C1h

(3/2)J
l−1 + AC2√

N(l− 1)h5J
l

]
εk+2

1

× sup
θ′∈Θ

E
[
Khl(θ

′ − θ(g̃))]k+1 1
(k− 1)!/[ δ

4Aβ
ε0 inf

θ
g(θ)

]k+1

�

Next, we consider the second term of the RHS of equation (A24). We first
prove the following claim.

CLAIM 2: For any t(l− 1) < t ≤ t(l), either [t(l− 1)+ 1 − Ñ(l− 1)/2� t(l−
1)+ 1] ⊆ [t−N(t)� t] or [t(l− 1)+ 1� t(l− 1)+ Ñ(l− 1)/2 + 1] ⊆ [t−N(t)� t]
or both.

PROOF: First, we show that for t satisfying t(l − 1) < t ≤ t(l − 1)+ Ñ(l −
1)/2,

[t(l− 1)+ 1 − Ñ(l− 1)/2� t(l− 1)+ 1] ⊆ [t −N(t)� t]�(A33)

Because N(·) is a nondecreasing function, N(t)≥ Ñ(l− 1)� Hence,

t − t(l− 1)≤ Ñ(l− 1)/2 = Ñ(l− 1)− Ñ(l− 1)/2

≤N(t)− Ñ(l− 1)/2�

Thus,

t −N(t)≤ t(l− 1)− Ñ(l− 1)/2�

Since t(l− 1)+ 1 ≤ t, (A33) holds.



BAYESIAN ESTIMATION OF DDC MODELS 35

Next, we show that for t satisfying t(l− 1)+ Ñ(l− 1)/2< t ≤ t(l),

[t(l− 1)+ 1� t(l− 1)+ Ñ(l− 1)/2 + 1] ⊆ [t −N(t)� t]�(A34)

From the definition of Ñ(·),

t(l)− Ñ(l)= t(l− 1)+ 1�

Furthermore, because N(s) is increasing at most by 1 with unit increase in s,
s−N(s) is nondecreasing in s. Hence,

t −N(t)≤ t(l)− Ñ(l)= t(l− 1)+ 1�

Furthermore, t ≥ t(l − 1) + Ñ(l − 1)/2 + 1. Therefore, (A34) holds. Hence,
Claim 2 is proved. Q.E.D.

Now, following an argument very similar to the one used in deriving (A9), it
is straightforward to show that for any η3 > 0, there exists L such that for any
l > L, t1 = t(l− 1)+ 1, and for t2 = t(l− 1)+ Ñ(l− 1)/2 + 1,

Pr

[
1

Ñ(l)/2

Ñ(l)/2∑
k=1

Kh(N(ti))

(
θ− θ∗(ti−k))≤ 1

2
ε0 inf

θ∈Θ
g(θ)

]

≤ η3� i= 1�2�

Therefore,

Pr

[{
1

Ñ(l)/2

Ñ(l)/2∑
k=1

Kh

(
θ− θ∗(t1−k))≤ 1

2
ε0 inf

θ∈Θ
g(θ)

}

∪
{

1
Ñ(l)/2

Ñ(l)/2∑
k=1

Kh

(
θ− θ∗(t2−k))≤ 1

2
ε0 inf

θ∈Θ
g(θ)

}]

≤ Pr

[
1

Ñ(l)/2

Ñ(l)/2∑
k=1

Kh

(
θ− θ∗(t1−k))≤ 1

2
ε0 inf

θ∈Θ
g(θ)

]

+ Pr

[
1

Ñ(l)/2

Ñ(l)/2∑
k=1

Kh

(
θ− θ∗(t2−k))≤ 1

2
ε0 inf

θ∈Θ
g(θ)

]

≤ 2η3�
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Therefore,

Pr

[{
1

Ñ(l)/2

Ñ(l)/2∑
k=1

Kh

(
θ− θ∗(t1−k))> 1

2
ε0 inf

θ∈Θ
g(θ)

}

∩
{

1
Ñ(l)/2

Ñ(l)/2∑
k=1

Kh

(
θ− θ∗(t2−k))> 1

2
ε0 inf

θ∈Θ
g(θ)

}]

> 1 − 2η3�

Now, since from Assumptions 6 and 7, h(N(t)) is the same for any t(l− 1) <
t ≤N(l), from Claim 2, for any t such that t(l− 1) < t ≤ t(l),

1
Ñ(l)

N(t)∑
k=1

Kh

(
θ− θ∗(t−k)) ≥ Ñ(l− 1)/2

Ñ(l)

1
Ñ(l− 1)/2

×
Ñ(l−1)/2∑
k=1

Kh

(
θ− θ∗(s−k))�

where either s = t1 = t(l− 1)+ 1 or s = t2 = t(l− 1)+ Ñ(l− 1)/2 + 1 or both.
Furthermore, notice that Ñ(l−1)/2

Ñ(l)
≥ 1

2A� Therefore,

Pr

[
inf

t(l−1)<t≤t(l)
1

Ñ(l)

N(t)∑
n=1

Kh

(
θ− θ∗(t−n))≥ 1

4A
ε0 inf

θ∈Θ
g(θ)

]
> 1 − 2η3�

Thus,

Pr

[
inf

t(l−1)<t≤t(l)

[
1

Ñ(l)

N(t)∑
n=1

K̃(t� t − n)
]
<

1
4A

ε0 inf
θ
g(θ)

]
≤ 2η3�(A35)

By (A32) and (A35),

RHS of (A24)

≤
Ñ(l)∑
k=1

[
C1h

(3/2)J
l−1 + AC2√

N(l− 1)h5J
l

]
εk+2

1

× sup
θ′∈Θ

Eθ
[
Khl−1(θ

′ − θ(g̃))]k+1 1
(k− 1)!
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/[ δ

4Aβ
ε0 inf

θ
g(θ)

]k+1

+ 2η3

= ε1

[
C1h

(3/2)J
l−1 + AC2√

N(l− 1)h5J
l

]
eλλ2

Ñ(l)∑
k=1

[
e−λ λ(k−1)

(k− 1)!
]

+ 2η3�

where

λ=
4Aβε1 sup

θ′∈Θ
Eθ[Khl−1(θ

′ − θ(g̃))]
δε0 inf

θ
g(θ)

> 0�

Notice that e−λ(λk/k!) is the formula for the distribution function of the Pois-
son distribution. Hence,

Ñ(l)∑
k=1

e−λ λ(k−1)

(k− 1)! ≤
∞∑
k=1

e−λ λ(k−1)

(k− 1)! = 1�

Together, we have shown that

LHS of (A24)(A36)

≤ ε1

[
C1h

(3/2)J
l−1 + AC2√

N(l− 1)h5J
l

]
λ2 exp(λ)+ 2η3�

Now,

Eθ
[
Kh(θ

′� θ(g̃))
]→ g̃(θ′) as h→ 0�

Hence, for any B > supθ∈Θ[̃g(θ)], there exists H > 0 such that for any positive
h<H,

Eθ
{
Kh(θ

′� θ(g̃))
}
<B�

Therefore, for h <H, λ is uniformly bounded. Hence, for any δ > 0, the RHS
of (A36) can be made arbitrarily small by choosing l− 1 large enough to make
hl−1 arbitrarily small, N(l − 1)h5J

l arbitrarily large, and η3 arbitrarily small.

