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This supplementary appendix provides the proofs of Lemmas 3.2, B.1, B.3, and B.4,
and Theorem 6.1. Lemmas B.1, B.2, B.3, and B.4 are used in the proof of Theorem 4.1
in the paper. All cross references to equations and sections use the numbering in the

paper.

APPENDIX C

PROOF OF LEMMA 3.2: Consider the firm’s optimization problem (P). The
state variable is I that obeys (3.3). Treat vy, defined in (3.6), as an auxiliary
state variable whose law of motion is

d
€1 )= —[r+ p(FWV (1)) ]y(t, ta).
Denote the shadow price of 1 as A, and of y as A,. Then the Hamiltonian of
(P) is
H) =(y—w)y(t,0) + Ap[rV = SV) — u(w)]
— A[r+ p(F(V)]y(2, 0),

where I have suppressed the dependence of the variables on ¢, except that
of y. Denote A.(t) = Ay (¢)/v(t,0), where the subscript ¢ indicates the “cur-
rent value.” The optimality conditions of w, }/, and vy are

(C2) —u'(w)A,—1<0 and w=>0, withcomplementary slackness,
(C3)  Ac=A,dp(F(V))/dV,
(C4)  A,=—(y—w)+A,[r+ p(FV )]

To derive (C.3), I have used the fact that (V) = —p(F(V')) (see Lemma 3.1).

Using (C.1), I can rewrite (C.4) as %[y(t, 0OA, ()] = —[y — w()]y(t,0).
Integrating this equation under the transversality condition, lim,_ ., y(¢,0) x
A, (1) =0, 1 get A,(t) =J(¢) for all t, where J(-) is given by (3.7). Substituting
A, =J into (C.3) and the Hamiltonian yields

. - dp(F(V))
(©5)  Ac=T
—dJ(t)

dt

(C.6)  H(t)=(t, 0)[ + Ac(t)V(t)]
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Because p(F(V)) strictly decreases in }' for all ¢ < oo, A (1) < 0forall t < oco.

Define £, by A.(f) = 0. There is at most one such f,, because /L. < 0.
Moreover, A.(t) > 0 for all ¢t < t, and A.(¢) < 0 for all ¢t > ¢,. For all ¢ < ¢,
—u'(W(t))A.(t) <0, in which case (C.2) implies w(¢) = 0. For all ¢ > f,, the as-
sumption u'(0) = oo ensures w(¢) > 0: if w(¢) =0, then —u/'(W(1))A.(¢) — 1=
oo > 0, which contradicts (C.2).

The remainder of the proof establishes a sequence of results. First, dw(t)/
dt > 0 for all ¢ > #. Suppose, to the contrary, that dw(¢)/dt <0 at t = ¢, for
some t; € (&, 00). Because AC < 0, then

dw(t)

PTER all t < 0.

%[—u’(w(t))/lc(t)] > —u'"(W(1))Ac(1)
Because dw(t)/dt <0att=¢ and A.(¢) < 0fort > t,, the derivative above on
the right-hand side is strictly positive for ¢ near #,. As a result, there exists € > 0
such that —u/(w(1))A.(t) > —u/'(W(t))A(t)) =1 for t € (t,, t; + €], where the
equality follows from (C.2) and w(#) > 0. This result contradicts (C.2). Thus,
I have shown that the wage path has the form

(C.7) w(t) =0, for <ty
w(t) >0 and dw(t)/dt>0, for ¢e(t,o0).
Because w(t) is bounded for all ¢ and increasing, then w(¢) /' w as t — oo.

Second, H(¢) = 0 for all ¢. Differentiating (C.6) with respect to ¢ and substi-
tuting (C.5) yields

dH i
dit) = —y(t,0)[1 + ' (W(1)) Ac(1)]

dw(1)

dt 0,

where the second equality uses the results that dw(¢)/dt =0 for ¢ < ¢, and
1+ u'(w(t))A.(t) =0 for t > t,. Because lim,_, ., H(t) =0, then H(t) =0 for
all ¢, which can be rewritten as

(C8)  di(t)/dt=A.()V(t), allt.

