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BY MARINE CARRASCO, LIANG HU, AND WERNER PLOBERGER

THIS SUPPLEMENT IS ORGANIZED AS FOLLOWS. Section A.1 reviews various
potential applications of our test. Section A.2 establishes Assumption 2 for
ARCH(1) and GARCH(1, 1) models with normal errors. Section A.3 derives
the expression and asymptotic distribution of our tests for Hamilton’s model.
Corresponding critical values are given in Section A.4. Section A.5 gives the es-
timates of Hamilton’s model for U.S. real GNP. Appendix B defines the tensor
notations used to derive the fourth-order expansion of the likelihood. These
notations are interesting in their own right, as they could be used in other
econometric problems involving higher-order expansions. Appendix C collects
the proofs of Theorems 3.1, 3.2, and 4.1. Appendix D collects the proofs of
the remaining results of Sections 4 and 5. Section D.4 gives Lemma D.9, which
establishes necessary and sufficient conditions for expTS to have power in the
context of an autoregressive model.

APPENDIX A: EXAMPLES
A.1. Review of Applications

Various extensions of Example 3.4 have been applied in macroeconomics
and finance.

EXAMPLE A.1—Markov Switching GARCH Model: Markov switching
GARCH models are increasingly used in finance; see Hamilton and Susmel
(1994), Dueker (1997), Gray (1996), Haas, Mittnik, and Paolella (2004), among
others. Consider the model

& = 2,0y,
{ 0}2 =ay(S,) + a](Sz)S?,I + Bl(Sz)O'tZ,p
z, ~1.1.d. N0, 1),

where S, is a homogeneous Markov chain with k-dimensional state space.
Then, ¥, =S, is bounded, Markov of order 1, and geometric ergodic provided
its transition probabilities belong to (0, 1). The estimation of this model is par-
ticularly tedious. This model has been successfully tested in Hu and Shin (2008)
using our test procedure.
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EXAMPLE A.2—State Space Model: Assume that the dynamic of an observ-
able vector y, can be described as

v=Ax,+H¢ +w,
i =F& 4+ v,

where v, and w, are uncorrelated white noises and x, is a vector of exogenous
or predetermined variables.

The state vector &, is not observable. The state space models are very pop-
ular because they can be easily estimated by Kalman filter. To simplify our
discussion, assume that ¢, is scalar. A way to test the null hypothesis that ¢, is
constant Hy: & = & is to test that the variance of v, (a2, say) is equal to zero.
Various difficulties arise. First, the parameter of interest (o?) is on the bound-
ary of the parameter space under the null. Second, the coefficient F is not
identified under H,. Hence, testing H,:o? = 0 is nonstandard. These issues
are addressed in Andrews (1999, 2001).

EXAMPLE A.3—Non-Markov Random Coefficient Model: Consider a sto-
chastic volatility model

Vi=p+ 0y +z0,

o, = exp(v,),

v, =a+ Bu._ +e + ey,
z, ~1.i.d. N(0, 1),

where z, and e, are independent and e, is i.i.d. (0, 7°). ¥, = (v,, e,)’ is Markov,
geometric ergodic provided |B| < 1, and e, has positive density around 0 al-
though o, itself is not Markov. This model is easy to estimate under the null
hypothesis where o, is constant.

A.2. Assumption 2 for ARCH and GARCH Models

To apply our test to a Markov switching GARCH model as described in Ex-
ample A.1, we need to make sure that Assumption 2 is satisfied for such a
model. First, we give a detailed proof that Assumption 2 is satisfied for the
ARCH(1) model. Second, we give a sketch of the proof for the GARCH(1, 1)
model.

We consider an ARCH(1) model with normal error:

2 _ 2
o, =w+ay,,

{y: = 0:Z;,



OPTIMAL TEST FOR MARKOV SWITCHING PARAMETERS 3

where @ > 0, w > 0, and z, i.i.d. A'(0,1). Let 6 = («, w)" and 6, be the true
value of the parameter vector. The conditional log-density is given by

_ 1 2 A

where 02(0) = w + ay? ;. We can compute the kth derivatives of /, recursively
(see, for instance, Jensen and Rahbek (2004a)):

X 1k . ' 2 2k
TLO) _ DIR=DNO v N Yy,
dak 2 o7 (0) ) o(0)

k 1V (k — 1) 2

O _ (DFR-DV( LI ST
Jak 2 o2(0) ) a2 (0)

Consider a neighborhood of 6, denoted by NV, such that 0 < w;, < w < w, and
0 < a; < @ < a,,. Observe that, for 6 € A/, we have

w0z
a?(0) a?(0)

(w0t ay; )z

o+ aytz—l

< (ﬂ + @)zf,
W q
vy _ Vi < <l)k
o (0)  (o+ay. )T \a)’

1<1"
#Wm‘(aﬁ'

It follows that, for k =1,2,...,5,

20

J*1,(0)

Ja

Esu

0N

20

d*1,(6)

k

Esu
0eN

w

Hence, Assumption 2 holds.
Consider a GARCH(1, 1) model with normal error:

{}’t =+ h(0)z,,

h(6) =+ ay* , + Bh,(0),
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where z; i.i.d. N(0, 1). Following Jensen and Rahbek (2004b), the initial vari-
ance h(0) is parameterized as y = hy(6). Let 0 = («, B, w, v)’, where all the
parameters are positive. The true value of the parameter vector is denoted 6.
The conditional log-density is given by
1,(0) = Iy (0) + 2.
h.(6)

The derivative of /, with respect to 6;, the ith component of 6, is

ah(@)_( 9 )ahxa)/aai
96\ h(0)) h(0)

The higher-order derivatives are functions of y?/ h,(6) and 6*h,(0)/36%/ h,(0).
Observe that

v, hz(eo)zz _ (wo + apy; +Bohz1(90)> 2
hi(0)  h(0) o+ay, +Bh i(6) )

(O] (e BOht—1(00)> 2
<\—+—+———= .
- <wz o Bihia(0) )

Replacing recursively 4, 1(6y)/ h;_1(0) by h,_»(6y)/ h,_»(0), etc., we obtain an
upperbound for y?/ h,(0) which is a function of 6y, 6;, and z2, z? |, .... Upper-
bounds for terms 3% h,(6)/36% / h,(0) are given in Jensen and Rahbek (2004b);
see, for instance, Lemmas 3 and 9 for the derivatives with respect to 8. These
upperbounds imply that Assumption 2 is satisfied.

Note that the proofs above hold true for stationary and nonstationary y,.

A.3. Test and Asymptotic Distribution for Hamilton’s Model

We give the detailed calculation of the test statistic and its asymptotic distri-
bution in Hamilton’s model given in Example 3.4.
Under Hy: u; = 0, the log-likelihood function is simply
logL, =1,

= —logv2m — %log(az)

()’t - ,U~<1 - Z d)l) - Z ¢in—1‘>

207
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The associated first and second derivatives of the log-likelihood function are
as follows:

al, e, -
—=—1- il
(o)

al, _ e,( )
(7(1),' - 0_2 yt—l M >
al, 1 e
da? 202 20%
) 2
31, 1 ’
———(1-Y¢]) .

P, e, .
=——|1- il
duda? ot ;d}

WO —w
fyd)iad)j =T Viei = ) Yi—j — ),
>’ e ( )
dp;do> ot Yiei T

7l 1 e?

- b
Jdo* 20* o°

where e, =y, —pu(1=>"_ ¢ =Y bV
To test for u; =0, the implied 7, is (1S, 0 0)’ following our notation. As a
consequence,

- 2
trace((I* + (VI E(n,m))) = 627(6% — ) <1 — Z d)~>
t t t tnt 0_4 1 >
i=1

. 2
Ztrace(l§'>l§')/E(nm;)) = —14:' Zp"‘e,ex,
g

s<t s<t
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r 2
(£
Mz,;(ﬁ, ) = 2'%:‘ ((ef — (72) + ZZ p’_setes).

s<t

and

To implement the test, we first estimate the MLE of parameters 0 =(u, ¢4, ...,
¢,, ) under Hy, denoted as 6. Then we regress u, (B, ) on l,“)(G) to obtain
the residuals. Note that ), (é7 — 6%) =0, so that

4 2
(-5
DB O) = S Y ke

t s<t

The asymptotic distribution can be computed using Theorem 4.3, namely,
the asymptotic distribution of ), u5,(B, 6)/ VT can be deducted from that of
> (w5,(Bs 00) — d1(60) /T, where d* = 1(8y)" cov(3, (B, 60), I (6))).

We derive this asymptotic distribution in two special cases where r = 0 and
r =1, respectively.
No AR Term

In this case, the formulas given above hold with u, = ¢, and ¢ =, =--- =

¢, =0:
d* =1"cov(u3,(60), 1" (6y))
215 21E-
2041 0 20* 1 L]
Therefore,

1
I 4 T Z:Zp"su,ux.

It follows from Andrews and Ploberger (1996) that, under H, I3 converges
weakly to a linear combination of Gaussian processes:

(Al IF=) p'Z,

i=1
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where Z; are i.i.d. standard Gaussian variables. Moreover, % Y & converges
to Var(}_~, p'Z;) = p*/(1 — p?). Hence,

. VI=0) 0'Zi | T=p Y p'Z, ifp>0,
T i=1 _ i=0

= o0
lz(@;ﬂ Pl —,/1—p22piZi, if p<0.
i=0

T

Note that, for p = 0, TS converges to 0 and hence supTS converges to 0

and expTS converges to 1. Let K denote the process sign(p)/1 — p2 >, p'Z;,
where sign(p) =1if p >0, =0if p =0, and = —1 if p < 0. Then,

1
(A2) supTS= sup —(max(O,K))z,
{p:p<p<p}
and

(A3) expTS= avg ¥(p) with

P=p=p

1
(A4) V(p) = {mexp[z(Kl)z}D(Kl), for p £0,

1, for p=0.

From the continuous mapping theorem, we obtain the asymptotic distribu-
tion of expTS under H,.

Case of an AR(1)

Now r = 1. Let us compute d*:

al
)

Lol (1—¢) —s
E(luﬁl%) = ot Zp E(e?utfles)-

s<t

Using the fact that u, = ¢'up+ ¢''e; +--- +e,, we have E(u,_je;) = '~ o?
and hence

* (91; (1_¢)2 t—s 4 t—1—s
E(M%)= e D

s<t

1— 2
— o Yy

s<t
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_p= ¢)*
o2(1—pe)’

. 9l (1—¢)?
E(Mztﬁ) = TgE((ef — %))

_(1-¢7

20°

The information matrix is given by

2 (1-¢)/o? 0 0
o) e ]
0 0 1/(20’4)

so that

g — (0’ p(1— (1 —¢)?
a*(1—po)

e (1-¢)° s
n—d lil) = p Zpt €:€;s

s<t

’(1_¢)2) 5

p(1— (1= ) .,
B R R DL

s<t

(1_¢)2 t—s5— p(l_(r‘b2 f—s—
= [pr 'eje, — (1—p¢)Z¢) ‘e }

s<t s<t

and from Andrews and Ploberger (1996), we have, under H,,

i=0

A-dp[S A=) &
d*/l(l) 125—7 lZl_ ,
IZ B [Z” i 2=* }

where Z; are i.i.d. standard normal random variables. Moreover, under H,:

ee » (1= & 1 dA-¢Y
T o 1-p> (1-pd)?
_1A=d)p  (p—9)
ot (1—-p»H(A—pp)?*
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We see that the variance is zero for ¢ = p and for p = 0. So for p # 0 and
& # p, we have

I7 VI=pl—pd| | (1-¢) —
Zi— ——— 'Zi .
e oo {20:” G phy 2 ]

A.4. Asymptotic Critical Values for Model (6.1)

Garcia’s model, given in (6.1), corresponds to Hamilton’s model with r = 0.
The asymptotic distributions for supTS and expTS are given in (A.2) and (A.3).
Now, we use 100,000 replications to tabulate the asymptotic critical values. We
approximate the infinite sum in (A.1) and (A.3) by the finite sum truncated at
TR =500. A grid search of p is over the interval [—0.7, 0.7] and [—0.98, 0.98]
with increment 0.01." We also report the corresponding empirical critical val-
ues calculated for T = 500 with 10,000 iterations. See Table A-I.

The empirical critical values are very close to the asymptotic ones for both
supTS and expTS tests, especially when p € [—0.7, 0.7]. Note that the asymp-
totic critical values of supTS are much lower than those provided by Garcia
and are also smaller than the cut-off points given by a y*(1), the distribution
obtained in the standard case.

A.5. Estimation of Hamilton’s Model

We estimate Hamilton’s model given in Example 3.4 with r = 4 using Hamil-
ton’s original data set on U.S. GNP growth from 1952Q2 to 1984Q4, but also
an extended series from 1952Q2 to 2010Q4.2 The estimation under H, of lin-
earity is as in Table A-II.

It is shown in Section D.4 below that the tests for Hj: u; = 0 may lack power
if p takes some specific values. To assess the power of our tests, we need to
check the polynomial

p* —0.310p° — 0.127p* +0.121p + 0.089 = 0.

The roots to this polynomial are 0.524 £ 0.415; and —0.369 £ 0.251i. This im-
plies that we cannot write w,, as a linear combination of the first-order deriva-
tives of the log-likelihood; consequently, our test has power. Similar results are
obtained for the extended series, where all the roots are complex, too.

Using the extended series, we estimate the model under the alternative of
an AR(4) with switching mean and variance and obtain Table A-III.

Since p = p + g — 1, the interval [—0.7, 0.7] for p corresponds to p, g € [0.15, 0.85] and the
interval [—0.98, 0.98] for p corresponds to p, g € [0.01, 0.99].

2The real GNP series is downloaded from St. Louis Fed’s FRED database with id GNPC96.
The variable used for y is 100 times the change in the log of real GNP.
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TABLE A-1
EMPIRICAL AND ASYMPTOTIC CRITICAL VALUES OF SUPTS AND EXPTS

supTS expTS
Percentile/c.v. Asymptotic Empirical Asymptotic Empirical
pe[-0.7,0.7]
99% 3.96 3.99 4.17 4.24
95% 2.45 2.51 1.82 1.87
90% 1.82 1.81 1.35 1.33
80% 1.21 1.19 1.04 1.02
70% 0.86 0.85 0.90 0.89
50% 0.45 0.43 0.76 0.75
10% 0.04 0.04 0.59 0.58
5% 0.01 0.01 0.55 0.55
1% 0.00 0.00 0.50 0.50
p €[—0.98,0.98]
99% 4.52 4.19 3.83 3.81
95% 2.99 2.78 1.82 1.76
90% 2.32 2.09 1.38 1.31
80% 1.65 1.44 1.07 1.02
70% 1.25 1.07 0.93 0.89
50% 0.74 0.60 0.78 0.74
10% 0.11 0.07 0.57 0.56
5% 0.05 0.03 0.54 0.52
1% 0.00 0.00 0.48 0.47
TABLE A-I1

ML ESTIMATION OF GAUSSIAN AR (4) MODEL, U.S. REAL GNP

1952Q2 to 1984Q4 1952Q2 to 2010Q4
Parameters Estimates Standard Error Estimates Standard Error
I 0.720 0.112 0.763 0.083
Lo 0.310 0.085 0.335 0.076
o3 0.127 0.095 0.124 0.082
b3 —-0.121 0.087 —0.083 0.074
o4 —0.089 0.090 —0.074 0.074
o 0.983 0.061 0.883 0.056

T 131 235
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TABLE A-I11

ML ESTIMATION OF TWO-STATE MARKOV SWITCHING AR (4)
MODEL, U.S. REAL GNP

1952Q2 to 2010Q4

Parameters Estimates S.E.
o 0.713 0.172
I 0.099 0.232
by 0.305 0.083
ba 0.210 0.083
b3 —0.120 0.077
by —0.053 0.064
o 1.105 0.090
oy 0.421 0.056

0.956 0.031

0.967 0.031

e

279.142

APPENDIX B: NOTATIONS
B.1. Multilinear Forms

Central to the proofs in this paper are Taylor series expansions to the fourth
order. We will have to organize and manipulate expressions involving multi-
variate derivatives of higher orders. We therefore will be careful with our no-
tation. Clearly, it would be possible to use partial derivatives, but then our
expressions would get really complicated. Hence we will adopt some elements
from multilinear algebra, which will facilitate our computations.

