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APPENDIX D: EXISTENCE OF SOLUTIONS

WE NOW TURN to establishing the existence of a solution to Hy (V') and H),. Through-
out this section, we take b, = inf{x < X*: x € D;} and B; = sup{x > X* : x € D;} as in
Appendix A.

Let X! = {x > X! : d = argmax, g(x, k,d")}, D{ = D, N X{ be the set of x € D,
at which action d is optimal and D, , be the set of x € D{ for which there exists a 7
such that P(7 > 0| X, = x) > 0 and Fi(x) = E*[e " X NG (X, rxe1))]; that is, for
x € D}, itis optimal both to stop immediately and to continue according to some stopping
rule which (with positive probability) continues for some positive amount of time. Let
Dy ,=D{\D, , and Dy = D; ;U Dy ,. It is strictly optimal to immediately stop at any
history /, with X, € D° M) Our next result provides sufficient conditions under which the
solution to the Lagrangian in our general stopping problem (rewritten below) is unique:

sup E* |:e‘”g(XT, k(M.),d.) + Z e‘”(Xk)fkjl(T > T(Xk)):| (11)

(7.dr) k=1

PROPOSITION 7: Suppose g(x, k,1) — g(x, k,0) and g(x, k, 1) are strictly increasing in
x.Then D), =W forall k. If D, , # ¥, then it is a singleton. If D, , = @ for all k, then (7*, d)
as defined in Proposition 4 is the unique solution to (11).

PROOF: We first argue that x € D, implies G (x) = g(x, k, di) > 0. Suppose g(x, k,
dy) <0. Take € > 0 such that x — e > X*! and max{g(x — €, k, d}), g(x + €, k, d})} < 0.
Define 7 = 7, (x+€) A7(x —e€). Because g(X,, k, d;) is a martingale, E*[g(X,, k, d})]| =
g(x, k, d;) by Doob’s optional stopping theorem and

Fi(x) 2E[e" Gi(X,e)] = E*[e7" g(X e, k, d}) ]
> Ex[g(Xffa ka d])(c)] = g(x7 k7 d])cc) = Gk(x)7

a contradiction of x € D,.

Because g(x, k, 1) — g(x, k, 0) is increasing in x, X is either empty or a connected set.
Thus, for any x;, x, € D¢ and x; € (x, x,), x5 € D) implies x3 € D.

For each d and k, we argue D¢ must be a connected set or empty. Suppose not; then
there exists a d and x ¢ D¢ and x,, x, € D{ such that x € (x;, x,). Since x; € D¢ implies
x; > X**! and X is continuous, X must enter D¢ before 7(X**!) when X, = x. Stopping
at inf{r : X, € D, } is an optimal stopping rule, so when (X, M) = (x, m) with m such
that k(m) = k, 7 = inf{t : X, € D;} is an optimal stopping rule. Because x is bounded
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above and below by elements of D{, P(X, € D{|X, = x) =1 and, using g(X., k, d) > 0,
we have

Fu(x) =E'[e " (X, k, d)] <E*[g(X-, k, d)] = g(x, k, d) = G(x),  (12)

which contradicts Fj(x) > Gy (x) by x ¢ D;.

Because g(x, k, 1) — g(x, k, 0) is increasing in x, if x € D;, then for all x' > x, x’ € D;
implies x’ € D;. Suppose D; # @ and sup{x € D;} < co. Let B' = sup{x € D;}, so
inf{t : X, € D;} = 7(B’) when X, = x > B'. For such x, F;(x) = E*[e ""®)G,(B' )] Be-
cause lim,_, ,, E*[e¢7"®)] = 0, we have

lim Fy(x) = lim E*[e ") G, (B')] =0 < lim G,(x), (13)

a contradiction of Fy(x) > G(x). Therefore, either D; = @ or sup{x € D;} = .

We next argue that if D, , # @, then D{ =D, , and must be a smgleton For any d and
x €D ,, inf{|x —y| : y € D} ;} > 0; otherwise, with probability one, X immediately enters
Dy , when X, = x, where stopping immediately is strictly optimal. This contradicts that
there was an optimal stopping rule, which did not stop for a positive length of time with
positive probability when (X,, My) = (x, m) for some m with k(m) = k.

If D, ,# ¥ and Dy , # ¥, then inf{|x — y| : x € D, ,, y € D} ;} = 0; otherwise, D} would
not be a connected set. Because inf{|lx — y|: y € D ,} > 0 for all x € Dy 4> Dy g is a
nonempty interval with at least one open end. Then there exists a nonempty interval
(x1, x2) € D, ;. Because it is not strictly optimal to stop immediately at x € D, ,, there
exists an optimal strategy that never stops at x € D} ,." Letting 7' =inf{t : X, ¢ (x1, x2)},
because continuing is both weakly optimal at x € D;{’ , and Fi(x') = g(x', k, d) for all
x' € D, 4, we have

Fi(x) =E e F (X)) =E[e"" g(X., k, d)] <E*[g(X,, k, d)] = g(x, k, d)
= Gk (X),
a contradiction. Thus, either D, , = or Dy , = . If D, , # ¥, then D} , = D{.
Next, we argue that D, , = D{ implies D; , is a singleton. Suppose not; then there

exists a nonempty interval (x;, x,) C D, ,, which we have just argued cannot be. Given
our previous characterization of D, as being either empty or an interval, we conclude
D), =%and Dy , =D;. IfD;{O_(bforallk then Dy , = D} as well. In this case D, = Dy,
soitis strlctly optlmal to stop the first time X, € D,u,); thus, 7* as defined in Proposition 4
is the unique solution to (11). Q.E.D.

Proof of Proposition 5

We first prove a useful auxiliary lemma.

LEMMA 20: Let b’ < x < B.IfV(B,b', x) > 0, then V (B, b", x) > 0Vb" € (I, x).

'We can always replace stopping at a history 4, with X, € Dy 4 With a continuation mechanism at #, that
continues with positive probability and achieves the same payoff as stopping immediately.
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PROOF: Suppose I7(B, b', x) > 0. By single-peakedness, I7(B, b, x) is decreasing in b
on [b*(B), x]. Since V (B, x, x) = 0, we have V/ (B, b’, x) > 0 for all b" € [b*(B), x). The
only remaining case is b’ < b” < b*(B). By single-peakedness, V(B b, x) is increasing in
b on (—oo, b*(B)]. Thus, 0<V(B b, x) < V(B b", x). Q.E.D.

Let A € argmin rerV+1 £7(A). With some abuse of notation, we let By ={X",..., X"}
be the set of X, such that ’X,, < 0, keeping the dependence of By on A implicit. After
dropping constant terms, we can write sup, , , £(7, d-, K) in the form of (11) by taking
g(x, k,d) =u(x,d) — (+ Y, M)v(x,d) and & =A*4. Both g(x,k, 1) — g(x, k,0)
and g(x, k, 1) are then strictly increasing in x. Because u(X,), v(X,) are martingales
in X,, g(X,, k,d) is also a martingale. Note that di = 1 if and only if &(x) — (¥ +
Zj;l’/\\f)f)(x) > 0. Because i(x) < v(x), di = 1 implies v(x) > 0. Thus,

g(Xk—H, k+ Ldli(k“) g(Xk+1 k, ka+1) /\k+1(~(Xk+1) di{"“ 4 C_A> > _’Xk+1C_A’
r r

meeting all the assumptions on g in the general stopping problem. By Proposition 4, a
solution to sup,, , , £(7, d;, K) exists.