Third, V(1) > 0 for all # < oo, and J(t) is maximized at ¢ = f,. Suppose, to
the contrary, that ' (#;) <0 for some #; < oco. If #; > £, then dw(¢)/dt > 0 for
all t € [t1, 00) (see (C.7)). Differentiating (3.3) yields

v

. - du
a1 =[r+p(FV () ]V (1) — ' (W(1)) i

dt

V(t) <0 implies dV (¢)/dt <0 at t = #,. By induction, dV' (¢)/dt < 0 for all
t € [t, 00). Thus, V' (¢) strictly decreases toward V as ¢ increases from ¢ to oo,
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contradicting the fact that V' (¢) < V for all ¢ < co. If £, < t,, then w(t;) =0 by
(C.7), and so (3.3) implies 7V (#;) — S(V(#,)) < u(0). This result and (3.4) yield

V= S(V,) — u(b) —[rV () = SV (t)] + u(0) > 0.

Because §'(V') < 0, the left-hand side of the equation is strictly decreasing in
V' (#;). Because the left-hand side is negative at V' (t,) =V, then V' (#;) < V. In
this case, the worker will quit into unemployment, which will be suboptimal to
the firm—a contradiction.

Recall that A (#) > Oforall < ¢, and A.(¢) <O for all ¢ > £. Equation (C.8)
and V >0 imply that df(t)/dt > 0forall t <t and df(t)/dt < Oforall t > t,.
That is, J (t) is maximized at ¢ = 1.

Fourth, # < 0; thus, w(¢) > 0 for all £ > 0 and dw(¢)/dt > 0 for all t < oo
(see (C.7)). Suppose t, > 0, to the contrary. Then J(f,) > J(0) by the previous
result. Let {w(¢)}, be the optimal contract that generates J(0) to the firm.
Consider an alternative contract {w(t)}°,, where w(t) = W(t + t,) for all ¢.
This alternative contract is feasible and generates a higher value to the firm,
J (%), than the optimal contract—a contradiction.

Finally, (3.9) and (3.10) hold. Because w(t) > 0 for all ¢, then A.(¢) =
—1/u'(w(¢)) for all ¢. Differentiating this equation with respect to ¢ and sub-
stltutlng (C.5), T get (3.9). Substituting A, into (C.8) yields (3.10). Because
V(t) > 0 and w(¢) > 0 for all 7 < oo, then dJ(t)/dt <Oforall t <oo. Q.E.D.

PROOF OF LEMMA B.1: Let w € (2. Part (i) of the lemma was estab-
lished in the analysis immediately following (4.8). It is easy to verify from
(4.3) that J, (V') is strictly decreasing and continuously differentiable, with
J,(V)=—-1/u'(w(V)) < 0. Since w(}) is increasing, then J/ (}) is decreasing,
and so J, (V) is (weakly) concave. Because ¢,(V) = k/J, (V) and p,(V) =
M (q,(V)), I have

M'(q.(V)gu(V)T?

PV = )k

<0,

where M'(g) < 0 by Assumption 1. This shows that p,, (V) is strictly decreas-
ing and continuously differentiable. Moreover, parts (iii) and (iv) of Assump-
tion 1 imply that [M’(q)q?*] is decreasing in q. Because g, (V') is increasing in I/,
M'(q.,(V)q.(V)]? is decreasing in V. Because 1/u/(w(V')) is increasing in V'
and M’ <0, then p/ (V) is decreasing. That is, p,,(}') is (weakly) concave, and
so part (ii) of the lemma holds.

If w € (2, thatis, if w(}) is strictly increasing for all V' < I/, then it is straight-
forward to strengthen the argument for part (ii) to show that J,,(V') and p,, (V)
are strictly concave, as stated in part (iii). Q.E.D.