Key to our analysis is the concept of a multilinear form. Consider vector
spaces V', F. Then a multilinear form (or “form,” for short) of order p from I/
into F is a mapping M from V' x --- x V' (where we take the product p times)
to F, which is linear in each of the arguments. So

(B.1)  AM(x?",x?, ..., . xP) 4+ M (xV, x®, X xP)
(B.2) =M(x",x?, ..., Al +ux, xP).

The first important concept we need to discuss is the definition of a deriva-
tive. Essentially, we will follow the differential calculus outlined in Lang (1993,
p. 331 ff). Let f be a function defined on an open set O of the finite-
dimensional vector space V' into the finite-dimensional space F. Then f is said
to be differentiable if, for all x € O, there exists a linear mapping Df = Df (x)
from V' to F so that

(B3)  limsup|f(x+h)— f(x) —Df(x)(h)|/r— 0.

=0 py=r
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The above expression should not be misinterpreted. Df (x) attaches to each
x € O alinear mapping, so Df (x)(h) is, for each i € IV, an element of F. Df (x)
is called a Frechet derivative. It is, in a way, a formalization of the well-known
“differential” in elementary calculus. So Df (x) is a linear mapping between I/
and F. The space of all linear mappings between }V and F, denoted by L(V, F)
is a finite-dimensional vector space again. Hence we can consider the mapping

x — Df (x),

which maps O into L(V, F), so we may use the concept of Frechet differen-
tiability again and differentiate Df. We then get the second derivative D?f(x).
This second derivative at a point is a linear mapping from V' to L(V, F) (an
element from L(V, L(V, F))). That means that, for each 4 € V, D*f(x)(h) is
an element of L(V, F), so for k € V, D*f(x)(h)(k) is an element of F. More-
over, by construction, the expression D?f (x)(h)(k) is linear in 4 and k. Hence
D?f(x) maps each pair (4, k) into F and is linear in each of the arguments, so
we can think of D*f(x) as a bilinear form from V' x V' into F.

When f has enough “derivatives,” we can iterate this process and define the
nth derivative D" f as derivative of D"~'f,

D'f =D(D"'f).

Again we can interpret D" f as an element of L(V, L(V,...L(V,F))) orasa
multilinear mapping from V' x V' x V' x V' x --- x V into F. This means that
D" f(x) attaches to each n-tuple (x4, ..., x,) of elements of I an element of
F, in such a way that the mapping is linear in each of its arguments. More
importantly, we have again a Taylor expansion

f(x+h)=f(x)+ Df(x)(h) + %sz(X)(h,h)Jr---
+ %D”f(x)(h,...,h)+R,,,
with
(B4) R,= %/01(1 —0)"D"" f(x +th)(h,..., h)dt,

if f is at least n + 1 times continuously differentiable.
Furthermore, provided that f is n times continuously differentiable, D" f is
symmetric, that is,

(B.S) an(x)(hb (X hn) = an(x)(hﬂ'(l)7 LR h’JT(I‘l))

for every permutation .
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Moreover, let us consider, for fixed x, 4, the function g(¢) = f(x + ht) for ¢
in a neighborhood of 0, and let g™ be the nth derivative of g. Then

(B.6)  g™(O0)=D"f(x)(h,...,h).

It is now an elementary, but tedious, exercise to show that, due to the sym-
metry (B.5), the multilinear form D”f(x) is uniquely defined by its values
D"f(x)(h,...,h). (As an example, notice that, for a scalar bilinear form B,
we have

B, k) + Blk, ) = (BCh-+ K, h+ k) — B — K, h — k).

Symmetry implies that the left hand side of the above equation equals
2B(h, k) =2B(k, h).)

This result allows us to “translate” all the well-known results from elemen-
tary calculus to our formalism. Clearly the derivative is linear, we have a prod-
uct rule—if f and g are scalar functions, then D(fg) = f - Dg + (Df) - g, and
more importantly, we have a chain rule. If we compose functions f, g, we have
D(f o g) = Df(Dg). The algebra of multilinear forms is often treated as a
special case of tensor algebra. Although this branch of mathematics is well de-
veloped, it is rarely used in econometrics. Furthermore, many of the advanced
concepts are of no use to us. Hence we will stay with multilinear forms, and
only define the operations and concepts we need. The experts will see that
they are special cases of tensor algebra. Our key simplification will be that we
fix our reference space and the coordinate system once and for all—we simply
forbid the use of other coordinate systems and spaces.

We are in a rather advantageous position:

e We are mostly interested in manipulating the derivatives of a scalar func-
tion, namely, the logarithm of the likelihood function.

e Working independently of a coordinate system is not a priority for us (con-
trary to theoretical physics, where gauge invariance plays a major role).

e We are analyzing derivatives, so most of our multilinear forms are sym-
metric.

Assume that our reference, finite-dimensional vector space V' is k-dimen-
sional and that by, ..., b, is a basis for this space. Although the basis is arbi-
trary, we will from now on assume this basis to be fixed. 1t is essential for our
approach that we fix the underlying vector space and the basis, since all of our
definitions relate in one way or another to our chosen basis. It should be noted
that we follow this approach not out of necessity—coordinate independent def-
initions of tensors are commonplace in differential geometry and mathematical
physics—but purely out of convenience. For example, we do not need to distin-
guish between co- and contravariant tensors, so we do not have to distinguish
between “upper” and “lower” indices.
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With the help of our basis, any vector x can uniquely be written as

k
X = E xibi-
i=1

We will now mainly work with scalar multilinear forms (i.e., the values of the
form are real numbers). Hence we will assume—except when explicitly stated
otherwise—that multilinear forms are scalar. Let now M be such a multilinear
form. Then, using linearity, we have
B7) MV, x?, .. xP)= X:M(b,»l s bip)x,(-lbxg) . -xﬁf),
where the sum symbol corresponds to p sums extending over all values of
i1,...,1, between 1 and k. There is a one-to-one correspondence between
the k? numbers M(b;,..., b;,) and the multilinear forms. For each set of
numbers, we define a uniquely determined multilinear form, and for each
multilinear form, we can find coefficients. Hence, having fixed the coordi-
nate system, we can identify the multilinear form M with its coordinates
M(b,, ...,b;,). Multilinear forms (with the usual operations) of order p form
a finite-dimensional vector space. The only difference to a “usual” vector space
is the enumeration of the coordinates. We do not index them by the numbers
of 1, ..., K, but our index set consists of the p-tuples (1,...,1),(2,1,...),...,
(k,k, ..., k). Note that bilinear forms (forms of order 2) are k x k-matrices.
This way, we can work with multilinear forms and related mathematical ob-
jects without having to discuss tensor algebra:

1. Multilinear forms form a vector space, and the mapping attaching each
multilinear form to its coordinates is an isomorphism. Hence we do not need
to distinguish between multilinear forms and k” numbers indexed by a multi-
index (i, ..., I,).

2. Let us call a multilinear form C defined by coordinates (c;,..;,) sym-
metrical if and only if, for all (i;,...,i,) and all permutations 7 of numbers
between 1 and k,

Ci,rip = Ca(iy),emlip) -

This property is equivalent to our definition above, (B.5). For a form C defined

1
(C(S))il,...,i[; = E Z Cﬂ'(i]) _____ w(ip)*
all permutation 7 of {1,...,k}
Then C® is symmetrical. Moreover, for all h € V,
(B8) C(h,....,h)=C®(h,...,h),

and, for any form C, C® is the only symmetrical form with the property (B.8).



OPTIMAL TEST FOR MARKOV SWITCHING PARAMETERS 15

3. Another special case of multilinear forms are our derivatives of scalar
functions defined on open subsets of our space V. The coordinates D" f can be
calculated in the following way. Define the function g by

(B9)  g(xi, ...,x,,)=f<inbi>,

where the b; are our fixed basis vectors. Then the corresponding coordinates

. . . (""g
of the derivative are given by (W)(ilvm»in)'

4. There is also another technique for computing D" f, which we will use
below. Define, for fixed x and % € V, the function

gn(t) = f(x + th).

Then, it follows from (B.6) that D" f(h, h, ..., h) = g” (0), where g is the
usual nth derivative. Now suppose we can find a form C so that, for all 4,

C(h,...,h)=g"(0).

Then, due to (B.8) and the symmetry of the derivative, D"f = CS.

5. Apart from the usual operations, we also can define the tensor product
between multilinear forms. Let 4 and B be forms of order p and g with coor-
dinates (aq,....i,)) and (bg,,....,)), respectively. Then the tensor product 4 ® B
is a multilinear form of order p + g with coordinates

(B10)  aiy, i biiprsipro)-

Although the definition of the tensor product looks similar to the Kronecker
product, these two concepts should not be confused. A Kronecker product of
two matrices is again a matrix. In contrast, the tensor product of two forms of
order 2 is a form of order 4. It is interesting to consider the properties of the
corresponding multilinear forms:

.....

BA1) (AQB)(hi,..., hpeg) = Aty ..., B)Bhpirs ..y hyy).

The tensor product of symmetric forms, however, may not be symmetric.

6. We can define the scalar product (-, -) in the usual way. Let us assume
that T represents a form with coordinates (#;..;,), and C is a form with coor-
dinates (¢;,...;,); we have

(B.12) (T, C) = Z til,...,l'pcil,‘..,ip'

7. This scalar product is useful in computing the expectation of multilinear
forms with random arguments. First of all, let us observe that each vector 4 € IV
has exactly k coordinates. Since (B.7) defines, for each set of coordinates, a
form, we can identify 4 with a 1-form (i.e., a linear form with one argument).
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We will use the same symbol / for this form. Now let 4y,...,h, € V. Then
we can use (B.10) to define #; ® --- ® h,. Now suppose we want to compute
the value of the multilinear form T'(h, ..., h,). Then we can see from (B.7),
(B.12) that T (hy, ..., h,) equals (T, h, ® ---®h,). Let Hy, ..., H, be random
variables with values in our reference space V', and T be a multilinear form,
which is fixed or exogenous. Suppose we want to compute the expectation of

T(H,,...,H,).

Since T'(Hy,...,H,)=(T,H, ® --- ® H},), and since T is independent of the
H;, we can have

(B13) E(T(Hi®---®H,)=(T,E(H;®---® H))),

provided the expectations exist. (A sufficient condition is, e.g., E|H;|---
|H,|| <oo: H ® --- ® H, is a multilinear form, and, as already mentioned
above, the forms of order p form a vector space. Hence we should not have
any conceptual difficulties with expectations.) Moreover, (B.13) is valid for
conditional expectations, too. In the sequel, we will use these types of iden-
tities rather freely.

8. Most of our proof will involve the expectation of multilinear forms rep-
resenting derivatives. The notation using the bracket (-,-) would be rather
clumsy. So we propose to use a more suggestive notation. Instead of (T, C),
we will use 7'(C), that is, we use the form C as an argument. With this nota-
tion, we can write (B.13) as

Furthermore, when evaluating these kinds of expressions, we will use the usual
linearity properties of scalar products without further notice.
9. If A is symmetrical, then, for every 7,

(B.14) T(A)=T®(A).

In particular, if we have an arbitrary random vector H (with sufficiently many
moments), then E(H ® --- ® H) is symmetrical, hence (B.14) implies that, for
all forms T,

TEHQ® - QH)=T®(EHQ®---®H)).

10. As we already stated, the multilinear forms form a finite-dimensional
vector space. Hence all norms are equivalent, in the sense that the ratio be-
tween two norms is (for all elements of the reference space with the exception
of 0) bounded from above and bounded from below with a bound strictly big-
ger than zero. Hence convergence properties of sequences are the same for
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different norms, and we do not need to care about which norm we use. Of
particular interest, however, is the norm

where the ¢, ;, are the coordinates of 7. The Cauchy-Schwarz inequality and
(B.12) imply that, for all 7, C,

|T(O)| <IITIICII.

Estimates for the norms of tensor products are more difficult; we will discuss
them later on when they appear.

B.2. Other Notations

The sample is split into blocks in the following way:

t=1,2,....,1,, ' +1,...,1,,...,

1st block 2nd block
Toit+1,..0, T Tpy 1+ 1,..., Ty, .
ith block By th block

There are By blocks and each block has B; or B; — 1 elements. i is the index
for the block with i =1, ..., By. We use the convention Ty =0 and T3, =T.
In the sequel, we will decompose the sum as follows:

T B N Tz

2

t=1 i=1 t=T;_1+1

In the proofs, we choose B; so that some terms become negligible.

DEFINITION B.1: Define H,; r as the o-algebra generated by (d,, 97,1,...,
W, Y7, - - -, V1), Where 9, was introduced in Assumption 3.

Then H, r is the o-algebra generated by the data (yr, ..., y;) only.

Our analysis is based on the derivatives of the logarithm of the likelihood
function. Recall that the conditional densities are denoted by f; = f,(67), and
the conditional log-likelihood functions by /,. We also defined D*/, = I'*.

First, we need to derive the tensorized forms of well-known Bartlett identi-
ties (Bartlett (1953a, 1953b)). Let us define, for an arbitrary, but fixed, 4, the
function

£,(u) =log fi(0r + uh).
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Let f = f,(07) and f’, f@, ... denote the derivatives of f,(0; + uh) with
respect to u. When differentiating ¢,, one obtains:

1st derivative: €'V = L,
f
@ g
2nd derivative: ¢ =1 - — L ,
’ o r
f(3) (2) 2f/f(2) f'2

[ A R A

3rd derivative: £ =

“ 3) 3FO L3 LD FD) @ fr
4th derivative: ¢\¥ = fT — ];—2 30T -;2 17 +6ff3f f
f/2 f/3 ’
+6Ff(2)_6Ff'

According to the formalism outlined previously, we can conclude that ¢ =
I¥(h,...,h) and that f® = D¥f(h, ..., h). Taking into account our charac-
terization of the tensor product (B.11), and the techniques described above,
we can conclude that

IV = (1/f)Df,,

B1S) ~Df, =12 +10 @I,

t

1 :
D=0+ el ol e M,

1
FDU= (6P LY O L + 47 o 1)

+3IPQIP + IV @I @I @ 1)

There is no need to symmetrize (B.15) since the form on the right hand side is
symmetrical. Moreover, for k < 4, we have, for arbitrary &, E (%Dkf,(h, oL h))

Hoer) = [ DM fi(h, .. W) fodp(y) = [ D*fi(h, ..., h)du(y,), where p is
the dominating measure defined in Section 2. Since we assumed f, to be at
least five times differentiable (and the fifth derivative to be uniformly inte-
grable), it follows from Bartle (1966, Corollary 5.9) that we can interchange
integral and differentiation, and conclude that [D*fi(h,...,h)du(y,) =
D*([ f,du(y))(h,...,h) =0, since all the f,, as conditional densities, in-
tegrate to 1. It follows that E(%Dkﬁ(h,...,h)l’;'-[o,,_l) = 0. This property
is referred to as the kth Bartlett identity. Note that as a consequence,
%Dk fi(h, ..., h)is a martingale difference sequence with respect to H,,,.
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APPENDIX C: PROOFS
C.1. Proofs of Theorems 3.1 and 3.2

The proof of Theorem 3.1 uses the following lemma.

