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Summary of Notation: We denote by L?([0, 1]) the space of square integrable functions
defined on [0, 1] and by L*([0, 1]; R") the space of square integrable vector valued func-

tions defined on . The norms in these spaces are denoted by ||v|| := />, _ [v];,

1fll2 = ,/fo (x)2dx, gl 2me == ,/fo llg(x)|1>dx, respectively. [v], denotes the Ath

component of the vector v. With the exception of N and R (which denote the sets of
natural and real numbers, respectively), we use blackboard bold symbols (such as O) to
denote operators acting on L*([0, 1]) or on L?([0, 1]; R"). The induced operator norms
are denoted by (10| :=sup;y, i, 10/ 112 and |01 = supyg .y 101250 We de-
note by An.x(L) and by r(IL) the largest eigenvalue and the spectral radius of the linear
integral operator Lf := fol L(x, y)f(y) dy with symmetric kernel L(x,y) = L(y, x). We
denote sets by using calligraphic symbols (such as S) and the set of subsets of R” by 2",

The symbol 1y denotes the vector of all ones in RY and 1;y ;(x) the function constantly
equal to one in [0, 1]. L is the identity operator and / the identity matrix.

APPENDIX B: INCOMPLETE INFORMATION IN SAMPLED NETWORK GAMES

In the main text, we assumed that agents have perfect information about the network
AW 22 Tn this appendix, we generalize our analysis to sampled network games with in-
complete information. As in the main text, we consider sampled network games with N
agents whose types {¢' 1V are drawn independently and uniformly at random from [0, 1]
(recall that, e.g., in the community structure model of Example 2 an agent’s type rep-
resents his community, while in the location model of Example 3 an agent’s type is his
location in the line segment [0, 1]). Differently from the main text, we here assume that
agents do not have access to the exact structure of the sampled network AV, but instead
each agent i knows the stochastic network formation process (i.e., the graphon W in our
framework) and his own type ¢ € [0, 1], which determines the probability W (¢, ¢) that
he will connect to agent j of (random) type #/. We next define a symmetric Bayesian Nash
equilibrium for this incomplete information game and show that it is well approximated
by the equilibrium of a graphon game with graphon W'.

Note that the strategy b(x) of each agent in an incomplete information sampled net-
work game specifies the action that the agent will take as a function of his type x. Assum-
ing that all other agents use the strategy b, the expected payoff of an agent i of type ¢ = x
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playing strategy s(x) € S(x) is given by*

Uep(s(x) | b) = EN,,_,-,hnks[U(s(x), ﬁ Z[A_[VN]]ijb(tj)’ B(x))], (28)

J#i

where U is as in (1) and Ey i i, denotes the expectation with respect to the number
of agents, their types (each agent knows its type ' = x but has no information about
the other agents types ¢~ := {t'},;, which are independent from '), and the link real-
izations (which are generated according to Bernoulli random variables with probability
{W(t', t)};:). We define a symmetric Bayesian Nash equilibrium as follows.

DEFINITION 6: An incomplete information sampled network game G™(S, U, 6, W) is a
network game with a random number N of agents, whose types {¢'}Y , are sampled inde-
pendently and uniformly at random from [0, 1], that interact according to a network A"
sampled from the graphon W according to Definition 3.** Each agent i has information
about the graphon W, his own type ¢/, the strategy sets S, the function 6, and the payoff
function U, while is uninformed about A and the other agents’ types ¢~

DEFINITION 7: Consider an incomplete information sampled network game G"(s, U,
6, W). A function b such that b(x) € S(x) for all x € [0, 1] is a symmetric e-Bayesian Nash
equilibrium if, for all x € [0, 1],

Uep(b(x) | b) > U3 | b) — & for all § € 5(x).

The function b is an exact symmetric Bayesian Nash equilibrium if the previous inequality
holds for £ = 0.

REMARK 7: Note that a strategy profile in both the graphon game and the incomplete
information sampled network game is a function that maps x € [0, 1] into a strategy s(x) €
S(x). In the graphon game, this function specifies the action of a continuum of agents
x € [0, 1] interacting according to the graphon W; in the incomplete information sampled
network game, it specifies the action an agent with type x takes if he does not know the
type of the other sampled agents and the realized links.

We start by focusing on linear quadratic games with payoff function as in (3).

THEOREM 4: Consider a linear quadratic game with payoff as in (3) and assume that the
peer effect parameter o is the same for each agent while 0(x) is agent specific. A function s is a
Nash equilibrium of the graphon game G (S, U, 6, W) if and only if it is a symmetric Bayesian
Nash equilibrium for the incomplete information sampled network game G"(S, U, 6, W).

BIn this section, we define the local aggregate by dividing by N — 1 instead of N to account for the fact
that agent i does not consider itself in the local aggregate. This allows us to obtain exact equivalence of the
graphon game equilibrium and symmetric Bayesian Nash equilibrium in incomplete information sampled net-
work games with linear quadratic payoffs. With the normalization % instead of ﬁ, the equivalence would
hold asymptotically in N.