For each k, lim, . g(x,k,1) =14+ % — (¥ + Z;‘:l’):-")(l + “4) > 0. By a similar ar-
gument as in (13), if D; = ¢, then lim, ., Fi(x) = 0, contradicting F(x) > g(x, k, 1).
Therefore, D; # 0.

Let M*(A) = argmax(, 4,y £(, d., A). If stopping at ¢ = 0 is strictly optimal, then the
optimal mechanism is unique. Suppose stopping at ¢ = 0 is not strictly optimal. For ar-
bitrary A € argmin, v+ £*(A), let X* = min{X* € By : 3(r,d,) € M* (A) s.t. P(7 >
7(X*)) > 0} if By # 0; otherwise, take X* = 0 (we keep the dependence on A implicit).
For each X* € By, X* < X" implies that r < 7(X*) for all (r,d,) € M*(A). Our next
proof shows that for every optimal mechanism, its continuation mechanism at 7(X*) is
the same. In this case, we say the optimal continuation mechanism at 7(X*) is unique.

LEMMA 21: Suppose stopping at t = 0 is not strictly optimal. For each Aand corresponding
X", D} , =0 and the unique optimal continuation mechanism at (X") is (7", d~) where
Tt —lnf{t X ¢ (bL,BL)} and d,f —]]_(X zBL)

PROOF: It suffices to show D} ; = @; if this is so, then the same arguments as in Propo-
sition 7 imply the optimal continuation mechanism (7%, d%) is unique and 7> = inf{t : X, ¢
(b, B.)} and dX = 1(X, > B;). That 7 > 7(X*) for all X* < X* means either X* = X”
or there is a lower stopping threshold in b; € (X**!, X*] at which stopping is strictly op-
timal (namely, b, € DY). In the latter case, if b, € D;, then because D; is an interval
unbounded above, X* € D; and so it is strictly optimal to stop immediately at 7(X*), a
contradiction of the deﬁnltlon of X*. Therefore, b, € DY .0» Which as shown in the proof
of Proposition 7, implies D; , = @.

Suppose X“ = X*. The payoff to rejecting at t > 7(X*) is C= = — (¥ + Yr_ 1)\")‘/‘
If ¢ =0, then it is never optimal to stop and reject as there is always always a positive
option value of continued experimentation, so D, , = . Suppose ¢ > 0. If D] ; # ¢, then
D, ,=D] ={b.}. For Xy <b,,inf{t: X, e D} =inf{t : X, > b, } and so

lim Fp(x)= lim E*[e"™")G (b)]=0<T< lim G.(x),
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a contradiction. This argument implies that stopping is strictly optimal at sufficiently low
x and s0 by, > —oo. Thus, D; , =0. QO.E.D.

Our next lemma looks at complementary slackness conditions. We note that RDP(X,,)
can be rewritten as EX"[e =]y (X Tlhsn)> dr[Mr(x,)])] = 0 and so only depends on the
continuation mechanism at 7(X,). When the optimal continuation mechanism at 7(X,,)
is unique, we will will simply say that RDP(X,,) binds (or is violated), keeping the depen-
dence of RDP(X,) on the optimal continuation mechanism at 7(X,) implicit.

LEMMA 22: There exists A € argmin, ~n+1 L*(A) and (7,d;) € M*(K) such that (7, d,)
and \ satisfy complementary slackness for all RDP(X,) with X, < X*.

PROOF: Take some A € argmin, v+ L*(A). E*(K) can be written as

fglzilr))(E|:e"'T (u(X,, d,)— (’)74— X_:/Xk)v(X,., d,))]l(*r <7(X")

k=1
L-1 ~
n Z e—r(TAT(Xk)))\kU(Xq—A‘r(Xk)’ d, (Xk))
k=1

+ e‘”(XL)<FL(XL; A) —l—/XLC—A)]l(T > T(XL)):| +37(V + C—A),
r r

where F; is defined as in our general stopping problem only now making the dependence
on A explicit. Any change to A that decreases F, (X*E, A) 4+ AL “4 will weakly decrease
£+(A), strictly so if by = —oo for all k < L2

RDP(X,) binds for X, < b, since P(7 > 7(X,)) =0, so complementary slackness con-
ditions hold. Suppose RDP(X") is violated. We can apply the same arguments as in
Lemma 5 to show’ that A’s continuation value under any (r,d.) € M* (A) at 7(X*"),
namely V(BL, b., X*), must be strictly negative. F; (X*; A) is then equal to

L
EXL {er‘r+(3leL) (M(BL, 1) - ('ly\—f— Zxk>U(BL, 1))

k=1

)

L
~ C e ~ ~ C
=T(BL.bL, X*) + =~ (7+ > jAk) (V(BL, b, X*) + TA). (14)

k=1

2If by = —oo for all k < L, then continuing at 7(by) is strictly optimal and a small change in Fy (X%; X) +
X“TA will still preserve by = —oo. If by > oo, then b, € D), so stopping and continuing are both optimal at
7(by). In this case, reducing Fy (X*; K) + AL 4 Jowers the value of continuing at 7(b;) and so would make
stopping at 7(by) strictly optimal. Since stopping at 7(by) was optimal before, the value of the Lagrangian is
the same.

*The proof of Lemma 5 for X, = X* only depends on the continuation mechanism of (73, dy, ) at 7(X")
being unique and so applies here.
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Suppose b = —oc for all k < L. By the theorem of the maximum, the optimal thresh-
olds and decisions at each threshold are continuous in A at A. Applying the envelope
theorem, we have

RO R 2| B xt) + 2]+ 2

r

Thus, decreasing A will lower £*(A), a contradiction of A € argmin,_,v+1 £*(A). There-

fore, RDP(X") cannot be violated at A A similar argument holds if RDP(X") is slack,
only now we derive a contradiction by i 1ncreas1ng AL instead of decreasmg AL Because the
optimal continuation mechanism is also unique at 7(X,) for X, € (b,, X*), an analogous
argument implies RDP(X,) cannot be violated.

Suppose there exists a j such that b; > —oc for j < L and let k be the largest such ;.
Decreasing F; (X*; A) +XLCTA reduces the value continuing at 7(b, ), which then makes

stopping at 7(by) strictly optimal. The continuation mechanism at 7(X*) is now unique.
Thus, if RDP(X L) is not binding or RDP(X,,) is violated for some X, < X L. then by
changing A as in the previous paragraph to some A’ which lowers F; 0. G5 A) + b4,

we have not decreased the Lagrangian so £* (A) =L* (A/) and A’ € argmin, v+ L*(A).
We can apply the same arguments as above, taking X* to replace X, to conclude that
if b; = —oo for all j < k, then A’ and any (7,d,) € M*(X’) must satisfy complementary
slackness conditions for RDP(X,,) for X,, < X*. If there exists a j > k such that b; > —oo0,
then we can apply the same arguments as above until we have reached an k' such that
bj = —oo for all j < k'. In this case, complementary slackness conditions must hold for all
RDP(X,) with X,, < X¥ and X* takes the role of X" for our corresponding choice of A
derived from A using the above procedure. Q.E.D.

Take A € argmin, v+ £*(A) such that for some (7,d,) € M*(K), complementary
slackness conditions hold for all RDP(X,) with X, < X*. By the same arguments as
in Lemma 5, that RDP(X") binds implies V' (B, b,, X") = 0. Using (14), because
GL(x) = % — (F+ X5, A% and V(By, by, X*) =0, F.(X") > G.(X")* implies
J(BL, b, X) > 0.

