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APPENDIX

THE FOLLOWING TABLE of notation and definitions will be used throughout
this appendix:

co(A): the convex hull of a set A4,

supp(Q): the support of a measure Q € M,

supp,(g(X, 6)): the support of g(X, ) when X is distributed according to
PeM,

s(Q, 6): the dimension of the co(supp,(g(X, 6))).

The principal challenge in deriving our optimality result is establishing
part (a) of Theorem 3.1. For ease of exposition, we provide an outline of the
proof of this claim before its formal derivation:

Step 1. First we note that A(n) C /.\.1(71), where for

My(Q)={PeM:P < Q,0<P,s(0Q,0) =m, Ep[g(X, 0)]

=0 for some Be@},

the set A;(n) is given by

Ai(m) = {QGM: inf 1(QIP)> n}-
0)

PeMj(

Step 2. Lemma A.2 exploits Lemma A.1 to show that A;(n) is closed in the
weak topology. Sanov’s theorem (see Theorem 6.2.10 in Dembo and Zeitouni
(1998)) then implies that

1 R 1 PO
(A1) limsup —log P*{P, € A1(n)} <limsup —log P"{P, € A1(n)}
n n

n—oo n—oo

<— inf I(Q|P).

QeAq(n)

Step 3. In Lemma A.3, we derive conditions (see (A37)) under which, for any
P € Py, there is n(P) > 0 such that

(A2) inf I(Q|P)=n

QeAq(n)
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for all n < 1(P), which, in light of equation (A1), establishes the desired result
pointwise in P € Py

Step 4. Part (a) of Theorem 3.1 is then established by showing that (A2)
in fact holds uniformly in P € P,. In particular, we show that for all n > 0
sufficiently small,

(A3)  inf inf I(QIP)= 1.

PePy 0edy ()

These derivations exploit Lemmas A.4-A.9.

LEMMA A.1: Let {By,..., Bs.1} be a collection of closed and bounded balls
in R? such that for any collection of points {g1, ..., gas1} With g; € B; for each
l<i<d+1,

(A4) 0 eint(co({g1, ..., &ar1}))

(relative to the topology on R?). Then there exists & > 0 such that for all 0 # vy €
RY, there exists j = j(y) € {1,...,d+ 1} such that y'g < 0and |y'g| > |g||v|& for
all g € B;.

PROOF: Let B(y) be the maximal subset of {By, ..., B} such that for all
B € B(y), we have that y'g < 0 for all g € B. The desired claim follows if we
can show (i) B(y) is nonempty for any 0 # y € R? and (ii)

inf e(y) >0,

0#£yeRd
where

e(y) = max infw.
BeB(y) g<B |g|| Y]

To establish (i), consider the hyperplane H, = {g € R?:y'g = 0} and note
that if y # 0, then H, must strongly separate at least two balls B;, By €
{Byi, ..., B} with i # k. Otherwise, for either y = y or ¥ = —v, there ex-

ists a collection of points {gi, ..., gs1} With g; € B; and y'g; > 0 for each
1 <i <d+ 1, which contradicts (A4). Therefore, since H, strongly separates
at least two balls B;, By, € {B1, ..., By} with i # k, it follows that there exists

a j=j(y) such that y'g; <0 forall g € B;.

To establish (ii), note that we may assume without loss of generality that
|yl = 1 and suppose by way of contradiction that there exists a sequence {7,}>,
such that &(y,) — 0. Since |y,| = 1, we have that there exists a subsequence
{¥n )32, such that vy, — v* and |y*| = 1. Moreover, since B(y*) € B(vy,, ) for
all k sufficiently large, it follows that for such k,

7,8l
(AS)  &(yn) = Bg}l}gy)g)gg?.
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Next note that
(A6) inf |[g] >0

g€B;
for 1 <i <d+ 1. To see this, note that if (A6) fails, there exists 1 <i* <d +1
such that 0 € B;» since each B; is closed. In this case, any collection of points
{g1,..., 841} with g; € B; for 1 <i <d + 1 and g = 0 will not satisfy (A4).

It thus follows that |y;,k gl/lgl — |y“gl/|g| uniformly over g € B for each B €

B(y*). The right hand side of (AS) therefore tends to (y*). But since each B
B(y*) is compact and there are only finitely many such B, (y*) > 0. Hence,
&(7y,) 7 0, from which the desired claim follows. Q.E.D.

LEMMA A.2: Let Assumptions 3.1 and 3.2 hold, and define the set of probabil-
ity measures

(A7) My(Q)={PeM:P<KQ,0<KP,s(Q,0)=m,
Ep[g(X, 0)] =0 for some 0 € @}.

Accordingly, also denote the rejection region resulting from employing My(Q) in-
stead of My(Q) by

(A8) /L(n)z{QeM: inf I(QIP)zn}-
PeM(Q)

It then follows that A,(n) is closed under the weak topology for any n > 0.

PROOF: Let {Q,}, be a sequence such that Q, — Q and Q, € /.1.1(7)) for
all n. We wish to show that Q € A,(n). Note that if My(Q) = @, then

inf I(Q|P) = +o0,

PeMy(Q)

so Qe A (m). We may therefore assume further tl'l'at M,(Q) # 0.
Now suppose by way of contradiction that Q ¢ A;(n). Define the set

(A9)  My(Q,0)={PeM:P<KQ,0<P,s(Q,0) =m,Ep[g(X, 6)] =0}
and note that My(Q) = Useo M,(Q, ). Further define the set
(A10)  O(Q)={0€O:My(Q, 0) # 0}

Since M,(Q) # @, it follows that @(Q) # @ and, therefore, the primal con-
straint qualification of Theorem 3.4 of Borwein and Lewis (1993) is satisfied
for all 6 € @(Q). Hence,

(Al11)  inf I(Q|P)= inf max [ log(1+7g(x, 6))dQ.
PeMy(Q)

0c0(Q) yeR”
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Therefore, since Q ¢ /'1.1(7;) by hypothesis, it follows from (Al1l) that there
exists 6* € @(Q) such that

(A12) mgx/log(l +v'g(x,60))d0 < 7.
yER™

Further notice that since My(Q, 6*) # @, by virtue of 6* € @(Q), it follows that
(A13) s(Q, 0" )=m.
Next, we argue that

(A14) 0 eint(co(supp,y(g(X, 6))))

(relative to the topology on R™). If this is not the case, then there exists a
0 # v € R” such that y'g(x, 6*) > 0 for all x € supp(Q). Moreover, it must be
the case that y'g(X, 6*) > 0 with positive probability under Q, for otherwise
supp,(8(X, 67)) will be contained in an m — 1 dimensional subspace of R,
which contradicts (A13). For such vy, we have for scalar «,

lim [ log(1+ ay'g(x, 6%))dQ = o,

a—>00

which contradicts (A12), so (A14) is thus established.

