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Appendix B contains all omitted proofs of the main paper. Appendix C contains
the calculations for the illustrative example. Appendix D discusses the case of outside
options with type-dependent values. Appendix E discusses the case of finitely many
states.

APPENDIX B: OMITTED PROOFS
B.1. Proof of Proposition 3.1 and Corollary 3.1

IF o > 0, (IR) MUST BIND; if o = 0, assume w.l.0.g. that (IR) holds with equal-
ity. The problem becomes

magtx{/j[u](a’(s); s) — c(a'(s))] dF} st. (1I0).

Ignoring (IC), this problem has a unique solution (up to {s, 5}): @' = e. Since
e is increasing and ¢ > 0, by standard arguments, there is 77, such that (e, 77})
satisfies (IC). Specifically, for every s,

l(s) = up(e(s); s, t) — / tb(e(y)) dy — k,

N

where k € R. Since e is differentiable,

dmi(s)  dus(e(s);s, 1) de(s)
ds da ds ’

which equals c/(e(s))% if and only if # = 1 by the definition of e and Assump-
tion 2.1. The expression of dd—tf follows from the definition of u; and u,.
B.2. Proof of Corollary 4.2

I
Being increasing, a’, is differentiable a.e. on [v, v]. If % > 0 at v, then using
condition (E),

dPﬁb/dU _
dal,/dv

dp’, /dv
i vb'(af,(v)) — 1.

b'(al -1 d =
vb'(al,(v)) an dal, /v

The result follows from b” < 0 and Theorem 4.1(a).
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B.3. Proof of Lemma A.2

(Continuity in x). Suppress r¢. For x € (0,1) \ {x™}, z is continuous, so
Z'(x) = z(x). If Q(x) < Z(x), by definition, w(-) is constant in a neigh-
borhood of x. Suppose 2(x) = Z(x). Since (2 is convex and (2 < Z, their
right and left derivatives satisfy 27 (x) < Z*(x) and 2 (x) > Z (x). Since
0~ (x) < 0 (x) and Z is differentiable at x, 27 (x) = 27 (x); SO w is con-
tinuous at x. Finally, consider x™. If v = ¥, then x™ = 1 and we are done.
For x™ € (0,1), w is continuous if 2(x™) < Z(x™) when z jumps at x™. Re-
call that z(x™—) = lim,y,m w'(v; 7€) and z(x"+) = z(x™) = lim,,m W' (v; 7).
By expression (A.8), z can only jump down at x”, so z(x"—) > z(x™). Sup-
pose 2(x™) = Z(x™). By the previous argument, O (x") < Zt(x™) = z(x™).
By convexity, w(x) < 2~ (x™) for x < x™. So, for x close to x” from the left,
we get the following contradiction:

m m

Q(x):()(x’”)—/ w(y)dy>Z(x’")—/ z(y)dy = Z(x).

(Continuity in 7). Given x, Z(x; r¢) is continuous in €. So {2 is continuous
if x € {0, 1}, since £2(0; ) = Z(0; r¢) and 2(1;r°) = Z(1;r°). Consider x €
(0, 1). For r¢ > 0, by definition, 2(x; r) = min{r Z(x1; r°) + (1 — 7) Z(x,; r)}
over all 7, x, x, € [0, 1] such that x = 7x; + (1 — 7)x,. By continuity of Z(x; r¢)
and the Maximum Theorem, £2(x, -) is continuous in r¢ for every x. Moreover,
0(-; r°) is differentiable in x with derivative w(-; ). Fix x € (0,1) and any
sequence {r¢} with r¢ — rC. Since Q2(x; r¢) — Q(x; r¢), Theorem 25.7, p. 248,
of Rockafellar (1970) implies w (x; r$) — w (x; r°).

B.4. Proof of Lemma A.6

Recall that W' (v') = w(0) and w' (V') = z(0). If (0) > z(0), since z is con-
tinuous on [0, x™] and w is increasing, there is x > 0 such that w (y) > z(y) for
y < x. Since Z(0) = £2(0), we get the contradiction

Z(x):Z(O)+/ z(y)dy<.(2(0)+/ w(y)dy =Q(x).
0 0

If w(0) < z(0), let X =sup{x | Vx' < x, o(x") < z(x")}. By continuity, & > 0.
Then, for 0 < x < %,

Z(x) = Z(0) + f 2(y)dy > Q(0) + / o () dy = 0(x).
0 0

It follows that v, > (F/)~1(%) > v’
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B.5. Proof of Corollary 4.3
Let t© = 1. Since F is uniform, F'(v) = v — v'. Using (A.7),

(/) (L+rC(1=26")) + 7Y, ifve v, ),

B.1) W' (vr)= )
(v/ ") (14 r°(FF = 1)), if v e [v, 7]

The function w' is continuous at v°. It is strictly increasing and greater than
v/t on [v°,v'], as ¥C > 0 and #/ < 1; w' is strictly increasing on [v/, v°) if and
onlyif / <1/20rr¢ < 2t —1)"' =7,

Consider first v* and vy, when v° > v,. If #/ < 1/2 or r¢ < 7, then w/ is strictly
increasing and equals w' (see the proof of Theorem 4.1); so @' (see (A.9)) is
strictly increasing on [v/,7'], and v, = v'. Otherwise, v, > v > v/ and v, is
characterized by (A.16):

r¢ tl)2 (vc_v,)z.