Hence, we have shown that B2(l� l)
P→ 0�

We now proceed to show uniform convergence of B2(l� l). As before, we use
a Fourier transform. Let

Ym ≡
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣�
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Then

E

[
sup
θ∈Θ

Ñ(l)∑
m=1

1
Ñ(l)

Kh(Ñ(l))

(
θ�θ∗(t(l)−m)(q)

)
Ym

]
(A37)

≤ ε1E

[
sup
θ∈Θ

Ñ(l)∑
m=1

1
Ñ(l)

Kh(Ñ(l))

(
θ�θ∗(t(l)−m)(g̃)

)
Ym

]

≤ ε1

(
1

2π

)J{
4E

[
1

Ñ(l)

Ñ(l)∑
m=1

Y 2
m

]}1/2 ∫
|ψ(hz)|dz�

Now, using Claim 1,

RHS of (A37)

≤ 2
√

2εk+2
1

(k− 1)!
[
sup
θ′∈Θ

E
[
Khl−1(θ

′ − θ(g̃))]]k

×
√√√√√C2

1h
3J
l−1 + A

2
C2√

N(l− 1)h5J
l

(
1

2π

)J ∫
|ψ(hz)|dz

≤ 2
√

2εk+2
1

(k− 1)!
[
sup
θ′∈Θ

E
[
Khl−1(θ

′ − θ(g̃))]]k

×
√√√√√C2

1h
J
l−1 + A

2
C2√

N(l− 1)h9J
l

(
1

2π

)J ∫
|ψ(z)|dz�

Hence,

E

[
sup
θ∈Θ

Ñ(l)∑
k=1

Ñ(l)∑
m=1

Kh(Ñ(l))

(
θ�θ∗(t(l)−m))

×
Ñ(l)−m∑
i=k−1

K∗(t(l)−m� t(l)−m− i� t(l)−m− i− 1�k)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣]

≤
Ñ(l)∑
k=1

2
√

2εk+2
1

(k− 1)!
[
sup
θ′∈Θ

E
[
Khl−1(θ

′ − θ(g̃))]]k
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×
√√√√√C2

1h
J
l−1 + A

2
C2√

N(l− 1)h9J
l

(
1

2π

)J ∫
|ψ(z)|dz

≤ 2
√

2ε2
1

√√√√√[C2
1h

J
l−1 + A

2
C2√

N(l− 1)h9J
l

]

× eλλ
Ñ(l)∑
k=1

[
e−λ λ(k−1)

(k− 1)!
](

1
2π

)J ∫
|ψ(z)|dz�

where

λ= ε1 sup
θ′∈Θ

Eθ
[
Khl−1(θ

′ − θ(g̃))]→ ε1 sup
θ′∈Θ

g̃(θ′)�

Because, C2
1h

J
l−1 + (A

2
C2/

√
N(l− 1)h9J

l ) can be made arbitrarily small by in-
creasing l, we have shown that the numerator of B2(l� l) converges to zero uni-
formly. Now, consider the denominator. We can follow the earlier arguments
(see (A9)) to prove that for any η> 0, there exists l > 0 , N ≡N(tη) such that
for any t > tη, that is, N(l) >N�

Pr

[
inf
θ∈Θ

1
Ñ(l− 1)/2

Ñ(l−1)/2∑
k=1

Khl−1

(
θ− θ∗(t−k)(q)

)
>

1
2
ε0 inf

θ∈Θ
g(θ)

]
> 1 −η�

Therefore, for sufficiently large l, the denominator is bounded away from zero
uniformly in Θ with probability arbitrarily close to 1. Together, we have shown
that B2(l� l)

P→ 0 uniformly in Θ� Thus, Lemma 5 is proved. That is, we have
shown that

A(l� l)
P→ 0 as l→ ∞�

uniformly in Θ. Q.E.D.

To prove Theorem 1, we now return to (A16). Before we proceed further,
we introduce the following notation. Let

Ξ(l� l1 + 1)≡ {(
tl� tl−1� � � � � tl1+1

)
:

t(l1) < tl1+1 ≤ t(l1 + 1)� � � � � tl−1 ≤ t(l− 1) < tl ≤ t(l)
}
�
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Now, define −→
W (t(l)� t(l1)� tl1) as follows: For l1 = l�

−→
W (t(l)� t(l)� tl)≡WÑ(l)�h

(
θ�θ∗(tl))�

For l1 = l− 1�

−→
W
(
t(l)� t(l− 1)� tl−1

)
=

Ñ(l)∑
m=1

WÑ(l)�h

(
θ�θ∗(t(l)−m))Ŵ (t(l)−m� t(l− 1)� tl−1

)
�

For l1 ≤ l− 2�

−→
W
(
t(l)� t(l1)� tl1

)
≡

∑
(tl�tt−1�����tl1+1)∈Ξ(l�l1+1)

WÑ(l)�h

(
θ�θ∗(tl))

×
{

l−1∏
j=l1+1

Ŵ (tj+1� t(j)� tj)

}
Ŵ
(
tl1+1� t(l1)� tl1

)
�

Recursively, we can express for l1 < l,

−→
W
(
t(l)� t(l1)� tl1

)=
Ñ(l1+1)∑
m=1

−→
W (l� t(l1 + 1)� t(l1 + 1)−m)

× Ŵ (t(l1 + 1)−m� t(l1)� tl1
)
�

Hence, (A16) can be written as

Ñ(l)∑
m=1


V
(
ε(t(l)−m)� θ∗(t(l)−m))−→W (t(l)� t(l)� t(l)−m)(A38)

≤
Ñ(l)∑
m=1

−→
W (t(l)� t(l)� t(l)−m) sup

s′∈S

∣∣A(t(l)−m)
1

(
θ∗(t(l)−m))∣∣

+
Ñ(l)∑
m=1

−→
W (t(l)� t(l)� t(l)−m)
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×
N(l)−m∑
i=0

Ŵ (t(l)−m� t(l)−m− i� t(l)−m− i− 1)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣
+

