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S.1. PROOF OF THEOREM 4

WE ONLY PROVE the asymptotic distribution of A; since the proof for f, is symmetric.

Without loss of generality, we assume that S= sgn(F "Fo/T) =1, to simply the notation.
Define o(u) = [t — K(u/ h)]u, so that we can write the objective function as

N T
Swr(6) = % ;ZI o(Xu — Aif).
Let oY (u) = (d/du) o(u) for j =1, 2, 3. For fixed A;, f,, define
0 (Xi — Xifi) =E[0? (X, — Aif))] and
09 (Xi — Nif) = 0 (Xi — Nif.) — 09 (Xu — Af)) forj=1,2,3.

When the functions defined above are evaluated at the true parameters, we suppress their

arguments to further simplify the notations. For example, 0;, = o(Xi, — Aj.fo), 0\ =
0 (X — Ay, fo)- Moreover, define

Stp(0) = NTZZ = Xifi) = o(Xie = Ay for) ],

i=1 t=1

_ 1 N T

Sir(0)= = D D E[o(Xu = Xif) = o(Xu = Ayifor)].
i=1 t=1

Unr(0) =Si1(0) — Sk (6).

Using O(1) to denote a sequence that is uniformly (over i and ¢) bounded. Then we can
show that the following holds.

LEMMA S.1: Under Assumptions 1 and 2, .
(i) There exists a constant C > 0 such that h’=" - sup, |0V (u)| < C for j=1,2,3.
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(i) 0} = O™, 0P (Xy — Nif) = fu(Nifs — Nyufor) + O(™), and 99( X — Aify) =
— N f, = Nyifo) + O(h™). i
(iii) E(Q(l))z =7(1=17)+O(h),and h-E[(07)*]=O(1).

PROOF: Since the proof steps follow the standard ones when computing the means
of kernel density estimators, they are omitted here to save space. Similar results can be
found in Horowitz (1998) and Galvao and Kato (2016). Q.E.D.

LEMMA S.2: Under Assumptions 1 and 2, d(0,6,) =op(1)as N, T — coand h — 0.

PROOF: By definition, we have Snr(6) < Syr(6y). Adding and subtracting terms, we
have

d*(0, 6y) <M, (6) < Myr(0) — Syr(0) + Syr(60) — Myr(6p) — Wyr(6).

It follows that
d*(8, 69) < sup|My7(6) — Syr(8)] + sup|Wyr(0)].
EO4

0cO”

It is easy to see that the first term on the RHS of the above inequality is O,(4), and the
second term is 0p(1) as proved in Lemma 1. Then, the desired result follows. O.E.D.

LEMMA S.3: Under Assumptions 1 and 2, d(0, 6,) = Op(1/Lyr)as N, T — .

PROOF: First, since o'V (u) is uniformly bounded, we have |0(X;, —¢;) — 0(X;, — )| <
|c1 — ¢;|. Then similar to the proof of Lemma 3, we can show that

6
[ sup |[UNT(0)|] < T (S.1)
NT

0O’ (5)

Analogous to the proof of Theorem 1, the parameter space @ can be partitioned into
shells S; = {6 € O : 2/~ < Lyr - d(#, 6,) <2/}. Conclude that, for a given integer I and
for every n > 0,

PlLyr-d(@,00)>2"]< Y P[ojgs’ESj‘\,T(O) < 0]+ P[d(B, 60) = m].

j>V. 2 <Ly

For arbitrarily small n > 0, the second probability on the RHS of the above equation
converges to 0 as N, T — oo by Lemma S.2.
Next, expanding S%,(0) around 6, and taking expectations yield

Svr(9) = NTZZ‘“) (Nifs = Afor) + NTZZO5Q(2) 2 - (N f = A fu)

i=1 t=1 i=1 t=1

where ¢}, lies between A!f, and Ay, fi,. It then follows from Lemma S.1 and Assumption 2
that

Sir(6) = O(h™) 4 0.5t - d*(6, 6y).
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Thus, for each 6 in S; we have

_ 92j-3
—Spr(0) < —0.5F- dy (6, 6p) + O(h™) < —f - T O(h™).
NT
Therefore, infgesj Sk7(6) <0 implies that
2j-3
;£S€UNT(0) <-f Iz, + O(h ),
and it follows that
92j-3
Z P[infS}‘\,T(O) < 0] < Z P[sup}UNT(0)| >f ——+ O(hm)].
o 0es; o 9es; L
j>V. 2l <nLyt j>V, 2t <nLyr j NT
By (S.1) and Markov’s inequality, we have
2473 olh < 2
P|sup|Uyr(60)] >1- + " A .
Pl 21 5+ 007) | <

By Assumption 2(v), O(L3; - k™) = o(1). Thus, the above inequality implies that
> plinfsi@ <0<y 2
j>V,21*]§nLNT >V
The RHS of the previous expression converges to 0 as 1 — oo, implying that Lyr -

d(0, 6y) = Op(1), or d(8, 6y) = Op(1/Ly7). Q.E.D.