(B.2) (Ub - 1_’1)2 = m v

Since w' is strictly increasing on [v, v, it equals w. Using (A.15), v* must
satisfy

—C

o e
(B3) f [ (: r€) = ! (21 1) dy = — (¥ — o) L £ () dy.

b

The derivative of the right-hand side of (B.3) with respect to v” is —w/ (v"; r€) x
(¥ —v*) <0.So, for r¢ > 0, there is a unique v* > v, that satisfies (B.3). Letting

K= fﬁ,”{ g€(y)dy <0, (B.3) becomes
(B4) —r[2d(@ - V)K]=(1+r°(F - 1)2) @ - vb)2
if v°> > v°, and
20 (@ =V )K] =r(¢) (@ — )+ (14 (1 = 20)) (@ =)’
if v° < €. So, if #/ > 1/2, the function v,(r€) is constant at v’ for r¢ <7, and

at 7, it jumps from v’ to v°. Monotonicity for ¢ > 7 follows by applying the
Implicit Function Theorem to (B.2):

dvb_l[ /! ]2(yc—y’)2 0
dr¢ 2 1—|—rc(t1—1)2 (v — V) o
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Similarly,
= b
. — vy — <0, ifv">2S,
av |2+ - 1)7]
drC 51 _ ,Ub

<0, ifv° <<

21 +°(1-2r))

for thg second inequality, recall that v, < v < v© if and only if ¢ < 1/2 or
r¢ <7

Consider now the behavior of b’ (r¢) = b(a!,), which matches that of a’, for
any r¢. By Theorem 4.1 and Assumption 2.1, b’(v; r) € (b(a), b(a)). Also,
b (v; 7€) solves maX,e () b (YW (v; 7€) + £(y)}. By strict concavity of £(y), it
is enough to study how w (rC) relates to v/¢'. The function w'(-; 7€) crosses
v/t' only once at v* € (v/,v'). Also, W' (v; r€) = w' (v; ) on [vy, v°]. So, it is
enough to show that, as r¢ rises, w! (v°(r¢); r¢) falls and w! (v, (r°); r©) rises.

LEMMA B.1: Suppose v° and v, are characterized by (A.15) and (A.16). If
wh (V°; 7€) > 0 and wh(vy; r€) > 0, then =w! (W (r€); r€) < 0 and L= w' (v, (r©);
&) > 0.

PROOF: It follows by applying the Implicit Function Theorem to (A.15) and
(A.16). Q.E.D.

Consider w'(vy(r€); r€). If # < 1/2 or 1€ < 7, then v,(r¢) = v/ and
w (V%) = (1 = )/t > 0. If ¢ > 1/2, then w'(V';r°) + W' (V,7°) =
w! (v€, 79) as r€ 4 7. By Lemma B.1, w' (v, (r€); r€) increases in r€, for r¢ > 7,
because w! (v,(r©); r¢) > 0 when v, > v°. Similarly, w’(v°(r); r¢) decreases
in ¢, because w! (v°(r€); r) > 0 when v° < vy,

B.6. Proof of Corollary 4.4

Fix a!, and recall that it minimizes R (a’) among all increasing a’ equal to a’,
on [v/, v']. Using (A.18) and a¢, from Proposition 4.3, condition (R) becomes

[b@ = b(5,0N)] [ g1

=C

> R(al,) + / " blafy )G ) dF

C

— b(af, (")) / ,2 g'(v)dv.

v
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Since a?b and a!, are infeasible, the right-hand side is positive. R®(al, ) has been
minimized. The result follows, since [ g'(v) dv < 0.

B.7. Proof of Lemma A.8

_The proof uses b € B (see the proof of Lemma A.1). Suppose r' > 0. Using
R'(b) = R!(b~'(b)) in (A.18), write W (b) — r'R'(b) as

¢

VS(b'(b), ') :/‘ [b(v)wS (v, ') + £(b(v)) ] dF©

€

+ ﬂ/v b(v)g' (v) dv,
ol

where w¢ (v, ') = v/t — G (v). Note that w® is continuous in v, except pos-
sibly at ¥’ if ¥ > v¢, where it can jump up. Using the method in the proof
of Theorem 4.1, let w"(v; ') be the generalized version of wC. By the argu-
ment in Lemma A.2, w° (v; /) is continuous in v over [v€, EC]—except possibly
at v, where we can assume right- or left-continuity w.l.o.g.—and in #/. Now, on
[v€, 7Y, let ¢ (y, v; ) = yw (vi r!) + £(y) and

1600 1 .

b (v;r') = arg max d(y, v r").
Since w* is increasing by construction, b is increasing on [v¢, 7] and contin-
uous in 7. On [V, v°], let b be the pointwise maximizer of the second integral
in VVS€. By Proposition 4.3’s proof, Ec(v; r') equals b(a) on [V, v*) and b(a) on
[v", v°).