Ñ(l−1)∑
m=1


V (t(l−1)−m)(ε(t(l−1)−m)� θ(t(l−1)−m))
× −→
W (t(l)� t(l− 1)� t(l− 1)−m)�

Furthermore, by Lemma 4,

Ñ(l1)∑
m=1

Ŵ
(
tl1+1� t(l1)� t(l1)−m)≤ β�

Applying these inequalities to −→
W yields

Ñ(l1)∑
m=1

−→
W (t(l)� t(l1)� t(l1)−m)≤ β(l−l1+1)�(A39)

Now, let

A(l� l1)≡ B1(l� l1)+B2(l� l1)�

where

B1(l� l1)≡
Ñ(l1)∑
m=1

−→
W (t(l)� t(l1)� t(l1)−m) sup

s′∈S

∣∣A(t(l1)−m)
1

∣∣
and

B2(l� l1)≡
Ñ(l1)∑
m=1

−→
W (t(l)� t(l1)� t(l1)−m)

×
N(l1)−m∑
j=0

{
Ŵ (t(l1)−m� t(l1)−m− j� t(l1)−m− j − 1)

× sup
s′∈S

∣∣A(t(l1)−m−j−1)
1

∣∣}�
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Then, for l1 ≤ l,
Ñ(l1)∑
m=1


V (t(l1)−m)(ε(t(l1)−m)� θ(t(l1)−m))−→W (t(l)� t(l1)� t(l1)−m)(A40)

≤A(l� l1)+
Ñ(l1−1)∑
m=1


V (t(l1−1)−m)(ε(t(l1−1)−m)� θ(t(l1−1)−m))
× −→
W (t(l)� t(l1 − 1)� t(l1 − 1)−m)�

LEMMA 6: Given 
= l− l1 ≥ 0,

A(l� l−
) P→ 0 as l→ ∞�

PROOF: Lemma 5 proves Lemma 6 with 
 = 0. Consider 
 > 0. We prove
convergence of B1(l� l−
). By definition of −→

W ,

−→
W (t(l)� t(l1)� t(l1)−m)

=
[ ∑
t(l−1)<tl≤t(l)

WÑ(l)�h

(
θ�θ∗(tl)){ ∑

t(l−2)<tl−1≤t(l−1)

Ŵ (tl� t(l− 1)� tl−1) · · ·

×
{ ∑
t(l1)<tl1+1≤t(l1+1)

Ŵ
(
tl1+2� t(l1 + 1)� tl1+1

)

× Ŵ (tl1+1� t(l1)� t(l1)−m)}}]�
Using this expression, we write the numerator of B1(l� l1) divided by Ñ(l) as

E

[ ∑
t(l−1)<tl≤t(l)

1
Ñ(l)

Kh(Ñ(l))

(
θ�θ∗(tl))(A41)

×
{ ∑
t(l−2)<tl−1≤t(l−1)

∑
k

K∗(tl� t(l− 1)� tl−1�k) · · ·

×
{ ∑
t(l1)<tl1+1≤t(l1+1)

∑
k

K∗(tl1+2� t(l1 + 1)� tl1+1�k
)
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×
Ñ(l)∑
m=1

K∗(tl1+1� t(l1)� t(l1)−m)}}

× sup
s′∈S

∣∣A(t(l1)−m)
1

∣∣]�
Then, using the arguments similar to the derivation of (A36), we can show that

RHS of (A41)

≤ ε1 sup
θ′∈Θ

Eθ
[
Khl−1(θ

′ − θ(g̃))]
×

l−1∏
j=l1

{∑
k

εk+1
1

[(k− 1)!]

[
k−1∏
s=0

sup
θ′∈Θ

E
[
Khj−1(θ

′ − θ(g̃))]]}

×
[
C1h

(3/2)J
l1

+ AC2√
N(l1)h

5J
l1+1

]

≤ λ[ε1λe
λ]
−1

[
C1h

(3/2)J
l1

+ AC2√
N(l1)h

5J
l1+1

]
→ 0 as l1 → ∞�

where

λ= ε1 sup
θ′∈Θ�l1≤j≤l−1

Eθ
[
Khj−1(θ

′ − θ(g̃))]> 0�

Next, we consider the denominator of B1(l� l1) divided by Ñ(l). Let t1(l) ≡
t(l − 1) + 1 and t2(l) = t(l − 1) + Ñ(l − 1)/2 + 1. Then arguments similar
to ones used to derive equation (A35) can be used to derive the inequal-
ity

inf
t(l1−1)<t≤t(l)

[
1

Ñ(l)

N(t)∑
i=1

Kh

(
θ− θ∗(t−i))]

≥ min
l1−1<̃l≤l

{
Ñ(̃l)/2
Ñ(l)

1

Ñ(̃l)/2

× min

{
Ñ(̃l)/2∑
k=1

Kh̃l−1

(
θ− θ∗(t1 (̃l)−k))� Ñ(̃l)/2∑

k=1

Kh̃l−1

(
θ− θ∗(t2 (̃l)−k))}}
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≥ 1
2Al+1−l1

1
Ñ(l∗)/2

× min

{
Ñ(l∗)/2∑
k=1

Khl∗−1

(
θ− θ∗(t1(l∗)−k))� Ñ(l∗)/2∑

k=1

Khl∗−1

(
θ− θ∗(t2(l∗)−k))}�

where

l∗ ≡ arg min
l̃ : l1−1<̃l≤l

{
1

2Al+1−̃l
1

Ñ(̃l)/2

× min

{
Ñ(̃l)/2∑
k=1

Kh̃l−1

(
θ− θ∗(t1 (̃l)−k))� Ñ(̃l)/2∑

k=1

Kh̃l−1

(
θ− θ∗(t2 (̃l)−k))}}�

Hence,

inf
t(l1−1)<t≤t(l)

[
1

Ñ(l)

N(t)∑
i=1

Kh

(
θ− θ∗(t−i))]

≥ min
l1−1<̃l≤l

{
Ñ(̃l)/2
Ñ(l)

1

Ñ(̃l)/2

× min

{
Ñ(̃l)/2∑
k=1

Kh̃l−1

(
θ− θ∗(t1 (̃l)−k))� Ñ(̃l)/2∑

k=1

Kh̃l−1

(
θ− θ∗(t2 (̃l)−k))}}�

Hence, similarly to (A35), we can show that the denominator is positively
bounded away from zero with probability arbitrarily close to 1 by choosing
l to be large enough. Therefore, given that 
= l− l1 is a constant,