24The distribution of N does not matter for our results, with the exception of Theorem 5 in which we assume
that the support of such distribution is bounded from below by N,.
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PROOF: Let z(x) = /01 W (x, y)s(y) dy. By definition, s is a graphon equilibrium if and
only if, for all x € [0, 1], 5(x) € S(x) and

U(5(x), z(x), 6(x)) = U(s(x), Z(x), 6(x)) for all s(x) € S(x). (29)

Note that for linear quadratic sampled network games with partial information, the
expected payoff of an agent with type ' = x is

Uep(s(x) | 5) = EN,,i,links[—%(s(x))z + (aNl_ : Z[ AM]5(¢) + O(x))s(x)]

= —%(s(x))z + <a1EN,,_,-,nnks[ﬁ Z[AEN]]ijE(tf)} + H(x))s(x)

= U(S(X)g Zexp(x)’ O(X)),

where we defined z(x) 1= Ey i s[5 2_,[4™]55(#)].> Hence 5 is a symmetric
Bayesian Nash equilibrium if and only if, for all x € [0, 1], s(x) € S(x) and

U(5(x), zexp(x), 0(x)) = U(5(x), zexp(x), 6(x)) for all s(x) € S(x). (30)

We conclude the proof by showing that z.,(x) = z(x) for all x € [0, 1], proving that
conditions (29) and (30) are equivalent. To this end, note that

1 .
Zexp(X) = En 1 tinks [m Z[AEN]]iI_s(ﬂ)}
J#i
1 .
= }EN}E'F"\NIE links|t—¢,N [m Z[AEN]]ijs(tj):|
J#i
1 N
=ENEtiN|:m ;W(x, t])S(t]):|, (31)
and for any fixed N,
1 N
E,_ilN[m >, tf)s(tf)]
j#i
= L SR W, 9)5(0)] = —— SB[ (x, £)5(0)]
N—l t—IN > N_l t] 5
JF#L j#i
—#Z[IW(x () dy = 3 5(x) = 2(x)
_N_l#i 0 P y_N—I#i - ’

BNote that Ey i jioks[ v Zj[AEN]];jE(tf)] is a function of the type ¢/ = x of agent i since a link between
agent i and j forms (i.e., [A!"]; = 1) with Bernoulli probability W (¢, £/) = W (x, /).
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where we used the fact that the {¢/}'_, are independent and uniformly distributed in [0, 1].
Hence,

1 N _ _
Zexp(X) = ENE,iN[m ; W (x, t’)s(ﬂ)j| =Exz(x) = z(x). (32)
Note that z.,(x) does not depend on the distribution of N. O.E.D.

B.1. Generalization to Lipschitz Payoff Functions

In the previous subsection, we focused on games with linear quadratic payoff functions
and we showed that s is a graphon equilibrium if and only if it is a symmetric Bayesian
Nash equilibrium for an incomplete information sampled network game with any num-
ber of agents. We next consider a more general class of payoff functions, satisfying the
following assumption.

ASSUMPTION 5: The payoff function U (s, z, 8) is Lipschitz continuous in z uniformly over
s and 0, with constant Ly .

The expected payoff for an agent of type #' = x in this case is

Uep(s(x) | b) = ENy,_i,links[U(s(x), ﬁ Z[AEN]]l_jb(ﬂ), 0(x)>]

=Eqw[U(s(x), &(x), 6(x))],

where {,(x) is a random variable that describes the possible realizations of local aggre-
gate perceived by an agent of type x over different network realizations when all agents
play according to b. Note that, when the strategy b equals a graphon game equilibrium s,
Eq ()] =2(x) = fo1 W (x,y)s(y) dy as shown in (31) and (32). For the payoff func-
tions considered here, however,

Uexp (s(x) | 5) = E¢.0[U (s(x), &5(x), 0(x))]
# U(S(x)’ Eéf(x)[gi(x)]’ H(x)) = U(S(x)’ Z(X), 9()6)),

since the aggregate enters nonlinearly in the payoff function. Therefore, it is not possible
to use the argument of Theorem 4 to conclude that § is a symmetric Bayesian Nash equi-
librium. Nonetheless, we show in Lemma 14 (in Appendix D.5) that {;(x) concentrates
around z(x) for large population sizes. Hence, for large populations, U (s(x), z(x), 8(x))
is indeed a good approximation of U, (s(x) | 5). By exploiting this observation, we show
in the next theorem that, under the additional assumption that each agent has access to
a lower bound (N,;,) on the population size in any realized sampled network game, the
graphon equilibrium s is a symmetric e-Bayesian Nash equilibrium with ¢ — 0 as the
lower bound on the population size Ny, — oo.

THEOREM 5: Consider an incomplete information sampled network game G (s, U, 6, W)
where S(x) =S for all x € [0, 1]. Suppose that all the agents know that the population size
N is sampled from a distribution whose support is strictly lower bounded by N, and sup-
pose that Assumptions 1, 2, 3, 4 (with ) =0), and 5 hold. Let § be the unique equilibrium
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of the corresponding graphon game G(S, U, 0, W). Then § is a symmetric &-Bayesian Nash

equilibrium with
log(Nmin) )
=0(,/———— ).
€ ( Nmin

PROOF: It follows from the definition of graphon equilibrium that for all x € [0, 1],
U(5(x), z(x), 6(x)) = U(s(x), z(x), 6(x)) Vs(x) €S,

where z(x) = fo W (x, y)5(y) dy. Consider an agent of type #'. By the previous inequality
specialized for x = ¢, it follows that for all s(¢') € S,

Uewp(5(£) 15) = Egsin [U (3(¢'), &5(1'). 6(¢'))]
—Ew[ (3(t"), (), 6(r") = U 5(¢'), 2(r) 6(¢"))]
Us(r), 2(e), 6(r))
= —LuByn[[[&() - 40
= —LuBgn[]4(r) -2
+Egn[U(s(£), 2(1), 0()) = U (s(r), &(¢), 6())]
+ g [U(s(1), &6(1), 0(1)) ]
= “2LuE o[ 5() = 2(E) 1+ Esn [U (s(4), &(¢), 6(1)) ]
=t —&+ Uep(s(t') 1 5).