Suppose [v*, v¢) = (. Then b s increasing and an argument similar to that
in Lemma A 4 establishes that b maximizes V’SC. Since such a b’ is pointwise
continuous in 7/, so is VSC(b”(BC(r’)), rh.

Suppose [v", v€) # @. Let v,, = max{v', v°}. By an argument similar to that
in Lemma A.3, any optimal b¢ € BB can take only three forms on [v", 7°: (1) it

is constant at b (v%) on [v*, v'], where v € (v, v,) U (v,,, 7°) and equals b
otherwise; (2) it is constant at y € b (v,,—), b (v,,4)] on [v*, v] with v® = v,,

and equals b otherwise; (3) it is constant on [v", 7¢]. We can first find an opti-
mal b® within each class and then pick an overall maximizer. Note that in both
case (1) and (2), b¢ has to maximize

=C

(B.5)  bE(u)H (v, ) + £ (v*))FC(v) + /: d)(Bc(v), v; ') dF°€,
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where

C d

H(vd,r’)zr’/_ g’(v)dv+/ w (v, ') dFC.
oC

U

Note that, since w° (v, ') is continuous in 7/, so is (B.5).

Case 1: Let b (v,,) =b (v,,—), so that b° is continuous on [v, v,,]. Then,
(B.5) is continuous in v? for v! € [v°, v,]. Hence, there is an optimal v.
By an argument similar to that in Lemma A.4, there is a unique optimal b¢
within this case. Let @(b§; r’) be the value of (B.5) at b¢, which is continuous
inrl.

Case 2: Let b (v,,) =b (v,,+), so that b° is continuous on [v,,, 7°]. Then,
(B.5) is continuous in v* for v € [v,,, v°]. As before, there is an optimal v! and
a unique optimal b§ within this case. Let @(bS; /) be the value of (B.5) at b§,
which is continuous in . . .

Case 3: Let v = v,,. Then, there is a unique b°(v?) € [b (v,,—), b (v, +)]
which maximizes (B.5). This identifies a function b§ and value @(b$; /). Since
b (v,,—: ') and b’ (v,,+: ') are continuous in /, so is D(bS; ).

Case 4: b® is constant at y on [v*, 7¢]. Then y € [b(a), b(a)] has to maxi-
mize

y[r’/v g’(v)dv—i—/ wc(u,ﬂ)dFC]Jrg(y).

o€
of

The unique solution to this problem identifies a unique constant b§ and value
@(b§; r'), which is again continuous in .

Now, let b¢ be the function that solves max;_; 34 P(b{; 7). An argument
similar to that in Lemma A.5 establishes that

u

C(1,—1 I\ _ hC. [ 1 ' I
nSE%XVS (b7'), )y =D(b ,r)+b(g)r/ g'(v)dv,

ol

which is therefore continuous in r/.

Now, let bS = b(al,) and let B* be the set of b¢ € B that equal bS, on
[v€, ¥°]. By construction, VS (b~'(bS,), r') = maxyes: VS (b~ (b), 7). I claim
that there is b € B\B* such that VSC(b~'(b), r') > VSC(b~'(bE)), r"). Fo-
cus on [v,,, 7] and recall that (w.l.o.g.) w° is continuous on [v,,, 7°]. Since
' >0, G implies w(v, ') > v/t€ for v € [v,, V°). I claim that WC (v,,, ') >
v,/ €. By the logic in Lemma A.6, W€ (U, ') < wC (v, 7). If W (v, 1) =
wC (v,,, 1), the claim follows. If W (v,,, ') < wC(v,,, '), then there is vy > v,,
such that W (v, ) = w(vy, ) on [V, Vol; SO, WE (Vp, 1) = wWC(vy, 1) >
v/ 1€ > v,,/t€. Since w® is continuous and increasing, in either case there is
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v; > v, such that w°(v, ') > v/¢€ on [vm, v,]. Construct b¢ by letting b (v) =
ArgMaXye(p(a) by ¢ (v, v r') if v € [V,., V], and b, (v) if v € [V, v,,). Then,
b¢ € B, but bC(v) > bC, (v) on [v,, v1]; so b ¢ B*. Finally, VS (b~ (b), ') —

VSC(b~'(bC), r') equals

un

=C

[ B @) + ()]

— [bS, (w (v, ') + £(bS, ()]} dF€ > 0.

