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S.1. PROOF OF THEOREM 4

WE ONLY PROVE the asymptotic distribution of λ̃i since the proof for f̃t is symmetric.
Without loss of generality, we assume that S̃ = sgn(F̃ ′F0/T)= Ir to simply the notation.
Define �(u)= [τ−K(u/h)]u, so that we can write the objective function as

SNT (θ)= 1
NT

N∑
i=1

T∑
t=1

�
(
Xit − λ′

ift
)
�

Let �(j)(u)= (∂/∂u)j�(u) for j = 1�2�3. For fixed λi� ft , define

�̄(j)
(
Xit − λ′

ift
)= E

[
�(j)

(
Xit − λ′

ift
)]

and

�̃(j)
(
Xit − λ′

ift
)= �(j)(Xit − λ′

ift
)− �̄(j)(Xit − λ′

ift
)

for j = 1�2�3�

When the functions defined above are evaluated at the true parameters, we suppress their
arguments to further simplify the notations. For example, �it = �(Xit − λ′

0if0t), �̄
(j)
it =

�̄(j)(Xit − λ′
0if0t). Moreover, define

S
∗
NT (θ)= 1

NT

N∑
i=1

T∑
t=1

[
�
(
Xit − λ′

ift
)−�(Xit − λ′

0if0t

)]
�

S̄
∗
NT (θ)= 1

NT

N∑
i=1

T∑
t=1

E
[
�
(
Xit − λ′

ift
)−�(Xit − λ′

0if0t

)]
�

UNT (θ)= S
∗
NT (θ)− S̄

∗
NT (θ)�

Using Ō(1) to denote a sequence that is uniformly (over i and t) bounded. Then we can
show that the following holds.

LEMMA S.1: Under Assumptions 1 and 2,
(i) There exists a constant C̄ > 0 such that hj−1 · supu |�(j)(u)| ≤ C̄ for j = 1�2�3.
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(ii) �̄(1)it = Ō(hm), �̄(2)(Xit − λ′
ift) = fit(λ′

ift − λ′
0if0t) + Ō(hm), and �̄(3)(Xit − λ′

ift) =
−f(1)it (λ

′
ift − λ′

0if0t)+ Ō(hm).
(iii) E(�(1)it )

2 = τ(1 − τ)+ Ō(h), and h ·E[(�(2)it )2] = Ō(1).

PROOF: Since the proof steps follow the standard ones when computing the means
of kernel density estimators, they are omitted here to save space. Similar results can be
found in Horowitz (1998) and Galvao and Kato (2016). Q.E.D.

LEMMA S.2: Under Assumptions 1 and 2, d(θ̃� θ0)= oP(1) as N�T → ∞ and h→ 0.

PROOF: By definition, we have SNT (θ̃) ≤ SNT (θ0). Adding and subtracting terms, we
have

d2(θ̃� θ0)� M̄
∗
NT (θ̃)≤MNT (θ̃)− SNT (θ̃)+ SNT (θ0)−MNT (θ0)−WNT (θ̃)�

It follows that

d2(θ̃� θ0)� sup
θ∈Θr

∣∣MNT (θ)− SNT (θ)
∣∣+ sup

θ∈Θr

∣∣WNT (θ)
∣∣�

It is easy to see that the first term on the RHS of the above inequality is Op(h), and the
second term is oP(1) as proved in Lemma 1. Then, the desired result follows. Q.E.D.

LEMMA S.3: Under Assumptions 1 and 2, d(θ̃� θ0)=OP(1/LNT ) as N�T → ∞.

PROOF: First, since �(1)(u) is uniformly bounded, we have |�(Xit − c1)−�(Xit − c2)| �
|c1 − c2|. Then similar to the proof of Lemma 3, we can show that

E

[
sup
θ∈Θr(δ)

∣∣UNT (θ)
∣∣]� δ

LNT
� (S.1)

Analogous to the proof of Theorem 1, the parameter space Θr can be partitioned into
shells Sj = {θ ∈Θr : 2j−1 < LNT · d(θ�θ0) ≤ 2j}. Conclude that, for a given integer V and
for every η> 0,

P
[
LNT · d(θ̃� θ0) > 2V

]≤
∑

j>V �2j−1≤ηLNT
P
[

inf
θ∈Sj

S
∗
NT (θ)≤ 0

]
+ P[d(θ̃� θ0)≥ η]�

For arbitrarily small η > 0, the second probability on the RHS of the above equation
converges to 0 as N�T → ∞ by Lemma S.2.

Next, expanding S
∗
NT (θ) around θ0 and taking expectations yield

S̄
∗
NT (θ)= 1

NT

N∑
i=1

T∑
t=1

�̄(1)it · (λ′
ift − λ′

0if0t

)+ 1
NT

N∑
i=1

T∑
t=1

0�5�̄(2)
(
c∗
it

) · (λ′
ift − λ′

0if0t

)2
�

where c∗
it lies between λ′

ift and λ′
0if0t . It then follows from Lemma S.1 and Assumption 2

that

S̄
∗
NT (θ)≥O(hm)+ 0�5f · d2(θ�θ0)�
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Thus, for each θ in Sj we have

−S̄
∗
NT (θ)≤ −0�5f · d2

NT (θ�θ0)+O(hm)≤ −f · 22j−3

L2
NT

+O(hm)�
Therefore, infθ∈Sj S

∗
NT (θ)≤ 0 implies that

inf
θ∈Sj

UNT (θ)≤ −f · 22j−3

L2
NT

+O(hm)�
and it follows that

∑
j>V �2j−1≤ηLNT

P
[

inf
θ∈Sj

S
∗
NT (θ)≤ 0

]
≤

∑
j>V �2j−1≤ηLNT

P

[
sup
θ∈Sj

∣∣UNT (θ)
∣∣≥ f · 22j−3

L2
NT

+O(hm)]�
By (S.1) and Markov’s inequality, we have

P

[
sup
θ∈Sj

∣∣UNT (θ)
∣∣≥ f · 22j−3

L2
NT

+O(hm)]� 2j

22j +O(L2
NT · hm) �

By Assumption 2(v), O(L2
NT · hm)= o(1). Thus, the above inequality implies that∑

j>V �2j−1≤ηLNT
P
[

inf
θ∈Sj

S
∗
NT (θ)≤ 0

]
�
∑
j>V

2−j�

The RHS of the previous expression converges to 0 as V → ∞, implying that LNT ·
d(θ̃� θ0)=OP(1), or d(θ̃� θ0)=OP(1/LNT ). Q.E.D.

