Econometrica Supplementary Material

SUPPLEMENT TO “GENERALIZED METHOD OF INTEGRATED
MOMENTS FOR HIGH-FREQUENCY DATA”
(Econometrica, Vol. 84, No. 4, July 2016, 1613-1633)

By J1A L1 AND DACHENG XIU

This supplement appendix contains proofs of results in the main text.

APPENDIX: PROOFS
A.1. Notations and Preliminary Results

IN THIS SUBSECTION, we introduce some notations and describe some techni-
cal preliminary results which are repeatedly used in the sequel. We denote the
conditional expectation operator E[-|F] by Ez[-]; similarly, we use Covx(-, -)
to denote the F-conditional covariance. For a random variable £ and a con-
stant p>1,wewrite ||£]|, = (E| £]|7)"/7 and || €] 7, = (E£[1£]7)"/7. Recall that

= |T/A,] — k,. We write ), for ZN” We use K to denote a generic finite
posmve constant that may vary from line to line; we sometimes write K, to
emphasize its dependence on some constant u. We write “w.p.a.1” for “with
probability approaching one.” As is typical in this type of problems, by a clas-
sical localization argument (Jacod and Protter (2012, Section 4.4.1)), we can
replace Assumption 1 with the following assumption without loss of generality.

ASSUMPTION Al: We have Assumption 1. The process (B., Z,) takes value in
some compact set and the process V, takes value in some convex compact set.

Moreover, the processes b, 5,, and o, are bounded andj for some M-integrable
function J : R — R, we have |8(w, t,u)|” <J(u) and ||6(w, t,u)|* < J(u), for
all 0 e 0V, t>0,and ueR.

We consider a continuous process X; given by

t t
X;=X0+/ bsds+/ VYV, dw,.
0 0

We then set, for each i =0, ..., N,,

i+j

(A1) V/A” A A Z (A X/ 5n,i=f/74,,—an-

Lemma Al, below, collects some known, but nontrivial, estimates from Jacod
and Rosenbaum (2013); see (4.8), (4.11), (4.12), Lemma 4.2, and Lemma 4.3
in that paper.
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LEMMA Al: Suppose that Assumption Al holds for some r € [0, 1). Let u>1
be a constant and

Mn,i = E[ sup 1Bisytu — biA,,HfiA,,]-
iAp<u<idp+knAy

Then, for some deterministic sequence a, — 0, we have

E|Vis, — V), |" < Kug, A7+,
E“}n,ilu SKu(k;u/z + (knAn)(u/Z)Al)’
E[(A7,X")" = Vi, Aul Fin, ]| < KAP(AY + ).
(A.Z) ‘ [Lg"/Al:f ) An | An] n ( n 7] 5 )
A Y mai=o0,(1),

i=1

[E[7, — 2k,'V3, 1 Fia,]

< KAl/z(k;m + knA,l/z + 7]n,i)~

Lemma A2 below shows that I’/:A,, uniformly (with respect to i) approximates
the moving average of spot variance given by

_ 1 iAp+kndn
A3 I/iA = K ds,
n k A
n“n JiA,

note that under Assumption Al, the variables (IZAn)OSian are uniformly
bounded. This lemma extends a result in Li, Todorov, and Tauchen (2014) to
the case with overlapping blocks for spot variance estimation.

LEMMA A2: Suppose Assumptions Al and 3. Then sup_,_y. |I//;An — Vs, | =
0,(1). Consequently, the variables (V;,,)o<i<n, are uniformly bounded w.p.a.1.

PROOF: By It0’s formula,

- B 2 kn (i4))An ) )
(A4 Vi, =V, = kA Z/<+ ) (X - X(l."’]-*])An)(bs ds + \/Vsdu/s)'
n=n iy S =D Ay

From here, standard estimates for continuous It6 semimartingales yield, for
any p > 1,

(AS) |V, =V,

,=K ok 12
By using a maximal inequality and picking p > 2/s, we deduce

(A.6)

sup |I’/7A — Vs Hp <K, A VP12 5 0,

0<i<Np
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Next, we note that

T/ ) ) X
Z E|(A7X) 1 yaxi<u — (A7 X")]

i=1

D | s Vo= TLl] = 5

= o(Aflz_’)w‘”‘”) — 0,

where the second line is by Lemma 13.2.6 of Jacod and Protter (2012) and the
assumption that w > (1 —¢) /(2 —r).
The assertions of the lemma then follow from (A.6) and (A.7). Q.E.D.

A.2. Proof of Theorem 1

We need two lemmas. Lemma A3 is used to combine stable convergence
and convergence in conditional law (see Definition Al below); it generalizes
Proposition 5 of Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008) to
a functional setting. Lemma A4 generalizes Theorem 3.2 in Jacod and Rosen-
baum (2013) in two ways: it concerns a functional setting and it does not re-
quire the test function to have polynomial growth in the spot variance. With-
out further mention, we remark that all variables below take values in Polish
spaces.

DEFINITION A1—Convergence in Conditional Law: Let ¢, be a sequence of
random variables defined on the space ({2, F ® G, P) and let IL be a transition
probability from (2, F ® {#, 2V}) to an extension of (2, F ® G, P). We write

I A% Lifand only if E-[f(£,)] LN ff(z)IL(dz) for any bounded continuous
function f. If a variable ¢ defined on the extension has F-conditional law L,

. L|F
we also write ¢, — (.

LEMMA A3: Let &, and {, be two sequences of random variables defined
on (2, F @ G,P) and let ¢ and { be variables defined on an extension of

LIF

(2, F ® G,P). Suppose that &, is F-measurable, &, £ & and [, — (.
Then (¢,,¢,) £ (é, Z ), where (é, Z ) is defined on an extension of the space

(2, F®G,P)such that E and { are F -conditionally independent and E (resp. { )
has the same F-conditional law as & (resp. {).

PROOF: Let f and g be bounded continuous functions and let U be an
arbitrary J-measurable real-valued bounded random variable. Denote the
F-conditional laws of ¢ and ¢ by L; and L,, respectively. Since &, is F-
measurable,

(A8)  E[Uf(£0)8(L)] =E[Uf(£)DEx[g(Z)]]-
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By assumption, Ex[g({,)] BN J 8(2)Ly(dz). Then, by the bounded conver-
gence theorem,

(A9)  E[Uf(£EDEF[g(L0]] —]E[Uf(én)/g(Z)]Lz(dZ)] — 0.
Since &, £ g,

(A.10) E[Uf(fn)/g(Z)Lz(dZ)]

— E[U( / f(x)[Ll(dx)> ( / g(z)Lz(dz)>].

Combining (A.8), (A.9), and (A.10), we see

(A.11) E[Uf(@)g(zn)]»E[U / / f(X)g(Z)Ll(dx)Lz(dZ)]-

Finally, we realize the product transition probability L; ® L, as the F-
conditional law of (¢, ¢). The assertion of the lemma readily follows. Q.E.D.

