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NOTATIONAL CONVENTIONS.

Measurable sets. If X is a Polish space, then By denotes its Borel o-algebra and X
denotes a measurable subset of X, that is, X is an element of By.

Product sets and measures on product sets. For any two measurable spaces, X and Y,
and a Borel measure » on X x Y, vy and vy denote the marginals of » on X and Y,
respectively. Given a product space X x Y, proj, denotes the projection of X x Y onto Y.

Throughout the Appendix, we define different distributions that arise in the game. Be-
cause we endow product spaces with their product topology and their product Borel o-
algebra, it is enough to define these new measures on the measurable rectangles and we
follow this strategy throughout.

Transition probabilities and composition. Given two Polish spaces, X and Y, a tran-
sition probability from X to Y is a measurable map « : X +— A(Y). If « is a transition
probability from X to Y, then we denote by «(-|x) the measure on Y induced by « eval-
uated at x. If « is a transition probability from X to Y and «’ is a transition probability
from Y to Z, then their composition x ® «’ is the transition probability from X to Y x Z
such that

(k@ k) (Y x Z|x) = /Y &' (Z|y)k(dy|x).

In particular, a measure » on X can be seen as a transition probability from {#} to X, so
that v ® k' defines a measure on Y x Z.

Mixing and public randomization. The set () = [0, 1] appears frequently; it is endowed
with its Borel o-algebra. We denote by / the Lebesgue measure on (). The set () is used
in two ways: to define the public randomization device and to define the principal’s mixed
strategies in Lemma D.1. We reserve the notation w € () to indicate a realization of the
public randomization device.

Disintegration. The proof of Theorem 1 makes frequent use of the notion of disin-
tegration Pollard (2002, Appendix F). Let X and Z denote two Polish spaces and let
v denote a measure on Z. Let f: Z > X denote a measurable mapping. The family
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{\; : x € X} is a disintegration of » according to f if every A, is a probability measure
concentrated on f~'({x}) and for every bounded measurable function 4 : Z + R the map
x> [, hdA, is Borel measurable and [, hdv= [, [, hd)A.d(vo f~')(dx).

In the special case when Z = X x Y and f = projy, we say that {A, : x € X} is the proj-
disintegration of v. While technically A, is a measure on X x Y concentrated on {x} x Y,
it is usually identified as a measure on Y (cf., Kallenberg, 2017) and we do the same. That
is, we define the projy-disintegration of v as the map A : X x By — [0, 1] satisfying:

(i) For every Y eBy, x> A (Y) is Bx-measurable,
(ii) For vy-almost every x € X, Y > A, (Y) is a probability measure,
(iii) and for every bounded measurable function 7 : X x Y — R, [, . h(x, y)v(d(x,
) =[x [y h(x, Y)Ae(dy)vx(dx),
where vy = v o proj;'. Theorem 1.23 in Kallenberg (2017) ensures that {A, : x € X} exists
and is unique vy-almost everywhere.

APPENDIX D: THE MECHANISM-SELECTION GAME

Histories and Strategies. 'We formally define the histories of the game (and hence the
extensive form) together with the principal and the agent’s strategies.

Let M;; denote the set of transition probabilities from M; to S; x A, since M; is
at most countable, M, ; is Polish. With this notation, M; = U, ;cz M, ;. Recall that to
simplify notation, we follow the convention that when the agent does not participate
the input message is ¢, the output message is @, and the allocation is a*. Thus, when
the principal offers a mechanism in M, ;, the possible private outcomes are M;S; A, =
(M; x S; x A)U{(¥, 9, a*)}, while the public outcomes are S; 4, = (S; x A) U{(®, a*)}.
We endow M;S; A, and S; A, with the disjoint topology and we note that they are Polish
sets under that topology.'

With the above notation, an outcome at the end of period ¢ is an element of Z, =
U, jer(Mi; x M;S;Ay) x (); the public component of the outcome in period ¢ is an ele-
ment of Z=U, ;e (M, ; x S;Ay) x . Since 7 is at most countable, Z 4, Z are Polish when
endowed with the disjoint topology. For ¢ > 1, public histories at the beginning of period
t are H' = Q x Z'~!, while private histories are ® x H', = 0 x Q x Z;', with the under-
standing that Z° = Z% = {#/} and ¥ denotes the empty history. The information sets of the
principal can be described by a measurable function ¢p, : ® x H', > H' where {p, is the
projection of ® x H, onto ) x Z'.

The principal’s behavioral strategy is a collection (op,)’, where op, : H' > A(M<)
is a measurable function. The agent’s behavioral strategy (o4,)’_, is a collection o4, =
(, 1), such that 7, : @ x H, x Mz +> A({0,1}) and r, : ©® x H', x Mz A(U;ezM,)
are measurable and r,(0, h',, M,) (M™) = 1.

Induced Distributions and Payoffs. Given the strategy profile o = (op, 0.4) and a node
(0, h',), we define transition probabilities from ©® x H?, to M, from © x HY, x M to

ISince M; x S; x A is disjoint from {(#, @, a*)}, the disjoint topology is constructed as follows. Take a subset
B < M;S;Ay to be open if BN (M; x S; x A) and BN{(#, ¥, a*)} are open in the respective topologies. This
topology is the finest topology that makes the canonical injections of M; x S; x A and {(¥, ¥, a*)} into M,S; Ay
continuous (cf. Fremlin, 2010, Vol. 2, 214L).
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Ui,jEIMiSjA(/) and from O x Hil X MI X Ui,jeIMiSjAV) to () as follows:

oy 'vi t
K" (Ui jer Mijl0, 1) = op (M |R"),
i,jeT

—_~—

kI (M:S; Agl0, iy, ML) = (1 — (0, 'y, M))1[(8, 9, a*) € M.S; Ay
+ (6, hly, M) (D.1)

* /N rt(a’ hlA’Mf) ® ¢Mt(d(mt7st’ az)),
M;
t+1(Q|0 h Mt7mlas[a at)z /ﬁl(de,]),

where i’ denotes the projection of (6, h',) onto ) x Z'~! and the notation presumes that
M, € M, ;. Note that k7 = k;” ® k/* ® k¢, defines a transition probability from © x H,
to Z4.

Let w; denote the initial distribution on ®. The Ionescu-Tulcea extension theorem
(Pollard 2002) guarantees the existence of a sequence of probability measures P/ = u; ®

© ® ®'_} k7 defined on the product sets (® x H',)™*! and a probability measure P’ on

(@ x HIH B@ ® BH£+1) such that for each ¢ > 1, the marginal of P” on ©® x H', is P/ .

Note that P° determines a distribution over ® x H’*'. The principal and the agent’s
payoffs, however, are defined over ® x A”. We record for future reference the definition
of the distribution on ® x A" induced by P°.

