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In this supplemental document, we first provide a brief summary of commonly used
function spaces and sieve spaces. We then provide mathematical proofs of all the the-
orems, corollaries, propositions, and lemmas that appear in the main text and the Ap-
pendix.

A. BRIEF SUMMARY OF FUNCTION SPACES AND SIEVES

HERE, WE BRIEFLY SUMMARIZE some definitions and properties of function
spaces that are used in the main text; see Edmunds and Triebel (1996) for
details. Let S(RY) be the Schwartz space of all complex-valued, rapidly de-
creasing, infinitely differentiable functions on R¢. Let S*(R?) be the space
of all tempered distributions on R?, which is the topological dual of S(R).
For h € S(R%), we let h denote the Fourier transform of A (i-e., h(f)
(2m)~"? [, exp{—iy'£}h(y) dy) and let (g)* denote the inverse Fourler trans-
form of g (i.e., (8)"(y) = 2m) ¥ [, exp{iy'é}g(&) dé). Let ¢y € S(R?) be
such that ¢o(x) =1 if |x] <1 and ¢o(x) = 0 if |x] > 3/2. Let ¢(x) =
©o(x/2) — @o(x) and @i (x) = @;(27%*1x) for all integer k > 1. Then the se-
quence {¢; : k > 0} forms a dyadic resolution of unity (i.e., 1 =), ¢x(x) for
all x e R?). Let v € R and p, q € (0, oo]. The Besov space B;,q(Rd) is the col-
lection of all functions 4 € S*(R?) such that | || sy, 18 finite:

0 1/q
”h”B;ﬂ = (Z{zjvu(@jh)v”u(leb)}q> <X

j=0

(with the usual modification if ¢ = 00). Let v € R, p € (0, 00), and ¢ € (0, co].
The F space ]: v (Rd) is the collection of all functions # € S*(R9) such that
Al =, is ﬁmte

0 1/q
1Az, = H (Z{sz(qoﬁ)%-n}q)
j=0

(with the usual modification if ¢ = 00). For v > 0 and p, g > 1, it is known that
f[}’jq,(Rd) (B;,fq,(Rd)) is the dual space of f;,q(Rd) (B;,q(Rd)) with 1/p' +
1/p=1land 1/q'+1/g=1.

<0

LP(leb)
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Let 7 (R?) denote either B!, (R) or F; (R?). Then 7, (R“) gets larger
with increasing ¢ (i.e., 77, (RY) € 7, (R?) for g < q,), gets larger with de-
creasing p (i.e., 7 (R*) €7 (R?) for p, > p,), and gets larger with de-
creasing v (i.e., 7,2 (RY) € 72 (R?) for v; > »,). Also, 7 (R?) becomes a
Banach space when p, q > 1. The spaces 7 q(Rd ) include many well known
function spaces as special cases. For example, L?(R?,leb) = F),(R?) for
p € (1,00), the Holder space A"(R*) = B, (R%) for any real-valued r > 0,
the Hilbert-Sobolev space W) (R?) = B ,(R“) for integer k > 0, and the (frac-
tional) Sobolev space W;(Rd) =F7,(RY) forany v € R and p € (1, 00), which
has the equivalent norm |[Ayy = (1 + |- 2)"2Rh(-)) || rgeny < 00 (note that
for v > 0, the norm || A [ is a shrinkage in the Fourier domain).

Let 7, ({2) be the corresponding space on an (arbitrary) bounded domain
0 in R4. Then the embedding of 7, (Q)into 7,2 (£2)is compact if v; — v, >
dmax{p;' — p,',0}, and —0o <1, <v; < 00,0 < qy,q, <00,and 0 < p, p; <
00 (0 < p1, p» <oofor 7 ({2)).

We define “weighted” versions of the space 7 q(Rd ) as follows. Let
w(-) = (L+[- )2 { € R, be a weight function and define |47y, vt .w) =
lwhllzy 4y, that is, T (R, w) = {h:|whl| 1y, xae, < 0o}. Then the embed-
ding of 7.1 ql(Rd ,wy) into 72 qz(Rd ,w,) is compact if and only if v; — v, >
d(p;' — py"), wy(x)/wi(x) — 0 as |x| — oo, and —c0 < v, < ¥, < 00, 0 <
g1, g2 <00,and 0 < p; < py <00 (0 < p; < pr < oo for F) ({2)).

If H < H is a Besov space, then a wavelet basis {1} is a natural choice of
{q;}; to satisfy Assumption 5.1 in Section 5. A real-valued function ¢ is called
a mother wavelet of degree 1 if it satisfies (a) [, y*¢(y)dy =0for 0 <k <,
(b) ¢ and all its derivatives up to order y decrease rapidly as |y| — oo and
(c) {22y (2ky — j) : k, j € Z} forms a Riesz basis of L*(leb), that is, the linear
span of {2¥/2ys(2*y — j) : k, j € Z} is dense in L*(leb) and

2

o0 o0
2
=2 2 layl

L2(R) hk=—o0j=—00

Yo D w2y

k=—00 j=—00

for all doubly biinfinite square-summable sequences {ay;: k, j € Z}. A scaling
function ¢ is called a father wavelet of degree v if it satisfies (a') [, o(y)dy =1,
(b)) ¢ and all its derivatives up to order y decrease rapidly as |y| — oo, and (c’)
{¢(y — J):j € Z} forms a Riesz basis for a closed subspace of L*(leb).

Some examples of sieves follow:

Orthogonal Wavelets: Given an integer y > 0, there exist a father wavelet ¢
of degree y and a mother wavelet ¢ of degree vy, both compactly supported,



ESTIMATION OF NONPARAMETRIC CONDITIONAL MOMENT MODELS 3

such that for any integer k, > 0, any function 4 in L?(leb) has the wavelet y—
regular multiresolution expansion

h(y) = Z Ao Proi (Y) + Z Z biii(y), yeR,

j=—00 k=kg j=—00

where {¢@x,;, j € Z; Yij, k > ko, j € Z} is an orthonormal basis of L*(leb); see
Meyer (1992, Theorem 3.3). For an integer K, > kg, we consider the finite-
dimensional linear space spanned by this wavelet basis of order v:

2Kn_1

ha) =5 (VI = Y 7, 0k, (9), k(n) =25,

=0
Cardinal B-Spline Wavelets of Order vy:

Kn

(SM.1) A, (y) =" (I =" m2’B, 2" y— j), k(n)=25"+1,

k=0 jeKy

where B, (-) is the cardinal B-spline of order v:

1

B VPN A o
By(y)—(y_l)!;( 1)<l.)[max(0,y ny.