B.8. Proof of Proposition 4.5

Recall that, by (E), the j-device is fully defined by a’ up to k/. Given a/,
define #/ = U’(a’, p’). Then, IC} becomes i/ > h' + R/(a’) and (IR’) becomes
h/ > 0. Since IT/(a’, p/) = Wi(a’) — U’(a’, p’), the provider solves

N N
max (1—o) Zijj(aj) + O'Zyj[Wf(aj) — )]
pN = | @k, j=1 j=1
s.t. a'increasing, A/ >h'+R/(a’), and
h' >0, forallj,i.
As in the proof of Lemma A.1 and Theorem 4.1, it is convenient to work
with the functions b € B. Recall that W/ (b)) = Wi(b~'(b/)) and R (b)) =
RI(b71(b). "
Step I: There is b(a) low enough so that unused options suffice to satisfy ICY
forj>i.Ifj>i,v < and

ol

E"(bf):_/_ bf(v)gi(v)dv—/_ b (v)G' (v) dF/,

where

i

. -1 . .
g'w)=——vf'(v)— (1-F'(v)) and

‘(v)

Gji J
(v)=4q'(v) - e )

q'(v);

ifi>j,v/ > v and

J

Ri(b) = —/:

b’ (v)g' (v) dv—l—/_v b (v)G(v) dF’,

v/
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where
~ e .
g = vf'(v) + F'(v),
Grw ="ty W LI, 2R
v () L ¢ ()

Take j > i. Suppose IC] is violated (and all other constraints hold): A/ <
h' + R/(b"). Fix b’ for v > v/, and let b’ (v) = b(a) for v < v'. Then,

R'(b') = —b(a) / gf'(u)dv+/_v b (v) G (v) dF".

LEMMA B.2: fji?f(v) dv <0.

PROOF: Integrating by parts,

ot

/E g () dv= —/_ (v/¢)f/(v)ydv+ F (v')v'

_ / (v — (v/)) F (v) dv.

Note that v’ < s < v/¢#/, with strict inequality for v € (v/, v'). Q.E.D.

So there is b(a) small enough so that the b’ just constructed satisfies 4/ >
hi+ R (b'). We need to check the other constraints. For j' < i, the values b’

takes for v < v’ are irrelevant; so, IC{ are unchanged. For j > i and ] # j, it
could be that R/(b’) > Ri(b'), and b’ may violate IC’f while b’ did not. But since
Lemma B.2 holds for every j > i and N is finite, there is b(a) small enough so
that ICJ for all j > i.

Step 2: As usual, (IRV) and IC}" imply (IR/) for j < N.Let ) = (B x R)" be
the subspace of (X x R)Y, where X = {b|b [v, v] = R}. Now, let H(B h) =
Z;il Y/ [Wi(b') — h/] and W (B) = Z nyf(bf) PN is equivalent to

. max (1 — o)W (B) + oII(B, h)
PN =1 Bhey
st. I'(B,h) <0,

where I': (X xRN > R (r=1+ W) is given by I''(B, h) = —h" and, for
j=2,...,r,I'(B,h) =R (b)) + h/ — hi for i < j.
Step 3: Existence of interior points.
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LEMMA B.3: In PV, there is {B, h} € Y such that T'(B, h) < 0.

PROOF: I'(B,h) <0 if and only if A > 0 and h' > h/ + Ri(b/) for i < j. For
i=1,...,N,letb = b‘b = b(aj;b) on [v', v] and possibly extend it on [v, v') to
1nclude approprlate unused options. Note that these extensions are irrelevant
for R/ (bl) if j < i. Recall that Ri(b') > 0 for J < i, and it can be easily shown
that R'(b") > R/(b) for 1 < j <i. Thus, let AN =1, and for i < N, let h =
hit! + RY(b™1) + 1. Now, fix i < N and consider any j > i. We have

Jj—i
W=h+Y RO)+ (G —i) =W+ R W)+ —i)>h + R (b).
n=1

Since R (b/) are bounded and N is finite, the vector h so constructed is well
defined. Q.E.D.

Step 4: We can now use Corollary 1, p. 219,~and Theorem 2, p. 221, of
Luenberger (1969) to characterize solutions of PV. Note that (X x R)" is a
linear vector space and J is a convex subset of it. By Lemma B.3, I" has inte-
rior points. Since IT and W are concave (b" <0 and ¢” = 0), the objective is
concave and I'(B, h) is convex. For A € R’,, define L(B, h; A) as

(1 — o)W (B) + ol(B, h) + AV hY — ZZ/\I' [RI(b) + h' — 1]

i=1 j<i

N
Z [W’ (b') ZyR’ ]+Zhwu v, o),

j<i i=1

where

Z/\ij—Z/\ji—a'yi, ifi <N,

‘Ay.o=170 K
pALY MW=V —oyy, ifi=N.

j<N

Then, {B, h} solves PV if and only if there is A > 0 such that L(B, h; A) >
L(B,h;A) and L(B,h;A') > L(B, h; A) for all {B,h'} €Y, A’ > 0. The first
inequality is equivalent to

_ ~. Mo
i 1 _ J
(B.6) b' € argr}r)lee}ng (b) E -R’(b)

Jj<i
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and
(B.7) He argr;&xﬂ(& v,0)h.
The second is equivalent to
(B8) —h"<0 and ARV =0,
and, for j > i,
(BY9) R(M)+h —h <0 and A'[R(Y)+Hh —h]=0.
LEMMA B.4: If (B, h, A) satisfies (B.6)-(B.9), then u'(A,y, o) =0 forall i.