DEFINITION D.1: Fix an assessment (op, 04, u). The distribution 7 € A(® x A”) in-
duced by the assessment is defined as follows:

0 (@ x A7) = / 1[proje, . (8, 1) € ® x AT|P7(d(6, h"+)).

o 7T+
OxH

Thus, the principal’s payoff under assessment (op, 0.4, u), W (o, n), is given by

/@ o W (prolo.car (6. 157 P2 (d (6, h)™)) = W(a”, 0)n”(d(6,d")), (D.2)

OxAT

while the agent’s payoff when her type is 6, U (o, w, 0), is given by

fwgﬂ U (prolo..r (¢, ™)) P*(d(6', hy™)) = / U(a”, 0)n3(d(0,a")), (D.3)

OxAT

where (i) P is the induced probability over ® x H’*' determined by 8, ® k* @ ., k7
where 8, is the Dirac measure on 6, and (ii) n§ is the projg-disintegration of n“.

Belief System, Conditional Distributions, and Payoffs. 'We now introduce the necessary
notation to define the principal’s beliefs along the game and the principal and the agent’s
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payoffs conditional on the history of the game. The belief system is a collection (/)1
such that forall t > 1, u, : H' = A(® x H',) is a transition probability.

In a slight abuse of notation, let P72} denote the distribution on ® x H’*' in-
duced by 851,y ® @),., k7, which exists by the Ionescu-Tulcea theorem. More gener-
ally, suppose that in period ¢ the principal’s beliefs are given by the transition probabil-
ity w, : H' — A(® x H',).> Let P?l*U") denote the distribution on ® x H.*" induced by
w(h') ® Q.. k7. This induces a conditional distribution over ® x A”, which we record
for future reference.

DEFINITION D.2: Fix an assessment (op, 04, u). The conditional outcome distribution
n" e A(® x H*") induced by the assessment is defined as follows: 7" = Pl o
Projg. o

Then we can write the principal’s payoffs at /4’ as follows:

W (0, uli') =B [W ()]
:/ EPU|(9,hA)[W(at—1’ , 9)]Mz(d(9, hiq)|ht)
OxH'

Zf@ / B W (@, -, 6) o (AR, (d(60, 1) )
><Hf4 Mz

_ / W (o, ulh', M,) oo (dML] ), (D.4)
Mz

where W (o, u|h',M,) is the principal’s payoff at history 4’, when he offers mechanism
M..

Let H' = H', x U; (M, x M;S; Ay), and similarly let H*' = H' x U, ;(M,; x S; Ay).
Conditional on offering M, € M, ; at h', the principal’s beliefs, the mechanism, and the
agent’s strategy induce a distribution over ® x H'" as follows:

Po (O x HY, x M.} x M,S; Ayl (h'), M)
_ / K (M8, A0, Iy, M) (0, 1) ). (D.5)
®><Hi1

Note that P;,, defines a transition probability from A(® x H',) x Mz to ® x H';". Fur-
thermore, we can use P, (:|u,(h"), M,) to define a joint distribution over H'*" as follows:

Vi (Ijﬁ}l |Mt(ht) > Mt)

= /<:)xH;,+_1 ]1[(9, ht}f) € projhﬂjlHfjl][P;rl (d(g’ ht/l+j)|M[(ht)’ M[). (D.6)

2The construction that follows formally yields p,y; : H'*' > A(® x H'[™") as a transition probability, thereby
justifying why we can take u, to be a transition probability as well.
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The notation v, signifies that this is the analogue of the distribution in equation (4) in
Appendix A.
The joint probability P, , is the one that the principal uses to update his beliefs about

the agent’s type conditional on offering M, at A’. Formally, let 0 x I:ITAE1 =0 xH LoX
{M,} X MiSjAQ. Then
Py (@ X Hi:r—l |P«t(h[), M,)

- / (O x HP R v (dh |, (), M), (D.7)
p

. o t
ol 1410 xH'{

where the equality uses that v, (-|u.(h"), M,) = P, (1, (h'), M,) o proj_ },,. The right-

gt
hand side defines the principal’s updated beliefs conditional on 4*! as the disintegration
of P, according to proj,«+1. Pollard (2002, Appendix F, Theorem 6) implies that w,,, is a

measurable function from H'*!' to A(® x H,™).
Equations (6) and (7) imply that we can write the principal’s payoff at 4’ when he offers
mechanism M, as follows:

W(a', wlh', M,)

sl(0.nt+]
= [ 0] (0K (1), M)
@xHﬁF

polntf 1
=[BT I )
Z xH

Xttt (d (0, B I Y (AR |, (), ML), (D.8)

Note that this is the analogue of equation (5) in Appendix A. We can similarly define the
agent’s payoffs at 4’ when the principal offers M, as follows:

U(cl6, h';,M,)
P¢r|(9,hi4,Mt,m,gs;,ar) —1 o4 ¢
= E [U(a'", ar, -, 0) ] (d(my, 5., a,)]6, By, M,). (D.9)
M;S; Ay
To complete the definition of the principal’s period- ¢ + 1 beliefs as a function of H'*!,

consider the joint probability on ® x H'/! induced by the principal’s belief, the mecha-
nism, the agent’s strategy, and the public randomization device:

Pt (0 x HF' x D, (h), M)
=/~ _ (0, AP (d(0, A | (1), ML)
®><Hf4+_]
=P, (0 x H |, (h'), M,)1(Q)). (D.10)

t+1
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Therefore, we have
Pt (O x HT' x O, (h), M)

= 1(Q)) g (8 x HIP B Y (@ g (), ML),

projH,fl ('§><Hf4t
but also
S0l o
P,+,(® x H ' x Q|)

1,1 (O x HF' x QA (P (e (1), ML) o projit,, ) (dh™)

/projmﬂ (OxH 1 x0)

/(proj

_ I Tl O il
—/ B ~/:p,l+l(®xHA_XQ|h,w)
Proj,, 1410 XH;T_I Q

Sr) ﬁﬂgﬂ (@ X f}}_] X ﬁ|ht+1)([?’,+1(ﬂt(h’), M,) o proj;[“)(dhtﬂ)
1 © xH'yx

x [(do') (P, (1(h"), M) o proj. .., ) (dh'™")

HH»l

- f ~:l f 1,1 (0 x H' 5 QA 0)1(d6) v (e (dh |1 (1), ML),
PFOJ'HiH@XH;l,

Q

where the notation u,,, signifies that a priori this is not the distribution w,,. Thus,

/"L;—}—l(@ X [’_:174:&1 @lht_+ls (J),)— l d / dht+1 ht M) = O
\/projH,H(?)xHEl/N |: Mz+1(® > H/t:;llht:rl) ( w )Vl+1( - |/‘Lt( )’ t) )

Q

which shows that v, (u,(h"), M,)-almost surely the principal’s beliefs about the agent’s
private history do not depend on the realization of the public randomization device. Thus,
we can define the principal’s beliefs as a measurable function from H'*! to A(® x H'}").

Perfect Bayesian Equilibrium.