We now argue that rejection at X, = x > X' is strictly suboptimal. Because X has
independent increments conditional on 6, we have

Zx

I7(B,b,x; z0) = I7(B,b,x; 00) + T o I7(B, b, x; —00)

14 e*
J— eZX
14

=I7(B—x,b—x,0; z,).

~ 1 =~
V(B—x,b—x,O;c>o)+1 —V(B—x,b—x,0; —00)
eX

Thus, V' (By(X"%), by, X"; z)) = 0 implies V' (By(X%) — XX, b, — X-,0,zy.) = 0. By
Lemma 3, I7(BN(XL) - Xt b, — XE,0,z,) > 0 for all x > X*. Then, by Lemma 20,
V(By(X") — X, —€,0,2,) > 0 for any € € (0, X~ — b, ) and all x > X*. A similar argu-
ment holds for R so that f(BN (X)) — Xt —¢€,0, z,) > 0.

4By the definition of X, we must have X’ ¢ D, ; otherwise, P(r > 7(X1)) =0 for all (r, d,) € M*(A).
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Take some (x,m) and € > 0 with m > b;, x > X' and x — € > X“"*!, Let B' =
By(X*) — Xt + x and define 7 = inf{t: X, ¢ (x — €, B')} and d. = 1(X, > B’). The con-
tinuation value in our Lagrangian from using (7', d.) at a history 4, such that (X,, M,) =

(x, m) is
K(m)A
E, .. |:e‘”+(3/”“f) (u(B’, 1) - ('}7+ Z )\k>v(B’, 1))
k=1

K(m)
C -~ c
—rr(x—€B') R ~ k A
e R _ P
" ( r (y " k=1 ) r )}

= J(By(X") = X", —€,0:2,) + =2
k(m) . 4
L L . tA
<v+ZA)( (By(X") — X", e,o,zx)+r),

which is strictly greater than £ — (y + X A*)<4, the payoff at x of rejecting. Thus,
rejection when (X, M,) = (x, m) cannot be optimal and so D} = D; , = for all k < L.
D; , =@ by Lemma 21, so Proposition 7 implies the solutlon to the Lagrangian, call it
(TN, Nor ,), is unique.

By analogous arguments those in Lemma 22, (7}, d}, ;) and A must satisfy complemen-
tary slackness conditions for all RDP(X,,) and PK (V). We conclude that (73, dy, ) solves
Hy (V). Finally, if By(0) > 0, but By(m) = m for some m < 0, then the stopping rule ap-
proves with probability one. It is easy to see that immediate approval at ¢ = 0 strictly
dominates this mechanism.

Although complementary slackness conditions imply RDP(X*) binds under (73, d3 ,)
for all X* € By, they do not imply that RDP(X,,) is slack for all X,, ¢ By. However, we can
add into By any X, such that RDP(X,,) binds but A, = 0 without changing the statement
of Proposition 5.

Proof of Proposition 6

PROOF: Let A € argmin, v £*(A) with {X"', ..., X"} = {X, ‘A, <0} For 0 <k <
P—1,take g(x, k, 1) = ii(x) + Y/, ., Md,(x, 1), g(x, P, 1) = ii(x) and £ =X, (X*, 0).
We rule out the choice of d = 0 by setting g(x, k, d) to be a sufficiently low constant.’ It
is straightforward to verify that g(X,, k, 1) is a martingale. Then

g(Xk+1, k+1, 1) _ g(XkJrl’ k, 1) — _’Xk+1ﬁ[(Xk+1, 1) > _'Xk+l’5[(Xk+l, 0)
_ _§k+1.

A solution 7y to sup, £(7, K) exists by Proposition 4.

SWe can safely ignore all conditions on g for d = 0 since d = 0 will never be optimal.
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We next to show g(x, k, 1) is increasing in x at A. Note that
21 0

07g(xak71) ?e f+z/\jl+e —Az 1+ a_C_A
Ix (1+ezh<x> 1+e* r )

Jj=k+1

If e=2: (1 + CTA) —a-— CTA < 0, then ”;g(xf’d) > 0.

Suppose e (1 + “4) —a — “ > 0. The sign of
Jg(x k,1)

2kl s the same for all x, but may

be negative for arbitrary A In this case,

%@LD - (. Suppose £%LD <. The limit hmH,oo g(x,1,1) <0, so Z&LD < 0 implies

g(x,1,1) <0 for all x, in which case it is never optimal to stop at ¢ < 7(X"') and

ﬁ*(K):E[e”(X])<F1(X1;A) +A! A)} Z/\"<W+ )

2! does not appear in F; (X"; K), so changing 2! has no impact on the continuation value
Fi(X';A) and %% G _ IE[e*”(Xl)CTA] —V, —“ <0, a contradiction of A <0and A e

aal
argmin, v L*(A). Therefore, we must have %ﬁ’l) > 0. We conclude that g(x, k, 1) is
strictly increasing in x for all k.

We next argue that lim, ., g(x, k, 1) > 0. If lim,_,, g(x,1,1) <0, then g(x,1,1) <0
for all x. A similar contradiction can be derived from the fact that stopping at t < 7(X")
would never be optimal and so lim, ., g(x, 1, 1) > 0. Because g(x, k, 1) is increasing in
k, we conclude lim,_ ., g(x, k, 1) > 0 for all k. As argued in the proof of Proposition 7,
this implies D, # ¢ for all k.

By ruling out d, = 0, we know D) = D; , = # and we can apply Proposition 7 to conclude
that 73 is the unique solution to £* (K) Let By(m) = By(y). To show 7} = inf{t : X, >
By(M,)}, it suffices to show that if B, > X*, then b, = —oo. Suppose not, so that b, >
X*+1 for some k. By the same arguments as in Proposition 7, b, € D, = D; implies x € D;
for all x > by, contradicting B, > X. Therefore, b, = —oc for all k with B, > X k.A

We can apply an analogous argument as in Lemma 22 to show that (7}, 1) and A must
satisfy complementary slackness conditions for all RDIC(X,) constraints. Theorem 1 of
Balzer and JanBen (2002) then shows that (7}, 1) solves H,. As we did in Proposition 5,
we let By ={X"',..., X"} and then add into By any X, such that RDP(X,) binds but
A, = 0 without changing the result. Q.E.D.

is 1ncreasmg in k, so it suffices to show

Satisfying Conditions of Theorem 1 of Balzer and Janflen (2002)

Balzer and Janfen (2002) make two restrictions on the choice of (7, d,), requiring
P(7 > 0) =1 and P(7 < o0) = 1. The restriction P(7 > 0) = 1 can be dropped as we
allow 7 to depend on the randomization device Y,. The restriction P(7 < co) =1 can be
dropped as well, because for each d € {0, 1}, both e""u(X,, d) and e ""v(X,, d) go to 0 as
t — o0.

Their theorem also requires a Slater condition that there exists a mechanism for which
all constraints are slack. To construct such a mechanism for Hy(V), let B%? be the static
approval threshold in A’s first best mechanism. Take a mechanism, which approves with
probability 1 — € at 7(X,,) for each X, > B:? and uses A’s first-best mechanism as its
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continuation mechanism at 7(x) where x = sup{X,, : X,, < Bf?}. For small enough e, all
constraints will be slack. For the problem in H,,, the Slater condition is satisfied by 7’ with
P(7"=00) =1.