The proof is concluded upon showing & := 2LyE i [I1£:(t) — z(£)I]] = O( k’gjg,m)

Since z(t') = B[ £5()], we need to show that £;(¢') concentrates around its mean when
Npin — 00. We show in Lemma 14 (given in Appendix D.5) that for any fixed population
of size N and any fixed ¢’ with probability at least 1 — 2L it holds || () — z(¢)| < &,

(N71)27
with & 1= O(,/ 2D Tt follows that

N 2n+1 2n+1
E, i () —z()||<(1- e —
és(f)W[Hg( ) Z( )H]—( (N 1) > (N—1)2 §
2 _
N (21 4+ 1) Smax _ ( log(N 1)>,
(N —1)? N -1
where we used that || £(#') — Z(#) || < 28max for all realizations by Assumption 2. Conse-

quently, if N > Nuin, Eg () [16:(#) — Z(€) 1] = ExEg iy [1145() — 2(¢#) 1] = O( %)
OE.D.

APPENDIX C: IDENTIFICATION OF UNKNOWN PARAMETERS

Consider a setting in which agents have payoffs as given in (2) which additionally de-
pend on a common parameter 7 (for simplicity, assume n = 1 so that agents’ strategies



6 F. PARISE AND A. OZDAGLAR

are scalars). This could be the case, for example, in a linear quadratic game with payoff
Us(s', 2'(s), 0') = —E(s’)2 + (6" + 72 (s))s', (33)

where the common parameter 1 > 0 represents the strength of peer effects. In this sec-
tion, we consider the problem of identifying the parameter 7 from the observation of a
sampled equilibrium 5V € RY. We here assume that the realized network A% is unknown
(so that results such as Bramoullé, Djebbari, and Fortin (2009) cannot be applied). In-
stead, we assume that the network A™! is a realization from an underlying known graphon
W (e.g., AN may be a realization from a stochastic block model).

Let us denote by E the set of parameters n for which the corresponding graphon game
Gg(s,U,, 6, W) satisfies Assumptions 1 and 3. Moreover, denote by 5, € L*([0, 1]) the
unique equilibrium of G(S, U, 6, W). To identify the parameter 7 from an observation
of 5, one could solve the following optimization problem:

7 :=arg r1171€i;1||§[N] =5 2 (34)
where 5V denotes the step function equilibrium. Intuitively, one can select as estimate
the parameter 7 that minimizes the distance between the observed sampled equilibrium

5"1) and the equilibrium (5,) of a graphon game with parameter n. We next show that if
q n grap g p
the parameter 7 is identifiable, as defined next, then |7 — || = 0 as N — oo.

DEFINITION 8: A parameter 7 € E is identifiable if there exists L; > 0 such that, for
any n € E, it holds

Im — 7l < Lzlls5 — 5yll.2.

Intuitively, a parameter 7 is identifiable if equilibria that are close to §; are generated
by parameters that are close to 7. Under this condition, we can prove the following corol-
lary of our main convergence theorem.

COROLLARY 1: Suppose that G(S, U;, 0, W) satisfies Assumptions 1, 2, 3, and 4 and that
the parameter 7 is identifiable. Then, for any 0 < § < e~!, with probability at least 1 — %V—a, it

holds
[ (10g(N/8)\ !
lm — 7l —O<(T> )

PROOF: Set p,(N) := ||5™ —5;||,.2. Since 7 is a feasible point of the optimization prob-
lem in (34) and 7 is the optimizer, it must be that

[5" =53] . = p.(N).
Combining these two inequalities yields
155 = Salloe < 3™ =5 | o + [ =53] o = 20.(N).
The identifiability condition yields
Im =7l < L;lls; — $ill2 < 2Lap(N).
The conclusion follows by Theorem 2. Q.E.D.
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Assessing for which parameters and games the identifiability condition in Definition 8
holds is an interesting open problem. We here briefly comment on linear quadratic games
with payoff as in (33). In this case, we recall from Example 1, that for any n € E, n > 0,

S5, =I—qW) ' & 5,—0=nz, (35)
where z, := Ws,,. It follows from (1 — n)z; = (nz; — nz,) — n(z; — z,) that
11 = lZall2 < 1925 = 12y l2 + 1125 = Zyll2 = 155 = 5yll2 + 0| W5 = 5,) |,
<155 = Syllz + M (W)I5; — 5,112 < 2055 — 5.2,

where we used that n € E implies n < m Hence,

m—ml =< 55 — Spll2 =: Lills5 — Syll2,

~ zalle

proving that any 7 € E is identifiable in linear quadratic network games.

APPENDIX D: AUXILIARY RESULTS
D.1. Properties of the Game Operator

LEMMA 5—Properties of W,: W, is a linear, continuous, bounded, and compact
operator. The eigenvalues of W, coincide (besides multiplicity) with those of W and are real.
Finally, [[W, |l = Amax(W).