DEFINITION D.3: An assessment (op, 0.4, 1) is sequentially rational if for all ¢ and pub-
lic histories A':
1. If M, e supp op,(h"), W (o, n|h',M,) = W (o, u|h',M)) for all M, € M,
2. For all M, € My, U(ol6,h',,M,) > U(op, 0/,|6,h",,M,) for all 6 € O, h', €
H' (h"), o,.

DEFINITION D.4: The system of beliefs (u,),s; satisfies Bayes’ rule where possible if for
all ¢, all public histories 4’, and mechanisms M,, it satisfies equation (7) v,,1(u, ("), M,)-
almost surely.

DEFINITION D.5: An assessment (agp, 04, ) is a perfect Bayesian equilibrium if it is
sequentially rational and satisfies Bayes’ rule where possible.
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D.1. Proof of Theorem 1
D.1.1. Proof of Proposition 3

Fix a PBE assessment (_at-P, o4, ) and sugpose there exists 4’ and an agent type 6, such
that 04,(0, h'y) # 04,0, h ;) for some h';, h , € H',(h").

We begin by arguing that for each mechanism M,, it must be the case that U (o0, h',,
M,) =U(ol0, WA’XL)' First, the strategy of (6, h',) is feasible for (0, ZIA) and vice versa.
Second, since h',, h , € H',(h'), the allocation through period 7 — 1, a’~!, is the same for

(0, h',) and (0, FA), so that at both nodes the agent evaluates continuation payoffs using
the same payoff function, U(a'"', -, 6). It follows that the agent at (6, h',) is indifferent

between o 4,(0, h'y), 0.4.(0, EtA), and any randomization over o 4,(6, h',) and o 4(0, Z;).
Moreover, the same reasons imply that the same indifference holds for any public his-
tory A7 that succeeds A'. That is, for any 7 > ¢ and /4" that succeeds 4‘, and any /7, h; that

succeed A’, and FA, respectively, the agent is indifferent over o4,(6, h7;) and o 4.(0, E;).

We use this indifference to construct a new strategy for the agent, ¢/, and a new PBE
assessment (op, 0y, u') that implements the same distribution over outcomes, ® x A"
starting from A’.

To define the agent’s new strategy, o’,, we use the following construction to simplify
notation. Given a history 4’ and a mechanism M, € M, ;, we can extend the mechanism
and the agent’s strategy so as to subsume the agent’s participation decision into her re-
porting strategy and the mechanism as follows (see the discussion after the statement
of Theorem 1). Let M;; = M; U {#}. Let ™ : My, — A(S;Ay) be such that for m € M;,
oM (-lm) = oM (-|m), whereas ¥ (:|#) = §,+. Finally, let

r7T[(07 hizl? Mt)(Mi(ZJ)
= (1 — 7T,(0, hil’ Mt))ﬂ[@ € 1\7[,'(21] + '77[(0, hiq, Mz)rt(e, hiq, Mt)(Mi@)a

denote the agent’s extended reporting strategy. By construction, r,, is a transition proba-
bility from © x H', x M to U;cz My, such that r,.,(6, h',, M,)(M}") = 1.
Fix h'. For each 7 > t and each A" that follows A', if M, € M, ; let

RT((:) X M,‘qjlhT, MT) 2/

OxHY

Fae(0, B ML) (Mg s (d (0, 7)) (D.11)

denote the joint probability over ® x M, induced by the principal’s belief at 4™ together
with the agent’s (extended) reporting strategy. By construction, R, is a transition prob-
ability from H™ x Mz to ©® x U;. M. Proposition 7.27 in Bertsekas and Shreve (1978)
implies that a transition probability 7/ (-, #7,M;) : @ x H™ x Mz — A(M) exists such
that

R, (0 x My|h",M,) = / 7. (6, h7, M,) (M) pro (d6]h7) (D.12)
(€}

where u.o(h7) denotes the marginal on ® of w.(:|A"). The above construction does
not necessarily define (i) (w.(0, h7,M,),r.(6,h’;,,M,)) for types 6 not in the sup-
port of u.e(:|A7), (ii) r, for types in the support of w,e(:|A") that do not partici-
pate in the mechanism. For types not in the support of w,(4"), define their strat-



8 L. DOVAL AND V. SKRETA

egy at h” by choosing an arbitrary (and agent-history independent) randomization
over {(, (6, h";,M,), r.(0, h";,, M,))|h", € H7,(h")}. Similarly, for types in the support
of w.¢(-|A7) that do not participate in the mechanism define their reporting strategy
at h™ by choosing an arbitrary (and agent-history independent) randomization over
{r.(6, h";,M,)|h7, € H(h")}.

We now verify that two properties hold. First, that if we were to change the agent’s strat-
egy from h' onwards by ., then the principal’s beliefs over ® would remain the same.
Second, that the the principal’s “prior” w,(h') and the strategy profile (op,0”,) induce
the same probability over the terminal outcomes (6, a’!, a-,) as u,(h') and the strategy
profile (op,0,). It follows that op continues to be a sequentially rational strategy for the
principal.

To verify the first property, denote by (op,0/,,’) the assessment in which the agent
follows the aforementioned strategy starting from 4’ onwards. We inductively show that
for 7 >t if M;—@(lhT) = :uﬂ'@('lhT)7 then /.L;+1®('|h7, MT’ ) = I‘LT+1®(.|hT’ M’T’ ) Since by
construction w)q(-|2") = wwe(:|h"), this closes the inductive argument.

Fix h",M,, for some A" that can be reached from /' under the agent’s strategy o 4.
Associated with the new assessment there is also a new kernel for the agent’s strategy,

3

k;*, and therefore, a new version of the transition probability defined in equation (5),

which we denote by P, ,. Evaluating P, at (u.(-|A7), M,), we have

P,y (8 x HY, x ML} x MjS; Ayl (), M)

= [ RS A0, e M) (6. ) )
(C]

.
xH

K7 (VLS A0, 17y, ML)t (O] ")

I
o

e (mwle, hy, M) . (d6|h7)

Il
T

]
=/;/ - gol:ff(proijAwMiSjAw|m)r;7(dm|0, hT,MT)MT@(d0|hT)
[C] pl’OjMMM,'S/Ay)

= / / @M (proig, 4, MiS; Aglm)r. (dm] 8, 1Ty, ML) . (d (6, h7,) | 1)
@XH; PVOiMi(,,MiSjAw

=P

(0 x Hy x {M} x M;S; Ag|p.(h"), M,), (D.13)
where the second equality uses that «;*(-|6, 4”,, M) is measurable in the public history,
the third equality uses that the marginal on O of the principal’s beliefs u. (-|4") coincides
with those in the original assessment, w,(-|47), the fourth equality uses the definition of
the new strategy, the fifth equality follows from equations (11) and (12), and the last from
the definition of P/, under the old strategy profile. Equation (7) then implies that the
marginal of u,_,(-|A7, M, -) on O coincides with that of w..,(-|A7, M;, -).