APPENDIX E: STATIC THRESHOLD MECHANISM PROOFS

Let ®(B, b, x) = E[e~"+®D] be the discounted probability of reaching B before b
when (X, Zy) = (x, z,) and ¢(B, b, x) = E[e""®P] be the discounted probability of
reaching b before B when (X, Z;) = (x, z,).° In both functions, we restrict attention
to B > b. It is easy to see that ® is decreasing in B and b, ¢ is increasing b and B.
®(B, b, x)+ ¢(B, b, x) is strictly less than 1 and is decreasing in B for x € (b, B).” ®, ¢ are
differentiable in all arguments. Let ®5(B, b, x) := % and let ®,(B, b, x) := w,

with a similar definition for ¢5(B, b, x), ¢,(B, b, x).

Proof of Lemma 1

PROOF: We first present the proof of single-peakedness in B for V(B b, x). The proof

for J is analogous. Fix b < x. If V is not single-peaked in B, then there exist B> > B* >
B' > x such that (B, b, x) =V (B?, b, x) > V (B, b, x). For threshold B!, we have

I7(B1, b,x) =®(B', b, x)v(B', 1) + ¢(B', b, x)v(b,0) — =
For B?, by standard dynamic programming arguments, we have

V(BZ, b, x) — E|:e—r7+(Bl;b)EBl |:e—rr(32;b)v(BZ’ 1) + e—rr(b B2) A] + e T B! )v(b 0)i| CA
r

= ®(B', b, x) (17(32, b, B') + CTA) + &(B', b, x)o(b,0) — =, (15)
Similarly, we have
V(B b, x):cp(Bl,b,x)( (B, b,B") + )+¢>(B1 b, x)v(b,0) —
V(B b, x) = ®(B, b, x)v(B, 1) + ¢ (B, b, x)v(b, 0) — —
(B, b, x) = ®(B b, x) (17(33, b, B?) + CTA) +¢(B%, b, x)v(b, 0) —

Using the above expressions and I7(Bl, b, x) :~I7(B3, b, x) > I7(B2, b, x), we get I7(B3,
b, B') + 4 =v(B', 1) > V'(B%, b, B') + %4 and V/(B*, b, B?) + 4 > v(B2, 1).

8Stokey (2009) gives closed-form formula for these discounted probabilities conditional on 6, which can
then be used to calculate ®, ¢ explicitly based on the belief about 6 implies by x.

"That ® + ¢ is decreasing in B follows from the observation that ® 4 ¢ = E*[¢~"("+(B®)""®)] and for B < B/,
T(B) AT(b) < 7(B') A 7(b).
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Suppose v(B', 1) > 0. Using V' (B, b, B') + “4 =y(B', 1), by similar dynamic program-
ming arguments as in (15), we have

V(B’,b,B’) =®(B*, B', B’)v(B’, 1) + ¢ (B, B, B*) (17(33, b, B') + C_A> -7
r r

— (B, B!, B)v(B*, 1) + ¢ (B, B', BY)v(B', 1) — =
p
= EP [ ENENY (X, o, 1)] — 2
p

< B [0(X,. ynranys 1)] — CTA —v(B%1) - CTA
contradicting V' (B?, b, B?) + “4 > y(B? 1). The first inequality above follows from
v(B',1) > 0 and v(B?, 1) > 0 while the last equality follows by an application of Doob’s
optional stopping theorem and that v(X,, 1) is a martingale.
Now suppose v(B', 1) < 0. Because ®(B?, b, B') + ¢(B?, b, B') < 1, multiplying both
sides by v(B!, 1) < 0, we have

v(B', 1) < ®(B, b, B')u(B', 1) + (B, b, B)v(B', 1)
A

C

< ®(B b, B)o(B, 1) + (B b, B) X = (B, b, B') + 2,
-

r

a contradiction of v(B!, 1) > V' (B2, b, B') + 4TIt must be that V is strictly single-peaked
in B. By interchanging the roles of B with b and v(B, 1) with v(b, 0), an analogous argu-
ment shows single-peakedness with respect to b. Q.E.D.

Proof of Lemma 2
PROOF: Fixb < x and let B' = argmax I7(B, b, x). Given the single-peakedness of T, if
B’ > argmaxp T (B, b, x), then % |pep < 0= % |s—5 . TO generate a contradiction,
it suffices to show ﬁf(gf’x) > ’717(5 éb %) This follows from

dJ(B,b,x) Ju(B, 1) Cr
&—B = (I)B(B, b, X)M(B, 1) + (I)(B, b, x)o’)—B + ¢B(B, b, X)T

= ®y(B, b, x)ii(B) + ®(B, b, )i (B) + (®4(B, b, x) + ¢5(B, b, x))CTR
> (B, b, x)3(B) + D(B, b, x)¥/ (B) + (®5(B, b, x) + b5(B, b, x))CTA
_ IV (B, b, x)

JB

The inequality follows from ®3 <0, &t < v, V' <@/, P+ ¢ <0 and c4 > ci. O.E.D.

Proof of Lemma 3
PROOF: Suppose I7(B, b, x;z)>0. I7(B, b, x; z) is a convex combination of I7(B, b, x;

i
42
o2

) and V(B,b, x; —00) (with weight —L5—), so the proof
1+ez cTZX l+ez zx

X
e

oo) (with weight
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is immediate if V(B,b,x;00) > V(B,b,x; —00). Let ¥ = E*[e+®)|H] and ¢ =
E*[e"®®|H]. Then V(B,b,x;00) = ¥(1 + “4) + ¢4 — “4_ Stokey (2009) shows
Ef[eBD|L] = Wer©™® and Eer®B|L] = per ", so P(B,b,x; —o0) =

2 (x—B) c 2 (x—b) ¢ c
Werr (g + L)+ perTVa 4

In order for I7(B,b,x; z) > 0, either I7(B, b, x;00) > 0 or I7(B, b, x; —o0) > 0.
Iherefore, we only need~t0 show V' (B, b, x; —o0) < max{0, V' (B, b, x; c0)}. Suppose
V(B, b, x; —o00) > max{0, V' (B, b, x; 00)}. Then

2,
webt- B>( C_A) b peenCa 2max{0,‘l’<1+c—A) Ly _C_A},
r r r r

The LHS is increasing in a so it suffices to show a contradiction when @ = 1. For a =1,
we can rearrange this inequality to get

2 2
cqa 11— l,[ferr%()kb) C4 l/l(ecrz(x o 1)

<Y<

rtca LBEB T T rdcs | 56B
B
Simplifying the LHS and RHS of these inequalities, we get ¢ > z# o p L. Stokey
-1

Ry (x=B) _,Ry(x—B) - —«/ 242r02 - +«/ 2+2
2009) shows y = e where R, = = N¥ETT7 R, = KOV At = 0,
R1(—B)_ R, (-B)

——(x— )

we have R; = —2 and R, = 0, which implies ¢ =

=L, As is easily seen from its
2" S0-B)
., . . . . . __&(X B) 1
definition, ¢ is strictly decreasing in r. Thus, for any r > 0, we have ¢ < ﬁT,
e o2 —1
contradiction. O.E.D.