B1(l� l−
) P→ 0

as l→ ∞.
Next, we prove uniform convergence by using the arguments in Bierens

(1994). Let

Ym =
t(l1)∑

tl1
=t(l1−1)+1

∑
k

K∗(t(l)−m� t(l1)� tl1�k
)

sup
s′∈S

∣∣A(tl1
)
∣∣�
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Then

E

[
sup
θ∈Θ

Ñ(l)∑
m=1

1
Ñ(l)

Kh(Ñ(l))

(
θ�θ∗(t(l)−m)(q)

)
Ym

]
(A42)

≤ ε1

(
1

2π

)J{
4E

[
1

Ñ(l)

Ñ(l)∑
m=1

Y 2
m

]}1/2 ∫
|ψ(hz)|dz�

E[Y 2
m] ≤E

[
t(l1)∑

tl1
=t(l1−1)+1

∑
k

K∗(t(l)−m� t(l1)� tl1�k
)

sup
s′∈S

∣∣A(tl1
)

1

∣∣]2

=E
[{∑

tl−1

∑
k

K∗(t(l)−m� t(l− 1)� tl−1�k)

×
{∑
tl−2

∑
k

K∗(tl−1� t(l− 2)� tl−2�k) · · ·

×
{∑

tl1

∑
k

K∗(tl1+1� t(l1)� tl1�k
)

sup
s′∈S

∣∣A(tl1
)

1

∣∣} · · ·
}}]2

�

Using the results in Claim 1, we can show that

RHS of (A42)(A43)

≤
[

l∏
j=l1

∑
k

(
2εk+1

1

(k− 1)!
)2

×
{

sup
θ′∈Θ�hl≤h̃≤hl1−1

Eθ
[
Kh̃(θ

′ − θ∗(g̃))
]}2k

]

×
[
C2

1h
3J
l1−1 + A

2
C2√

N(l)h5J
l1−1

]

≤
[

l∏
j=l1

∑
k

4ε2k+2
1

(k− 1)!
{

sup
θ′∈Θ�hl≤h̃≤hl1−1

Eθ
[
Kh̃(θ

′ − θ∗(g̃))
]}2k

]
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×
[
C2

1h
3J
l1−1 + A

2
C2√

N(l1 − 1)h5J
l1

]

≤ [4ε4
1e
λλ]


[
C2

1h
3J
l1−1 + A

2
C2√

N(l1 − 1)h5J
l1

]
�

where

λ = ε2
1

{
sup

θ′∈Θ�hl1−1≤h≤hl
Eθ
[
Kh(θ

′ − θ(g̃))]}2

→ ε2
1 sup
θ′∈Θ

g̃(θ′)2 as l1 → ∞�

Hence,

E

[
sup
θ∈Θ

Ñ(l)∑
m=1

1
Ñ(l)

Kh(Ñ(l))

(
θ�θ∗(t(l)−m)(q)

)
×
∑
k

K∗(t(l)−m� t(l1)� tl1�k
)

sup
s′∈S

∣∣A(tl1
)
∣∣]

≤ ε1[4ε4
1e
λλ]
/2

[
C2

1h
3J
l1−1 + A

2
C2√

N(l1 − 1)h5J
l1

](
1

2π

)J ∫
|ψ(hz)|dz

= ε1[4ε4
1e
λλ]
/2

[
C2

1h
J
l1−1 + A

2
C2√

N(l1 − 1)h9J
l1

]

×
(

1
2π

)J ∫
|ψ(z)|dz→ 0 as l1 → ∞�

Therefore, the numerator divided by Ñ(l) converges to zero. Because the de-
nominator divided by Ñ(l) can be shown to be bounded away from zero uni-
formly in Θ with probability arbitrarily close to 1 given sufficiently large l, we
have shown that

B1(l� l−
) P→ 0

uniformly in Θ.
Next, we prove convergence of B2(l� l1).
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Again, the arguments are very similar to these of Lemma 5. That is, we con-
sider the numerator divided by Ñ(l). It can be written as

E

[
1

Ñ(l)
Kh(Ñ(l))

(
θ�θ∗(t(l)−m)){∑

tl−1

∑
k

K∗(t(l)−m� t(l− 1)� tl−1�k)(A44)

×
{∑
tl−2

∑
k

K∗(tl−1� t(l− 2)� tl−2�k) · · ·

×
{
Ñ(l1)∑
k=1

tl1
−t(l1−1)−1∑
j=k−1

K∗(tl1� tl1 − j� tl1 − j − 1�k
)

× sup
s′∈S

∣∣A(tl1
−j−1)

1

∣∣} · · ·
}}]

�

Then, again by using Claim 1,

RHS of (A44)
≤ ε1 sup

θ′∈Θ�hl≤h≤hl1−1

Eθ
[
Kh(θ

′ − θ(g̃))]
×

l−1∏
j=l1

{∑
k

εk+1
1

[(k− 1)!]

[
k−1∏
s=0

sup
θ′∈Θ�hl≤h≤hl1−1

E
[
Kh(θ

′ − θ(g̃))]]}

×
[
C1h

(3/2)J
l1−1 + AC2√

N(l1 − 1)h5J
l1

]

≤ λ[ε1e
λλ]
−1

[
C1h

(3/2)J
l1−1 + AC2√

N(l)h5J
l1

]
→ 0 as l1 → ∞�

where
λ= ε1 sup

θ′∈Θ�hl≤h≤hl1−1

Eθ
[
Kh(θ

′ − θ(g̃))]→ ε1 sup
θ′∈Θ

g̃(θ′) as l1 → ∞�

Next, we consider the denominator of B2(l� l1) divided by Ñ(l). Let t1(l) ≡
t(l− 1)+ 1 and t2(l)= t(l− 1)+ Ñ(l− 1)/2 + 1. Then, arguments similar to
those used to derive equation (A35) can be used to derive the inequality

inf
t(l1−1)<t≤t(l)

[
1

Ñ(l)

N(t)∑
i=1

K̃(t� t − i)
]

≥ min
l1−1≤̃l<l

{
Ñ(̃l)/2
Ñ(l)

1

Ñ(̃l)/2
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× min

{
Ñ(̃l)/2∑
k=1

Kh̃l

(
θ− θ∗(t1 (̃l)−k))� Ñ(̃l)/2∑

k=1

Kh̃l

(
θ− θ∗(t2 (̃l)−k))}}

≥ 1
2Al+1−l1

1
Ñ(l∗)/2

× min

{
Ñ(l∗)/2∑
k=1

Khl∗
(
θ− θ∗(t1(l∗)−k))� Ñ(l∗)/2∑

k=1

Khl∗
(
θ− θ∗(t2(l∗)−k))}�

where

l∗ ≡ arg min
l̃ : l1−1≤̃l<l

{
1

2Al+1−̃l
1

Ñ(̃l)/2

× min

{
Ñ(̃l)/2∑
k=1

Kh̃l

(
θ− θ∗(t1 (̃l)−k))� Ñ(̃l)/2∑

k=1

Kh̃l

(
θ− θ∗(t2 (̃l)−k))}}�

Hence, we can show that the denominator divided by Ñ(l) is bounded away
from zero uniformly in Θ with probability arbitrarily close to 1 with sufficiently
large l. Because the numerator divided by Ñ(l) converges to zero uniformly in
Θ, we have shown convergence. Therefore,