We now show My(Q,,, 6*) # ¢ for n sufficiently large. It follows from (A14)
that there exists a collection of points {gi, ..., g@,¢+1} I supp, (8(X, 6))
such that

(A15)  Oeint(co({g1,- .-, &s0.o+1}))

(relative to the topology on R™). For 1 <i < s(Q, 6*) + 1, let B; be an open
neighborhood of g; so small that any collection of points {g, . .., §x0.¢+)+1} With
gi € B;for1<i<s(Q, 6*) + 1 will also satisfy (A15) with g; in place of g;. For
1<i<s(Q,6%)+1,let

(A16) B;'={xeX:g(x,0) €B).

Since each B; is open and g(x, 6*) is continuous, each B; ' is also open. More-
over, since each B; is an open neighborhood of a point in the support of
g(X, 6*) under Q,

(A17)  Q{X eB;'}=0(g(X,0") € B} > 0.
By the portmanteau lemma, we therefore have that for all # sufficiently large,

(A18) QX eB'}>0
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forall 1 <i <s(Q, 6*) + 1. Thus, for n sufficiently large, (A14) holds with O,
in place of Q. It follows that My(Q,, %) # ¢ for n sufficiently large. Hence, the
primal constraint qualification of Theorem 3.4 of Borwein and Lewis (1993) is
satisfied for such values of n, from which it follows that

(A19) int 1QIP) = max [ log(1+yg(x, 0) Q.

PeM((Qn,0%)

Next let
(A20) v, € argmax / log(1+v'g(x, 6%))dQ,.
yeR™

We now argue that the {y*}>°, are uniformly bounded. If this were not the
case, then for each M > 0, there would exist a subsequence {y, };Z, for which
lvn | > M for all k. By Lemma A.1, there is then an ¢ > 0 and Jj(v,) €
{1,...,s(Q, 6*) + 1} such that

(A21)  v,8<0 and

v gl =18l |e

for all g € Bj; ). There exists a further subsequence {y; };2, along which
14
j(y:k ) is constant. Let j* = j(y;k ). For x such that g(x, 6*) € B;-, we have
1 4
from (A21) that

(A22) vy g(x, 60 <0 and |y; g(x, 69| =1g(x, )]y, |e.
Moreover, we also have from (A20) that

0, {1+, g(X, 67 =0} =1,
which, together with (A22), implies that

(A23) ane {g(X, 0") € Bj«, |g(X, 0")|

8>1}=0.

Vo,
Hence, we deduce from |yj;ki | > M for all £ and result (A23) that
* * 1
anl g(X7 0 ) EBj*? Ig(Xa 0 )| > m

< Ou, {8(X, 0") € By, 18(X, 6]

y:kg &> 1} =0.

Thus, by the portmanteau lemma, we further conclude

. . 1
Q{g(X, 0*) € Bj+, |g(X, 6)| > E_M} =0,
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which implies that

1
Q{g(X,0") e By} = Q{g(X, 0*) € Bj«, |g(X, 67)] < —}
M

Letting M — oo, we conclude from (A17) that 0 € B+, which contradicts the
requirement that any collection of points {gy, ..., 8«0.e)+1} With g; € B; for
1<i<s(Q, 6*)+ 1 must satisty (A15) with g; in place of g;. Hence, it must be
the case that the sequence {y;}°, is uniformly bounded.

Therefore, there exists a subsequence {y, 132, such that y, — y* and y* €
R™. We now show that

(A24)  Q(l+7y7g(X,0)>0)=1.
To this end, for 6 > 0, let

(A25) R, ={xeX:14+y"g(x,0") <5},
Ry ={xeX:1+y"g(x, 0") > 5},

and note that

(A26) / log(1+ 7 g(x, 6) dQ,,

=/ log(1+ v, &(x, 6")) dQO,, +/ log(1+ v, g(x, 6%))dQ,,
Ry RE

8

S/ log(1+ ;. g(x, 6%)) dQ,, +/ log(1+ |v;, |1g(x, 6)]) dQy,
Ry RY

&

5/ log(1+ v, g(x, 6")) dQ,, +10g(1 + M max|g(x, 0*)|),
Rg xe

where the equality holds by inspection, the first inequality holds by the Cauchy—
Schwarz inequality, and the second inequality holds because |y, | <M for all
k and some M. Since 1 + Y 8(x, 0%) — 14 v“g(x, 6*) uniformly for x € X,
we have that for k sufficiently large, the integrand in the first term in (A26)
is bounded above by log(28). Thus, for k sufficiently large, (A26) is bounded
above by

(A27) 01X € R;}log(28) + log(1+ M max|g(x, 6% ).

But
(A28) liminfQ, (X € R;} > O(X e R;} > Q{X e R;},
nj—>00
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where the first inequality follows from the portmanteau lemma and the second

inequality follows from the fact that R_g C R; for all § > 0. If (A24) fails, then
from (A28) we have that

%nflimiannk {XeR;}>0.

>0 njp—o0

It now follows from (A26), (A27), and (A28) that for k sufficiently large,

/log(l + v g(x, 6*)) dQ,, <0

for 6 > 0 sufficiently small, which contradicts (A20). Hence, (A24) is estab-
lished.
We complete the proof by establishing

(A29) /IOg(l +v7g(x,01)dQ = 1,
which is a contradiction to (A12). To this end, note that

(a30) [ maxflog(1-+y"g(x, ), log(®)} 40

(A31) = / max{log(1 + y“g(x, 6)),log(8)}(dQ — dQ,,)
(A32) +/max{0, log(8) —log(1+ v, g(x, 0"))} dQ,,
(A33) + /(max{log(l + v7g(x, 6%)),log(8)}

— max{log(1 + vy} g(x, 6")),log(8)}) dO,,
(A34) + / log(1+ v, g(x, 6")) dQ,,.
By virtue of O, — O, (A31) tends to zero, while (A32) is nonnegative. Since
max{log(l + v 8(x, 6%)), log(S)}

— max{log(1+ y”g(x, 6)), log(8)}

uniformly on x € X, (A33) tends to zero. Finally, because of (A19), (A20),
and the fact that Q,, € Ai(n) for all k, (A34) is weakly greater than 7. Thus,
(A30) is weakly greater than 7. By letting 6 N\ 0, we see from (A24) and the
monotone convergence theorem that (A29) holds, which contradicts (A12) as
desired. QE.D.
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LEMMA A.3: Suppose X;,i=1,...,n, is an i.i.d. sequence of random vari-
ables with distribution P on X. Suppose further that Assumptions 3.1, 3.2, and
3.4 hold, that P € Py, and that there exists o > 0 such that all Q <« P with
P{X esupp(Q)} > exp(—w) satisfy My (Q, 0y(P)) # @, where

(A35) My(Q,0)={PeM:P<Q,0<P,s(Q,0) =m,Epg(X, 0)]=0}.
Also let

(A36) I'(n,P)={yeR":e" <P{1+7vyg(X, 0y(P)) >0} <1}.