Proof of Lemma 4

PROOF: The same arguments as in Lemma 1 imply Jis single-peaked in B and b. Given
this, it suffices to show that 2& ’;’éx’U’) > VB ’(Z;"’U) for U' > U > 0. Using ¢ > 0, we have

aJ (B, b, x,U’)

B — ®y(B, b, x)u(B, 1) + ®(B, b, x)it' (B) + ds(B, b, x) <U/ + CTR>

> ®y(B, b, x)u(B, 1) + ®(B, b, x)it' (B) + ¢5(B, b, x) (U + C7R>

_ aJ(B,b,x,U)
= B : Q.E.D.

For our next two proofs, it is useful to define the function (B, x) := max, I7(B, b, x),
which gives A’s continuation value at X, = x when A is allowed to choose optimally when
to quit but R fixes the approval threshold at B.
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Proof of Lemma 7

PROOF: Take m' < m*. As shown in the proof of Proposition 5, V(B (m'), m' —
Sy, m'; z0) =V (By(m') —m', =8y, 0; z,,). By Lemma 3,

17(§N(m]) —m', =8y,0;z,2) > 17(§N(m]) —m', =8y, 0; z,1) =0.

Because limp_, o, I7(B, b,0;z) <0 f0£ any b <0 and Vis single-peaked in B, we can find a
unique B’ > B, (m')—m' such that V' (B', —8y, 0; z,2) = 0. It must then be that B, (m?*) =
B +m? > B, (m') + m* — m' > B, (m'), so B,,(m) is increasing.

Suppose there is a discontinuity in B,, at m’'. For sufficiently small €, continuity of 1
implies

0:17(§N(m/—l—e),m/—i—e— 6N,m/+e) %ﬁ(ﬁ,\,(m’—i—e),m’ —€— 5N,m’—e).

I7(B, m — € — 8y, m — €) is strictly decreasing in B for B > B, (m' — €). Because
lim,_o(By (m' +€) — By (m' —€)) > 0, we have lim,_, V (B, (m' +€), m' —e— 0y, m' —€) <
0, a contradiction. Therefore, B, must be continuous.

Because V(Q y(m), m,m) =0 and V is single-peaked with respect to b, in order for
ﬁ(ﬁ,\, (m), m — 6y, m) =0, it must be that b*(B, (m)) € (m — 6y, m); taking the limit, we
get b*(B_ (m)) = m where B (m) =limy_, ., B, (m).

Take any m’ > b=P + 8. Choosing B"? = argmaxg V' (B, x) maximizes V (B, x) for all x,}
and so increases inf{x : V(B, x) > 0} = b*(B). Thus, V/ (B8, b*?, m') > 0, which implies
I7(Bf,B, m' — 8y, m’) > 0 by Lemma 20. Since limp._. ., I7(B, b, x) <0 for all b < x, we can
find a B' > B’ such that V (B, m' — 8y, m’) = 0. Thus, B, (m') > B'? and so B__(m') >
BfB.

AWe now show b*(B) is increasing and continuous in B for B > B‘E. Uniqueness of
A’s optimal stopping thresholds (and so b*(B)) follows from the same arguments in
Lemma 21. Continuity of b*(B) follows from the theorem of the maximum. For x’ €
(x, B,V (B, x) = E*[e "™+ B/ (B, x') 4 ¢ 7" (B)x) 4] — &4 Because A prefers imme-
diate approval whenever above B%?, we know V' (B, x') <V (x', x') for each B > x' > B"P.
Thus, increasing B > B reduces A’s continuation value at all x < B and so must
increase b*(B). Because b*(B) is increasing in B > BfE, there is a unique B > Bff
such that b*(B) = m'. Since B, (m') > BXE, B__(m’) is this unique B. We conclude that
B_ (m) = B(m). Continuity of B(m) follows from continuity of b*(B). Q.E.D.

Continuity in Limit of Optimal Mechanisms

Here, we verify limy .. J (7}, d} ., 20) = J(7*, d}, z0). Take € € (0, min,, B(m) — m),
K <max{u(—00,1),0}, 7y = 7" ATN, TN = TV Ty, dy = di (7 = 7°) +d}, 1(Ty = T})-
Define dy analogously but replacing 7, with 7. Let B,, =B(M,,) Vv By(M,,) and by =
b Aby. Then [J(7*, d}, z0) — J (), dy ., 20)| is equal to

E[e™™

U(Xry, dy) = B,y an,y [N u(Xqy, dy)]]

TN

< B[ dy (X 1)~ B [ P (X, — e 1) e K]

8Standard dynamic programming arguments imply that A’s optimal threshold can be chosen independent
of x.
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+E[e™ (1 —dy)|u(X

TN

0) — EXoy [e*’T(QlezNJrf)u(éN’ 0) + e*’TJr(XzN*f?QN)Kl]'

Because X, = B(M,,) A By(M,,) when d, =1 and limy_,  |B(m) — By(m)| =0, it is
easily verified that for each history A, , limy_, , EfMm)"BvMey)[orme (BayiXay -] = 1 and
limy_, oo EBMon) By (Mzy)[o=r7(Xzy-iBzy)] = (), s0 the first absolute value after the inequality
above converges to d (u(X;,, 1) —u(X,, —€,1)) as N — oo. Since € is arbitrary, the first
expectation can be made to converge to 0. A similar argument holds for the second expec-
tation after the inequality. We conclude that limy_., |/ (7%, d¥, z0) — J (7%, d¥ ., z0)| = 0.

T2 ,T2

Analogous arguments show the difference in A’s continuation value after history 4, from
Tx and 7* goes to 0 as N — oo.

APPENDIX F: ADDITIONAL RESULTS FROM SECTION 4

We now show that DP is a relaxation of the dynamic participation constraint.
LEMMA 23: If (7, d,) satisfies the dynamic participation constraint, it satisfies DP.

PROOF: Suppose (7,d,) satisfies the dynamic participation constraint. For any 7/,
V(r,d,, zo) =V (rAT,d.1(m < 7'), 2) is equal to

E|:e_r7/]l(7' > T') {EXT’ [e_I‘T[hT/]U(XT[hT/]ﬂ dr[hr’])] - CTA ”

DP holds if E[e~""1(7 > 7){EX~ [e~ (X oy, d:[ho])] — 3] = O for all 7/, which fol-
lows because EX~ [e~" "~ 1y(X. Ah1» d-[h])] — %4 is A’s continuation value under (7, d) at
h. and is positive by the dynamic participation constraint. Q.E.D.

We next prove the result mentioned in the Introduction of Section 4 in which we con-
sider R’s problem with only a time-zero participation constraint.

PROPOSITION 8: For any W € [0, SUp(, 4,) V(r,d,, zy)), the solution to Sup(, 4.y J (7,d,,
zy) subject to V (7, d,, zy) > W is a static threshold mechanism.

PROOF: Using Theorem 1 of Balzer and Janf3en (2002), there exists a A <0 such that
the value of R’s problem is equal to

sup B[e " (u(X,, d,) ~ Ru(X.. d,))] - % +X<W + "’7)

(7,d7)

Given that u(x, 1) — Av(x, 1) is increasing in x, by standard optimal stopping arguments,
the optimal stopping rule takes the form 7* = inf{¢ : X, ¢ (b*, B*)} for some b* <0 < B*
and d* = 1(X, = B*) (we allow for b* = —oo if it is never optimal to reject). The same
arguments as in the proof of Proposition 5 show that (7%, d*) will solve R’s problem for
an appropriate choice of A Q.E.D.

Proof of Proposition 1

PROOF: Compare the optimal mechanisms (in Z-space) for Z; € {z', z*} with z' > 2%
Let (7%, d%") be the optimal mechanism when Z, = z' and let B#(m) be the approval
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threshold from (7%, d#') in Z-space when M? = m. Define b%(-) and B, (-) analogously
to the b*(-), B(-). Let 7%(B) = inf{t : Z, > B} and 7#(b) = inf{t : Z, < b}.