LEMMA A4: Let f: B x Z x V x @ — R be a function in C***!. For 6, ¢ €
0O, let

F,(0)=A4, <f(/3m,,, Zin,s Via,: 0)

l

1 —~ -~
— k—ﬁif(,gm,,, Ziay> Viays O)I/iin>7

T
F(6) E/ f(Bs, Z,, Vi; 0) ds,
0

T
S,(6,0) =2 / Ouf (Bos Zos Vi 003, f (B, Zo, Vs 0) V2 ds,

0

Under Assumptions 1 and 3, we have the following:

(a) F.(0) BRI F(0) uniformly in 6 € 0;

(b) for each 6, A;'2(F,(0) — F(6)) —> MN (0, S:(6, 6));

(c) if Assumption 5(ii) holds in addition, then the sequence A '?(F,(-) —
F(-)) of processes converges F-stably in law under the uniform metric to a pro-
cess {(-) which, conditional on F, is centered Gaussian with covariance function

Sf(, ')'

PROOF: Step 1. By the standard localization procedure (Jacod and Protter
(2012, Section 4.4.1)), we suppose that Assumption Al holds without loss of
generality. In this step, we prove the assertions of the theorem under an ad-
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ditional assumption that f(-) is supported on a compact set. In step 2, we
show that this additional assumption can indeed be imposed without loss of
generality by a spatial localization argument. For notational simplicity, we set
h(B, z,v; 0) = 3*f(B, z, v; 0)v*. We also denote Z, = (B, Z,V;) and a,,; =
(47, X")? = Via, A,

The proof relies on the decomposition

5
A;l/Z(Fﬂ(O) _ F(H)) = ZRj,n(0)3
=1

where

(A12)  Riu(0) =AY " (F(Bisys Zins Vias: 0) = f(Bisys Zin» V3 0))

— Ak Z(h(ﬁm,l, Zia,s I’/:A,ﬁ 0) — h(Bia,> Zia,, 17/4,1; 9)),
(i+1) 4,

(A13) Ry, (0)=4,"2)" (f(Zin,: 0) — f(Zs: 0)) ds

iAy

T
T / f(Z,; 0)ds,
(

NII+1)A’Z
~ kn
(A14)  Rs3,(0) =AD" 0,f (Zis,: 00k, Y Viivurnya, — Via)»

u=1

(A15)  Run(0) =AY (f(Bisys Zisg Viay + Buiz 0) = f(Bings Zin,» Viay: 0)

L

— 3uf (Bing> Zing, Viays O i — k' h(Biay> Zia,, A,-/A,,§ 6)),
(A.16) Rs,(0)= A;]/zk;l Z((?vf(zm,ﬁ 0) kznan,iw—l)-
i u=1
Thesassertions of the lemma follow from the following claims for R; ,(-), 1 <
J=9:
sup||Rj,n(0)|| =o0,(1), forj=1,2,
{S(EHA;”R,,"(@) | =0,(1)and R;,(6) = 0,(1), for;j=3,4,

(A.17) ) .
sup||Rj,n(0) || =o0,(1), forj=3,4,under Assumption 5(ii),
6O

Rs,.(-) = £(0).

We now show these claims.
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Case j = 1: Since f(-) is compactly supported, so is 4(-). Hence, d,f(-) and
dyh(-) are uniformly bounded. By a mean value expansion,

~ =,
I/iﬂrx - I/iA,,

(A18)  sup|[R..(0)] KA
0cO -

1

By Lemma Al, the majorant side of (A.18) is 0,(A%?"7~1/?). Note that @ >
1/2(2 — r) under Assumption 3. Hence, (A.18) further implies (A.17) for the
case j =1.

Case j =2: Since f(-) is uniformly bounded, it is easy to see that

(A.19) sup

0O

T
M”/ f(Z; 0)ds
(

Np+1)4Ay

< Kk,A)* — 0.

Moreover, by a standard estimate (see, e.g., pp. 153-154 in Jacod and Prot-
ter (2012)) for the Riemann approximation error of Itd semimartingales, we
deduce that for each 6,

(A20) A2 Z /

(i+1) Ay,

(f(Ziay: 0) — f(Zy; 0)) ds = 0, (1).

A

Next, we verify that the term on the left-hand side of (A.20) is stochastically
equicontinuous.
We decompose the left-hand side of (A.20) as R ,(0) + R} ,,(0), where

(i+1)4A,

mm)RMmE%WZ/ (f(Zing; 0) — f(Z5: 6)

A

— 33f(Ziny; 0)(Zis, — Z,)) ds
(i+1)4A,

F A0S [ 0 (2 0081 Z, - ZUF s

(+1)A, .
(A22) R;(0)=A4,")" / 02f(Zis,: 0)
i iAy
X (Zm,, - Zs - E[Zm,, - Zs|./rm,,]) ds.
Note that for s € [i4,, (i +1)4,],
(A.23) E[sup“ F(Ziny: 0) = f(Zy; 0) = 331 (Ziny; 0)(Zia, — Zs)||]
0O

<KE|Z, — Z,|> <KA,,
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and

(A24)  sup||0;f(Ziny; OEIZis, — Z| Fa,]
0cO

< KA,.

From (A 23) and (A.24), it is easy to see that sup,., IR, ,(0)] = 0,,(1), SO
% ,(+) is stochastically equicontinuous. Next, we observe that R’ (0) is a sum

of martmgale differences. By the Burkhdlder-Davis—Gundy 1nequahty and the

boundedness of the partial derivatives of f(-), we derive, for any p > 1,

(A25) |RS,.(0)—R;,(6)

p
p

(i+1)4, _ )
Z(/ (92f (Ziny: 0) — 93f(Zia,: 0))

i

<K,A;""E

p/2

2
X (Zia, — Z, — Bl Zia, — Zs|.7-"mn])ds)

<K,|o—o¢|"

In particular, by taking p > dim(#), we deduce that R} (-) is stochastically
equicontinuous (see, e.g., Theorem 2.2.4 in van der Vaart and Wellner (1996)).
The stochastic equicontinuity of the term in (A.20) then readily follows. Hence,
(A.20) holds uniformly in 6 € 6. In view of (A.19), we deduce (A.17) for the
case j=2.