If 1 < w and v satisfies

(A37) inf sup Ap+ 1A

yel'mP) )y A1>0

—exp(Ag— 1) / exp(A; log(1+v'g(x, 6,(P))))
x I{1+y'g(x, 6,(P)) > 0} dP
>,

then it follows that

1 ~
lim sup - log P"{P, € A{(m)} < —n.

n— 00

PROOF: Let A,(n, P) = {Q € M :infres, 0.0, [ (QIR) > 1) and note that

1 R .
limsup —log P"{P, € Ay(m)} < — inf I(Q|P)
n

n— 00 QeAq(n)

QeAi(n,P)

where the first inequality follows from Lemma A.2 and Sanov’s theorem (see
Theorem 6.2.10 in Dembo and Zeitouni (1998)), while the final inequality fol-

lows from /.1.1(77) - /'\'1(7], P). To complete the proof, it therefore suffices to
show that if < w satisfies (A37), then

(A38)  inf I(QIP)=m.

QeAy(n,P)
For S C supp(P), let M(S) = {Q € M:supp(Q) C S}. Note that
(A39) Linf 1(QIP) =~ log(P{X € S})).
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To see this, observe that the left hand side of (A39) is greater than or equal
to the right hand side of (A39) by Jensen’s inequality and that I(Q|P) =
—log(P{X € S}) for Q given by the distribution P conditional on S. Next note
that for any Q such that P{X € supp(Q)} < exp(—n), we have that

(A40) I(QIP)= inf I(u|P)=—log(P{X €supp(Q)}) = 7.

weM(supp(Q))

Note further that if Q is not dominated by P, then I (Q|P) = +oc0. Hence, for
/11(777 P) = {Q € /".1(777 P) . Q << P7 P{X € Supp(Q)} 2 exp(_n)}a
we have that

(A41) inf [(QIP)zmin| inf I(QIP),n}.

QeAy(n,P) QeAi(n,P)

We may assume that /L(n, P) = ¢, for otherwise the right hand side of (A41)
equals n, thus establishing (A38). Furthermore, since 7 < w, we also have by

assumption that for any Q € A,(n, P), M,(Q, 6y(P)) # #. Hence, the primal
constraint qualification of Theorem 3.4 of Borwein and Lewis (1993) is satis-

fied, so that for all Q € ./L(n, P), we have
Jint - 1(RIQ) = max [ log(1-+ g(x. 6u(P) dQ = .

ReMy(Q,00(P)) yeR™
where the inequality is implied by Q € Ai(n, P). Next we define

= {yeR'”:aQe/L(n,P)

st.ye argan%/ log(1+ X'g(x, 6u(P))) dQ},
S(y) = {S C supp(P):3Q € Ay(n, P) s.t. S = supp(Q),
Y€ arggﬂgg/ log(1+ AN'g(x, 6,(P))) dQ},

R(y,8) = {Q eAi(n,P):ye arggrelggg/ log(14 X'g(x, 6(P))) dOQ,

S= supp(Q)}.
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With these definitions, we write

A, Py =J U R» ).

yel’ SeS(y)
Hence,

A42 inf I(Q|P)=inf inf inf I(Q|P).
(A42)  inf T(QIP)=inf inf inf 1(QIP)

Note that if Q € R(y, S), then (i) Q < P, (ii) S = supp(Q), and (iii) [log(1 +
v'g(x, 00(P))) dQO > m. We therefore have for 6 > 0 sufficiently small, that

(A43) Qeggs)l (QIP)
zinf{/log<¢<x>>¢<x>dP:¢ e L'(S). b0,
S
/ log(l +v'g(x, 90(P)))d>(x)dP >, f ¢ (x)dP = 1}
S S
> inf{/ log(¢(x))p(x)dP:¢p e L'(S), ¢ > 0,
S

/ log(1+'g(x. 6(P))I{x € R;}$ (x)dP = m,
S

/qu(x)dP:l},

where the first inequality follows from the preceding statements (i), (ii), and
(iii), and the second inequality follows from the definition of R} in (A25) but
with (6y(P), y) in place of (6*, y*).

We now use Corollary 4.8 of Borwein and Lewis (1992a) and part (vi) of
Example 6.5 of Borwein and Lewis (1992b) to find the dual problem of (A43).

To this end, first note that since A;(n, P) # @, we have that R(y, S) # 0 for
at least one y € I" and § € S(vy). For any such y and S, we have as a result
that there exists a ¢ satisfying the constraints of (A43). Next note that the map
A:L'(S) — R defined by

A(d) = / log(1+ ¥'g(x, 6,(P))I{x € R:}(x) dP
S

is continuous because log(1 + y'g(x, 6,(P)))I{x € R}} lies in L>(S) as a re-
sult of S being a subset of the compact set X and g(x, 6,(P)) being continuous
on X. Using Corollary 4.8 of Borwein and Lewis (1992a) and part (vi) of Ex-
ample 6.5 of Borwein and Lewis (1992b) to find the dual problem of (A43)
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implies
A44 inf I(Q|P
( ) Qeg(ly,S) (Q1P)

> liminf sup Ag+ ny

N0 ag 020

—exp(Ag — 1)/ exp(A;log(1+ ¥'g(x, 6,(P)))I{x € R}}) dP.
S

By definition, for every S € S(vy), there exists Q such that S = supp(Q) and

(A45) ~vye argIAnlezlz,(/ log(l + Ng(x, GO(P))) do.

