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INTRODUCTION

MY ARGUMENT seamlessly extends to this case in which the Monte Carlo sample is drawn
from a general density function. Regardless of the sampling distribution, Rust’s algorithm
breaks the curse of dimensionality only if the number of state variables that are mean-
ingfully history dependent—that is, contingent on the prior period’s state s or action
a—is O(log(d)). However, the nature of this near memorylessness varies with the sam-
pling distribution. Under the uniform sampling distribution, almost all state variables, ti,
have a distribution that is arbitrarily close to a uniform distribution from almost all states
s ∈ [0�1]d . But under sampling density μd , almost all state variables, ti, have a distribution
that is arbitrarily close to the conditional marginal sampling distribution, μi

d(ti|t<i), from
almost all states s ∈ [0�1]d.

ANALYSIS

I will now derive the analog of each of Bray’s (2021) results under general sampling
density μd . Suppose the elements of md = {mi

d}
bd
i=1 are drawn from a distribution with

general density function μd , which has full support over [0�1]d.
In this case, Rust’s random Bellman operator would be

(
�̂bμ
d V
)
(s) ≡ max

a∈a
uda(s) +β

bd∑
i=1

V
(
mi

d

)
pμ

da

(
mi

d|s
)

bd∑
i=1

pμ
da

(
mi

d|s
) �

where

pμ
da(t|s) ≡ pda(t|s)/μd(t)�

We will call this operator’s fixed point, V̂ bμ
d , the Rust value function under sampling density

μ. Note that we can also express the standard Bellman operator in terms of pμ
da and μd:

(�dV )(s) = max
a∈a

uda(s) +β

∫
t∈[0�1]d

V (t)pμ
da(t|s)μd(dt)�

where

μd(dt) ≡ μd(t)λd(dt)�

We will now re-express our definitions, assumptions, and propositions in terms of μd .
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DEFINITION 7: A sequence of dynamic programs is strongly Rust solvable under sampling
density μ if, for all ε > 0, there exists b ∈ b such that supd∈N E(‖V̂ bμ

d − Vd‖) < ε.

DEFINITION 8: A sequence of dynamic programs is weakly Rust solvable under sampling
density μ if, for all ε > 0, there exists b ∈ b such that supd∈N E(‖V̂ bμ

d − Vd‖1) < ε.

DEFINITION 9: The ith state variable is ε-dependent under sampling density μ if
‖V μ�−i

d − Vd‖1 < ε, where V μ�−i
d is the value function under density function pμ�−i

da (t|s) ≡
pda(t|s)μi

d(ti|t<i)/pi
d(ti|t<i).

DEFINITION 10: A sequence of dynamic programs is nearly memoryless under sampling
density μ if, for all ε > 0, the number of state variables that are not ε-dependent under
sampling density μ is O(log(d)) as d → ∞.

DEFINITION 11: A sequence of dynamic programs whose Rust value functions un-

der sampling density μ are {V̂
bμ

d }d∈N Rust ε-approximates under sampling density μ a se-
quence of dynamic programs with value functions {Vd}d∈N if there exists b ∈ b for which

supd∈N E(‖V̂ bμ

d − Vd‖1) < ε.

ASSUMPTION 7: The scaled transition density function is Lipschitz continuous in its second
argument: For each d ∈ N and t ∈ [0�1]d, there exists Lipschitz constant �μd (t) ∈ R+ such that

maxa∈a supr∈[0�1]d sups∈[0�1]d\r
|pμ

da
(t|s)−p

μ
da

(t|r)|
�
μ
d

(t)‖s−r‖2
≤ 1.

ASSUMPTION 8: The square integral of the scaled transition density Lipschitz function with
respect to measure μd is bounded by a polynomial function of d: there exists Lμ ∈ b such that
supd∈N

∫
t∈[0�1]d �

μ
d (t)2μd(dt)/Lμ

d ≤ 1.

ASSUMPTION 9: At the origin, the scaled transition density function is bounded by a
polynomial function of d: there exists Mμ ∈ b such that maxa∈a supd∈N supt∈[0�1]d p

μ
da(t|0)/

Mμ
d ≤ 1.

ASSUMPTION 10: The scaled transition density function is bounded by a polynomial func-
tion of d: there exists Mμ ∈ b such that maxa∈a supd∈N sups�t∈[0�1]d p

μ
da(t|s)/Mμ

d ≤ 1.

PROPOSITION 1: Any sequence of dynamic programs that satisfies Assumptions 4, 3, 7, 8,
and 9 is strongly Rust solvable under sampling density μ.

PROPOSITION 2: Any sequence of dynamic programs that satisfies Assumptions 4, 3, and
10 is weakly Rust solvable under sampling density μ.

PROPOSITION 3: Every sequence of dynamic programs that satisfies Assumptions 4, 3, 7,
8, and 9 can be ε-approximated by a sequence that satisfies Assumptions 4, 3, and 10, for all
ε > 0.

PROPOSITION 4: Any sequence of dynamic programs that satisfies Assumptions 4, 3, and
10 is nearly memoryless under sampling density μ.
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PROPOSITION 5: Any sequence of dynamic programs that (i) is weakly Rust solvable under
sampling density μ and (ii) satisfies Assumptions 4 and 3 can be Rust ε-approximated un-
der sampling density μ by a sequence of dynamic programs that is nearly memoryless under
sampling density μ, for all ε > 0.