Define:

T

1
S F) =2 ) J[o(Xu = Nf) = 0(Xi = Xofu)].

t=1

_ 1 <&
Sir\ Py = ) Elo(Xu = N'f)) — 0(Xu — yifor)],

t=1

T

1
MO F) = 2 3 [0e (X = X ) = oo (Xi = X )],

t=1

_ 1 E
M (A, F) = = D E[pr(Xi = X)) = p(Xie = Xy for) ]
=1

LEMMA S.4: Under Assumptions 1 and 2, we have ||X,< — Aoill = 0p(1) foreach i.

PROOF: Note that
A= argminS; (A, F).

Ae A
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First, we show that
sup[S; (A, F) — M, (A, Fy)| = 0p(D). (S.2)

AeA

Adding and subtracting terms, we have
Sir(0 F) = M (A, Fy)
=7 (A, F) = M (A, F) + M5 (A, F) = M (4 Fo) + M (A, Fo) = M (A, Fy),
thus,

sup
Ae A

Str(A, F) = M (A, Fy)|

Str(A, F) — M (A, F>!+sup\M + O, F) = M (A, Fy)|

AcA

+sup|M (A, Fo) = M (A, Fy)l.

It is easy to show that

sup|St (A, F) = M, (A, F)| S
Ae A

AcA

. 1 .
sup|MG; (A, F) = M (A, F)| SsuplIAll- = 3 I1fi = fol
AeA =1

SIF = Foll/YT = 0p(1/Lyt),
sup|M; (A, Fy) — M (A, Fo)| = 0p(D).
AeA

Then (S.2) follows as & — 0.
Second, we can show that for any € > 0, and B;(€) ={A € A: ||A — Ay|| < €},

inf M*T(l\ Fg) > M*T(/\On Fg) = (83)

AeBE (e)

for example, the proof of Proposition 3.1 of Galvao and Kato (2016).

Finally, given (S.2) and (S.3), the consistency of A; follows from a standard consistency
proof of M-estimators (see Theorem 2.1 of Newey and McFadden (1994)), so that the
proof concludes. Q.E.D.

LEMMA S.5: Under Assumptions 1 and 2, we have ||A; — Ay;|| = Op(T~2h=") for each i.
PROOF: For any fixed A; € A and f, € F, expanding oV (X;, — A}f,) f, gives

Q(l)(X‘ _)\,‘ft)ft
=0 (Xie = Xufi) fr — 02 (Xie = M f) iy - (i = Aai)
+0.50%(Xi — X f) fi[ (i = M) ﬁ]
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= 0 for + 0 (Xis = A f7) (i = fo) — 0% (Xt = Ao f) £ MG (i = fo)
— 0 fif] - (i = Aap)
+ 0 (Xi = M) i - (N = X)Xy (s = for)
+0.50% (X, — X F)A[Ow = A 1]

where A lies between A; and A(; and f;* lies between f, and f,. Taking expectations of

both sides of the above equation, and setting A; = A, fi= ﬁ, it follows from Lemma 4
that

1< o s
T Z Q(l)(Xit - )\;ft)ft
t=1
1 T
== 0 fu— ( Z @f?ﬁﬁ) — o)
t=1

+Op(TPIIF = Foll) + Op (11X = Aaill) - Op (T2 F = Foll) + Op (1A = Aail)-
Lemma S.1, Lemma S.3, and Assumption 2 imply that

T

1 L /
= O ff == 2953>fmfm+oP<1>=<I>,-+oP<1>.
t=1

t=1

Then, from Lemmas S.1, S.3, and S.4, we get
5 N 1 <
©i(Ai = M) +0p (A = Maill) = O(h") + Op(1/Lr) = = 3 0 (Xu = Xifi)fi- (S4)
t=1

Note that we can write

Z — Xif)f:

Z Oir’ for = = Z[ (KXo = Xif) f = 04 fu]

t=1

T

-2 Z 0 o= SN0 (X = R~ 0 (X — Ny

t=1
1 o -
= 7 [0 (X = Xifo) = 0 o
t=1

The first term on the RHS of the above equation is Op(7T~/?) by Lemma S.1 and Lya-
punov’s CLT. As for the second term on the RHS of the above equation, we have that