For any such Q, we must have that

(A46) Q{1+ vg(X, 6i(P)) <0} =Q{1+vy'g(X, 6,(P)) <0,X €S} =0,
from which it follows that

(A47)  P{14+7vg(X,6,(P)<0,XeS}=0

as well. Hence, by letting 6 Y\, 0, we see by the monotone convergence theorem
that

/ exp(Ailog(1+ v'g(x, 6(P))I{x € RY)) dP
S

is right-continuous at 6 = 0. Following arguments as in Lemma 17.29 in
Aliprantis and Border (2006), it is possible to show that the supremum in (A44)
is lower semicontinuous at 6 = 0 as well. Hence, the right hand side of (A44)
is greater than or equal to

(A48) sup Ao+ nA;—exp(Ag—1)

Ag,A1=0
X / exp(Alog(1+ ¥'g(x, 0o(P)) {1+ v'g(x, 6o(P)) > 0}) dP.
S

Since the integrand in (A48) is nonnegative, we have from (A44) and (A48)
that

(A49)  inf inf I(QIP)

SeS(y) QeR(y,S)

> inf sup Ap+ A

SeS(y) AgsAp =0
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—exp(Ag — 1)/ exp(A;log(1+ Y'g(x, 6,(P))))
S

x I{1+v'g(x, 6,(P)) >0} dP
> sup Ap+ 1A

Ag,A1=0
—exp(Ao — 1) / exp(A; log(1 +v'g(x, 6u(P))))
x I{1+v'g(x, 6,(P)) > 0} dP.

By definition, for every y € I', there exists a Q € /L(n, P) such that vy satis-
fies (A45). Thus, as before, (A46) holds, from which it follows that

supp(Q) € {x e R": 1+ ¥g(x, 6y(P)) = 0}.
Therefore,
P{1+vg(X, 6,(P)) > 0} > P{X esupp(Q)} > exp(—n)

by O € /L(n, P). Hence, y € I'(n, P), which implies I' C I'(n, P). It therefore
follows from (A49) that

inf inf inf I(Q|P
vel’ SeS(y) Q<R(y,S) (Ql )

> inf sup Ag+ A

 yel(n,P) 20,A1=0

—exp(Ap— 1) / exp(A;log(1+ Y'g(x, 6,(P))))
x I{1+v'g(x, 6,(P)) > 0} dP.
The desired claim (A38) thus follows for 1 < w, satisfying (A37). Q.E.D.

LEMMA A.4: If Assumptions 3.1, 3.2,3.3, and 3.4 hold, then Py is closed under
the weak topology and, in addition, 6y(P) is continuous on Py under the weak
topology.

PROOF: Let P, — P with P, € P, for all n and denote
0, = 00(P,),

where 6y(P,) is a singleton by P, € P, and Assumption 3.4. Let 6* be a limit
point of {6,};°, and let {0, };°, be a subsequence such that 6, — 6*. It then
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follows that

(A50) '/g(x, 9*)dP' = lim ‘/g(x, 6*)dP,,

= lim

nj— 00

[(stx. 095, 0.))am,

< lim sup|g(x, 6") — g(x, 6,,)]

nj—>00 xex

=0,

where the first equality follows by P, — P and g(x, 6#*) continuous and
bounded. The second equality is implied by 6, = 6,(P,, ), the inequality fol-
lows by inspection, and the final result is due to the uniform continuity of
g(x, 6). However, since P is closed, it follows that P € P and, therefore, (A50)
implies P € P, which establishes that Py is closed as claimed. Moreover, we
also conclude from (A50) and P € P, that

(A51) 6" = 6,(P).

Therefore, 6,(P) is the unique limit point of {6,}°° ,, which establishes the con-

n=1°

tinuity of 6y(P). QO.E.D.
LEMMA A.5: If Assumptions 3.1-3.5 hold, then there exists a s > 0 such that

(A52)  supsupP{y'g(X, 0)(P)) =0} <1—s.

PePy y#0

PROOF: We establish the claim by contradiction. Suppose that contrary to
(A52), we have

(A53)  supsup P{y'g(X, 6y(P)) =0} =1.

PePy |y|=1

By Lemma A.4, P, C M is closed in the weak topology. Therefore, since M
is compact in the weak topology by Theorem 15.11 in Aliprantis and Border
(20006), it follows that P, is compact as well. Letting S” denote the unit sphere
on R”, we then obtain that Py x S” is compact and hence by (A53), there
exists a sequence {(P,, y,)}2, satisfying (P,, y,) € Py x S” for all n, (P,, y,) —
(P*, y*) e Py x 8", and

(A54)  lim P,{v,8(X, 6,(P,)) >0} =1.

Defining the sets A} ={x € X:y/g(x,0(P,)) >0} and A, ={x e X:v, g(x,
6(P,)) < 0}, we then obtain from (A54), [ g(x, 6y(P,))dP, =0, and g(x, 0)
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bounded on X x ® that

(A55)  limsup [ |y,8(x, 6o(P,))|dP,

hn— 00

thsup{/ 'Y,/lg(x, OO(Pn))dPn_/ ')’,;g(x’ BO(Pn))dPn}
AF Ay

=limsup/ 2|v,8(x, 60(P,)| dP,
n—o0 Ay

<limsup sup 2|g(x, 0)| x P,{A}

n—oo xeX,0cO

=0.

Since (P,, y,) — (P*, v*), Lemma A.4 and compactness imply sup__.. |v,8(x,
0o(P,)) — v“g(x, 6,(P*))| — 0. Hence, (ASS), P, — P*, and g(x, 6o(P*)) con-
tinuous and bounded yield

(A56) /

y*'g(x, 0o(P*))| dP*

<limsup

n—oo

Y'g(x, 60(P*))|(dP* — dP,)

+ limsup

n—oo

+ limsup / |¥,2(x, 60(P,))| dP,

n— 00

v7g(x, 00(P*)) — 7,8(x, 65 (P,))| dP,

=0.

It follows from (A56) that P* € Dy, which contradicts P* € P, and Assump-
tion 3.5. O.E.D.

LEMMA A.6: If Assumptions 3.1-3.5 hold and s is as in Lemma A.5, then for
any & such that 0 < é < s,

(A57) I'(n,P)={yeR":e" <P{l+yg(X,0,(P)) >0} <1}

is nonempty, compact valued, and upper hemicontinuous on (n,P) € [0,
—log(1 — s 4 8)] x Py under the product of the topology on R and the weak
topology.