PROOF: By (IR")and IC™, A’ > 0 for all i; so, w/(A, vy, o) > 0 for all i. Since

(1 — o)W (B) + oIl (B, h) is bounded below by E(u,(a™;s)) — c(a™) > 0, then
w(A,y,o0)<0forall i. Q.E.D.

COROLLARY B.5: If 0 =0, then A =0.If 0 > 0, IRY binds and, for every
i < N, thereis j > isuch that 1C" binds.

PROOF: Lemma B.4 implies the second part. For the first part, since
w(A,y,0)=0forall i,

0

N
> WAy, 0)
i=1

N-1
= Mo N =Y MWV —g=\" -0
) DRUSNURIIESD

i=1

Jj>i Jj<i J<N

So, if ¢ = 0= A", then u¥(A, v, o) =0 implies 3, _\ A’ = 0. Hence, A’V =0
for j < N. Suppose for all j > i+ 1, A" =0 for all n < j. Then, u/(A,y,0)=0
implies 3, ;A" =3", ;A7 =0. Hence, A =0 for all j <. Q.E.D.

So, although by p/(A, v, o) =0 any /' € R solves (B.7), the upward binding
constraints pin down h, once B has been chosen.

Thus, PV has a solution if there is (B, A) so that, for every i, b’ solves (B.6),
w(A,y,0) =0, and (B.8) and (B.9) hold. By the arguments in the proof of
Theorem 4.1 (see Step 5 below), for A > 0, a solution b’ to (B.6) always ex-
ists and is unique on (v, v') and is pointwise continuous in A. Moreover, if
M — 400 for some j < i, then b’ — b(a™) on (v/,v'), and Ri(b') — 0. And
since wi(A,y,0) =0, Ai' > +oo for some j > i, so that Ri(b’) — 0 and
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hi — 0 (using the binding ICY). So there is A/ large enough to make (B.9)
hold. Finally, (B.8) always holds with 2" =0

Step 5: Fix i > 1. Using (B.6), the expression of ﬁ”(b"), and £(-) = —=b71(-) —
c¢(b7'(+)), b’ must maximize within B

"

S'(b'; AY) Z/\/ b'(v)g"(v) dv

=i

=i

+ / [b'(v)w' (v, AY) + £(b'(v)) ] dF,

where A’ € R! and

i—1
w (A = %+ YN w) - ZA'"’;(( )) q'(v).
n=1 n=1

We can apply to VS'(b’; A') the method used i in the two-type case to character-
ize b’ (Theorem 4 1).If A" =0, VS’(b’ 0) = W’(b’) and b’ = b‘b = b(afb) on
(v, v'). For v > ¥, let bi(v) = b (v'). For v < v, b(v) may be strictly smaller
than b(v') to satisfy IC]' for j > i.

Suppose A" > 0 for some n < i. Apply the Myerson-Toikka ironing method
on (V,v), by letting zi(x;A") = w((F)'(x);A) and Zi(x;A) =
J5 2 (y; Ay dy. Let 2'(x;A') = conv(Zi(x; X)), and w'(x;A") = QL(x; A')
wherever defined. Extend o’ by right-continuity, and at 1 by left-continuity.
For ' to be continuous, it is enough to show that, if z’ is discontinuous
at x, then z’ jumps down at x. To see this, note that w' can be discontinu-
ous only at points like v/ for j < i and such that v/ € (v/, v'). At such a point, let
w'(v/+; A) = lim,;,; w'(v; A') and wi(v/—; A') = lim,,,; w'(v; A"). For n < j,
v" > v/ and hence f"(v/) =0. So

(v]+ Al __A_‘_Z)\m zv] iAmfn(y]) nf..j
—nd' (),

= ')
wi(yj_;Ai) _ % +Z/\niqi(yj) Z /\m]]i ((v]))q (21)_

Then,

wi(yj_; Ai) _ wi(yj_'_; Ai) — /\ji%q/‘@j) >0,



12 SIMONE GALPERTI

since ¢/(v/) = (1 — #/)(v//#') > 0. Letting W (v; M) = 0 (Fi(v); A) for v e
(v',7"), construct VS as in the proof of Theorem 4.1.

Note that g"(v) < 0 for v € (v', v"). So, since A" > 0 for some n < i, the first
term in V§' is strictly negative. Let n = min{n : A" > 0}. Then, on (v, v"), the
characterization of Lemma A.3 extends to V'S . So b must be constant at y® on
(v, v%), where v® < 7' and y® < b (7). Moreover, y = b (v®), if v > v'; and
bi(v) = Bi(v) for v € [v', v™]. The argument in Lemma A.4 yields that there
is a (unique) maximizer of VS'. The argument in Lemma A.5 implies that the
(unique) maximizer of V'S is also the (unique) maximizer of V'S'.