LEMMA C.1: We have

Zﬂuzt(ﬁ 6o) ——_Z“Z‘('B ao)al’(e(’) +0,(1),

uniformly in 3.

PROOF: The proof consists in some manipulations of the derivatives of w,,
with respect to 6. To make our formulas more readable, we omit all the argu-
ments like E (71, ® n,) or similar moments of n,. They only depend on S, so all
differentiation with respect to 6 will leave them unchanged. Let us first rewrite
';;}2];‘. We have

Moy = ;(1(2) + l(1> ® l(l) + 221 M & l(l))

s>0

and

J (921 al, ol
/@ l(” l(” il
o ey = (o S

A ?l, al, al,
" 36,00,00; 90,36, 390; 36, 96, 90,

a0,

From the third Bartlett identity,

Pl o Pl d P
90,30,30; ' 30,30, 30; ' 96, 36, 76
al, &, ol al, dl,
+— o
96, 30,96, ' 36; 96, 30,

ms, =

is a martingale difference sequence (m.d.s.) and therefore 7 S ms,=o0,(1).
Of course, m;, is still a function of B. But this parameter only appears in the
arguments of the linear forms on the right hand side, which are moments of 7,.
Since we assumed the 7, to be uniformly bounded and exponentially mixing,
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we can conclude that this relationship holds uniformly in 8. We can use the

same argument in all of the convergence results in this proof:

d 1

(ygk T (1(2) + l(l) ® l(l))

T

1 « 1 *l, al, al, 7 dl,
==Y "my,— = +—— |
T[; > Tt;[ae,-aej 0; aej&ek

1 <[ #L  al a7 dl,
= 1) — — - | —
op(1) T;:[aeiae, * 30 aaj]omk’

.y al, 1,

al, al,_y, 2 ‘ ;
aek ZZ 30; 39; zfzz[aekae 36, 36, 26, 36,

2 & Pl al, al,7dl,_,
T;XO:[&@“?@ 90 (90,»] 0,

2 al, 9%,
T = 36, 96, 6,
al, dl, dl,_
£~ 36, 96, 96,
ol - ol 9l oy
- r 36, 30] 30,

s>0

2
because - + 2 A gpd - are m.d.s. Therefore, we have
i 90; 30 J0i

0",LL2,
T Z 90,

1 [ &1 al, al, 2 < al, al,_, azt
___TZ|:(70f70 0, 90, 7220: : 36]

=1

o I\ 4 op1)
= —COV —_— 0]
M2ty &Bk P

|

+op(1)

where cov denotes the empirical covariance. Moreover, we have cov(u,,,

I
T0) = OV a1y 74E).

Q.E.D.
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PROOF OF THEOREM 3.1: First let us observe that because 6 is the MLE,
Ztlil)(e) = 0. Hence I can be rewritten as —= >~ (u2.(B, 6) — d'1'(6)). De-
note

1
(C1)  vr(B,6)= 77 Z(Mz,z(ﬁ, 0) — d'1"(9)).

To show point (i) of Theorem 3.1, we need to establish that (a) vr(B, 6) —
vr(B, 6y) converges to zero in probability uniformly in 8, and (b) v+(B, 6y)
converges to N (B) as a process indexed by B.

(a) A second-order Taylor expansion of vr(f3, é) around 6, gives

vr(B, 0) =vr (B, 0y) + —= VT(B; 00)VT (6 — 60)

fao
2

1
+ = (e— O)Towom/w(ﬁ OVT (0 - 6y),

where 6 = A6, + (1 — /\)9 for some 0 < A < 1. Assumption 2 guarantees the
uniform convergence (in 6) of ﬁ ﬁj;, vr(B, 0) to E”U(j_ T 6)), which
is a constant. As v/T (5— 6y) = O,(1), it is sufficient to show that

T
(C2) 0 ( Z,uz (B, 0) — ;d’lfb(e)) -0,

in probability uniformly in 8. To establish (C.2), we have to show that

5#2;(3 6o) 1 i P
1 Z 41?6, 5 0,
t=1

uniformly in 8. The average of the second derivatives converges to the negative
Information matrix,

1 T
7 217 (00) > ~1(80),
=1

and from Lemma C.1, it follows that

O, 2 al,
— — —CO
z (e 5 )

Then (C.2) follows from the definition of d in (3.1).




22 M. CARRASCO, L. HU, AND W. PLOBERGER

(b) By Pollard (1990), v; converges weakly to a process v if (i) B is totally
bounded, (ii) the finite-dimensional distributions of vy converge to those of »,
and (iii) {vr(6y,-):T > 1} is stochastic equicontinuous, that is, for all ¢ > 0,
there exists 6 > 0 such that

imyP( sup |vr(6, Br) = vi(6u, B2)] > &) < &
181-B2ll<d

Condition (i) holds because B is a compact. Condition (ii) holds by the central
limit theorem of martingale difference sequences. We now establish (iii). The
process ﬁ > . 2,.(60, B) can be approximated by

1 1 <
—= D i (0, B) = —— tr(((li” + VL) EP (nim)))
JT Z VT ;

t—1
=53 <z;1>z;1>'Eﬂ<nm;)>)

§=—00

1 T
= _tr ; 1(2) l(l)l(1>/
2 ( ) 77 2

P23 Bl ) X0

k=1

1 / = i
= 5 r(EP(nemi)mo) + tr(Z E'B(nmt_k)mk>,
k=1
where my = o= ST AP + 11 and my = iy (V1) are both O, (1).
Let us denote by s7 the term % >, I7(6y). We can approximate vr(6,, -) by

1 o0
vr(B) = 5 tr(E? (n,m;)mo) + tr(Z Eﬁ(nt’f]/,k)mk) —d'(B)sr.

k=1
We have
1 0

ﬁ Z Z l(l)l(l)/Eﬁ 7) n ))‘

t=1 s=—o0

Esup|vr(B) —Tr(B)| < Esup
BeB BeB

1

T 0
=T 2D E sup]tr VIV ER (m,m)))]
t=1 s=—o0
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1 T 0
<220 3 B supl? ()

t=1 s=—00

~

<E("1}") \/—Z Z Sup|E’3 nen))|

t=1 s=

E(IP1Y) fz Z A" sup CP,

t=1 s=—0o0 BeB

with 0 < A < 1, where the first inequality follows from Cauchy-Schwarz and
the second follows from Assumption 3 (geometric ergodicity of 7). Moreover,
since C* is some moment of 7,, it is necessarily finite by Assumption 3. There-

fore, E supg.g lvr(B) — vr(B)| converges to zero. Thus, it suffices to establish
the stochastlc equicontinuity of {v7(-): T > 1}. We have

|77T(181) —;T(,Bz)| = 5

(&% () ~ £ (1)) )

k=1

+ tr(i(E’” (memi ) - Eﬁz(nmi_k))mk>

—(d(B1) — d(B2)) st

<pH(E“n> )

oo

p|Y_(E — EP2(n,m_))mu

k=1

+](d(Br) — d(B2)) sr|.

The second term is split into two sums so that

Y (EP(nimi_y) — EP(nim_y))m
k=1

k07
< Z(EB] (mem, i) — EP(mem;_y ) muc
k=1
+ Z(EB] (memi_i) — EP(mem;_))
K=k
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Assumption 3 implies that the second term is of order A* and hence can be
made as small as we want by choosing k, sufficiently large. Finally, the stochas-
tic equicontinuity follows from the continuity of E#(n,n,_,), k=0,1,... and
of d(B) and the application of the Markov theorem.

Point (ii) of Theorem 3.1. Let

. T aa) (1< - .
d=d(p)= (7 ;lfh(eﬂi“ (0)> (7 ;m,,(e, B)lf“(m).

Assumption 2 guarantees the uniform convergence in 6 of £ 3", ;"(6)1;"' ()
to E(\"(6)1;"'(6)). Similarly, it can be shown that LY/ wu, (6, B)I;"(6)
converges uniformly in 8 and 6 to E(u.,(6, B)lﬁ”(é))). Then, by the consis-
tency of the ML estimator, it follows that d (B) converges to d(f) in proba-
bility uniformly in 8. Denote y, = ,uz,,(é), X; = lfl)(é), y=0,-...,yr), and
X = (x},...,x}). Using these notations, d= (X’X)"'X'y and

1 n AAaA
7 2w, ] —dibhyd/T

= (yYy—yX(X'X)"'X'y)/T
—y[I-X(X'X)"'Xy/T
=Y MxMxy/T
= 5(B) =(B)/T,
where My =1 — X (X'X)~' X’ is idempotent. Consequently,

1 — 1 1
ﬁs(ﬁ) e(B) — EElu’z,t(e[h B)z - Ed,l(eo)d

1
= SE[(u2.(60. B) — 17 (00)],
in probability uniformly in 8.

Point (iii) of Theorem 3.1 is an immediate consequence of points (i) and
(ii) and the continuous mapping theorem. This concludes the proof of Theo-
rem 3.1. O.E.D.

PROOF OF THEOREM 3.2: First of all, let us state some high-level sufficient
conditions.

CONDITION A: For each 6, and & > 0, we can find an M (&) so that there
exist random variables W, ..., W), with the following properties:
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Al. There exists a continuous function f so that

P(,O+h/ﬁ[|TS—f(Wl,...,WM(E))| > 8] <&,

uniformly on all bounded subsets of 4.

dP . . . .
A2.For T — oo, (W, ..., Wy, log %m)’ converges in distribution un-
0

der Py, to a Gaussian distribution with mean 0 and covariance

> 0
0o Q)
where 3 is the asymptotic covariance of (W, ..., Wy,,)" and {2 the covariance

ap

. h/NT
matrix of log %M.
fo

Condition Al stipulates that the test statistic, TS, can be approximated by
a sequence of random variables. Condition A2 stipulates that the joint distri-
bution of these random variables and the log-likelihood ratio is asymptotically
normal with correlation equal to zero.

THEOREM C.2: Consider any test that satisfies Conditions Al and A2. The crit-
ical values obtained using data drawn from the distribution P, are asymptotically
the same as those obtained from data drawn from the distribution Py,.

PROOF: We apply Le Cam’s third lemma (van der Vaart (1998, p. 90)) on
Condition A2. It implies that, under P,,, (W, ..., Wy(,) converges in distri-
bution to a Gaussian distribution with mean 0 and covariance 3. So the dis-
tribution is the same under the null and the local alternative. If we draw the
observations in P;, the corresponding critical values will be asymptotically the
same as if the observations were drawn in Py,. Q.E.D.

PROOF OF THEOREM 3.2—Continued: We have to verify both Conditions
Al and A2 for our test statistic. First of all, let us observe that we are es-
tablishing some kind of pivotal property of our test statistic. TSy(B, 0) is a
function of the data alone, so its distribution is determined by the underlying
distribution of the data. We established in the proof of Theorem 3.1 that, un-
der Py,, the processes TSz(-, é) converge for T — oo in distribution. Hence
their probability distributions remain uniformly tight. For every ¢ > 0, we can
find a compact set C(&) of continuous functions so that the probabilities of
TS7(-, (9) being in C(&) are at least 1 — &. The Arzela—Ascoli theorem char-
acterizes the elements of compact sets to be equicontinuous. Equicontinuity
implies that we can approximate (in the sense that, for all & > 0, the probabil-
ity of the difference being larger than & becoming arbitrarily small) the inte-
grals [ exp(TSz(B, 0)) dv(B, d) by finite sums Y _ v;exp(TS7(B;, 6)). An anal-
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ogous result holds true for the supremum statistic: Equicontinuity implies that
sup(TS+(B, é)) can be approximated by max(TS+(8;, @)).

Hence it is sufficient to show that the joint distributions of the finite-
dimensional vectors (TS7(8;, é) :1 <i < N) are asymptotically the same nor-
mal distribution for all Py with 6 such that |6 — 6y|| < M/ VT for arbitrary M.
Condition A1 shows that, asymptotically, the density between probabilities cor-
responding to parameters 6, + i/+/T and 6, + k/+/T is lognormal with mean
O(||h — k||) and variance O(||h — k||*). Hence compactness guarantees that,
for every € > 0, we can find finitely many parameter values, say 4, ..., hj, in-
dependent of 7, so that, for every 4 with || || < M, there is an A; such that the
total variation of the difference of the probability distributions corresponding
to parameters 6, + h/ VT and 6, + h;/~/T is smaller than e. Hence it is suf-
ficient to show that the distributions of (TSz(8;, é) :1 <i < N) are the same
when the data are generated by 6, + 4;/v/T.

To show this, we can apply Theorem 3.1. Under Py, the TS (S;, 9) are nor-
malized sums of martingale-differences (plus constants), and elementary cal-
culations establish that

dP@(ﬂ»/’l,‘/ﬁ _

I
¢ ap,

1 < 1
77 20+ ZE WL 6n)” 0.
t=1

Hence the multivariate CLT implies that the joint distribution of TS+(8;, @)
and the logarithm of the densities is a multivariate normal distribution. More-
over, as TSr(B;, é) involves a projection on the space orthogonal to IV it is
asymptotically uncorrelated and hence independent from the logarithm of the
densities. This proves Condition A2. The consistency of fractiles follows from
the fact that TS® are i.i.d. across s, conditional on the observations. QO.E.D.

C.2. Proof of Theorem 4.1: Preliminary

Uniform convergence: The statement of the theorem involves some uniform
convergence in probability of a parameterized family of random variables. First
assume the theorem would not be true. There would exist a compact subset
K C 0 x B so that we do not have uniform convergence in probability on K.
Then there exists a sequence (67, Br) € K and an ¢ > 0 so that

o

1
- EE(MZJ(GT’ Br)z)) -1

1 7
ZI;T(‘S’T)/CXI)(ﬁ ;/—Lz,z(oT, Br)

e
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Since the (67, Br) are elements of a compact subset, there exists a convergent

subsequence. Hence, to prove Theorem 4.1, it is sufficient to show that, for
cvery (eTa ﬁT) i (00? BO):

o

1
— EE(I-LZ,z(HTa BT)2)> -1

1 T
E?T(HT)/eXp(ﬁ ;Mz,:(eﬂ Br)
)

1 < 1
e (0;) / exp(ﬁ ;m,t(w, Br) = E (1. (0r, BTY)) -1

or

in probability with respect to Py, .

In the sequel, we will prove this relationship. To simplify our notation, how-
ever, we suppress the parameters (67, Br) and (6, By). When analyzing ex-
pressions related to a sample of length 7', we simply write £ and P instead
of E,, and Py,. Moreover, we also drop the argument from expressions like
[,(07), and simply use /,. The proper argument should be evident from the
context. This simplification of notation brings significant advantages for our
calculations of derivatives: When we are using arguments in connection with
derivatives, then they are meant to be arguments of the corresponding multi-
linear form. As an example, the expression /!> denotes the second derivative of
I, at 67, which is a bilinear form, and ' (4, k) is the evaluation of this bilinear
form with the arguments 4 and k.