Define:

S
∗
i�T (λ�F)= 1

T

T∑
t=1

[
�
(
Xit − λ′ft

)−�(Xit − λ′
0if0t

)]
�

S̄
∗
i�T (λ�F)= 1

T

T∑
t=1

E
[
�
(
Xit − λ′ft

)−�(Xit − λ′
0if0t

)]
�

M
∗
i�T (λ�F)= 1

T

T∑
t=1

[
ρτ
(
Xit − λ′ft

)− ρτ
(
Xit − λ′

0if0t

)]
�

M̄
∗
i�T (λ�F)= 1

T

T∑
t=1

E
[
ρτ
(
Xit − λ′ft

)− ρτ
(
Xit − λ′

0if0t

)]
�

LEMMA S.4: Under Assumptions 1 and 2, we have ‖λ̃i − λ0i‖ = oP(1) for each i.

PROOF: Note that

λ̃i = arg min
λ∈A

S
∗
i�T (λ� F̃)�
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First, we show that

sup
λ∈A

∣∣S∗
i�T (λ� F̃)− M̄

∗
i�T (λ�F0)

∣∣= oP(1)� (S.2)

Adding and subtracting terms, we have

S
∗
i�T (λ� F̃)− M̄

∗
i�T (λ�F0)

= S
∗
i�T (λ� F̃)−M

∗
i�T (λ� F̃)+M

∗
i�T (λ� F̃)−M

∗
i�T (λ�F0)+M

∗
i�T (λ�F0)− M̄

∗
i�T (λ�F0)�

thus,

sup
λ∈A

∣∣S∗
i�T (λ� F̃)− M̄

∗
i�T (λ�F0)

∣∣
≤ sup

λ∈A

∣∣S∗
i�T (λ� F̃)−M

∗
i�T (λ� F̃)

∣∣+ sup
λ∈A

∣∣M∗
i�T (λ� F̃)−M

∗
i�T (λ�F0)

∣∣
+ sup

λ∈A

∣∣M∗
i�T (λ�F0)− M̄

∗
i�T (λ�F0)

∣∣�
It is easy to show that

sup
λ∈A

∣∣S∗
i�T (λ� F̃)−M

∗
i�T (λ� F̃)

∣∣� h�
sup
λ∈A

∣∣M∗
i�T (λ� F̃)−M

∗
i�T (λ�F0)

∣∣� sup
λ∈A

‖λ‖ · 1
T

T∑
t=1

‖f̃t − f0t‖

� ‖F̃ − F0‖/
√
T =OP(1/LNT )�

sup
λ∈A

∣∣M∗
i�T (λ�F0)− M̄

∗
i�T (λ�F0)

∣∣= oP(1)�
Then (S.2) follows as h→ 0.

Second, we can show that for any ε > 0, and Bi(ε)= {λ ∈A : ‖λ− λ0i‖ ≤ ε},
inf

λ∈BCi (ε)
M̄

∗
i�T (λ�F0) > M̄

∗
i�T (λ0i� F0)= 0� (S.3)

for example, the proof of Proposition 3.1 of Galvao and Kato (2016).
Finally, given (S.2) and (S.3), the consistency of λ̃i follows from a standard consistency

proof of M-estimators (see Theorem 2.1 of Newey and McFadden (1994)), so that the
proof concludes. Q.E.D.

LEMMA S.5: Under Assumptions 1 and 2, we have ‖λ̃i − λ0i‖ =OP(T−1/2h−1) for each i.

PROOF: For any fixed λi ∈A and ft ∈F , expanding �(1)(Xit − λ′
ift)ft gives

�(1)
(
Xit − λ′

ift
)
ft

= �(1)(Xit − λ′
0ift
)
ft −�(2)

(
Xit − λ′

0ift
)
ftf

′
t · (λi − λ0i)

+ 0�5�(3)
(
Xit − λ∗′

i ft
)
ft
[
(λi − λ0i)

′ft
]2
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= �(1)it f0t +�(1)
(
Xit − λ′

0if
∗
t

)
(ft − f0t)−�(2)(Xit − λ′

0if
∗
t

)
f ∗
t λ

′
0i(ft − f0t)

−�(2)it ftf ′
t · (λi − λ0i)

+�(3)(Xit − λ′
0if

∗
t

)
ftf

′
t · (λi − λ0i)λ

′
0i(ft − f0t)

+ 0�5�(3)
(
Xit − λ∗′

i ft
)
ft
[
(λi − λ0i)

′ft
]2
�

where λ∗
i lies between λi and λ0i and f ∗

t lies between ft and f0t . Taking expectations of
both sides of the above equation, and setting λi = λ̃i� ft = f̃t , it follows from Lemma 4
that

1
T

T∑
t=1

�̄(1)
(
Xit − λ̃′

if̃t
)
f̃t

= 1
T

T∑
t=1

�̄(1)it f0t −
(

1
T

T∑
t=1

�̄(2)it f̃t f̃
′
t

)
(λ̃i − λ0i)

+OP
(
T−1/2‖F̃ − F0‖

)+OP
(‖λ̃i − λ0i‖

) ·OP
(
T−1/2‖F̃ − F0‖

)+OP
(‖λ̃i − λ0i‖2

)
�

Lemma S.1, Lemma S.3, and Assumption 2 imply that

1
T

T∑
t=1

�̄(2)it f̃t f̃
′
t = 1

T

T∑
t=1

�̄(2)it f0tf
′
0t + oP(1)=�i + oP(1)�

Then, from Lemmas S.1, S.3, and S.4, we get

�i(λ̃i − λ0i)+ oP
(‖λ̃i − λ0i‖

)=O(hm)+OP(1/LNT )− 1
T

T∑
t=1

�̄(1)
(
Xit − λ̃′

if̃t
)
f̃t � (S.4)

Note that we can write

1
T

T∑
t=1

�̄(1)
(
Xit − λ̃′

if̃t
)
f̃t

= − 1
T

T∑
t=1

�̃(1)it f0t − 1
T

T∑
t=1

[
�̃(1)

(
Xit − λ̃′

if̃t
)
f̃t − �̃(1)it f0t

]

= − 1
T

T∑
t=1

�̃(1)it f0t − 1
T

T∑
t=1

[
�̃(1)

(
Xit − λ̃′

if̃t
)
f̃t − �̃(1)

(
Xit − λ̃′

if0t

)
f0t

]

− 1
T

T∑
t=1

[
�̃(1)

(
Xit − λ̃′

if0t

)− �̃(1)it
]
f0t �

The first term on the RHS of the above equation is OP(T−1/2) by Lemma S.1 and Lya-
punov’s CLT. As for the second term on the RHS of the above equation, we have that

1
T

T∑
t=1

[
�̃(1)

(
Xit − λ̃′

if̃t
)
f̃t − �̃(1)

(
Xit − λ̃′

if0t

)
f0t

]
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= 1
T

T∑
t=1

�̃(1)
(
Xit − λ̃′

if
∗
t

)
(f̃t − f0t)