PROOF OF LEMMA B.2: To prove part (i) of the lemma, pick two arbitrary
functions wy, w, € 2, with w,(V) > w (V) for all V. Simplify the notation
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Jy, to J;, F,,, to F;, and p,, to p;, where i =1, 2. Because w,(V') > w; (V) for
all Vv, (4.3) implies J,(}V') > J;(V'), and the assumption M’ < 0 implies p,(V') >
p1(V) for all V. Suppose, contrary to part (i) of the lemma, that p,(F;(V)) >
p2(E>(V)) for some V. Let q; = k/J;(F:(V)), i =1,2. Because p;(F:(V)) =
M ((q;) and M (q) is strictly decreasing in g, the supposition implies g; < g, and,
hence, J,(F(V)) > J,(F>,(V')). Monotonicity of J,, in w implies J,(F>(V)) >
Ji(Fy(V)). In this case, J,(Fi(V)) > J1(F>,(V)) and so Fi(V) < F,(V). With
these results, I can derive

0 < pi(Fi(V)) — po(F2(V))
= py(F,(V)IF(V) = V] = pi(Fi(V)IF (V) = V]
<[P (R(V)) = PR (VD]IF(V) = V]
_ Fl(V)_V|: M'(g2)(q2)? _ M'(g)(q1)? :|
k w(w(F,(V)))  w'(wi(Fi(V)))
- FWV))-V
T w(wi(Fi(V))k

[M'(g2)(g2)* — M'(q1)(q1)*].

The first inequality comes from the supposition, the first equality comes from
(3.2), the second inequality comes from F,(}V) > F;(V') and p,(F,) < 0, the
second equality comes from computing p;(F;), and the last inequality comes
from M'(g,) <0 and w,(F>(V)) = w(F>,(V)) = w(F,(V)). Parts (iii) and (iv)
of Assumption 1 imply that M’'(q)q* is decreasing in g. Because ¢, > ¢, as
shown above, the expression in the last line above is nonpositive—a contradic-
tion.

To prove part (ii) of the lemma, let w € (2, and V; > V. Note that w(},) >
w(}}), because w € (2. Moreover, because [} — S, ()] is strictly increasing
inV,rv,—S,(V2) = rV; — S, (V7). Hence, the following inequality holds:

_ 1 [ max{0, 7V, — S, (V1) — u(w())} ]
T w(wy)) | —max{0, 7V =S, (V1) —u(w()} |

Consider all possible cases: (a) rV; — S,,(V1) = u(w(3)), (b) rV; — §,(V1) <
u(wh)), and (c) u(w(y)) <rVy — S, (V1) < u(w(}2)). In each case, it can be
verified that

A< A

_ u(w(lz)) — u(w(Vl))_

A<
w(w))

Thus, the first inequality in (B.1) holds.
To establish the second inequality in (B.1), I first show that

maX{O, rI/Z - Sw(I/Z) - M(U)(I/z))}

_ W w(y)

< i, {0 Ve = Su04) — uw(i))},
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This inequality is evident when rV, — S,,(V2) < u(w(}3)), because the left-hand
side is 0 in that case. If 715 — §,,(}V2) > u(w(V3)), the above inequality becomes
vy —8,(Va) — u(w(V3)) - vy —8,(Va) — u(w(Vr))
u'(w(hz)) - u'(wh))

Because [rV — S, (V)] is strictly increasing in V', rV; — S,,(V5) < VvV =8,V)=
u(w). In this case, (4.11) implies that [r}V — S,,(V) — u(w)]/u’'(w) is decreasing
in w for any given V' and S, (V). Since w(V,) = w(}}), the above inequality
holds.

Using the above result, I obtain

A 1L [ max{0, ¥, — S, (V) — u(w(V1))) ]
~w(w)) | —max{0, 1V, = S8,,(V2) — u(w(1))} |

Consider all of the possible cases: (a) u(w(}})) > rV, — S,(V2), (b) u(w(1)) <
vy =S, (M), and (c) rV; — S, (V1) < u(wly)) < rV, — S, (V3). In each case,
it is straightforward to deduce the second inequality in (B.1) from the above
relation. QO.E.D.