Z 0V (X — Af) fi — 8V (Xt — Alfor) fo]
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1 . . .
== 00 (Xa = Xf) (i = fo)
t=1
1 — . .
== 200 (Xu = X)X f = fo, (S.5)

where f;* lies between f: and fo,. The first term on the RHS of (S.5) is Op(1/Ly7) because

o is uniformly bounded and T-' "7 || f; — full = Op(1/Ly7) by Lemma S.3. Similarly,
the second term on the RHS of (S.5) is Op(1/(Lyrh)) because ho® (u) is uniformly
bounded. Finally, we can show that (see, e.g., Lemma B.2 of Galvao and Kato (2016))

T
Z 0" (Xi — Xifor) — 041 for = Op(I1Ai = Xaill) - Op(1/~'Th) = 0p (| A — Aaill).

Combining the above results yields

1< < 2 1 .
E : 5 ’ —
T 2 o (Xit_)\ift)fz—OP<LNTh) +0P(||)\i—)\0i||)> (S.6)
and the desired result follows from (S.4), (S.6), and Assumption 2. Q.E.D.

To derive the asymptotic distribution of A, it is essential to obtain the stochastic expan-
sion of f,. To do so, define

Pyr(0) =b [ZNZZ(Z)‘W)‘"!> 2T ZZ<Zﬁ”ﬁq> ;(éﬁk—T)z}

p=1 q>p p=1 g>p

for some b > 0. Define

5@):[.. Z X)Ly — J—_Z@ Xi — Nf))A }

1xNr 1xTr

§(0) =S57(0) + IPyr(0)/96, H(0) =S (0)/30' + F*Pn1(0)/3096,

and let H = H(6y).
Expanding S(6) around S(6,) gives

S(6) =S(60) +H - (6 — 60) +0.5R(6), (S.7)
where
~ M - B
R(0) = <207H(0*)/561 (0, — 90/))(9 — 60),
j=1

and 6* lies between 6 and 6,.
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Further, define

4 VT .
Ha= (%‘i 7-(5) > H;} = ﬁ dlag[‘bm, cees (I)T,i, cees q)T,NL

VN .
%5 = ﬁ dlag[‘IfNJ, ey WN’” ey WNJ"],
where

1 < , ]
= T Z QEfZ)fOffOz’ qu,z = Z Q(Z))\Oz
=1

The following lemma is important for the stochastic expansion of f,.
LEMMA S.6: The matrix H is invertible and |H™' — H;l lmax = O/ T).
PROOF: To simplify the notations, we consider the case r = 2, but the proof can be

easily generalized to the case r > 2. Note that Ay; = (Ag;1, Agi2) and fo, = (for1, for2)', and
Pyr(6) simplifies to

2
1 (& 1 (<
Pyr(0) = b[ﬁ (lzzl /\i1/\i2) + 3T (; fz1ft2>

1 (& g , ’
rar(Ber) r(zaer) |

2

First, define

[002n5 (for.1, 00, s (for1, 00, o, (fors, O] /YT,

[002v, 0, for2)s -5 (0, fora)s .., (0, for)|/NT,

[00an> (o2 for)s -5 (fovs fou)s - (fors forD]/VT,

= [(Ao12s Ag11)s -+ Moz Agit)s -+ s (Aow2 Aow1)s Ovar ] /V/N,

and note that ’Py1(6y)/3096 = b(3_, ViV,)-
Second, define

(,01 - [()\01,1’ 0)/\/N, ceey (/\ON,D O)/\/N, (_f()l,la O)/ﬁy sy (_fOT,b O)/ﬁ]a

’ /
@1 @1F

@y =[(0, A1) /V'N, ..., (0, Xon 2) /NN, (0, = fin ) INT, ..., (0, = for2) /NT],

’ ’
24 @oF

@y = [(Aor2, 0/VN, ..., Qow2, 0 /YN, (0, = . )/VT, ..., 0, — for.) /T,

[0}

! /
@3, @3F
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@, =[(0, Aor.)/VN, ..., (0, dox.)/VN, (— for2, 0)/NVT, ..., (—for2, 0)/VT],

’ /
4A “aF

w

and w = [w1, w,, w3, wy]. It is easy to check that w0, = 0 for p # q. Moreover, we have

4
. Zkaw;(A _(NT)_l/Z{fo/\E)i}igN,th
(1)(1)/ — Z ) a)/k — k=1 4 ) (S'8)
k=1 —(NT)_l/z{)\Oif(;t}IST,iSN, Z kaw;{F
k=1

where {f,,Ay;}i<n,<r denotes a 2N x 2T matrix whose {i, t}th block is fi,Ay;. Further, it is
easy to see that under our normalizations,