PROOF: The correspondence I'(n, P) is clearly not empty since 0 € I'(n, P)
for all (n, P) € [0, —log(1 — s + &)] x Py. To establish upper hemicontinuity,
we wish to show that if P, - P and 5, — 7 with (n,, P,) € [0, —log(1 —s +
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0)] x P, for all n, then any sequence {vy,}, with y, € I'(n,,, P,) for all n has a
limit point in I"(n, P). For this purpose, we first show that the sequence {vy,}>2,
is uniformly bounded. Suppose by way of contradiction that

(AS8)  limsup|y,| = +oo.

It follows that there exists a subsequence {vy,, }32, satisfying, for all k,

(A59) {’YH/(| > .

In addition, by compactness there exists an additional subsequence {¥me }i21
such that

Vi,

(A60)
|'}’nkl |

— Y1

Along such a subsequence, however, we have

(A61) e "= lim e "n

nkl—>OO
<limsup P, {1+ y;klg(X, HO(P,,kl)) > 0}
ng, =00

/

Yn
=limsupP,,kl{ il g(X, OO(Pnkl)) > ! }

nj =00 hl""l' |7nk[|

!

. . . ’yn
< llr&l()nfllmsuank[{ /"1 g(X, OO(Pnk[)) > —s}

nje;—> 00

Vi, |

< lim\ionflirnsuankl {vig(X, 60(P)) = —2¢}

nje; =00

= liminf P{yg(X, 0y(P)) = =2z}
= P{y,8(X, 6,(P)) > 0},

where the first equality follows by assumption and the first inequality follows
by Vi, € r (nnkl s P,,kl) for all /. The second equality follows by inspection. The
second inequality is implied by (A59) and the third inequality is implied by
BO(Pnk]) — 6y(P) by Lemma A.4, (A60), and the uniform continuity of g(x, 6).
The final inequality and equality follow by the portmanteau and the bounded
convergence theorems, respectively. Hence,

(A62) 1—s<e ™ <P{yg(X, 0,(P)) >0}
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by (A61) and My, € [0, —log(1 — s + 8)] for all /. Result (A62), however, con-

tradicts P € Py by Lemma A.S.
Because the sequence {v,}52, is uniformly bounded, it follows that there ex-
ists a subsequence such that

(A63) n}lir;o Yn; = Ya-

To conclude establishing upper hemicontinuity, we show that y, € I'(n, P),
which is implied by
(A64) e "= lim e ™

I’l/‘)OO

<limsup P, {1+, (X, 6s(P,)) > 0}

nj—>00

< lim\ionflimsupP,,f{l + 7,8(X, 6o(P)) > —¢}

n/'%OO

< lirgl\i()an{l +v,8(X, 0)(P)) > —¢}

where the first equality follows by assumption and the first inequality follows
by ¥u, € I'(ny;, Py)) for all j. By Lemma A4, 6,(P,,) — 6,(P) and, therefore,
the second inequality follows by the uniform continuity of g(x, #). The final in-
equality and equality follow by the portmanteau and the bounded convergence
theorems, respectively.

The arguments in (A58)—-(A61), but for {y,}°2, an unbounded sequence in
I'(n,P) and n, = n, P, = P for all n, show that I'(n, P) is bounded. Simi-
larly, the arguments in (A64), but with 1, = n and P, = P for all n, show that
I'(n, P) is closed. Hence, I'(7n, P) is compact. Q.E.D.

LEMMA A.7: If Assumptions 3.1, 3.2, 3.3, and 3.4 hold, then the function

F(Ai, 7, P) = / (1+yg(x, 8(P))" I{1+vg(x, 8o(P)) > 0} dP

is lower semicontinuous on (A1, vy, P) € R, x R™ x Py, where Py is endowed with
the weak topology.

PROOF: Let (A1, Vu, Pu) = (A1, 7y, P). To establish the lemma, we aim to
show that

(A65)  liminf f(Ay,, Vu, Pu) = f(A1, v, P).
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For this purpose, we define the auxiliary variable

(A66)  &n= sup |y, &(x, 00(Pn)) — ¥ g(x, 6o(P))|.

XeX,my=m

Notice that due to Lemma A.4 and Assumption 3.1, we have lim,, .., &, = 0.
Also define

(A67) }\l,m = Sup Ay,

my=m
Ay, = Inf A,
m0>m
as well as the function

(A68) L, (u)=urnI{u>1}+urnI{0<u<1}.

Then notice that pointwise in x € X, we have that
(A69)  inf (1+,,8(x, 60(Pn,))) " I{1+7,,8(x, 60(Py)) > 0}

> inf (1 + ymog(x OO(PmO)))Amn[{l +vy'g(x, 6o(P)) > am}

moy=m

> inf (14 7g(x, 60(P)) — &x) " I{1+¥'g(x, 66(P)) > &,
my=m

L‘m(1 + Y,g(X, GO(P)) - 8m)7

where the first two inequalities are implied by (A66), and the final inequality
follows by (A68) and direct calculation. Next, exploiting standard manipula-
tions and (A69), we are able to conclude

(A70)  liminf f(Ayu, Va, Pn)

—tim ot (14,80 0(P)) "™

n—o0o ny>n

xI{1+yn0g(x 60(Py,)) > 0} dP,,

> lim inf inf / (1+ ¥, 8(x, 00(Py))) ™™

n—00 ny>n my=>m

x I{1 +ym0g(x 00(Pn,)) > 0} dP,,
m— 00 n—oo myz=zm

}
> liminfliminf inf /(1+7m0 (x, B0 (Pay))) "
0}

x I{1+4v,,8(x, 00(Pn,)) > 0} dP,
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> lim inflim inf / inf (1+ v}, 8(x, 60(Pn,))) "™
moy=m

m—oo n—oo

x {1+ yﬁnog(x, 0o(P.,)) > 0} dP,

> liminfliminf/Lm(l +vY'g(x, 0o(P)) — &,,) dP,.

m—0o0 n— 00

Further, observe from (A68) that if ALm > 0, then L,,(u) is continuous, while
if A1, =0, then we have L,,(u) = I{u > 0}. In both cases, since g(x, 6o(P))
is continuous and &’ is compact, we obtain by the portmanteau lemma and
P, — P in the weak topology,

(A71) lim infliminf/ Lm(l +v'g(x, 6(P)) — sm) dP,

m—o0 n—oo

> liminf/ Lm(l + v'g(x, 64(P)) — Sm) dpP

> [liminfLm(l +v'g(x, 6,(P)) — am) dP,

where the second inequality follows by Fatou’s lemma. Finally, by A, ,, — A;,
A, — Ay, and g, — 0, direct calculation reveals that pointwise in x € X', we

Z1,m

have

(A72)  liminfL,, (1 4+ yg(x, 60(P)) — &)

> (1+y'g(x, 6(P)) " {1+ y'g(x, 6(P)) > 0}.