Polynomial Splines of Order q,:
(SM.2)  hu(y)=¢“ ()11

qn 'n
=S m + Y k=", k() =gt 1+ 1,

Jj=0 k=1

where (y — v)? = max{(y — v)4, 0} and {;};—,..._,, are the knots. In the empir-
ical application, for any given number of knots value r,, the knots {v;},—;
are simply chosen as the empirical quantiles of the data.

Hermite Polynomials of Order k(n) — 1:

kn—1 N2
(SM.3) A, (y) =" (NI =Y " m(y—vy) eXp:—L 21/12/1) },
j=0 :

where v; and v7 can be chosen as the sample mean and variance of the data.
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B. CONSISTENCY: PROOFS OF THEOREMS

PROOF OF THEOREM 3.1: Under the assumption that E[m(X, h)W(X) x
m(X, h)] is lower semicontinuous on finite-dimensional closed and bounded
sieve spaces H,, we have that for all £ > 0 and each fixed k > 1,

gk, e)= inf E[llm(X, ;]

M,
her O:llh—holls>e

> min  E[m(X, b)|}]

T heHy:llh—holis=s

exists and is strictly positive (under Assumption 3.1(i) and (ii)). Moreover, for
fixed k, g(k, ¢) increases as ¢ increases. For any fixed ¢ > 0, g(k, ¢) decreases
as k increases, and could go to zero as k goes to infinity. Following the proof

of Lemma A.4(i) with 7 = || - ||, topology, H,",) € Hy(m, A,P(h) >0, and , =
O(mo.n), we have, for all ¢ > 0 and # sufficiently large,

Pr(|| 7, — holls > &)
<Pr(If, — holle > &, oy € HD) + €

<pr(inf  {cE[Im(X, W]+ AP(h))

e 0 lh—hglls>e
< CE[Im(X, k)]
+ 0y (M0.) + 0p(82,,) + AP (h) + Oy (A)) +

<Pr inf {cE[llm(X, W]} < CE[llm(X, IT,ho) 5]

herd Nh—hllsze
+ 0, (o) + 0,(8%.) + MP(hy) + O,,(/\n)> te
= Pr(g(k(n), )
< 0, (max(3, . mw E(Im(X, ILI)I3). A })) + o,

which goes to zero under max{82,,, no.., E(Im(X, IL,hy)1I3,), A} = 0(g(k(n),
€)). Thus ||h, — holl; = 0,(1). O.E.D.
PROOF OF THEOREM 3.2: Under the assumptions that E[m (X, h) W (X) x

m(X, h)] is lower semicontinuous and P(k) is lower semicompact on (H,
Il - IIs), we have that for all £ > 0,

gle)= min EmX,hHYW(X)ym(X, h)]

heHM:|\h—hgls=&
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exists (by Theorem 38.B in Zeidler (1985)) and is strictly positive (under As-
sumption 3.1(i) and (ii)) for H” = {h € H:P(h) < M} with some large but

finite M > M,. By Lemma A.4(i) with 7 = || - ||, topology, ’Hk(n) CHM A, >0,
P(h) >0, m, = O(nq,), and max{nq ., E[|m(X, I1,h)|[3,1} = O(A,), we have,
for all & > 0 and » sufficiently large,

Pr(|[, — holl, > &)

<Pr(||h — holls> &, hy, eHyl) +e

<Pr inf  {cE[Im(X, W)}]+ AP (h)}

heHZ%:”hfho”st
<0,(8,,) + MP(ho) + op(An)) te

5Pr< inf  E[llm(X, b3 ]

heHM:|h—hglls=e
= 0,(8,) + MP(ho) + 0, (M) ) + &
< Pr(g(e) < Op(max(3;, ., Au)) + &,

which goes to zero under max{82 , A,} = o(1). Thus ||h — holls = 0,(1).

Q.E.D.

m,n’

PROOF OF THEOREM 3.3: We divide the proof in two steps: first we show
consistency under the weak topology; second we establish consistency under
the strong norm.

Step 1. We can establish consistency in the weak topology by applying
Lemma A.1, either verifying its conditions or following its proof directly.
Under stated conditions, 4, € My, with probability approaching 1. By
Lemma A.3(ii) with max{no,,, E[lm(X, I1,h0) |31} = o(A,) and n,, = O(n0,,),
we have P(h,) —P(hy) < 0,(1); thus we can focus on the set {/ € Hy ) : P(h) <
My} = Hk(n) for all n large enough. Let B,(%,) denote any open neighbor-
hood (in the weak topology) around h,, and let B¢, (h,) denote its complement
(under the weak topology) in H. By Lemma A.4(ii) with B, (hy) = B, (hy),
MP(h) = 0, HY C H, m, = O(no,), and max{ng,,, E[Im(X, I,h) |31} =
o(A,), we have, for all nonempty open balls B,,(#,), all £ > 0, and # sufficiently
large,

Pr(h, ¢ B, (h))
< Pr(h, ¢ Bu(hy), h e H) ) +
<pr(  inf  {cE[Im(X, WI}]+AP()]

M,
Hy oy B (ho)
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<0,(8,,) + MP(ho) + 0(/\n)> te

§Pr< inf E[||m(X,h)||%V]§Op(max{53n)n,/\,,})>—|—a.

H:h¢Buy(hy)

Let E[||m(X, h)|3,] be weak sequentially lower semicontinuous on . Since
H N B¢ (hy) is weakly compact (weakly closed and bounded), by Assump-
tion 3.4(ii) and Theorem 38.A in Zeidler (1985), there exists A*(B) € H N
B¢ (ho) such that infsugs, ) ELlm(X, h)|3,]1 = E[|lm(X, h*(B))|3,]. It must
hold that g(B) = E[||m(X, h*(1B))|3,]1 > 0; otherwise, by Assumption 3.1(i)
and (ii), |A*(B) — holls = 0. But if this is the case, then for any r € H* we have
[{t, h*(B) — hoyu+ n| < const. x ||h*(B) — hy|l; = 0, a contradiction to the fact
that h*(B) ¢ B, (hy). Thus

Pr(h, ¢ Bo(ho), hy € H,)
<Pr(E[|m(X, *(B))|},] < O,(max{&2, . \,}),

m,n?’

which goes to zero since maX{SiI,n, A} =o(1). Hence Pr(71\,, ¢ B,(hy)) — 0.

~

Step 2. Consistency under the weak topology implies that (¢, &, — ho)g-u =
0,(1). By Assumption 3.4(i), P(h,) — P(hy) > (to, By — ho)ue11 + &1 tn — o).
Lemma A.3(ii) implies that P(/h\n) — P(hy) < 0,(1) under max{no,,, E[|m(X,
IT,h) 31} = 0(A,), Mu = O(no.). Thus g(Ih, — hyll,) = 0,(1) and |k, —
holls = 0,(1) by our assumption over g(-). This, (f, h, — ho)uu = 0,(1), and
Assumption 3.4(i) imply that P(h,) — P(h) > 0,(1). But P(h,) < P(h,) +
0,(1) by Lemma A.3(ii). Thus P(%,) — P(hg) = 0,(1). Q.E.D.