PROOF OF LEMMA B.3: Let w € {2, and consider the function yw (V). With
Lemma B.1, ¢yw(}) is a continuous and bounded function of V. Next, I prove
that yw(}) is an increasing function. To do so, let /; and V; be arbitrary values
in [V, V], with I, > 1. Simplify the notation f(}V;) to f;, where f includes the
functions w, J,,, F,, S,, and yw. I show that yw, > Yw,. To do so, use the
second inequality in (B.1) to obtain

Yw, — bwy > [r + pu(Fu) Vuwt — [F + pu(Fuz) w2
+ Vi = Sun — (rVa — Sup)1/u' (wy)
=[r+ pu(Fu)l(Juwt = Ju2) + Jual pu(Fut) — pu(Fu2)]
+ Vi = Sun — 1V — Sup) /6 (wy).
Because [rV — S, (V) =r+ p,(F,) and [rV — S, (V)] = u(®), then
v
rV —S,(V)=u(w) — /V [r+ pu(Fu(2)]dz.

Using this result and expressing J,,(}') as in (4.3), I get

(C9) [r + pw(le)](le - Jw2) + [rl/l - Swl - (rI/Z - SwZ)]/u/(wl)

= /V2|:r+ Pw(le) _ r+ pw(Fw(Z))] dz = 0.
" w(w(z)) u'(wy)
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The inequality follows from p,,(F1) > p.(F,(2)) and u'(w(z)) < u'(w;) for
all z € [, V5]. Because p,,(F) is a decreasing function of F, I have established

(ClO) lpr - l/’wl > ]w2[pw(Fw1) - pw(FwZ)] > 0

Now I verify yw(V') € [w, w] for all V', with yw(V') = w. Because w(V') =
w, J,(V)=k/q, and p, (V) =0, it is clear that yw(})') = w. Since yw(V) is
increasing, yw((V') < Yw(V') = w for all V. Similarly, ¢w(V') > w for all V" if
and only if yw(V) > w. To establish the latter inequality, note that w(}) > w,
because w € (2. Using (4.11) and the fact that I/ = u(b), I have

1

u(w)

¥V —8,(V) —u(w))] < [w(D) = Su (V) — u(w)].

u/(w(K))[

The right-hand side of the inequality is nonnegative, because w is set to be
small. Thus,

pwlV) =y —[r+ pu(Fu(¥) (V)

1
— ——[u(b) — S,(V) — u(w)]
u'(w)
_ 1
>y—[r+ pa(Fa(WD]] - ) [(b) — S, (V) — u(w)].

The first inequality comes from the preceding result. The second inequality
uses part (i) of Lemma B.2, the upper bound on J (defined in (4.8)), and the
fact that S,,(}) is increasing in w for any given /. With the above result, (4.10)
implies Yw(V) > w. Therefore, iy maps functions in (2 back into functions
in 0.

Finally, if V5 > 11, the inequalities in (C.9) and (C.10) are strict, because
F, (V) is strictly increasing and p,,(F,(V)) is strictly decreasing in }/ for all
V <V (see Lemma B.2). In this case, ypw € 2’ C (2. This completes the proof
of Lemma B.3. QO.E.D.

PROOF OF LEMMA B.4: I prove that the following inequality holds for all
wy, wy €2, and all IV,

(C11)  Jpw, (V) — pw (V)] < Allws — wi |,

where the norm is the sup norm and A is a finite constant. Once this is done,
Lipschitz continuity of ¢ is evident from the inequality

lpw,: — bw || = mV?lXsz(V) —Jyw (V)| < Allw, — wn .

