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FIGURE S1.—For different values of w4, NAM Allocation w(x) and intensity/size 6. Simulation with both

Hy, H,, uniform on [0, 1], wy =0.5,and 04 = 1.1.
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FIGURE S2.—For different values of o4, NAM Allocation w(x) and intensity/size 6. Simulation with both

Hy, H,, uniform on [0, 1], w 4 = 0.5, and wy = 0.5.
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FIGURE S3.—For different values of wy, PAM Allocation w(x) and intensity/size 6. Simulation with both
Hy, H,, uniform on [0, 1], w 4 =0.5,and 04 =0.5.

CONDITIONS FOR SORTING WITH MULTIPLE SKILL INPUTS

Let there be two distinct skill inputs x; and x,, each with a continuum of possible types
X1, X, € R,. Then we analyze the allocation for a general technology f(x;, 01, X2, 65, y)
and wages w; (x;) and w,(x;).

Then the first-order conditions are

fxl(xl, 01, x5, 0, y) — Hl(xl)w,l(xl) =0,
fol (x1, 01, X2, 05, ¥) —w;i(x) =0,
fr, (X1, 01, X2, 05, ¥) — O2(x2)w5(x,) =0,
fez(xl, 01, X2, 02, y) — wy(x2) =0.

The corresponding Hessian is

fxlxl - lell/ fX191 - wll fxle fxlez

H= fxlel _wll f9191 fx291 f9162
X1x2 fxzﬁl fxzxz - ng fxzﬂz - w/z ’

fx192 f91 6 fx292 - w/z f9292

and must be negative semi-definite.
We denote the equilibrium allocations by y = u;(x;) and y = u,(x,). Substituting x, =

ot (9) = py [ (x1)] and x; = u' (¥) = py ' [ma(x2)], we can therefore write the FOC’s
evaluated at the equilibrium allocation as

Fer (15 00, 3 1 (1) ], 02, 1 (1)) — 03 (x1)wy (x1) =0,
for(x1, 00, 13 [a(x1) ], 0, 1 (x1)) — wy(x1) =0,
for (7' [12(x2) ], 61, X2, 62, 12 (X)) — O2(x2)wh(x2) =0,
for (1 [m2(x2) ], 01, %2, 02, pa(x2)) — wa(x2) =0.

We now take the total derivative of the first two FOCs with respect to x; and of the last
two FOCs with respect to x, and obtain

fxlxl + fx191 0,1 + fxlx2 ['U“Z_l],lu’/l +fX1920,2[M2_1],IU’/1 +fx1)’lu’,1 - 9/111)/1 - elw,{ = 0’
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fx191 +f9191 0,1 + fx291 [/'Lz_l]//"”/l + f9192 [/'Lz_l]//"’/l + fxly/J’,l - w/l =0,
Foo (7 [2(x2) ], 01, X2, 02, pa(x2)) — B2(x2)wWh(x2) =0
for (1 ' [2(x2)], 61, X2, 62, pa(x2)) — wa(x2) =0,

which implies

Foon = 01w} = 0,0, — fry0, 0 — [frna[12'] + Fran 03[13"] + Froy]mtis
Jro, — Wy = —fo,0,0) — [fxzel [MZ ] +f9162[M2 ] +fx1y]M )

Fousy — 0w = 0w — fry0, 0y — [ Frys [ ] + Froo, 03[ '] + Fry 1t
Frao, = Ws = —Fon, 0y — [frros[7'] + Fonon[t7'] + Fray ]t

and therefore the Hessian H can be written as

01wy — fx101 [ x1x2 [:“2 ] _f9191 61 — [fX291 [Mgl]/ fx1xz fX192
+ oo 012" + fon ] + fonpa'] + ]l
_f9191 17 [fx291 [/‘LZI] f9191 fx291 f9192 ,
+ f9192 [/"’2 ] + fxw]lu’,l
fxlxz foﬂl fxzxz - Ow,z/ fx292 - w/z
fri0, fo,0, foo, =Wy fo

where the bottom right 2 x 2 matrix is given by

<fx2x2 — 0wy fi, — wé)
fx262 —w, fozez
040, — fron 0 = [fryes[7'] = Fore 0 = [Frsmn[1r']
+ Fron O[] + fooy] 1) + foon 1] + Fen ]2
—f9292 0, — [fx162 [,Uq ] felez .
+ fo,6, [Mfl]/ + foy |1t

For his matrix H to be negative definite, the kth-order leading principal minor must
be negative when k is odd, and positive when k is even. That is, the following conditions
need to be satisfied:

e/lwll - fX191 0/1 - [f)qxz [M;l], +fxlﬂzeé[ﬂgl]/ +fx1y]l-L,1 < 07

6/1w/| _fX191 [fxlxz[ _l]/ f9191 [fxzol[ ]
+fx19z [ 1] +fx]}]p'l +f9192[lu‘2 ] +fx]y]M1
f91 01 [fx291 [ ] f9191
+f919z[/""2 ] +fx1y]Mﬁ

>0,
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0/1 w/l - fx191 0/1 - [fxlxz [IU‘Z_I]/ _f9191 0% - [fxszl [MZ_I]/ 9/211)/2 - fxz9z 0/2 - folxz [M]—l]/
+fX1026/2[M’2_1] +fx1y:|M/l +f0102[M2_1] +fX1y]”’/l +fX201 G/I[M’l_l] +fxzy]M/2

—fo,0,00 = [fro, [112"] foio, —for0,05 = [fero ("] <0,
+ oo [13'] + foy ]t + o[ ] + Fen] )
from forr frow, — W5
[H| > 0.

We are not able to distill the necessary and sufficient conditions for positive sorting from this set
of conditions. The complication of this condition stems from the fact that there are now nontriv-
ial complementarities between different skill inputs. This implies that the sorting conditions have
complex interactions between the different skilled inputs.

In order to make progress, in the main text we focus on sufficient conditions.
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