VERIFICATION OF REMARK 3.2: Claim (i) follows from Proposition 38.7 of
Zeidler (1985). Claim (ii) follows from Corollary 41.9 of Zeidler (1985). For
claim (iii), the fact that /W (-)m(-, h) : H — L*(fx) is compact and Frechet
differentiable implies that its Frechet derivative is also a compact operator; see
Zeidler (1985, Proposition 7.33). This and the chain rule imply that the func-
tional E[||m(X,-)|3,1:H — [0, c0) is Frechet differentiable and its Frechet
derivative is compact on H. Hence E[||m(X, h)|3,] has a compact Gateaux
derivative on H and, by claim (ii), is weak sequentially lower semicontinuous
on H. O.E.D.

PROOF OF THEOREM A.1: For result (i), we first show that the set of mini-
mum penalization solutions, M, is not empty. Since E[||m(X, h)||},] is convex
and lower semicontinuous in 2 € H and H is a convex, closed, and bounded
subset of a reflexive Banach space (Assumption 3.4(ii)), by Proposition 38.15
of Zeidler (1985), M, is convex, closed, and bounded (and nonempty). Since
P(-) is convex and lower semicontinuous on M, by applying Proposition 38.15
of Zeidler (1985), we have that the set M} is nonempty, convex, closed, and a
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bounded subset of M. Next, we show uniqueness of the minimum penaliza-
tion solution. Suppose that there exist 4, hy € M such that ||h; — hgll; > 0.
Since M is a subset of M, and since M, is convex, i’ = A+ (1—A)hy € M.
Since P(-) is strictly convex on M, (in || - ||;), thus P(h’) < P(hy), but this is
a contradiction since /4, is a minimum penalization solution. Thus we have es-
tablished result (i). _

For result (ii), first, as already shown earlier, h, € H;, with probabil-
ity approaching 1. We now show its consistency under the weak topol-
ogy. To establish this, we adapt Step 1 in the proof of Theorem 3.3 to
the case where Assumption 3.1(ii) (identification) may not hold, but A, is
the minimum penalization solution. Let B,, (%)) denote any open neighbor-
hood (in the weak topology) around ho, and let B (o) denote its comple-
ment (under the weak topology) in H. By Lemma A.3(ii), P(h,) = O,(1).

By Lemma A.4(ii) with Br(ho) = B,(ho), Hy S Hiwms e = O(10,), and

max{Sﬁm, No.ns ELm(X, IT,h0) 3,1} = 0(A,), we have, for all nonempty open
balls B,,(hy),

Pr(R, ¢ B, (ho), 1, € Hy)

<Pr( inf {cE[Im(X, I3 ]+ AP0}
Hy oy 1 Bu (o)

=< /\nP(hO) + Op(An))

§Pr< inf  {cE[Ilm(X, )I3] + \P(h))

Hi(ny:hEBw(ho)
< MP(ho) + 0,(A)).

By Assumptions 3.1(iii) and 3.4(ii), M) is weakly sequentially com-
pact. Since B¢ (hy) is closed under the weak topology, the set Hjy, N
B¢ (hy) is weakly sequentially compact. By Assumption 3.4(ii) and the as-
sumption that E[||m(X, h)||},] is convex and lower semicontinuous on H,
cE[|lm(X, h)|3,]1 + A, P(h) is weakly sequentially lower semicontinuous on
Hew- Thus g(k(n), &, A,) = infy, , asg,i (CENIMX, D51+ A, P(h)} > 0 ex-
ists, and we denote its minimizer as h,(e) € Hin N B (hy). Hence, with

max{Sim, Nons E[lm(X, IT, hy)|13,1} = 0(A,) and A, > 0, we have

Pr(h, ¢ B,(ho), h, € H )

n)

< Pr(cE[|mX, hu(@),] + AP (ha(2)) = AP (o) + 0,(\) )

_ Pr(g(k(nx & A) = MPlho) _ (1))'
A
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I liminf, E[|lm(X, h,(£)) ]3] = const. > 0, then Pr(7, ¢ B,,(hy), h,€ Hy ) —
0 trivially. So we assume liminf, E[||m(X, h,(&))|}] = const. = 0. Since
H N B¢ (hy) is weakly compact, there exists a subsequence {4, (&)}, that con-
verges (weakly) to h.(g) € H N B¢ (hy). By weakly lower semicontinuity of
E[|lm(X, h)|1,] on H, h.(g) € M,. By definition of /4, and the assumption
that P(h) is strictly convex in & € M,, it must be that P(h.(g)) — P(ho) >
const. > 0 by result (i). Note that this is true for any convergent subsequence.
Therefore, we have established that

> const. > 0;

limint g(k(n), &, /\/{,) — AP (ho)

thus Pr(h ¢ B, (hy), h € ’Hk(n)) — 0. Hence, by similar calculations to those
in Lemma A. 4(11) for any ¢ > 0 and sufficiently large n, Pr(h ¢ B,(hy)) <
Pr(h ¢ B, (hy), h, € Hk(,,)) + & <2e.

Given the consistency under the weak topology, Assumption 3.4(i) and
Lemma A.3(ii), we obtain ||h — holls; =0,(1) and P(h ) — P(hy) = 0,(1) by
following Step 2 in the proof of Theorem 3.3. Q.E.D.

C. CONSISTENCY: PROOFS OF LEMMAS

PROOF OF LEMMA A.1: By definition of the infimum, @, always exists, and
a, € Ay with outer probability approaching 1 (a, may not be measurable). It
follows that for all B+ («y),

Pr* (&, € Ay, @ & Br ()

inf  0,(a) = Qu(Ilya0) + Opu(1))

Q€A ()¢ BT (ap)

(
<Pr'(__inf (KO,(@)— Op(cn))
<K
(

<Pr*

[XEAk(n) a¢B7 (ap)
10, (T,e0) + Opeco,) + Opu(n,))

<P inf0,(a) = Op(max(cy, o, O, (Macto), m4))

ae-Ak(n) a¢ BT (ag)

< Pr*(go(n, k(n), B) < O,.(max{c,, co.., Q,(I1,a), ,}))

by condition a(ii) in Lemma A.1,

which goes to 0 by condition d(iii) in Lemma A.1. Q.E.D.
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PROOF OF LEMMA A.2: Under condition c(ii) of Lemma A.2, @, is well de-
fined and measurable. It follows that for any ¢ > 0,

Pr(|la, — aolls > &)

<Pr(inf  0u(@ = 0,(La) +0,y(n,))

"‘E-Ak(n):Ha*aU”xZE

Pr(_inf {0, ~10ue) — O (@]}

ac Ay la—apls>e

IA

= 0,(ITa0) +10,(Tye) = 0, (ITe0)| + Oy () )

IA

Pr(_inf  0(a) <20+ 0, +0,(n,)

Q€A py:lla—aplls=e

=P inf 0,(@) -0
r<a€Ak(n)liﬂl*aol\xszn(a) Qn(aO)

=26, + 0, (L) = 0,(a) + Op(n,))
< Pr(go(n, k(n), £) <2¢, +10,I1,a0) — O, (o) + O, (M)

which goes to 0 by condition d of Lemma A.2. Q.E.D.