Reference spaces: In our construction of the alternative, we did assume that
the parameters ¢, are strictly exogenous. Assume our random variables
(P15 Y2y -+ Y15 91, ..., Or) are defined on the product space

(C3) Hn=0"xg"
with o-algebras
Hor x o(F,...,97),

and H, 7 is defined in Definition B.1. Moreover, under the null hypothesis, the
probability measures on Hy r and o (94, ..., U7) are independent by construc-
tion (see Assumption 1). Hence

P=P|'Hn‘7‘ X P|0’(191,...,19T)7

where P|. denotes the restriction of the measure to the o-algebra. Remark
that this independence is not true under the alternative. However, this does
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not matter because we only analyze the properties of the likelihood under the
null. Since all our computations only involve the observations and functions of
U, we can, without limitation of generality, assume that all random variables
are defined on the space II as in (C.3).
Steps of the Proof: Theorem 4.1 is proved in three steps.

Denote TE7 the Taylor expansion of >, (/,(87 + n,/T"*) — 1,(67)) around
HT:

T

1 1
TET Z[\/—t )+ 2\/—152)(7]” nl)
! (3 Me> Mes M) + 5 (4>(7It Ne>s Ne nt):|
6\/_ 5 ’ 24Tt ) > ’
where I, ..., IV are function of 6.
Denote
TS7(B, 0) = Z,uz,(ﬁ Z[mt(ﬁ 0]’

Step 1. Show that

€57 (0r) P

C4
(C4) Elexp(TEr) | Ho.rl -~

Step 2. Show that there exists some H, r-measurable Zr such that
(C5)  limE(exp(TEr — Z7) | Hor) = 1.

Step 3. Show that

(C.6)  Zr —TSr(Br, 6r) = 0,(1).

The following lemmas are used in the proof of Theorem 4.1.

LEMMA C.3: Assume that, for any € > 0, we can find 1 — ¢ < ;—Z <l4+eon
T
some set A% so that limr_.., P(A%) =1, where A% is Ho r-measurable and inde-

E(friHo,r) P
pendent of B. Then EfiHor) 1.

Note that a sufficient condition for Lemma C.3 is

fr

T

<1+CT’

where Cr is H r-measurable and independent of 8 and Cr 2.
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PROOF OF LEMMA C.3: Let 7 be an arbitrary positive number and 0 < & <
n:

fr
fr

=I4E ( i o ) +I<A;>EE( 7l |7 )

Under the assumptions of the lemma,

Lis (1= &)E(f7 | Hor) + Liasy E(fr | Hor)

E(fr|Hor) = ( Cf7 | Ho, T>

<E(fr | Hor)
< Li: (1 + &)E(ff | Hor) + Leasy E(fr | Hor).
To simplify the notation, we denote EE;T:ZO L by Xr; then we get

Lie(1— &) + Tasye Xr < Xp < Lis (1+ ) + i e X1
We have
P(1 X7 —1] <m)
=P1l-n<Xr<l+n)
> P[(Lis (14 &) + Ias)c X7 < 14 1)
N (Lis (1= &) + Ly Xr > 1—1)]
= P(47) + (( D)PA—m<Xr<1+m)
= P(

7 -

where the last equality follows from the law of total probability. Hence
Xr 31, Q.E.D.

LEMMA C.4: Let x;r be H;r-measurable random variables and let A;r =
E(x;7 | Hi_1.7). Assume there are bounds Cr — 0 and D — 0 H, r-measurable
and independent of B such that

(C.7) <Cr

i,T

and

(C8) > A}, <D
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Then
By

(C.9) E|:l_[(1 +xi7) ‘ Ho,Ti| 51
i=1

PROOF: Using a Taylor expansion, we see that Conditions (C.7) and (C.8)
imply that

By
By ZAiT By
i P
( ) — 0,

B
S+ 4 =Y 4 ——+o| X4l
i=1 i=1 i=1

or, more precisely,

By

1—851_[(1—{—4,’]")51—'-8

i=1

for any £ > 0 on a set 4% H, r-measurable and independent of 8 such that
P(A43) — 1.
Using iterated expectations and the definition of A; 7, we obtain

By
[Ja+xn
i=1
By

[Ja+4.

i=1

E ‘ HO,T :1

Hence we have

1 il 1 il
1—1——8E|:!:[(1 +Xir) ‘ HO,T:| <1< :E[H(l +Xir) ‘ HO,T:|a

or, equivalently,

By
l1-¢e< E|:l_[(1 +Xir) HO,T:| <l+e

i=1

As P(A5) — 1, it follows that [E[[]™ (1 + x:7) | Horl — 1] = 0. Q.E.D.
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LEMMA C.5: Let ay, a,...,ay be a sequence of numbers for some integer
N > 1. Then

N ! N
<Z |a,~|) < N1 Z la;l', 1=1,2,....
i=1 i=1

PROOF: Let p; = |a;|/ ZfV: la;|. The problem consists in solving
min,, Y, p! subject to ¥, p; = 1. The solution is 3"~ , p! = 1/N*'. Q.E.D.

C.3. Step 1 of the Proof of Theorem 4.1

Using a Taylor expansion, we obtain

T
> (67 +m/T") = 1,(6r)) — TE;

t=1

T 1 1 < 1
E 90| -M° - =_§ 1900 - M.
= LM g =g LIl

= Op(l)

because
1 T
B en] < supE(@)]) < o
t=1
by Assumption 2. Then (C.4) follows directly from Lemma C.3.

C.4. Step 2 of the Proof of Theorem 4.1

Our primary objective is the computation of the conditional expectation
E(exp(TEr) | Ho.1), or equivalently, to show that, for some #, r-measurable
Zr, lim E(exp(TEr — Z7) | Hor) = 1. Let us assume that the ith block lies
between T;_; + 1 and T;. Define

T;
L;l): Z Z;U(nt),

t=T;_1+1

T;
L= )" 12,0,

t=T;_1+1
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T;

Lt@): Z 153)(7’1‘7 nt’ nl‘)7

=T;_1+1

T;
L§4)= Z lt(4)(nla nt’ nh 77:)

t=T;_1+1

Hence we can write (C.5) as

By
1 1
lim E| ex LY+ —L®
( p(;(WT oL

1 1
+ 6WL§3) + 24TL§4>> — ZT> ‘ %O,T) =1.

Let R; be a sequence of H,r-measurable random variables. Then define
Rg,+1 =Ry =0. Let the function I;(R) be defined as

(C10) L(R)=ERi1 | Hir) —ERi1 | Hor) —ER; | Hiza 1)

(i.e., I; is an H; r-measurable random variable defined by the arguments R;).
Define

M =LY+ L(LD),

)+ M),

MO =L + L(L®) + L((M (1))3)+I}(3M“)M(2)),

M =L+ (L) 4 (010 ) + HEM))
+F,~(6(M“)) M®) + (MO M®),

(
M.(Z) ZL(~2) + E(L(2)
(

where we use the convention that LY, = Ly =0, H_, + = Hr. For each
sequence R; of H; r-measurable random variables, we have

By By
(C11) Y LR+ Y E(R;| Hor)=0.

i=1 i=1
Now, we define

By

1
C12) Zr=—Y E(LV|H
(C12) Z; ﬁzl (L | Hor)
1 X
(C.13) + =Y E(M") + L | Hor)

T =
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By
1 (13 3 1 2)
(G149 + 57 S B 4 L+ 3M M | o)
1 &
1 E:E (M) + L +4M"M
(C.15) + 507 DY+ L+

+6(MP)Y'MP +3(MP)* | Hor).
So, using the definition of the M’s and (C.11), we have
By

Z 1 MF1)+ 1 MFZ)_i_ 1 M(3)+ 1 MF4)
2\ 7" ot e Tt

1 1 1
L4 @ 3 @
= —L;7"+——=L;"+ —=L; Zr.
Z( l 2\/— + 64/—T3 i + 24T ) T
Hence, to prove (C.5), it is sufficient to show that
(1 1
C.16) lLmE(ex — M+ —=M?
(C10) < p<2<ﬁ 2T

1 (3) 1 4)
6J_ M; +24TM’ ‘H

Before establishing (C.16), we need some preliminary results.

LEMMA C.6: Each Mi(k ) k=1,...,4can be written as a finite (the number of
terms is independent of T) sum of expressions of the form

(C17) > D (Ve @ 1) (ay,..0),
51 tm
where a,, . is a (random) multivariate form measurable with respect to the o-
algebra generated by 01, ,, 01, 11,..., 01, denoted A; and
(C.18) ||at1,..4,tm I < Mzki,
where M and 3, are defined in Assumption 3. Moreover,

(C19) m<k and

> ki=k.
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Note that, for reasons of simplicity, we suppressed the range of summation of
ti, ..., tm; t varies between T, .+ 1 and T, with s equal to either 0,1, 2, 3,
or 4, so each summation extends over B; terms.

DEFINITION C.7: Let us define the “order” of the expression (C.17) to be k.

REMARK 1: I’ (r=1,...,4) do not need to be different. This way, we can
obtain power functions of the /*".

PROOF OF LEMMA C.6: First of all, let us observe that all the L*, L") can
be written in the form of (C.17). Let us prove the lemma by induction with
respect to k. The lemma holds for k = 1 by Assumption 3. Suppose now that
we have shown our lemma for all £ < p. Then we have to show that it holds
true for k = p + 1. For this purpose, observe that M**" is constructed from
the M”, M"~" by the following operations:

e multiplying M”, MP~", ... L%V L") ... so that the order of the re-
sulting tensor remains equal to p + 1

e adding or subtracting these products

¢ taking conditional expectation with respect to ‘H; r or H;_; 7.

Therefore, we only need to show that the class of processes described by
sums of terms of the structure of (C.17) is closed under these three operations.
So let us begin with the first point. It is sufficient to show that the product of two
sums of terms given by (C.17) of orders k and 4 gives us a sum of terms (C.17)
with order k + A (for products with more than two factors, simply iterate the
procedure). Using the distributive law, we simply have to show that a product
of two terms, say

and

is again of the form (C.17). But this is an immediate consequence of the dis-
tributive law and the definition of the tensor product:

(k1) k h
W= T Y (eeletie..
11,0,...s tm 51,825-.,8q
(hg)
®lsq )(atl,...,tm®le ..... sq)-

It follows that the order of V|V, equals ) k; + Y h; = k + h. Our class is,
by construction, closed under linear operations like addition and subtraction
of terms (C.17). Therefore, it remains to show that the class is closed under
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conditional expectations with respect to H,_1.r and H;r. So let us consider a
term of the form

m

. k
Since /;", ..., I{*" are H, r-measurable, we have, for j =i, — 1,

EV M=) Y (V@ @15 E(a,..., | Hir).
i

Hence, it is sufficient to show that E(e,, _,, | H;r) is measurable with re-
spect to the o-algebra A; if it is true for «,, _,,. Note that H;r is the o-
algebra generated by H, r and a(ﬁrj, 19Tj_1, ..., ¥) (the o-algebra generated
by (47, 7,15 ..+, ¥)) and, moreover, o(Vr;, ¥r,1,..., Y1) and Ho r are in-
dependent o-algebras, hence

E(azl ..... tm | /Hj,T) = E(atl,...,lm | O'(ﬂT,-, 19ijl, ceey 191))

because «;,,.._,, is A;-measurable and hence a(ﬂT s 197 1,..., 1) measurable.
Moreover, We d1d assume that the process ¥, is ' Markov. Hence E(ay,. 1, |
o(Or, 07 1,..., %)) =E(ay,..., | 91,) and therefore, E(ay,...,, | H;r) is A
measurable. This completes the proof of Lemma C.6. Q.E.D.

DEFINITION C.8: Define A; by

A;= max Z 2.

Ti1+1

It follows from Lemma C.6 that M* can be written as a finite sum of K
elements of the form (C.17) so that

K
(k) _ (kl(P)) (km(p))
M= Z Z o Z lll(p) Q- ® ltm(p)(p))(afl(m ----- by ()

p=1t1(p) tm(p)(P)

Then we have

K
M= (Sl - X |

(km(p))
ltn,(:l,)(p) ”) ”al](p) ,,,,, Im(p)(P) ”

p=1 “i(p) tm(p)(P)
K

< ConstZAmp) """ Ajmw(p)-
p=1

Hence, we can state the following corollary.
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COROLLARY C.9: There exist constants Const and K so that, for all i, k,

K
(C20) |M"|<Const Ay A

p=1
where, for each index p in the sum on the right hand side of inequality (C.20),

m(p) <4,
P, jm(p)=10,i+1,...,0ri+4.
Let us return to our goal, which is the proof of (C.16). We will establish

(C.16) by showing that there exist H, r-measurable random variables By and
events Ay € Hy r so that P(Ar) — 1 and By — 0 with

1 1 1 1
c21) Si=—MY+ —M®P M+ —M®
(20 S= gty M e

By

(C22) Y |E(exp(S) | Hiorr) — 1|14, < By

i=1

For this to guarantee (C.16), define x;7 = (exp(S;) — 1)1 4,1p,<1, and apply
Lemma C.4. We can set Cr = Br, and since x;7 =0 if By > 1, and the event
[Br > 1] is H, r-measurable, we can conclude that

E(xir | Hicir) = IATI[BTgl]E((CXP(Si) - 1) | %i—l,T)(E Air)

and it follows from (C.22) that 37 |A; 7| < Br, hence Y7 A2, < 7% |A; 7| <
By, so we can set Dy = By. Then Lemma C.4 allows us to conclude that

By
E|:l—[(1 + (eXp(Si) — 1)IATI[BT§1]) ‘ HO’Tj| —P> 1.
i=1

But as A7 and [Br < 1] are H, r-measurable, we have

By
E|:l_[(1 + (exp(S) — 1) Lay L g, =1)) ‘ HO,T}

i=1

By
= E[H(l + (exp(S) — 1)) ‘ HO’T1|IATI[BT§1] + (1 = LapLipr<ny)-

i=1

Since 1 4,115, <1y — 1, this implies (C.16).
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Now, we focus on proving (C.22). Each H; | r 2 Hor, and since L;.’” =
>, 19, ..., m,), where the [ are H, r-measurable and the 7, are bounded,
conditional expectations like E(exp(S;) | H_1,7) exist.

We will show (C.22) in two steps:

First of all, we will show that there exist events A}” € Ho.r with P(A(T”) -1

and H, 7-measurable random variables B! with B} — 0 such that

By

(c23) >

i=1

E(GXP(Si) | HH,T)

1
IAS,‘“ < B(T)'

_ 2 3 4 '
E<1+S + 2§ +6S‘ +24Sl |”H,_1,T)

Second, we will show the existence of events A(Tz) € Ho r with P(A(Tz)) — 1 and
H,.r-measurable random variables B with B} — 0 such that

By

(C24) >

i=1

2
AP =< B(T)-

1
E(S+2S,2+6Sf+ —SH | Hie m)

PROOF OF (C.23): First observe that the S; are linear combinations of the
M® with coefficients 1/~/T*. Hence we may conclude from Corollary C.9 that
there exist constants K’, Const’ so that

1S < fConst ZAH s Ay

where (we suppress the dependence of m and j on p in the above and all
subsequent formulas for simplicity)

(C25) m<4,
(C26)  ji,eoosjm=ii+1,...,0ri+4

Hence
1 K
IS:° < =Const®K"* Y "(A;))* -+ A;,)°
VT3 —~

»
Const” Y "((A;)¥ + -+ (A;,)™),

p=1

< L
= 7=
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with some other constant Const”, where the m and j satisfy (C.25) and (C.26).
The first inequality follows from Lemma C.5 and the second inequality follows
from the geometric-arithmetic mean inequality, which states that

1
(C27)  lai---anl= Vlai|™---la,|™ < %(|a1|m + -t an]™).