Case j =3: We set {5, = k;' 30 (Vivuea, — Via)s G = ElG il Fi,],
and &5, ;= Goni— Gy, We then decompose R;..(0)=R; ,(0)+R;,(0), where

R, () =AY " 0uf(Zing: 0085,
Ry (0)= A" 0,f(Zis,: 085,

Under Assumption Al, it is easy to see E||{; ;|| < Kk,A,. Since d,f(-) is uni-
formly bounded, we further have E[sup,_q IR} ,(0)[] < Kk,A}/> — 0. Hence,

(A.26) sug||Rg,n(o)|} =0,(1).
0c6

For R, (0), we decompose it as

kp—1

(A27) R;,(0)=> Rj, (0),
j=0
R;,] n(e) = A:l/z Z &Uf(Z(HUkn)An; e)gé,,n,j"’ukn.

u>0
0<j+ukn<Nn
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Since E[{7,, ;|Fis,] =0 and {7, ; is Fiix,-1)a, measurable, each Rg’j,n(e) isa
sum of martingale differences. Moreover, by a standard estimate for It6 semi-
martingales, we have, forany p >2andallu=1,...,k,,

(A28) ”I/(iJrufl)A,, - I/iAn ”p S Kp&n,p,

_ (k,A,)"?  in general,
P (k,A,)"*  when V is continuous.

where

From (A.28), we use the triangle inequality to deduce
(A29) &,

Then, by using the martingale structure of R}
KAY?. From here, we see that

(A30) |R,,(0)], < Kk,AY* -0,

S Kp”§3,n,i||p S Kpan,[r

(6), we derive ||RY; (6)]l2 <

3,j,n

which further implies that, for each 6,
(A31)  Rj,(0)=o0,(1).

Given (A.26) and (A.31), to show (A.17) for the case j = 3, it remains to
verify that A)/*R] (-) is stochastically equicontinuous and that, under Assump-
tion 5(ii), so is R}, (-). Observe that for any p >2 and 0, ¢’ € O,

(A32) | R}, (6)—R;,(0)

,

kn—1
<Z||R3]n 3]"(9,”1)
kn—1 1/p
S M (PR SN TR |
= 0§j+bv[;c:§Nn
<K,k*a,

where the first inequality is by the triangle inequality; the second inequality is
by the Burkholder-Davis—Gundy inequality, Holder’s inequality, and the fact
that the map 6 — 4,f(-; 8) is Lipschitz; the third inequality is due to (A.29).
From here, it is easy to see that for any p > dim(9), A}/*||R} ,(6) — R} ,(6)]l, <
K, |6 — ¢'||, which further implies the stochastic equicontinuity of A)*Rj ().
Next, under Assumption 5(ii), we can take p such that

2(1—5)
S

(A.33) dim(6) < p < in general,

dim(0) < p when V; is continuous.
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Combining (A.32) and (A.33), we deduce [R5, (0) — R; (6)], < K,[|0 — 0]
and, hence, R}, (-) is stochastically equicontinuous under Assumption 5(ii).
The proof of (A.17) for the case j = 3 is now complete.
Case j =4: We set
1 .
Lo i(0) = 300f (Zin (57, = 2K, V3, ),
ini(0) = f(Bis,> Ziny> Via, + Vnis 0) — f(Biays Ziays Via, 0)
- 1 -
— 0o f(Biays Ziny> Via,; )0, — zﬁif(ﬁm,,, Ziny> Viays 9)Ui,,-

kM Bisys Zings Viays 0) — k' W(Biays Zia,s Viy 5 6).

L

We can then decompose R, ,(0) = R}, ,(6) + R} ,(8), where
R, (0)= A (B[4, (O Fus, ] + £i,..(0)),

R, (0)=A*> (4,0 —E[Z, (0)|Fis,])-

1

By the mean value theorem, we deduce

(A34)  sup| Ly, ()] < KIDuil® + Kk, '[9l
0O
By (A.34) and Lemma A1, we further deduce that

(A35) sup

0cO

A,ll/Z Z i (6) ” = OP(Azl/z(k,:s/z + k,,An)) =0,(1).

In addition, by the boundedness of #2f(-) and Lemma A1, we derive

(A36) sup

0cO

AP B[4, (O1Fw, ]| < Kk, + kAP + KA,

=o0,(1).
From (A.35) and (A.36), we derive
(A37) sup||RA,n(0)“ =0,(1).
0O

Turning to R ,(6), we first note that for any p > 2 (recall a, , from (A.28)),

”ﬁn,i”p 5 Kp || I/,/An - I/iA,,

P +Kp||l7iAn - I/iAn “p
<K, (k; 7+ a,).
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Hence, ||9; I, = 10,13, < K, (k,' +a,
(A38)  &,,,.(0) —E[£,, (0)]Fs,]

n2p)- It s then easy to see

,

i (O],
- K,(k," + (k,A,)"?) in general,
K,(k,' + k,A,) when V; is continuous.

Now, we can follow the same steps that are used for analyzing Rj ,(6) in the
analysis of R/, (6), while using (A.38) in place of (A.29); we can "show that
R; ,(0)= op(l) for each 6, A}/*R, ,(0) = 0,(1) uniformly and, under Assump-
tion 5(ii), R} ,(6) = 0,(1) umformly Combining these results with (A.37), we
finish the proof for (A.17) with j = 4.

Case j =5: We now show Rs,(-) £ Z(-). We first note that the finite-
dimensional convergence follows essentially the same proof as that of
Lemma 4.5 in Jacod and Rosenbaum (2013). (To be precise, the only modi-
fication needed is to replace the weight d,,g(c!") in their definition of ¥}’ by
dvf(Zia,; 0).) The key here to show that Rs,(-) is stochastically equicontinu-
ous. Let o, ; =Ela, ;| Fis,] and @, ; = a,,; — @, ;. We can then decompose

(A39)  Rs,(0)=R;,(0)+R:,(0),

where
~ kn
R, (0)=A; k! Z(av F(Zis,: 0) Z“’nm—l)’
(A.40) '
RS, (0)=A AP Z( vf(Z,A", O)Zan e 1)
u=1
Note that

(A4l) sup|R;,(0)] < KA,
6O

a;z,i+u—1|
< KA+ KA,y 1,0 — 0,

where the second inequality and the convergence follow from Lemma Al.
Moreover, by rearranging the summands in (A.40), we can rewrite Rj,(6)
as a sum of martingale differences:

Np+kp—1 1 (kn—1)Ai _
R,S,,n(e) = A;l/Z Z (k_ Z avf(Z(i*j)An; 0)) 0(;;1

i=0 " =0V (i—Ny)
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Note that for any p > 2, |la; ||, < K,4,. By using the Lipschitz continuity of
the map 6 +— 4,f(-; #) and the Burkhdlder-Davis—Gundy inequality, we de-

duce, for any p > dim(#0),
|RS,.(0) = R; ()], < K[| 0 — ']

Hence, R{ , (-) is stochastically equicontinuous. In view of (A.41), Rs ,(-) is also
stochastically equicontinuous. The proof of (A.17) for case j =5 is now com-
plete.