PROOFS

PROPOSITION 1: Any sequence of dynamic programs that satisfies Assumptions 4, 3, 7, 8,
and 9 is strongly Rust solvable under sampling density μ.

PROOF: For d ∈ N, V ∈Vd , a ∈ a, and b ∈ b, define

(
�̂bμ
daV
)
(s) ≡ uda(s) +β

bd∑
i=1

V
(
mi

d

)
pμ

da

(
mi

d|s
)

bd∑
i=1

pμ
da

(
mi

d|s
) �

(
�̃bμ
daV
)
(s) ≡ uda(s) +β

bd∑
i=1

V
(
mi

d

)
pμ

da

(
mi

d|s
)
/bd�

and

Zbμ
da (s) ≡ β

bd∑
i=1

gi
dV
(
mi

d

)
pμ

da

(
mi

d|s
)
/
√
bd�

where {gi
d}

bd
i=1 is a set of independent standard normal random variables. Since

E((�̃bμ
daV )(s)) = (�daV )(s), where �da is defined in the proof of Proposition 1, Pollard’s

(1989) seventh equation implies that

E
(∥∥�̃bμ

daV − �daV
∥∥2)≤ 2π√

bd

E
(

sup
s∈[0�1]d

Zbμ
da (s)2

)
� (1)

We will now bound the expectation on the right. First, note that

E
(∣∣Zbμ

da (t) −Zbμ
da (s)
∣∣2 :md

)= β2
bd∑
i=1

∣∣V (mi
d

)(
pμ

da

(
mi

d|t
)−pμ

da

(
mi

d|s
))∣∣2/bd

≤
(
βKd‖t − s‖2

1 −β

)2 bd∑
i=1

�μd
(
mi

d

)2
/bd� (2)

This expression implies that

δm
d ≡ βKd

1 −β

√√√√ bd∑
i=1

d�μd
(
mi

d

)2
/bd

≥ sup
s�t∈[0�1]d

√
E
(∣∣Zbμ

da (t) −Zbμ
da (s)
∣∣2 :md

)
� (3)
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Now, for a given x > 0, divide [0�1]d into f (x) ≡ 	δm
d /(2x)
d equally sized cubes, and

define {cix}
f (x)
i=1 as the center points of these cubes. By design, these center points satisfy

sup
s∈[0�1]d

min
i∈{1�����f (x)}

∥∥s − cix
∥∥

2
≤ x(1 −β)

βKd

√√√√ bd∑
i=1

�μd
(
mi

d

)2
/bd

�

which with (2) implies that

sup
s∈[0�1]d

min
i∈{1�����f (x)}

E
(∣∣Zbμ

da (s) −Zbμ
da

(
cix
)∣∣2 :md

)≤ x2� (4)

Now combining (3) and (4) with Pollard’s (1989) eighth equation yields√
E
(

sup
s∈[0�1]d

Zbμ
da (s)2 :md

)
−
√

E
(
Zbμ

da (0)2 :md

)

≤ C

∫ δm
d

0

√
log
(
f (x)
)
dx

= Cδm
d

√
d

∫ 1

0

√
log(1/u) du

= Cδm
d

√
dπ/2�

where C ≥ 1 is a universal constant that is independent of all model parameters. And
since x− y ≤ z implies x2 ≤ 2y2 + 2z2 for all x� y� z ∈ R, this implies that

E
(

sup
s∈[0�1]d

Zbμ
da (s)2

)
= E
(

E
(

sup
s∈[0�1]d

Zbμ
da (s)2 :md

))

≤ E
(
2 E
(
Zbμ

da (0)2 :md

)+ (Cδm
d

)2
dπ
)

≤ 2
(
βKdM

μ
d

1 −β

)2

+π

(
dβCKd

1 −β

)2

E
(
�μd
(
mi

d

)2)

≤
(

βKd

1 −β

)2(
2
(
Mμ

d

)2 +πd2C2Lμ
d

)
�

Now combining this with (1) and applying Jensen’s inequality yields, for all V ∈ Vd ,

E
(∥∥�̃bμ

daV − �daV
∥∥)≤√E

(∥∥�̃bμ
daV − �daV

∥∥2)
≤
√

2π√
bd

E
(

sup
s∈[0�1]d

Zbμ
da (s)2

)

≤ 2πβKd

b1/4
d (1 −β)

√(
Mμ

d

)2 + d2C2Lμ
d � (5)
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Next, define constant function ιd ∈ Vd , where ιd(t) = Kd/(1−β) for all t ∈ [0�1]d. With
this, (5) yields

E
(∥∥�̂bμ

daVd − �̃bμ
daVd

∥∥)= E

⎛
⎜⎜⎜⎜⎜⎝ sup

s∈[0�1]d

∣∣∣∣∣∣∣∣∣∣∣

(
1 −

bd∑
i=1

pμ
da

(
mi

d|s
)
/bd

)
β

bd∑
i=1

V
(
mi

d

)
pμ

da

(
mi

d|s
)

bd∑
i=1

pμ
da

(
mi

d|s
)