B2(l� l−
) P→ 0

as l→ ∞. Next, we prove uniform convergence. Let

Ym ≡
tl1

−t(l1−1)∑
j=0

∑
k

K∗(t(l)−m� t(l1)− j� tl1 − j − 1�k
)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣�
Then

E

[
sup
θ∈Θ

Ñ(l)∑
m=1

1
Ñ(l)

Kh(Ñ(l))

(
θ�θ∗(t(l)−m)(q)

)
Ym

]
(A45)

≤ ε1

(
1

2π

)J{
4E

[
1

Ñ(l)

Ñ(l)∑
m=1

Y 2
m

]}1/2 ∫
|ψ(hz)|dz
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and

E[Y 2
m] ≤ E

[tl1 −t(l1−1)∑
j=1

∑
k

K∗(t(l)−m� t(l1)− j� tl1 − j − 1�k
)

(A46)

× sup
s′∈S

∣∣A(t(l)−m−i−1)
1

∣∣]2

= E

[{∑
tl−1

∑
k

K∗(t(l)−m� t(l− 1)� tl−1�k)

×
{∑
tl−2

∑
k

K∗(tl−1� t(l− 2)� tl−2�k) · · ·

×
{tl1 −t(l1−1)∑

j=1

∑
k

K∗(tl1� tl1 − j� tl1 − j − 1�k
)

× sup
s′∈S

∣∣A(tl1
−j−1)

1

∣∣} · · ·
}}]2

�

Using the results in Claim 1, we can show that

RHS of (A46)(A47)

≤
[

l∏
j=l1

∑
k

(
2εk+1

1

(k− 1)!
)2{

sup
θ′∈Θ�hl≤h≤hl1−1

Eθ
[
Kh(θ

′ − θ∗(g̃))
]}2k

]

×
[
C2

1h
3J
l1−1 + A

2
C2√

N(l1 − 1)h5J
l1

]

≤
[

l∏
j=l1

∑
k

4ε2k+2
1

(k− 1)!
{

sup
θ′∈Θ�hl≤h≤hl1−1

Eθ
[
Kh(θ

′ − θ∗(g̃))
]}2k

]

×
[
C2

1h
3J
l1−1 + A

2
C2√

N(l1 − 1)h5J
l1

]

≤ [4ε4
1e
λλ]


[
C2

1h
3J
l1−1 + A

2
C2√

N(l1 − 1)h5J
l1

]
�
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where

λ= ε2
1 sup
θ′∈Θ�hl≤h≤hl1−1

Eθ
[
Kh(θ

′ − θ∗(g̃))
]2
�

Hence, substituting (A47) into (A45), we obtain

RHS of (A45)

≤ ε1

(
1

2π

)J
2[4ε4

1e
λλ]
/2

√√√√√C2
1h

J
l1−1 + A

2
C2√

N(l1 − 1)h9J
l1

×
∫

|ψ(z)|dz→ 0 as l1 → ∞�

Therefore, the numerator of B2(l� l − 
) divided by Ñ(l) converges to zero
as l→ ∞. Since the denominator divided by Ñ(l) is bounded away from zero
uniformly in Θ with probability arbitrarily close to 0 for sufficiently large l,
we have shown that B2(l� l − 
)

P→ 0 uniformly in Θ. Thus, we have proved
Lemma 6. Q.E.D.

Now, let


V (m�n)≡ 
V (ε(t(m)−n)� θ∗(t(m)−n))�

V (m)≡ [
V (m�1)� � � � �
V (m� Ñ(m))

]
�

W (l�k)≡ [−→W (l� t(l+ 1 − k)� t(l+ 1 − k)−m)]Ñ(l+1−k)
m=1

�

Then, iterating on (A37) and (A40), we obtain


V (l)′W (l�1) ≤A(l� l)+
V (l− 1)′W (l�2)

≤ · · · ≤
k−1∑
i=0

A(l� l− i)+
V (l− k)′W (l�k+ 1)�

By Lemma 6, given k, the first term on the RHS,
∑k−1

i=0 A(l� l− i) converges to
0 in probability as l→ ∞ uniformly in Θ, and since 
V (l+ 1 −k) is uniformly
bounded and W (l�k)′ι ≤ βk from (A39), the second term can be made arbi-
trarily small by choosing a large enough k. Therefore, 
V (l)′W (l�1) converges
to zero in probability as l→ ∞ uniformly in Θ. Hence, we have shown that∣∣A(t(l))

2 (θ)
∣∣ P→ 0
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uniformly in Θ. Therefore,∣∣EV (s� ε�θ)− Ê(t(l))[V (s� ε�θ)]∣∣
≤
∣∣∣∣∣
∫
V (s′� ε′� θ)dFε′(ε′� θ)

−
N(t)∑
n=1

V (t−n)(s′� ε(t−n)� θ∗(t−n))WN(t)�h

(
θ�θ∗(t−n))∣∣∣∣∣

≤ [∣∣A(t(l))
1

∣∣+ ∣∣A(t(l))
2

∣∣]/β P→ 0

uniformly in Θ.

LEMMA 7: We have∣∣V (s� ε�θ)− V (t)(s� ε�θ)
∣∣ P→ 0 as t → ∞ uniformly in Θ�

PROOF: Because bothA(t(l))
1 (θ) and 
V (l)′W (l�1) converge to zero in prob-

ability as l→ ∞ uniformly in Θ, then∣∣V (s� ε�θ)− V (t(l))(s� ε�θ)
∣∣

≤ sup
s′∈S

∣∣A(t(l))
1 (θ)

∣∣
+β

N(t(l))∑
n=1


V
(
ε(t(l)−n)� θ∗(t(l)−n))WN(t(l))�h

(
θ�θ∗(t(l)−n)) P→ 0�

From Lemma 3,

sup
s′∈S

∣∣A(t)
1 (θ)

∣∣→ 0

uniformly in Θ in probability as t → ∞. That is, for any δ > 0 and η> 0, there
exists L such that for any l ≥L�

Prob
(

sup
θ∈Θ

∣∣V (s� ε�θ)− V (t(l))(s� ε�θ)
∣∣> δ)<η�(∗)