− 1
T

T∑
t=1

�̃(2)
(
Xit − λ̃′

if
∗
t

)
f ∗
t λ̃

′
i(f̃t − f0t)� (S.5)

where f ∗
t lies between f̃t and f0t . The first term on the RHS of (S.5) is OP(1/LNT ) because

�(1) is uniformly bounded and T−1
∑T

t=1 ‖f̃t − f0t‖ =OP(1/LNT ) by Lemma S.3. Similarly,
the second term on the RHS of (S.5) is OP(1/(LNTh)) because h�(2)(u) is uniformly
bounded. Finally, we can show that (see, e.g., Lemma B.2 of Galvao and Kato (2016))

1
T

T∑
t=1

[
�̃(1)

(
Xit − λ̃′

if0t

)− �̃(1)it
]
f0t =OP

(‖λ̃i − λ0i‖
) ·OP(1/

√
Th)= oP

(‖λ̃i − λ0i‖
)
�

Combining the above results yields

1
T

T∑
t=1

�̄(1)
(
Xit − λ̃′

if̃t
)
f̃t =OP

(
1

LNTh

)
+ oP

(‖λ̃i − λ0i‖
)
� (S.6)

and the desired result follows from (S.4), (S.6), and Assumption 2. Q.E.D.

To derive the asymptotic distribution of λ̃i, it is essential to obtain the stochastic expan-
sion of f̃t . To do so, define

PNT (θ)= b
[

1
2N

r∑
p=1

r∑
q>p

(
N∑
i=1

λipλiq

)2

+ 1
2T

r∑
p=1

r∑
q>p

(
T∑
t=1

ftpftq

)2

+ 1
8T

r∑
k=1

(
T∑
t=1

f 2
tk−T

)2]

for some b > 0. Define

S∗(θ)=
[
� � � �− 1√

NT

T∑
t=1

�̄(1)
(
Xit − λ′

ift
)
f ′
t � � � �︸ ︷︷ ︸

1×Nr

� � � � �− 1√
NT

N∑
i=1

�̄(1)
(
Xit − λ′

ift
)
λ′
i� � � �︸ ︷︷ ︸

1×Tr

]′

�

S(θ)= S∗(θ)+ ∂PNT (θ)/∂θ� H(θ)= ∂S∗(θ)/∂θ′ + ∂2
PNT (θ)/∂θ∂θ

′�

and let H =H(θ0).
Expanding S(θ̃) around S(θ0) gives

S(θ̃)= S(θ0)+H · (θ̃− θ0)+ 0�5R(θ̃)� (S.7)

where

R(θ̃)=
(

M∑
j=1

∂H
(
θ∗)/∂θj · (θ̃j − θ0j)

)
(θ̃− θ0)�

and θ∗ lies between θ̃ and θ0.
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Further, define

Hd =
(
HΛ
d 0

0 HF
d

)
� HΛ

d =
√
T√
N

diag[�T�1� � � � ��T�i� � � � ��T�N]�

HF
d =

√
N√
T

diag[ΨN�1� � � � �ΨN�t� � � � �ΨN�T ]�

where

�T�i = 1
T

T∑
t=1

�̄(2)it f0tf
′
0t � ΨN�t = 1

N

N∑
i=1

�̄(2)it λ0iλ
′
0i�

The following lemma is important for the stochastic expansion of f̃t .

LEMMA S.6: The matrix H is invertible and ‖H−1 −H−1
d ‖max =O(1/T).

PROOF: To simplify the notations, we consider the case r = 2, but the proof can be
easily generalized to the case r > 2. Note that λ0i = (λ0i�1�λ0i�2)

′ and f0t = (f0t�1� f0t�2)
′, and

PNT (θ) simplifies to

PNT (θ)= b
[

1
2N

(
N∑
i=1

λi1λi2

)2

+ 1
2T

(
T∑
t=1

ft1ft2

)2

+ 1
8T

(
T∑
t=1

f 2
t1 − T

)2

+ 1
8T

(
T∑
t=1

f 2
t2 − T

)2]
�

First, define

γ′
1 = [

01×2N� (f01�1�0)� � � � � (f0t�1�0)� � � � � (f0T�1�0)
]
/
√
T�

γ′
2 = [

01×2N� (0� f01�2)� � � � � (0� f0t�2)� � � � � (0� f0T�2)
]
/
√
T�

γ′
3 = [

01×2N� (f01�2� f01�1)� � � � � (f0t�2� f0t�1)� � � � � (f0T�2� f0T�1)
]
/
√
T�

γ′
4 = [

(λ01�2�λ01�1)� � � � � (λ0i�2�λ0i�1)� � � � � (λ0N�2�λ0N�1)�01×2T

]
/
√
N�

and note that ∂2
PNT (θ0)/∂θ∂θ

′ = b(∑4
k=1 γkγ

′
k).

Second, define

ω′
1 = [

(λ01�1�0)/
√
N� � � � � (λ0N�1�0)/

√
N︸ ︷︷ ︸

ω′
1Λ

� (−f01�1�0)/
√
T� � � � � (−f0T�1�0)/

√
T︸ ︷︷ ︸

ω′
1F

]
�

ω′
2 = [

(0�λ01�2)/
√
N� � � � � (0�λ0N�2)/

√
N︸ ︷︷ ︸

ω′
2Λ

� (0�−f01�2)/
√
T� � � � � (0�−f0T�2)/

√
T︸ ︷︷ ︸

ω′
2F

]
�

ω′
3 = [

(λ01�2�0)/
√
N� � � � � (λ0N�2�0)/

√
N︸ ︷︷ ︸

ω′
3Λ

� (0�−f01�1)/
√
T� � � � � (0�−f0T�1)/

√
T︸ ︷︷ ︸

ω′
3F

]
�
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ω′
4 = [

(0�λ01�1)/
√
N� � � � � (0�λ0N�1)/

√
N︸ ︷︷ ︸

ω′
4Λ

� (−f01�2�0)/
√
T� � � � � (−f0T�2�0)/

√
T︸ ︷︷ ︸

ω′
4F

]
�

and ω= [ω1�ω2�ω3�ω4]. It is easy to check that ω′
pωq = 0 for p �= q. Moreover, we have

ωω′ =
4∑
k=1

ωkω
′
k =

⎛
⎜⎜⎜⎜⎝

4∑
k=1

ωkΛω
′
kΛ −(NT)−1/2

{
f0tλ

′
0i

}
i≤N�t≤T

−(NT)−1/2
{
λ0if

′
0t

}
t≤T�i≤N�

4∑
k=1

ωkFω
′
kF

⎞
⎟⎟⎟⎟⎠ � (S.8)

where {f0tλ
′
0i}i≤N�t≤T denotes a 2N × 2T matrix whose {i� t}th block is f0tλ

′
0i. Further, it is

easy to see that under our normalizations,

ω′ω=
⎛
⎜⎝
σN1 + 1 0 0 0

0 σN2 + 1 0 0
0 0 σN2 + 1 0
0 0 0 σN1 + 1

⎞
⎟⎠ �

Next, we project γk onto ω, and write γk = ωβk + ζk for k = 1� � � � �4, where βk =
(ω′ω)−1ω′γk. In particular,