∣∣∣∣∣∣∣∣∣∣∣

⎞
⎟⎟⎟⎟⎟⎠

≤ βKd

1 −β
E

(
sup

s∈[0�1]d

∣∣∣∣∣1 −
bd∑
i=1

pμ
da

(
mi

d|s
)
/bd

∣∣∣∣∣
)

= E
(∥∥�̃bμ

daιd − �daιd
∥∥)

≤ 2πβKd

b1/4
d (1 −β)

√(
Mμ

d

)2 + d2C2Lμ
d �

Combining this with (5) yields

E
(∥∥�̂bμ

d Vd − Vd

∥∥)= E
(∥∥�̂bμ

d Vd − �dVd

∥∥)
≤
∑
a∈a

E
(∥∥�̂bμ

daVd − �daVd

∥∥)

≤
∑
a∈a

E
(∥∥�̂bμ

daVd − �̃bμ
daVd

∥∥)+ E
(∥∥�̃bμ

daVd − �daVd

∥∥)

≤ 4|a|πβKd

b1/4
d (1 −β)

√(
Mμ

d

)2 + d2C2Lμ
d �

And with this, Rust’s (1997b) Lemma 2.2 establishes that

E
(∥∥V̂ bμ

d − Vd

∥∥)≤ E
(∥∥�̂bμ

d Vd − Vd

∥∥)/(1 −β)

≤ 4|a|πβKd

b1/4
d (1 −β)2

√(
Mμ

d

)2 + d2C2Lμ
d �

which is smaller than ε when bd is larger than ( 4|a|πβKd

ε(1−β)2

√
(Mμ

d )2 + d2C2Lμ
d )4. Q.E.D.

PROPOSITION 2: Any sequence of dynamic programs that satisfies Assumptions 4, 3, and
10 is weakly Rust solvable under sampling density μ.

PROOF: Assumptions 3 and 10 ensure that |V (t)pμ
da(t|s)| ≤ KdM

μ
d /(1 − β) for all

V ∈ V. Hence, for V ∈ V, Popoviciu’s inequality implies that Var(V (mi
d)pμ

da(mi
d|s)) ≤

(KdM
μ
d )2/(1 −β)2, and thus that

Var

(
bd∑
i=1

V
(
mi

d

)
pμ

da

(
mi

d|s
)
/bd

)
≤
(
KdM

μ
d

)2
bd(1 −β)2 �
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Accordingly, Chebyshev’s inequality establishes, for a given δ > 0 and V ∈V, that

Pr
(
yb
d (s) = 1

)≤
(
KdM

μ
d

)2
δ2bd(1 −β)2 �

where

yb
d (s) ≡ 1

{∣∣∣∣∣
bd∑
i=1

V
(
mi

d

)
pμ

da

(
mi

d|s
)
/bd −

∫
t∈[0�1]d

Vd(t)pda(t|s)λd(dt)

∣∣∣∣∣> δ

}
�

And this implies for V ∈V that

E
(∣∣(̃�bμ

da
V
)
(s) − (�daV )(s)

∣∣)

= βE

(∣∣∣∣∣
bd∑
i=1

V
(
mi

d

)
pμ

da

(
mi

d|s
)
/bd −

∫
t∈[0�1]d

Vd(t)pda(t|s)λd(dt)

∣∣∣∣∣
)

≤ Pr
(
yb
d (s) = 0

)
E

(∣∣∣∣∣
bd∑
i=1

V
(
mi

d

)
pμ

da

(
mi

d|s
)
/bd −

∫
t∈[0�1]d

Vd(t)pda(t|s)λd(dt)

∣∣∣∣∣ : yb
d (s) = 0

)

+ Pr
(
yb
d (s) = 1

)
× E

(∣∣∣∣∣
bd∑
i=1

V
(
mi

d

)
pμ

da

(
mi

d|s
)
/bd −

∫
t∈[0�1]d

Vd(t)pda(t|s)λd(dt)

∣∣∣∣∣ : yb
d (s) = 1

)

≤ 1 · δ+
(
KdM

μ
d

)2
δ2bd(1 −β)2 · 2KdM

μ
d /(1 −β)

= δ+ 2
(
KdM

μ
d

)3
δ2bd(1 −β)3 �

where �̃bμ
da is defined in the proof of Proposition 1 and �da is defined in the proof of

Proposition 1. Hence, for V ∈V, we have

E
(∥∥�̃bμ

daV − �daV
∥∥

1

)≤ δ+ 2
(
KdM

μ
d

)3
δ2bd(1 −β)3 � (6)

And this, in turn, implies that

E
(∥∥�̂bμ

daVd − �̃bμ
daVd

∥∥
1

)

= E

⎛
⎜⎜⎜⎜⎜⎝
∫
s∈[0�1]d

∣∣∣∣∣∣∣∣∣∣∣

(
1 −

bd∑
i=1

pμ
da

(
mi

d|s
)
/bd

)
β

bd∑
i=1

Vd

(
mi

d

)
pμ

da

(
mi

d|s
)

bd∑
i=1

pμ
da

(
mi

d|s
)

∣∣∣∣∣∣∣∣∣∣∣
λd(ds)