Prob

(
N(t(l))∑
n=1


V
(
ε(t(l)−n)� θ∗(t(l)−n))WN(t(l))�h

(
θ�θ∗(t(l)−n))> δ)<η�

and, for any t ≥ t(l),

Prob
(

sup
s′∈S�θ∈Θ

∣∣A(t)
1 (θ)

∣∣> δ)<η�
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Now, for t(l)+ 1,∣∣V (s� ε�θ)− V (t(l)+1)(s� ε�θ)
∣∣

≤ sup
s′∈S

∣∣A(t(l)+1)
1 (θ)

∣∣
+β

N(t(l)+1)∑
n=1


V
(
ε(t(l)+1−n)� θ∗(t(l)+1−n))WN(t(l)+1)�h

(
θ�θ∗(t(l)+1−n))

≤ sup
s′∈S

∣∣A(t(l)+1)
1 (θ)

∣∣+β
V t(l)
(
ε(t(l))� θ(t(l))

)
W̃ (t(l)+ 1� t(l))

+β
N(t(l))∑
n=1


V
(
ε(t(l)−n)� θ∗(t(l)−n))WN(t(l)+1)�h

(
θ�θ∗(t(l)−n))�

Now, for large enough L′ ≥L, for any l ≥L′,

h(Ñ(l)+ 1)9JÑ(l)≥ h(Ñ(L))9JÑ(L)�

This is true from the assumption h(Ñ(k+ 1))9JÑ(k+ 1)→ ∞ and

Ñ(k)

Ñ(k)+ 1
→ 1

as k→ ∞. Furthermore, because h(N) is nonincreasing in N ,

h(Ñ(l)+ 1)kJÑ(l)≥ h(Ñ(L))kJÑ(L)

for all 0 ≤ k ≤ 9. Now define the new bandwidth ĥ, which is ĥ(Ñ(j)) =
h(Ñ(j)) for j = 1� � � � � l − 1� l + 1� � � � and ĥ(Ñ(l)) = h(Ñ(l + 1)). Then, be-
cause the bandwidth is the same as before until j = l and also because the new
bandwidth satisfies the same assumptions as before, Lemma 6 holds with the
new bandwidth. Therefore,

Prob
(

sup
θ∈Θ

∣∣V (s� ε�θ)− V (t(l))

ĥ
(s� ε�θ)

∣∣> δ)>η
and, similarly,

Prob

(
N(t(l))∑
n=1


V
(
ε(t(l)−n)� θ∗(t(l)−n))WN(t(l))�ĥ

(
θ�θ∗(t(l)−n))> δ)<η�
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Now, by construction

WN(t(l)+1)�h

(
θ− θ∗(t(l)−n))

= Kh(Ñ(l)+1)(θ− θ∗(t(l)−n))
Ñ(l)+1∑
k=1

Kh(Ñ(l)+1)(θ− θ∗(t(l)+1−k))

= Kh(Ñ(l)+1)(θ− θ∗(t(l)−n))
Ñ(l)∑
k=1

Kh(Ñ(l)+1)(θ− θ∗(t(l)−k))+Kh(Ñ(l)+1)(θ− θ∗(t(l)))

�

Hence,

0 ≤WN(t(l)+1)�h

(
θ�θ∗(t(l)−n))≤WN(t(l))�ĥ

(
θ�θ∗(t(l)−n))�

Therefore, for the original bandwidth h,

Prob
(

sup
θ∈Θ

∣∣V (s� ε�θ)− V (t(l)+1)
ĥ

(s� ε�θ)
∣∣> 2δ

)
≤ Prob

(
sup
s′∈S

∣∣A(t(l)+1)
1 (θ)

∣∣> δ)
+ Prob

(
β

N(t(l))∑
n=1


V
(
ε(t(l)−n)� θ∗(t(l)−n))

×WN(t(l)+1)�h

(
θ�θ∗(t(l)−n))> δ)

< 2η�

Therefore, 
V (ε(t(l)+1)� θ) also converges to zero in probability uniformly
in θ ∈Θ.

Let t = t(l)+ 1. Now, from Lemma 4,


V (t+N)(ε�θ)

≤ sup
s′∈S

∣∣A(t+N)
1 (θ)

∣∣
+

N−1∑
m=0

Ŵ (t +N� t +N −m� t +N −m− 1)
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× sup
s′∈S

∣∣A(t+N−m−1)
(
θ∗(t+N−m−1)

)∣∣
+

N(t)∑
n=1


V (t−n)(ε(t−n)� θ∗(t−n))Ŵ (t +N� t� t − n)�
Then, for any M > 0�

Ŵ (t +M�t� t − n)
= Ŵ (t +M�t + 1� t)W̃ (t� t − n)+ Ŵ (t +M�t + 1� t − n)
= Ŵ (t +M�t + 1� t)W̃ (t� t − n)

+ Ŵ (t +M�t + 2� t + 1)W̃ (t + 1� t − n)
+ Ŵ (t +M�t + 2� t − n)

= · · · =
M∑
m=0

Ŵ (t +M�t +m+ 1� t +m)W̃ (t +m� t − n)�

where

Ŵ (t +N� t� t − n)=
N∑
m=0

Ŵ (t +N� t +m+ 1� t +m)

× W̃ (t +m� t − n)�
We have already shown that

sup
s′∈S

∣∣A(t+N)
1 (θ)

∣∣+ N−1∑
m=0

Ŵ (t +N� t +N −m� t +N −m− 1)

× sup
s′∈S

∣∣A(t+N−m−1)
(
θ∗(t+N−m−1)

)∣∣→ 0

in probability as t → ∞. We know from the proof of Lemma 5 that

N∑
m=0

Ŵ (t +N� t +m+ 1� t +m)

is uniformly bounded with probability that can be made arbitrarily close to 1
with sufficiently large t.

Furthermore, because h(N(t +m))= h(N(t))�
W̃ (t +m� t − n)= βWN(t+m)�h

(
θ∗(t+m) − θ∗(t−n))

≤ βWN(t)�h

(
θ∗(t+m) − θ∗(t−n))�
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Therefore,

N(t)∑
n=1


V (t−n)(ε(t−n)� θ∗(t−n))Ŵ (t +N� t� t − n)
≤

N∑
m=0

Ŵ (t +N� t +m+ 1� t +m)

×
{
N(t)∑
n=1


V (t−n)(ε(t−n)� θ∗(t−n))βWN(t)�h

(
θ∗(t+m) − θ∗(t−n))}�

Because we have shown that

N(t)∑
n=1


V (t−n)(ε(t−n)� θ∗(t−n))βWN(t)�h

(
θ− θ∗(t−n))�

t = t(l) + 1 converges to zero uniformly in probability in θ as l → ∞, and
because

N∑
m=0

Ŵ (t +N� t +m+ 1� t +m)

is uniformly bounded with probability arbitrarily close to 1 for large enough t,
we have shown that for any δ > 0, η > 0, there exists sufficiently large L such
that for any l ≥L,

Pr

(
N(t)∑
n=1


V (t−n)(ε(t−n)� θ∗(t−n))Ŵ (t +N� t� t − n) < δ)>η
holds for anyN : 0 ≤N ≤ Ñ(l+1). Therefore, for any δ > 0, η> 0, there exists
sufficiently large L such that for any l ≥L�

Pr
(

sup
θ∈Θ


V (t+N)(ε�θ) < δ
)
>η

for any N : 0 ≤N ≤ Ñ(l+ 1) and we have proved Lemma 7. Q.E.D.