PROOF: This result is well known for n =1 since W is a self-adjoint Hilbert—-Schmidt
integral operator. The extension to n > 1 is immediate since W, acts independently on
each component. Q.E.D.

LEMMA 6—Properties of B,: Under Assumption 1, the following hold.:
1. By is a Lipschitz continuous operator. That is, for any f, f> € L*([0, 1]; R") and 6,, 0, €
L*([0,1]; R™),

1
||Belf1 - Bezfznﬂ;w = a—(£U||f1 - f2||L2:]R" +59||91 - 02”L2;R"’)-
U

2. The codomain of By is L*([0, 1]; R").
3. If Assumption 2 also holds, then the codomain of By is contained in

Ls:={feL*([0,1];R") [ || fllz2:r < Smax}- (36)
PROOF: 1.Take any f, f> € L*([0, 1]; R") and 6, 6, € L*([0, 1]; R™). For any x € [0, 1],
|(Bo, f1) (x) — (Bo, f2)(x) |

= [arg max U, /i(x). 6,() — arg max U (5. f2(x). 6:(2)) |
< a—lU | = VU (B, £2)(x), fi(x), 03(x)) + VU ((Byy o) (x), fo(x), 62(2)) |

< aiU(EUHfl(x) — H(x)] + 2] 0:(x) — 02(x)])- 37)
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The first inequality in (37) can be proven by reformulating the optimization problem in
(18) as the variational inequality VI(S(x), —V,U(-, z(x), 6(x))). By Assumption 1, the
operator —V,U(-, z, ) is strongly monotone with constant «y for all z € R*, § € R",
see Scutari, Palomar, Facchinei, and Pang (2010, Equation (12)). The result then follows
from a known bound on the distance of the solution of strongly monotone variational
inequalities, see Nagurney (1993, Theorem 1.14). The second inequality in (37) comes
from the assumption that V,U (s, z, ) is uniformly Lipschitz in [z, 6] with constants £,
£, for all s € R". Let us now compute [|By, fi — By, f>||12.z:. For simplicity, define h(x) :=
1(Bo, f1)(x) = (Ba, L)), y(x) := ZIIfi(x) = fo(x)]| and Fy(x) := 72[16:(x) — (%)
for all x € [0, 1]. By (37), 0 < h(x) < hy(x) + hy(x) for all x € [0, 1]. Hence, [|A(x)[l,2 <
Ihp(x) + ho(x) NIz < Ihp(X) N2z + 1he(X) 2

The conclusion follows from [|A(x)]l2 = By, fi — Bo, foll2.gns A (x)]2 = i—ll’]”f] —
Follizen and [|g(x) )2 = j—f]||91 — Ol 2.

2. We need to show that for any z € L*([0, 1]; R"), | Byz||;2.z» < 00. Consider the func-
tion z(x) := z for all x € [0, 1], where Z is as in Assumption 1. Note that zZ € L*([0, 1]; R")
and

2
IBoZlI7 2.z / |(Bo2)(x)| dx_/ ”argmaxU 5,2,0(x)) H dx < M*.

€s(x)

Consider now any z € L*([0, 1]; R"). We have

IBozll2;pn = Boz — BoZ + BoZllL2pn < 1Boz — BoZll L2pn + 1BoZ |l L2,
E Z
< 12— zll 2 + M < (121l 2.0 + N1 2]l 2.0 ) + M < 00,
ay ay

where the second inequality follows from statement 1.
3. Under Assumption 2 for any x € [0, 1], (Byz)(x) € S(x) € S; hence,

1 1
2
1Bz 0 = f |(Boz) ()2 dx < / dx=s
0
Consequently, for any z € L*([0, 1]; R"), Byz € Ls. Q.E.D.

D.2. Statements in Support of Section 5.2: Average Instead of Aggregate
LEMMA 7: If fol W(x,y)dy = duin > 0 a.e., then W, is a linear Hilbert-Schmidt integral

operator and ||W4||| < )‘m“X(W)

W(x,y)
o wydy'

[ (R Y b, s,
Jy W(x,y)dy o (f; W(x,y)dy)2 “Jo (duwin)’

1 2
=<d )<°°’

PROOF: Note that W, is a linear integral operator with kernel W,(x, y) :=

Since
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W, is a Hilbert-Schmidt integral operator. Moreover, by definition,

1
IWl* = sup IWafl7. = sup (Waf)*(x)dx

JeL2([0, 1IN, 21 feL2([0. DIl 21 Y0

1 1 2

Wi(x, d

_ sup /(fo 1(x NI) y) .
el <140 N[y W(x,y)dy

- wp /01<f01W<x,y)f<y>dy>2 i

FEL2(OADIIfI 2 <1 Aumin

1

HWWM)ZZZ(AmMﬂW)