We start by arguing that the rejection threshold in all optimal mechanisms is equal to
the highest z, call it z, such that sup, ,,J(7, d;, z) subject to DP(z) is equal to 0. It is
never optimal to reject at 74(z) for z > z as, for each (7%, d%"), there exists a continu-
ation mechanism at 74(z) that makes both R and A better off.” If R does not reject at
7%(z) under (7%, d%"), then A’s continuation value at 7#(z) is strictly positive; otherwise
R could reject at 77(z) and be better off without making A worse off.

Suppose A’s continuation value was strictly positive at 74(z) under (7%, d%"). The
approval threshold must be constant prior to 7%(z) and b%(B#(z)) < z. R would be better
off increasing the rejection threshold to z. By the same arguments as in Lemma 20, doing
so will not violate DP," contradicting the optimality of (7%, d%'). We conclude that all
optimal mechanisms will use the rejection threshold z.

We now show BZ(m) = BZ(m) for all m < z?. Once the approval threshold begins to
decrease, it is pinned down as B,. Therefore, it suffices to show that B := B?(z?) =
BZ(z%) =: BZ. Suppose B? # BZ. Let Ji(z) be R’s continuation value under (777, d%*)
at 77(z). Because the continuation mechanism for (77!, d#') at 77(z?) satisfies DP, we
must have J;(z%) < J,(z?) by the optimality when Z, = z? of using (742, d%**) rather than
the continuation mechanism for (74!, d#') at 7#(z?%).

Suppose J;(z%) < J»(z?). If A’s continuation value is 0 at 7#(z*) under (7%, d%'), then
R is strictly better off changing the continuation mechanism of (74!, d%') at 7%(z?) to
(7%, d?%?) because it (weakly) increases both players’ continuation values, strictly so for
R.

Suppose A’s continuation value under (74!, d%"') at 74(z?%) is strictly positive. Then
2> > b%,(B?). Construct a mechanism (7, d.) that only stops prior to 7%(z%) if Z, > B?
and then uses (772, d%*?) as its continuation mechanism at 7#(z*). When Z, = z', (7, d})
leads to the same outcomes as (74!, d%!) if 7! < 7%(2z?) and increases R’s continua-
tion value at 7#(z%). Because (7%, d%?) satisfies DP, to show that DP is satisfied un-
der (7, d.) we need only verify that 4 has no incentive to quit before 7#(z?). Because
A’s continuation value under (7%, d%!) is weakly positive at 74(z*), A’s continuation
value under (7/,d.) at h, with ¢ < 7%(z?) is bounded below his value of a static thresh-
old mechanism (with thresholds in Z-space) with approval threshold B# and rejection
threshold z2. Because z2 > b%(B?), A’s value of this static threshold mechanism is posi-
tive by the arguments in Lemma 20. Thus, (7', d.) satisfies DP and is a strict improvement
for R over (7%!,d*') when Z, = z', contradicting the optimality of (7%!, d#'). There-
fore, J;(z*) = J»(z*). Using the continuation mechanism from (74!, d#') at 74 (z*) when
Z, = 2% is therefore optimal, meaning the B? = B%. Q.E.D.

This result implies that, in X space, the approval threshold function in the optimal S7-
mechanism when (X, Z;) = (0, zy) and in the optimal S/-mechanism when (X, Z;) =
(x, z,) are the same when x < 0.

°To see this, note that by fixing the optimal mechanism at some Z; as a function of (X, M) and increasing
Z,, we will slacken DP and raise R’s expected utility. _
0The same properties in Lemma 20 hold when we write V' in terms of Z, rather than X,.



14 ANDREW MCCLELLAN

General Utility Functions

As mentioned at the end of Section 4, we can extend Theorem 1 to allow for more gen-
eral utility functions than presented in the main body of the text. We place the following
assumptions on & and 2.

ASSUMPTION 1: i1, v are bounded, differentiable, and such that v(x) > u(x), u'(x) >
v'(x) > 0and u(X,), 0(X,) are supermartingales.

In our main specification of the model, v(x) > i(x), &' (x) > ¥(x) > 0 are captured
by a € [f, 1]. Translating from X, into 7, because 7, is a martingale, & and v are super-
martingales if they are weakly concave in r,. This condition holds in our main model, in
which @ and v are linear in ,.

The proof when & and v are supermartingales changes only slightly; in particular, we
only need to change the equalities that result when we apply Doob’s optional stopping
theorem and the fact &z and v are martingales to inequalities going in the needed direction
when they are supermartingales.

No Commitment

We first specify the details of the model without commitment. We assume A can tem-
porarily stop experimenting at any time. No flow cost is paid while experimentation is
stopped and R can approve at any time."!

A strategy for A is a process a = {e, : 0 < ¢ < oo} that is measurable with respect to the
filtration generated by X. A continuation strategy of «* at history 4, is o*[ ,] defined by,
for each w with history A,, o*[1,](x;®) = a*(w). Both agents observe X, which solves to
stochastic differential equation d X; = a,(nedt + o dW,). R’s strategy is given as before by
a stopping time and decision rule (7, d,)."?

DEFINITION 8: A pair (a*, (7%, d¥)) is an equilibrium if for every history #4,, the contin-
uation actions a*[A,] and (7*[h,], d’[h,]) satisfy

e o*[h,] € argmax, EX [e" Iy(X .y ) di (1] — f(;*[h’] e "asc ds|al.

o (7*[h], d:[h]) € argmax, o, EX'[e " 0(X,) d. — [ e a[h/]cg ds|e*[h]].

PROPOSITION 9: The optimal mechanism can be implemented as an equilibrium.

PROOF: Suppose R uses (7%, d’) from Theorem 1 and A uses the following strategy:
experiment until 7*, at which immediately stop and never restart experimenting, and if
experimentation has stopped before 7*, immediately restart experimenting and keep ex-
perimenting until 7.

We claim this is an equilibrium. First, consider the incentives of R to deviate. Suppose
the equilibrium calls for R to approve at time 7*. If she does not approve at 7, A quits
experimenting at 7* forever. Because no new learning occurs, R prefers to approve im-
mediately at 7* because & (X,«) > 0. Suppose R had a profitable deviation to stop at some

"UThe case when A can irrevocably quit experimenting has been studied in Kolb (2019) and Henry and
Ottaviani (2019). Using the Markov perfect equilibrium as the solution concept, they find an equilibrium in
which R’s approval decision takes a static threshold form.

2(7,d,) is taken to be measurable with respect to the sigma algebra generated by {a,, X,:0 <s < t}.
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7' such that 7" < 7*. R will never find it profitable to reject earlier than 7*. If R’s continua-
tion value was negative at some history /2, with X, > M, > b, then R’s continuation value
would be negative at 7(M,) and R would be better off under rejecting at 7(M,); by simi-
lar arguments as those made in the proof of Proposition 1, rejection at 7(M,) would still
satisfy DP, a contradiction of the optimality of (7*, d*). Therefore, R must approve at 7/
when 7' < 7*. If R is better off approving at a history 4, with X, € [M,,, B(M,)), then R
would better off lowering the approval threshold B(M.), which would increase A’s utility
as well by the arguments in Lemma 8, contradicting the optimality of 7*. Therefore, no
such deviation can exist.