Step 6: Properties of the solutions to (B.6). Suppose A" > 0 for some n < i
and define n as before. The analog of the ironing condition for v° applies to v™:

=i b

/ [w!(y; ') — w'(v®; A') | dF' = Z)‘m/. g"(v)dv.

ib =i

Since the sum is negative, v™® < v'. This condition can be written as

[ w2 = o)) ar

ib
i—1 ot "
:Z)\”i[/ Gi”(v)dFi+/ g”(v)dv:|.
— vb o

To prove that w'(v™®; A') <¥'/#, it is enough to observe that the right-hand side
is negative by (A.14). So, b’ exhibits bunching on [v™, v"] at value y™ < b}, (V").

Now consider the bottom of [v', 7']. By the logic in Lemma A.6, w' (v'; )tf) <
wi(v'; A, with strict inequality if v > v'. Moreover, for v < vl wi(v, A) =
v/ti+Zi;11 Nigi(v) and w'(v'; A') = (v'/)[1+ (1 = 1) Z LAY >/t So, if
w'(v'; A') = w'(v'; A'), then b'(v'; A') > bi, (v'). Otherwise, ironing occurs on
(v vf) # @ and

i

[Ty (4 X)) ar =0,

which corresponds to

i i

/_b[y/zi—w"(vg;x )]dF = Z)«“/ G™(y)dF'.

i
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Now, for n < i,

i
b

o e
[ emwar = [ gmar - [ qmar

Vi

v /1!

:/ (s —vj)dF > 0.

/1"

So w'(vi; A') > v'/¢, and b’ (v; A') > b}b(yi).

Finally, note that for v < v’ < v,

, i1
) . ) . vV —v ) )
4 /'Al— 4 'AI= _ 1 ml_l
8w sn) = Y 1 )|
— [F(V) Fiv)
+ A'”|: i\ fi :|
227~ Fo
So, w'(-; A") will be decreasing in a neighborhood of v’ if, for s’ > s in [s, s'],

F)IIE) = FOUf©) ! [(1 0y (: Am) 1].

s —s

Hence, bunching at the bottom is more likely if # is closer to 1 and Z’n_:l] A" s
large, that is, if the provider assigns large shadow value to not increasing the
rents of types below i.

APPENDIX C: ILLUSTRATIVE EXAMPLE’S CALCULATIONS

Let s =10, s =15, and ¢t = 0.9. We first characterize the first-best C- and
I-device. By Corollary 3.1, p¢ must be constant; by Proposition 3.1, it must
extract the entire surplus that C derives from the C-device, thereby leaving C
with expected utility m. With regard to the /-device, again by Corollary 3.1, for
a € [100, 225] we have pl(a) = pS + ¢'(a) such that ¢’ (e(s)) = q*°(s) for every
s € [s, s]. Therefore, using the formula in Corollary 3.1,

dq'(a) _ dq"(s)/ds _
da — de(s)/ds

So ¢'(a) = k —0.1a, where k is set so that  expects to pay pS (Proposition 3.1).
Consider now the difference between C’s and I’s expected utility from the
efficient I-device (i.e., Rc(agfb)). Recall that p/(a) = +oo for a ¢ [100, 225].
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Under this I-device, at time 2 type C chooses a“(s) = j—i fors < *and a“(s) =5
otherwise. Thus

S e

_ {m -pS—k +/S[2s\/e(s) — te(s)]EdTSs}

1—t¢

-t rs _ _ 3
= 3%G6-9 [G—nt—(1+0)s].

Substituting the values of s, 5, and ¢, we get R“(a},) ~ 33.18.

To compute the difference between I’s and C’s expected utilities from the
efficient C-device (i.e., R’(afﬁb)), recall that pS(a) = +o0o for a ¢ [100, 225].
Given this, at time 2 type I chooses a'(s) = t*s* for s > 2 and a/(s) = s other-
wise. Thus

Ri(af,) =m—p¢+ f [2s5v/al(s) - al(s)]Edes
C s ds
—ym= P +f [25V/e(s) —e(9)] —

_a-v’
S 3G-9)

[$12-F).

Substituting s, 5, and ¢, we get R’ (a?b) ~ —1.43.

The properties of the screening /-device follow from the argument in the
proof of Corollary 4.3 above. The thresholds s, and s can be computed us-
ing formulas (B.2) and (B.4) for v, and v". Regarding the range [ay, a®], we
have that a, = [w!(vy; r€)]* and a® = [w! (v°; r€)]?, where w' (v; r€) is given in
(B.1). These formulas depend on r¢ = i5; + 1, but in this example u =0
because unused options are always enough to deter / from taking the C-
device (see below). Varying vy € (0, 1) delivers the values in Figure 1 of the
main text. By Proposition 4.2, when the provider completely removes flexi-
bility from the /-device, she induces I to choose the ex ante efficient action
a" = (5£)? =156.25.