β1 =

⎛
⎜⎜⎜⎝

− 1
σN1 + 1

0
0
0

⎞
⎟⎟⎟⎠ � β2 =

⎛
⎜⎜⎜⎝

0

− 1
σN2 + 1

0
0

⎞
⎟⎟⎟⎠ �

β3 =

⎛
⎜⎜⎜⎜⎜⎝

0
0

− 1
σN2 + 1

− 1
σN1 + 1

⎞
⎟⎟⎟⎟⎟⎠ � β4 =

⎛
⎜⎜⎜⎜⎝

0
0
σN2

σN2 + 1
σN1

σN1 + 1

⎞
⎟⎟⎟⎟⎠ �

Define BN =∑4
k=1βkβ

′
k. It is easy to show that there exists ρ > 0 such that ρmin(BN) > ρ

for all largeN as long as σN1 −σN2 is bounded below by a positive constant for all largeN ,
which is true under our assumption that σN1 → σ1, σN2 → σ2, and σ1 >σ2. It then follows
that

∂2
PNT (θ0)/∂θ∂θ

′ = b
(

4∑
k=1

γkγ
′
k

)
= b ·ω

(
4∑
k=1

βkβ
′
k

)
ω′ + b

(
4∑
k=1

ζkζ
′
k

)

= bρ ·ωω′ + b ·ω(BN − ρ · I4)ω
′ + b

(
4∑
k=1

ζkζ
′
k

)
� (S.9)

Now let b= min{f� bρ}. Then it follows from (S.9) that

H = ∂S∗(θ0)/∂θ
′ + ∂2

PNT (θ0)/∂θ∂θ
′
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= ∂S∗(θ0)/∂θ
′ + b ·ωω′ + (bρ− b) ·ωω′︸ ︷︷ ︸

≥0

+b ·ω(BN − ρI4)ω
′︸ ︷︷ ︸

≥0

+b
(

4∑
k=1

ζkζ
′
k

)
︸ ︷︷ ︸

≥0

≥ ∂S∗(θ0)/∂θ
′ + b ·ωω′�

Moreover, we can write

∂S∗(θ0)/∂θ
′

=

⎛
⎜⎜⎜⎜⎜⎝
(NT)−1/2 diag

[{
T∑
t=1

�̄(2)it f0t f
′
0t

}
i≤N

]
(NT)−1/2{�̄(2)it f0tλ

′
0i
}
i≤N�t≤T

(NT)−1/2{�̄(2)it λ0if
′
0t
}
t≤T�i≤N (NT)−1/2 diag

[{
N∑
i=1

�̄(2)it λ0iλ
′
0i

}
t≤N

]
⎞
⎟⎟⎟⎟⎟⎠

= b

⎛
⎜⎜⎜⎜⎜⎝

diag

[{
(NT)−1/2

T∑
t=1

f0t f
′
0t

}
i≤N

]
02N×2T

02T×2N diag

[{
(NT)−1/2

N∑
i=1

λ0iλ
′
0i

}
t≤N

]
⎞
⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
I

+ b
(

02N×2N (NT)−1/2{f0tλ
′
0i
}
i≤N�t≤T

(NT)−1/2{λ0if
′
0t
}
t≤T�i≤N 02T×2T

)
︸ ︷︷ ︸

II

+

⎛
⎜⎜⎜⎜⎜⎝
(NT)−1/2 diag

[{
T∑
t=1

(
�̄(2)it − b)f0t f

′
0t

}
i≤N

]
(NT)−1/2{(�̄(2)it − b)f0tλ

′
0i
}
i≤N�t≤T

(NT)−1/2{(�̄(2)it − b)λ0if
′
0t
}
t≤T�i≤N (NT)−1/2 diag

[{
N∑
i=1

(
�̄(2)it − b)λ0iλ

′
0i

}
t≤N

]
⎞
⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
III

�

Note that by our Assumptions 1 and 2, there exists a constant c > 0 such that

I = b
(√

T/N · I2N 02N×2T

02T×2N

√
N/T · IT ⊗ diag(σN1�σN2)

)
≥ c · I2(N+T)� (S.10)

From (S.8), we have

II + b ·ωω′ = b ·

⎛
⎜⎜⎜⎜⎝

4∑
k=1

ωkΛω
′
kΛ 02N×2T

02T×2N

4∑
k=1

ωkFω
′
kF

⎞
⎟⎟⎟⎟⎠≥ 0� (S.11)
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For the last term, we have, for N�T large enough,

III = 1√
NT

N∑
i=1

T∑
t=1

(
�̄(2)it − b)μitμ′

it ≥ 0� (S.12)

where μit = [01×2� � � � � f
′
0t � � � � �01×2︸ ︷︷ ︸

1×2N

�01×2� � � � � λ
′
0i� � � � �01×2︸ ︷︷ ︸

1×2T

]′, because Assumption 1 and

Lemma S.1 imply that �̄(2)it ≥ f for all i� t. It then follows from (S.10), (S.11), and (S.12)
that

H ≥ ∂S∗(θ0)/∂θ
′ + b ·ωω′ = I + II + III + b ·ωω′ ≥ c · I2(N+T)�

and thus

H−1 ≤ c−1 · I2(N+T)� (S.13)

Finally, write H =Hd + C, where

C =
(

02N×2N (NT)−1/2
{
�̄(2)it f0tλ

′
0i

}
i≤N�t≤T

(NT)−1/2
{
�̄(2)it λ0if

′
0t

}
t≤T�i≤N 02T×2T

)
+ b

(
4∑
k=1

γkγ
′
k

)
�

Note that H−1 − H−1
d = −H−1

d CH−1
d + H−1

d CH−1CH−1
d , and thus ‖H−1 − H−1

d ‖max ≤
‖H−1

d CH−1
d ‖max + ‖H−1

d CH−1CH−1
d ‖max. Inequality (S.13) implies that H−1

d CH−1CH−1
d ≤

c−1H−1
d C2H−1

d , and thus the jth diagonal element of H−1
d CH−1CH−1

d is smaller than
the jth diagonal element of c−1H−1

d C2H−1
d . It then follows that ‖H−1

d CH−1CH−1
d ‖max ≤

c−1‖H−1
d C2H−1

d ‖max and therefore∥∥H−1 −H−1
d

∥∥
max

≤ ∥∥H−1
d CH−1

d

∥∥
max

+ c−1
∥∥H−1

d C2H−1
d

∥∥
max

because the entry with the largest absolute value of a positive semidefinite matrix is always
on the diagonal. Since H−1

d is a block-diagonal matrix whose elements are all O(1) by
Assumption 2, and both ‖C‖max and ‖C2‖max can be shown to be O(1/T), then the desired
result follows. Q.E.D.