ON1 +1 0 0 0
o 0 0'N2+1 0 0
e=1 0 0  own+l 0
0 0 0 ON1 +1
Next, we project vy, onto w, and write y, = wB; + { for k =1,...,4, where B, =
(0'w) '@y In particular,
1 0
ON1 +1 _ 1
Bl = 0 ’ BZ_ O-N2+1 H
0 0
0 0
0 0
0 0
1 N2
B3— 0_N2+1 > B4_ O'N(}-i-l
1 N1
_O.Nl_i_l OnN1 +1

Define By = 21:1 Bi B} It is easy to show that there exists p > 0 such that puin(By) > p

for all large N as long as o1 — gy, is bounded below by a pos_itive constant for all large N,
which is true under our assumption that oy, — oy, ox2 — 02, and o7 > 0. It then follows
that

4 4 4
Py (00)/3090 = b(z yky;> =b-w (Z 3k3;) o +b (Z gkg,;)
k=1 k=1 k=1

4
:bﬂ'w“’/-f-b'“’(BN_B'H4)“’/+b<Z§k§I/<>' (S.9)

k=1

Now let b = min{f, bp}. Then it follows from (S.9) that

H =08"(00)/30 + F*Pnr(60)/3076
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4
=3d5"(00)/30' +b- ww' + (bp —b) - ww'+b - w(By —214)w/+b(2 §k§1/c)
=0 =0 —=_

>0

> 38*(00) /00 +b- ww'.
Moreover, we can write
dS*(6p) /06

T
(NT)*l/Z diag[[Z@f’tZ)fOtfét] :| (NT)il/z{@z(‘tZ)fOIA(,)i}igN,ng
i<N

t=1

N
N0 Mifie g ien (NT)‘”ZdiagHZéﬁf)AoM’m }
i=1 <N

T
diag“(zwr“2 mef(;,] } 02N w27
i<N

t=1

027 2N diagH(NT)“ZZAom’m} }
t<N

i=1

I

b 02N x2N (NT)il/z{fOl)‘bi}ifN,th
- (NT)il/z{)‘Oif(;t}th,igN 027501

11

T
(NT)™'/2 diagH > (@5 - b)fmf(n} } (NTY (82 = B) forky} o sor
i<N

+ t=1

N
(NT)2{(0F = B)Aoifiu} g ion (NT)~1/2 diagHZ(@Ef) —b)AoMéi] }
i=1 t<N

i

Note that by our Assumptions 1 and 2, there exists a constant ¢ > 0 such that

T/N - Ly 02n 527 >
r—p(YT/N ‘ o »
B ( 07508 \/m I; @ diag(oni, on2)) ~ 2AN+T) ( )

From (S.8), we have

4
!

E WiAW 4 02y 521

k=1

H+b oo =b- > 0. (S.11)

4
0 /
DT x2N WirW
k=1
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For the last term, we have, for N, T large enough,

1
I = — (05 — b)pirsl, >0, (S.12)
JNT ZE ’ =
where wi = [01x2, -5 fo5 -5 01x2, 01525 . o5 Agy, - .+, 0152]', because Assumption 1 and
1x2N 1x2T

Lemma S.1 imply that 57’ > f for all i, ¢. It then follows from (S.10), (S.11), and (S.12)
that

H > 38 (00)/00 +b-ww =+ +HT+b- ww' > c- L,
and thus
H' < Towin. (S.13)
Finally, write H = H, + C, where

O2xo (NT)" {0 forkiy) iy S
C= S { ¢ Jor 0},_N,z_T +b ZVkYk ]
(N ) { t /\OlfOt}t<T i<N 02T><2T

k=1

Note that H™' — H;' = —H;'CH;' + H;'CH'CH,", and thus [H™' — H ' [lma <
NH, 'CH  lmax + 1H ;' CH'CH " ||max- Inequality (S.13) implies that H,;'CH'CH,' <
¢ 'H;'C*H,", and thus the jth diagonal element of H,'CH 'CH,' is smaller than
the jth diagonal element of ¢™'H,'C*H,"'. 1t then follows that |H,'CH'CH " |lma <
¢ H'C*H " | max and therefore

|7 = Ha o = (M CH |+ < [ Ha CH

max max

because the entry with the largest absolute value of a positive semidefinite matrix is always
on the diagonal. Since H' is a block-diagonal matrix whose elements are all O(1) by
Assumption 2, and both ||C|max and ||C?||max can be shown to be O(1/T), then the desired
result follows. Q.E.D.