3While we change the agent’s strategy at all histories, which succeed (h’, M,), Bayes’ rule where possible
ties the beliefs at 4’ and the beliefs at 4™ only at those histories /4" that are on the path of the (agent’s) strategy.
This is why when we check that the principal’s beliefs over ® have not changed we do so along the path of the
agent’s strategy profile starting at A'.
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To verify the second property, let k7 = k77 ® K @ k2 ;. The Ionescu—Tulcea theorem
guarantees the existence of a sequence of probability measures Q7 = w,(h') ® §,1 ®
[1;—} k¢ defined on the product sets (@ x H', x A" x []1_1Z4)_ y and a probability
measure Q" on® x H), x A" x ]_[ Z 1 such that for all 7 > ¢, Q7 coincides with the
marginal of Q” on O x H', x A"~! x ]_[n . Z4. Analogously, one can define Q7, Q7 for the
original assessment. Note that Q7 is the distribution under which the principal’s payoffs
are computed at /', that is, Q7 = P?l»(*) (see equation (4)).*

Lemma 10.4 in Bertsekas and Shreve (1978) implies that along the path of play starting
from A’ and for each 7 > ¢ the principal’s updated beliefs at 47!, ., (h™"), correspond
to the distribution Q7 , conditional on the principal’s information set, 27*'. That is,

T+1<{(0 hT“) e@ % Hr+1 h;“ c U Hr+1 h7'+1)}>

hTHl GHT-H

=/ tri1 (0 x H R 07, (d (6, k7)), (D.14)
H+1

and similarly for Q7 | and Mg
The definition of Q7 , together with equation equation (14) imply that for 7 > ¢ we
have

T+1

m({(@ hi)0e®, e | Hiyh szD

hTeHT

= [ (@le ) (d(o. 1)
OxUyr e HY (h7)

=[] k@l w0 @(e ). (D15)
H™ JOxH7 (hT)

where the second equality uses equation (14). Evaluating equation (15) at Fljl(h ) =
H7 (h7) (i.e., taking the marginal over the agent-histories, /47,), and applying Fubini’s the-
orem, we have

f+1<{( R :0€0, 7 € U Ha(h xZA})
hTeHT

<[ @lo (a0, )07 (a0, )
= JOxH, (h7)

=[ [ @l mu(ae. )l @), (@16
a7 J&xHT, (h7)

*We introduce the Q7 notation to define the collection (Q7),., and avoid confusing it with P¢ defined on
page 3.
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where the second equality uses equations (11) and (12), as we did in equation (13).> Equa-
tion (16) implies that if we could change Q7 for Q7, then we would conclude that

;’Q({(e, hi:0e®, e | Hy(h) XZ})

hTeHT

= Q;’H({(e, W) 0e0, e | Hiy(h') % Z})

hTeHT

which inductively implies that we can perform the change since for 7 =t we have
Q7 = Q7 = u,(h"). This implies that for each finite 7 Q7,, and Q7,, generate the same
distribution over ® x 4™, and hence so do Q“ and Q°. Thus, the distribution over out-
comes from /' onwards is unchanged.

These two steps also imply that (op, 0/;, u') is a PBE assessment.

D.1.2. Proof of Proposition 4

PROOF OF PROPOSITION 4: Let (op, 04, 1) be as in the statement of Proposition 4.
Let /&' be a public history and let M, denote the mechanism that the principal offers at A’
under op,. Let ©®F denote the support of the principal’s beliefs at ', u,(h").

We begin by performing some auxiliary changes to the distribution P, (w, ("), M,)
defined in equation (10). First, we extend it to the product set ® x H!, x {M,} x MM U
{By x SM U {#} x A x Q, so as to be able to invoke disintegration results in Kallenberg
(2017), which are stated for product spaces.® Second, in a slight abuse of notation, we
denote by P, ;(u,(h'), M,) the marginal over H', x MM U{#} of P, (. (h'), M,). That is,
in what follows, P, ; (i, (h"), M) is a distribution over ® x S™ U{f} x A x . The reason
is that the agent’s strategy is measurable with respect to the public history.

The first step of the proof is to use the distribution P, (u,(4"), M;) over period-
t allocations and continuation histories to define a measure over period-¢ alloca-
tions, continuation beliefs, and potentially continuation equilibria. To this end, de-

>To verify the second equality, note the following. Letting Zi= Ui, /-(J\7[ i X ]\/ZS\;lw) X ﬁ,

[ @le i (age )
OxHT,(h7)

:/N Z(L /NK;’?*(MTSHAG, ht ,MT)l(dwm)ap,(dMT|h’)>,u;(d(0, AR
€ & Ja

OxH (hT)  jer

-y /N / f KO VS, A6, 1y, ML) (d o), (d (60, 1) 7)o, (dM)
M, Joxarm) Ja

i,jeT
-y fN / / k7 (VLS Agl 0, 1y, ML) (dwos 1) (d(0, 1) 1) o (AML),
ferd Miy S8z (hm) J8
where the first equality follows by definition, the second from Fubini’s theorem, and the third from equations
(11) and (12) once we verify that the beliefs in the new assessment have the same marginal over © as the beliefs
in the old assessment. _ o

SFormally, for anyset B=0 x H, x {M}x M x S x A x Qe O x H';, x MM U{#} x SM U{#} x 4 x Q,

Py (Bl (1), M,) = /0 A0 € BT (0.1 s (). M),
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fine the measurable map 7 that maps tuples formed by period-# output messages
and allocations together with period-7 + 1 realizations of the public randomization de-
vice, (s, a,, w,41) € SM Ay x Q, to a belief-allocation-public randomization device tu-
ple, (i1 ClA', 20 (ML), @141), ar, ©' (S5 @i11)), Where o' @ SM U {#} x QO +— [0,1] is a
measurable bijection, which exists by Kuratowski’s theorem (see Srivastava, 2008) and
Z(s,,an(M;) is shorthand notation for (M,,s;, a,). Second, define the measure P’ over
0 x A(0) x A x Q as follows:

IP”(@ x U x A x (NZ/) =]P’t+1((:) x T*I(f]' x A x ﬁ/)mt(h’),M,). (D.17)

By definition, we have that the principal’s payoff is the same under P’ and P, (w,(h’),

M,):
al(6,ht,z (Mg), 044 1)
]EP (s¢-ar) t+1 —1
w/(.)\/];l 1SVt A /(; [ ( he s )]
A M; sM; 9

x Py (d(60, 1) | (1), ML)

:/G)A(G) - Eprfl(e,ht,M,,T—l(u,az,w’))[W(a,_l, a, -, 0)]
x P'(d(6, u, a,, »')). (D.18)

Similarly, whenever 6 is in the support of w,(h'), the agent’s payoff remains the same
under the distribution P’ conditional on 6. To see this, let {A, : 6 € @} denote the projg-
disintegration of . Noting that Py, = u,(4’), Theorem 1.23 in Kallenberg (2017) implies
that Ag(-) = (k7" (0, A", M,) @ k?,,) o T™" w,(h')-almost surely. Thus, we have that

o|(0,h% 2 (Mp),0741)

P (st-ar) +1 -1

\//;4M1SMIA /QE [U(a > A5 s 9)]
9

X (K,A & KH_l)(d(mz’ Sty iy w,+1)|0, h', Ml)
[ e e (s w). (D19
A(O)x AxQY

Note that equations (18) and (19) correspond to equations (9) and (12) in the main Ap-
pendix.