⎞
⎟⎟⎟⎟⎟⎠
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≤ βKd

1 −β
E

(∫
s∈[0�1]d

∣∣∣∣∣1 −
bd∑
i=1

pμ
da

(
mi

d|s
)
/bd

∣∣∣∣∣λd(ds)

)

= E
(∥∥�̃bμ

daιd − �daιd
∥∥

1

)
≤ δ+ 2

(
KdM

μ
d

)3
δ2bd(1 −β)3 � (7)

where �̂bμ
da and ιd are defined in the proof of Proposition 1. Now combining (6) and (7)

yields

E
(∥∥�̂bμ

d Vd − Vd

∥∥
1

)= E
(∥∥�̂bμ

d Vd − �dVd

∥∥
1

)
≤
∑
a∈a

E
(∥∥�̂bμ

daVd − �daVd

∥∥
1

)

≤
∑
a∈a

E
(∥∥�̂bμ

daVd − �̃bμ
daVd

∥∥
1

)+ E
(∥∥�̃bμ

daVd − �daVd

∥∥
1

)

≤ 2|a|δ+ 4|a|(KdM
μ
d

)3
δ2bd(1 −β)3 �

And with this, Rust’s (1997b) Lemma 2.2 establishes that

E
(∥∥V̂ bμ

d − Vd

∥∥
1

)≤ E
(∥∥�̂bμ

d Vd − Vd

∥∥
1

)
/(1 −β)

≤ 2|a|δ/(1 −β) + 4|a|(KdM
μ
d

)3
δ2bd(1 −β)4 �

which is less than ε when δ < ε(1−β)
4|a| and bd >

8|a|(KdM
μ
d

)3

δ2ε(1−β)4 . Q.E.D.

PROPOSITION 3: Every sequence of dynamic programs that satisfies Assumptions 4, 3, 7,
8, and 9 can be ε-approximated by a sequence that satisfies Assumptions 4, 3, and 10, for all
ε > 0.

PROOF: First, choose ε > 0 small enough so that
∫
t∈[0�1]d �

μ
d (t)μd(dt) > δd ≡ ε(1−β)2

2aβKd

√
d
.

Second, set γd ∈ R such that
∫
t∈[0�1]d max(0� �μd (t) − γd)μd(dt) = δd . Third, define proba-

bility density function

ωμ
d (t) ≡ 1

{
�μd (t) ≥ γd

}∫
r∈[0�1]d

1
{
�μd (r) ≥ γd

}
μd(dr)

�

Fourth, Jensen’s inequality yields∫
t∈[0�1]d

�μd (t)2μd(dt)

≥
∫
t∈[0�1]d

1
{
�μd (t) ≥ γd

}
�μd (t)2μd(dt)
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=
∫
t∈[0�1]d

ωμ
d (t)�μd (t)2μd(dt)

∫
r∈[0�1]d

1
{
�μd (r) ≥ γd

}
μd(dr)

≥
(∫

t∈[0�1]d
ωμ

d (t)�μd (t)μd(dt)
)2 ∫

r∈[0�1]d
1
{
�μd (r) ≥ γd

}
μd(dr)

=
(
γd +

∫
t∈[0�1]d

max
(
0� �μd (t) − γd

)
μd(dt)∫

r∈[0�1]d
1
{
�μd (r) ≥ γd

}
μd(dr)

)2 ∫
r∈[0�1]d

1
{
�μd (r) ≥ γd

}
μd(dr)

=
(
γd + δd∫

r∈[0�1]d
1
{
�μd (r) ≥ γd

}
μd(dr)

)2 ∫
r∈[0�1]d

1
{
�μd (r) ≥ γd

}
μd(dr)

≥ min
y∈R+

(γd + δd/y)2y

= 2γdδd�

which with Assumption 8 implies

γd ≤ Lμ
d/(2δd)�

Fifth, define probability density function

pμ

da
(t|s) ≡ pμ

da(t|s) + 1 −
∫
r∈[0�1]d

pμ
da(r|s)μd(dr)�

where

pμ
da(t|s) ≡ max

(
pμ

da(t|0) + √
dγd�p

μ
da(t|s)

)
�

This density function satisfies Assumption 10, since

pμ

da
(t|s) ≤ pμ

da(t|s) + 1

≤ pμ
da(t|0) + √

dγd + 1

≤Mμ
d + √

dLμ
d/(2δd) + 1

=Mμ
d + aβKdL

μ
dd

ε(1 −β)2 + 1�

which is polynomially bounded. Also, by design we have∫
t∈[0�1]d

∣∣pμ

da
(t|s) −pμ

da(t|s)
∣∣μd(dt)

=
∫
t∈[0�1]d

∣∣∣∣pμ
da(t|s) + 1 −

∫
r∈[0�1]d

pμ
da(r|s)μd(dr) −pμ

da(t|s)
∣∣∣∣μd(dt)

=
∫
t∈[0�1]d

∣∣∣∣pμ
da(t|s) +

∫
r∈[0�1]d

(
pμ

da(r|s) −pμ
da(r|s)

)
μd(dr) −pμ

da(t|s)
∣∣∣∣μd(dt)
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≤
∫
t∈[0�1]d

∣∣pμ
da(t|s) −pμ

da(t|s)
∣∣μd(dt) +

∫
r∈[0�1]d

∣∣pμ
da(r|s) −pμ

da(r|s)
∣∣μd(dr)