2
sup nWﬂzz(d, = ). 0ED

=77 2
(dmin) feL2([0.DI1£1l 2 <1

LEMMA 8: Consider a Lipschitz continuous graphon W and suppose that fol W(x,y)dy >
dmin > 0 a.e. Let W, be the normalized graphon operator as introduced in Section 5.2. Mor-
ever, let WE,N] be the normalized graphon operator corresponding to the normalized version of
the matrices Am, as defined in Section 3.1. Fix any sequence {dy}%_, such that 8y < e

and W — 0. Then, for N large enough, with probability at least 1 — 46y,

)= o /2RI,

PROOF: Note that for N large enough, the condition 8y € (Ne™"/°, e7!) is satisfied
under the assumptions of this lemma. Hence, Lemma 11 in Appendix D.5 applies. We

distinguish the proof for simple and weighted sampled networks. To this end, let WUE]J/]M
[N]
w/s

be the normalized graphon corresponding to the matrices A
sponding normalized graphon operator.
1. For weighted networks, define

and W%]/sd be the corre-

1 1
dM(x) ::/ WN(x,y)dy and d(x) ::/ W(x,y)dy.
0 0
Then with probability 1 — 8y if x € U™,
1
@100 — ()] = [ W) - W]y
0

:Z/[NJ’W(t’, ﬂ) _W(X,Y)|dy52/m 2Ldey:2LdN = EN;
i Y — Jul

where we used the Lipschitz property and (40) from Lemma 11 in the last inequality.
Hence, diV(x) > d(x) — €y > duin — €y. Similarly, for x € Z/{i[N] and y € Z/{j[N], we obtain
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= ey Wy
[WIN(x,y) — W(x,y)| <ey.Let D(x,y) := d,[jV](Xx)y — ~at - Then,

WM, y) W] WG )dE) — W (x, y)d) ()]
d()  dw) | d(x)d(x)

_ M 9)d(x) = W (x, y)d ()| + [W (x, y)d(x) = W (x, y)dy) (x))|

o dmin (dmin - EN)

_ WG y) = W )|+ |d () — d )] 2en

- dmin (dmin - 6N) B dmin(dmin - e‘N)

Consider any f € L?([0, 1]) such that || f||,> = 1. Using the inequalities above,

[D(x, y)| =

=:yy— 0.

Ny 221[N1_d P ’
W2 = Waf |} = [ (8 = rap)y* ax /( | D(w)f(y)dy) dx

< [([ pworas)([ rorar)as

1 1
:/ / D(x,y)*dydx <vyy.
0 0
Hence, with probability 1 — §, (40) holds and

W =Wall = sup  [Wlf = Waf] . < yv = O(dy).

FeL2([0,1])s.t.01 fllL,=1

2. For simple networks, note that [|[W'! — Wi < | 4™ — 4™ where AE,Z]/]W are

the degree normalized versions of AEI/VU]} Recall that AN = E[AIM], hence we can bound
the term on the right-hand side by employing matrix concentration inequalities. Define

d;/w = Zjvﬂ [AEX};]U . .
e By definition and by the previous point,

dzlu :ng\l](tl) ZN(dmin - e_N)’
|4 = Wl < .

e By the Hoeffding inequality, for any fixed i and ¢ > 0, Pr[|d — d/,| > 1] < 26Xp(—% .

Setting ¢ = /5 log(3Y) yields Pr|d} — d| > /5 log(3)] < 2% = 2 and by the
union bound with probability at least 1 — &y,

S N 2N
|di—di| < [=log| =— |=¢ forallie{l,...,N}.
2 Sy

Let D, := diag([d},,],). With the same probability,

1 1
- <
d, —t " (dwin—€xy)N —t

;"] =max . < max
1
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and
|D=' = D' | = max|~ — =
Sld
|d; —d,,| t 1
:maX <

i di dl - (dmin - EN)N (dmin - 6N)]\’ - t'

ws

e The maximum expected degree C¢ := max,—(Z;V:I[AL’)V]] ;i) grows as order N. Hence,
for N large enough, it is greater than glog(%) since % — 0 by assumption.

Consequently, all the conditions of Chung and Radcliffe (2011, Theorem 1) are met
and with probability 1 — &y,

| AN — A < \J4CE 108(2N /8y) < /4N 10g(2N/5),

where we used that C¢ < N since each element in A" belongs to [0, 1].
e Combining the previous results yields that with probability 1 — 36y,

| 43" = Ayl = | D' AN — DAL
= [ DA = DI AT + [ D AT - D, A
= [ DAY = A + [ D7 = DA

JANlog(2N/5y) t N
= (dmin - eN)]V —1 + (dmin - EN)N . (dmin - e-N)]Vv —1

3 V8t/N t/N 1
" (dwin—€x) —t/N + (dusin — €v)  (dmin — €x) — 1/N

Since t/N = \/@ — 0,we obtain H‘W[YZI] — W[UA,;]
log(N /8
O( Og(N N))‘

Using the fact that [[WIN — W|| < [WIM — WIN| + ||WIN — W|| and the first state-
ment concludes the proof. Q.E.D.

| < 1A% — AN =0@/N) =

D.3. Statements in Support of Section 5.3: Directed Networks

LEMMA 9: Consider a matrix AN € [0, 11N with | AM ||, of order N and a random
matrix AN € {0, 13V such that

(A1), = Ber([407],).

With probability 1 — &y for N large enough,

1 [ Jog(4N /éy)
_ [N] _ AIN]
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PROOF: Construct the symmetric matrix

[N]

ASZ] = |:(A[?V])T Aa/w:| € RAV2N
and note that

L[ AN — AN = || AT — A2V

2. E[AM] = AN implies E[ A*M] = AN,

3. the maximum degree A, of ANl is of order N and is therefore greater than

+10g(4N/5y) for N large enough.