The second step verifies two properties of P': (i) the principal’s beliefs over ® coincide
with p whenever w is the output message and (ii) conditional on w, the allocation and
the selection of continuation equilibria (as indexed by ") are independent of the agent’s
type 6. To verify (i), note that equation (7) implies that P’ satisfies the following:

P/(@X U x ZXQ/)

I-Lt+1 G)lh Z(s,, ut)(M) wl+1)

1(U><A><Q’

x A(dw )i (d(R's 200 (M) It (1), M)

/ : TA((H)) (Sta a;, wt+1)(@)l(dwz+l)7jt+l (d(h[, Z(s,,at)(Mt))llJvt(ht)a Mt)
(U><A><Q’
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[ (W) M) © k) o T 1 0)

= f p ﬁlﬂ(@)%@)WQ/(d(u,at, '), (D.20)

where the first equality follows from equation (7), Ty in the third term denotes the
first coordinate of 7', the third equality follows from the change in integration variables,
and the last from the definition of P’. Equation (20) implies that when the principal “ob-
serves (i, a,, »'),” the principal’s beliefs update to . Formally, consider the projy gy, 4x0-
disintegration of I’’. Then

)\(#»atvw')((’:))PlA(@))xAxQ’ (d(M, a, w')). (D.21)

P’(@)xﬁx;fxﬁ/):/
Tx AxY
Equations (20) and (21) together with Theorem 1.23 in Kallenberg (2017) implies that
Aarony (1) = /‘L(')_]P)/A(@)XAXQ’ almost surely.

To verify (ii) and complete the assertion that conditional on u, the principal’s beliefs
update to u, consider the proj, e, -disintegration of I, {A, : u € A(0)}. Formally,

P/(@ x U x Ax ﬁ/) = /: )\M((:j x A x ﬁ/)P/A(@))(d/'L)
U
=/; -~ M((:j)]P)/A(@)XAXQ/(d(I‘L7at’ (1)/))
UxAxY

_ f w(®)1[(a,, ) € A x VP g, 4o (d(2s @i, @)

Ux AxY

=/ﬁ/A Q,V‘((:j)’\;(d(at’“’,))P/A((o)(d,“v)
:‘/ﬁ,u,((:j)/z & )\;L(d(a,, w,))PlA(@))(dM)
= /U RO, (A x Q)Py o) (dm), (D.22)

where the first equality follows from the definition of disintegration, the second equality
follows from equation (20), the third is a rewriting of the integral, the fourth uses the
projye)-disintegration of P’y ¢ . 4. o> {A, : w € A(®)}, and the fifth the property that “con-
ditional on w,” ,u,((:)) is constant. It follows from this that ® L (A4, )|A(®).

The third step uses the above properties to construct a canonical mechanism, initially
defined for those types in the support of u,(h"), which we then extend to all types. With
this in mind, consider again the projy-disintegration of P, {A, : 6 € ®}. Theorem 1.25
in Kallenberg (2017) implies that three transition probabilities, 8 : @ > A(A(0)), «a:
O x A(O®) > A(A), and y: 0 x A(O) x A~ A(Q)), exist such that Ay =B R a ® v.
Furthermore, Equation (D.22) and Theorem 1.27 in Kallenberg (2017) together imply



MECHANISM DESIGN WITH LIMITED COMMITMENT 13

that o and y do not depend on the agent’s type.” Thus, we can write

Mo(U x A x Q) (d6]|R)

(C]

P/(@xﬁxeﬁ/)zf
= [ [ [ 7@10.1.a)at@alo. wpantornaoli)

= [ [ [ @ a)atalwp@niom (@on).  ©23)

We now define the canonical mechanism @™ . For 6 € ©*, define goM'C(.|0) =B ® a. For
0 ¢ ©%, let R*(0) denote the set of solutions to

max / |:/ Epul(g'ht’M"Tilw"”’W/)) [U(a”', a, -, 6)]
reA(®h) Jo+ [ Ja@)x ax
% y(dw'|u, a,)a(dat|,u,),8(d/u|0/)}r(d0/), (D.24)

The objective function in equation (24) corresponds to the payoff from reporting (possibly
at random) a type in ®* and then conditional on (u, a,, "), play proceeding as in the
original strategy profile. The objective is continuous in 7* and A(®*) is compact since @+
is compact (Theorem 15.11 in Aliprantis and Border, 2006). Then the maximization is
well-defined. Theorem 18.19 in Aliprantis and Border (2006) implies that a measurable

selector r*(6) € R*(0) exists. Use this to define o™i for 6 ¢ O+ as follows:

oM (T x A16) = / oM (T x A1) (0)(d0),

C2S

which is measurable by composition of measurable functions. Note that this defines oM
as a transition probability from @ to A(®) x A.° Let M€ = (0, A(0), ™).
Continuation strategies are modified so that when the outcome of the mecha-
nism is (w,a,), we draw o’ € [0, 1] according to y(u,a;) and play proceeds as it
did after (h', z(5, 0 (M), w,41) Where T~ (e, a;, @) = (s, a;, wr41)." That is, (op, o4,

"To facilitate checking the application of Theorem 1.27 in Kallenberg (2017) to our setting, we now use his
notation. For any sets Y, X, and Z, and joint measure v on Y x X x Z, let Ayx|z denote the (v, projy, x)—
disintegration of ». Then equation (22) shows that Ae 4, 1jja0) = Aeja@)Ap,1ja0), Pace)-almost everywhere.
By Theorem 1.25 in Kallenberg (2017), )\®A[U$1]|A((»)) = /\@)m(@) ® /\A[U,l]\(*)m(@)a which means that /\A[U,l]\®|A(®) =
)\A[0,1]|A((~)) ]PA((-)) -almost everywhere. Theorem 1.27 in Kallenberg (2017) shows that /\A[O,llm((“)ﬂ(“) = )\Alo’ll‘(-)m((-))
Poa(e)-almost everywhere. Together with the observation that Aae) 40,170 = Aa@)/@A 4p,1]ja@)0, completes the
claim.

8The term in brackets is bounded above by the payoff the agent of type 6 obtains in equilibrium. Serfozo
(1982, Theorem 3.5) then implies continuity of the objective in r.

°To see this, fix a measurable subset C of A(A(®) x A x Q) and let B denote a measurable subset of [0, 1].
Then the set {6 € © : o™ (C|6) € B}y ={0 € O, : ™ (C|6) € ByU{0 € O\ O : o™ (C|6) € B}. Each set is in
Be by construction and, therefore, their union is in Be.

