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This supplement contains the proofs for “Asymptotics for Statistical Treatment
Rules.”

APPENDIX 1: PROOFS FOR THE PARAMETRIC CASE

We give some assumptions and lemmas that can be used to extend the results
to other loss functions. Let D,, denote the set of all randomized treatment
rules in the N(h, I;') experiment.

ASSUMPTION 1: Given a loss function L, there exists L., (8, h) such that for
some sequence r,,

. h h
'}LII;I’H[L<1, 9() + ﬁ) - L(O, 6() + %>j| —Loo(l, h) — LOO(O, h)

and

for almost every h (with respect to Lebesgue measure on RY).

ASSUMPTION 2: Assume that loss L., in the limit experiment depends on h
only through g'h. That is, there exists L, such that L.(a,h) = Lg(a, g h) for
ae{0,1}.

LEMMA 1: Suppose the conditions of Theorem 3.2 are satisfied by a sequence
of treatment assignment rules 8, € D. Let loss L satisfy Assumption 1.

(i) Then,
liminfr,B,(5,, II) > 7(6,) Si%f B..(5).
(ii) Moreover, if &% € D is matched by 6* € Dy, in the sense of Proposition 3.1

and if &* is the flat-prior Bayes rule in the limit experiment, then & is the asymp-
totically optimal rule for Bayes risk:

lim 7,B,(8, IT) = m(00) Bo (8") = (69) inf B (8).
n— 00 €Doo
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PROOF: For the sequence {8,}, let 8 be the matching treatment assignment
rule in the limit experiment as given by Proposition 3.1. Then

liminfr,B,(5,, 7)

h
> 1£n_1)igf{/rnL(5n(Z), 0o + ﬁ) dpy ., m(2)

<00+ ) fan

= “,I,Eio?f{ <E00+h/ﬁ[8n(zn)]

x rn|:L<1, 6 + %) —L<0, 6o + %)}
a0 o)) (o ) o

R / (Eal8(AN[L (L, ) — Loo(0, )]+ Loo(0, 1)) dt
= 7(00)Bo(8)
> w(6) inf B.(3),

where the first inequality follows by Fatou’s lemma and the second equality
follows by Proposition 3.1, Assumption 1, and the continuity of 7. An anal-

ogous argument yields limsup,,_, . 7,B,(6,, 1) < 7(09) B (5). Applying these
conclusions to 6% and 6* proves (ii). Q.E.D.

LEMMA 2: Suppose that loss L., satisfies Assumption 2. Let
8*(A) = 1 E,[Ly(1,5)] < E[L,(0, )1},
where s ~ N(g'A, (r;). Then &* is the flat-prior Bayes rule in the limit experiment:
B, (6" = 52%{0 B, (6).
PROOF: By Fubini’s theorem, we can rewrite the flat-prior Bayes risk as

B(8) = / / Loo(8(4), ) (2m) 2|

x exp(—(A — h)'1y(A—h)/2)dhdA.
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As usual, the Bayes optimality problem is equivalent to minimizing posterior

expected loss for each observable A. The posterior expected loss for the rule 6
in the Gaussian limit experiment, at a fixed 4, is

/ Loo(3(4), by dN (A, I, (h)
- / Ly(0, ) dN(g4, 02)(s)
1 5(4) f [Le(1,5) — Ly(0, )1 N (Z 4, 02)(s).

The optimal Bayes rule then is determined by the last term and the statement
of the lemma follows. Q.E.D.

LEMMA 3: Suppose the conditions of Theorem 3.2 are satisfied. Then, for every
heRF,

\/ﬁg(x: 071) '\ﬁ‘)N(g/h, 1)

Og

PROOF: By differentiability in quadratic mean, the sequence of experiments
is locally asymptotically normal. For all sequences &, — h in R,

dP! 1
0o+hn//n N /
log W =h Sn — Eh I(]h + Opgo(l),

where S, LN (0, Iy). Since 6, is best regular, Lemma 8.14 of Van der Vaart
(1998) implies /n(6, — 6y) = I 1S, + or (1) under 6. By Slutsky’s theorem
and the delta method, under 6,

g(x7 é) dPgUJrh/ﬁ
1
(«/ﬁ 5 %8y 7

1 rr—1 ’ 1 ’
= (;gg]o Sn,hSn— zh I()h) +0Pgo(1)

g'h

(o ) _—
_ 9 /h
2hloh gh WIh

Og

Then by Le Cam’s third lemma, the conclusion of the lemma follows. Q.E.D.
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PROOF OF THEOREM 3.2: Since losses L? and LT satisfy Assumption 1, and
L and L satisfy Assumption 2, Lemma 2 establishes Bayes rules in the limit
experiment and Lemma 3 can be used to show that these rules are the matching
rules for the sequences of rules in the statement of the theorem. Lemma 1
then states that these sequences of rules are asymptotically Bayes optimal as
desired.