To show (C.11), take two arbitrary functions, w;, w, € (2, and fix V" at an ar-
bitrary value in [V, V']. Without loss of generality, assume yrw, (V') > dw, (V)
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for this given V. Since V is fixed, I suppress it from the functions if this does
not cause confusion. Also, shorten the subscript w; onJ, p, F, and S to i, where
i=1,2.1have

0 < gw, (V) — Jwi (V)
=[r+ p1(FD)IU1 = J2) + Ll pi(F1) — pa(Fy)] + A,

where

A2=max{0, rV—Sl—u(wl)} Cm {O, rV—Sz—u(wz)}.

u'(wy) u'(w,)
To proceed, note that the following inequalities hold for all a; and a,:
max{0, a;} — max{0, a,} < max{0, a; — a,} < |a; — a|.
Using these results, it is easy to verify that

rV—Sl—u(wl)_rV—Sl—u(wz) |S2—S1|
u'(wy) w (wy) w(wy)

A <

Denote the first term on the right-hand side above as A;. Define

(C12) wy = min |u"(w)|, wn,= max |u"(w)l,
welw,w] we[w,w]

where u; and u, are positive and finite. Because (v} — §;) is strictly increasing
inV, rV —8; <u(w). Also, concavity of u implies u(w) < u(w) + v'(w)(w —
w). Then

d [V =8 —u(w)
e | )

Hence,

1+ 2 (—w)= 4,
uw(w)

Ay < Ajlwy —wy|, Ay < Ajjwy —wi| 418, — Sil/u'(w).

Substituting these results into the earlier expression for [pw, (V) — yw (V)]
and using the bounds in (4.8), I obtain

(C.14) 0 < pw, (V) — wy (V)
< (r+ p) = Ll +J|p2(F) — pi(Fy)
+ 18 = Sil/u'(w) + A1|w, — wy].
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Let me examine the first three terms on the right-hand side above. With w,
defined in (C.12), the following inequality holds for all w;, w, € [w, w]:

1 1 M2

(C.15) T 02) @) < Ay|lw, —w|, where A,= G

Using this result and (4.3), I have

1 1

w(w(z))  w(wy(z))

14
(C16) )y =] 5/ dz < A(V = V)llws — ).
14

To put a bound on the difference, | p,(F,) — p1(F})|, define
(C17) Bi=mg/k, B,=(qm,+2m)3/k,

where m; and m, are the bounds specified in Assumption 1. Clearly, B, and B,
are finite. Because k/J,, = q,, < g, it is straightforward to verify that

dM(k/JIU)
dJ,

d*M (k/J,,)
a2

<B, <B,.

(C.18) ‘

Using these bounds, (C.15), and (C.16), I can derive the following results for
allze[V,VT]:

(C19)  |pa(2) — pi(2)| < BilJa(2) = J1(2)| < BiA,(V = V) |wy — wy ||,

(C20) Ipy(2) — pi(2)| =

1 d k
- - = ml =
u'(wy(z)) d, <J2(2)>

“vmma(e)
w(wi(2)dly  \Ji(2)
1 1

w(wy(z))  w(wi(z))

1 d k d k
| M Vi
+u’(w2(2))‘d]2 (h(z)) a7, (L(z))}

B
——|12(2) = 1 (2)]
u'(w)

<B;

< B A|lw, — wi || +

B _
s[Bl+ %(V—z)]Aznwz—wln.

uw'(w)

Now examine the difference | p,(F,) — p1(F1)|. Assume F, > F; without loss
of generality. (If F, < F;, switch the roles of F; and F, in the proof, and the
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resulting bound is the same.) In the case where p,(F,) < p;(F1), I have the
inequalities
0 < pi(F1) — pa(F2) = —pi(FO)(F1 = V) + py(F)(F, = V)
< (Fi = WIpy(F) — pi(F)].
The equality follows from (3.2), and the last inequality follows from the fact

that p,(F)(F — V') is decreasing in F. Because 0 < F; — V' < V —V, the above
result and (C.20) imply

B,
w(w)

(C21) |po(Fy) — pi(F)| < [31 + W - K)}Az(y — V) llw, — wy .

In the case where p,(F,) > p,(F)), the following inequalities hold:
0 < po(Fy) — pi(F) < pa(Fy) — pi(F) < BiA(V = V) |wy — ws .

The second inequality comes from the fact that p is decreasing and the last
inequality comes from (C.19). Thus, (C.21) holds in this case too.

