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APPENDIX B

B.1. Proof of Proposition 5

THIS SECTION PROVIDES the proof of the “only if” part of Proposition 5; the “if” part
follows from Basteck, Daniëls, and Heinemann (2010, Theorem 11).

We first review the framework of global games as well as some known results thereof ac-
cording to Frankel, Morris, and Pauzner (2003) (FMP, henceforth) and Basteck, Daniëls,
and Heinemann (2013) (BDH, henceforth), with an extension of allowing correlation in
noise terms among players as in the original setup of Carlsson and van Damme (1993). In
the (binary-action) global game G(ν) with the player set I and the action set Ai = {0�1}
for each i ∈ I, a state of the world θ is drawn from the real line according to a continuous
densityφ with connected support and determines the payoffs ui(a�θ) of the players. Each
player i ∈ I observes a noisy signal xi = θ+ νεi, where (ε1� � � � � ε|I|) is a noise profile that
is distributed independently of the state θ according to a continuous joint density ψ with
support contained in [− 1

2 �
1
2 ]|I|, and ν > 0 is a scale parameter. As in FMP, on the pay-

off functions the assumptions of Strategic complementarities (A1), Dominance regions
(A2), State monotonicity (A3), and Payoff continuity (A4) are imposed. FMP show that
an essentially unique equilibrium survives iterative deletion of dominated strategies as
ν→ 0.

BDH provide a useful method of identifying the global game selections via “simpli-
fied” global games. Given a complete information game f and a noise distribution ψ, the
lower ψ-global game elaboration e(f�ψ) of f is defined as follows: The state θ is drawn
according to the uniform distribution over an interval containing [−|A|− 1� |A|+ 1] ⊂R.
Each player observes a noisy signal xi = θ + εi, where the noise profile (ε1� � � � � ε|I|) is
distributed independently of θ according to ψ. Each player i’s payoff function ũi depends
directly on the signal xi and is given by

ũi(1S∪{i}�xi)=
{
fi(S) if xi ≥ 0�
−1 if xi < 0

and ũi(1S� xi)= 0 for S ∈ I−i. The upper ψ-global game elaboration e(f�ψ) of f is defined
symmetrically. Let a(f�ψ) (resp., a(f�ψ)) denote the action profile in f that is played by
the largest (resp., smallest) equilibrium strategy profile of e(f�ψ) (resp., e(f�ψ)) at the
signal profile (xi)i∈I such that xi = |A| (resp., xi = −|A|) for all i ∈ I.
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LEMMA B.1—BDH, Theorem 1: For a given ψ, suppose that the global game G(ν)
with noise distribution ψ embeds the complete information game f at θ∗, that is, that
ui(1S∪{i}� θ∗) − ui(1S� θ∗) = fi(S) for all i ∈ I and S ∈ I−i, and let s (resp., s) be the left
(resp., right) continuous version of its limit equilibrium strategy profile. Then s(θ∗)= a(f�ψ)
and s(θ∗)= a(f�ψ).

This result in particular implies that the action profiles s(θ∗) and s(θ∗) depend only
on the noise distribution ψ of the global game that embeds f, independent of the prior
distribution φ and the payoff functions ui.

Thus, the action profile a(f�ψ) (resp., a(f�ψ)) is called the smallest (resp., largest) ψ-
global game selection in f. When a(f�ψ)= a(f�ψ), it is called the ψ-global game selection
in f. An action profile a∗ is a noise-independent global game selection in f if a∗ = a(f�ψ)=
a(f�ψ) for all noise distributions ψ. By definition, if a∗ �= a(f�ψ) or a∗ �= a(f�ψ) for some
ψ, then a∗ is not a noise-independent global game selection in f.

Now let us prove the “only if” part of Proposition 5.

PROOF OF THE “ONLY IF” PART OF PROPOSITION 5: Suppose that 1S∗ is not robust in f.
In light of the result of BDH (Theorem 1), in order to show that 1S∗ is not a noise-
independent global game selection in f, it suffices to construct a density function ψ for
the noise terms such that a(f�ψ) �= 1S∗ .