Since dPy7(60)/30 = dPy1(6,)/360 =0, (S.7) implies that

0 — 0y =H"'S*(0) —H'S*(8y) — 0.5H'R(6). (S.14)
Define
Syr(0)
T N !
:[ Z D(Xie = Nf) s eearenes = Z O (X — Af))A }
t=1 i=1
IxNr IxTr

§4(0) = Si.(8) — 8*(0), and D =H ' — H,'. Note that by the first-order conditions,
S;\*,T(é) =0. As a result, we can write

HIS*(0) =H,;'S*(0) + DS*(0) = —H,'S*(0) + DS*(6)
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=—H;'S*(8y) — H;' (S*(0) — S*(8y)) + DS*(6) (S.15)
=—H;'S*(0y) — H;' (S*(6) — S*(60))
—DS*(6y) — D(S*(B) — S*(6)). (S.16)

Next, let R(6) ; denote the vector containing the (j — 1)r + 1th to the jrth elements of
R(6) for j=1,...,N+T,and let Op(-) denote a stochastic order that is uniformly in i
and ¢.! Then, by the result of Lemma S.3, it can be shown that

R(6); = Op(DIIA; = Aaill” + Op(1/NT) | X = Aoill + Op(1/T) (S.17)
fori=1,...,N,and
R(O)wse = 0p(DIf; = ful® + Op (1N, = full + Op(1/T) (S.18)
forr=1,...,T.
Write D, as the r x r matrix containing the (j —1)r+1to jr rows and (s —1)r +1 to sr

columns of D. Note that Lemma S.1 and Lemma S.6 imply that |2 S*(60y) || max = O(h™).
Then, from (S.14) to (S.18), we can write

- 1 XN _ 1 N T i
fo=for= (O™ 5 D00 Ao+ NT 35 Duiry- 0V - fo
j=1 j=1 s=1

3

1 NI i
" \/ﬁ Z ZDN+I,N+S : Qﬁ) - Aoj

j=1 s=1
N

1 e
)Ty D10 (Xi = X f)A = 0 Ay

j=1
1 e s
* 7 2 2 DX = A - 8

1 N T y N . 3
TUNT Y Driewss 0V (Xis = N f)A; = 0 Aoy

j=1 s=1

N
—0.5(¥y.)"R(O)n1 — 0.5 Dy /R(O);

j=1

T
~ 0.5 DyinesR(O)nis + O(R™). (S.19)

s=1

'For example, Z;, = O_p(l) means that max;<y <7 | Zi|l = Op(1).
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LEMMA S.7: Let ci, ..., cr be a sequence of uniformly bounded constants. Then, under
Assumptions 1 and 2, we have

= Za(ﬁ fo = 0P<Th>

PROOF: Defined;=+/NT-T 'Y ¢ Dy, forj=1,...,N+T.Lemma S.6 implies
that max -y, [|d;|| is bounded. From (S.19), we have

1 -
T th(ft _fOt)
=1

1 N T -0 1 N T » 1 N T »
- NT Z th(leﬁ) 19/t Aoj + NT Z Zde;s)fOS + NT Z ZdN+sQ;‘s)/\Oj
j=1 t=

Jj=1 s=1 j=1 s=1

Z Z (W) {0 (X5 = X f) A — 0 Aoy}

jltl

Z Zd 0" (X — ;\;ﬁ)ﬁ - @;bl‘)fo“}

]151

1 N T _ 1 T .
7 2o 2 A {0V (Xi = Nif) X — 05 A} = 0.5 3 Ce(Wv )T R (D)

j=1 s=1 =1

1 & - 1 < . -
05— S dRD); — 05— "dy . R(D)wss + O(h™). $.20
\/NT; S JNTSX:I: 4RO+ OT) (520

First, by Lyapunov’s CLT, it is easy to see that the first three terms on the RHS of (S.20)
are all Op(1/+/NT).

Next, it follows from Lemma S.3, (S.17), (S.18), and Assumption 2(v) that the last four
terms on the RHS of (S.20) are all Op(1/L%,). Finally, we will show that the remain-

ing three terms on the RHS of (S.20) are all Op(1/(Th)), from which the desired result
follows.

Define

1 S - i
VNT(H):szdj{g(l)(st_)\}fs)fs_Q;‘xl)f[)s}a

Jj=1 s=1

and ANT(GQ, Ob) = NTh[VNT(Qa) — VNT(eb)]' Note that

ZZ (1) /\ajfﬂS) (fas _fbs)

ANT(eay Ob) -

7\

Ay, NT(8a,6p)
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Z Z (1) ]5 _ /\a]fm) (1)(X]‘S - )\;,jfbs)] . fbs .