Since ∂PNT (θ̃)/∂θ= ∂PNT (θ0)/∂θ= 0, (S.7) implies that

θ̃− θ0 =H−1S∗(θ̃)−H−1S∗(θ0)− 0�5H−1R(θ̃)� (S.14)

Define

S∗
NT (θ)

=
[
� � � �− 1√

NT

T∑
t=1

�(1)
(
Xit − λ′

ift
)
f ′
t � � � �︸ ︷︷ ︸

1×Nr

� � � � �− 1√
NT

N∑
i=1

�(1)
(
Xit − λ′

ift
)
λ′
i� � � �︸ ︷︷ ︸

1×Tr

]′

�

S̃∗(θ) = S∗
NT (θ) − S∗(θ), and D = H−1 − H−1

d . Note that by the first-order conditions,
S∗
NT (θ̃)= 0. As a result, we can write

H−1S∗(θ̃)=H−1
d S∗(θ̃)+DS∗(θ̃)= −H−1

d S̃∗(θ̃)+DS∗(θ̃)
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= −H−1
d S̃∗(θ0)−H−1

d

(
S̃∗(θ̃)− S̃∗(θ0)

)+DS∗(θ̃) (S.15)

= −H−1
d S̃∗(θ0)−H−1

d

(
S̃∗(θ̃)− S̃∗(θ0)

)
−DS̃∗(θ0)−D

(
S̃∗(θ̃)− S̃∗(θ0)

)
� (S.16)

Next, let R(θ̃)j denote the vector containing the (j − 1)r + 1th to the jrth elements of
R(θ̃) for j = 1� � � � �N + T , and let ŌP(·) denote a stochastic order that is uniformly in i
and t.1 Then, by the result of Lemma S.3, it can be shown that

R(θ̃)i = ŌP(1)‖λ̃i − λ0i‖2 + ŌP(1/
√
T)‖λ̃i − λ0i‖ + ŌP(1/T) (S.17)

for i= 1� � � � �N , and

R(θ̃)N+t = ŌP(1)‖f̃t − f0t‖2 + ŌP(1/
√
T)‖f̃t − f0t‖ + ŌP(1/T) (S.18)

for t = 1� � � � � T .
Write Dj�s as the r× r matrix containing the (j−1)r+1 to jr rows and (s−1)r+1 to sr

columns of D. Note that Lemma S.1 and Lemma S.6 imply that ‖H−1S∗(θ0)‖max = Ō(hm).
Then, from (S.14) to (S.18), we can write

f̃t − f0t = (ΨN�t)
−1 1
N

N∑
j=1

�̃(1)jt λ0j + 1√
NT

N∑
j=1

T∑
s=1

DN+t�j · �̃(1)js · f0s

+ 1√
NT

N∑
j=1

T∑
s=1

DN+t�N+s · �̃(1)js · λ0j

+ (ΨN�t)
−1 1
N

N∑
j=1

{
�̃(1)

(
Xjt − λ̃′

j f̃t
)
λ̃j − �̃(1)jt λ0j

}

+ 1√
NT

N∑
j=1

T∑
s=1

DN+t�j
{
�̃(1)

(
Xjs − λ̃′

j f̃s
)
f̃s − �̃(1)js f0s

}

+ 1√
NT

N∑
j=1

T∑
s=1

DN+t�N+s
{
�̃(1)

(
Xjs − λ̃′

j f̃s
)
λ̃j − �̃(1)js λ0j

}

− 0�5(ΨN�t)
−1R(θ̃)N+t − 0�5

N∑
j=1

DN+t�jR(θ̃)j

− 0�5
T∑
s=1

DN+t�N+sR(θ̃)N+s + Ō
(
hm
)
� (S.19)

1For example, Zit = ŌP(1) means that maxi≤N�t≤T ‖Zit‖ =OP(1).
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LEMMA S.7: Let c1� � � � � cT be a sequence of uniformly bounded constants. Then, under
Assumptions 1 and 2, we have

1
T

T∑
t=1

ct(f̃t − f0t)=OP
(

1
Th

)
�

PROOF: Define dj =
√
NT ·T−1

∑T

t=1 ctDN+t�j for j = 1� � � � �N +T . Lemma S.6 implies
that max1≤j≤N+T ‖dj‖ is bounded. From (S.19), we have

1
T

T∑
t=1

ct(f̃t − f0t)

= 1
NT

N∑
j=1

T∑
t=1

ct(ΨN�t)
−1�̃(1)jt λ0j + 1

NT

N∑
j=1

T∑
s=1

dj�̃
(1)
js f0s + 1

NT

N∑
j=1

T∑
s=1

dN+s�̃
(1)
js λ0j

+ 1
NT

N∑
j=1

T∑
t=1

ct(ΨN�t)
−1
{
�̃(1)

(
Xjt − λ̃′

j f̃t
)
λ̃j − �̃(1)jt λ0j

}

+ 1
NT

N∑
j=1

T∑
s=1

dj
{
�̃(1)

(
Xjs − λ̃′

j f̃s
)
f̃s − �̃(1)js f0s

}

+ 1
NT

N∑
j=1

T∑
s=1

dN+s
{
�̃(1)

(
Xjs − λ̃′

j f̃s
)
λ̃j − �̃(1)js λ0j

}− 0�5
1
T

T∑
t=1

ct(ΨN�t)
−1R(θ̃)N+t

− 0�5
1√
NT

N∑
j=1

djR(θ̃)j − 0�5
1√
NT

T∑
s=1

dN+sR(θ̃)N+s + Ō
(
hm
)
� (S.20)

First, by Lyapunov’s CLT, it is easy to see that the first three terms on the RHS of (S.20)
are all OP(1/

√
NT).

Next, it follows from Lemma S.3, (S.17), (S.18), and Assumption 2(v) that the last four
terms on the RHS of (S.20) are all OP(1/L2

NT ). Finally, we will show that the remain-
ing three terms on the RHS of (S.20) are all OP(1/(Th)), from which the desired result
follows.