This also concludes the proof of Theorem 1. Q.E.D.

COROLLARY 1: Suppose Assumptions 1–8 are satisfied. Then Theorem 1 im-
plies that λ(θ(t)� θ∗(t)|H(t−1)) converges to λ(θ(t)� θ∗(t)) in probability uniformly.
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PROOF: From Assumption 5, L(YNd�Td |θ�V (·� θ)) is uniformly continuous
and strictly positive. Hence, λ(θ�θ∗) is also uniformly continuous in θ, θ∗ ∈Θ.
Since V (t) → V in probability uniformly in s, Θ, then L(YNd�Td |θ�V (t)(·� θ)) is
stochastically equicontinuous. To see this, note that∣∣L(YNd�Td |θ�V (t)(·� θ))−L(YNd�Td |θ′� V (t)(·� θ′)

)∣∣
≤ ∣∣L(YNd�Td |θ� [V (t)(·� θ)])−L(YNd�Td |θ′� V (·� θ))∣∣

+ ∣∣L(YNd�Td |θ� [V (·� θ)])−L(YNd�Td |θ′� V (·� θ′))
∣∣

+ ∣∣L(YNd�Td |θ′� [V (·� θ′)])−L(YNd�Td |θ′� V (t)(·� θ′)
)∣∣�

Hence,

Pr
(∣∣L(YNd�Td |θ�V (t)(·� θ))−L(YNd�Td |θ′� V (t)(·� θ′)

)∣∣≥ η)(A51)

≤ Pr
(∣∣L(YNd�Td |θ� [V (t)(·� θ)])−L(YNd�Td |θ�V (·� θ))∣∣≥ η/3)

+ Pr
(∣∣L(YNd�Td |θ� [V (·� θ)])−L(YNd�Td |θ′� V (·� θ′))

∣∣≥ η/3)
+ Pr

(∣∣L(YNd�Td |θ′� [V (·� θ′)])−L(YNd�Td |θ′� V (t)(·� θ′)
)∣∣≥ η/3)�

Furthermore, because of uniform continuity of the likelihood, there exists δ >
0 such that for any θ�θ′ ∈Θ, |θ− θ′|< δ,∣∣L(YNd�Td |θ� [V (·� θ)])−L(YNd�Td |θ′� V (·� θ′))

∣∣<η/3�(A52)

Because V (t) → V in probability uniformly, for any κ > 0 there exists positive
T such that for any t > T ,

Pr
(

sup
θ∈Θ

∣∣L(YNd�Td |θ� [V (t)(·� θ)])−L(YNd�Td |θ�V (·� θ))∣∣≥ η/3)(A53)

< κ/2�

(A51), (A52), and (A53) imply that for any κ > 0, η> 0, there exist positive δ
and T such that for any t > T , for any θ�θ′ ∈Θ, |θ− θ′|< δ,

Pr
(∣∣L(YNd�Td |θ�V (t)(·� θ))−L(YNd�Td |θ′� V (t)(·� θ′)

)∣∣≥ η)< κ�
Therefore,L(YNd�Td |θ�V (t)(·� θ)) is stochastically equicontinuous. Because the
likelihood is strictly positive in Θ, this implies that λ(θ�θ∗|H(t)) is also stochas-
tically equicontinuous. Hence, all the conditions for Theorem 2.1 of Newey
(1991) are satisfied. Therefore, λ(θ�θ∗|H(t)) converges to λ(θ�θ∗) uniformly
in θ�θ∗ ∈Θ. Q.E.D.

THEOREM 2: Suppose Assumptions 1–8 are satisfied for V (t), t = 1� � � � �π,
L, ε, and θ. Suppose θ(t)� t = 1� � � � � is generated by the modified Metropolis–
Hastings algorithm described earlier, where λ(θ(t)� θ∗(t)|H(t−1)) converges to
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λ(θ(t)� θ∗(t)) in probability uniformly. Then θ(t) converges to θ̃(t) in probability,
where θ̃(t) is a Markov chain generated by the Metropolis–Hastings algorithm with
proposal density q(θ�θ(∗)) and acceptance probability function λ(θ�θ(∗)).

PROOF: We are given a random process with transition probability f (t)(·� ·)
which is

f (t)
(
θ(t)� θ′)= λ

(
θ(t)� θ′∣∣H(t−1)

)
q
(
θ(t)� θ′)

+
[

1 −
∫
λ
(
θ(t)� θ

∣∣H(t−1)
)
q
(
θ(t)� θ

)
dθ

]
δθ(t)(θ

′)�

where δθ(t) is the Dirac mass at θ(t). Because λ(θ�θ′|H(t−1)) converges to
λ(θ�θ′) in probability uniformly on θ�θ′ ∈ Θ, f (t)(·� ·) converges to f (·� ·) in
probability uniformly as t → ∞. Because both λ(θ� ·|H(t−1)) and q(θ� ·) are
strictly positive functions for any θ ∈Θ, using similar arguments as in the proof
of Lemma 1, we can construct a density g(·) and a constant ε0 > 0 such that
for any θ ∈Θ,

f (t)(θ� ·)≥ ε0g(·)�
f (θ� ·)≥ ε0g(·)�

Define

v(t) = min
{

inf
θ′∈Θ

{
f (t)(θ�θ′)
f (θ�θ′)

}
�1
}
�

Then

f (t)(θ� ·)≥ v(t)f (θ� ·)�
f (θ� ·)≥ v(t)f (θ� ·)�

Then, because of uniform convergence of f (t) to f in probability, v(t) converges
to 1 in probability.