At the risk of introducing more notation, one could use the probability integral transform and make the
distribution on [0, 1] be the uniform distribution. Now, the probability integral transform requires that the dis-
tribution be continuous. This can always be guaranteed by applying the result in Lehmann (2012), which shows
that for any (real-valued) random variable X, one can always construct an information-equivalent random
variable X*, the distribution of which is continuous.
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"’“)l(h',z(#,a,)(M?),w’) = (0P, a5 )| (4 M, 7-1 (w01, ) - INStead, conditional on not participating
in the mechanism, Mtc, set (0'p, Oy, M)|(]1[’z(ﬂ,a*)(MF)7wf+1) = (0'p, Oy, /J“)|(hl,Mr,Z(w,a*)(Mt),wprl)'
Modify the agent’s strategy so that when the principal offers M and the agent partici-
pates, then the agent truthfully reports her type. Modify the agent’s participation strategy
as follows. For types in ®, the agent participates with probability 1. For types not in
Ot set m,(0, h', ME) =1 only if the value of the problem in equation (24) is larger than
the utility the agent obtains by not participating. It follows that the new strategy profile
remains a PBE. Q.E.D.

D.2. Pure Strategies for the Principal Are Without Loss of Generality

LEMMA D.1: For every PBE assessment (op, 04, 1) of the mechanism-selection game Gz,
an outcome-equivalent PBE assessment (o, o'y, i) of Gz exists such that the principal plays
a pure strategy.

PROOF: Let (op, 04, 1) denote a PBE assessment of the G;. The proof proceeds as
follows: We construct a sequence of assessments ((o}, 04, u"))nen, such that for n =
0,(ap, o, ") = (ap, 04, ), and for n > 1, (o}, o, u*) = (o, o, w")L, is such that
fort <n—1, (o}, 0", u") = (op ', 4", ui~1). Furthermore, in o the principal’s strat-
egy is pure through period n. The assessment (o7}, 0/;, 1) in the statement of Lemma D.1
is then obtained as (o}, oy, u') =lim,_. (o}, 075, u"). The proof uses the representation
of behavioral strategies in Aumann (1964, Lemma F). Given a public history A’, recall
h' denotes A’ up to, but not including the realization of the public randomization device.
Then the principal’s behavioral strategy at 4 = (h’, w,) can be represented as a mea-
surable function op,(h’ , @,, ") : [0, 1] = Mz, where [0, 1] is endowed with the Lebesgue
measure, /.

Fix t > 1, and suppose we have defined (o, o/, u") for n <t — 1. We now define
it for z. By Kuratowski’s theorem, a bijection b : [0, 1] = [0, 1]* exists such that b and
b~! are measurable. For any measurable Y in [0, 1], define L,(Y) = fo fo [(w,x) €
b(Y)]l(dx)l(dw) Define (o}, o';, u') as follows. For n <t — 1, (o},, 0';,, 1) coincide
with (o},', o,!, u'™"). For n = ¢, endow the public randomization device with the mea-
sure L, and let ob,(h', w,, x) = op,'(h', b(w,)), for all x € X.!" That is, at 4", when
the public randomization device coincides with w,, the principal plays with probabzlzty 1
the mechanism that he would have played under (op', o';", u~!) when the public ran-
domization device equals b;(w,) and the principal’s randomization device equals b, (w,).
Similarly, let o', (h' , ;, M,) = o', (h", b;(w,), M,). That is, at 4’ , when the public ran-
domization device coincides with w, and the principal plays M,, the agent follows the
strategy that she would have followed under (o} ', o', u'~") when the public random-
ization device equals b;(w,) and the principal plays M,. For n > t + 1, let o, (h", w,, ) =
ol (h',by(w,), ) and o, (k' , w,,-) =o'y} (h, b, (@), ). Because (a7, 04, u) is a PBE
assessment, it follows 1mmedlately that (o, 07, u") is an outcome-equivalent PBE as-
sessment for all » > 1. Furthermore, the principal plays a pure strategy in each period
under lim,,_, (o}, 0”j, u"). This concludes the proof. Q.E.D.

1 As in footnote 10, one can redefine the strategies so that the public randomization device has the uniform
distribution.
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APPENDIX E: CONTINUUM TYPE SPACES
E.1. The Agent-Extensive Form

In this section, we introduce the notation to formally define the extensive form game
(s, a™t, (¢5)rs) for some ¢ > 1, (u;,a'') € A(®) x A~! and a dynamic mechanism
given a'!, (¢,),=; as in Definition 3. As it will become clear, the notation is essentially
the same as in Appendix D except that we no longer condition on the mechanism chosen
by the principal.

Histories and agent strategies. As in the mechanism-selection game, we subsume the
participation decision into the input-output message notation and let M S A, denote the
set M x S x AU{(#, @, a*)}. Thus, an outcome in period 7 > ¢ is an element of M S Ay.
In a slight abuse of notation, we let Z, = MS Ay x ) and Z=S A4, x Q. Then, for 7 > ¢,
agent histories are given by ® x {a''} x H7,, = 0 x {a'""'} x Z7;" and public histories are
Htr — {atfl} % fot.IZ

The agent’s behavioral strategy is a collection o4 = (7, r,)’_, such that 7, : @ x H7,, >
A({0,1}) and r, : ® x H7;, — A(M) are transition probabilities.

Induced distributions and payoffs. Given a dynamic mechanism (¢,),-,, an agent-
strategy o4, and a node (6, a’~', h",), we define transition probabilities from O x {a'~'} x
H",, to MS Ay and from O x {a"~'} x H;, x MS A, to Q as follows:

K74 (MS A0, a'", h7,) = (1 — (6, h7,))1[ (6,0, a”) € MSA,]

(6,17, /N r (60, 10,) ® 0. (k) (d(m,, 5., a,)).

MS Ay
K?+1(Q|0, at_l’ hf‘lt’ m,, ST’ ar) = /~ l(dwﬁLl)a
Q

where h] denotes the projection of (6, a'™*, h7,,) onto (S A, x Q). Note that k7 = k%1 ®
k., defines a transition probability from ® x {a'~'} x H,, to Z 4.
Recall that u, x 8,1 denotes the initial distribution on ® x A'~!. Like in the

mechanism-selection game, the Ionescu—Tulcea extension theorem (Pollard (2002)) guar-
antees the existence of a sequence of probability measures P7, = u; ® 8,1 ® R ke

defined on the product sets (@ x A" x H7,)!_ and a probability measure P’ on

(O x A" x HY, Bo ® Byt ® @._, B;,) such that for each 7 > ¢, the marginal of P?
on O x HY, is Py.."

Given P?, we can define the outcome distribution induced by P?, n(¢”)=74 as in Defi-
nition D.1, and hence, the principal and the agent’s payoffs as in equations (2) and (3).

Belief system, conditional distributions, and payoffs. The belief system is a collection
(#-)->, such that for all 7> ¢, u, : H' — A(® x H7,,) is a transition probability. Fix a
history A]. Using the belief system at 4] together with the kernels, we can define a condi-
tional outcome distribution 5 as in Definition D.2.