Suppose s ~ N(g'A, (r;). Then E[L?(l,s)] =K®d(—g'A/oy,) and E[L?(O,
§)]=P(g'A/o,). By Lemma 2, the flat-prior Bayes rule in the limit experiment
for LY is 6"2(A) = 1{% > "B}, By Lemma 3, lim,_.o, Eg, 1/ al875(Z,)] =
Pr,(§'A/oy = c"P) = E,[8"5(A)].

Similarly, for loss L”, E[L](1,5)] = —K[§'AD(=§'A/0,) — 0, (§'A/ )]
and E[LgT(O, )] =gAD(g'A/a,) + g, (g'A/0,). Differentiation shows that
E [Lg(O, H]-E [LgT(l, s)] is monotonically increasing in (¢'A), and the optimal
decision rule will be determined by the cutoff ¢”-*. By Lemmas 2 and 3, 8%
is matched by the flat-prior Bayes rule in the limit experiment. Lemma 1 then
yields asymptotic optimality of 7% and &7-5. Q.E.D.

PROOF OF COROLLARY 3.3: From Lemma 1(i), liminf, .. B/ (&/B¥e,
IT) > 7 (6y) infscp,, Bo(8). Also, by definition, B/ (8% [IT) < B/ (85, IT)
for every n, so liminf, ., B/ (8%, IT) < liminf, ., B/ (825, IT) = m(6y) x
infyen. BI_(8). O.E.D.

PROOF OF THEOREM 3.4: Part (i) would follow from a multivariate exten-
sion of Karlin and Rubin (1956, Theorem 1). A direct proof follows.

Note that if g'hg # 0, then for kg = hy(—g'hq, ho), &'ho = 0. Since {h, (b, hy) -
b eR}={h (b, fzo) :b € R}, we may assume without loss of generality that, in
fact, g'hy = 0.

Recall that &'A ~ N(0, g'1,'¢) under hy, s0 E;, [6.(A)] =1—®(c/\/&1,'8).
Let & be an arbitrary treatment assignment rule. We can choose c¢ to satisfy
Ep[6:.(4)] = E;,[6(A)].

Now, following the method in the proof of Van der Vaart (1998, Proposi-
tion 15.2), take some b > 0 and consider the test H,:h = h, against H,:h =

hi(b, hy) based on A L N(h, I;"). Note that ¢'h, = b > 0. The likelihood ratio
(LR) is:

sz(hl,zo-l):eXp< b b? )

— §A— —— .
dN (ho, I;™) gl'g 28158

By the Neyman-Pearson lemma, a most powerful test is based on rejecting for
large values of g'A. Since the test o, has been defined to have the same size

as 8 Ep 6,5 [0:(A)] = Ejy 5, ho)[S(A)] Moreover, this 1nequa11ty similarly holds
for all b > 0. Similarly, for b < 0,1 — 6. = 1(£'A < ¢) is most powerful, leading
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t0 Ep, .y [8c(A)] < Ep .4y [8(A)] for all b < 0. Since R(8, h) — R(8,, h) =
[L(1, h) — L(0, h){E,[81(A)] — E,[6,(A)]}, we can conclude that R(6, k) >
R(6., h) for all h € {h,(b, hy):b e R}.

For part (ii), let R* = inf;cp_ sup, R(5, i) and let 6* be such that sup, R(6*,
h) = R*. By part (i), there exists ¢* such that R(8*, h;(b,0)) > R(8., h(b,
0)) for all b. Note that ¢A ~ N(b, g/l(;lg) under & = h,(b, hy). Hence
Ej om0 [0+ (A)] = Ep 5,0 [0+ (A)] for all hy with g'hy = 0. Also, loss can be
rewritten L,(a, g'h) = L(a, h) for a € {0, 1}. Recalling that b = g'h(b, hy) =
g'hi(b,0), we have

R(3c-, ha(b, ho)) = Ly (0, b) + Epy.0)[ 8- ()L (1, b) — Ly (0, b))
= R(8., hi(b,0)).
Then,

R > SupR(S*) hl(b7 O)) > SupR(60*7 hl(b) O))
b b

= Sup supR(Sc*’ hl(b7 hO)) = SupR(ac*s h) Z R*;
h

gy b

so 6.+ attains the bound and must be a solution to inf.sup, R(8., (b, 0)).
QO.E.D.