A2,NT(9a,6b)

7\

Lemma S.1 implies that
h|d (1)( jS_)\ajfas) (fas_fb5)|§ :lj _A;jfbs ’
B0 (X~ Xyfu) = 0 (X = Xyf)| S | fux = Ny

By Hoeffding’s inequality and Lemma 2.2.1 of van der Vaart and Wellner (1996), we can
show that for d(6,, 6,) sufficiently small,

|A1nr (80, 00)],, S A6, 0,) and [ Asnr(8a, 0], S d(Buy 0.
Thus,
|An7(Bar 0], < [ A1wr(Ba, )], + [ Ao 1 (Oar 0], S d(Ou 6).

Therefore, similar to the proof of Lemma 3, we can show that for sufficiently small § > 0,

E[ sup ’VNT(O)‘] IS L8

0O (8) NTh

(S.21)

It then follows from (S.21) and Lemma S.3 that Vy7(6) = Op(1/(L%,h)) =0p(1/(Th)),
for example, the fifth term on the right of (S.20) is Op(1/(Th)). Similar results can be
obtained for the fourth and sixth terms on the right of (S.20), and thus the desired result
follows. O.E.D.

LEMMA S.8: Under Assumptions 1 and 2, for each i we have

. 7 1 )
7;9§3><ﬁ—f0,>=0p(T—h) Z@ff)fo,oi fm)—OP(Th2>

PROOF: To save space, we only prove the second result, since the proof of the first result
is similar. Using (S.15) and (S.19), we can write

1. X /
TZQgtz)fm(ft—fm)
t=1

—1 - - ’ —
- NT ZZQ’(?)Q;:)fOf)\Oj(le,t) !
=1 j=1
1 X
(1) / (1) ’ 1
22 00 = Nf)X) = 05 X} (W)
NT t=1 j=1

ZZ< Z@ff)fmf DN+~> (X = Xif)
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T

R~ i / .
NT Z Z( Z fo)fOtA DN+t N+s> M (st — )\]fs)
j=1

Q‘

1

1z ) - ) 1 T
5z 2 0 ROy (Pw) ™ + 5 Z > 00 fuR() Dy,
t=1 j=1 t=1

1 T T
+ T Z Z 05 fuR(0)y 4, Dy ywss + O(R™). (S.22)

First, we can write

Z Z Q(Z) Q;})fOz/\o](le t)7

tl]]

! - 1 T N st et / —
Zeff)pf}’fol/\m(llw,,) T O 00 ki (.

=1 j=1,j#i

Since hQﬁf)(-) is uniformly bounded by Lemma S.1, max, -7 || (Wy.,)~}|| = O(1) for large N
by Assumption 2, the first term on the RHS of the above equation is Op((Nh)~!). Using
Lyapunov’s CLT and Lemma S.1, the second term on the RHS of the above equation can
be shown to be Op((NTh)~'/?). Thus, the first term on the RHS of (S.22) is Op((Th)™").
Second, consider the second term on the RHS of (S.22), which can be written as

0 )+ e 20 3 B (870 Y~ 0

tl]l];él

Similar to the proof of Lemma S.7, the second term of the above expression can be shown
to be Op(1/(Th?)). So the second term on the RHS of (S.22) is Op(1/(Th?)).
Next, for the third term on the RHS of (S.22), its p, gth element is given by

1 N T . I
—T ZZXi,j : Q(l)(st - Ajfv)fv:
j=1 s=1

where x;; =T' Y., (VNTDyy. ) for. , 0%, and Dy, , is the gth row of Dy, ;. There-
fore,

1 N T . o
N7 2 2 X0 (X = K f) .

j=1 s=1

1Y 1 NI o
SJ N ]2_1: x5l J NT ZZ[Q(D(XJS _ A;‘fs)] £,

j=1 s=1

Since [V NT fo, Dn+1jql is uniformly is bounded by Lemma S.6, it can be shown that
Ellx:;I* = O(Th)™"). Moreover,

[0V (X5 = NA)T =[08 + 0% (Xi = X 1) - (Moo = KA S OW™) + (Nufor = Vi)',
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thus,

1 N T B .
JWZZ 0 (X, — M) I£I2 S O(h™) +d(8, 6,) = Op(1/Lur)

j=1 s=1

by Lemma S.3. So, the third term on the RHS of (S.22) is Op(T~'h~'/?), while the fourth
term on the RHS of (S.22) can be shown to be Op(T~'h~"/?) in the same way.