= 2
∫
t∈[0�1]d

∣∣pμ
da(t|s) −pμ

da(t|s)
∣∣μd(dt)

≤ 2
∫
t∈[0�1]d

max
(
0� �μd (t)‖t‖ − √

dγd

)
μd(dt)

≤ 2
√
d

∫
t∈[0�1]d

max
(
0� �μd (t) − γd

)
)μd(dt)

= 2
√
dδd� (8)

Now let �μ
d represent the Bellman operator under density function pμ

da
. With (8), we find

that this operator satisfies∥∥�μ
dVd − Vd

∥∥= ∥∥�μ
dVd − �dVd

∥∥
≤
∑
a∈a

sup
s∈[0�1]d

β

∣∣∣∣
∫
t∈[0�1]d

Vd(t)
(
pμ

da
(t|s) −pμ

da(t|s)
)
μd(dt)

∣∣∣∣
≤ βKd

1 −β

∑
a∈a

sup
s∈[0�1]d

∫
t∈[0�1]d

∣∣pμ

da
(t|s) −pμ

da(t|s)
∣∣μd(dt)

≤ βKd

1 −β

∑
a∈a

sup
s∈[0�1]d

2
√
dδd

= 2aβδdKd

√
d

1 −β

= ε(1 −β)�

And with this, Rust’s (1997b) Lemma 2.2 establishes that ‖V μ
d − Vd‖ ≤ ε, where V μ

d is the
fixed point of �μ

d . Q.E.D.

PROPOSITION 4: Any sequence of dynamic programs that satisfies Assumptions 4, 3, and
10 is nearly memoryless under sampling density μ.

PROOF: Pinsker’s inequality establishes that

∥∥λ1 −pi
da(·|s� t<i)

∥∥
1
≤
√

2κ
(
pi

da(·|s� t<i)�λ1

)
�

And this implies that∫
t≥i∈[0�1]d−i+1

∣∣p−i
da(t<i� t≥i|s) −pda(t<i� t≥i|s)

∣∣λd−i+1(dt≥i)

=
∫
ti∈[0�1]

∫
t≥i+1∈[0�1]d−i

∣∣p−i
da(t<i� ti� t≥i+1|s) −pda(t<i� tit≥i+1|s)

∣∣λd−i(dt≥i+1)λ1(dti)

=
∫
ti∈[0�1]

∣∣1 −pi
da(ti|s� t<i)

∣∣ ∫
t≥i+1∈[0�1]d−i

p−i
da(t<i� ti� t≥i+1|s)λd−i(dt≥i+1)λ1(dti)
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=
∫
ti∈[0�1]

∣∣1 −pi
da(ti|s� t<i)

∣∣
∫
t≥i+1∈[0�1]d−i

pda(t<i� ti� t≥i+1|s)λd−i(dt≥i+1)

pi
da(ti|s� t<i)

λ1(dti)

=
∫
ti∈[0�1]

∣∣1 −pi
da(ti|s� t<i)

∣∣p<i+1
d (t<i� ti)

pi
da(ti|s� t<i)

λ1(dti)

= p<i
d (t<i)

∫
ti∈[0�1]

∣∣1 −pi
da(ti|s� t<i)

∣∣λ1(dti)

= p<i
d (t<i)

∥∥λ1 −pi
da(·|s� t<i)

∥∥
1

≤ p<i
d (t<i)

√
2κ
(
pi

da(·|s� t<i)�λ1

)
�

And with this, Jensen’s inequality yields∥∥p−i
da(·|s) −pda(·|s)∥∥

1

=
∫
t∈[0�1]d

∣∣p−i
da(t|s) −pda(t|s)

∣∣λd(dt)

=
∫
t<i∈[0�1]i−1

∫
t≥i∈[0�1]d−i+1

∣∣p−i
da(t<i� t≥i|s) −pda(t<i� t≥i|s)

∣∣λd−i+1(dt≥i)λi−1(dt<i)

≤
∫
t<i∈[0�1]i−1

p<i
d (t<i)

√
2κ
(
pi

da(·|s� t<i)�λ1

)
λi−1(dt<i)

≤
√

2
∫
t<i∈[0�1]i−1

p<i
d (t<i)κ

(
pi

da(·|s� t<i)�λ1

)
λi−1(dt<i)

=
√

2 E
(
κ
(
pi

da(·|s� t<i)�λ1

))
�

Next, Lemma 1 implies that there exist m�n ∈N such that
∑d

i=1 E(κ(pi
da(·|s� t<i)�λ1)) <

m+n log(d), for all d ∈N. Since κ(pi
da(·|s� t<i)�λ1) ≥ 0, this implies that for a given γ > 0,

the inequality
√

2 E(κ(pi
da(·|s� t<i)�λ1)) ≤ γ holds for at least d − 2(m + n log(d))/γ2

values of i. And with the result above, this implies that ‖p−i
da(·|s) −pda(·|s)‖1 < γ

holds for at least d − 2(m + n log(d))/γ2 values of i. Now define �i
da = {s ∈ [0�1]d :

‖p−i
da(·|s) −pda(·|s)‖1 < γ} as the set points that satisfy this inequality for a given i ∈