Next, we consider the incentives of A to deviate from the proposed equilibrium. Under
the proposed approval rule, the dynamic participation constraint implies A4 has no incen-
tive to quit early. If he were to quit early, R would believe A will restart experimenting
immediately and, therefore, not find it optimal to approve. Moreover, 4 has an incen-
tive to stop experimenting at 7* because he believes R will approve immediately. In the
off-path event that R does not approve, A believes R will approve in the next instant and
has no incentive to restart experimentation because it is costly and will not increase the
probability of approval. Because neither 4 nor R have an incentive to deviate, (7, d*) is
an equilibrium. Q.E.D.

APPENDIX G: OMITTED PROOFS FROM SECTION 5
Proof of Lemma 11

PROOF: Because a > 0, v;(x, 1) > v;(x,0) > 0 for all x and i € {¢, h}. Because v;(X;, 1)
is a strictly positive martingale, for any b < x < B we have

~ C
V.(B,b,x) < Ex,zmx)[e—r(u(B)m(b))vi( X\ (5yrrt)» 1)] _
.

. T ~
< EX’Z’( )[vi(XT+(B)/\T(b)7 1)] - TA = U[(.x) = I/i(-xa b7 x)'

Take any B’ € (x, B). Using IZ(B, b, B") < v;(B'), we have

Vi(B, b, x) = E*#) ¢+ <IZ (B,b,B) + C—A) + R[] A _
r r r

- Ex,z,-(x)[e—r7+(B’;b)] (ﬁi(B,) n CTA) X6 [e—r‘f(b;B’)]CTA _ CTA _ IZ(B', b, x).

Thus, 17, is decreasing in B. O.E.D.

Proof of Lemma 12

PROOF: Given B,(m) = b;™'(m), it suffices to show b*(B; z) is decreasing in z. For
the sake of contradiction, suppose b*(B; 00) > b*(B; —00). Without loss, assume 0 €
(b*(B; 00), B). As in Lemma 3, let W(b) = E[e"™+®P|H] and (b) = E[e "B |H]; we
will drop dependence on b when b = b*(B; 00). By single-peakedness of V with respect

to b, %h:b*(&w) =0> thmgm). By the definitions of I7(B, b, 0; c0) and

I7(B, b, 0; —o0) provided in Lemma 3, Wlb:b*(&m) = %(1 + ) + Z—'ﬁ% =0, which
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implies 4 = —‘i—‘]fri—f/l and 0 > %}?;_m)h:b*(&w) implies
0> ﬂe i’;B at Cq d‘// 2’gb*(B;oo)c_A _ l,b 2"b*(B ) CA.
db db r o r
Let A= B — b*(B; 0¢). Using 4 = —4¢ 2, the above inequality is equivalent to
d ar+cy = 2
A artea ey 2, g,
db r+cy o

Using the formula for ¢ provided in Lemma 3, £ &= 'l’%- Plugging this into

the above inequality and simplifying, we have

Rye fA _ R e RiA 2u 2w
TRA o RA < r+ ) = N
r+cy
A “RyA
Recall from Lemma 3 that R, + R, = —=5 and R, > 0. If R, =0, then %ﬁ;‘;ﬂl =
L RA_p., .
—2£ . The derivative of % with respect to R, when R, = —% — R, is

o2(1-e o2°)
sinh(A(i—‘;+2R2))—A(i—“§+2R2)
cosh(A(j—’;+2R2))—1

clude that b*(B; 00) < b*(B; —0).
b*(B; z) is characterized by the first-order condition

Z 2

—RyA -RiA ..
> 0. Thus, RZZ_RLA_f_l,izA > 2 a contradiction. We con-
o2(1-e o27)

eV (B, b, x; o) L1 aV (B, b, x; —o0)
L+e* b bz L€ db b=b*(B:2)

=0. (16)

Given b*(B; 00) < b*(B; —00) and the single-peakedness of V' with respect to b, if
FBbxco) o () then Y BLE=x) o 0 To satisfy (16) at b = b*(B; z), we must have

b b

%b’mo) 0< W Taking the derivative of our first-order condition with re-

spect to z and doing a bit of algebra, we get that the sign of %fz) is equal to
,b,x; ) ,b,x;—

Wlb:b*(zs;z) - Wh:b*w;z) <0. Q.E.D.

Proof of Lemma 13

PROOF: Let m' = max{m <0 : V*(7,d., m, z,(m)) = 0}, because (7',d.) rejects at
7(b), M’ > b. Thus, V*(7',d,, m, z,(m)) > 0 for all m € (m’, 0] if m' < 0.

Suppose m’ < 0. Take some small € > 0. Because ¢ always prefers a lower approval
threshold and his continuation value is 0 at 7(m), V*(7',d.,m + €,z,(m' + €)) is
bounded above by his expected utility from the static threshold mechamsm with ap-
proval threshold B(m’) and rejection threshold »’, namely %(B(m) m,m + €) >
Ve(r',d,,m + €,z,(m" + €)) > 0. As is shown in in the proof of Lemma 7, bi(B) is
increasing in B for B > Bff. Because Bff = —co when a > 0 and B(m') > B,(m'),
b;(B(m’)) > m’, which implies that £’s continuation value in the static threshold mech-
anism at 7(m") for m” € (m’, b;(B(m’)) is strictly negative. For € € (0, b;(B(m')) — m’),
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we have IZ(B(m’), m',m’ + €) < 0, a contradiction. Therefore, m’ = 0, which implies
V*(r,d., z,)=0. Q.E.D.

Proof of Lemma 14

For this proof, we will use the characterization of the optimal mechanism when DIC(h)
is dropped. None of the proofs when deriving the optimal mechanism when DIC(h) was
dropped relied on this lemma. In the next two proofs, we will use X' to denote the value
of X, when zy = z;.

PROOF: Take z, sufficiently large and let (7', d’) be type i’s mechanism when DIC(h)
is dropped. As z, = 00, X" — —oc0. By the arguments in Lemma 15, R will never reject
h while X, > X". Thus, the probability that R rejects & goes to 0 as z, — oo.

Suppose i weakly prefers ¢’s mechanism. It is straightforward to verify that 4 would
never quit prior to 7(b,) under (7*, d’). Consider a modification of £’s mechanism, call

it (7*,d!), that uses the same approval threshold as (7¢, d‘) prior to 7(b,) but uses a
continuation mechanism (7', d.) at 7(b,) with 7 = inf{t : X, ¢ (X", B(M,))} and d. =
1(X, = B'(M.)) for some function B" with B'(m) € (B,(m), B, (m)) By Lemma 13 14
will find it optimal to quit at 7(b,) under (7, d"), so V*(7, d’, z)) =V (v', d", z,). Thus,
replacing (7", d") with (7¢, df) will satisfy DIC(£) and increase the discounted probability
of approval. It is easy to see that b, is finite in the limit as z, — oo, so this increase in the
discounted probability of approval is bounded away from 0 as z, — oo.

h’s continuation value under (7, c?f) is strictly positive at 7(b,), so & will now strictly
prefer (7, d‘) to (7", d"). Because the discounted probability of rejection is approxi-
mately 0 under both (*, d") and (7, d%), for h to strictly prefer (7, d") to (7", d"), it
must be that E»#[e~"™" d"(1+ )] < E%#[e~7'd"(1+ )], which implies E>* [e ™" d/] <
02 [e,,;.e &f]

For z, sufficiently large, R’s expected utility from (7, d,) is approximately E**[e~"" d,].
Because offering & (7, d') would satisty DIC(¢), (7', d") represents an improvement for

R over (7",d"), a contradiction. Therefore, & must strictly prefer (7", d") to (7%, d").
O.E.D.