Then by Chung and Radcliffe (2011, Theorem 1) with probability 1 — 8y for N large
enough,

1 1 1 log(4N /)
AN — AT = AP — AP < - f4A s log(4N /oy) =\ [4=E 2

Q.E.D.

D.4. Section 7: Omitted Details and Proofs

To recover the stochastic network formation model and the network effect parameter
from aggregated relation data, the central planner can estimate:
1. The exact proportion of agents in each community (from the census data) as

N, number of agents in community /

Y= = _ .
"N total number of agents in the census

Let IT be a diagonal matrix with 77, in position (4, k).

2. The maximum likelihood estimator of the interaction probability of agents of com-
munity # and A’ (from the subset of agents interviewed in the aggregated survey)
as

~ARD ., Sh,h’ + Sh’,h
i "= SN Lo N’
SNy + Sy N,
where S, is the total number of agents surveyed from community 4 and S, is the
total number of neighbors that they reported having in community #’. The super-
script ARD denotes the use of aggregated data. Let Q2RP := [¢}7P] be the estimated

interaction matrix (see Example 4 in Section 6.2) and EARP := QARP] 26
3. The average strategy of agents in community / before the intervention as

arp sum of effort of agents surveyed from community £
5= .
N

For N — oo, §;'fP converges almost surely to the strategy 5;°™ played by agents of
community /4 in the graphon game as shown in the following Corollary 2.

%Technically, since we assume sublinear network growth, these are the matrices Q and E as described in
Example 4 multiplied by ky; this is not a problem because we can only estimate a divided by ky, hence the
(unknown) ky factor cancels out, that is, a, E, = «E.
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4. The parameter «, by
&R = (XTX) XY,
with X := EARDARD and ¥ .= §ARD _ geom where gm js the vector of marginal return
per community (which can be recovered exactly from the census data). Corollary 3
below shows that a2*P — «, almost surely for N — oo.
COROLLARY 2: Forallk =1,...K, 52%° — 5™ almost surely as N — occ.
PROOF: Consider for simplicity the case with just one community and suppose that

aggregated relational data are collected from all agents. In this case, in the graphon game
each agent has the same equilibrium strategy, that is, 5(x) = §*°™ for all x € [0, 1]; hence,

HE[N] — §||]2~2 =/0 (s[N](x) — s(x) dx = Z/[N] C"m)zdx

N
e <com 2 1 e <com 2
S SRR R N

This yields

N
E —com

1 a < Scom 1 < <com
<0 DI ) = -
i=1
VN VN

o N v - M-
=5y, = VN[ = 5] L = [ - 5,

Since by Theorem 2 ||s/¥! — 5|, — 0 almost surely,”” we finally obtain that |§ARP — som| —

0 almost surely. A similar proof shows that in the case of K communities, |$2R° — 5| — 0
almost surely forall k =1, ... K. Q.E.D.

COROLLARY 3: a2RP — «, almost surely as N — oc.

PROOF: Recall from Corollary 2 that §4RP — §°m and that EARP — E,. Hence X —
X := E, 5m Y = Y i=5om_ o°™, and

&R (XTX)TXTY. (38)

Moreover, by (15), 5" = (I — aE)™'6°" = (I — a,E,)"'6°™ or equivalently 5" —
0°" = a,E,5°" implying Y = a,X. Substituting in (38) yields %" — (X" X)"' XY =
(X" X) ' XX = a,, as desired. Q.E.D.

Y"Theorem 2 requires Assumption 2 which is not met when S = R.. Assumption 2 is only used within

Theorem 2 to bound || 55 M II. We proved in Lemma 3 that for linear quadratic games, ||s£ ]|| can be bounded,
with high probability, even without Assumption 2. Hence the conclusion of Theorem 2 holds.
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D.5. Auxiliary Results

We report here some auxiliary lemmas. Specifically,

— Lemmas 10, 11, and 12 are immediate extensions of results in Avella-Medina, Parise,
Schaub, and Segarra (2018);

— Lemma 13 derives sufficient conditions for the equilibrium of a graphon game to be
Lipschitz continuous;

— Lemma 14 provides a concentration result for the local aggregate in incomplete in-
formation sampled network games;

— Lemma 15 proves that the graphon equilibrium is an e-Nash equilibrium under ad-
ditional regularity assumptions.

LEMMA 10—Auvella-Medina et al. (2018): Consider a stochastic block model graphon
Wspm which is piecewise constant over the partition {C;}x_,. If (A, ) is an eigenpair of Wspn,
then there exists v € RX such that (A, v) is an eigenpair of the matrix E € R¥*X defined in
(11) and

Y(x) =y, forall xeC, (39)

where vy > 0 is a normalization parameter. Conversely, if (A, v) is an eigenpair of the matrix
E € R¥*K [ then (A, ) is an eigenpair of Wspy with i constructed from v as in (39).