Each A/* is a maximum of sums of B; terms of the form ||/ |. Hence, by
Lemma C.5,

T:

J
e <mas( 3 ")
k t=Tj_1+1
Since m < 4, we have 5m < 20. Let us now define the random variable Bnd; by
K’ iy Tim
Bnd,; = Const” ( Z ||l,(k” ||5m 4ot Z | ke “5"1);
p=1 z:Tj1_1+1 =T}, —1+1

we have

1
1S:° < i>
e

therefore,

By 1 By
(C28) D ISP < B " Bnd,.
i=1 ﬁS i=1
Under Assumption 2, we have
sup E[[ 1]
6

(which implies that sup E||/{*'|'S

too). Assume

k k
< 00, supE[I1{V]"" < oo, sup E||I[V|I° < oo,

76

(C.29) BTL 0.

Then we have

< 1 19% B19 1 Z
E{—B Bnd,; Bnd,;
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As B!/J/T converges to zero and %E(Zfi”’andi) < #By - maxE(Bnd;) <
1By - Const’ - K - By - 4 - sup{sup E|I{”||, sup E||I{||'S, sup E|I{]|"°,
sup E[|I{* |5} remains bounded, we have

1 o
(C.30) E( BfZBndi) — 0.
ﬁs i=1

So, let us now come back to our original task, namely, to prove (C.23). De-
fine, for an arbitrary ¢ > 0,

1
AP = [ BY> "Bnd; < g}.
WS i=1
Then (C.30) implies that
P(AY) — 1.

To show (C.23), it is sufficient to dominate

By

2

i=1

E(GXp(Si) | Hi—l,T)

1 1 1
—E<1+S,»+§Si2+ -8+ S}

1
6" 24

7-[i—l,T>

1).
AT

1
As A e Hor, AY € Hi_y 1, too. Hence

‘E(exp(S,-) | Hirr) — E<1 + 8+ %Sf + %Sf + %S;‘ | Hil,T) L
< E( exp(S;) — (1 +S; + 152 + ES3 + iSf‘) | H[-l,T)IA(I)
206 24 T
=E< exp(S;) — (1 + S+ 15-2 + 1543 + iS‘}> 1,0 I Hi],T)-
206" 24 T

Using a Taylor expansion and the fact that the fifth derivative of the exponen-
tial is the exponential itself, we see that

1, 1., 1.
exp($;) — <1+Si+ 2S,. + 6Si + 24Si)

I (1)
AT

1 5
< 1—20|S,| eXp(|S,»|)IA<T1>.
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Hence, in order to show (C.23), it is sufficient to dominate
By
EZ 1S:° exp(|S,-|)IA(Tn.
i=1
Inequality (C.28), however, implies that
By
AP < {Z 1S:° < a} :
i=1
hence

By By
D IS exp(ISi) Ly = (Z |S"|SeXp(|Si|)I[Eﬂ |S,-5<s]IA<Tl))

i=1 i=1
By
<Y ISP exp(ve
i=1

Therefore, we only have to dominate Zfi"’l |S;]°. This can be accomplished by
setting

1
By = -

By
L ZBnd,
i=1

By construction, By is H, r-measurable. Equation (C 28) demonstrates that it
dominates Z |S;|°. Equation (C.30) shows that B! converges to zero, which
implies (C.23). Q.E.D.

PROOF OF (C.24): Define A to be trivial (i.e., the whole space).

From (C.21), we can see that 7, r =1, 2, 3, 4 is (independently of 7) a finite
sum of products of normalizing factors 1/v/T, 1/+/T, 1/~T?,1/T, ....and up
to four terms, which must be chosen among M, M®, M®, M Sowe have,
for some constant U,

1
C31 Si S2 S3 J— o (Vl(p)) . M,(rB(p))
( ) +21+6’+24’ Z(\/—)q(p) i ! ’
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where B = B(p) < 4. Now split up the sum on the right hand side of (C.31) in
two parts, depending on whether the normalizing factor is smaller than —

VT)S

or not. Define

1 .
(C32) Dy;= —Mi(rl(l’)) B _Mi('B(p))

pe{l,‘..%;q(pps (ﬁ)q(p)

and

1 (r1(p)) (rg(p))
(C~33) D2,i= Z WM,-IP ...Ml-Bp .

pe(l,...,Ubq(p)<4

Obviously, D ; + D,; = S; + 157 + éS? + 8% So we can prove (C.24) by con-

240"
structing #, 7-measurable BY" and B{?, both converging to 0, so that

By
(C34) Y |EMDi I Hia |l < BEY

i=1
and

By

Z|E(Dz,,~ | ’Hi,LT)|]A(T2) < B2,

i=1

Let us first analyze D, ;. It follows from Corollary C.9 that M* can be dom-
inated by a finite (where the number of summands does not depend on T)
sum of products of A; ---A; , where we have at most four factors. We can
use this fact to bound the products M"*”” ... M"*"” in the right hand side of
(C.32). This product is smaller than a constant times a sum of products of 16
factors A;. We constructed D, ; so that, for each term, the normalizing factor
is smaller than or equal to 1/+/T5. Since the number of summands is smaller
than U (and therefore uniformly bounded), we can conclude that

K/
|Dy ;| < (1/V4 T5)C0nst’2:/1jl A
p=1
where m =m(p) <16 and j; = j1(p),..., ju=ju(p) =0 i+ 1,...,0ri + 4.

Now define

K/
b, = (1/W)C0nst’ Z Aj - Ay,

p=1
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and

By
Q.1
BPY =Y "b..
i=1

Obviously, B(Tz’l) satisfies (C.34) (since b; is Hy r-measurable, and b; > |D, |,
|E(Dy; | Hio1.7)| < b;). It remains to show that EB(TZ’” — 0. To establish this
result, observe that

(1/\/_ Const’ X:E(A]l - Ay
p=1
e
< (1NT5)Const" Y {E(A;)" + -+ + E(A;,)")}

p=1
< (1/¥/T5)Const” max E(A))™.
me{l,2,...,16}
So we need to give a bound for the moments of A;. It follows from Defini-
tion C.8 and Lemma C.5 that
E(A)" < B} mkaXE“l;") (i

Since our assumptions imply that the moments of order 16 exist for the norms
of I the second factor remains bounded and we can conclude that

Eb; < Const™ (1/~/'T5)B°.
Hence we have
By
EBV = " Eb; < Const™ (1/¥'T5)B)*By = Const™ B}’ /T,
i=1

which converges to zero, as B = o(T).
It now remains to analyze D, ;. By definition,

1 1
2JT

((M(”) +3(Mi(l))2Mi(2)+Mi(3))

D,;= M,-(l) + — ((M(l)) + Mz)

6«/_

24T ((Mz(l)) + 4Mi(1)Mi(3)

+6(M)YMP +3(MP) + M),
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In order to compute E(D,; | Hi.1r), we will analyze E(Mi(l) | Hisir),
E(M"y + My | Hioir), E(MPY + 3MPPMP + M2 | Hiyg),
E(M™M)* +4MOMP +6(MPY>MP +3(MP)> + M | H,_,.r) separately.
A consequence of (C.10) is that, for every H; r-measurable sequence R;, we
have
(C35) E(Ri+TL(R) [ Hivr) =ERiyi | Hicrr) — E(Riyt | Hor)
Using (C.35) and the definitions of M{", M>, M, and M*, we have
(C36) EM" | Hirr)=E(LY | Hirr)—ELL | Hor),
(C37) E((M®) +M?2 | H,; \7)
= E(LE) 1 Hoyr) — E(LE  Har)
+E((MD) | Hiorr) = E(M)” | Hor),
(€38) E(MOY +3(MYY’MP + MO | H, )
= E(LE, 1 Hioir) — E(LO  Hr)
+3(E((ME) M) | Hiorr) — E(M) M) | Hor))
FE(MD)  Hirr) — E(M0) 1 o).
(C39) E((M™) +4MPM® +6(MV)Y’MP +3(MP)’ + M@ | H; 1)
= E(L,(iﬁ | Hi—l,T) - E(Lﬁi)l | HO,T)
+ E(4M,$)1M,-(i)1 | Hi—l,T) — E(4Mi(i)1Mi(i)l | %O,T)
+ (6D M 1 H017) — EG(MU) M Mo )
+ E(3(M,'(i)1)2 | Hi—l,T) - E(3 (Mi(i)l)z | HO,T)
FE(MD) 1 Hirr) — (D)1 Ho).

We observe a pattern: all our expressions are of the form E(R; | Hi_1.7) —
E(R; | Ho.7), where the R; are products consisting of at most four factors from

the LY, M%), k =1,..., 4. This motivates the following definition.

DEFINITION C.10: A sequence R; is called a “nice” sequence if each of the

R; can be written as a product of at most four factors from L), M), k =
1,...,4.

REMARK 2: It will be important that we use products with factors L), M%)
for the construction of R;; the index i + 1 is essential.
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LEMMA C.11: For all nice sequences R;, there exist H, r-measurable random
variables By so that B — 0 and

By
Z|E(Ri | Hiorr) — E(R; | HO,T)| <B.

i=1

Then, (C.24) is an immediate consequence of Lemma C.11. It suffices to
take as BY® the sum of all BY® corresponding to the terms on the right hand
side of (C.36), (C.37), (C.38), and (C.39). This completes the proof of Step 2
of Theorem 4.1. O.E.D.

PrROOF OF LEMMA C.11: Since the sequence R; is nice, we can write it as a
product of at most four factors from Lﬁﬂ, M fﬂ, k=1,...,4. We will now apply
Lemma C.6. Trivially, the lemma also applies to Lf?1 (simply use only one fac-
tor in the formula of the lemma). Furthermore, the reader should take notice
that here we evaluate the (i 4+ 1)th terms instead of the ith. Then, Lemma C.6
guarantees that each Mi(fi, Lfﬂ, k=1,...,4is the sum of expressions which
can be written as a finite (the number of terms is independent of 7') sum of

expressions of the form

(C40) D - (LY@ @) (ay...n)
I tm

where «,, ., is A 1-measurable. Since every factor making up R; can be writ-
ten as a sum of these terms, we can use the distributive law and write R; as a
finite sum of products consisting of up to four factors of the form (C.40). So
we have

K
_ (OF AR AR A0
R;= ZFl,iFZ,iF3,iF4,i’
j=1

where each F (i) is either 1 (if we have fewer than four factors) or has the form
(C.40). Since K is finite, we can prove Lemma C.11 if we can show that, for all
Jj, there exists an H, r-measurable b(T’> so that

14
5

By
(C41) Y |E(FIELFF Hiovr) — E(FO P FLFS | Hor)| < bY
i=1

and by — 0.
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Since F (’,) has the form (C.40), we can apply the distributive law and use the
tensor notation to write the product as

DD ) G _ (k1) (kp)
Fl,iF2,iF3,iF4,i = Z T Z(ltl Q- ® ltp )(Btu-.-,tp)'
151 tp

Since we compute a product of at most four factors, and each is constructed
from a tensor product with order of 4 factors, we can conclude that ) k; < 16.
We suppressed the range of summation for the #; ¢, varies between 7}, + 1
and T4, with s equal to either 0, 1, 2,3, or 4, so that each summation ex-

,,,,,

.....

.....

have

1Bty | < (M 4+ 1)

Moreover B,,,...., are A; 1-measurable.
Now we will exploit Assumption 3. We define

By
(C42) bY = Const(1+M)" Z(Z (I e T ||))ABL,
i=1 5] tp
where Const is a constant which we will determine later on. We show that this
by satisfies (C.41).
First, observe that

()8 AO)F AR Al0)) [O)F A0)F AR Al0))
E(Fl,iF2,iF3,iF4,i | /HFLT) - E(F1,iF2,iF3,iF4,i | HO,T)

_ E(Z S @@ 1) (B | HO,T>
1 Ip
D DL
1 p

S (E((Btl,.‘.,zp) | Hi—l,T) - E((,Btl,.‘.,zp) | /HO,T))
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and

(lilkl) R - ® l;[’:p))

< (BB | Hirt) = E((Bun) | HO,T))]
.. Z(lt(lkl) R ® l,(l]:‘"))
X ”E((Bt1 o) | Hi—l,T) - E((Btl,.“,tp) | Ho,r) ”

<Z ZHI“‘“ (47D

X ||E((Bt1,...,t,,) | Hi—l,T) - E((,Bt],...,:,,) | Ho,r) ”

So it suffices to show that

||E((5r1,...,zp) | Hi—l,T) - E((Btl,...,tp) | HO,T) ” < Const(1+M)" A",

where Const is a constant and M and A are defined in Assumption 3. For
a proof, let us first have a look at B, .. ,,. Tensors are elements of a finite-

.....

dimensional vector space. Let b; be basis elements of this space. Then we can
write

with some (scalar) random variables Bﬁl’ ) ,,- We then have

”E((le,...,tp) | Hi—l,T) - E((Btl,.“,tﬂ) | HO,T) H
<Z|E O N Hirr) = E((B,) | HO,T);> (m?xnbju).

Since the sum consists only of finitely many terms, it is sufficient to show that

(C43)  |E((BY)...,,) | Hiorr) = E((BY)....,) | Hor)| < Const(1+ M)A,

.....

where Const may be another constant than the one in (C.43). We can choose
b; so that

1B | = L+ M)

Furthermore, ﬁ(’ ) ., 18 A;;-measurable. The result then immediately follows

from the geometric ergodicity; see Assumption 3.
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Now we go back to (C.42). By (C.27), we have
[ 1 <= Const (217 + -+ 1,7 1),

and since p < 16,

EbY < By - Const - Bl°. (16 _max E|IP| ) - ABL,

Note that By - Bi®- AL = TBP APt — (0 when B, satisfies (C.29). This completes
the proof of Lemma C.11. Q.E.D.

C.5. Step 3 of the Proof of Theorem 4.1

In this section, we prove (C.6). We examine the terms (C.12) to (C.15) of Zr
successively.

C.5.1. First Order Term (C.12)

E(L{" | Hor) Z LVE(n,) =0

t=T;_1+1

because E(n,) =0.

C.5.2. Second Order Term (C.13)
Recall

M’ =L{" + L(L®).
By definition,

LILY)Y=E(LY, 1 Hir) — E(LE) 1 Hor) — E(L" | Hiorr).
However, E(L}, | Hor) = 0. Hence

M =L" —E(L" | Hir7) +E(LY, | Hir)
and

M = (L,(-l) — E(L,(-l) | Hi—l,T))z [ (L fi)l | H,; T)]
+ 2(L51) — E(LEI) | HF],T) : E(L,:l& | Hi,T)-
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We decompose 7, in the following manner:

n ==&+ a,
&=m—E| Hi—l,T);
o = E(”'?z | Hi—l,T)-

Then, the conditional expectation of M is as follows:

T;
(C44) EM” | Hor)= ) I"@LVE(E®E | Hor)
t,s=T;_1+1
Tiy1
+ > IV QIVE(a, ® a; | Hor)
t,s=T;+1

Ty

T;
+2 ) Y IVRIVEE @ ay | Hor).