PROOF OF LEMMA A.3: We first show that il\n € H, w.p.a.l. The infimum
inf;,, Qn(h) exists w.p.a.1 and hence, for any € > 0, there is a sequence,
(hj,(€)); € M, such that Q,(h;,(€)) < infy, O,(h) + € w.p.a.l. Let &, =
hn.n(m,). Then such a choice satisfies il\,, € H, w.p.a.l.

Next, by definition of iz\n, we have for any A, > 0,

~ ~ 1~ . o~ ~ ~
MPu(h) < =3 IR )+ A (h)

i=1

1< -~
< 2 X, o) I + AP o) + Op(my)

i=1
and

MAP(hy) — P(ho)} + A{P,(hy) — P(h,))

j IR ~
< = > X, o) G + At P, o) — P o))

i=1



10 X. CHEN AND D. POUZO

Thus
MAP(hy) — P(ho))

1< ~
< = > X, o) G + 2, sup [P, () — P(h)|

i=1 heH,
+ A P(IT, hg) — P(ho)| + O, (7,)
<0, (no,+ E[Ilm(X, ITho) |1, ]) + 2A, sup [P, (h) — P(h)|
h

€Hp

+ Al P11, o) — P(ho)l,

where the last inequality is due to Assumption 3.3(i) and 1, = O(nj,,). There-
fore, for all M > 0,

Pr(P(h,) — P(hy) > M)
=Pr(A{P(hy) = P(ho)} > A, M)

< Pr(0, (mo, + E[lm(X, ) ,]) +2A, sup [P, (h) = P(h)|

heHpy

+ Ml PTho) = P(h)| > AM ).

(i) Under Assumption 3.2(b), A, sup,., |P.(h) — P(h)| + A,|P(IT,hg) —
P(hy)| = 0,(A,), we have

Pr(P(h,) — P(hy) > M)
< Pr(op(max{no,n + E[Im(X, LI ], A}) > AnM)

2
< Pr(Op(TIO,n + E[”m)(\X’ tho)HW]

) +0,(1) > M),

which, under max{n, ., E[||m(X, th0)||%‘,]} = 0(A,), goes to zero as M — oo.
Thus P(iz\,,) — P(hy) =0,(1). Since 0 < P(hy) < oo, we have P(ﬁ,,) =0,(1).

(i) Under Assumption 3.2(c), A, sup,,,, |P.(h) — P(h)| + A, |P(I1,ho) —
P(hy)| =0,(A,), we have

Pr(P(h,) — P(hy) > M)

2
- Pr(0p<no,n +E[|Im;X,tho)IIW]> +o,(1)> M),
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which, under max{ng,, E[||m(X, II,h)|31} = o(A,), goes to zero for all
M > 0. Thus P(h,) — P(hy) <o0,(1). O.E.D.

PROOF OF LEMMA A.4: It suffices to consider A,P(-) > 0 only. By the
fact that Pr(A) < Pr(A N B) + Pr(B¢) for any measurable sets 4 and B, we
have

Pr(h, ¢ Bz (hy)) < Pr(h, ¢ Bz (hy), P(h,) < My) + Pr(P(h,) > My).

For any ¢ > 0, choose M, = M,(¢) such that Pr(P(ﬁn) > M,) < & for suf-
ficiently large n. Note that such a M, always exists by Lemma A.3. Thus,
we can focus on the set HkM(‘jl) = {h € Hiw: AP (h) < A,My} and bound
Pr(h, ¢ Br(hy), P’(\hn) <My).

By definition of 4, and I1,,h, Assumptions 3.3 and 3.1(iii), and 1, = O(7,.,),
we have, for all B, (hy),

Pr(f, ¢ Br(ho), hy € Hy)

< Pr( inf {1 > I, ik + /\nﬁ(h)}

M,
her(%:h¢B;r(h0) i1

1< ~
= ; Z ”m(XanhO)”]z,’;} + )‘nP(thO) +Op(nn)>

i=1
<Pr inf  {cE[Im(X, DI ]+ AP(h))

M
her((r’” h¢ B (hy)

< CE[Im(X, M) 3]+ 0p(82,) + MPUL o) + Oy (n0,) ).

By Assumption 3.2(b), we have A,sup,., \P(h) — P(h)| = O,(A,) and
M| P(IT,ho) — P(ho)| = O(A,). Thus, with max{ng., E[|m(X, II,ho)|}1} =
O(A,), for all B (hy),

Pr(h, ¢ Br(ho), h, € Hy)

n)

<Pr inf {cE[Im(X, M)}, ]+ AP(h)}

M
her(E’,) h¢ B (hy)

< 0,(8,) + MP(hy) +0,(A)).

By Assumption 3.2(c), we have A,sup,.,. |ﬁ(h) — P(h)| = 0,(A,) and
M| PU1,ho) — P(hy)| = o(A,) for A, > 0. Thus, with max{ng,, E[||m(X,



12 X. CHEN AND D. POUZO

11, ho) 151} = 0(A,), for all Br(hy),

Pr(h, ¢ Br(ho), hy € H}10,)

§Pr( inf  {cE[Im(X, W3]+ AP(h))

M,
/1er(%:h¢BT<h0)

< 0,(8,,) + MP(ho) +0,(A) ).

Hence we obtain results (i) and (ii). Q.E.D.

D. CONVERGENCE RATE: PROOFS OF THEOREMS

The proof of Theorem 4.1 directly follows from Lemma B.1 and the defi-
nition of w, (8, H,s,). The proof of Corollary 5.1 directly follows from The-
orem 4.1 and Lemma B.2. The proof of Corollary 5.2 directly follows from
Theorem 4.1 and Lemmas B.2 and B.3.