{1� � � � � d}. The Lebesgue measures of these sets satisfy

d∑
i=1

λd

(
�i

da

)= d∑
i=1

∫
s∈[0�1]d

1
{
s ∈ �i

da

}
λd(ds)

=
∫
s∈[0�1]d

d∑
i=1

1
{
s ∈ �i

da

}
λd(ds)

≥
∫
s∈[0�1]d

(
d − 2
(
m+ n log(d)

)
/γ2
)
λd(ds)

= d − 2
(
m+ n log(d)

)
/γ2�
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Since λd(�i
da) ≤ 1, this implies that

λd

(
�i

da

)≥ 1 − δ (9)

holds for at least d − 2(m + n log(d))/(δγ2) values of i. Thus, for i that satisfies (9), we
have ∥∥�−i

daVd − �daVd

∥∥
1
=
∫
s∈[0�1]d

∣∣∣∣uda(s) +β

∫
t∈[0�1]d

V (t)p−i
da(t|s)λd(dt)

− uda(s) −β

∫
t∈[0�1]d

V (t)pda(t|s)λd(dt)
∣∣∣∣λd(ds)

= β

∫
s∈[0�1]d

∣∣∣∣
∫
t∈[0�1]d

Vd(t)
(
p−i

da(t|s) −pda(t|s)
)
λd(dt)

∣∣∣∣λd(ds)

≤ β‖Vd‖
∫
s∈[0�1]d

∥∥p−i
da(·|s) −pda(·|s)∥∥

1
λd(ds)

≤β‖Vd‖
(∫

s∈�i
da

∥∥p−i
da(·|s) −pda(·|s)∥∥

1
λd(ds)

+
∫
s∈[0�1]d\�i

da

(∥∥p−i
da(·|s)∥∥

1
+ ∥∥pda(·|s)∥∥

1

)
λd(ds)

)

≤ β‖Vd‖
(∫

s∈�i
da

γλd(ds) +
∫
s∈[0�1]d\�i

da

2λd(ds)
)

= β‖Vd‖
(
γλd

(
�i

da

)+ 2
(
1 − λd

(
�i

da

)))
≤ β
(
Kd/(1 −β)

)
(γ + 2δ)�

where �da is the action-a Bellman operator defined in the proof of Proposition 1, and �−i
da

is the analogous operator under p−i
da. Thus, for i that satisfies (9), we have∥∥�−i

d Vd − Vd

∥∥
1
= ∥∥�−i

d Vd − �dVd

∥∥
1

≤
∑
a∈a

∥∥�−i
daVd − �daVd

∥∥
1

≤ |a|β(Kd/(1 −β)
)
(γ + 2δ)�

where �−i
d is the analog of �d under p−i

d . And with this, Rust’s (1997b) Lemma 2.2 implies
that ‖V −i

d − Vd‖1 < |a|βKd(γ + 2δ)/(1 − β)2 holds for i that satisfies (9). Hence, setting
γ = δ= ε(1−β)2

4|a|βKd
, we find that ‖V −i

d − Vd‖1 < ε holds for at least d−2(m+n log(d))/(δγ2) =
d − 128( |a|βKd

ε(1−β)2 )3(m+ n log(d)) values of i. Q.E.D.

LEMMA 1: Assumption 10 implies that there exist m�n ∈N such that

max
a∈a

sup
d∈N

sup
s∈[0�1]d

d∑
i=1

E
(
κ
(
pi

d(·|t<i)�μi
d(·|t<i)

)
m+ n log(d)

< 1�
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PROOF: The following implies the result:

sup
t∈[0�1]d

pμ
da(t|s) = exp

(
sup

t∈[0�1]d
log
(
pμ

da(t|s)
))

≥ exp
(∫

t∈[0�1]d
log
(
pμ

da(t|s)
)
pda(t|s)λd(dt)

)

= exp

(
d∑

i=1

∫
t∈[0�1]d

log
(
pi

da(ti|s� t<i)
μi

d(ti|t<i)

)
pda(t|s)λd(dt)

)

= exp

(
d∑

i=1

E
(
κ
(
pi

da(·|s� t<i)�μi
d(·|t<i)

)))
�

Q.E.D.

PROPOSITION 4: Any sequence of dynamic programs that satisfies Assumptions 4, 3, and
10 is nearly memoryless under sampling density μ.

PROOF: Pinsker’s inequality establishes that

∥∥pi
da(·|s� t<i) −μi

d(·|t<i)
∥∥

1
≤
√

2κ
(
pi

da(·|s� t<i)�μi
d(·|t<i)

)
�

And this implies that∫
t≥i∈[0�1]d−i+1

∣∣pμ�−i
da (t<i� t≥i|s) −pda(t<i� t≥i|s)

∣∣λd−i+1(dt≥i)

=
∫
t≥i∈[0�1]d−i+1

∣∣μi
d(ti|t<i)/pi

da(ti|s� t<i) − 1
∣∣pda(t<i� ti� t≥i+1|s)λd−i+1(dt≥i)

=
∫
ti∈[0�1]

∣∣μi
d(ti|t<i)/pi

da(ti|s� t<i) − 1
∣∣p<i+1

d (t<i� ti)λ1(dti)