(=T;_1+1 s=Tj+1

In fact, with the definition of the blocks, we have

By Tit1 By+1 T; By T;
i=0 ts=Ti+1  i=1 ts=Ti_j+1  i=1 t,s=T;_1+1

Thus, taking the summation of the first two terms in (C.44) over the blocks
yields

By T;

Yo > IVRIV[EE @& Hor) + E(a, ® ay | Hor))-

i=1 t,s=T;_1+1
Meanwhile, the cross-product term has the following property:

T;
S I @IVEE ®a | Hor) =0,

t,s=T;_1+1

which is a direct consequence of E(&, | H,_1.r) = 0. This, in turn, implies that
the sum of the first two terms is equal to

T;
> IO RIVEM, ®n, | Hor).

t=T;_1+1
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Now we look at the summation over blocks of the third term in (C.44),

i Tiy

RN
T2 X Y Wl EE @ | Har).

i=1 (=T;_j+1s=T;+1

Notice that {" ® IV is a m.d.s.; therefore, all the terms /" @ [ VE(&, @ a, | Ho 1)
are uncorrelated. Its variance can be bounded in the following way:

i Tiy1

1 By T,
=2 Y Y EVeIVEE®a Hor)]

i=1 t=T;_1+1s=T;+1

i Ty

1505 3 ey ey elEE s a o]

i=1 t=T;_1+1s=T;+1

i i+1

S5 YD I SRR

i=1 t=T;_1+1s=T;+1

VEIE(I& ® el | Hor)]

i Ty

=%Z Z > VEE) - VEE) - JE(E @ al)

i=1 t=T;_1+1s=T;+1

i i+1

By T, T;
:%Z Z Z Const - JE||& & a,||*

i=1 t=T;_1+1s=T;+1

i Ty

| B
572 Z Z Const - \*679

i=1 t=T;_1+1s=T;+1

i

1 By T By
_ - ) 20\ AT+ 2u
_TCOnst Z Z AN +)2:)\

i=1 t=T;_1+1 u=0
1 AR 1
< —Const - E E D
T - 1-—A2
i=1 t=Tj_1+1
By B

1 1
= TCOnst- m . ZZ)\ZM

i=1 u=1
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By

<1C ; A2

J— Ons. .

ST - &Z1-x
By A?

=Tt e

where the first inequality follows from the Cauchy-Schwarz inequality and
the second inequality is from Jensen’s inequality. Therefore, the third term
in (C.44) converges in mean square to 0 and is therefore negligible. This ap-
proach will be used very often in the following context.
At the same time, we have
T;

E(L? | Hor)= > IPEMm ®n,|Hor).

t,s=T; _1+1

Thus, we have
1 &
cor sy i)
i=1

1 T
D P+ @IP)E(n, ®my)
T t=1

2
JT

S

+—=> PRI E(n,®mn,)+0,(1)

t<s

1 T
=—=> m.+o0,(1).
VT 5

C.5.3. Third Order Term (C.14)

First, the third order Bartlett identity implies that every coefficient of
(C.46) lz(3) + (lil) ® l;l) ® lin)(S) + 3(151) ® l;z))(S)
is a m.d.s. To evaluate the third order term, we will need to evaluate a lot of
expressions as in (C.46). In most of the cases, however, the arguments of the
forms are simply 7,. To simplify our expressions, we will suppress the argument
IV (n,)? and simply write (1")3. So instead of

(19 + (191" @ 1) +3(10 @ 1)) (ny, 11y M),

we can write

1O 4 (D3 4 3@,
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Because of the property of third-order Bartlett identity mentioned above,
these terms are uncorrelated. Moreover, Assumption 2 and the boundedness
of n, guarantee that the variances of these terms are bounded. Hence,

)—)0,

since the expectation of the square of the sum will be O(T'). Therefore, we
have

1/</FE<

T
D2+ 1+ 30012)
t=1

1 By 1 T 3 T
G _ 13 _ 172
(C47) -~ — ;Li = ﬁ;l ﬁ;l 1P +rp,

where E|rr| — 0.
Moreover,

T

- XT: IV = _ (ZT: z;h)g +3 XT: (D210 43 10y IOLY
t=1 t=1 t=1

s<t =1 s,k<t

3
= _(ij;”) + 32T:151>2 Y0 +3 iz;” > onh.
t=1 t=1

i=1 s<t s, k<t

Again, the first order Bartlett condition guarantees that the conditional ex-
pectation of the derivatives of the log-likelihood function are m.d.s. Hence
the I{" D ket IO are (as a product of a m.d.s. with terms determined in the

“past”) m.d.s. Therefore, these terms are uncorrelated, and, again, our As-
sumption 3 guarantees that the variance of each term is bounded by Const - B; .

Hence E((1/VT3 Y IV Y, IV = O(T'5 - By - B}) = O(T~'2B3), so

s,k<t"s
> — 0.

it converges to zero. Therefore,

E(‘W T3y Iy Iy

s,k<t

As a consequence, we have
B
1 N

By 1 3
G _ [ _ M
4 T3 ;Ll ( 4/T3 <ZLL )

i=1

3 < 3 <&
+ [SED Y I
i Z >l = Z

s<t

(C.48) E(

)

— 0.
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Meanwhile, we have

B 3 B
(ZNME“) D UEEEIS SRSV SR
i=1

i=1 j<i jk<i

We can rearrange the terms and obtain

(C.49) X:M“)3 (Z M(U) _3 ZM(I)z ZMG)

j<i

-3 ZM(D Z M(l)M(l)

Jok<i

First of all, let us analyze M" " M;”M V. We have

Jok<i

©30) B(MP MM | o

Jok<i
= E(E(M,F” | Hir) Y MM | HO,T> :
Jok<i
Using Equation (C.36), we have
EM" | Hivr) = E(Liy | Hiovr) = E(L | Hor).-

From geometric ergodicity, we have

(C51) \/E(|E(Mi(l) | Hi—],T)|2) <C-A\t.By,

which implies that we can derive a bound for (C.50) using the Cauchy—Schwarz
inequality, namely,

E' <E(M;1> | Hirr) Y MM | ”HO,T)

Jk<i

Jok<i

2
<C-\t.B, . J E(Z M;”M,g“) <CAtB2B%, = CAPLT?,
Since B, /log T — oo, CAB.T? — 0. Hence we have shown that

By By
ZMi(])3 _ ((ZMi(l)) -3 ZM(UZZM(U) ‘)
i=1

i=1 j<i

(C.52) E(
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Moreover, from the definition of Mi(l), we have

By By By

ZMi(l) — ZLE‘]) + ZE(L“))'

i=1 i=1 i=1
Using Equation (C.11), we have

By

Zr (LO)==> E(L{" | Hor) =0,

i=1

which implies that

By By
(C53) > M =)LV
i=1 i=1

Now let us rewrite the third order term (C.14) using (C.48), (C.52), (C.53):

LSO L+ 30
i=1

&l

By
1
(C.54) = 7= (Z <_3Mi<1)2 ZM;U 4 3Mi(1)Mi(2))

i=1 Jj<i

+3 Z(z“ﬂ DI — 1<1>l<2>>> +rr

s<t

(C.55) Z( 3MMY M —3M 43102 D 4 31;”3)
i=1 j<i s<t
1 &
(C.56) + 7= > BMPIMP +3M? = 31012 — 3113) 1y,
i=1

with E|ry| — 0.

The last transformation results from a simple rearrangement of the terms as
well as a trivial algebraic operation. We added the terms —3M"” and 3/!"” in
(C.55) and subtracted them in (C.56). Hence it is sufficient to show that

By
1
(C57) E(“—T* Z(_3Mlg1>2 ZM;D YIS
VAT =l

Jj<i

+3lf1)221§') +3lt“)3> ‘Ho,r)

s<t
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1 &
(C.58) + E<ﬁ S (BMOIME + 33U — 30> — 3107 ‘ HO,T>
i=1
— 0.

The following algebraic identities describing the discrete analog to partial
integration (sometimes called “partial summation”) will prove to be useful.
For arbitrary X, Y;, we have

(C59) XYt XD Yi+Yi) X;=3 X3 ¥;= ) X; )V,

j<i j<i j<i j<i j<i—1  j<i-1

Computing the sum over the index i in (C.59) gives

By By By
(C.60) Z(X,—Yl- +X) Y+ Y,-ZX,-) =Y X;) v,
i=1 j<i j<i i=1 j=1

Let us first analyze (C.57). Using (C.60) twice shows that the sum in (C.57)
equals

(C.61) 7= ZE<3M<1> ZMu)z 3ZM(1> ZM(I)Z ‘ H, )

]<l

_ y%ZT: ( Z“)Zl“)z 3Zl<1> I“’Z‘H )
T =1

s<t

Note that

(C62) ‘E(M,.(”ZM;I)2|H0,T> < S EMOEMD |1, 1 r) | Hor)|

Jj<i j<i

Then using the Cauchy-Schwarz inequality, (C.51), and the fact that EM;“4 <
C - B} (by our assumptions on the moments of the log-likelihood), we obtain

(C.63) ‘E(Mi(” > M HO,T>

Jj<i

<C-A\%.By-Bj.

So

1/J_ZE(M<‘>ZM(1>2|H )' 0.

J<t
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Analogously, we can see that the first order Bartlett identity implies that the
random variables

(C.64) E(l,(l’ > o ’Ho,r)

s<t

are uncorrelated (they are linear combinations of products of the coefficients
of I{" with terms dependent on “past” data, so they are even m.d.s.). Moreover,

it follows from our assumptions regarding the existence of moments of /" as
well as the mixing condition of the 7, that the variance of

(i )= S

is of order 1 (our condition on exponential mixing guarantees the convergence
of the series on the right hand side). Hence,

T 2
E(ZE<Z§1> Zz;m | ’HO,T>> =O(T)
=1

s<t

and therefore,

1 T
WE(ZE(ZP pSa HO,T)) — 0.
t=1

s<t

Therefore, we can simplify (C.61) and conclude that the difference of the terms
in (C.57) and

LBN . o ) - (12
(C.65) ﬁ;E< 3<;M,. )(Z;M )

1 T T
+3 =D 1Oy e ’HO,T)
v T’ t=1 t t=1 t )

converges to zero in probability.
Now we will analyze (C.58). Applying again the “partial summation” (C.59)
and (C.60), we can conclude that the terms from (C.58) are equal to

(o) ) o

i=1 i=1

By By
_ ZE<ZM§1)(Z(M}2) +MJ§1>2)> ‘ HO,T>
i=1 i=1

j<i

3
4/—T3
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(S () )

Jj<i

A )

+E((Zl(”2 (12 +107?) ) |, )

s<t

n E((XT:(Z,@) +10?) Zzg“) ‘ HO,T> }

t=1 s<t
Perfectly analogous to our analysis of (C.57), we can see that

By

e (S (0409

j<i
and

(Z I + 1) | %o,r)

s<t

converge to zero. The second Bartlett identity guarantees that all coefficients
of ¥ 4+ I{V* are m.d.s. Hence the random variables

E(((I;Z) Y 1;1>) | HO,T)

are uncorrelated. Our assumptions about the existence of moments and the ex-
ponential mixing condition immediately allow to uniformly bound the variance
of these expressions. Hence,

T
(0241 0) [ #ar) =0,
=1

s<t

and therefore,

T
le_s ZE<<(152> 107 Zli“> | %;) -0
=1

s<t
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Immediately from the definition of M., we can see from (C.37) that
E(E(M® +M™) | H, 7))’ < Const - A*".
Analogously to (C.62), (C.63), we can show that
L BXN:E((BXN:(MFZ’ + M7 (Z MW)) |y T> 0.
So instead of (C.58), we only need to consider

(C.66) \4/% {éE((gN; M}“) (i(MfZ) + M}“Z)) | Ho,r)

i=1

(e )

The first terms, (C.57), have been simplified to (C.65). We have to show that
the sum of (C.65) and (C.66) converges to zero.
So we have to show that

(B

i=1 i=1 i=1

() (e )

converges to zero. We have the following simplification:

By B

= > M XN:M@ - %L(” %L@
W l i=1 l i=1 l i=1 l

i=1

- LOS (MO - L)
3 By By
= LSS  re),
i=1 i=1

where the second equality is a straight consequence of (C.53) and the third
equality holds by definition.
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Note that (C.11) implies Z (L(L@) 4+ T(M™?)) is Hy r-measurable. So
By

E(XN:L,(-UZ(E(L(Z)) +E(M(m)) )Ho,r)

i=1 i=1

— Z L<2) + I M<1>2 (ZL(U

=0,

which is what we wanted to prove. In conclusion, (C.14) = 0,(1).

C.5.4. Fourth Order Term (C.15)

To deal with the fourth order term, we use the following lemma.

LEMMA C.12:

By

TS ELE (L) AL LY

i=1
n 6(L§1))2Lf-2) + 3(L§2))2 | HO,T) = op(l),
PROOF: Denote
(C.67)  Zy= (L") +LE +4LPLE +6(LV)’LY +3(LP).
In the sequel, we use the notation ) _, for Z[T;T,- 11+ We have

<1>2 (Zl(l)) Zl(m“'zl(l)lm

t#£s

and
4
Ll(1>4 — (Z l;“)
(14 (1)3 1) (12 (HyM)
Zz +4Zz U +6Zl > oI

s#t SEJFEL

+3Zl(1)221(1)2+ Z l(l)l(l)l(l)l(l)

S#t t#s#j#k
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Now we rewrite (C.67) as

Zl 21(1)4 + 421(1)3 Zl(l) + 621(] Z l(l)l(l)

S#EL SEjFEL

+3 Zl§1)2 Zl(l)z + Z 1(1)1(1)1(1)1(1) + 21(4)
t

s#L t#s#j#k

(C.68) +4 Z 1o Z /%
t t
(C.69) <Z 2 4 Z l“)l(”) Z /@

t#£s
(C.70) +3 (Z 1274y z;2>1;2>).
t SH#L

Moreover, we rewrite (C.68) as

42 JD Z |3 — 42 1(1)1(3) + 42 1(1)1(3)

t#s
and rewrite (C.69) as
<Z 2y Zl(l)lu)) Zla)
t#£s
=6 [P 46 1Y 1P 46 IV IO IP
t t SH#L t SF#L t

-6 21(1)21@) + 6Zl(l>2 21(2)

S#t
+12 Z IO TIVID 46 > IVIVIR
s#t t#s#]

After replacing (C.68) and (C.69) by their expressions and rearranging the
terms, we obtain

(C71)  Zy= Z I+ 6 Z 12102 4 4 Z 191D 13 Z 12243 I
+4 Z JH3 Z Y4+ 6 Z J2 Z l(l)l(l)

S#t sFEjFEL

+3 Z 1(1)2 Z l(l)z Z lz(l)lil)lj(‘l)l/((l)

s#t t£s#j#k
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+4) 101
t N

t#s
+6 Z (D212 + 12 Z IV IOID 46 > IV
S#Lt s#t t#s#]
+3 (Z 1<2>1§2>),
S#t t

where we notice the first line corresponds to the fourth order Bartlett iden-
tity; therefore, we have L Z 1(RHS of (C.71)) = 0,(1). To deal with the other
terms of Z;;, we will use the following reasoning. Let b(I\", ..., 1)) be a poly-
nomial describing a Bartlett identity (e.g., (/"> + [)). Then, provided the
moments exist,

( b(It, ..., 1) Zfs (10, . 1) | Hy T)
are m.d.s. and, therefore,
1
= ZE(b(I;”, IOV AR, 1) HO,T> — 0.