PROOF OF COROLLARY 5.3: By Theorem 4.1, Lemmas B.2 and B.3(ii), re-
sults of Corollary 5.2 are obviously true. We now specialize Corollary 5.2 to the
PSMD estimator using a series LS estimator 71(X, /). For this case, we have

By Assumption 5.4(ii) and the condition that either P(h) > Z;’il V]?"‘ (h, q;)s|?
for all & € H,, or Hos € Henipsoia» We have, for all 7 € H,,,

GEM(X, iy W(X)m(X, )] < ||h — ho|*

< const. Z{QD(V]-_Z)}(h — ho, q));-

j=1

On the other hand, the choice of penalty and the definition of H,, imply
that 3~ v3*(h — hy, q;); < const. for all & € H,,. Denote n; = {go(vj‘z)}(h -
ho, q;)?. Then Zjvf“{qo(vj_z)}’lnj < M. Therefore, the class {g € L*(X,
- N2y :8C) = VW(m(-, h), h € H,} is embedded in the ellipsoid
(g€ LAX, || 2t 18122, = X mjs and 3w {@(w; )} 'y < M’} for
some finite constant M’. By invoking the results of Yang and Barron (1999),

it follows that the J,th approximation error rate of this ellipsoid satisfies

2
m,J3;

172 = holls = 0, () = Op(/ e} Q.E.D.

n

.
b2, < const.v;**{e(v;”)}. Hence 82, = & < b? . < const.v,**{¢(v,?)} and
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E. CONVERGENCE RATE: PROOFS OF LEMMAS

PROOF OF LEMMA B.1: Let r2 = max{82 ,,A.0p,, II1,hy — hyll?,

m,n’

M| P(I1, o) — P(h,)|} = 0,(1). Since &, € H,,,, with probability approaching 1,
we have, for all M > 1,

Pr(w ZM>

Tn

1< A
<P inf - m(X:, h)||% + AP, (h
< r({ in { Z}nm N + APy )}

heHosn:|1h=holl=Mrn} | 1 <
i=

1< ~

i=1

1 n
<P inf - m(X:, W% + AP(h
- r([he?—tasnilflll—hOPMrn}{ n ; im( i+ ( )}

I~
= ; Z ”m(XU th())”]zi/ + /\nP(thO) + 2/\)15P,n + Op(nn)) ’

i=1

where the last inequality is due to sup,_,, |13n(h) —P(h)|=0,(6p,)=0,(1).
By Assumption 3.3 with 7, = O(an’n) and n, = O(ny,,), and definitions of
'H,.» and 82 . there are two finite constants c, ¢, > 0 such that

(SM.4)  cE(Im(X, h)I) + AP (h,)
=< Op(S%n)n + )\n‘SP,n) + COE(”m(X’ th())”%{/) + /\nP(thO)s
which implies
CE(”m(Xa ’};n)”%/l/) S Op(sfn,n + /\nﬁP,n) + COE(”m(X; th())”iV)
+ A PUIT,ho) — P(hy).

This, ||iz\,, — hylly = 0,(1), and Assumption 4.1 imply that

pr(M ZM>

.
< Pr(Mzrg
<0

p(ax {82, ., Audrns o = holl®, Al P(ILo) = P(R)TY)),

m,n?
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which, given our choice of r,, goes to zero as M — oo; hence ||/h\,1 — | =
O, (). _

By definition of H,,, (or under Assumption 3.2(b)), A,|P(I1,hy) — P(h,)| =
0,(A,) and 6p, = O,(1); hence result (i) follows

Under Assumption 3.2(c), A,|P(I1,hy) — P(h ) =o0,(A,) and 8p, = 0,(1);
hence result (ii) follows.

For result (iii), using the same argument as that for results (i) and (ii),

inequality (SM.4) still holds. By condition (iii) of Theorem 4.1, A,(P(h,) —
P(II,ho)) = Au(ty, hy — 11, ho)u - Thus

CE(Im(X, ) 15,) + Auto, Tt = Tuho)e
<0,(8;,, + Mbpn) + GE(Ilm(X, IT,ho) 1,);
hence
CE(Im(X, ) [5) < 0p(8),., + Midpa) + GE(Im(X, ko) },)
+ const.A, | 1, — IT, k|-
By Assumption 4.1, Lemma B.1(iii) follows by choosing r; = max{(é, ,, A,8p.,
T,k — holl, Aol — ITuhols) = 0,(1). Q.E.D.

PROOF OF LEMMA B.2: To simplify notation, we denote b; = go(vj‘z). Re-
sult (i) follows directly from the definition of w,(8, H,,) as well as the fact
that {gi}%, is a Riesz basis, and hence for any % € H,,, there is a finite con-
stant ¢; > 0 such that

allhllz < D [th, ;)

j<k(n)

= (maei') 2 bilth g < il

j<kn bk(”)

where the last inequality is due to Assumption 5.2(i) and {b;} nonincreasing.
Similarly, Assumption 5.2(ii) implies result (ii) since

callho = Iuholl? = Y [¢ho — ko, ;)1

Jj>k(n)
) 2
(jrj}(l(l;zl)bj ) Z bil{hy — II,h, q;),]
Jj>k(n)
Ao — I, |1?

k(n)
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for some finite positive constants ¢,, ¢, and ¢’. Result (iii) directly follows from
results (i) and (ii). Q.E.D.

PROOF OF LEMMA B.3: Denote b; = @(v;*). For any h € H,, with ||A|* <

O(8?) and for any k > 1, Assumptions 5.3 and 5.4(i) imply that there are finite
positive constants ¢; and ¢ such that

allkl? <D (b q)i + ) (h,q)):

j<k j>k

< (maxt; ) Y by, 07 + M2 wie)
J

1
= b MP i)

Given that M > 0 is a fixed finite number and & is small, we can assume
M?*(vy)7>* > 16%/b,. Since {b;} is nonincreasing and {v;}%2, is strictly increas-
ing in j > 1, we have that there is a k* = k*(8) € (1, oo) such that

2 2
<cM?*(v )™ and > cM* (V)2 > M (Vi) ™
k*—1 k*
and
(6, Hos) S |h — hylls < const 0
(2 ) os) = 111) — ofls = Bay——N
heHos:lh—holl <8 N
thus result (i) holds. Result (ii) follows from Lemma B.2 and result (i).

Q.E.D.

FE PROOFS OF LEMMAS FOR SERIES LS ESTIMATION OF m(-)

Denote m(X, h) = p"(X)(P'P)"'P'm(h) and m(h) = (m(Xy, h), ..
m(X,, h))".

*

LEMMA SM.1: Let Assumptions C.1 and C.2(i) hold. Then there are finite con-
stants c, ¢’ > 0 such that,wp.a.l,

N 1SN
cEx[IX, My < le (X, )%

< c’EX[llffl(X, h)ll%V] uniformly in h € H™®

k(n)*
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PROOF: Denote (g,8).x = + Y i, 8(X)g(X;) and (g,8)x = Ex[g(X) x

g(X)], where g(X) and g(X) are square integrable functions of X. We want
to show that for all ¢ > 0,
> t) =0.