Step 2. We now prove the assertions of the lemma with the compact support
condition on f relaxed. By Assumption Al, the variables {(Bi4,, Zia,, IZ»AH) :
0 <i < N,} take value in a compact subset X C B x Z x V. Fix some ¢ > 0
arbitrarily small and denote the g-enlargement of K by K, that s,

<o),

By Lemma A2, we see that {(Bia,, Zia,, I//\mn) :0<i<N,} C Ke w.p.a.1. By
the C* Urysohn’s lemma, we can find a C* function ¢ which takes value 1
on the closure of K¢ and 0 on the complement of K?. Let f*(B, z, v; §) =
¢ (B, z,v)f(B, z, v; B). We observe that f* is compactly supported. Hence, the
assertions of the lemma hold for f* as shown in step 1.

Finally, we observe that for j =0,1,2, we have (i) &/ f*(B., Z;,Vi; ) =
I f(Bir Zi, Vi) for all £ € [0, TY; (i) 9f*(Binys Zings Viayi ) = Of (Binys Zia,
I//:A,,; -) for all 0 <i < N, w.p.a.l. Therefore, F,(-), F(-), and S;(-, -) coincide
w.p.a.1 with those defined for f*. The assertions of the lemma then readily
follow. O.E.D.

’685{(,8727 veBxZxV: sup |[(B,z,v)—(B,Z,V)

(B2 v)ek

PROOF OF THEOREM 1: Step 1. We outline the proof in this step. We set
(A42)  h(y,z,v;0)=3d2g(y, z, v; O, h(B, z,v; 0) = 7g(B, z, v; OV,

where we note that the definition of /(-) in (A.42) is consistent with (3.5) be-
cause of Assumption 2(iii). The proof relies on the decomposition

(A43)  A(G(0) — G(0)) = Ry,u(0) + Ry n(6) + R ,(6),

where

Ry, (0)=A"? [An Z(g’(an, Zia, f/\m,,; 0)

— k' (s Zia, Via,: 0)) — G(B)},
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Ryu(0) = AV " (8(Yia,s Zings Via,: 0) — 8(Binys Ziny» Via,: 0)),

i

R;,(0) = A:,/zk,zl Z(ﬁ(ﬁmn, Zia, ?m,,; 0) — h(Yis,, Zia,, ?m,,; 9))-

By applying Lemma A4 with f(-) = g(-), we have
sup[[4,*Ry,. () | = 0,(1),
0c®

(Ad4d) Y R,.(0) > MN(0, S,(0,6)), foreach6eoO,
Ri.() = 40) under Assumption 5,

where {;(-) is a centered F-conditional Gaussian process with F-conditional
covariance function S,(-, ).
In step 2, we show

sup||AY°R,,(0)| = 0,(1),
0O

(A.45) R,.(0) 25 MN(0, I,(6, 9)), foreachde®,

Ro,() 25 60 under Assumption 5,

where {5(-) is an F-conditionally centered Gaussian process with conditional
covariance function I, (-, -).
In step 3, we show

sup||A)°R3.,(0)| = 0,(1),
0O

(A.46) R;.,(0)=0,(1), for each 6 € 6,
sup||Rs.,(6)| =0,(1) under Assumption 5.
0cO®

With an appeal to Lemma A3, the assertion of the theorem then follows from
(A.44), (A.45), and (A.46).

Step 2. In this step, we show (A.45). By localization, we can suppose Assump-
tion Al without loss of generality. Furthermore, in view of Lemma A2, we can
restrict attention to the w.p.a.1 event on which V4, is uniformly bounded.

By Assumption 2(vi), it is easy to see that AY?R,,(-) is stochastically
equicontinuous. We further show that R, ,(-) is stochastically equicontinuous
under the F-conditional probability under Assumption 5(i). This is done by
verifying the conditions of Theorem 3 in Hansen (1996) as follows. First ob-
serve that, by Assumption 2(iv), for each 6,

12
lim sup (An ZHg(YiA,,, Zisys Via,s 0) ||2}‘k> =K.
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Second, by Assumption 2(vi),

B

lg(y, z,v: 0) — g(y, z,v; )| < B(y, z,v; 0)| 6 — ¢
1/2
lim SHp(AnZ”B(YiA,,, Zisys Viay) sz> =<K,

lim sup (AnZ”g(YiA,,, Zinys I//:A,,; ) — g(Ymn s Ziays f/\m,ﬁ 9/)

n—00

R 12
2

By Assumption 5(i), Y., amx())/¥ 7% < 00, 2 < k' < k and k' > dim(6).
Now, we can apply Theorem 3 of Hansen (1996) to deduce the stochastic
equicontinuity of R, ,(-) with respect to the Euclidean metric under the F-
conditional probability.

We now note that, to show (A.45), it remains to show the finite-dimensional

<K[o- 9|

convergence for R, ,(-) z% 4 (+). By the Cramer—Wold device, it suffices to
establish the following: for each 6,

L|F

(A47) Ry u(0) =5 MN(0, T,(6, 6)),

for scalar-valued g(-). Since 0 is fixed, we suppress it in our notations for sim-
plicity in the remaining part of this step.

The key step is to show that Ii’fn =E;[R],] LN fg. For notational simplicity,
we set
Bt = Biaws Ziny» Via)»
Zui = (Bisgs Zing, Via)s
zn,i = (Bidn? ZiAn’ I/iAn)’
(B, 2,v) = g(Z (B, x1), 2,v) — &(B, 2, V).

We can then rewrite

(A48) Ryu=A"Y &)

Note that

Ny Np

(A49) T, =AY Ex[&(207]+24,) Y Ex[&(Guéis (i)

j=1 i=j
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We consider an approximation between fgfn and l_“g given by

Nn  Nn

Lon=4,) Br[&(Z)’] +28,) Y Er[éi(Gui)éii(Zai)].

j=1 i=j

Below, we show that f;jn —I;,and I, — 1_“g are both 0, (1) terms.
We start with I/“;’fn — I ,. Observe that, for i, j > 0,

(ASO) |E}'[§i(2n,i)§i—j(2n,i—j) - gi(zn,i)gi—j(én,i)“
< Kamix()"%| ‘fi(gn,i)“]_—’k €ij(Znip) — gi—j(zn,i)H]_—’k
+ Ko () 4| €12 (Zai) Hf,k |€i(2ni) — EZi) ”Rk

= Kamix(j)liz/k(gk(én,i)pk(gn,i—ja Zi) + gk(zn,i)pk(-%n,ia En,i)),

where the first inequality is obtained by using the triangle inequality and then
the mixing inequality; the second inequality follows from ||&; ()|l =, < K&k (*)
and (3.6). Note that g,(z,;) and g;(z,;) are uniformly (w.r.t. /) bounded and
Pk (Znizjs Zni) < KllZyij — Znill*. Therefore, (A.50) further implies

(ASl) |E]-'[§i(2n,i)§i—j(2n,i—j) - gi(zn,i)gi—j(zn,i):”
< Kotmic(D " (12— = Zu il + 120 — Z0ill*)