Moreover, the existence of the variance follows from the geometric ergodicity
of 1,. So we will rewrite ) ', Z;, as a sum of those terms. Notice the following
relationship:

4 Z JD3 Z D44 Z l(“l(” +12 Z D Z l(1>l(2)

SF#t t#£s SFEt
=43 UON IO 4N IONTO L1230
ML 2N,
=4 1<U< D3NS 43 l§1>1;2>>
=4 IO N (1D 41O 4 3101)
2H 2

_4211)2 (1)3+l<3)+3l<1)1(2)

s<t

+4Z l<1>3+l<3)+3l<1)l<2> Zlm

s<t
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This term is negligible after taking the conditional expectation, summing over
all i’s, and dividing by T'.
The remaining terms in Z; are

(C72) 6> 1M 1oy

‘ st
(C.73) +3 Z J2 Z Jv2
t s#£t
(C.74) + Z (OO
st it
(C.75) +6y 1Y@
t s#£t
(C.76) +6 Z T
t£s#]
(C.77) +3 (Z l;”lﬁ”).
SF#t

Term (C.74) is equal t0 24", . [PIVIP LY, which is a m.d.s.; therefore,
E[1/TY Dok LIV LY | H 7] is negligible. The sum of terms (C.72)
and (C.76) gives 6 3, (1" + 7)Y, 1M1V notice that

s#it Us
(1£1)2+lt(2)) 1(1)1(1)
2 : 2 : s )

t st

=2) (I 412) Y1y,
t

s<itt

Hence, E[1/T Y., >, (I + 1) D e IOIP | H, 1] is negligible.
The sum of terms (C.73), (C.75), and (C.77) gives

33U 1) 33D Y10 4 1)
t

S#EL t sF#L

=3Y (102 4 19) Y (102 4 12)
T

S#Et

=631 1) S 4 1),

s<t

which is a m.d.s.; again it is negligible after taking the expectation, summing,
and rescaling. This completes the proof of Lemma C.12. Q.E.D.
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We return to our goal, namely, proving that (C.15) converges to —E(u3,)/2.

Before we start, notice that (C.15) contains Mf” , where j =1,2,3,4. But
recall

I(R) =E(Ri1 | Hir) — E(Riga | Hor) — E(R; | Hizi 1),
where we can subtract and add the term E(R; | Hy r). We obtain
L(R) = E(Riyy | Hir) — E(Riz1 | Ho,r)
—ER; | Hizvr) + ER; | Hor)

—E(R; | Ho1)
=D(R;) — E(R; | Ho.7)-

Note that D(R;) has the following properties: Zf:N, D(R;) =0and E(D(R;) |
Ho.r) = 0. Using (C.60), we can see that, for an arbitrary w;, we have

1 1 1 &
(C78) =) DR)pwi=—7) DR)D ==Y i) DR).
i=1 i=1 j<i i=1 j<i
Hence, if u; is a m.d.s. adapted to the H; r, we obtain

By

1
(C79) =D E(DR)p:| Hor) = 0,(1).

i=1

This property is used to eliminate terms in (C.15).
In the following, we use the compact notation A" for the elements such that

MP =LY+ A for j=1,2,3,4.
Replacing the M by their expressions and grouping the terms, we obtain

(M®) +LO +4aMO MO +6(MO) M2 +3(M>)

(C80)  =Li"+(L{") +4LPLY +6(L{") LY +3(L7)
(C8)  +4AP LY+ (L) +3LLY)

©82) (") + A () 1)

(89 (A7) a0 (A0 AT 4 3(47)

(C.84) F4L (AP 434042 4+ (AD)).
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The term in (C.80) once rescaled goes to zero by Lemma C.12. The term

(C.81) once rescaled also goes to zero because A'" = D" and (C.79) applies.
Now, we study (C.82). Note that

A(Z) — Ai((Mgl))Z +L(2))
= A((LP) + L2 +20LDY + (D))
= —E((LVY + L +2LDY + (DY | Ho 1) + Dy,

where Dy, = D((L")? + L + 2L D" + (DV)?). Moreover,

By
S E[Du((L") +LP) [ Hor] = 0,(1)

i=1

1
T

as a result of (C.79) and
1 < )2 1))2 2
= 2 E[DP) (L) + L) | Hor] = 0,(1)

for the following reason. The second order and first order Bartlett conditions
imply that u; = (L!")2 4+ L® is a m.d.s. So we have

By 1 By By

%Z(DE]))ZMI'ZTZ(DEU Z __Z D(l) Z

i=1 i=1 i=1 j<i

- _ZMIZ D(l)

j<i

Taking conditional expectation with respect to H, r, the second and third terms
of the sum are negligible. The sums are over different blocks and hence, due
to our assumption about exponential mixing, the covariance between (D'")>
and u; converges to zero sufficiently fast. We examine more carefully the first
term:

As p; is a m.d.s. with finite variance, we have

1 &\
E|l — ] =0,(1
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1 By Tit1 2
:7<ZMWszwmmm>

(=T;+1 s=T;_1+1

By [ Tit1 2
(C.85) =— ( Z IVE(m; | Hi,T))

t=T;+1

(C.86) ﬂZWMﬁm>

i=1 \s=T;_1+1

By Tip1

(C.87) ZZMWMQ)WMMﬁ

i=1 t=T;+1 s=T;_1+1

The three terms (C.85), (C.86), and (C.87) can be treated in the same manner.
We will examine only (C.85):

N i+1 2
JZMW%O

t=T;+1

By Ty

IZZmen

i=1 t=T;+1

By Tit1

ZZDWMMMWM)

i=1 t=T;+1 s<t

Note that

Tit1 Tiy1

Z 1(1)2E(n |leT)2 Z 1(1)2A2(t T)g(n )2<C

t=T;+1 t=T;+1

where g is some bounded function of 7, by the geometric ergodicity of 1, and
C is a constant. Hence,

By Tip1

\/_ZZl“)zE(nA’H,T)z_\/_ZC C\/_ 0,(1).

i=1 t=Tj+1
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It follows that
J N
ZE D (D) Y mi = 0,(1),
i=1 i=1
and
1 & ) ,
= D OE[((APY + AP (L) + L) | Ho]
i=1

By
- ; DOE((L") + LY 421D + (DIY)” | Ho)
i=1

x E(LOY + L2 | Ho )
+0,(1)
6 & 2 2
€89 =—o SE(LO) + LY 1 Hor)

i=1
6
(C.89) - > EQLD{" + (DY | Hor)E((LO)Y + LP | Ho 1)

i=1

+0,(1).

Now, we turn our attention to (C.83).
Using (C.78), we can show

1 & 1 &
7 2 AT Har) = ) E(DAT | Har) = 0,(1).

i=1 i=1

By the geometric ergodicity of 1, we have
1 > E(AM [ Hor) =0,(1)
T 4 i 0.7) = “Ypi2J

The remaining terms of (C.83) are
6(4")* A% 43(4)°
=6(D{") [~E((L") + L +2L" DY + (D) | Ho.r) + Da]
+3[-E((L") + L +2L" D" + (D") | Hor) + D] -
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Rearranging the terms yields

6(Al(_1))2A§2) + 3(Al('2))2

(C90)  =3E((LOY +LP | Hor)

(C.91) +3EQLO DY + (D) | Hy 1)

(C.92) +6EQLO DY + (D) | Ho ) E((LL) + L | Ho )
(C.93) —6(D"? + Dy)E((LY) + L + 2L DO + (DM) | Ho r)
(C.94) +3D% 4+ 6D\’ D,

After rescaling and summing, the terms (C.91), (C.93), and (C.94) are 0,(1).
The term (C.92) simplifies with (C.89). Hence, the terms (C.82) and (C.83)
simplify to give

By
STE((LP)Y + L | Hor) + 0,(1).

i=1

1

3=
T

Now consider (C.84):
AL (0 434047 + (47))
(C95)  =—4LPE(LY +3MMP + (M) | Hor)
+4LD(LY +3MOMP + (M)
+4L" (D)’
. 12L§1)D§1)E((Mi(l))2 i Lz@ | HO,T)
+12LO DO D((MP) + LP).

Note that E((C.95) | Ho.r) = 0 because E(L'" | H, 7) = 0. We obtain

1
- > E((C84) | Hor) = 0,(1).

i=1
In conclusion, we have

By

1
(C15) =~ STE((LEY + LY | Hor)' + 0,(D).

i=1
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Finally, note that
By

1 1
—57 L E(L) + L Har) 5 —SE (3.
i=1

This completes the proof of Theorem 4.1. Q.E.D.

APPENDIX D: OPTIMALITY AND POWER

In this section, we prove all the results of Sections 4 and 5, except for The-
orem 4.1, which has already been proved. In Section D.4, we investigate the
power of our test in autoregressive models with switching mean.

D.1. Contiguity—Proof of Corollary 4.2
Define sequences 67 such that
(D.1) N>26r—6,eN.

We establish the following intermediate result.

COROLLARY D.1: For every sequence 07 satisfying (D.1) and any B, the Py, g
is contiguous with respect to Py, .

PROOF: By Le Cam’s first lemma (see Lemma 6.4 in van der Vaart (1998)),

contiguity holds if K’;(OT) =dPy, 3/dPy, 4 U under Py, with E(U) = 1. From
Theorem 4.1, we have

T
dPGT’B/eXp LZ/wz,z(ﬁ, QT)_EE(/-LZJ(B’ 6:)) | > 1
dP,, VT 5 2

under Py, . It follows from (2.5) that u, (8, 6) is a stationary and ergodic mar-
tingale difference sequence; hence the central limit theorem applies. We have

1 & d
—= ) M2:(B, 0r) > N(B)
7T

under P,,, where N(B) is a Gaussian process with mean zero and variance
E(u,.(B, 67)*) = ¢(B, B). Using the expression of the moment generating
function of a normal distribution, we have

E[U] = exp(c(ﬁ’ 3)) exp(—w>

2 2
—1. Q.E.D.
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PROOF OF COROLLARY 4.2: Denote

T
[1£.(60—d/vT)
o dPoﬂ—d/ﬁ =1
0r(6y—d/NT) = = -
[1/:60
t=1

dPy,
T
= exp{Z(l,(Oo —d/NT) - l,(eo))}.

t=1

Using a second order Taylor expansion around 6, — -%, we obtain the following

ﬁ b
result:
For all 6, € NV, and for all vectors d,

£T<00— %)/exp(—%éd/lg)(eo_ %)

1 . d \\’
+§E(90 dlt eo—ﬁ -1

uniformly (in d on all compacts) in probability.
Our regularity conditions guarantee the convergence of % Zle d'l’’ (6,) to

a normal distribution with mean zero and variance E [(d’l,(l)(eo))z]; hence we
can conclude that P, _,, 7 is contiguous with respect to Py, . Since contiguity
is a transitive relationship, we may conclude from Corollary D.1 that, for all
vectors d, Py 4,7 g is contiguous with respect to Py, . This concludes the proof
of Corollary 4.2. Q.E.D.

D.2. Definitions and Preliminary Results on Optimality
Denote

T
[1£.(60—d/vT)
d _ dPeofd/ﬁ _ =1
tr(6— —=) = = -
[ 1760
t=1

JT dP,,
T
= eXp{Z(lt(eo - d/ﬁ) - l,(@o)) .

t=1

Using a second order Taylor expansion around 6, — -, we obtain the following

ﬁ b
lemma.
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LEMMA D.2: Forall 6, € N, and for all vectors d,
d 1 o d
e - =) /[ exp -— d/l“)<0——>
( ﬁ)/ p( v D Ul

1 - d \\
+§E90 dlt Go—ﬁ —1

uniformly (in d on all compacts) in probability.

Again, our regularity conditions guarantee the convergence of (1/+/T) x
_,d'l;”(6y) to a normal distribution with mean zero and variance
LdIP(6) t 1 distribut th d

E[(d'l{" (6))]; hence we can conclude that P, _, 7 are contiguous with re-
spect to Py,. Since contiguity is a transitive relationship, we may conclude that,
for all vectors d, Py _,, /7 g is contiguous with respect to Py . From

dPHTaB _ dPBT,,B dPgT
dP,,  dP,, dP,’

we can conclude that with

d
(DZ) HT = 00 - ﬁ,

dPGT’B/ exp iim(ﬁ, 0r) — 5 Euy (12, B. 01 )
dPﬂo ‘/T t=1 ’ 2 7

T
- % D d1V 0+ %Eeo((d/li”(en)z)>
t=1

-1,

where the convergence is—again—uniform in probability with respect to Py, .

Now, we can proceed to construct optimal tests of Hy(6,) against the alterna-
tives H,7(07). First assume that we know 6, € @. Then contiguous alternatives
to Hy(6,) are described by the probability measures

PHT,Ba

where 07 is given by (D.2). We now want to compare tests with respect to their
powers against these alternatives. In particular, we want to characterize tests by
optimality properties. We start with a sequence of tests ¢ and then show that
there does not exist another sequence of tests ¢ that is asymptotically “bet-
ter” for the null and all the contiguous alternatives. So let us formally define
“better” tests.
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DEFINITION D.3: A sequence ¢ of tests is asymptotically better than ¢+ at
0, if it is “better” under the null

limsup/goT dPy, fliminf/ Y1 dPg,

and “better” under the alternatives, that is, for all 87 and S,
liminf/ erdPy, 5> limsup/ YrdPy, .

This definition is essentially the same as that used by Andrews and Ploberger
(1994) and a bit different from the one in Strasser (1995). Although the latter
can be very useful when analyzing the asymptotic behavior of possible power
functions for testing problems, our definition turns out to be more practical
in econometric analysis because it directly deals with the asymptotic behavior
of tests. Our definition here is, however, close enough to the one in Strasser
(1995) so that we can use the standard proofs of optimality.

DEFINITION D.4: A test /7 is said to be admissible if there exists no asymp-
totically better test.

Let @7 be some test statistic that has asymptotic level « (i.e., lim [ o7 dPy, =
) and asymptotic power function (i.e., lim [ @7 d Py, 4 exists). Let K > 0 be an
arbitrary constant, and v be an arbitrary, but finite measure concentrated on
a compact subset of B x R?. Without limitation of generality, we can assume
that v(B x R?) = 1. Then let us define the loss function as

©3)  Lion=K [erapy~ [( [ ordPy sy ) dvip.a
By Fubini’s theorem, we have

dpP,
(D4)  Ligr) = / (K - %ﬁ"*)wm dv(B, d)
0o

_ dP@o—d/ﬁﬁ
(x| oo al)en,

It follows from (D.4) that, for fixed K, L(¢7) is minimized by the tests 7,
which satisfy

. dPefd«/T
1if Z O—d/VT.B 4 d K
i {/ ap,, v(B, )}>

dP
Oif{/%mdv(ﬁ,d)} <K
o

(DS) s =



OPTIMAL TEST FOR MARKOV SWITCHING PARAMETERS 71

So the minimal loss only depends on the distributions of the

dP90 d/VT.B
{/—dp% dv(B, d)}

Moreover, the measures [ P, , 7 dv(B,d) are contiguous with respect to
Py,, too. Hence the minimal loss equals

dPeo d/fﬁ (+)
—/({/—dp% dv(B, d)} ) dp,,

where, for an arbitrary real number x, x* denotes the positive part of x.
Let us now assume that we have a competing sequence of tests ¢r. Note that
(D.5) does not uniquely determine a test. Indeed, the behavior of the test on

the event [{ f 60 ‘”IB dv(B,d)} = K] does not matter. Hence the following
0
definition will be useful.