Let G, ={g:g(x) = Zt; i pi(x); ™ € R,sup, |g(x)| < oo}. By construc-
tion m(X, h) = argming.g, n' Y ., [lm(X;, h) — g(X)|3, so m(X,h) € G,
and

<ﬁ:l(a h), ﬁl’l(a h))n,X - (’%(a h)a ﬁ:l(s h))X
(’%(a h)7 fﬁ(a h))X

(SM.5) lim Pr( sup

n—0o0 P
her(n)

(771(, h)a ﬁ/l(a h))n,X - (’:ﬁ(’ h)7 fﬁ(’ h))X

oup (> h), (-, ) x

P
her(n)

f Sup |<g7g>n,X_<g5g>X|-

8€Gn:ligllx=1

Define A4, = sup,;, J%. Then, under Assumption C.1(i)—(iii) and the
definition of G,, we have A4, =< &,. Thus, by Assumption C.1(iv), Lemma 4

of Huang (1998) for general linear sieves {p;}i",, and Corollary 3 of Huang
(2003) for polynomial spline sieves, equation (SM.5) holds. So with £ = 0.5, we
obtain that uniformly over /4 € HkM(S,),

_ 1 & - _
0SEx[I(X, MIF] < ~ > IA(Xe, W} < 2Ex[ 17X, W]

i=1

except for an event w.p.a.0. By Assumption C.1(v), there are finite constants
K, K’ > 0suchthat KI < W (X) < K'I for almost all X. Thus, K||m(X, h)|7 <
Im(X, b} < K'|m(X, h)||? for almost all X. Also by Assumption C.1(v),
uniformly over & € H(y,

17X, h)|3 = A(X, B W (X) — W(X) + W (X)X, h)
<sup | W (x) — W(x)| x [|7i(X, )|} + |R(X, )|,
< (K'+o,())|mX,h)|3.

Similarly,

Im(X, )% > (K — o,(L)Im(X, h)|}.
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Note that for n large, min{K’, K} & 0,(1) > 0. Therefore, uniformly over
h e Hiw((,’,),

_ I
const. x Ex[I#(X, M) <~ ; 17X, )15

<const. x Ex[[lm(X, h)|;,]
except for a set w.p.a.0. Q.E.D.

PROOF OF LEMMA C.1: By Assumption C.1(i) and (v) it suffices to establish
the results for W = I. Result (i) directly follows from our Assumption C.1 and
Lemma A.1 Part (C) of Ai and Chen (2003).

Result (iii) can be established in the same way as that of result (ii). For re-
sult (i), let e(Z, h) = p(Z, h) —m(X, h) and e(h) = (e(Zy, h), ..., e(Z,, h))'.
For any symmetric and positive matrix {2 (d x d), we have the spectral decom-
position 2 = UAU’, where A = diag{Ay, ..., A;} with A; >0 and UU’' = I,.
Denote Ay, (£2) as the smallest eigenvalue of the matrix (2. By definition, we
have

1 ~
sup — > (X, h) = A(X;, b7

My -
hEHk(n) i=1

= sup l2:Tr{pj"(X,-)/(P’P)_lP’,s(h)s(h)/P(P’P)_lpj”(X,-)}

herd) =1

= sup lZTr{s(h)’P(P’P)‘lp’"(Xl-)p’"(Xi)/(P’P)‘lP/s(h)}

herd) =1
1 n
= sup —Tr (h)P(P'P)™" Y "(p"(X) p"(X:)}(P'P)"'P'e(h)

My i—
hEHk(n) i=1

= sup 1Tr{e(h)/P(P/Py'Pze(h)}

My
he?—lk(”)

= sup % Tr{e(h) P(P'P/n)"'P's(h))}

Mo
her(n)

< (Amin(P'P/n))™" x sup %TT{S(h)/PP'e(h)}.

My
Hk(n)
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Note that

Jn
e(h) PP e(h) = Z(

j=1

)2.

r( sup — Z 1R(X;, by — (X, )} > Mrn)

her(m i=1

> pi(XDe(Zi, h)

i=1

Letr, = %Cn. We have, for all M > 1,

= Pr((/\min(P/P/n))]

) o)
) )

Following Newey (1997, p. 162) and under Assumption C.1(i)-(iv), we have:
(Amin(P'P/n))~' = O,(1). Thus, to bound Pr(sup, i n 'Y m(X;, h) —
k(n)

m(X;, h)||? > Mr,), it suffices to bound the probability

o]

Mo
hEHk(n)

X sup Z(‘% ij(Xi)s(Zi, h)

her(”) j=1 i=1

< Pr((Amn(P/P/m)1

Z pi(X)e(Zi, h)

£

her( )

1 n
=) pi(XDe(Zi, )

i=1

2
1 Jn 1 n
= [Z( sup ZZP,-(K)E(ZJ)) ]
j=1 her(n) i=1
J 2
< E;n Xe(Z;, h
nr,M i1, 2 |:<hS:5 J—;p’( et )) :|
€ k(n) 1=

where the first inequality is by Markov inequality and E ;. (-) denotes the expec-
tation with respect to Z" = (Zy, ..., Z,). By Theorem 2.14.5 in Van der Vaart
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and Wellner (1996) (VdV-W; also see Pollard (1990)), we have
) 2:|

1 n
% ZP](XI')S(Z:', h)H
i=1

1 n
max E,n sup |— (X)e(Zi, h
max E; [(h up ﬁ;p,( )e(Zi )
€M (n) =

< max (Ezn|: sup
1<j<Jn

My
her(n)

2
+\/E[|pj(X)ﬁn(Z>|2]> .

By Assumption C.2(i) and max-;;, E[| p;(X)|*] < const., we have

max E[| p;(X)p.(Z)[] < const. < oo.