2We are adding a'~! so as to define all outcome distributions of the game as distributions over A(® x AT).
3Note that the distribution P? corresponds to the distribution P’ in Appendix D: it is the distribution over
the terminal nodes starting from the root of the extensive-form game.
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Furthermore, the belief at 47, MT(}Z{T), together with the agent’s strategy induce a distri-
bution over ©® x H;, x MSA, = H,'' as follows:

By, (B x 7y x MS Ayl (7)) = /@ koA (MS A0, B ) (d(0, 1) ). (B.D)
><H::1

This is the distribution that the principal uses to update his beliefs about the agent’s type
at history A]. Formally,

/~ _Afprojy (6, £%;1) € HI P, (d(6, A7) - (R7))
BxHT

- /N s (6 5 H 1Yo (AR s (7)), (E2)

T+1
H/~

where again we are defining v, .1 (u.(h))) =P, (1. (k7)) o proj;jﬂﬂ. This allows us to

obtain the analogues of equations (8) and (9) in this setting:

. G .
W)= [ 2 o)
- g
S MT—H(d(H’ h;;;l_)|h::r1)vt,r+1(dh:-:rl|/‘L7(h:))7

o ’T+1
Ul = [

MS Ay

[U(a,, 0)]|x4(d(m,,s.,a,)|0, h7,,)

741

Finally, as in Appendix D we define the joint probability over ® x H;"" given u.(h"):

Pt (8 H3g! Bl (7)) = [ (B0, BBy (006,157 (). (B

and we recall that we can define Bayes’ rule also on the basis of P, ;. Namely,

P,.1(0 x H x Q. (k7))

= f e L Mri1 (@ X H:;tri X ﬁlh:jl ) w) (Pt,T-H (,U«T (h:)) ° projl;}+l)(dh;—+])
projy 741 O H [ x

:/ . /ﬁ,u,TH ((:) x H |, o)l(dw)vy e (dh] - (B])). (E.4)
Pr0i, 7.1 Ox H,

Agent PBE.  An agent-PBE of I'(u,, "', (¢,).>,) is an assessment (o 4,u) such that:

1. o4 is sequentially rational (cf., part (ii) of Definition D.3),

2. u satisfies Bayes’ rule where possible. That is for all 7 > ¢, u,,; satisfies equation
(26) v, ;11 (- (h7))-almost surely.

E.2. Canonical PBE-Feasible Outcomes

We define the correspondence O¢ of canonical PBE-feasible outcomes (Defini-
tion E.3). Denote by Mg o) the set {¢ : © = A(A(®) x A) : ¢ is measurable}. Through-
out Section E.2, all mechanisms belong to Mg ).
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To define the correspondence OF, we first define canonical dynamic mechanisms,
canonical agent-PBE, and the set of outcomes the principal anticipates upon a deviation.

DEFINITION E.1—Canonical dynamic mechanisms: For 7 > 1 and a'! € A", a dy-
namic mechanism given a'~', (¢¢),., is canonical if for all 7>t and (s" ", 0", 0™") €
(A(®)Ay; x Q)', ¢C(s7",a™", 0™") is a canonical mechanism.

Fix t > 1, a tuple (u;, a’ ') € A(®) x A", and a canonical dynamic mechanism given
a' ', (¢€).=, and we can define a canonical agent-assessment of I'(u,, a' ', (¢¢).>,) sim-
ilar to Definition 2 in the main text, by just eliminating item 1.

Finally, we define the set of outcomes the principal expects he will face if in some period
t > 1, when his belief is u,, and the allocation through period ¢ — 1 is a’~!, he deviates to
@, : 0> A(A(O) x A), Dpc (s, a", @), as follows:

n' € A(O x AT) : q = ¥4 where(go;)fzt = (¢}, (go;)TZH]) and
(i) (¢.).., is a dynamic mechanism given a'~'
(i) (o7, u') is an agent-PBE of I'(u,, a'~", (¢)..) (- (E.5)
(iif) (Y(', @', ) € A(®) A, x Q)
PEeTL I € OF () (1, d) '), ', )

Using equation (29), we can extend the definition of sequential rationality.

DEFINITION E.2—Sequential rationality: Fix ¢ > 1, (u,,a""'), a canonical dynamic
mechanism given a'!, (¢¢).>,, and an agent-PBE (o4, w) of I'(i,, a™', (¢€)121). (€)=
is sequentially rational given (o 4, ) if the following hold:

1. For all ¢, : ® — A(A(®) x A), a distribution 1’ € Dpc(:, ¢;) exists such that the

principal prefers n(¢”)=74 to x/;
2. Forall it = (W, a', o) € A(®) Ay x Q, n@)=eoalhi™ ¢ O (u,,(h'*), a', a).

DEFINITION E.3—Canonical PBE-feasible outcomes: Fix ¢ > 1, (u,, a'™") € A(O) x
A'~'. The distribution n € A(® x A") is a canonical PBE-feasible outcome at (u,,a’") if
a canonical dynamic mechanism given a'~!, (¢¢),-,, and a canonical agent-PBE (o4, )
of T'(ws, a'=', (¢%),s,) exist such that:

1. m is the outcome distribution induced by (o4, w) in T'(u,, @', (¢5).=), and

2. (¢%),s, is sequentially rational given (o4, ).

O€ (s, a'") denotes the set of canonical PBE-feasible outcomes at (u,, a'').

REMARK E.1: Note that equation (29) requires neither that the continuation dynamic
mechanism is canonical nor that the agent-PBE is canonical from ¢ + 1 onwards. Adding
these requirements would lead to the same definition, at the cost of more complicated no-
tation. The reason is that requirement (iii) in equation (29) implies that the continuation
distributions must be induced by some canonical agent-PBE of some canonical dynamic
mechanism.

E.3. Preliminary Steps and Results for the Proof of Theorem 2

Proving Theorem 2 requires we show that for all £ > 1, and tuples (u,, ') € A(®) x
A", we have that O%(u,, a'') = O°(w,, a'"). There are two challenges relative to the
proof of Theorem 1. First, outcome distributions in O (u,, a'~') are defined relative to



18 L. DOVAL AND V. SKRETA

O%(wis1, a1, a,), so that to show that O% (w,, a') = O (u,, a'~'). We also need to know
how O% (w11, a1, a,) relates to O (w1, a'~!, a,). Second, the proof of Theorem 1 used
the behavioral strategies of the principal and the agent and proceeded forwards, modi-
fying at each step the assessment in period ¢ while leaving the continuation assessment
unchanged. Instead, O and O are defined relative to the principal and the agent’s “full
strategy” from period ¢ onwards.

