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In this supplement we provide a set of sufficient conditions that encompass the
quasilinear environment. With these conditions, we can generalize the equivalence re-
sults presented in Proposition 4 for common prior full support payoff type spaces. The
first condition replaces the compactness condition; the second and third conditions gen-
eralize the important features of the quasilinear utility model. This supplement ends
with an example that is meant to illustrate that the conditions, in particular, the condi-
tion on bounded allocation differences, are not easily dispensed with.
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WE SUBSTITUTE THE COMPACTNESS CONDITION by essential compactness. To
this end let

∆i(θ−i� fi)� min
(θi�θ

′
i)∈Θi×Θi

[
ũi(f0(θi� θ−i)� fi(θi� θ−i)� (θi� θ−i))

−ũi(f0(θ
′
i� θ−i)� fi(θ′

i� θ−i)� (θi� θ−i))

]
�

DEFINITION 1 —Essential Compactness: Each ũi(y0� yi� θ) is continuous
with respect to yi. For each θ and i, there is a compact set Fi(θ) ⊆ Fi(θ), such
that for each i and θ−i, there exists f ∗

i :Θ → Yi with f ∗
i (θ) ∈ Fi(θ) such that

∆i(θ−i� f ∗
i )≥ ∆i(θ−i� fi) for all fi :Θ→ Yi with each fi(θ) ∈ Fi(θ).

DEFINITION 2 —Transferable Utility: For every ψ ∈ ∆(Θ−i) and fi :Θ→ Yi
with fi(θ) ∈ Fi(θ) for all θ, there exists f i :Θi → Yi with fi(θ) ∈ Fi(θ) for all θ
such that ∑

θ−i∈Θ−i

ψi(θ−i)ũi
(
f0(θ

′
i� θ−i)� f i(θ

′
i)� (θi� θ−i)

)
=

∑
θ−i∈Θ−i

ψi(θ−i)ũi
(
f0(θ

′
i� θ−i)� fi(θ′

i� θ−i)� (θi� θ−i)
)

for all θi and θ′
i.

DEFINITION 3 —Bounded Allocation Differences: There exists M such that∣∣ũi(y0� yi� θ)− ũi(y ′
0� yi� θ

′)
∣∣ ≤M

for all i� y0� y
′
0 ∈ Y0� yi ∈ Yi�and θ�θ′ ∈Θ�
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Essential compactness ensures that the problem of maximizing the mini-
mal gains from truth-telling in the ex post incentive constraints always has a
well-defined solution. Transferable utility ensures that every utility compensa-
tion for agent i can be achieved by assigning the private component f i condi-
tionally on the reported payoff type θ′

i of agent i only. A sufficient condition
for transferable utility is that ũi(y0� yi� θ) is continuous with respect to yi and
that the utility is positively and negatively unbounded in yi for every y0 and θ.
Bounded allocation differences ensure that the differences in utilities due to
the public component and the payoff type for every given private component
are bounded.

LEMMA 1: If F is essentially compact, separable with transferable utility, and
satisfies bounded allocation differences, and F is interim implementable on every
full support common prior payoff type space T , then F is ex post incentive imple-
mentable.

PROOF: Suppose F is not ex post compatible. By essential compactness, for
each i and θ−i, there exists δ > 0, such that for all fi :Θ→ Yi,

min
(θi�θ

′
i)∈Θi×Θi

[
ũi(f0(θi� θ−i)� fi(θi� θ−i)� (θi� θ−i))

−ũi(f0(θ
′
i� θ−i)� fi(θ′

i� θ−i)� (θi� θ−i))

]
≤ −δ�(1)

Now suppose that F is interim implementable on every full support common
prior payoff type space. Then, for every p ∈ ∆++(Θ), there exists for each i,
f
p
i :Θ→ Yi such that f pi (θ) ∈ Fi(θ) for all θ and

min
(θi�θ

′
i)∈Θi×Θi

[ ∑
θ−i∈Θ−i p(θi� θ−i)ũi(f0(θi� θ−i)� f

p
i (θi� θ−i)� (θi� θ−i))

−∑
θ−i∈Θ−i p(θi� θ−i)ũi(f0(θ

′
i� θ−i)� f

p
i (θ

′
i� θ−i)� (θi� θ−i))

]
≥ 0

for all θi and θ′
i. By transferable utility, there exists f pi :Θi → Yi such that

f
p
i (θ) ∈ Fi(θ) for all θ and

min
(θi�θ

′
i)∈Θi×Θi

[ ∑
θ−i∈Θ−i p(θi� θ−i)ũi(f0(θi� θ−i)� f

p
i (θi)� (θi� θ−i))