Define

VNT (θ)= 1
NT

N∑
j=1

T∑
s=1

dj
{
�̃(1)

(
Xjs − λ′

jfs
)
fs − �̃(1)js f0s

}
�

and �NT(θa�θb)= √
NTh[VNT (θa)−VNT (θb)]. Note that

�NT(θa�θb)= h√
NT

N∑
j=1

T∑
s=1

dj · �̃(1)
(
Xjs − λ′

ajfas
) · (fas − fbs)

︸ ︷︷ ︸
�1�NT (θa�θb)
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+ h√
NT

N∑
j=1

T∑
s=1

dj ·
[
�̃(1)

(
Xjs − λ′

ajfas
)− �̃(1)(Xjs − λ′

bjfbs
)] · fbs

︸ ︷︷ ︸
�2�NT (θa�θb)

�

Lemma S.1 implies that

h
∣∣dj · �̃(1)(Xjs − λ′

ajfas
) · (fas − fbs)

∣∣� ∣∣λ′
ajfas − λ′

bjfbs
∣∣�

h
∣∣�(1)(Xjs − λ′

ajfas
)−�(1)(Xjs − λ′

bjfbs
)∣∣� ∣∣λ′

ajfas − λ′
bjfbs

∣∣�
By Hoeffding’s inequality and Lemma 2.2.1 of van der Vaart and Wellner (1996), we can
show that for d(θa�θb) sufficiently small,∥∥�1�NT (θa� θb)

∥∥
ψ2

� d(θa�θb) and
∥∥�2�NT (θa� θb)

∥∥
ψ2

� d(θa�θb)�

Thus, ∥∥�NT(θa�θb)∥∥ψ2
≤ ∥∥�1�NT (θa�θb)

∥∥
ψ2

+ ∥∥�2�NT (θa�θb)
∥∥
ψ2

� d(θa�θb)�

Therefore, similar to the proof of Lemma 3, we can show that for sufficiently small δ > 0,

E

[
sup
θ∈Θr(δ)

∣∣VNT (θ)
∣∣]� δ

LNTh
� (S.21)

It then follows from (S.21) and Lemma S.3 that VNT (θ̃)=OP(1/(L2
NTh))=OP(1/(Th)),

for example, the fifth term on the right of (S.20) is OP(1/(Th)). Similar results can be
obtained for the fourth and sixth terms on the right of (S.20), and thus the desired result
follows. Q.E.D.

LEMMA S.8: Under Assumptions 1 and 2, for each i we have

1
T

T∑
t=1

�̃(1)it (f̃t − f0t)=OP
(

1
Th

)
and

1
T

T∑
t=1

�̃(2)it f0t(f̃t − f0t)
′ =OP

(
1
Th2

)
�

PROOF: To save space, we only prove the second result, since the proof of the first result
is similar. Using (S.15) and (S.19), we can write

1
T

T∑
t=1

�̃(2)it f0t(f̂t − f0t)
′

= 1
NT

T∑
t=1

N∑
j=1

�̃(2)it �̃
(1)
jt f0tλ

′
0j(ΨN�t)

−1

+ 1
NT

T∑
t=1

N∑
j=1

�̃(2)it f0t ·
{
�̃(1)

(
Xjt − λ̃′

j f̃t
)
λ̃′
j − �̃(1)jt λ′

0j

}
(ΨN�t)

−1

− 1√
NT

N∑
j=1

T∑
s=1

(
1
T

T∑
t=1

�̃(2)it f0t f̃
′
sD′

N+t�j

)
�̄(1)

(
Xjs − λ̃′

j f̃s
)
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− 1√
NT

N∑
j=1

T∑
s=1

(
1
T

T∑
t=1

�̃(2)it f0t λ̃
′
jD′

N+t�N+s

)
�̄(1)

(
Xjs − λ̃′

j f̃s
)

+ 1
2T

T∑
t=1

�̃(2)it f0tR(θ̃)′N+t(ΨN�t)
−1 + 1

2T

N∑
j=1

T∑
t=1

�̃(2)it f0tR(θ̃)′jD′
N+t�j

+ 1
2T

T∑
s=1

T∑
t=1

�̃(2)it f0tR(θ̃)′N+sD′
N+t�N+s +O

(
hm−1

)
� (S.22)

First, we can write

1
NT

T∑
t=1

N∑
j=1

�̃(2)it �̃
(1)
jt f0tλ

′
0j(ΨN�t)

−1

= 1
NT

T∑
t=1

�̃(2)it �̃
(1)
it f0tλ

′
0i(ΨN�t)

−1 + 1
NT

T∑
t=1

N∑
j=1�j �=i

�̃(2)it �̃
(1)
jt f0tλ

′
0j(ΨN�t)

−1�

Since h�(2)it (·) is uniformly bounded by Lemma S.1, maxt≤T ‖(ΨN�t)
−1‖ =O(1) for large N

by Assumption 2, the first term on the RHS of the above equation is OP((Nh)−1). Using
Lyapunov’s CLT and Lemma S.1, the second term on the RHS of the above equation can
be shown to be OP((NTh)−1/2). Thus, the first term on the RHS of (S.22) is OP((Th)−1).

Second, consider the second term on the RHS of (S.22), which can be written as

OP

(
1
Nh

)
+ 1
NT

T∑
t=1

N∑
j=1�j �=i

�̃(2)it f0t ·
{
�̃(1)

(
Xjt − λ̃′

j f̃t
)
λ̃′
j − �̃(1)jt λ′

0j

}
(ΨN�t)

−1�

Similar to the proof of Lemma S.7, the second term of the above expression can be shown
to be OP(1/(Th2)). So the second term on the RHS of (S.22) is OP(1/(Th2)).

Next, for the third term on the RHS of (S.22), its p�qth element is given by

1
NT

N∑
j=1

T∑
s=1

χi�j · �̄(1)
(
Xjs − λ̃′

j f̃s
)
f̃s�

where χi�j = T−1
∑T

t=1(
√
NTDN+t�j�q) ·f0t�p�̃

(2)
it , and DN+t�j�q is the qth row of DN+t�j . There-

fore, ∥∥∥∥∥ 1
NT

N∑
j=1

T∑
s=1

χi�j�̄
(1)
(
Xjs − λ̃′

j f̃s
)
f̃s

∥∥∥∥∥
≤
√√√√ 1
N

N∑
j=1

‖χi�j‖2 ·
√√√√ 1
NT

N∑
j=1

T∑
s=1

[
�̄(1)

(
Xjs − λ̃′

j f̃s
)]2‖f̃s‖2�

Since |√NTf0t�pDN+t�j�q| is uniformly is bounded by Lemma S.6, it can be shown that
E‖χi�j‖2 =O((Th)−1). Moreover,[
�̄(1)

(
Xjs − λ̃′

j f̃s
)]2 = [

�̄(1)it + �̄(2)(Xjs −λ∗′
j f

∗
s

) · (λ′
0if0t − λ̃′

j f̃s
)]2 �O

(
h2m

)+ (λ′
0if0t − λ̃′

j f̃s
)2
�
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thus, √√√√ 1
NT

N∑
j=1

T∑
s=1

[
�̄(1)

(
Xjs − λ̃′

j f̃s
)]2‖f̃s‖2 �O

(
hm
)+ d(θ̃� θ0)=OP(1/LNT )

by Lemma S.3. So, the third term on the RHS of (S.22) is OP(T−1h−1/2), while the fourth
term on the RHS of (S.22) can be shown to be OP(T−1h−1/2) in the same way.