To overcome these difficulties, we proceed as follows. To deal with the first, we use
a trick from dynamic games and define two operators, 7 and 7€, which describe the
set of (canonical) PBE-feasible outcomes relative to some set of feasible continuation
distributions, and whose fixed points correspond to the correspondences O and O€. This
allows us to fix the set of continuation outcome distributions for both solution concepts
making it easier to show that they implement the same set of outcome distributions. To
deal with the second challenge, we show below that the set Mg ) is in bijection with
the set of mechanisms with input and output messages Z = {(M, S)}. This implies we can
always translate a dynamic mechanism (¢.),-, with input and output messages (M, §)
and an agent-PBE of I'(u,, "', (¢,),=,) to a dynamic mechanism (¢’ ),-, with input and
output messages (0, A(®)) and an agent-PBE of I'(w,, '™, (¢.).2/)-

E.3.1. The Operators T and T°

Feasible continuation distributions. Throughout this section, we consider correspon-
dences ¢ : UL (A(®) x A"™") = A(O x AT), which describe the sets from which we draw
continuation distributions. Each i satisfies the following feasibility condition:

(Vt=1)
V(e a™') € AO®) x Ay € (e, a'™)

suppn € {(6,a"): @' =a""},
Ne = M-

(F)

We denote the set of all such correspondences by .

T and T ¢: We now define two operators, 7, 7 ¢ : W+ . The first operator 7 takes a
correspondence ¢ in W and determines for each ¢ > 1 and each (u,, a"') € A(®) x A",
the set of outcome distributions that are feasible when the principal selects mechanisms
with message sets (M, S) and continuation distributions must be drawn from . With this
in mind, define the set Df‘f S (e, a'', @) as follows:

n' €A(O x A7) : ' = nl¥)=rv where(¢) = (¢}, (¢}),.,.,) and
(i) (¢,)._, is a dynamic mechanism given a'~'
(i) (o, p') is an agent-PBE of I'(u,, a'™', (¢})__) 1 - (E.6)
(i) (V(s', @', w') € SA, x Q)
77(40’7)72:,0’/1|S’,a’,w’ e lﬁ(Mm(S', a, w/), a-!, a/)

This definition coincides with that in the main text except that in item (iii) we require
that the continuation outcome distribution is an element of (). The superscript in fo s
allows us to keep track of the message sets used by the dynamic mechanisms. We now
extend the definition of sequential rationality (Definition 4) to account for the correspon-
dence .
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DEFINITION E.4—Sequential rationality: Fix # > 1, (u,, a"'), a dynamic mechanism
(¢+)r= given a'~!, and an agent-PBE (o4, 1) of T'(ws, a1, (1) r21)- (@+) 1=, 18 sequentially
rational given (o4, w) and ¢ if the following hold:

1. Forall ¢, : M +— A(S x A), a distribution n’ € Df (-, @) exists such that the princi-

pal prefers n(¢7)=194 to 7/, and

2. Forall "' = (5, d', w') € SA, x Q, nlenm=noaliitt ¢ Y (B, a7, a').

DEFINITION E.5—7": The outcome distribution n € A(® x A") is PBE-feasible at
(nna™"') given ¢ if a dynamic mechanism given a'~!, (¢,),-,, and an agent-PBE of
T, a™', (©1)r21), (04, 1), exist such that:

1. m is the outcome distribution induced by (o4, u) on I'(w, @71, (¢.).=), and

2. (¢,).> is sequentially rational given (o4, p) and .

For each t > 1 and (u,, ") € A(®) x A, define T () (1;, a'~") to be the set of PBE-
feasible outcomes at (u,,a'"") given .

Thus, 7 takes in a correspondence ¢ and produces an alternative correspondence
T () € ¥. Note that O} is a fixed point of 7 and we take it to be the largest (in set
inclusion order) fixed point of 7.

The operator 7€ performs a similar operation in terms of canonical mechanisms and
canonical agent-PBE.

DEFINITION E.6—T7¢: The outcome distribution n € A(® x A”) is canonical PBE-
feasible at (u,a'~") given  if a canonical dynamic mechanism (¢¢).-, and a canonical
agent-PBE of I'(w,, a !, (¢€),=.), (04, 1), exist such that the following hold:

1. m is the outcome distribution induced by (o4, ) on I'(w,, ', (¢€),=),

2. (¢%)., is sequentially rational given (o4, ) and ¢ (using D(E’A@)).

For each ¢t > 1 and (u,, a'') € A(®) x A7, we define T () (u,, @) to be the set of
canonical PBE-feasible outcomes at (u,,a’~") given .

E.3.2. Bijection Between Mg sy and M, ;

PROPOSITION E.1—Bijection: Fix 7 and i, j € Z. Then a bijection exists between M, ;
and M@,A(@).

PROOF: Fix i, j € Z. By Kuratowski’s theorem, two measurable bijections exist, ¢, b,
where t: M;— © and b : S; — A(®). For each ¢ € M, ;, define ¢'(¢) € Mg s as fol-
lows: for all m € M;, ' (¢)(b(S) x A|t(m)) = ¢(S x A|nm). We now verify that ¢'(-) is an
injection. Let ¢, ¢, be such that ¢’'(¢,) = ¢'(¢2). Because b is a bijection, for all Ses i
there exists a unique U € A(®) such that § = b='(U). Similarly, because ¢ is a bijection,
for all m € M;, there exists a unique 6 such that m = t~'(6). Then we have

@1(S x Alm) = ¢, (b71(0) x A|t™'(m)) = @2(b(U) x At~ (m)) = ¢2(S x A|m),

where the second equality follows from the assumption that ¢'(¢;) = ¢’(¢,). This implies
that ¢; = ¢,. One can similarly construct an injection from Mg ) to M, ;. Theorem
1.2 in Aliprantis and Border (2006) then implies that a bijection exists between these
sets. QE.D.
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E.4. Proof of Theorem 2

The proof of Theorem 2 follows from Proposition E.2.
PROPOSITION E.2: Forall s € U, T () =T (&).

PROOF OF PROPOSITION E.2: Fix ¢y € ¥, t > 1, and (u,, a" ') € A(®) x A'~'. We show
that (i) T() € T(#) and (ii) T(¥) < T (#).

To show that (i) holds, let n € T () and let (¢,),>,, (04, u) denote the dynamic mech-
anism and the agent-PBE of T'(u,, a"!, (¢,).>,) that induce n. That n € T(¢)(w., a,)
follows from the following observations.

First, following the same steps as in the proof of Proposition 4 in Section D.1, one
can construct a dynamic canonical mechanism (¢¢).-, and a canonical agent-PBE of
T'(we, ary (¢5),=,) that implement m, thus satisfying item (1) in Definition E.6. Further-
more, because all continuation distributions over outcomes are preserved, item (2) in
Definition E.6 also holds.

Second, let @ denote the bijection between Mg a0y and M, s, which exists by Propo-
sition E.1. Thus, for every deviation to a mechanism ¢, in Mg @), We can find an

equivalent ®(¢)) € My s and 1’ € DA.:’S(,LL], a'', ®(¢,)) that deters the deviation to
®(¢;) and by successive application of Proposition E.1 can be shown to belong in

DY@ (i, a1, @)). Tt follows that T () (e, a'~') S TE (W) (e, a').
The proof that 7 () (u., a™") S T (¢)(we, a'') follows immediately from Proposi-
tion E.1, so we omit it. O.E.D.
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