Finally, it follows from Lemma S.3 and (S.18) that the fifth term on the RHS of (S.22)
is Op((Ly7)2h™') = Op((Th)™'). The p, gth element of the sixth term on the RHS of

(S.22) can be written as (2« NT)™! ZL Xi,,-R(é)j, which is bounded by

VN |1 ¢ 1 & o
= | =D il | = DR, =0p((Th) ') Op(Ly%) = Op(T20712).
ﬁ\l N =) ! J N P J NT

The same bound for the seventh term on the RHS of (5.22) can be obtained using the
same argument. Thus, combining the above results, we get

0 0\ Jt 0t _OP
Zan(f ' =0n( ) oD

PROOF OF THEOREM 4: From the expansion in the proof of Lemma S.5, we have

Dr (A — Aoy) = —

N =
B
fQ|

V(X = Xf) i+ Z@”ﬁ» Z@E?(ﬁ—fm)

~
Il
R

|
el
[~

0 fur(fi = for) Moi + Op(THF — Fyl?) + 0p(I1A; — Aaill).

t

1

Then, it follows from Lemmas S.1, S.3, and S.7 that

T
- . 1 -
Pr (N — Ag)) = —— ;9“) i Aﬁ)ﬁ+0(h)+0p<Th)+0p(||Ai—A0i||)-

Note that

—_

T
S ONACARTY
1

T
- 1 N ~ -
= TZQ:(}I)ft_ TZ (2) (/\ fz fOt fz+05 29(3)(*) )\f,—)\b,'fm)zfl,

t=1 t=1

where @E?)(*) f)(c ) and ¢}, is between A, f,, and ;\;f:.
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First, by Lemma S.8, we have

Ilemam s 1 1), 7 i
= YO Y0 ) = Z o o+ 075, )
t=1 t=1

=1
Second,

T

Z 7 (A= X o

=1

'ﬂ |

_ R R -
Z 0 i+ (fi = fo) Ai + T Z 0t i - (Ai = Aop)
t=1
1 ~(2) 3 Y 1 d ~2), F 3 3
== Z 0% for - (o= fo N+ = D03 (fe = fao) - (fi = fo' A
t=1 t=1
1 -
+tT D0 fuufi - i = A)
t=1

10z -
+ = ; 0 (fe = fo fi - (i = hao). (S.23)

It then follows from Lemma S.3 that the second term on the RHS of (S.23) is O»((Th)™"),
and Lemma S.8 implies that the first term is Op(T~'h7?). It is easy to show that the last

two terms on the right of (S.23) are both 0p(||A; — Ay|). Thus, we have

~

Z D (Ao = Noufo) fir = Op(T'H72) 4 0 (I1A; — Aail)). (S.24)

=1

'ﬂ |

Next, it is also easy to show that

- y 1. .
SN = Al 310 G0l + = 3 [0 (ol - Ifs = fadl
=1 t=1

1. - -
=20 (N = M) .
=1

Therefore, from Lemma S.1, Lemma S.3, and Lemma S.5, we have

Z 0P O (Xify = Nyufo) ' f = Op (1A = Aaill) - Op(T17%) + Op(T 172,

which is 0p(||A; — Ao ||) + Op(T~'h~2) under the assumption that v/Th? — oc.
Finally, combining all the above results, we get

- 1
D7 (A — Aoi) = Z 04 for+ 0r(I1A: = Xaill) + OP(T I ) +O(h"), (S.25)
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and from Lemma S.1 it is easy to show that
1L 1 < d
720 fufy— ®>0 and —=) 8 'fu> NO.701-DL).  (S26)
=1 =1

Since our assumption implies that +/Th?> — oo and ~/Th” — 0, the desired results follow
from (S.25) and (S.26). Q.E.D.

S.2. ESTIMATING THE COVARIANCE MATRICES

In this subsection, we show that the estimators of the covariance matrices proposed in
Remark 4.4 are consistent. Recall that

Vi=t(l-n¥ 'S, %, V=71 -1 '3,¥"

where @’, = (Nb)! Z?il I(i;/b) - ;\,»/N\; and EA = /i’/i/N. It suffices to show that IIEA -

Sall =o0p(1) and |V, — ¥, = 0p(1).
First, from Lemma 2 and Lemma S.2,

134 = Zall < [A'A/N — AjAo/N + AyAg/N — 3,4
< |[A'A/N = AjAy/N | + o(1)

_p Ml A=Al (||A—Ao||
- VN IN VN

2
) +o(1) = 0p(1).

Second,

S . B R :
v, = Nb ;l(uit/b) - Aoidg; + Nb ;[l(uit/b) - l(uit/b)] - AoiAg;

Zl(un/b) AA = AoiAy).- (S.27)

For the first term on the RHS of (S.27), following the standard proof of kernel density
estimator, we have

1 & y ,
NG > 1w /b) - Aok = N D 1 (0) Aoy + Op(b?) + Op(1/v/Nb).
i=1 i=1
For the third term on the RHS of (S.27), by Lemma S.3 one can show that

| = 0,(1/V/Nb?).