Finally, it follows from Lemma S.3 and (S.18) that the fifth term on the RHS of (S.22)
is OP((LNT )−2h−1) = OP((Th)

−1). The p�qth element of the sixth term on the RHS of
(S.22) can be written as (2

√
NT)−1

∑N

j=1χi�jR(θ̃)j , which is bounded by

√
N

2
√
T

√√√√ 1
N

N∑
j=1

‖χi�j‖2

√√√√ 1
N

N∑
j=1

∥∥R(θ̃)j∥∥2 =OP
(
(Th)−1/2

)
OP
(
L−2
NT

)=OP
(
T−3/2h−1/2

)
�

The same bound for the seventh term on the RHS of (S.22) can be obtained using the
same argument. Thus, combining the above results, we get

1
T

T∑
t=1

�̃(2)it f0t(f̃t − f0t)
′ =OP

(
1
Th2

)
�

Q.E.D.

PROOF OF THEOREM 4: From the expansion in the proof of Lemma S.5, we have

�T�i(λ̃i − λ0i)= − 1
T

T∑
t=1

�̄(1)
(
Xit − λ̃′

if̃t
)
f̃t + 1

T

T∑
t=1

�̄(1)it f0t + 1
T

T∑
t=1

�̄(1)it (f̃t − f0t)

− 1
T

T∑
t=1

�̄(2)it f0t(f̃t − f0t)
′λ0i +OP

(
T−1‖F̃ − F0‖2

)+ oP
(‖λ̃i − λ0i‖

)
�

Then, it follows from Lemmas S.1, S.3, and S.7 that

�T�i(λ̃i − λ0i)= − 1
T

T∑
t=1

�̄(1)
(
Xit − λ̃′

if̃t
)
f̃t +O

(
hm
)+OP

(
1
Th

)
+ oP

(‖λ̃i − λ0i‖
)
�

Note that

− 1
T

T∑
t=1

�̄(1)
(
Xit − λ̃′

if̃t
)
f̃t

= 1
T

T∑
t=1

�̃(1)
(
Xit − λ̃′

if̃t
)
f̃t

= 1
T

T∑
t=1

�̃(1)it f̃t −
1
T

T∑
t=1

�̃(2)it · (λ̃′
if̃t − λ′

0if0t

)
f̃t + 0�5

1
T

T∑
t=1

�̃(3)it (∗)
(
λ̃′
if̃t − λ′

0if0t

)2
f̃t �

where �̃(3)it (∗)= �̃(3)it (c∗
it) and c∗

it is between λ′
0if0t and λ̃′

if̃t .
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First, by Lemma S.8, we have

1
T

T∑
t=1

�̃(1)it f̃t =
1
T

T∑
t=1

�̃(1)it f0t + 1
T

T∑
t=1

�̃(1)it (f̃t − f0t)= 1
T

T∑
t=1

�̃(1)it f0t +OP
(

1
Th

)
�

Second,

1
T

T∑
t=1

�̃(2)it · (λ̃′
if̃t − λ′

0if0t

)
f̃t

= 1
T

T∑
t=1

�̃(2)it f̃t · (f̃t − f0t)
′λ̃i + 1

T

T∑
t=1

�̃(2)it f̃tf
′
0t · (λ̃i − λ0i)

= 1
T

T∑
t=1

�̃(2)it f0t · (f̃t − f0t)
′λ̃i + 1

T

T∑
t=1

�̃(2)it (f̃t − f0t) · (f̃t − f0t)
′λ̃i

+ 1
T

T∑
t=1

�̃(2)it f0tf
′
0t · (λ̃i − λ0i)

+ 1
T

T∑
t=1

�̃(2)it (f̃t − f0t)f
′
0t · (λ̃i − λ0i)� (S.23)

It then follows from Lemma S.3 that the second term on the RHS of (S.23) isOP((Th)−1),
and Lemma S.8 implies that the first term is OP(T−1h−2). It is easy to show that the last
two terms on the right of (S.23) are both oP(‖λ̃i − λ0i‖). Thus, we have

1
T

T∑
t=1

�̃(2)it · (λ̃′
if̃t − λ′

0if0t

)
f̃t =OP

(
T−1h−2

)+ oP
(‖λ̃i − λ0i‖

)
� (S.24)

Next, it is also easy to show that∥∥∥∥∥ 1
T

T∑
t=1

�̃(3)it (∗)
(
λ̃′
if̃t − λ′

0if0t

)2
f̃t

∥∥∥∥∥� ‖λ̃i − λ0i‖2 1
T

T∑
t=1

∣∣�̃(3)it (∗)∣∣+ 1
T

T∑
t=1

∣∣�̃(3)it (∗)∣∣ · ‖f̃t − f0t‖2�

Therefore, from Lemma S.1, Lemma S.3, and Lemma S.5, we have

1
T

T∑
t=1

�̃(3)it (∗)
(
λ̃′
if̃t − λ′

0if0t

)2
f̃t =OP

(‖λ̃i − λ0i‖
) ·OP

(
T−1/2h−3

)+OP
(
T−1h−2

)
�

which is oP(‖λ̃i − λ0i‖)+OP(T−1h−2) under the assumption that
√
Th3 → ∞.

Finally, combining all the above results, we get

�T�i(λ̃i − λ0i)= 1
T

T∑
t=1

�̃(1)it f0t + oP
(‖λ̃i − λ0i‖

)+OP
(

1
Th2

)
+O(hm)� (S.25)
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and from Lemma S.1 it is easy to show that

1
T

T∑
t=1

�̄(2)it f0tf
′
0t →�i > 0 and

1√
T

T∑
t=1

�̃(1)it f0t
d→N

(
0� τ(1 − τ)Ir

)
� (S.26)

Since our assumption implies that
√
Th2 → ∞ and

√
Thm → 0, the desired results follow

from (S.25) and (S.26). Q.E.D.