LEMMA 4: Suppose the conditions of Proposition 3.1 are satisfied and 6, €
D is a sequence of treatment assignment rules with matching rule & in the limit
experiment as given by Proposition 3.1. Let J be a finite subset of R*. If

(A1) lim rnR<6n,60+ h ):Rm(ﬁ,h)

Tn

[li’gglfrnR<8n, 6 + %) > R (8, h)]

for h e J,then

liminfsuprnR(Sn, 6 + i) = [2]sup R (8, h).
Jn

=0 hej hel

Furthermore, if (A.1) holds for all h € R*, then

h
(A2) sup liminfsupr,R (8n, 0y + —) =[>]sup R (8, h),
I ey Jvn h

where the outer supremum is taken over all finite subsets of R,
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PROOF: Fix a finite subset J. Then

h h
liminfsupr,R (Bn, 0o + 7) > sup liminfr,R (8,,, 0, + —)

=00 hey n hel "0 x/ﬁ
=sup lim r,R <8n, 0y + i)
heJ >0 \/ﬁ
=sup R (8, h)

hel

h h
liminfsupr,R|( 6, 6 —|——) > su liminfr,,R<6n,0 +—>
[imintsuprik(5,00+ 72 ) = suplii o+

> sup R (8, h)].

hel

The bracketed inequality in (A.2) follows trivially from the above bracketed
expression. Now we show that the equality in (A.2) holds. By the supposition
of the lemma, take & > 0 and any 4 € J. Then there exists N, such that for
n> Ny, r,R(8,, 00+ h/y/n) < R.(8,h)+ & <sup, ; Ru(8,h)+e Let N =
max,.; N,. Then, forn > N,

h
supr,,R(B,,, 6o+ — ) <supR. (6, 1)+ ¢
\/_

hel n el

and

h
liminfsupr,R (Sn, 0o + —) <supR. (5, h) + e.
N

=% ey hel
Since this holds for any & > 0, we have liminf, .. sup,_, 7,R(8,, 6y + h//n) =
sup,,.; R« (8, h), so

h
supliminfsupr,R (6,,, 0y + —> =supsup R (8, h)
I ey vn T hel

= SUp Re(8, ). Q.E.D.
Let §.(4) =1{g'A/0, > c}.
LEMMA 5: The solutions to

iICIfSl}llpRio(Sc, h)

for j=H, T are the constants ¢'*™.
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PROOF: Let b = ¢'h/a,. Then R% (5., h) = R (., o,b) = ®(c — b)1(b >
0)+ K1 —P(c—b))1(b <0), so sup, RZ(SC, h) =max{®(c), K(1 — D(c))}.
The terms @(c) and K(1 — &(c)) are strictly increasing and decreasing in c,
and cross at a unique point, which must minimize maximum risk. For loss L,
the crossing point is the solution given in the conclusion of the lemma.

For loss L7, we can treat g’A as the scalar observable; the cutoff value given
in the lemma was derived in Tetenov (2007). We note here that the solution
is well behaved. Let (¢, b) = b® (¢ — b) and r (¢, b) = —Kb®P(b — ¢). Then
sup, R;(SC, o.b) = o, -max{sup,_,r"(c, b), sup,_,r~(c, b)}. From the first and
second derivatives of r* in b (for any fixed finite value of c), it is straightfor-
ward to show that r* is single-peaked with a unique, finite global maximum on
[0, 00). The same conclusion is true of »~ on (—oo, 0]. Also, sup,_,7*(c, b) is
strictly increasing in ¢ and sup,_,7~ (c, b) is strictly decreasing, and they cross
at the unique value ¢”-*, which must minimize the maximum risk. Q.E.D.

PROOF OF THEOREM 3.5: From Theorem 3.4(ii), it suffices to look at cutoff
rules along a “slice” A;(b, 0) to obtain the minmax rule in the limit experiment.
Note that the classes of rules {8.} and {5.} are equivalent, and so it suffices to
consider rules of the form &.. Lemma 5 provides the minmax rules for losses
L and L7 in the limit experiment.

Given a sequence of rules 8, and a matching rule & in the limit experiment,
lim,,_. o 7,R7(8,, 6y + h//n) = R%. (8, h). Also, by Lemma 3, 7™ is matched
in the limit experiment by 87", Lemma 4 states that the risk bound in the limit
experiment is the asymptotic risk bound and that it is attained by 87-".

For loss L, for h such that ¢'h # 0, lim,_ . r,R"(5,, 00 + h//n) =
RY(8, h). For h such that g'h =0, R"(§, h) =0, so for all A, liminf,_, .7, x
RY(8,, 0y + h//n) > RY (8, h). Hence, by Lemma 4,

h
sup liminf sup /nR" <8n, 6o + —>
JnT0 e Jn

>supRY (8, h) > 6i1713f sup RY (8, h) = sup R™ (§""M, h),
h Do h

where the outer supremum is taken over all finite subsets of R¥. Also, by
Lemma 3, 8 is matched in the limit experiment by 8.