−∑
θ−i∈Θ−i p(θi� θ−i)ũi(f0(θ

′
i� θ−i)� f

p
i (θ

′
i)� (θi� θ−i))

]
≥ 0�

By bounded allocation differences, for any θ∗
−i ∈Θ−i,∣∣ũi(f0(θ

′
i� θ−i)� f

p
i (θ

′
i)� (θi� θ−i)

) − ũi
(
f0(θ

′
i� θ

∗
−i)� f

p
i (θ

′
i)� (θi� θ

∗
−i)

)∣∣
≤M�
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We can express the expected utility under p(·) from f0 and f pi as∑
θ−i∈Θ−i

p(θi� θ−i)ũi
(
f0(θ

′
i� θ−i)� f

p
i (θ

′
i)� (θi� θ−i)

)
= ũi

(
f0(θ

′
i� θ

∗
−i)� f

p
i (θ

′
i)� (θi� θ

∗
−i)

)
+

∑
θ−i �=θ∗−i

p(θi� θ−i)
[
ũi

(
f0(θ

′
i� θ−i)� f

p
i (θ

′
i)� (θi� θ−i)

)
− ũi

(
f0(θ

′
i� θ

∗
−i)� f

p
i (θ

′
i)� (θi� θ

∗
−i)

)]
�

so ∣∣∣∣ ∑
θ−i∈Θ−i

p(θi� θ−i)
(
ũi

(
f0(θi� θ−i)� f

p
i (θi)� (θi� θ−i)

)
− ũi

(
f0(θ

′
i� θ−i)� f

p
i (θ

′
i)� (θi� θ−i)

))
− (
ũi

(
f0(θi� θ

∗
−i)� f

p
i (θi)� (θi� θ

∗
−i)

)
− ũi

(
f0(θ

′
i� θ

∗
−i)� f

p
i (θ

′
i)� (θi� θ

∗
−i)

))∣∣∣∣
≤ (1 −p(θi� θ∗

−i))2M�

However, consider a sequence of priors with pn → p∗ and p∗(θ∗
−i)= 1. Since

min
(θi�θ

′
i)∈Θi×Θi

[ ∑
θ−i∈Θ−i p

n(θi� θ−i)ũi(f0(θi� θ−i)� f
pn

i (θi)� (θi� θ−i))

−∑
θ−i∈Θ−i p

n(θi� θ−i)ũi(f0(θ
′
i� θ−i)� f

pn

i (θ
′
i)� (θi� θ−i))

]
≥ 0

for all n, we have that

min
(θi�θ

′
i)∈Θi×Θi

[
ũi(f0(θi� θ

∗
−i)� f

pn

i (θi)� (θi� θ
∗
−i))

−ũi(f0(θ
′
i� θ

∗
−i)� f

pn

i (θ
′
i)� (θi� θ

∗
−i))

]

tends to 0 as n→ ∞, but this contradicts (1). Q.E.D.

LEMMA 2: Essential compactness, transferable utility, and bounded allocation
differences are satisfied in the quasilinear environment.
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PROOF: (1) Essential compactness. Let

M = max
y0�y

′
0

|vi(y0� θ)− vi(y ′
0� θ)|�

and let Fi = {fi :Θ → R} and Fi = {fi :Θ → [−2M�2M]}. To show essential
compactness, it is enough to show that for all fi ∈ Fi and θ−i, there exists f i ∈ Fi
with ∆i(θ−i� fi) ≤ ∆i(θ−i� f i). To see this, let f 0

i (θi) = 0 for all θi; note that
f 0
i ∈ Fi and ∆i(θ−i� f 0

i )≥ −M . If

max
θi�θ

′
i

|fi(θi)− fi(θ′
i)|> 2M�

then ∆i(θ−i� fi) <−M ≤ ∆i(θ−i� f 0
i ). If

max
θi�θ

′
i

|fi(θi)− fi(θ′
i)| ≤ 2M�

fix any θi and let f̃i(θi) = fi(θi) − fi(θi). Clearly, f̃i ∈ Fi and ∆i(θ−i� fi) ≤
∆i(θ−i� f̃i).

(2) Transferable utility is immediate: just set

f i(θi)�
∑

θ−i∈Θ−i

ψi(θ−i)fi(θi� θ−i)�

(3) Bounded allocation differences are also immediate: set

M = max
i�θ�θ′�y0�y

′
0

|vi(y0� θ)− vi(y ′
0� θ

′)|�

which completes the proof. Q.E.D.