Proof of Lemma 17

PROOF: Suppose, for the sake of contradiction, X* > X and X**! < X* — 8, so that
X1 4 8y ¢ By. By Lemma 16, p(X**' + 6y) > 0 > p(X*). Because By (X*™' 4 &y) =
By (X*) and py(X,) =V,(Bx(X,), X, — S, X,), we have

Vo(Br(X*), X1, X541 4 6y) > 0> V(By (X*), X* — 8y, X¥). (17)

Because V, is strictly decreasing in B, Lemma 17 implies By ,(X* 4 8y) > By(X*) >
By ,(X*), which contradicts that By, , is increasing (Lemma 7). Q.E.D.

PROPOSITION 10: If z, > log(—f), then B} < B! and B, < B! implies b} < b;,.

PROOF: Because R would like to approve s immediately, DIC(¢) must bind. z, >
log(—f) implies X! < 0. By the same arguments made in the example in Section 4, R will
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never reject at any history /4, with BY(M,; n,) > X!. Because B, > 0 > X' and B‘(m; n,)
only decreases at m < b}(B}), we must have b, < b}(B}). ’s expected utility from (7¢, d°)
is V,(B., b*(B), 0).

Suppose B;, > B!. Because ¢’s continuation value at 7(b}) under (7", d") when opti-
mally choosing when to quit is zero, V*(7", d"*, z,) = V,(B, b}, 0) and so

V*(rt, dt, z,) = V,(B, b}, 0) < V,(B!, b}, 0) < V,(B, b:(B!), 0),

contradicting that DIC(¢) binds. We conclude that B} < B.

Suppose B), < B; and b, < b;. If £ chooses to misreport his type and quit at 7(b;(B;)),
his expected utility is V; (B}, b;(B!), 0) since B"(m; m,,) is constant for m > b} > b(B}).
We then have

V(' dy, ) 2 Vi(B), b;(By), 0) > Vi(B}, b; (B;), 0),

a contradiction of DIC(¢). Thus, B, < B} implies b; < b;. Q.E.D.

Comparative Statics

We begin with a proposition that will be useful later. It shows that, when ¢4 = 0, the

optimal mechanism must pool 4 and €. Let 7, = <.
1+e“i

PROPOSITION 11: R’s value of the optimal mechanism when c, =0 and a = 1 is equal to
the optimal mechanism in the R’s single decision-maker problem with prior P(z;,)m, + (1 —
P(Zh))ﬂ'g .

PROOF: Let a; = E[e™™ dl|0 = H]and B, := E[e" d|0 = L]. Incentive compatibility
for h implies

may + (1 — ) Bra > mya + (1 — ;) Bea,
= (= m)By = m o+ (1= T (1s)
Because R does not offer £’s mechanism to £, we also must have
may, + f(1 =) B > mha, + f(1 =) By

= 7Th——(1 Wh)ﬁh_ﬂ-h —(1 Wh)B(- (19)

I/ If

Adding (19) with (18) and simplifying, we get «;, > «,. A similar argument using incen-
tive compatibility for ¢ implies «;, < «,. Therefore, we conclude «;, = @, and, to preserve
incentive compatibility, B, = B,. It is without loss to offer both types the same mechanism,
which corresponds to R’s optimal solution with prior P(z,)m, + (1 — P(z,))m. Q.E.D.

Proof of Proposition 2

PROOF: Suppose z;, = 0o, z, = —oo. We first examine a limiting case where the signal to
noise ratio i—‘; — 0 and ¢4 = 0. By Proposition 11, we know the value of the optimal mech-
anism converges R’s single decision-maker problem with prior P(z;,)m, + (1 — P(z;,))m.



EXPERIMENTATION AND APPROVAL MECHANISMS 19

As i—’; — 0, learning becomes slow, and for any € > 0, the expected time for beliefs to move

by more than e goes to infinity. If P(z,) > P(_Z]’Z) , then R’s expected utility will converge to
zZero.

Next, we want to show that for ¢, large enough, we can find an approval rule such
that ¢ will drop out immediately and / will be approved with strictly positive probability.
Suppose R offers & a mechanism (7, 1) with 7 = inf{z : X, > B, (M,)} and rejects £ imme-
diately. This satisfies DIC and approves & with probability one. Moreover, as ¢4 — oo,
the function B,(m) — m, and so the expected length of experimentation time goes to 0,
giving R a strictly positive utility. Q.E.D.

Proof of Proposition 3

PROOF: Suppose A learns 6 and R offers the S/-mechanism for 7 = P(z;) to both
h, £. Call this SI-mechanism (7%, d°). Because /4 is more optimistic about the state than
he would be under symmetric information, /. will never have an incentive to quit early.
By an analogous argument, ¢ will choose to quit earlier than 4 would under symmetric
information. Let us define (7",d") = (75, d%), and (7%, d‘) to be the same as (75, d5)
except that it rejects immediately whenever £ would find it optimal to quit.

This menu of mechanisms is clearly incentive compatible. We argue that it yields a
strictly higher utility than the optimal mechanism in the symmetric-information model.
R’s utility is the same when 6 = H in both the symmetric mechanism and under (7", d"),
since the distribution of approval and rejection times is the same. R’s utility is strictly
higher when 6 = L from using (7¢, d) when compared to (7%, d°). With positive proba-
bility, R approves when 6 = L under (7%, d%) and rejects under (7, d*) before she would
have approved under (7%, d¥). Moreover, every w that leads to approval under (7, d*)
will also lead to approval in (7%, d¥) and 7°(w) = 7‘(w). Thus, R’s value of this mecha-
nism when A is informed about @ is higher than under symmetric information. ~ Q.E.D.

APPENDIX H: GENERAL VALUES OF z;,

We consider R’s asymmetric information problem for arbitrary z,. In this case, both
DIC(h) and DIC(¢) may bind and so we must solve AM,, with the PK(}/]) constraint for
some value of V. Consider the problem of characterizing the Pareto frontier of R and
h’s expected utility across all mechanisms that satisty DIC(¢, ;) and h’s dynamic partici-
pation constraint. Solving AM,, with the PK, (V) is equivalent to finding the mechanism
that generates the point with V) utility for / on the Pareto frontier.

Each point on the Pareto frontier is generated by the mechanism that solves, for some
weight vy, the problem of a social planner placing weight y, on R’s utility and 1 — v,
on A’s utility, namely maximizing E[e™""(y,u(X,, d,) + (1 — y»)viu(X,, d,))] subject to
DIC(¢,V;) and h’s dynamic participation constraint. This is equivalent to solving AM,
when DIC(h, V})) is dropped but R’s utility u is replace with y,u + (1 — vy;)v,. All argu-
ments continue to apply as in the proof of Theorem 2 and so we get the same structure to
the optimal mechanism for /4 in the solution to this social planner’s problem."

3The only important difference with this new utility is that costs of experimentation in our objective function
are no longer 0. However, the only point at which we used cg = 0 in the proof of Theorem 2 is in Lemma 15
to ensure R’s continuation value from (7/, d.) was strictly positive. But if we replace R’s utility function with
a weighted sum of R’s and /’s utility function, the same argument applies since /4’s continuation value under
(7',d,) was equal to 0.
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