LEMMA 11—Auvella-Medina et al. (2018): Let {t'}Y | be the ordered statistics of N ran-
dom samples from U0, 1]. For any 8y € (Ne ", ') and N large, with probability at least
1 — &y, it holds

. 1
|t’—x|§dN foranyie{l,...,N}andanyxeL{i[N]=[l— i), (40)

N N
where dy = L + /22N (),

LEMMA 12—Avella-Medina et al. (2018): Consider a graphon W satisfying Assump-
tion 4. Let Wu[,%] be the step function graphons corresponding to the matrices AN and %, as
defined in Sections 3.1 and 5.1. Let 0V be the step function corresponding to [0(t)]Y.,. Fix
any sequence {8y, kyYrx_, such that 8y < e™' and W — 0. Then, for N large enough,
with probability at least 1 — 28y, (40) holds and

- 6™ = 0l 2 < po(N) :=/(Ldy)? + 8Qdy 2, = O((REEL2)14,

2. |Aavax (W) = A (W) < IIWET — W < 5(N) = O((EF2H)),

30 P (WD) = A (W) < [IWIN — W < i (N) = O((G0) 4 . (o003,
with p(N) :=2/(L> = @)}, + Qdy and py(N) := p(N) 4/ HE2N,

PROOF: Note that for N large enough, the condition 8y € (Ne "/, e7!) is satisfied
under the assumptions of this lemma. In fact, if 8y < Ne ™/ infinitely often, then

N/5
lg(R/oN)  loeW/R-e ) — 1 infinitely often and the assumption M — 0 would be vi-

olated Hence Lemma 11 applies and the result for piecewise Llpschltz graphons follows
from Avella-Medina et al. (2018, Theorem 1). We here report a simplified proof for Lip-
schitz continuous graphons (i.e., for the case () = 0 in Footnote 11):
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1. By Assumption 4 and Lemma 11, with probability 1 — &y,

9= 0F = [ 168900~ 00 =Y [, 106y =000

i 2
SZZ,:/(/{‘[N]L2|I —X| dxgii:/ui[N](LdN)zdxz(LdN)z-

2. Consider any f € L*([0, 1]) such that || f||;> = 1. Let D(x, y) := WIN(x, y) — W (x, y).
Then with probability 1 — §y (independent of f),

[ — e[, = [ (W~ WF) () dx = / ( / De)F) dy>2dx

: /ol(/olD(x’y)zdy> </01f(y)2dy) dx
= [([ ey r)isiax= [ [ Doy ayas

= E E /[N] /[N] (IVH[}N](x,y) — W()C, y))zdydx
i YU U;
= E E \/;{mq ‘/Z;[N]([/[/ (ti’ ﬂ) — W(x, y))zdydx
i J i i
3 Z/MW /M[N](|ti — x|+ ¢ —y|) dydx
i ] i j

2 2 _ 2
<L ZXJ: /M “ M[N](sz) dydx = (2Ldy)?,
4 i ]

where we used (40) from Lemma 11 in the last inequality. Hence with probability 1 — 6y,
(40) holds and

Wil =wil= sup W -Wf], <2Ldy.

FEL2(0.1]s..1f L, =1

The fact that [Apa (W) — Apa (W) < [|[WINT — W)|| can be proven by inverse triangular
inequality upon noting that Apy. (WIM) = [WIM || and Ay (W) = [[W].

3. The operator WV — WIN can be seen as the graphon operator of a stochastic block

. iy . .
model graphon with matrix % — AWM over the uniform partion {/™'}¥ . Note that for
any graphon operator A over such partition (i.e., A(x, y) = 4, for x € UMy e ™, it
holds [|A[| < /|l 4]l. Consequently,
[N]
A AN
KN v

ot =i <
s w N

1
N—KN”AEN] — kAN

Recall that ky AN = E[ AM]; hence we can bound the term on the right-hand side by
employing matrix concentration inequalities.
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The maximum expected degree C := max,«(Z;\’:1 kn[AM];) grows as order kyN.
Hence for N large enough, it is greater than glog(g—’l‘v’) since W — 0 by assump-

tion. Consequently, all the conditions of Chung and Radcliffe (2011, Theorem 1) are met
and with probability 1 — 8y,

1 1 4log(2N/8y)
AN ey AN < —— J4C og(2N/8y) < . | BN/ ON)
Nky [ 4 = v ”—NKN\/ v 10g(2N/8x) = Nky

where we used that C¢ < kyN since each element in AN belongs to [0, 1]. Using the fact
that

WY — W < [l Wi — WiR ] + [ — w|

and the previous statement concludes the proof. The fact that | Apa (WIN) — Ay (W) <
[[WIM — W||| can be proven as in the previous point. Q.E.D.

LEMMA 13: Consider a graphon game satisfying Assumptions 1,2, 3, and 4 with Q) = 0 and
suppose that S(x) = S for all x. Then the unique graphon equilibrium is Lipschitz continuous

with constant L, = 2240t} Gmaxt]) "Z}UL(S““"“).

PROOF: Let s be the unique graphon equilibrium and z = fol W (x,y)s(y)dy. For any
X1, X, € [0, 1], it holds

|5(x1) = 5(x2) || = H argmax U(s, z(x1), 6(x1)) — arg max U(s, z(x2), 6(x2)) H

< % VU (5(x1), 2(x1), 0(x1)) — VU (5(x1), Z(x2), 0(x2)) ||

_ max{ty, &}

< ———([2000) = ()| + [0Cx1) = 0(x2) ) (41)

ay

Moreover,
2~z =| [ W sordr= [ s ]

< / W (x1, y) — W (2 9)||5) | dy

(42)
1
< / L|x; — X3|Smax dy = L|X1 — X2|Smax»
0
|| H(X1) — 0(X2)|| < L|X1 — .szl.
Combining (41) and (42) yields
_ _ max{ly, Lo} L (Smax + 1)

— < _ .

||S(x1) 5(x2) H = o [x1 — X3 Q.E.D.