The following example satisfies essential compactness and transferable util-
ity, but does not satisfy bounded allocation differences. Yet, it is arguably a
very slight departure from the quasilinear model.

EXAMPLE 4: Consider the example with two agents, i= 1�2. The payoff type
space of agent 1 is Θ1 = {1�2} and of agent 2 is Θ2 = {1�2�3}. We consider an
additive utility function

ui(y0� θ)+ vi(yi� θi)
as a minimal extension of the quasilinear utility function. The allocation rule
for the common component is

f0 θ2 = 1 θ2 = 2 θ2 = 3
θ1 = 1 a c d
θ1 = 2 b c d

(2)
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and the utility from the common component u1(y0� θ) for agent 1 is given by

u1(a� ·) 1 2 3
1 1 0 0
2 2 0 0

u1(b� ·) 1 2 3
1 2 0 0
2 1 0 0

u1(c� ·) 1 2 3
1 0 1 0
2 0 1 0

u1(d� ·) 1 2 3
1 0 0 1
2 0 0 1

(3)

The social choice correspondence for the private component is Fi = R+ and
the utility from the private component is given by

vi(yi� θi)=
θi∑
k=1

yki(4)

or

vi(yi�1)= yi� vi(yi�2)= yi + y2
i �

It is easy to verify that the utility function is supermodular in (yi� θi) and thus
well behaved with respect to implementation constraints. We exclusively focus
attention on the incentive problem of agent 1 at θ2 = 1 and use the additional
payoff type of agent 2, θ2 = 2�3� as a conditioning device in the interim imple-
mentation.

By (2) and (3), the SCC F is not ex post incentive compatible for agent 1 at
θ2 = 1. The ex post incentive constraints for agent 1 at θ2 = 1 are given by

u1(f0(1�1)� (1�1))+ v1(f1(1�1)�1)(5)

≥ u1(f0(2�1)� (1�1))+ v1(f1(2�1)�1)�

u1(f0(2�1)� (2�1))+ v1(f1(2�1)�2)

≥ u1(f0(1�1)� (2�1))+ v1(f1(1�1)�2)�

After inserting the payoffs from the common component and rearranging the
utility from the private component, we have

v1(f1(1�1)�1)− v1(f1(2�1)�1)≥ 1�

v1(f1(2�1)�2)− v1(f1(1�1)�2)≥ 1�

but both inequalities cannot be satisfied simultaneously because it follows
from (4) that

v1(f1(2�1)�2)− v1(f1(1�1)�2) > 0

⇔ v1(f1(2�1)�1)− v1(f1(1�1)�1) > 0�
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However we can interim implement the social choice correspondence F for
every full support prior. It is easiest to demonstrate this with an independent
prior:

p1(θ2 = 1|·)= 1 − 2ε� p1(θ2 = 2|·)= p1(θ2 = 3|·)= ε ∀θ1 ∈Θ1�

We offer different rewards for each payoff type θ1 of agent 1 at different re-
alizations of θ2. We use the fact that v1(y1� θ1) grows at different rates to ob-
tain interim incentive compatibility. More precisely, the following rewards as
a function of the announced type accomplish interim implementation for all ε
satisfying 0< ε< 1

2 :

f1(1�1)= 0� f1(1�2)= 3
ε
� f1(1�3)= 5

ε
(6)

and

f1(2�1)= 0� f1(2�2)= 1
ε
� f1(2�3)= 6

ε
�(7)

(With correlated rather than independent priors, we could use differential
probabilities as well as differential rewards to guarantee interim incentive com-
patibility.) To verify interim incentive compatibility, it suffices to establish that
for θ1 = 1,∑

θ2∈Θ2

p1(θ2)
(
v1(f1(1� θ2)�1)− v1(f1(2� θ2)�1)

) ≥ 1�(8)

and conversely for payoff type θ1 = 2,∑
θ2∈Θ2

p1(θ2)
(
v1(f1(2� θ2)�2)− v1(f1(1� θ2)�2)

) ≥ 1�(9)

Inserting f1(θ1� θ2) from (6) and (7) into (8) and (9), we find

ε

((
3
ε

+ 5
ε

)
−

(
1
ε

+ 6
ε

))
≥ 1

and

ε

((
1
ε

+
(

1
ε

)2

+ 6
ε

+
(

6
ε

)2)
−

(
3
ε

+
(

3
ε

)2

+ 5
ε

+
(

5
ε

)2))
≥ 1�

and it is easy to verify that both inequalities are satisfied.
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