= p<i
d (t<i)

∫
ti∈[0�1]

∣∣μi
d(ti|t<i) −pi

da(ti|s� t<i)
∣∣λ1(dti)

= p<i
d (t<i)

∥∥μi
d(·|t<i) −pi

da(·|s� t<i)
∥∥

1

≤ p<i
d (t<i)

√
2κ
(
pi

da(·|s� t<i)�μi
d(·|t<i)

)
�

And with this, Jensen’s inequality yields

∥∥pμ�−i
da (·|s) −pda(·|s)∥∥

1
=
∫
t∈[0�1]d

∣∣pμ�−i
da (t|s) −pda(t|s)

∣∣λd(dt)

≤
∫
t<i∈[0�1]i−1

p<i
d (t<i)

√
2κ
(
pi

da(·|s� t<i)�μi
d(·|t<i)

)
λi−1(dt<i)

≤
√

2
∫
t<i∈[0�1]i−1

p<i
d (t<i)κ

(
pi

da(·|s� t<i)�μi
d(·|t<i)

)
λi−1(dt<i)

=
√

2 E
(
κ
(
pi

da(·|s� t<i)�μi
d(·|t<i)

))
�
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Next, Lemma 1 implies that there exist m�n ∈ N such that
∑d

i=1 E(κ(pi
da(·|s� t<i)�

μi
d(·|t<i))) <m + n log(d), for all d ∈ N. Since κ(pi

da(·|s� t<i)�μi
d(·|t<i)) ≥ 0, this implies

that for a given γ > 0, the inequality
√

2 E(κ(pi
da(·|s� t<i)�μi

d(·|t<i))) ≤ γ holds for at
least d − 2(m + n log(d))/γ2 values of i. And with the result above, this implies that
‖pμ�−i

da (·|s) −pda(·|s)‖1 < γ holds for at least d − 2(m + n log(d))/γ2 values of i. Now
define �μ�i

da = {s ∈ [0�1]d : ‖pμ�−i
da (·|s) −pda(·|s)‖1 < γ} as the set points that satisfy this

inequality for a given i ∈{1� � � � � d}. The Lebesgue measures of these sets satisfy

d∑
i=1

λd

(
�μ�i

da

)= d∑
i=1

∫
s∈[0�1]d

1
{
s ∈ �μ�i

da

}
λd(ds)

=
∫
s∈[0�1]d

d∑
i=1

1
{
s ∈ �μ�i

da

}
λd(ds)

≥
∫
s∈[0�1]d

(
d − 2
(
m+ n log(d)

)
/γ2
)
λd(ds)

= d − 2
(
m+ n log(d)

)
/γ2�

Since λd(�μ�i
da ) ≤ 1, this implies that

λd

(
�μ�i

da

)≥ 1 − δ (10)

holds for at least d − 2(m+ n log(d))/(δγ2) values of i. Thus, for i that satisfies (10), we
have

∥∥�μ�−i
da Vd − �daVd

∥∥
1
=
∫
s∈[0�1]d

∣∣∣∣uda(s) +β

∫
t∈[0�1]d

V (t)pμ�−i
da (t|s)λd(dt)

− uda(s) −β

∫
t∈[0�1]d

V (t)pda(t|s)λd(dt)
∣∣∣∣λd(ds)

= β

∫
s∈[0�1]d

∣∣∣∣
∫
t∈[0�1]d

Vd(t)
(
pμ�−i

da (t|s) −pda(t|s)
)
λd(dt)

∣∣∣∣λd(ds)

≤ β‖Vd‖
∫
s∈[0�1]d

∥∥pμ�−i
da (·|s) −pda(·|s)∥∥

1
λd(ds)

≤ β‖Vd‖
(∫

s∈�μ�i
da

∥∥pμ�−i
da (·|s) −pda(·|s)∥∥

1
λd(ds)

+
∫
s∈[0�1]d\�μ�i

da

(∥∥pμ�−i
da (·|s)∥∥

1
+ ∥∥pda(·|s)∥∥

1

)
λd(ds)

)

≤ β‖Vd‖
(∫

s∈�μ�i
da

γλd(ds) +
∫
s∈[0�1]d\�μ�i

da

2λd(ds)
)

= β‖Vd‖
(
γλd

(
�μ�i

da

)+ 2
(
1 − λd

(
�μ�i

da

)))
≤ β
(
Kd/(1 −β)

)
(γ + 2δ)�
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where �da is the action-a Bellman operator defined in the proof of Proposition 1, and
�μ�−i
da is the analogous operator under pμ�−i

da . Thus, for i that satisfies (10), we have∥∥�μ�−i
d Vd − Vd

∥∥
1
= ∥∥�μ�−i

d Vd − �dVd

∥∥
1

≤
∑
a∈a

∥∥�μ�−i
da Vd − �daVd

∥∥
1

≤ |a|β(Kd/(1 −β)
)
(γ + 2δ)�

where �μ�−i
d is the analog of �d under pμ�−i

d . And with this, Rust’s (1997b) Lemma 2.2 im-
plies that ‖V μ�−i

d − Vd‖1 < |a|βKd(γ + 2δ)/(1 − β)2 holds for i that satisfies (10). Hence,
setting γ = δ = ε(1−β)2

4|a|βKd
, we find that ‖V μ�−i

d − Vd‖1 < ε holds for at least d − 2(m +
n log(d))/(δγ2) = d − 128( |a|βKd

ε(1−β)2 )3(m+ n log(d)) values of i. Q.E.D.