LEMMA 14: Suppose that the assumptions of Theorem 5 hold. Consider a fixed population
size N, a fixed t' € [0,1], and let {(1") be a realization of 3= Y .[A™M];5(¢)), where [ AM]

] N
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is sampled from the graphon W according to Deﬁnition 3. Then with probability at least
1— 2L it holds || ¢5(t) — z(£)|| < &, with & := O(/ “&*=2). By the union bound with

(N-1)2°

probability at least 1 — @niDY it holds 1 &(8) — z(t VI <e for allie{l,...,N}.

(N-1)2°

PROOF: Let ¢~/ be the types of all the agents except for agent i. For each realization of
t~ we have

I6:() =2 = | =g 2LAM5() = 2()
= S A0~ W 0506 + W )5(0) 20
- ﬁ i ([4M], - w (e, 2))s(7)
”N_@Wt #)5() = 2(r) |-

We can bound the two terms separately.

e Term 1: Note that ZJ,#[([ALN]]U — W(#,t))s(t)) e R". For each h € {1,...,n}, we
denote by S, := Y .([AM]; — W(¢, ¥/))5,(¢) the hth component of the previous
vector and analyze each component separately.

Let X|' = ([AM]; — W (¢, ¥))su(¢') and note that for a fixed A, the random vari-
ables {X ;’}#,- are independent, zero mean, and —S§p,,x < X ]” < Smax for all j # i. More-
oyfig, by definition, S, =), X j” Note that E[S,] = 0. Hoeffding’s inequality then
yields

S 4log(N —1
Pru f'l > Smax %} — Pr[|Si] > Sy 4log(N — (N — 1)]
4log(N —1)(N -1
<2€xp< Smaxt 108( )( . ))
(N = 1) (28max)
2
=2¢ —210 N—-1 S —
xp(-2log(N = 1)) = T
Hence for any & € {1,...,n}, with probability at least 1 — ﬁ, it holds %l =
O(,/*&Y-D) By the union bound, with probability at least 1 — (1\]2—_”1)27 it holds

S— =0O( 1°g(N 1)) forall & €{1, ..., n}. With the same probability,

[term 1] = Zn:(NSﬁ1>2=O< %)

h=1
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o Term 2: Let {z,)};=/' be the ordered statistics of {¢/};; so that £;] < --- < £y_,,. By
Avella-Medina et al. (2018, Proposition 3) (see also Lemma 11), the set of realiza-
tions of {#/};; such that |1} — y| < dy_ for all y e 14"~ := [£=%, L&) and for all
ke{l,..., N —1} has measure at least 1 — éy_;. Consequently, with this probability,
it holds

[term 2] = ZW (', 7)s(¢) — Z(
J#i

H ZW (', 165)5(2)) — 2(1')

2

N-— -1

= £ 166)5(1) = /M[N”W( ', Y)5(y) dy
k

k=1 1

2

x
I

2 /M[N_l] [W (¢, 1)3(t60) = W (£, y)5()] dy

<Z/[N I “W ) (k) ((k)) ( ) (k))s()’)”

+ W (£, 10)5(v) — W (£, y)s() | dy
N-1

5 Ls +L max
> / o L)

where the second to last inequality follows from the fact that, under the given as-
sumptions, § is Lipschitz continuous with constant L, (see Lemma 13), ||5]| < Smax
and W is Lipschitz continuous with constant L. By selecting 6y_; = ﬁ with prob-

i [term 2] = O(dy_) = O/ 45D).

By the union bound with probability at least 1 — =22tL " it holds ||{:(¢) — z(¢)| =

(N-1)2°

O(/ D)y, Q.E.D.

t(_ki) - y| dy = (Ls + Lsmax)dN—ly

ability at least 1 —

LEMMA 15: Consider a graphon game G (S, U, 6, W) in which s(x) = S forall x € [0, 1].
Suppose that Assumptions 1,2, 3,4 (with Q) = 0), and 5 hold. Let s be the unique equilibrium
of the graphon game. Then with probability 1 — (2”;1) the set {5' := 5(¢')}\, is an e-Nash
equilibrium of the sampled network game GWN/({S}Y.,, U,{0(¢)}Y,, ANy with

o=of /=)

N

PROOF: For any agent i, let 2 = 3 )" [AM];§ = & 3" [AM];5(¢) = {5(¢'); then, for
any s' € S,

U(F, 2, 0) =U(5(c), &(r), 6(¢) = U(S(£), 2(r'), 6(t)) — Lo | &:(2) — 2(2) |
> U(s', 2(£), 0(1)) — Ly &:(£) — ()|
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= U(s', &(r), 0(1)) = 2Lu | (1) = 2() |
= U(s.2.6) - 2Ly () - 2(0)].
The proof is concluded by noting that by Lemma 14, with probability 1 — (2’3\,—“), I &(8) —

z(t)|l = O(,/*2™) for all agents i = 1, ..., N (note that Lemma 14 is proven for normal-
ization -~ but similar arguments apply to +). Q.E.D.
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