Combining (A70), (A71), and (A72) establishes the claim of the lemma.
Q.E.D.

LEMMA A.8: Suppose Assumptions 3.1, 3.2, 3.3, and 3.4 hold and for
(Ao, A1, m, v, P) €10,2]* x R x R™ x Py with Py endowed with the weak topol-
ogy, define the function

F(/\Oa Ala 7,7, P)
=X +nA=1)

et /(1 +¥g(x, 60(P)) " T{1 4+ ¥g(x, 6o(P)) > 0} dP.

In addition, consider the correspondences

E(n,y,P)
= {()\05 A]?,Y) € [O’ 2]2 X RySF()\Oy A]’ n, ’Y7P)},
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II(n, v, P)
={yeR: (Ao, A1, y) € E(m, y, P) for some (Ao, A,) € [0, 2%}

It then follows that 11(m, vy, P) is lower hemicontinuous on R, x R x Py.

PROOF: Asin Lemma A.7, we define the function

(A73)  f(A, vy, P)= /(1 +v'g(x, GO(P)))A‘I{l +v'g(x, 6,(P)) > 0} dP.

We first show that f(Ay, y, P) is continuous at all points on [0, 2] x R™ x P,
with Ay # 0. For this purpose, let (A;,, V., P.) = (A4, 7y, P), and note that by
Lemma A.4 and X being compact, we have

(A74)  lim sup|y,g(x, 6u(P,)) — ¥'g(x, 6o(P))| = 0.
n—00 xeX

Further, notice that since A; > 0, then by A; , — A, we have A, , > 0 for n large
enough, which implies

(A75)  lim sup|(1 + v,g(x, 6o(P,))""
n—oo xex

x I{1+7,g(x, 0(P,)) > 0,1+ y'g(x, 6(P)) <0}| =0

as a result of (A74). By direct calculations, we then obtain from (A74) and
(A75) that

(A76)  lim sup|(1+ y,g(x, 6u(P))) """ I{1+¥,8(x, 6u(P,)) > 0}
n—oo xeX

— (14 vg(x, 80(P)) " I{1+y'g(x, 6,(P)) > 0} =0.

By (A76) and noting that the integrand is a continuous bounded function for
A > 0, P, — P establishes

(ATT)  f(Xins Yoo Pu)

= /(1 +v'g(x, oo(P)))“I{l +¥'g(x, 60(P)) >0} dP, + o(1)

— f(A1, 7, P),
hence proving the desired continuity of f(A;, y, P) at all points (A, y, P) €
[0, 2] x R, x Py with A; > 0.

We now establish lower hemicontinuity of I1(n, y, P). This requires show-
ing that for any y € II(n, vy, P) and (n,, ¥., P.) — (7, v, P), there exists a
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subsequence {,,, Vn,» Pn Yooy and y,, € II(n,, Vu,, Py,) with y, — y. Since
y € IlI(n, vy, P), there exists a (Ao(y), A1 (y)) € [0, 2]* with

If A;(y) > 0, then we immediately have from (A77) that

(A79) F(/\O(y)a )\1(}’), Nns yna Pn) — F()\o()’)’ /\1 ()’), n, 'Y, P)a

from which it follows that there exists y, € II(n,, v,, P,) with y, — y. To ad-
dress the case A;(y) =0, notice that

(A80)  limsup F(Ao(y), 0, M, Yu, Pr)

n— 00

= Ao(y) + m — Y7 x liminf P, {1 + v,8(X, 60(P,)) > 0}

> M(y)+m— e x P{14v/g(X, 6,(P)) > 0}

= F(/\o()’), Oa ”fl, 7) P)’
where the inequality is implied by P, — P, (A74), Theorem 1.11.1 in van der
Vaart and Wellner (1996), and the portmanteau lemma. The final equality in

(A80) is definitional. The existence of a subsequence {v,,, N, Py, }7e; With
Y, € (Y, M, > Pn,) and y, — y then follows. O.E.D.

LEMMA A.9: If Assumptions 3.1-3.5 hold, then for every Q € P, there exists an
open neighborhood N (Q) in Py with respect to the weak topology and a n(Q) > 0
such that for all n € [0, (QO)],

(A81) inf inf sup Ag+m(A;—1)

PeN(Q) yel'(n,P) Ag>A1=0

- er—I/(l +y'g(x, 6o(P)) " I{1+7'g(x, 6,(P)) > 0} dP = 0.

PROOF: First notice that since by Lemma A.6, the correspondence I'(0, Q)
is compact valued, there exists a compact set A4 such that,

Irao,Q)cA.

Furthermore, since by Lemma A.6, I'(n, P) is also upper hemicontinuous at
(n, P) = (0, Q), there exists a @(Q) > 0 and an open neighborhood B(Q) in P,
such that for all 0 < n < a(Q) and P € B(Q), we have

(A82) TI'(n,P)cC A.
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Thus, since [0, 2]> € R x R,, it immediately follows that for all 0 < n < a(Q)
and P € B(Q),

(A83) inf  sup Ag+n(A—1)

vel'(n,P) Ag>A =0

_ ol /(1 +vg(x, OO(P)))MI{I +v'g(x, 00(P)) >0} dP

>inf sup Ag+m(A—1)

YEA ()0, A)el0,22
— ¢! /(1 +y'g(x, 00(P) " I{1+v'g(x, 6u(P)) > 0} dP.

We establish the lemma by showing that for n sufficiently small, the right hand
side of (A83) is nonnegative on an open neighborhood of Q. For this purpose,
define the function

(A84) F(/\(b )\17 n,7v, Q)
=A+nA —1)

_ eh / (1+7'g(x, 00(0)) " I{1+¥g(x, 6:(Q)) > 0} dQ.

By Lemmas A.7 and A.8 and Theorem 2 in Ausubel and Deneckere (1993), it
follows that

(ASS) C(79 n, Q) = max F(/\(J, /\11 n,7v Q)

(X0,A1)€[0,2)?

is continuous on (y, 1, Q) € R” x R, x Py. Moreover, since A is compact,
applying Berge’s theorem of the maximum establishes that the correspondence

(A86)  E(m, P)=argminC(y,n, P)
Ye

is well defined and upper hemicontinuous on R, x P,.
We now show Z(0, Q) = {0}. If y € A\I'(0, Q), then Q{1 + y'g(X, 6,(Q)) =
0} <1 and hence

(A87)  F(1,0,0,7,Q0)=1-0{1+vg(X, 6,(Q)) >0} > 0.