< Ko () *( sup 1V, = Vig, I+ A7),

n,i,j
0<i<N,

where /_1”’ ij = 1Zn,izj = Zn,ill + | Z0,; — Zp;||. Note that Assumption 4 implies that
Dot @mix(j)' 7% < 00. By (A.51) and the triangle inequality, we then derive

(A52) T}, —Tou| <K sup |V, —Via, "+ KA, Y AL,
0<i<Np i
Nnp Ny B
F KA DY () TVEAL
j=1 i=j

It is easy to see that E| A, ;|> < K(k,A4, + 1 A jA,), which implies

(A53) A, Z /_12,1‘,0 =o0,(1),

and

N, Ny Ny

(A54) E An Z Z amix(j)l_Z/k/_l:’i’j =< K Z amix(j)l_Z/k(knAn + 1 /\jAn)K/z-

j=1 i=j j=1
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By Kronecker’s lemma, we see A</2 Zj.vz"l T amix ()% — 0. From here, it fol-

lows that the right-hand side of (A.54) is o(1) and, hence,

Nn Nn

(AS5) A, ) D (DAL, =0,(D).

j=1 i=j
By Lemma A2, (A.53), and (A.55), we see that the terms on the majorant side
of (A.52) are 0,(1). Hence,
(A56) I, —1I,,—>0.
Next, we show
(A57) TI,,—>T,.

To simplify notation, we denote vy, ; ; = v, ;(Bs, Z;, V;) and y, s = ¥,(Bs, Z;, V5)
for j > 0 and s > 0. Hence, we can rewrite I , as

o Np

11g,n = An Z Ye,0,i4, + 2An Z Z Ye.iidn>

=1 =)

where empty sums are set to zero by convention. Therefore,

Ny T
(A.58) Fg,n — Fg = (An Z Yg,0,id, — / Ye, 0,5 ds)
i=0 0
) Np T
+2 Z (An Z Ve ity — / V.js ds) :
j=1 i=j 0

It is easy to see that vy, ;(B, z,v) is continuous in (S, z,v), so the process
(Ve.j0)e=0 1s cadlag. Hence, by invoking the Riemann approximation, we de-

d}?ce that, for each j >0, A, Zfi”j Ve.jidn — fOT Ye.j.s ds — 0. Moreover, observe
that

S K Sup gk(ﬁh Zh I/t)z S Ka

te[0,T]

(A59) Y~

00
j=1

Nn T
A” : :’yg’j,iAn - / ')’g,j,s dS
i 0

where the first inequality is derived by using the mixing inequality and
> o1 Cmix( %k < 0o, and the second inequality holds because (B,, Z;, V;)
is bounded under Assumption Al and g,(-) is bounded on bounded sets. This
dominance condition (i.e., (A.59)) allows us to use the dominated convergence
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theorem to obtain the limit of the right-hand side of (A.58). From here, (A.57)
readily follows. Combining (A.56) and (A.57), we derive

(A60) E[R},]=T;,— T,

L|F

We now show that R,, — MN (0, l_“g). We need to adapt Theorem 5.20
of White (2001) so as to accommodate the fact that the convergence of the
conditional variance in (A.60) is only in probability. Consider a subset 0 of
 given by Q = (I}, > 0} and let )¢ be the complement of Q. Clearly,  is F-
measurable. In restriction to ¢, Ex[R:, 1=0 »(1) and, thus, the F-conditional
law of R, , converges to the degenerate distribution at zero. Below, we restrict
attention on the event (2, so we can assume F > 0.

We consider an arbitrary subsequence N; € N. By the subsequence charac-
terization of convergence in probability, it is enough to show that there exists a
further subsequence N, € N; such that, as n — oo along N,, the F-conditional
distribution function of R, , converges uniformly to the F-conditional distri-
bution function of MN(0, I,) on P-almost every path in Q. By (A.60), we
can extract a subsequence N, € N; such that, along N,, EF[R;H] — I >0 for
almost every path in . Recall from (A.48) that R,, = AY?> Y, £(2,.). Un-
der Assumption 4, £,(2,,) forms a sequence with zero mean and a-mixing co-
efficients bounded by ay; () under the transition probability PV, Moreover,
N€:(Zu) 7k < Kgi(Z,:) < K. We are now ready to apply Theorem 5.20 in
White (2001) and Pdlya’s theorem under the transition probability PV and
deduce that, along N,, the F-conditional distribution function of R,, con-
verges uniformly to the F-conditional distribution function of MM (0, I_;,)
for almost every path in 2. We can then use a subsequence argument to
further deduce that R,, 25 MN (0, I:g). The proof of (A.45) is now com-
plete.

Step 3. It remains to show (A.46). By a componentwise argument, we can
consider R; ,(0) to be scalar-valued without loss of generality. We denote

B i(0) = h(Bis,s Ziay Viay: 0) = h(Yia,, Zin,» Via,: 0),
so that R; ,(0) = AYV?k 1", fzn,,-(O). We first show that R;,(0) = 0,(1) for
fixed 6 under the F-conditional probability. By Assumption 2(iii) and the F-

measurability of (Bia,, Zia,, Via,), we have Ex[h, ;(6)] = 0. Furthermore, since
g1 (+) is bounded on bounded sets,

(A61) (O], < K&(Bis,> Zin,, Vs Vi3, < K.
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By Assumption 4, conditional on F, the a-mixing coefficient of the sequence
(h,,1(0))is0 is bounded by ap (). Observe that, w.p.a.l,

Nn
EA[R:,(0)] < Ak, Y [Er[i(0) R, (6)]]

i,j=0

Ny
< KAk, ais(li = 1) i) | [ 2O -

i,j=0
<Kk,

where the first inequality is by the triangle inequality; the second inequality
follows from the mixing inequality; the third inequality follows from (A.61)
and Assumption 4. From here, we deduce that R;,(6) = 0,(1) under the F-
conditional probability. Next, by using an argument similar to step 2, we can
show that A!2R; ,(-) is stochastically equicontinuous under the F-conditional
probability and that, under Assumption 5(i), so is R ,(-). From here, (A.46)
readily follows. This finishes the proof. Q.E.D.

A.3. Proof of Theorem 2

We first prove two lemmas. Lemma AS is a general uniform law of large
numbers for integrated volatility functionals. This lemma is then used to prove
Lemma A6, which establishes a uniform consistency result for the estimation
of asymptotic covariance functions. Lemma A6 is also used in the proof of
Theorem 3.

LEMMA AS: Suppose (i) Assumptions Al and 3; (ii) the function (B, z,
v, 0) = f(B, z, v; 0) is continuous and continuously differentiable in 6. Then

T
8, Y FBises Zais Vs 00 > [ F(BL 20 Vis 0 ds
i 0

uniformly in 0 on the compact set 0.