The most deterring unused option for the C-device depends on v, in Propo-
sition 4.3. As shown in its proof, v, = sup{v € [v/, v°] | g’ (v) < 0} where

g'(v) =

t—1 , | s
t vf(v)+F(v)—t(§_§)[(2t s t}

. . . . . . . 2t—1)s
which is strictly increasing since ¢ > 1/2. Since v© = s and g'(s) = t;zi—j <0,

we have v, = s. That is, the most deterring C-device induces I to choose the
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unused option with @ = 0 whenever s < ;. The associated payment must render
I indifferent at time 2 between saving &/ (s/) = s> and zero in state o

m—p<(0)=m— p°(s’) — s’ + 2t<%>\/§7-

Substituting and rearranging, we get p€(0) = p€(100) — 100.

We can now compute the difference in I’s expected utility between the C-
device with and without the unused option. This depends only on I’s different
choices for states in [s, s/¢), and hence it equals

ds_

/S w[—PC<0>]-— / w[—pc(gz) -2+ 2s\/§]§

5—s

ds $(1-1r)
-5 PE-9)

Using the parameters’ values, this difference is —46.91. Since it exceeds
R€(a},) ~33.18, I would never choose the C-device that contains unused op-

tion (0, p€(0)).

APPENDIX D: OUTSIDE OPTION WITH TYPE-DEPENDENT VALUES

After rejecting all the provider’s devices at time 1, the agent will make cer-
tain state-contingent choices at time 2, which can be described with (ag, py) us-
ing the formalism of Section 4.1. For simplicity, consider the two-type model.
By Proposition 4.1, U (ay, py) > U’ (ay, py) with equality if and only if a, is con-
stant over (v, v). So C and [ value the outside option differently, unless they
always end up making the same choice.

When U€(ay, po) > Ul(ay, py), the analysis in Section 4 can be adjusted
without changing its thrust. The constraints (IR) and (ICY) set two lower
bounds on C’s payoff from the C-device: one endogenous (i.e., US(a/, p’) =
U'(a',p’) + R°(’)) and one exogenous (i.e., U(ay, po) = Ul(ay, po) +
R€(ay)). The question is which binds first. In Section 4, (ICS) always binds
first, for (IR") and (ICY) imply (IR®). Now this is no longer true. Intuitively, if
(ICS) binds first, then we are in a situation similar to Section 4; so the provider
will distort the I-device as shown in Section 4.2.! If (IR) binds first, then obvi-
ously the provider has no reason to distort the /-device. For example, she will
never distort the /-device, if the outside option sustains the efficient outcome
with /—that is, ay = alfb over [V, v']. In this case, she must grant C at least the

rent R“(ap), which already exceeds R“(al,). Finally, if (IC)) binds, then the
provider will design the C-device as shown in Section 4.3.

'This case is more likely when the outside option involves little flexibility, so that R€(ay) is
small.

2We can extend this argument to settings in which, at time 1, the agent has access to other
devices if he rejects the provider’s ones. In these settings, (ag, py) can be type-dependent.
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APPENDIX E: FINITELY MANY STATES AND IRRELEVANCE OF
ASYMMETRIC INFORMATION

This section shows that if the set of states S is finite, then the provider may
be able to always sustain the efficient outcome e, even if she cannot observe the
agent’s degree of inconsistency. To see the intuition, consider a two-state case
with s, > s;. If the provider can observe ¢, she sustains o} = e(s,) > e(s;) = o,
with payments 7 = o' (s7) and m, = 7'(s,) that satisfy

(El) Mz(a;; 82, t) — uz(a*{; $2, t) >y — T = l/lz(O(;; 81, t) — Mz(agf; S1, t),

which follows from (IC). Since u,(a; s, t) has strictly increasing differences in
(a, s), having a discrete S creates some slack in (IC) at e: For any ¢, (E.1) does
not pin down 7r; and m, uniquely. Suppose ¢ is close to €. Intuitively, to sustain
e with each type, the provider should be able to use incentive schemes that are
sufficiently alike; also, since discrete states leave some leeway in the payments,
she may be able to find one scheme that works for both types. If instead ¢ is far
from €, the provider must use different schemes to sustain e with each type.
Since # < 1, I is tempted to pick a7 also in s,, and the more so, the lower
is #/. So, for I not to choose «a} in s,, a; must be sufficiently more expensive
than 3, and this gap must rise as ¢ falls. At some point, this gap must exceed
C’s willingness to pay for switching from «;} to of in s;.

Proposition E.1 formalizes this intuition. Consider a finite set T of types,
which may include both # > 1 and ¢ < 1;let f =max T and t =min 7.

PROPOSITION E.1: Suppose S is finite and sy > sy_y > --- > s1. There is
a single commitment device that sustains e with each t € T if and only if
;/[ < min,- S,‘.H/S,‘.