Let J be any finite subset such that ¢’k # 0 for h € J. By Lemma 4,

h
(A.3)  supliminfsup R” (5,,’“4, 6y + —)
7T hed Vn

=supsup R? (8""™ h) <supR” (6", h) = 5ggf Sl;pro(ﬁ, h).

J  hel h
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Next, take & > 0. We will show that

h
(A4)  supliminfsup R” <8f’M, 6y + —)
J

=0 pej \/ﬁ
: : H H,M h
<supliminfsupR" | 6", 00+ — | + &.
JoMT hed Vn

Take a finite subset J C R* such that for exactly one element hy € J, &'hy = 0.
For 7 > 0, define W' = hy + 7¢ and h”" = hy — 7¢. Note that ¢’h’ > 0, and
g'h" <0, and by continuity of E,(6*) in & we can choose 7 small enough
that |Ej,, (8*) — Ey(8")| < & and |E, (8") — Ey (8%)| < &/K. Take J = (J\ ) U
{h', h"}. Then

h
lim infsup R" <8:”M, 6y + —)

00 ey Vn
- H( sHM h
<liminf| max§ sup R"(6,"", 00+ — ),
n—>00 he\ho vn

a —Eh[)(a:”M)),KEhO(a:’M)H

_ max{ sup R(8"M h), (1= E;, (8")), KEhO(BH’M)}

heJ\hy

< max{ sup R (8™ ), (1 — Ey(87M)), KE;,//(S”’M)} te

hel\hy

h
=sup RY ("™, h) + & =liminfsup R” <6HH’M, 6, + _> T,
hel 0 ef \/71

where the first equality follows by the same argument for the proof of the first
conclusion of Lemma 4. This argument clearly generalizes to finite subsets J
with more than one element 4 with ¢’/ = 0. Hence Equation (A.4) holds. To-
gether with Equation (A.3) and the fact that ¢ was arbitrary, it follows that
SHM attains the risk bound. QE.D.

APPENDIX 2: PROOFS FOR SEMIPARAMETRIC CASE
Most of the proofs follow by obvious modification of the proofs for the para-

metric results in Appendix 1. Nontrivial modifications are noted below.

PROOF OF PROPOSITION 4.1: Let A = (44, 4,,...). The limit experiment
and the asymptotic representation theorem (Theorem 3.1) given in Van der
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Vaart (1991) yield a randomized statistic 5(A, U) that matches the limit distri-
bution of §,, where U is uniform on [0, 1] independent of A. (This is a “doubly
randomized” treatment assignment rule.) The desired rule comes from setting

8(4) = [, 5(4A, u)du. Q.E.D.

PROOF OF THEOREM 4.2: The analog to Lemma 2 follows by the assumed
product measure form of the prior I1. An analog to Lemma 3 follows below. If
Assumption 1 is modified to require the analogous conditions hold for almost
every h with respect to A x p, then the analog to Lemma 1 holds with B, (-, IT)
replacing 7(60y)B.(-). For loss LT, the conditions of Assumption 1 hold for
all &, so the modification entails no additional complications. For loss L, the
conditions of Assumption 1 hold for all (4, A3, ...) and almost every h; (with
respect to the Lebesgue measure A). Hence, Lemma 1 also extends to L in
the semiparametric case and the conclusions of the theorem follow.  Q.E.D.

LEMMA 3': Suppose the conditions of Theorem 4.2 are satisfied. Then, for
every h,

\/—gnh

g

~N((g, h), 1).

PROOF: We revert to treating 4 and g as functions from Z to R. Equa-
tion (4.1) implies that

dpP 1§ 1
In l—[ 1/fh( i):ﬁzh(zi)_§||h||2+0p0(1),
i=1

where f Yo h(Z) 2 N(O, [|~]*). By Van der Vaart (1998, Lemma 25.23),
Jng, ﬁ Yo 8(Z) + op,(1). By Slutsky’s lemma and the delta method,

\/—gn dPl/\/—h
( 11‘[ ap (2D

Zg<zi> ]

= 1 Lo
= 7,—§:hZ,»——h 1
NN (20 =3 niE+on

(&, h)

P, 0 1

0 a,

«v\—)N ( 1 2) 5 . h 8
—§||h|| M ||h||2 |

Og
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The conclusion then follows by applying Le Cam’s third lemma. Q.E.D.

PROOF OF THEOREM 4.4: Note that analogs of Lemmas 4 and 5 follow
for the semiparametric case with trivial modification of their proofs. The
proof of Theorem 4.4 follows from the proof of Theorem 3.5 after letting
ho = (0, hz, h3, .. .), W= (T, hz, h3, .. .), and h" = (—’T, hz, h3, .. ) QED
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