PROOF: By using a spatial localization procedure as in step 2 of the proof of
Lemma A4, we can assume that f is compactly supported without loss of gener-

ality. Denote ﬁ, = (B, Z,) for notational simplicity. Construct two processes,
B+ and V', as follows: foreachi > 1and ¢t € [( — 1)4,, i4,), set B} = Bi,, and
V' =V,,,. Observe that, since f is bounded,

E

T
A, f(Bisys Via,: 0) — / f(Bs, Vi 0)ds
i 0

Nndn o~ ~
< KkyAy + / E|f (B, 7 0) — f(Bo, Vis 0)] ds.
0
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By Theorem 9.3.2 in Jacod and Protter (2012), we have 17;“ = V; for each
s > 0. By the right continuity of the process 3, we have ,B~s+ — B, for each

s > 0, which further implies (B, V") — (B,, V,). By the continuity of f(-),
f (B, V+ 0) LN f(Bs,Vi: 0). By the bounded convergence theorem, we de-
duce fo nébn ]E|f(Bj, VS+, — f(,BS, V;; 6)|ds — 0, which further yields

T
(A6D) 4,3 f (B, Vs 0) 5 [ F(BLVi0)ds
i 0

By condition (ii), the mapping 6 — f(-; 0) is Lipschitz continuous. From here,
it is easy to see that A,)  f (Bia, I//;An; -) is stochastically equicontinuous.
The pointwise convergence (A.62) then implies the asserted uniform conver-
gence. Q.E.D.

For Lemma A6 below, we need some additional notations. We consider two
R-valued functions ¢, and ¢, on R and set, for / > 0,

f (0 T, T’)—§(0 T, ’r')-l—ﬁ,(@, T, 7"),

S.(0,7,7) =24, Zm;,,-(g, 0)i, (g, )TV b1 (id,m)a(id,7),

+> w(l, B)(L.,(0, 7. 7) + T1,(6, 7, 7)),

=1

Ny
D,(6,7.7) = A, 8,48, 08,18, )T 14,7 o ((i — DA, 7).

i=l
We also set, for / > 0,
36,7,7)=8(0,7,7)+ (0, 1,7),
T
S(0.7.7) =2 [ 08B 2 Vi 000,8(B Zu Vi 0)]

X IO/2¢1(ST)¢2(ST/) ds,
re,r,v)=no, Z (6,7, 7)+1,(0, 7, 7') )s

1>1

T
(60, 7,7) = / Covs(§( (B x2), Zs, Vi 0),
0
g(g(Bn Xifl)a ZS: I/w 0))¢1(ST)¢2(ST/) dS.

LEMMA A6: Let T be a compact subset of R, 6 be a O-valued F-measurable
random variable, and 0, be a sequence of @-valued estimators. Suppose (i) As-
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sumptions 1-4 and 7; (ii) the functions ¢, and ¢, are Lipschitz continu-
ous; (i) 6, — 6 = 0,(B;"). Then 3,(0,,7, 1) LN 30, 7,7) uniformly in
n7TeT.

PROOF: Step 1. As is typical in this type of problem, by a polarization argu-
ment, we can consider a one-dimensional setting without loss of generality. We
henceforth suppose that g(-) is scalar-valued. By localization, we also suppose
that Assumption Al holds. In view of Lemma A2, we can restrict attention to
the w.p.a.1 event on which the variables (VAn)1<,<Nn are uniformly bounded.

Since g is fixed, we write 1, ;(6), n,i(ﬂ), and sn,,(e) in place of m, (g, 6),
n%;’,.(g, 0), and Sn,,-(g, 0). Below, we also denote
d)n,i,j(T, T/) = ¢1(1An7)¢2((l - j)AnT,)-

We complete the proof by showing

(A.63) sup |§n(én,7, T/) —S(é,T, T/)| =0,(1),

7,7eT

(A.64) sup |f,(§n, 7, 7)=I(0,7,7)]=0,(1).

7,7eT

In this step, we show (A.63). We set

Nn

(0 T, 7' =2A, Z/_L,“(B) and)n,g(T 7')
fr, () = 0GB Z ,A,,,?,-A,,; 6), i>0.

By applying Lemma A5 to the function f(B, z, v; 0, 7, ') = 29,8(B, z, v; 0)* x
V2 (t7) (17, we derive

(A.65)  sup |S.(0,7,7) = S(0,7,7)| =0,(D).

7,7eT

We now show the following claim:

(A66) A, D |, (B,) — i, (D) < O,(D1G, — 81> + O, (k;" + kaAA,)

=0,(1).
We set, for each i > 0,

kn—1

-, 1 - ~
M, ;(0) = . Z D8 (Biitans Ziitjrans Vians ).

n =0
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First, by the mean value theorem and a standard estimate for Itd semimartin-
gales, we deduce

(A67) | f,.(0) — iz, ()] .,
kn—1

-1
<Kk, Z[||B<i+jm,, — Bia 72 + 1 Zivjya, — Zia, ”]—‘,2]

j=0
< K(k,A)">.

Next, note that
A, (0) — i, (6)

kn—1

= Z(O"vg(Y(iﬂ)A,,’ Ziitj)ans f/\u\,ﬁ 0)

L
— 8(Bitpan> Liitpyan> Viays 9)),

where each term in the sum has zero F-conditional mean because of Assump-
tion 2(iii). By a use of the mixing inequality and Assumption 2(iv), we derive
(A68) |7, ,(8) — i, (B ., < Kk,

F,2 —

Finally, by Assumption 2(vi),

(A69) A,y |rit, (8,) — i, (B

kn 1 2
= K4, Z( Z B(Yiivjyans Ziivjans VA,,)) 6, —ol°

<0,()1I6, — 6I*.

Using (A.67), (A.68), and (A.69), we readily deduce (A.66).
Now, we note that

(A70)  sup [S,(8,, 7, ) — S,.(8, 7, )

7,7eT

A, Z (12, ,(8.)* — i, (DDA o7, T)

= sup

7,7eT

<KA,) |, (6,7 — f, (6)].
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From (A.66), it is easy to see that the majorant side of (A.70) is 0,(1) by using
the Cauchy-Schwarz inequality. Combining this with (A.65), we have (A.63).
Step 2. In this step, we show (A.64). We first complement the notations

8n.:(0), m, (), and 8, ;(6) with the following:
8ni(0) =8(Yis,, Zia,, Via,:; 0),

kn—1
m,(0)=k," Z &Y irpans Livjyan> Via: 0),
j=0
Mn,i(0) = Ef[g(Ym,,, Zia,» ViA,,_; 9)] = 8(Bisys Zisy> Via: 0),
8,,i(6) = 8,,i(0) —my, i (0),  8,:(0) = g,i(0) — p:(0).