1<j<Jn

By Theorem 2.14.2 in VdV-W, we have (up to some constant)

1 n
Esn — (X)De(Zi, h
max E, |: su{g0 ﬁ;p]( )e( )H

1<j<Jn
her(n)

< max {\/E[|pj(X)p_n(Z)|2]

T 1<j<y

1
x / \/1 +log Nyy(wK, &, || - ||L2<fz>)dw}
0

1
< K max / \/1 +1log Ny(wK, Ein, || - 125,)) dw,

1=j</n J

19

where &, = {p;(-)e(-, h):he Hf(‘jl)}. Note that for any &, i’ € HkM(?l), we have

+|Elp(Z, 1) X1 - Elp(Z, )| X1}

and

|pi(X)I|Elp(Z, )| X1~ Elp(Z, )| X]|
<Ipi(X)IE[Ip(Z, h) — p(Z, K] X].
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Recall that O;, = {p;(-)p(-, h):h e HkM&)} and that

1
max f \/1 +10g Ny (WK, Oj, || - ll12¢s,)) dw < v/C, < 00
0

1<j<Jn

by Assumption C.2(iii). We have:

1
max / \/1 +log Ny (wK, Ejn, || - l12(z,)) dw < const. x /C, < 00
0

1<j<Jn

and hence

j| <const. x v/C,.
>2j|

SO 1, = %Cn and letting M — oo, the desired result follows. O.E.D.

max Ezn|: sup

1<j=<J M,
" her([}’“

1 n
ﬁ ij(Xi)S(Zi, h)
i=1

It then follows that

n

max En sup
nr,M 1<j<i, |:(

M
her(m

1 n
—= D Pi(XDa(Zi )

i=1

n Cn

< const. x
nr,M’

PROOF OF LEMMA C.2: The proofs of results (i) and (iii) are the same as
that of result (ii). For result (ii), by the fact (a — b)* + b* > 1a*, we have that
uniformly over 4 € Hj(n,

I, , 11 G )
- Zl IR WG = 5 le 17X, )%

1< -
— =Y X, hy — (X, bl
n

i=1

By Lemma SM.1, there is a finite constant ¢ > 0 such that, w.p.a.1 and uni-
formly over h € H,/y(”

n)’

1 &, )

=D (X, Wi
i=1

- 1 -
Ex[I17(X, W] =~ > JWm(X, by = (X, b

i=1

=

N o
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=

10

Ex[lIlm(X, b}, ] - (%EX[HW(X, hy —m(X, h|l;,]

I ~
+ D X, ) — (X, h)n%)

i=1
I
= KEx[Im(X 1G] - 0, (8, 472G, ).

where the second inequality is due to the fact that (a — b)? + b* > 1a® and the
last inequality is due to Lemma C.1, Assumption C.2(ii), and { = K > 0.

Similarly, by the fact (a + b)? < 2a* + 2b*, we have that uniformly over 4 €
Hk(n)y

1< 1< o
=D IR, WG < 2= 3 X, b
i=1 i=1

| ~
+2- Y AKX, ) = (X, D)

i=1

By Lemma SM.1, there is a finite constant ¢’ > 0 such that, w.p.a.1 and uni-

My
formly over h e H,, ,

1<
=D I, Wl
i=1

~ | N ~
< 20 Ex[I(X, WG] +2- Y (X, ) = (X, DG

i=1

<4cEx[Im(X, h)ll;, ] + (4c’EX[||n~a<X, h)y —m(X, h)|l5]

2~ ~
+ = D IRXG, h) = (X, h>||%V)

i=1
’ 2 2 J"
< K'Ex[Ilm(X, b3 ] + 0, (bm,,n + ;cn>,

where the second inequality is again due to the fact (a + b)? < 2a* + 2b?, and
the last inequality is due to Lemma C.1, Assumption C.2(ii), and 4¢' = K’ <

Q. O.E.D.

PROOF OF LEMMA C.3: By Assumption C.1(i) and (v), it suffices to establish
the results for W = I. Using the same notation and following the steps as in the
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proof of Lemma C.1, we obtain

| - -
sup = Y #(X;, h) — i(X;, ho) — A(Xo, b2

heNosn i=1

1
= sup — Tr{le(h) — e(ho)I' P(P'P/n)"'P'[s(h) — &(hy)]}
heNosn
f (/\min([y})/n))_1
1
x sup — Tr{[e(h) — &(ho)]' PP'[e(h) — &(ho)]}

heNosn

= (Amin(P'P/n))™"

1 &
X Sup _ZZ<

heNosn n j=1

ij(Xi)[s(Zi; h) — &(Z;, hy)]

i=1

)2
1 n
Pr( sup — (X, h) — (X, ho) — (X, b))} > Mrn>,
heNosn

i=1
2
) > Mrn>

1 n
N > pi(X)le(Zi, h) — e(Z;, ho)]
i=1

Let r,, = 2(8, ). For all M > 1, to bound

it suffices to bound the probability

1 n
- ij(Xi)[g(Zi: h) —&(Z;, hy)]

i=1

(e

=1 heNosn

I
<
-~ nr,M

2
x max Ez.| | sup .
1=j=<Jn heNosn

Let Ae(Z;, h) = e(Z;, h) — e(Z;, hy). By Theorem 2.14.5 in VdV-W, we have
>2:|

1 n
NG > pi(XDAe(Zi, h)
i=1

1 &
max Ez» su = i X,' A Zi,h
max £, [(;.GNE” ﬁ;p,( )As(Z;, h)

< max | Ez| sup
1=j=/n heNosn

|
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2

+\/E[ sup |p;(X)Ae(Z, h)|2]) .

heNosn

By Jensen’s inequality,

E[ sup | p,(X)m(X, ) = m(X, ho)[ ]
heNosn

< E[ sup [p,()(p(Z, 1) = p(Z, h))']:
heNosn

Hence

max \/E[ sup |p;(X)Ae(Z, h)|2]
1<j</n heNosn

< max /2E[ sup |p,(X){p(Z, h) = p(Z, h))[']
1<j<Jn heNopsn
< const. x (0,)"
by condition (i) in Lemma C.3.

By Theorem 2.14.2 in VdV-W, Remark C.1, and conditions (i) and (ii) of
Lemma C.3, we have (up to some constant)

1
< max{(as,n)K/ (1+10gNU(w(8s,n)Ka
0

1<j<Jn

max Ezn|: sup

l<j<Jn heNosn

1 n
NG Y pi(XDA&(Zi, h)
i=1

(P, h) i h e Noa, Il - 2z, ) dw}

1
< (8s,n)K/ \/1 + log N (w'/*, Ny, |l - IIs) dw < const. x ()"
0

2
max EZn |:< sup ) :| == 0((83,n)2K)~
1=j=Jn heNosn

The desired result follows. QO.E.D.

Hence

1 n
% Z Pj(Xi)AS(Zi, h)
i=1
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G. APPLICATION: PROOFS OF PROPOSITIONS

PROOF OF PROPOSITION 6.1: We obtain the result by verifying that all the
assumptions of Theorem 3.2 (lower semicompact penalty) are satisfied with
W=w-=1I.