PROPOSITION 5: Any sequence of dynamic programs that (i) is weakly Rust solvable under
sampling density μ and (ii) satisfies Assumptions 4 and 3 can be Rust ε-approximated un-
der sampling density μ by a sequence of dynamic programs that is nearly memoryless under
sampling density μ, for all ε > 0.

PROOF: Define �μ
d as a general set with measure b−2

d under sampling density μ:∫
t∈�μ

d
μd(dt) = b−2

d . And use this to define the following probability transition density func-
tion:

pμb

da
(t|s) ≡ 1

{
pμ

da(t|s) ≤ b2
d

}
pμ

da(t|s) + b2
d1
{
t ∈ �μ

d

}
pμ

da(s)�

where

pμ
da(s) ≡

∫
r∈[0�1]d

1
{
pμ

da(r|s) > b2
d

}
pμ

da(r|s)μd(dr)�

This density function funnels all the mass that exceeds b2
d into �μ

d . Since it never exceeds
2b2

d , this density function satisfies Assumption 10. So Proposition 4 establishes that this
density function corresponds with a sequence of dynamic programs that is nearly memo-
ryless under sampling density μ (given Assumptions 4 and 3).

Define the following as the set of points for which the new density function equals the
old density function:

�μb
d (s) ≡{t ∈ [0�1]d : pμb

da
(t|s) = pμ

da(t|s) ∀ a ∈ a
}
�

The measure of this set under sampling density μ satisfies∫
t∈�μ

d
(s)
μd(dt) ≥ 1 −

∫
t∈�μ

d

μd(dt) −
∑
a∈a

∫
t∈[0�1]d

1
{
pμ

da(r|s) > b2
d

}
)μd(dt)

≥ 1 − b−2
d − b−2

d

∑
a∈a

∫
t∈[0�1]d

1
{
pμ

da(r|s) > b2
d

}
pμ

da(r|s)μd(dt)

≥ 1 − b−2
d − b−2

d

∑
a∈a

∫
t∈[0�1]d

pμ
da(r|s)μd(dt)

≥ 1 − (1 + |a|)/b2
d�
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The probability that this set contains all mi
d values satisfies

Pr

(
bd⋃
i=1

mi
d ⊂�b

d(s)

)

=
(∫

t∈�μ
d

(s)
μd(dt)

)bd

≥ (1 − (1 + |a|)/b2
d

)bd
= exp

(
bd log
(
1 − (1 + |a|)/b2

d

))
= exp

(
bd

(−(1 + |a|)/b2
d − (1 + |a|)2/(2b4

d

)− (1 + |a|)3/(3b6
d

)− · · · ))
> exp

(−(1 + |a|)/bd

)
> 1 − (1 + |a|)/bd� (11)

Next, define �̂
μb

d as Rust’s random Bellman operator evaluated under density function
pμb

da
. Since V̂ μb

d ∈Vd , we have

∣∣(�̂μb

d V̂ μb
d

)
(s) − (�̂μb

d V̂ μb
d

)
(s)
∣∣≤ βKd/(1 −β)� (12)

And if
⋃bd

i=1 m
i
d ⊂�b

d(s), then

∣∣(�̂μb

d V̂ μb
d

)
(s) − (�̂μb

d V̂ μb
d

)
(s)
∣∣= 0� (13)

Now combining (11)–(13) yields

E
(∥∥�̂μb

d V̂ μb
d − V̂ μb

d

∥∥
1

)= E
(∥∥�̂μb

d V̂ μb
d − �̂μb

d V̂ μb
d

∥∥
1

)
=
∫
s∈[0�1]d

E
(∣∣(�̂μb

d V̂ μb
d

)
(s) − (�̂μb

d V̂ μb
d

)
(s)
∣∣)λd(ds)

≤
∫
s∈[0�1]d

βKd/(1 −β)

(
1 − Pr

(
μbd⋃
i=1

mi
d ⊂�μb

d (s)

))
λd(ds)

<

∫
s∈[0�1]d

βKd

(
1 + |a|)

bd(1 −β)
λd(ds)

= βKd

(
1 + |a|)

bd(1 −β)
�

And with this, we can use Rust’s (1997b) Lemma 2.2 to establish that

E
(∥∥V̂ μb

d − V̂ μb
d

∥∥
1

)≤E
(∥∥�̂μb

d V̂ μb
d − V̂ μb

d

∥∥
1

)
/(1 −β) <

βKd

(
1 + |a|)

bd(1 −β)2 � (14)
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Now, for a given ε > 0, choose b ∈ b such that βKd (1+|a|)
bd (1−β)2 < ε/2 and E(‖V̂ μb

d − Vd‖1) <

ε/2. And with this, (14) yields E(‖V̂ μb

d − Vd‖1) ≤ E(‖V̂ μb

d − V̂ μb
d ‖1) + E(‖V̂ μb

d − Vd‖1) <
ε. Q.E.D.
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