Now, construct the following coupling scheme. LetX(t) be a random variable
that follows the transition probability f (t)(x� ·) given X(t−1) = x, and let Y(t) be
a Markov process that follows the transition probability f (y� ·) givenY(t−1) = y .
Suppose X(t) �= Y(t). With probability ε0 > 0, let

X(t+1) = Y(t+1) =Z(t+1) ∼ g(·)�
and with probability 1 − ε0, let

X(t+1) ∼ 1
1 − ε0

[
f (t)
(
X(t)� ·)− ε0g(·)

]
�
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Y(t+1) ∼ 1
1 − ε0

[
f
(
Y(t)� ·)− εg(·)]�

Suppose X(t) = Y(t) =Z(t). With probability v(t),

X(t+1) = Y(t+1) ∼ f (Z(t)� ·)�
and with probability (1 − v(t)),

X(t+1) ∼ 1
1 − v(t)

[
f (t)
(
X(t)� ·)− v(t)f (Z(t)� ·)]�

Y (t+1) ∼ 1
1 − v(t)

[
f
(
Y(t)� ·)− v(t)f (Z(t)� ·)]�

Let w(t) = 1 − v(t). Then w(t) P→ 0 as t → ∞. Let S(t) ∈ {1�2} be the state at
iteration t� where state 1 is assumed to be the state in which X(t) = Y(t) and
state 2 is the state in which X(t) �= Y(t). Then S(t) follows the Markov process
with the transition matrix

P =
[

1 −w(t) w(t)

ε0 1 − ε0

]
�

Denote the unconditional probability of state 1 at time t as ρ(t). Then

[
ρ(t+1)�1 − ρ(t+1)

]= [ρ(t)�1 − ρ(t)][1 −w(t) w(t)

ε0 1 − ε0

]
�

Hence,

ρ(t+1) = ρ(t)
[(

1 −w(t)
)− ε0

]+ ε0

≥ ρ(t)(1 − ε0)+ ε0 −w(t)

≥ ρ(t−m)(1 − ε0)
m+1 + 1 − (1 − ε0)

m+1

− [w(t) + (1 − ε0)w
(t−1) + · · · + (1 − ε0)

mw(t−m)]�
We now prove that ρ(t)

P→ 1. Define

Wtm =w(t) + (1 − ε0)w
(t−1) + · · · + (1 − ε0)

mw(t−m)�

Because w(t) P→ 0, for any δ1 > 0, δ2 > 0, there exists N > 0 such that for any
t ≥N ,

Pr
[∣∣w(t) − 0

∣∣< δ1

]
> 1 − δ2�
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Now, given any δ1 > 0, δ2 > 0, let m be such that,

(1 − ε0)
m <

δ1

5
�

Also, let δ1 satisfy δ1 <
δ1

5(m+1) and let δ2 satisfy δ2 <
δ2
m+1 . Then

Pr
{
|Wtm − 0|< δ1

5

}
≥ Pr

{
t⋂

j=t−m

∣∣w(j) − 0
∣∣< δ1

}
(A54)

= 1 − Pr

{
t⋃

j=t−m

∣∣w(j) − 0
∣∣≥ δ1

}

≥ 1 −
t∑

j=t−m
Pr
{∣∣w(j) − 0

∣∣≥ δ1

}≥ 1 − δ2�

Now, let N be defined as N = max{N�m}. Then, for each k>N ,

Pr
[∣∣ρ(t+1) − 1

∣∣< δ1

]
(A55)

= Pr
[∣∣ρ(t−m)(1 − ε0)

m − (1 − ε0)
m+1 +Wtm

∣∣< δ1

]
≥ Pr

[∣∣ρ(t−m)(1 − ε0)
m − (1 − ε0)

m+1
∣∣< 2δ1

5
� |Wtm|< δ1

5

]
�

Because 0 ≤ ρ(t−m) ≤ 1,

∣∣ρ(t−m)(1 − ε0)
m − (1 − ε0)

m+1
∣∣≤ |2(1 − ε0)

m| ≤ 2δ1

5
�

Hence,

RHS of (A55) = Pr
[
|Wtm|< δ1

5

]
≥ 1 − δ2�

Therefore, ρ(t) converges to 1 in probability.
Therefore, for any δ > 0, there exists M such that for any t >M ,

Pr
[
X(t) = Y(t)

]
> 1 − δ�

Since Y(t)follows a stationary distribution, X(t) converges to a stationary
process in probability and we have proved the theorem. Q.E.D.
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COROLLARY 2: The sequence of parameter simulations generated by the
Metropolis–Hastings algorithm with proposal density q(θ�θ∗) and acceptance
probability λ(θ�θ∗) converges to the true posterior in total variation norm. That
is,

lim
n→∞

∥∥∥∥∫ Kn(θ� ·)μ0(dθ)−μ
∥∥∥∥

TV

= 0

for arbitrary initial distribution μ0, where μ is the true posterior distribution and
Kn(θ� ·) is the transition kernel for n iterations.

PROOF: Here, we use Corollary 7.7 of Robert and Casella (2004), which
states the following: Assume the Metropolis–Hastings Markov chain has in-
variant probability density μ and the proposal density satisfies the property
that there exist positive that ε and δ such that q(x� y) > ε if |x− y|< δ. Then
for any h ∈L1(μ)�

lim
T→∞

1
T

T∑
t=1

h
(
θ(t)
)=

∫
h(θ)μ(θ)dθ�

lim
n→∞

∥∥∥∥∫ Kn(θ� ·)μ0(dθ)−μ
∥∥∥∥

TV

= 0

for arbitrary initial distribution μ0, where Kn(θ� ·) is the transition kernel for
n iterations, which in this case is defined by the proposal density q and the
acceptance rate λ, and the norm is the total variation norm. By construction,
the Metropolis–Hastings Markov chain has an invariant probability density,
which is proportional to π(θ)L(YNd�Td |θ), which is assumed to be bounded and
positive on Θ. Since the proposal density is strictly positive over the parameter
space, the condition for the proposal density is also satisfied. Q.E.D.

APPENDIX C: FIGURES

We present the MCMC plots of the estimation of the random effects model.
In Figures 1–9, we plotted one of every ten MCMC iterations. We can see that
there is sufficient movement of the parameters around the posterior mean and
the serial correlations do not seem to be excessively large.
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FIGURE 1.—Entry cost (true value = 0.4).

FIGURE 2.—Mean of capital coefficient (true value = 0.2).
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FIGURE 3.—Standard error of capital coefficient (true value = 0.1).

FIGURE 4.—Standard error of ε1 (true value = 0.3).
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FIGURE 5.—Standard error of ε2 (true value = 0.3).

FIGURE 6.—Capital transition coefficient b1 (true value = 0.1).
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FIGURE 7.—Capital transition coefficient b2 (true value = 0.4).

FIGURE 8.—Initial capital parameter (true value = 0.5).
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FIGURE 9.—Standard error of transition shock (true value = 0.4).
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