H Zl(ul,/b) (AA] = AoiAy)

Nb ZH)\ )‘ /\0’ 0i

As regards the second term on the RHS of (S.27), we have

1 e
g DL /D) = /D)) - Ak,
i=1
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sz Zl(l)(uzt/b) )\01 0i (uzt utt)+Nb3 21(2) l[/b )\Oz 0i (ult uzt)

Zl(”(u,t/b) NoiXyhoi - (fi = fo) + = Zl‘“(u,,/b) AaiXyy(Ai = Aai) - i

Nb2 Nb2
+ L Zl(z)(u’f /b) - ANy - (i — ui)?
3 it i i i i B
Nb® =

where u}, is between u;, and #;,. It is easy to show that

Zl<“<u,,/b) AoiXgdoi = Op(1),

sz
| &
N2 Z IV (it /B) - Aoihyy(Ai = M) - f

N
bs/zl Z l( )(u,,/b) J Z A = Aoill?
i=1

== OP (bis/z)OP(l)Op(L;\,lT) - Op(l/\/ NbS),

11
< o5 Qi — wi)® = Op(1/ND).
BN

N
19 (u2, /b) - Agiyy - (it — i)?
3 Z it 0i %o it it
H Nb =1
Thus, it follows that

N
% Z[Z(ﬁn/b) - l(uit/b)] Aoy || = OP(N_l) + Op(l/V Nb3) + Op(l/Nb3),
i=1

Finally, it follows from the definition of ¥, and the condition b — 0, Nb* — oo that ﬁ’t £
VY, and thus I7f[ 5 V},. The proof for ®; is similar and therefore is omitted.
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TABLE S.1
ESTIMATION OF QFM BY PCA®

M1 M2 M3

ic fu fa f3t frc fue for f3t frc fue fau f3

(50,50) 719 0982 0968 0323 744 0949 0910 0302 799 0982 0.968 0.339
(50,100) 447 0981 0964 0.122 548 0946 0894 0.134 799 0982 0967 0.178
(50,200) 232 0981 0961 0.016 353 0946 0892 0.035 800 0982 0964 0.0838

(100,50) 744 0991 0984 0380 7.60 0974 0947 0364 799 099 0.982 0.398
(100,100) 549 0991 0983 0.182 633 0974 0947 0.188 7.99 0991 0981 0.227
(100,200) 2.98 0991 0.982 0.046 428 0974 0947 0.061 799 0990 0.980 0.120

(200,50) 758 0996 0992 0419 7.67 0985 0967 0398 798 0994 0990 0.455
(200,100) 6.63 0996 0.992 0.252 7.03 0987 0973 0232 798 0995 0990 0.284
(200,200) 4.33 0996 0.991 0.097 560 0987 0973 0.105 797 0995 0.990 0.149

aSimulation results from 1000 repetitions. The DGP is fully described in Section 5.2 of the paper, and corresponds to: X;; =
Mifte + A2ifar + A3if30) - €ip 10 = 08f1 11 + €115 f2r = 05f2, 11 + €25 f31 = 1811, Avis Aoy €1, €2p, 8¢ ~ Bd. N(0,1), and Az; ~
iid. Ul1,2]. ejy = Bej—1 +vis +p- Z}J;LJ’]»# vj. ML vy ~ idd. N0, 1), B =p =0; M2: v;; ~ iid. 13, = p=0; M3: vy ~
iid. N(0,1), B =p =0.2, J = 3. For each model, the first column reports the averages of 7;¢, which is the estimated number of
factors using /Cpy of BN (2002), while the second to the fourth columns report the average R? in the regression of (each of) the true
factors on the PCA factors Fpc 4, where the number of PCA factors is given by 77¢.
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h=0.3 b=0.5 h=0.3 b=0.8

-5 0 5 -5 0 5
h=0.5 b=0.5 h=0.5 b=0.8

-5 0 5 -5 0 5
h=0.8 b=0.5 h=0.8 b=0.8

FIGURE S.1.—Normal approximations of the estimated QFA factors using SQR for N = T = 50.
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-5 0 5 -5 0 5
h=0.1b=0.3 h=0.1b=0.5

-5 0 5 -5 0 5
h=0.3 b=0.3 h=0.3 b=0.5

-5 0 5 -5 0 5
h=0.5b=0.3 h=0.5 b=0.5

FIGURE S.2.—Normal approximations of the estimated factors using SQOR for N = T = 200.
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