DEFINITION D.5: The tests ¢ and ¢’ are asymptotically equivalent (with
respect to the loss function L) if and only if, for all & > 0,
> 8:| =0.

. dP
tim By or = o1 |} [ S0 auip. )
dPy,

So, heuristically speaking, ¢r and ¢’ give us the same decision provided the
test statistic f M dv(B, d) is different from the critical value K. More-
0

over, we have the following result.

THEOREM D.6: Let 7 be defined by (D.5) and ot be an arbitrary test.
(i) If or and 1 are asymptotically equivalent in the sense of Definition D.5,
then

(D.6)  lim(L(yr) — L(gr)) =0
(ii) If ¢ and 1 are not asymptotically equivalent, then
(D.7)  liminf(L(¢7) — L(¢7)) <O.
Hence (D.6) implies that st and ot are asymptotically equivalent.

We conclude from Theorem D.6 that the tests 7 and all asymptotically
equivalent sequences of tests are admissible. Any tests with genuinely better
power functions would have smaller loss, which is impossible. Hence, we have
to show that our test is asymptotically equivalent to tests 7.
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PROOF OF THEOREM D.6: It follows from (D.4) that

L(y7)—L(er)

dpP, _
=/(K_{/%:mdv(ﬁ’d)}>(l/’r—¢ﬂdpeo.

The construction of 7 and the fact that 0 < ¢ < 1 imply that the integrand is
nonpositive. Let & > 0 be arbitrary. Let us define

APy, 4/ y7.p
=K — e~ R .
r {/ dP,, dV(B,d)}

Then
(D8)  Lew) = Lign = [ rilirl> el = er) P,

+ [ rilir < el - onap,
Since |7 — pr| < 1, we have

<e.

(D.9) ‘/”I[|r|§8](¢r—¢T)dP90

The construction of ¢ guarantees that »(7 — ¢7) < 0. Hence, for asymptot-
ically equivalent tests, we have

/ FI[Ir) > &](Pr — @) dPy = — / PI[Ir > e]lér — @rl dPy,

< —s/[[|r| > 8]|l//T — @r|dPy, — 0.

This proves (D.6). For (D.7), observe that if ¢ and /7 are not asymptotically
equivalent, then there exists an n > 0 so that

dP
limsup Eqg, @7 — 7|1 ‘ / — W ANTE gy(B, d) | — K
dP,,

>nj|>0.

As r(fr — @r) <0, we have riI[|r| > el(Yr — ¢7) < rl[|r| > n](Pfr — @7) =
—|or — ¥r||r|[|r] > m] if 7 > &; hence, for all & small enough,

liminf/ rl[Ir] > &](¥r — o1) dPy,

< —mlimsup Ey |¢r — 7]
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X IH{/ LDQ”_W“/T’H dv(B, d)} —K| > n]

dPy,
and together with (D.8) and (D.9), this proves Theorem D.6. Q.E.D.

<0,

Assume v to be a probability measure on the product space of 8 and R”.

DEFINITION D.7: Define ¢ as the tests that reject when f exp(Zr(B,
07))dv(B,d) > K and accept when fexp(ZT(B, 0r))dv(B,d) < K.

We now want to show that the tests /7 and ¢ are asymptotically equivalent.
A sufficient condition for asymptotic equivalence is

P,
(D.10) /eXP(ZT(B, 0r)) dv(B, d)// %dv(ﬁ,d) —1.
6o

We know that, for all finite sets 3;, d;,

APyt

(D11 exp(Z1(Bis 00 — di/NT)) [ ="

So suppose that, for all ¢ > 0 and 1 > 0, we could find a partition S, ..., Sk so
that with probability greater than 1 — & for all i, (B, d), (7, e) € Si, | Zr(B, 6y —

dINT) = Zr(y, 0y — e/NT)| < m, |t _ Luonln) _ o Then, (D.10)

dPgO dPgO

will be an easy consequence of (D.11).
The existence of such a partition for the Z; is an immediate consequence of
the uniform tightness of the distribution of Z;. According to our assumptions,

. ee 4Py 0 T,
the difference between the Z7 and the log of the densities —>-=— converges

dp,,
to zero uniformly in probability. Hence the density process is uoniformly tight,
too, which immediately guarantees the existence of the partition.

Then, the tests ¢ are asymptotically equivalent to the tests ;. Conse-
quently, we have the following result.

THEOREM D.8: Let ¢ be a sequence of tests that is asymptotically better (in
the sense of Definition D.3) than ¢ 1. Then ¢t is asymptotically equivalent to ¢r.

PROOF: Theorem D.6 shows that, if the ¢ are equivalent to the {7, then
(D.12) lim(L(¢7) — L(¢7)) =0.
Since 7 are the tests with minimal loss function, we also have

(D.13) liminf(L(¢7) — L(¢7)) = 0.
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If & is an arbitrary, finite measure and 4, measurable functions with |A,| <
M for some M, then it is an easy consequence of Fatou’s lemma that
[liminf 4, ds <liminf [ h,d8. Definition D.3 guarantees that

llmlnf(/ QT dPGT:ﬁ — / d)T dPBTaB) > 0
limsup(/ ordPy, — / br dPeo) <0.

L(¢r) — L(¢7)

=K</ ordP,, —/d)TdP(,O)
-/ (( / ¢poen_d/ﬁ,ﬁ) - ( / ¢TdP90_d/ﬁ,B)) dv(B, d),

we can conclude that

and

Since

(D.14) limsup(L(¢7) — L(¢r)) <0.

Equations (D.13) and (D.14) allow us to conclude that lim(L(¢r) —
L(¢7)) =0; hence, (D.12) also implies that lim(L(¢7) — L(7)) = 0. Then
Theorem D.6 implies that ¢; and ¢y are asymptotically equivalent. Since
we did show that the ¢ are equivalent to the i, this proves Theorem D.8.

Q.E.D.

D.3. Proofs of Theorems 4.3, 5.1, and 5.2

PROOF OF THEOREM 4.3: 1. Proof of (4.4):
We have to analyze the difference between Z;(B, 0r), where 0 = 0 —

d/~T, and
—~ 1 ~ | B
TS+(B, 6) = Nea Zuz,t(ﬁ, 0) — ﬁe(ﬁ) e(B),

where &(B) is the residual from the OLS regression of u, (3, 8) on I"(6).

In the theorem, we are only interested in integrals with respect to the mea-
sure J. Moreover, this measure has compact support. Hence we can assume
that the variable B is restricted to a compact set.
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Terms —3E (o, (B, 07)) + %E((d’l,(l)(eT))z) are continuous functions of 6,
converging uniformly in 3 to

1 1
—3E (2.8, 00)7) + FE((d17(00)).

By Point (ii) of Theorem 3.1,

1 —— p 1 1,
575(B) &(B) = 5 E(12.(B. 00)7) = 5d T(8)d.

Hence it is sufficient for us to show that

T
% > 2B, 07) — —= Zd/ Do) — —= Z,U«z,(ﬁ, 0)

T
1
e Mo (B, 07) — — d/l,(l)(er)
= 71w 7T Z

- 1 < _
(B, O) ——=> " dIMB
( leu«z,(ﬁ) ﬁ; ())

converges (uniformly in B) to 0. Observe that our conditions guarantee that

the ML estimator is ~/7 consistent. Hence it is sufficient to show that, for all
M,

(D.15) sup  |vr(B, 0) —vr(B, 6p)| > 0,
B.10—0ll=M/vT

where v; was defined in (C.1). Equation (D.15) can be shown using a proof
similar to that of Point (i) of Theorem 3.1.

2. Validity of the asymptotic critical values:

The validity of asymptotic critical values obtained by plugging in 8 instead
of 6 can be established using Theorem C.2 and the same proof as for Theo-
rem 3.2.

3. Admissibility:

From

dPy, 5 dPy 5 dPy,
dP,,  dP,, dPy,

and Theorem 4.1, we can conclude that

dP T>
(ﬁ)/exp(zT(B, 0r)) — 1
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where the convergence is—again—uniform in probability with respect to Py, .
Then, the admissibility of expTS follows from Theorem D.6.
We now have shown Theorem 4.3. O.E.D.

PROOF OF THEOREM 5.1: Using the same argument as in the proof of Theo-
rem 3.1, we can show that the joint distribution of (TSz(8, 6), log dHT £y con-

verges under Py, to a normal distribution with mean (_Ek( B, B),0) and co-
variance

(k(B,B) k(B,B)>
kB, B) kBB

It follows from Le Cam’s third lemma (van der Vaart (1998)) that TS;(8, 6)
converges in distribution under P,, s to a normal distribution with mean

k(B, B) — 3k(B, B) = 3k(B, B) and variance k(B, B). The same can be shown
for any sequence of B8;:1 <i < N, yielding the desired result. Q.E.D.

PROOF OF THEOREM 5.2: First of all, let us observe that
c? &l alN ('
,0)=—=Hn — Il =
Hau(B, 0) =7 [(aeae/ + <ae>(ae))
al,
2 (t=5) h.
230 (5) (%)

s<t

Let us assume that, for one 4, there exist infinitely many values of p, so that
(5.1) is fulfilled. We see that u, (B, 0), and hence d, are analytic functions of

p. Therefore, Eq,((12,(B, 80) — d'l;”(8))*) must be an analytic function, too.
We did assume that this function has infinitely many zeros in a finite interval;
hence it must be identically zero. Hence,

A A ANE) NTAYE
o G+ (5) (%) ) + 22 (55) (3 ]
_d<chp)<f9’)

for all p. Since both sides of the equation are analytic functions, their deriva-
tives (with respect to p) must be also equal. Evaluating the derivative of order
t —s at p = 0yields

e ()8 (2)
a0 a0 a0
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where d|__ is the coefficient of p“~*~ in the derivative of d(-, -, -) with respect
to p. In the case where ¢ # 0, this contradicts our assumption. Q.E.D.

D.4. Power of ExpTS Test for Autoregressive Models

In Section 5, we established that, under certain circumstances, even local
alternatives shrinking with 7-'/* cannot be detected. Here we give a detailed
description of this case when the model under the null is an autoregressive
process with unknown mean. Consider the model

(D.16)  y, =+ uy,
e(L)u, =e,, e,~iid. N(0, 0?),

with ¢(L) =1— ¢L — ¢L* — --- — ¢,L". We assume that the covariance of
7, is such that

(D.17)  Cov(m;, n,) = Constp"™'.

LEMMA D.9: Consider the model (D.16) and (D.17); expTS test for testing
Hy: ., = p has power under the local alternatives H,r: ., = w + 0,/ TV* if and
only if 1/p is not a root of the characteristic equation of the AR model, that is,

¢ (1/p)" + ¢, 1(1/p) ™ + e a(1/p) P 4+ d1(1/p) — 1 £0.

We see that if the roots of the characteristic equation are all complex, then
this condition is necessarily satisfied. On the other hand, if 1/p is a root of
the characteristic equation, our test does not have power against alternative
of order 1/ T'*. Moreover, it is impossible to construct a test that would have
such power.

PROOF OF LEMMA D.9: First of all, let us define the notation Const as a
constant (i.e., nonrandom) function of the parameters, not necessarily always
the same. So when Const occurs twice in a formula, it does not necessarily
denote the same thing.

Then we have the first order derivatives

dl
(D.18) (9—’ = Const - e;,

w
al, 1
=—e_i—pn), i=1,...,r
Jg; o7 (W )
al,

_ 2 2
o) = Const(e; — a?),
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and the second order derivatives
&1,
n — —Const(e -0 )

and u,, as

(D.19)  po, = Const(e; — o) + Consthﬁe,e,,,».

i>1

The problematic points for our test statistic are these p, where w, , is a linear
combination of the first order derivatives. So let us assume we have a p for
which this is the case:

dl, al, —~ 4,
D.20 =A—+A—— B,—.
( ) M 1(9“ + 2&(0_2) + ; Jor

As e, is normal and independent from the past, it is uncorrelated with

M2,rs j‘i’ ) ;:2 and we can conclude that 4, = 0. Moreover, for the same reasons,

‘"’ is uncorrelated with ‘”‘ and e,e,_;. Now it follows from (D.19) that

al,
(D.21) o, — Consta(a 2y —Consth e,

i>1

and from (D.20) (as 4, =0)
al, —
(D22) M2 — Constm = ;Bl&—%
Taking the difference between (D.21) and (D.22) gives

_Consth el ZB

i>1 i=1

(D.23) Const

r?so,

As mentioned above, ‘”’ is uncorrelated with all the terms on the right hand
sides of (D.21) and (D. 22) Hence, the left hand side of Equation (D.23) equals
0 and we have

Consthe e, ,_Z

i>1 i=1

o’%

The trivial possibility is that the Const on the left hand side equals 0. Then the
right hand side equals zero, too, and this implies from (D.20) that p = 0, which
corresponds to white noise 7,. We know that we can do nothing in this case.
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So let us assume that Const differs from 0. Then we can divide by this con-
stant, and use (D.18) to conclude that

Y oplee =) biedyi—p)

i>1 i=1
or

r

(D24) &Y plei=e Yy bi(yi—p),

i>1 i=1

where the b; are coefficients proportional to the B;. Now observe that e, are
independent from the past. So multiplying both sides of (D.24) with e, and
taking the conditional expectation with respect to the past yields

(D.25) Y plei=) biyi-i—p.

i>1 i=1

Multiplying both sides with pL, where L is the lag operator, and subtracting
from (D.25) yields

pei1= Zbi(yt—i — ) - P(Z bi(yi—io1 — M)) >
i=1 i=1
or equivalently,

per1=bi(yi-1 — )+ (bs—pb)(Yia — ) +---
+ (br - pbr—l)(yt—r - /vL) - pbr(yt—r—l - M)

From (D.16), we can conclude that

er=@(L)(y: — p).

Hence,

p((Vr =) =1 (= p) — -
— &1 Qs — ) — S, (Yiero1 — 1))
=bi(y-1 — ) + (b — pb) (Yo — ) + - -
+ (b, — pb,- ) (Yir — ) — PO (Yiyo1 — ).
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Since the y, ; — n are linearly independent, the coefficients must be equal.
Therefore

p=bi,
(D.26) —pd;1=b;—pbiy, i=2,...,r1,
(D27)  —pd,=—pb,.
Then (D.26) allows us to solve for b;, i =2, ...,r,

bi=—pdi_1+ pbi_i,

SO
bi=—pbi1—p’Ppia—--—p b1 +p.

This holds for all i < r. So we have
by=—pp1—p'da—-—p 149

Equation (D.27), however, requires (as we assumed p # 0) that b, = ¢,; hence,
¢ =—pbr1—p’Pra——p P+ p

or

0=, +pdi+p’d 2+ +p 1=,

which is equivalent to

0=¢,(1/p) + ¢,-1(1/p) " + $,2(1/p) >+ -+ d1(1/p) — 1.
Q.E.D.
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