(A.71)

We note that E(én, 7, 7') can be written as

Nn
(A72) ﬁ(éna T, T/) == An Z 8n,i(én)2¢11,i,()(7-, T,)

i=0

By Ny
+ 2 Z w(]7 Bn)An Z Sn,i(én)an,i—j(én)d)n,i,j(T, 'T,)'

j=1 i=j

We consider a progressive list of approximations between I,(8,,,7) and
(0, r,7) as follows:

Np
1’—*;;1)(6’ T, T/) =A, Z Sn,i(é)qun,i,o(ﬂ T/)
o No oo
+23 Wi, BIAY  80i(0)5,i ()b (7.7,
L2(0,7,7) = 4 ) Er[3,4(6)]ria(r. 7)
i:t(?],,
w oo
X 3 Er[8,(8)5, ()]s (. 7),
o~ l;jn N
L8, 7,7) =4, Ex[8,(8)]bnio(7, 7)
= Ny Ny _ - ~
128,53 Er 8,08, (8)] b (7, 7).
j=1 i=j
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First consider I,,(8,, 7, ) — I’“;”)(é, 7, 7). Observe that

(A74)  sup [[, (6,7, 7) =T (6, 7, 7)]

T7,7eT

By Np
<K ALY [80:(00)8,1-1(8,) = 8,:(8)8,:-,(0)]

j=0 i=j
Bp Np . N . _ _ B
<KDY A (18080 [80,i-i(B) — 8,-(6)]
j=0  i=j
+[8,i(8,) — 8,.1(0)|[8,,-,(0)])

1/2
f KBn (An Z(Sn,i(én)z + 8n,i(é)z))

B _ 1/2
X (An Z}an,i(én) - an,i(e)‘z) 5

where the first inequality follows from the triangle inequality and the uniform
boundedness of w(j, B,) and ¢, ; (7, 7'); the second inequality is by the trian-
gle inequality; the third inequality follows from the Cauchy-Schwarz inequal-
ity.

We observe that

(AT5) A0 Y [8,i(8,) = 8, (D) < KA, [8,:(8,) — 6,.(B)[’
+ KA, Y [8,.8) ~ 8,.B)f
+ KA D [80:(0) - 8.0,

From Assumption 2(vi), it is easy to see

(AT6) 4,3 18,80 = 8,(O)[ < 0,116, — B

By Assumption 2(v), we have, for 0 <i < N,,

(ATT)  Ey|5,:(8) — 8,:(8)]
kn—1
<KWVa, = Vi, + Kk,' Z Wiitinan = Viiripan >

j=0
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We note that [V, — Viy, | < K|Vis, — I//:’An |2t —I—Klf/:’A” —Via, |* for all i w.p.a.1
and, by (A.2) and Assumption 3,

2knl

(AT8)  E[|[Va, — Vo ™" + [V, = Via "] < K(AZ™ 4k + (kadn)")

<Kk,".

Combining (A.77) and (A.78), we deduce

(AT9) 4, [8,:(8) = 8,:(0)|" = 0, (k;").

Third, following the same argument for (A.66), we deduce

(A80) A, D 18,:(8) = 8,:(B)| =0, (k," + k,4,).

Plugging (A.76), (A.79), and (A.80) into (A.75), we deduce
(A81) A, 18,8, — 8,.:(B)|" < 0,(1)16, — B + 0, (K, ").
By Assumption 2(iv), it is easy to see that E|5,,(0)|* < KE|g,.(0)> < K.
From this estimate and (A.81), we further deduce that
(A82) A, (18,8 + [6,.(0)]") = 0,(1).
Plugging (A.81) and (A.82) into (A.74), we deduce
(A.83) sup |E(én, T, T’) — 1/2(1)((;, T, T')

7,7eT

< 0,(B)6, — 01l + O,(B,k;*")

= Op(l)a

where the equality follows from our assumptions that 6, — 6 = o »(B;!) and
B,k ** = o(1).
Next, we consider I,V(8, 7, ') — I,?(8, 7, 7). We denote
Eni = 001(0)8,,1-1(8) = Ex[8,:(8)8,.:-,(0)],

Ny
Zn,j (T7 T/) = An Z gn,i,j(ﬁn,i,j(Ta T/)-

i=j

(A.84)

We can then rewrite

B"
(A.85) fn(l)(é, T, T') — 1/32)((;, T, T’) = Zn,O(Ta ’T/) + 22 w(], BH)ZM-(T, T').

j=1
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By the mixing inequality, for i, j > 0 and [ > i,

. . —2/k
(A86)  [Erllnijfnt)] < Kamis((L=i = D) N &uiillr il dnll i
where (-)* denotes the positive part. By the Cauchy-Schwarz inequality and
Assumption 2(iv),
(A87)  Nnijllri < Ko (Binys Zings Viay: DGk (Biiziyans Zii-jpans Viieiyans 0)
<K.

Therefore, |Ex[i¢n1]| < Kami((I—i—j)T)'=*. From here, it follows that,
forallj>0and 7,7 €T,

Np

A, ZZM}%,, 7, 7)

=Jj

Nu Ny 1/2
< KA, (Z Z]E|E;[§n,i,j§n,z,,~]l)

i=j =i

(A88) [ Zui(m7)], =

2

n n 172
< KA, (ZZam,x (l—l )1 2/k>

i=j I=i
< KAV (j + 1),

Then, by the triangle inequality and the boundedness of the kernel function
w(, -), we derive from (A.85) that

By,
A1/2 Z(] + 1)1/2 — 0(A1/2B3/2)_

j=0

IE|]/Z(1)(§, T, T/) — fn(z)(é, T, 'r’) <

Since B, = o(k*/*) by Assumption 7 and k, < KA;'? by Assumption 3, we
have B, = o(A,'*). Hence, for any 7, 7' € T,

(A89) TM(d,r,7) -T2, 7,7)=0,(1).

We further show that fn(”(é, ) — E(z)(é, -, +) is stochastically equicontinu-
ous. Let 7y, 7}, 72, and 7 be generic elements in 7. We observe

” Zn,j (7—17 Ti) - Z”J(Tz’ T/z) H4

Nn
= (4, Z gn,i,j(d)n,i,j('Tl, Ti) - ¢n,i,j(72a 7'/2))

i=j

f KA,I,/Z(] + 1)1/2 || (Tla Ti) - (72’ 7/2) 5

4
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where the inequality is derived by using an argument similar to (A.88), but
generalized to the case with L,-norm by using Theorem 3 of Yoshihara (1978);
the condition ), jormix( J*=2/k < o0 is used here. It then follows that

| 508, 7, 7)) = L8, 71, 7}) — (LV(8, 72, 73) — T2(8, 72, 73)) |,
< K| (71, 7)) = (m2, ) |-

Hence, I/“;(“(é, ) — fn@(é, -, -) is stochastically equicontinuous. In view of
(A.89), we deduce

(A90) sup [TV(8,7,7) — [[2(6, 7, 7)| = 0,(1).