Next, turn to the difference, |S, — S;|. Because §; is the maximum of
p1(F)(F — V) over F, then §; > p,(F,)(F, — V). Using the inequality and
(C.19), I have

S =81 S (B =V) = pi(F)(F,=V)
= (F, — V)[p2(F>) — pi(F)] < BiAy(V = V) lwy — wy .

Similarly, using the inequality, S, > p,(F;)(F; — V'), I can show that (§; — S,)
is bounded by the same upper bound as above. Hence,

(C22) |8, =8| < BiA,(V = V) ||w, — wy].

Assembling (C.16), (C.21), and (C.22) into (C.14), I obtain (C.11), where A4
is given as

. ) - B +ByJ -
A=A+ AWV -V +p)+ | BT+ ——W -V ||
u'(w)
Clearly, A4 is finite. Moreover, A is independent of the particular functions w;
and w, with which the functions (J;, g;, p;, F;, S;) are constructed. O.E.D.

PROOF OF THEOREM 6.1: First, I derive (6.2). Set V' =V in (6.1). Because
V' =0at IV =V, the left-hand side of (6.1) is equal to 0 at I = I/. Moreover,
the integral in (6.1) is equal to zero, because F'(V)=V. Thus, at V =V,
(6.1) yields (6.2).
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Second, I show that G is continuous; that is, G does not have any mass point.
Suppose, to the contrary, that G has a mass a > 0 at some value V' € [v, V].
Then G(V) — G(V — V dt) > a for all dt > 0 and so the left-hand side of (6. 1)
is equal to oo. This is a contradiction, because the right-hand side of (6.1) is
bounded.

Third, to establish (6.3) and continuity of g, denote the left-hand side deriv-
ative of G as g(V_). The left-hand side of (6.1) is equal to g(V.)V. Because
G, F, F', and p(-) are continuous, the right-hand side of (6.1) is continu-
ousin V. Thus gV )V must be continuous. Because V is continuous, g must
be continuous. Then I can express the left-hand side of (6.1) as g(V)V. After
substituting p(v;) from (6.2), (6.1) becomes (6.3).

Fourth, g is continuously differentiable for all ' # v,. To see this, note that
F, F~', and p(-) are continuously differentiable. Since g is continuous, G is
continuously differentiable and so the right-hand side of (6.3) is continuously
differentiable for all V' # v,. Thus, the left-hand side of the equation, g(V)V,
must be continuously differentiable for all IV # v,. Because V is continuously
differentiable, g(}") is continuously differentiable for all V' # v,.

Fifth, I derive (6.5). For V € (v;, v;), F~' (V) < v; and so (6.3) becomes

|4
(C23) g (V)V =8[1-G (V)] — / p(F(2)g1(2)dz.

Note that T'(V) = 1/V from (4.1). Differentiating the function I" in (6.4)
yields

(C24) dI'(V,v)/dV =—[6+ p(FW)]T(V,v)/V.
With (C.24) and (C.23), it is straightforward to verify

d [Vgl(m]:

(C.25) W\ T

Recall that G (v;) =0, because G (V') is continuous for all V. Taking the limit
V' | vy in (C.23) leads to g;(v;)¥; = 8. With this initial condition, integrating
(C.25) from v, to V' yields (6.5). Since g is continuous, taking the limit V' 1 v,
in (6.5) gives g(vy).

Finally, I derive (6.6) by examining the case V' € [v;, v;41), where j > 2. In
this case, F~'(V) > v; and so (6.3) becomes

(C26) g(V)W =5[1—G(V)] - / L pF(2)g(2) dz
F-1()

|4
- / p(F(z2))gi(z)dz.

J
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I have separated the two groups of applicants who obtain jobs with values
above V: one group comes from (F~'(V), v;] and the other from [v;, V']. With
(C.26) and (C.24), I can derive

Ve (V) ] _p() dF~'(V)

d
(C.27) —[F(V,vl) AL )

dv

Integrating this equation from v; to V' yields (6.6). Because g is continu-
ous, then g;(v;) = limym gi—1(V), all j. This completes the proof of Theo-
rem 6.1. O.E.D.
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