Alternatively, for any 0 # y € I'(0, Q), we have Q{1 + y'g(X, 0,(Q)) =0} =1.
Therefore,

(AS8) F(1,1,0,7,0)=1- / (14 Yg(X, 6,(0)))dQ =0
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by virtue of Q € Py. Further, since Q € Py, Assumption 3.5 implies that for
y#0,

(A89)  0<O{yg(X,6(0) =0} <L.

Next use the dominated convergence theorem to exchange the order of differ-
entiation and integration in (A88) and conclude that for 0 # y € I'(0, Q),

J
A90 —F(1, A, 0
( ) é,Al ( , A, U, %, Q)

=1

= / (1+7'g(x, 60(0)))log(1+v'g(x, 0:(Q)))

x I{1+7'g(x, 6,(Q)) > 0} dQ
>0,

where the inequality holds by (A89), which implies y'g(x, 8,(Q)) is not con-
stant on supp,,(g(X, 6o(Q))) and, therefore, Jensen’s inequality holds strictly.

Hence, if 0 £y € I'(0, Q), there exists 1 < A1 <2 such that
(A91)  F(1,14,0,y,0) > 0.

Thus, so far we have established through (A87) and (A91) that if 0 # y € A,
then

C(»0,0)>0.

Alternatively, it follows from direct calculation that C(0, 0, Q) =0, and hence
we conclude

(A92) =(0,0)=1{0}.

Next notice that continuity of g(x, 6) in (x, #) and compactness of X and &
imply that

(A93) supsup|g(x, )] < oo.

0cO xeXx

Furthermore, since, as argued, = (7, P) is upper hemicontinuous at (n, P) =
(0, Q), it follows from (A92) and (A93) that there exist an a(Q) > n(Q) >0
and an open neighborhood N(Q) € B(Q) such that if n € [0, 7(Q)] and P €
N(Q), then

1
A94 sup |vy| < .
( ) ‘yEE(TI]),P) i sup,. 1g(x, 0o(P))|
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We therefore conclude that if 0 < n < n(Q), P € N(Q),and v € Z(n, P), then
P{1+vyg(X, 6,(P)) >0} =1.
It follows that if 0 < n < #(Q) and P € N(Q), then
E(n,P)CTI(0,P).
Consequently, we obtain that for all 0 < n < 7n(Q) and P € N(Q),

(A95) min max Aj+n(A;—1)

ved (xg,A1)el0,21

— e / (1+7'g(x, 0(PD) " I{1+¥g(x, 0o(P)) > 0} dP

= min max Ag+7n(A;—1)
Yel'(0,P) (xy,A1)€[0,2]2

P /(1 +7g(x, 0(P))) " I{1+¥g(x, 06(P)) > 0} dP.

Arguing as in (A88), it then follows that F (1,1, n,y, P) =0forall y € I'(0, P)
and any 7. To conclude, note that since the minimum is attained, we establish
using (A95) that

(A96) min  max Ayg+n(A;—1)

vel'(0,P) (ry,A1)€l0,2]2

— el f(1 + ¥ g(x, 0,(P)) " T{1+v'g(x, 6,(P)) > 0} dP > 0.
Therefore (A83), (A95) and (A96) establish the claim of the lemma. Q.E.D.

PROOF OF THEOREM 3.1: (a) Let My(Q), My(Q, 6), and A;(n) be as de-
fined in (A7), (A9), and (A8), respectively. Observe that since Mo(Q) <
M, (Q), it follows that A;(n) € A;(n). Hence

1 A 1 .
(A97) limsup —log P"{P, € A;(n)} <limsup —log P"{P, € A;(n)}.
n—oo N n—oo N

The proof then proceeds by showing that the conditions of Lemma A.3 hold for
all P € Py if > 0 is sufficiently small. Toward this end, for s as in Lemma A.5,
define

(A98)  w;=—log(1—5).
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We first show that for all P € Py, if O <« P and P{X € supp(Q)} > exp(—w)),
then M, (Q, 6,(P)) # @. For this purpose, note that

(A99) SHEP{X e supp(Q), Y'g(X, 6u(P)) = 0} < suIOJP{v’g(X, 6,(P)) > 0}
bza y#

<l-s
< P{X esupp(Q)},

where the first inequality follows by inspection, the second inequality follows
by P € Py and Lemma A.5, and the last inequality follows by hypothesis. It
follows from (A99) that for all y € R",

(A100) P{X esupp(Q),y'g(X, 6,(P)) =0} >0,
(A101) P{X esupp(Q), y'g(X, 6,(P)) <0} > 0.

Hence, there exists no hyperplane separating supp,(8(X, 6y(P))) and {0},
which implies

0c¢ int(co(supr(g(X, 60(P)))))

(relative to the topology on R™). We therefore conclude M,(Q, 6,(P)) # ) as
desired.

To complete the proof, we verify that (A37) holds uniformly in P € P, for n >
0 sufficiently small. By Lemma A.9, for every P € Py, there exists an 7(P) > 0
and an open neighborhood in the weak topology N(P) in P, such that for all
0 <n < 7n(P),we have

inf inf sup A+ mA—1
QgN(P)yeF(n,Q),\O,,\lsz ’ 77( 1 :

- er-1/(1 +y'g(x, 60(0))) " {1+ v'g(x, 8:(Q)) > 0} dQ = 0.

By Theorem 15.11 in Aliprantis and Border (2006), M is compact under the
weak topology, and hence since Py C M is closed by Lemma A 4, it is compact
as well. Consequently, as

P, = U N(P)
PePy

and N (P) are open for all P € P, compactness implies the existence of a finite
subcover such that

k
(A102) Py=|_JN(P).

i=1
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To conclude, let
(A103) @, =min{n(P),..., n(P)}
and notice that by construction, w, > 0 and, in addition, for all 0 < n < w,,

(A104) inf inf sup Ag+7m(A—1)

PePy yel'(n, ))\O =0
— et /(1 +7g(x, 00(P)) " I{1 + Y g(x, 6) > 0} dP > 0.

Letting n = min{w;, w,} implies that the conditions of Lemma A.3 are sat-
isfied for all P € Py and 0 < n < 5, which establishes claim (a) of the theorem.