By Corollary A.1(1), S∗ is not a monotone potential maximizer in f. By Lemma A.1,
either S∗ is not a monotone potential maximizer in f−, or ∅ is not a monotone potential
maximizer in f+. We assume the former by symmetry. By genericity, we assume that f−

satisfies condition (4.2), i.e., that there exists μ− ∈ 	∗(
−) such that∑
S∈I−

−i

μ−({
γ ∈ 
−

i | S−(i�γ)= S})f−
i (S) < 0 (B.1)

holds for all i ∈ I−(μ−), where all the notations with a superscript “−” are understood
with the players in S∗. We want to transform such a μ− into a continuous density function
on [− 1

2 �
1
2 ]|I|. First, a permutation γ = (i1� � � � � i|I−(μ−)|) of I−(μ−) is drawn according to

μ−. The discrete noise profile (ξi)i∈I is then given by

ξi =

⎧⎪⎨
⎪⎩
 i= i for some  ∈ {

1� � � � �
∣∣I−(

μ−)∣∣}�∣∣I−(
μ−)∣∣ + 1 if i ∈ S∗ \ I−(

μ−)
�

0 if i ∈ I \ S∗�

To make the noises continuous, add to (ξi)i∈I i.i.d. continuous random variables (ζi)i∈I
independent of (ξi)i∈I , where each ζi has a density function 3 − 9|z| with support [− 1

3 �
1
3 ].

Then map (ξi + ζi)i∈I into [− 1
2 �

1
2 ]|I| by letting εi = 1

2(ξi + ζi)/(|I−(μ−)| + 4
3) for each

i ∈ I. Note that, by construction, we have xj ≥ xi if and only if ξj > ξi for i ∈ I−(μ−) and
j ∈ I \ {i}. Finally, let ψ be the density function of (εi)i∈I , which is continuous and whose
support is contained in [− 1

2 �
1
2 ]|I|.

With this noise distribution ψ, consider the lower ψ-global game elaboration e(f�ψ),
and let s = (si)i∈I be the largest equilibrium strategy profile of e(f�ψ), which must be
weakly increasing in the signals. We want to show that s(|A|) �= 1S∗ . Assume to the con-
trary that s(|A|)= 1S∗ , so that each player i ∈ S∗ plays the threshold strategy with thresh-
old xi ∈ [0� |A|] which plays action 1 if and only if xi ≥ xi. At the threshold xi, player i ∈ S∗
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must be indifferent between the two actions by the continuity of the expected payoffs in
the signal xi, which follows from the continuity of the prior density and the noise den-
sity ψ. Let i ∈ I−(μ−) be a player that has the smallest threshold among I−(μ−), and let
ŝ−i be the strategy profile such that:

• for j ∈ I−(μ−) \ {i}, ŝj(xj)= 1 if and only if xj ≥ xi,
• for j ∈ S∗ \ I−(μ−), ŝj(xj)= 1 for all xj , and
• for j ∈ I \ S∗, ŝj(xj)= 0 for all xj .

Note that s−i ≤ ŝ−i, i.e., sj(xj)≤ ŝj(xj) for all j ∈ I \ {i} and all xj .
Against ŝ−i, the expected payoff to action 1 for player i upon observing the signal xi is

written as follows:

E
[
ũi

((
1� ŝ−i(·)

)
�xi

)|xi = xi]
= E

[
fi

({
j ∈ I−(

μ−) \ {i} | xj ≥ xi
} ∪ (

S∗ \ I−(
μ−)))|xi = xi]

= E
[
f−
i

({
j ∈ S∗ \ {i} | ξj > ξi

})|xi = xi]
= E

[
f−
i

({
j ∈ S∗ \ {i} | ξj > ξi

})]
=

∑
S∈I−

−i

μ−({
γ ∈ 
−

i | S−(i�γ)= S})f−
i (S) < 0�

where the second last equality holds due to the uniform prior, and the strict inequality by
condition (B.1). Since s−i ≤ ŝ−i and fi is weakly increasing, it follows that

E
[
ũi

((
1� s−i(·)

)
�xi

)|xi = xi] ≤ E
[
ũi

((
1� ŝ−i(·)

)
�xi

)|xi = xi]< 0�

Thus, the player i has a strict incentive to play action 0 for the signal xi, which is a contra-
diction. Hence, we have shown that 1S∗ is not a noise-independent global game selection
in f. Q.E.D.
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