S.2. ESTIMATING THE COVARIANCE MATRICES

In this subsection, we show that the estimators of the covariance matrices proposed in
Remark 4.4 are consistent. Recall that

Vft = τ(1 − τ)Ψ−1
t ΣΛΨ

−1
t � Ṽft = τ(1 − τ)Ψ̃−1

t Σ̃ΛΨ̃
−1
t �

where Ψ̃t = (Nb)−1
∑N

i=1 l(ũit/b) · λ̃iλ̃′
i and Σ̃Λ = Λ̃′Λ̃/N . It suffices to show that ‖Σ̃Λ −

ΣΛ‖ = oP(1) and ‖Ψ̃t −Ψt‖ = oP(1).
First, from Lemma 2 and Lemma S.2,

‖Σ̃Λ −ΣΛ‖ ≤ ∥∥Λ̃′Λ̃/N −Λ′
0Λ0/N +Λ′

0Λ0/N −ΣΛ
∥∥

≤ ∥∥Λ̃′Λ̃/N −Λ′
0Λ0/N

∥∥+ o(1)

≤ 2 · ‖Λ0‖√
N

· ‖Λ̃−Λ0‖√
N

+
(‖Λ̃−Λ0‖√

N

)2

+ o(1)= oP(1)�

Second,

Ψ̃t = 1
Nb

N∑
i=1

l(uit/b) · λ0iλ
′
0i +

1
Nb

N∑
i=1

[
l(ũit/b)− l(uit/b)

] · λ0iλ
′
0i

+ 1
Nb

N∑
i=1

l(ũit/b) · (λ̃iλ̃′
i − λ0iλ

′
0i

)
� (S.27)

For the first term on the RHS of (S.27), following the standard proof of kernel density
estimator, we have

1
Nb

N∑
i=1

l(uit/b) · λ0iλ
′
0i =

1
N

N∑
i=1

fit(0)λ0iλ
′
0i +OP

(
b2
)+OP(1/

√
Nb)�

For the third term on the RHS of (S.27), by Lemma S.3 one can show that∥∥∥∥∥ 1
Nb

N∑
i=1

l(ũit/b) · (λ̃iλ̃′
i − λ0iλ

′
0i

)∥∥∥∥∥� 1
Nb

N∑
i=1

∥∥λ̃iλ̃′
i − λ0iλ

′
0i

∥∥=OP
(
1/

√
Nb2

)
�

As regards the second term on the RHS of (S.27), we have

1
Nb

N∑
i=1

[
l(ũit/b)− l(uit/b)

] · λ0iλ
′
0i
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= 1
Nb2

N∑
i=1

l(1)(uit/b) · λ0iλ
′
0i · (ũit − uit)+ 1

Nb3

N∑
i=1

l(2)
(
u∗
it/b

) · λ0iλ
′
0i · (ũit − uit)2

= 1
Nb2

N∑
i=1

l(1)(uit/b) · λ0iλ
′
0iλ0i · (f̃t − f0t)+ 1

Nb2

N∑
i=1

l(1)(uit/b) · λ0iλ
′
0i(λ̃i − λ0i) · f̃t

+ 1
Nb3

N∑
i=1

l(2)
(
u∗
it/b

) · λ0iλ
′
0i · (ũit − uit)2�

where u∗
it is between uit and ũit . It is easy to show that

1
Nb2

N∑
i=1

l(1)(uit/b) · λ0iλ
′
0iλ0i =OP(1)�

∥∥∥∥∥ 1
Nb2

N∑
i=1

l(1)(uit/b) · λ0iλ
′
0i(λ̃i − λ0i) · f̃t

∥∥∥∥∥
� 1
b3/2

√√√√ 1
Nb

N∑
i=1

[
l(1)(uit/b)

]2

√√√√ 1
N

N∑
i=1

‖λ̃i − λ0i‖2

=OP
(
b−3/2

)
OP(1)OP

(
L−1
NT

)=OP
(
1/

√
Nb3

)
�

and ∥∥∥∥∥ 1
Nb3

N∑
i=1

l(2)
(
u∗
it/b

) · λ0iλ
′
0i · (ũit − uit)2

∥∥∥∥∥� 1
b3 · 1

N

N∑
i=1

(ũit − uit)2 =OP
(
1/Nb3

)
�

Thus, it follows that∥∥∥∥∥ 1
Nb

N∑
i=1

[
l(ũit/b)− l(uit/b)

] · λ0iλ
′
0i

∥∥∥∥∥=OP
(
N−1

)+OP
(
1/

√
Nb3

)+OP
(
1/Nb3

)
�

Finally, it follows from the definition of Ψt and the condition b→ 0�Nb3 → ∞ that Ψ̃t

p→
Ψt and thus Ṽft

p→ Vft . The proof for �̃i is similar and therefore is omitted.
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TABLE S.I

ESTIMATION OF QFM BY PCAa

M1 M2 M3

r̂IC f1t f2t f3t r̂IC f1t f2t f3t r̂IC f1t f2t f3t

(50,50) 7.19 0.982 0.968 0.323 7.44 0.949 0.910 0.302 7.99 0.982 0.968 0.339
(50,100) 4.47 0.981 0.964 0.122 5.48 0.946 0.894 0.134 7.99 0.982 0.967 0.178
(50,200) 2.32 0.981 0.961 0.016 3.53 0.946 0.892 0.035 8.00 0.982 0.964 0.088

(100,50) 7.44 0.991 0.984 0.380 7.60 0.974 0.947 0.364 7.99 0.990 0.982 0.398
(100,100) 5.49 0.991 0.983 0.182 6.33 0.974 0.947 0.188 7.99 0.991 0.981 0.227
(100,200) 2.98 0.991 0.982 0.046 4.28 0.974 0.947 0.061 7.99 0.990 0.980 0.120

(200,50) 7.58 0.996 0.992 0.419 7.67 0.985 0.967 0.398 7.98 0.994 0.990 0.455
(200,100) 6.63 0.996 0.992 0.252 7.03 0.987 0.973 0.232 7.98 0.995 0.990 0.284
(200,200) 4.33 0.996 0.991 0.097 5.60 0.987 0.973 0.105 7.97 0.995 0.990 0.149

aSimulation results from 1000 repetitions. The DGP is fully described in Section 5.2 of the paper, and corresponds to: Xit =
λ1if1t + λ2if2t + (λ3if3t ) · eit , f1t = 0�8f1�t−1 + ε1t , f2t = 0�5f2�t−1 + ε2t , f3t = |gt |, λ1i� λ2i� ε1t � ε2t � gt ∼ i.i.d. N (0�1), and λ3i ∼
i.i.d. U[1�2]. eit = βei�t−1 + vit + ρ ·∑i+J

j=i−J�j �=i vjt . M1: vit ∼ i.i.d. N (0�1), β = ρ = 0; M2: vit ∼ i.i.d. t3, β = ρ = 0; M3: vit ∼
i.i.d. N (0�1), β = ρ = 0�2, J = 3. For each model, the first column reports the averages of r̂IC , which is the estimated number of

factors using ICP1 of BN (2002), while the second to the fourth columns report the average R2 in the regression of (each of) the true
factors on the PCA factors F̂PCA , where the number of PCA factors is given by r̂IC .
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FIGURE S.1.—Normal approximations of the estimated QFA factors using SQR for N = T = 50.
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FIGURE S.2.—Normal approximations of the estimated factors using SQR for N = T = 200.
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