First, Assumption 3.1(i) is trivially satisfied with W = I. For any h € 'H,

we denote h(yi,y:) = hi(y) + ha(y2), Ah(yi, y2) = h(yi, y2) — ho(y1, y2) =
Ahy(y1) +Ahy(y,), and Ak (1) = hi(y;) — ho(y) for [ = 1, 2. By the mean value
theorem, Condition 6.1(iv), and the definitions of K, ,[AA;1(X), we have

(SM.6) m(X, h) —m(X, hy)
= E[F)@\YI,YZ,X(hl(Yl) + hy(Y3))
— Fyyv.v5,x (hot (Y1) + hoa(Y2)) | X ]

1
= E“/ Trav v, x (ho(Y1, Y2) + tAR(Y,, Y5)) dt}
0

X (A (V) + Ahzm)](X]
= Ky n[Am1(X) + K2 5 [AR](X).

Therefore, for any 4 € ‘H such that m(X, h) — m(X, hy) = 0 almost surely X,
under Condition 6.2(ii), we have K, ,[Ah](X) =0, K, ,[Ah](X) =0 al-
most surely X, which implies A4, = 0 almost surely Y; for / = 1,2 (by
Condition 6.2(ii)). Thus, the identification Assumption 3.1(ii) holds. Given
our choices of ‘H and H, (Condition 6.2(i) and (iii)), and |||, = [|Allsp =
sup,, |hi(y)| + sup,, |hy(y,)], the sieve space H, is closed and we have, for
hy € ‘H, that there is II,,h, € H, such that

”hO - th[)”s = ”h() - tho”sup
< clki(m)}™" + {ka(n)}
=o(l), with r=a;/d;

thus Assumption 3.1(iii) holds. For any & € H with Ah(y;, y») = Ahy(y1) +
Ahy(y2) and Ahy(y) = hy(y) — ha(y), [ =1, 2, equation (SM.6) implies that

Im(X, h) = m(X, ho)
< E[Sp frgmx (ho(Y1, Y) + 18R(Y;, Y2))|X |

te[0,1]

x [sup |AA1 ()] + sup | AR (1)1 ]
n »2
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Since m(X, hy) = 0 and by Condition 6.1(iv), we have
E[lm(X, )] = E[Im(X, h) — m(X, ho)|’]

< E[(sup Framvax(ho(Y1, Vo) + tAR(Y,, Yz))|X)]2

te[0,1]
x (1h = holl,)?

< const. x [||h — holls]%.
This and ||I1,,hy — holl; = o(1) imply

E[Im(X, IT,hy)|*] < const.|[IT,hg — holl}
< cfki(m)} " 4 ko (m)} 2 = 0(1);

hence Assumption 3.1(iv) holds. Assumption 3.2(b) directly follows from our
choice of ﬁ(~) =P().

Next, Condition 6.1(i) and (ii) and W=w-=1I imply that Assump-
tion C.1 holds. Assumption C.2(i) follows trivially with p,(Z) = 1 since
SUp,,.s, |P(Z, h)| < 1. Condition 6.1(ii) and (iii) implies that Assumption C.2(ii)
holds with b; , =J, > Thus Lemma C.2 result (i) is applicable and As-
sumption 3.3(i) is satisfied with 7, = ]7" + J ¥, This, E(Im(X, II,hy)]*) =
O(max[{k(n)} ", {ky(n)}~22]), and max[{k,(n)} ", {ky(n)} =22, 22 4 J 2m] =
O(A,) together imply that Lemma A.3(i) holds. Moreover, it follows by our
choice of penalty that P(II,hy) = O(1) and P(h,) = O,(1). By our choice of
sieves space it follows that log N (w'/?, HkM(‘;), | - ll) < min{3k(n)log(1/w),
const.(1/w)¥?**}, where a = min{a;,a;} > 0 (and const. can depend on
M,, but not n); see, for example, Chen (2007) and Chen, Linton, and
van Keilegom (2003). Following the verifications of Examples 1 and 2 in
Chen, Linton, and van Keilegom (2003), we have that condition (18) in Re-
mark C.1 holds with k = 1/2. Hence, by Remark C.1 (with k = 1/2), we
have that Assumption C.2(iii) is satisfied with either C, < const. x k(n) if
a<d or C,=const. < oo if @ >d. By Lemma C.2 result (ii) and the fact
that @ = o(1), it follows that Sfm = o(1) and hence Assumption 3.3(ii)
holds.

By the mean value theorem and Condition 6.1(iv), we have, for all &, i’ € H,
A —Hlls=Ih = Hllsp =sup,, |hi(y1) — hy(y)| +sup,, |ha2(y2) — hy(y2)|. Then

Im(X, ) = m(X, 1)
< B[ sup frymvox(h' (Y, Y) + tlh = W)Y, Y2) X [l = W

te[0,1]



26 X.CHEN AND D. POUZO
This, Condition 6.1(iv), and sup,_,. ., [m(x, h)| < 1 imply that
E[Im(X, h)I’] = E[Im(X, k)] < 2E[Im(X, h) — m(X, h)|]
<const. x ||h—H|;.

Thus E[|m(X, h)|*] is continuous on (H, || - ||;). We have that for any M < oo,
the embedding of the set {h € H:P(h) = ||h1||aa + |2l g2 < M} into H is

compact under the norm || - ||, = || - ||sup; hence P(-) is lower semicompact.
The condition max[{k;(n)}=1, {ky(n)} 2,2 + J -] = O(A,) and Theo-
rem 3.2 now imply the desired consistency results. Q.E.D.

PROOF OF PROPOSITION 6.2: We obtain the results by verifying that all the
assumptions of Corollary 5.1 are satisfied.
We first show that 5,,,, = 2 + b , . Similar to the proof of Proposition 6.1,

log N (w"?, Hogn, || - llzee) < min{2k(n)log(1/w), const.(1/w)¥**}, where a =
minf{a;, o} > d. By Remark C.1 (with k = 1/2), we have that Assump-
tion C.2(iv) is satisfied with C < oo. Thus Lemma C.2 result (iii) is applicable
and yields 82, , = 2 + J % = o(1).

Assumptions 3.1, 3.2, and 3.3 (with 0o, = 8, , = %" +J#m) are already ver-
ified in the proof of Proposition 6.1. Given the choice of the norm ||4]|,, As-
sumption 5.1 is satisfied with ||y — I1,hy||; = O({k(n)}™") with r = a/d. Con-
dition 6.3(ii) implies Assumption 5.2. It remains to verify Assumption 4.1. By
Condition 6.1(iv), we have

dm(X, h
D ol = Ty~
=E[fY3|Y1,Y2,X(h01(Y1) + hea(Y2))
X [h1 (Y1) = hot (Y1) + ha(Y3) — hoz(Yz)”X],
2
I —h0||2=E[W[h —ho]] < const.h — ol

hence Assumption 4.1(i) holds. Since
m(X, h) —m(X, hy) = Ky y[hi — hot1(X) + Ky u[ha — hoa](X),
Condition 6.3(i) implies Assumption 4.1(ii). The results now follow from

Corollary 5.1. Q.E.D.
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