PROOF: With N states, (IC) becomes

uy(a;; 8, t) — ;> us(ajs 8, 1) —

for all i, j, where o; = e(ss;) and ; = 7 (s;). By standard arguments, it is enough
to focus on adjacent constraints. For i =2,...,N,let A, =m, — 7. [fa* =e
for all i, then o}, > &}y, > -+ > &} (Assumption 2.1). To sustain e with ¢, A;
must satisfy

(CIC;i-1) Mz(aﬁ Sis f) - uz(a,tl; Sis f) > A > up(0; sio1, 1) — Uz(af,ﬁ Si-1, 1),

fori=2,...,N.Forany s and ¢, uy(a'; s, t) — uy(a; s, t) = ts(b(a’) — b(a)) —
a + a. Let s; /s,y = min; s;/s;_, and suppose #s;_; > sit. Then,

up (0 Si—1, ) — ta(af_ys Skt 1) > wa (s se, 1) — ua (s Sk, 1),



OPTIMAL SCREENING OF TIME INCONSISTENCY 17

and no A, satisfies (CIC; ;_;) for both ¢ and ¢. If instead ts; > s;_; for i =
2,..., N, then for every ¢ and i,

s (a5 i, 1) — wa (@380, 1) = ua (a3 51, 7) — wa (@15 8001, 7)
> uz(a}k; Si—1, f) - uz(af,ﬁ Si—1, l)-

Set Ar = uy(a}; si1, 1) — un(a; y; si1, 1). Then {A7}Y, satisfies all (CIC;;_,) for
every t. The payment rule 7} = 7 + Z;:z A;—with 7y small to satisfy (IR)—
sustains e with each ¢. Q.E.D.

So, if the heterogeneity across types (measured by 7/¢) is small, the provider
can sustain e without worrying about time-1 incentive constraints.

The condition in Proposition E.1, however, is not necessary for the unobserv-
ability of ¢ to be irrelevant when sustaining e. Even if /¢ is large, the provider
may be able to design different devices such that each sustains e with one ¢,
and each ¢ chooses the device for himself (‘z-device’). To see why, consider an
example with two types, t* > ¢/, and two states, s, > s;. Suppose " > 1 > ¢,
ths, > t's,, but s, > s;¢" and s,¢' > 5. Consider all (, m,) that satisfy (E.1)
and (IR) with equality:

A= Hm+ fm=1— Hu(eg; ) + fui(ai: s1),

where f = F(s)). Finally, choose (7], 7r7) so that /4’s self-1 strictly prefers aj in
sy—i.e., uy(ai; $5) — i > uy(at; s,) — wf—and (w7, 7)) so that I’s self-1 strictly
prefers o} in s;—that is, u;(a; s1) — 7 > uy(a3; s1) — 5. Then, the /-device
(respectively, h-device) sustains e and gives zero expected payoffs to the agent
if and only if / (/) chooses it. Moreover, [ strictly prefers the /-device and 4 the
h-device. To see this, note that if self-1 of either type had to choose at time 2,
under either device he would strictly prefer to implement e. So, by choosing
the ‘wrong’ device, either type can only lower his payoff below zero.
Proposition E.2 gives a necessary condition for the unobservability of ¢ to be
irrelevant when sustaining e. Let 7' = T N[0, 1] and 7? = T N [1, +00). For

k=1,2,let 7" = max T* and ¢* = min T*.

PROPOSITION E.2: Suppose S is finite and sy > sy_1 > --- > s1. If max{?l/f,
I /t*} > min, s, /s;, then there is no set of devices, each designed fora t € T, such
that (i) t chooses the t-device, (ii) the t-device sustains e with t, and (iii) all t get
the same expected payoff.

PROOF: Suppose max{? /t',7/t*} = T'/t'—the other case is similar—and
that there exist devices that satisfy (i)—(iii). Let U be each #’s expected pay-
off and p be the payment rule in the ¢'-device. Given p, let a,(¢) be an opti-

mal choice of ¢ € T in s;. For t', a,(t') = a7 for every i. Let S = {i : 5,41 /s; <
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?l/f} # (). Then, (a) for every i, T's; > t's; and hence gi(fl) >ar; (b)fories,
's; > t's;1, and so a,(7') > af | > a;. Since t <1, (a) and (b) imply

p(a,(7)) = (@) < ua(a,(7): 51, 7) — a5, 7))
<uy(a,(1); 5:) — wi (e s1),

where the first inequality is strict for i € S. The expected payoff of 7 from pis
then

N N
3o (a,(7): ) — a1 > s ) — p(a) )i = U,
i=1 i=1
where f; = F(s;) — F(s;_y) fori=2,...,N and f, = F(s). O.E.D.

So, if T'\ {1} =@ or T*\ {1} = ¥, the condition in Proposition E.1 is also
necessary for the provider to be able to sustain e, even if she cannot observe ¢.
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