7,7 €T
Turning to fn(z)(é, 7,7 — f;”(é, T, T), we first note that

sup |1/Z(3)(é, T, 7/) — fn(z)(é, T, T’)|

7,7eT

Np Nn
<K Y A [EA[5,:(8)5,.,(D)]|

j=Butl =i

By Ny
+K Y 1= w(, B4 Y |Ex[8,:(0)8,: ,(H)]|.

j=1 i=j

Observe
Ny Np Ny
E[ > Ansz[én,i(é)én,,-,-(é)]q <K Y am(NT >0,
j=Bn+1 i=j J=Bn+1

where the inequality is by the triangle inequality and the mixing inequality and
the convergence is due to )~ mix(j )1=¥*¥ < 00 and B, — oo. Similarly,

By Ny
E[Zu —w(j, By)| 4, Z|Ef[5n,,-(é)8n,i,-<é>]|}

j=1 i=j
B"

<K [1—w(j, B)|amin ().

j=1

Note that for each j, 1 — w(j, B,) — 0 as n — oo. Since ijl |1 —w(j, B,)| x
amc(NYF<KY =1 Qmix(J )1=¥* < 00, the majorant side of the above inequal-
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ity converges to zero as n — oo by the dominated convergence theorem. By
these convergence results, we deduce

(A91) sup \I/Z(z)(é, T, T’) — E(3)(é, T, 7/)| =0,(1).

T7,7eT

We now show that
(A92) T9(8,7,7)— I (8,7,7).
By essentially the same argument as step 2 of the proof of Theorem 1, we can
show (A.92) for fixed 7, 7" € 7. By using the mixing inequality and the Lipschitz
continuity of ¢;(-) and ¢,(-), it is easy to see that I,® (8, -, -) is stochastically
equicontinuous. Therefore, (A.92) holds uniformly in 7, 7 € 7. Combining this

with (A.83), (A.90), and (A.91), we deduce (A.64). The proof of the lemma is
now complete. Q.E.D.

PROOF OF THEOREM 2: (a) From the uniform consistency of G,(-) shown

in Theorem 1(a), we deduce 6, > ¢* under Assumption 6 by a standard ar-
gument for extreme estimation (see, e.g., Newey and McFadden (1994)). From
the proof of Theorem 1, we note that it only requires the function g(-) to be in
C*%31 Therefore, we can also apply Theorem 1(a) with g(-) replaced by dyg(-)
and deduce that, uniformly in 0 € 6,

T
(A93)  2uGa(0) > / T8 (Bor Zo, Vi 0)ds = H (D),
0

where the equality follows from Assumption 2(iii). From (A.93), after some

routine manipulation, it is easy to see that the estimator 6, has the asymptoti-
cally linear representation

(A94) A0, —60") = —(HTEH) HTEA,"2G,(6") + 0,(1).

The assertion in part (a) then follows from (A.94) and Theorem 1(b).
(b) By (A.93) and 6, 5 6%, we see H, — H. By Lemma A6 (with ¢,(-)

and ¢,(-) being identically 1), we see fg,n(én) LN 3,(6%, 6*). The assertion of
part (b) then readily follows from (3.14) and (3.16).
(c) Observe that, with A = (1, — H(HTEH) 'HT5)3,(6*, 6*)"%, we have

ATV2GL(0,) = A3 (67, 0°) P A712G,(6°) + 0,(1).
n g n p

The assertion of part (c) then follows from the fact that 3,(6*, 6*)~'/2A /2 x
G, (6") =35 N(0, I,) and ATZ A is idempotent with rank g-dim(6).  Q.E.D.
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A.4. Proof of Theorem 3

PROOF OF THEOREM 3: Step 1. In this step, we consider the asymptotic
property of the test in restriction to {2,. By a mean value expansion, we have

Mn(én: T) = Mn(O*a T) + &OMn(én,Ta T)(én - 9*)5

where é_,” is some mean value between én and 6*. Since 5,, LN 0*,
sup,. 16,,, — 6*|| converges to zero in (outer) probability. By Theorem 1(a),
we have uniformly in 6 and 7,

T
oM, (6, 7) L/ Ao (B, Zs, Vi 0) (75) ds.
0

Here, we have used the fact that because (-) satisfies Assumption 2(iii),
o (-) = de (). Therefore, uniformly in 7 € T,

T
(A95) aGMn(én,nT) ;P) / &GJI(Bs’Zs:I/s; 0*)¢(TS)dS
0

From (A.94), we derive the following representation for M, (6,, 7): uniformly
in 7,

APM (B 1) = 1 — Deo]a e (MO 4 )

n n\v¥ns q1° n Gn(e*) p :
Recall that

gy, z,v;m) = (d(y, 2,05 0°) P (17), g(y, 2, v; 6Y)).

Note that the r-indexed process (M,(0%, 1), G,(0*)),.r is associated with
g(+; 7) as in (3.3). Since the index 7 is a scalar, we verify Assumption 5 (with
0 there replaced by 7), so we can use Theorem 1(c) to show that the sequence
ASV2(M, (6%, 1), G,(6)) of T-indexed processes converges stably in law to a
process which, conditional on F, is centered Gaussian with covariance func-
tion 3;(7, 7). From here, it follows that

APML(B,, ) =S 20,

where the process {(-) is, conditional on F, centered Gaussian with covariance
function

C(T, T’) = [Iqlf — D(T)]Zg(q', T') [Iqlf — D(T/)]T.
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By Lemma A6, we see that /E\g,n(én, 7, 7) LN (7, 7) uniformly in 7,7 € T.

Similarly to (A.95), we also have 5n( T) LN D(7) uniformly in 7 € 7. Hence,

(A96) C, (r,7) RNy (r,7) uniformly.

By the continuous mapping theorem, we have, in restriction to (2,

(A97) K, =5 sup max |4l

re7 15i=q /ij(T T)
b

Moreover, the F-conditional law of the simulated Gaussian process Z,fi"‘(-)
converges (under any metric for the weak convergence of probability mea-

sures) in probability to the F-conditional law of £(-). Therefore, cv? = o,
where cv* denotes the F-conditional (1 — «)-quantile of the limiting variable
in (A.97). From here, it follows that P(K,, > cv|{2y,) — a.

Step 2. We now consider the case with misspecification. By condition (iv),

6, —> 6" and, hence, by Theorem 1(a),

M,(,, ) — M(6",7) uniformly.

In restriction to (2,, under Assumption 8, there exists some 7 € 7 such
that M (6", 7) # 0 by Proposition 4 in Li, Todorov, and Tauchen (2016).

Hence, sup, |M,,(9,,, T)| LN sup, .- IM (67, 7)| > 0. Moreover, we note that
(A.96) is valid in restriction to {2y, as well. Hence, the sequence cv =

O,(1). From here, we see that K, diverges to oo in probability and
P(K, > cv¥|y,) — 1. QO.E.D.
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