The proof of part (b) closely follows arguments in Kitamura (2001) and
Dembo and Zeitouni (1998). Define the set of probability measures

(A105) R(n)={QeM: inf I(QIP)zn|.

We first aim to show that the proposition
(A106)  A¢(n) NR(n) S 2, NR(7)

holds for all n > n, and n, sufficiently large. Suppose by way of contradiction
that there exists an infinite sequence of probability measures {£,}°, such that
&€ Ap(m)NR(7) and &, € 2, NR(7). Since M is compact under the weak
topology by Theorem 15.11 in Aliprantis and Border (2006), there exists a sub-
sequence {§,, }32, such that

(A107) ¢, — ¢

for some & € M. Hence, there exists a k, such that for all k > k,, it follows that
&y, € B(§,6/2) and, therefore, B(§, 6/2) C Qf’nk. Hence, by Sanov’s theorem
(see Theorem 6.2.10 in Dembo and Zeitouni (1998)) and various inclusion
restrictions, it follows that

1
(A108) suplim sup logP"{P €} > suplim 1nf — logP”k [P, e} n )

PePy n—o0 PePy "k
1 A
> suphmlnf log P"{P, € B(&,6/2)}
PEPO n— 00

>sup— inf I(Q|P)

Pep, Q<B(£8/2)

> sup — I(§nA |P).

PePy
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Since fnko € A¢(n) NR(7), it must be that

(A109)  inf I(é, IP) <, inf I(£, |P)<mn

PEMU(fnk

by virtue of Mo(fnko) C M, and §,,kn € Ay(n). Furthermore, since §,,k0 € R(n),
we have

(A110) Peaf\%l(gnko IP) > 7.

Hence, combining (A109), (A110), and Py C M,, we conclude
(ALLL)  inf I(£, IP) <.

Therefore, it follows from results (A108) and (A111) that

(A112) suphmsup—logP"{P e >,

PePy n—oo

which contradicts the assumptions on ({2 ,, {2, ,) and hence (A106) must be
true. Therefore,

(A113) hmsup—logQ”{P € Aoy(n) NR(n)} <limsup — Q”{P €y}

n—00 n—o0

To conclude the proof of claim (b) of Theorem 3.1, we aim to establish that

1
(A114) limsup log O"{ (P, er(n)}_hmsup logQ (P, e Agy(n)NR(M)}

n—00 n—o0o

for all Q € P satisfying (18) in the main text, which together with inequality
(A113) yields the desired result. Toward this end, let R°(n) = M \ R(n) and
note that since I(Q|P) > 2d%, (Q, P), it follows from (A105) that

(A115) R'(q) € |QeM: inf, 24;,(0.P) <.

We conclude from (A115) that R(n) € My \ P,V "2 Thus appealing to
Sanov’s theorem, we obtain

(A116) hmsupllogQ P, e Ay(m) NR(m)}

n—0o0

1 -
< limsup - log Q"{P, € Ag(m) NR(7)}

n—oo
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< — inf 1(Q|P)
PeAg(m)NR(n)

< — inf  I(Q|P).
Pey P,V

Next let AU( n) =M\ A1(”f)) for /\1(7]) as defined in (A8), and notice that since

P, C Ao(”f}) C Ay(n) and Ao(n) is open as a consequence of Lemma A.2, it
follows that

(A117) P, C A2(n).

Moreover, since from result (A115) it is possible to conclude that

(A118) [QeM: inf 2d;,(Q.P)>n} < R(n)

and since the left hand side of (A118) is open, we obtain Py \ My \ Pom C
R°(m). Thus, by (A117) and (A118),

(A119) P\ Mo PsY " < (Ag(m) N R(m))".

Hence, appealing once again to Sanov’s theorem and exploiting (A119), we
establish

(A120) nminfllog Q"{P, € Ay(m) N R(7)}

>11m1nf—logQ”{P € (Ao(m) NR(7))°}

n—0o0

> — inf I1(Q|P

T Pe(Ag(mNR()° P

>— inf __I(QIP).
Pepg\Miy Py

Therefore, combining (A116) and (A120), we obtain that for any Q satisfying
(18) in the main text, we have

(A121) limsupllogQ{P € A(m) N R ()} _
oot M7 QP € Ag(n) NR())

which in turn implies that for any « > 0, there is an n, such that for all n > #n,,

Q"(Py € A AR} _

(A122) ! <
O"{P, € Ay(m) NR(n)}
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Moreover, employing Ag(n) N R(n) € Ay(n), result (A122), and simple ma-
nipulations yields that

(A123) 0 <hmsup—logQ {P € Ay(n)}

n—oo

— hmsup ~log Q"{P, € Ao(m) N R(n)}

n—0oo

{ Q {P, er(n)ﬂR‘(n)}}

1
< limsup — log
n Q"(P, € Ao(n) N R(m)}

n—oo

<lim sup - log{l + e}

n—o0

< 2k.

Because k > (0 was arbitrary, we conclude that (A114) holds, which together
with (A113) establishes the theorem. Q.E.D.

PROOF OF COROLLARY 3.1: Let P=P\ D/ * and notice that under the as-

sumptions of the corollary, Assumptions 3.3, 3.4, and 3.5 hold with P in place
of P. Therefore, since

(A124) {PeP:Ep[g(X, 0)]=0forsome e O} = P\ D:?,
it follows from Theorem 3.1 that there exists an 7;(¢) > 0 such that for all

m(e) > n > 0, we have

(A125)  sup llmsup —logP"{P, € Aj(q) \ D 0}

PEPU\D‘E/Z n—00

< sup 11msup—logP”{P € Ai(m)}
PEPO\DE/Z n—00
<-n.

Moreover, by /L(n) \ Dj € (D)°, Sanov’s theorem, and the inequality
I1(Q|P) > 2d%, (Q, P), we obtain

(A126)  sup hmsup - logP”{P e Ay(n) \ Dg}

PePynDi/? 1

1
< sup hmsup—logP"{P e (D)}

PepynDE/? N0
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< sup — inf I(Q|P)

EC
PePynD? Qe(by)

<— inf inf 243 2 (0, P).

" Ppep, npg/? QeDp)*

Therefore, results (A125), (A126), and setting 17(&) < min{#,(¢), 2/2} estab-
lishes part (a) of the corollary. Furthermore, the same arguments as in (A107)~

(A112) yield Ay(n)U D; < (2, , UD; for n large enough, which implies Ay(m) C
(), for n large enough, thus yleldmg part (b) of the corollary. Q.E.D.
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