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APPENDIX A (TO SECTION 2): DERIVATION OF ELASTICITIES

Marshallian and Hicksian Elasticities

For convenience we reproduce the consumer’s budget constraints and MRS condition:
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Taking the derivative of the budget constraint and the MRS equation and stacking them
(omitting subscripts and superscripts for convenience) gives a matrix equation:
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This can be inverted to give the Marshallian elasticities in the main text (equation (15)):
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To calculate the Hicksian elasticities, we first calculate the income elasticities by differ-
entiating the MRS equation and the budget constraint with respect to income:
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The income elasticity and the Marshallian elasticity are then used to calculate the Hick-
sian elasticity using the Slutsky equation:
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Frisch Elasticities

In this section, we provide the formulae for the first and second derivatives that are used
to calculate the Frisch elasticities. We define D= exp(πz + ξP + ζ) (omitting subscripts
for convenience). Then it is easy to show that

uc(c� l)=DM−γc−φ� (30)
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Finally, note that
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These expressions can be used to calculate the Frisch elasticities in the paper. The
formula for the wage Frisch for intensive margin choices can be derived as follows:
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The formula for the interest-rate Frisch can similarly be derived as follows:

[
ucc ucl
ucl ull

]⎡⎢⎢⎣
∂c

∂(1 +Rt+1)
∂l

∂(1 +Rt+1)

⎤⎥⎥⎦ =
[
uc
ul

]
�

⎡⎢⎢⎣
∂c

∂(1 +Rt+1)
∂l

∂(1 +Rt+1)

⎤⎥⎥⎦ =
[
ucc ucl
ucl ull

]−1 [
uc
ul

]
�

⎡⎢⎢⎣
∂c

∂(1 +Rt+1)
∂l

∂(1 +Rt+1)

⎤⎥⎥⎦ = 1
uccull − u2

cl

[
ull −ucl

−ucl ucc

][
uc
ul

]
�

εFRc = (1 +Rt+1)

c

∂c

∂(1 +Rt+1)
= ucull − ulucl
(1 +Rt+1)

(
uccull − u2

cl

) 1 +Rt+1

c
= ucull − ulucl
c
(
uccull − u2

cl

) � (39)

ε
FR
l = (1 +Rt+1)

l

∂l

∂(1 +Rt+1)
= ulucc − ucucl
(1 +Rt+1)

(
uccull − u2

cl

) 1 +Rt+1

c

= ulucc − ucucl
c
(
uccull − u2

cl

) � (40)

ε
FR
h = (1 +Rt+1)

L− l
∂(L− l)
∂l

∂l

∂(1 +Rt+1)
= − ulucc − ucucl

(1 +Rt+1)
(
uccull − u2

cl

) 1 +Rt+1

L− l

= −εFRl
l

L− l �
(41)



4 ATTANASIO, LEVELL, LOW, AND SÁNCHEZ-MARCOS

APPENDIX B (TO SECTION 3): ESTIMATION STRATEGY AND SOLUTION METHOD

Fuller’s Estimator

When estimating the parameters that determine the MRS or those that enter the Euler
equation, we use first-order conditions to derive restrictions on the data to identify struc-
tural parameters. Although these sets of conditions are different, as one set is static in
nature and one set is dynamic, they are of a similar nature, in that they can be reduced to
an expression of the type

E
[
h(X;θ)Z] = 0� (42)

where h(·) is a function of dataX and parameters, θ, and is linear in the vector of param-
eters. The vector Z contains observable variables that will be assumed to be orthogonal
to h. The nature of the instruments that deliver identification depends on the nature of
the residual h and, as we discuss below, is different when we estimate the MRS conditions
or the Euler equations. However, in both cases, we exploit a condition such as (42).

In equation (42), one needs to normalize one of the parameters to 1. In the context
of the MRS equation (18), for example, we set the coefficient on lnwh�t to 1, but we
could have set the coefficient on ln lh�t , or that on ln ch�t , to be 1. A well-known issue
with many estimators in this class is that in small samples, they are not necessarily ro-
bust to the normalization used. A number of alternative estimators that avoid this issue
are available, ranging from LIML-type estimators, to the estimator discussed in Alonso-
Borrego and Arellano (1999), to the iterated GMM proposed by Hansen, Heaton, and
Yaron (1996). We use the estimator proposed by Fuller (1977) to estimate both our MRS
and Euler equations. This estimator is a modified version of LIML with an adjustment
that is designed to ensure that it has finite moments. Roughly speaking, it can be thought
of as a compromise between LIML and 2SLS (being closer to LIML when the sample
size is large relative to the number of instruments). While this estimator is not completely
normalization-free, it is much less sensitive to the choice of normalization than estimators
such as 2SLS and GMM.

An additional advantage of the Fuller estimator is that it is known to have better bias
properties than estimators such as 2SLS, when instruments are relatively weak. In Sec-
tion 3, we test the strength of our instruments comparing the values of the Cragg–Donald
test statistic to the relevant entries of the table supplied in Stock and Yogo (2005).1 For
the Fuller estimator that we employ, these critical values are typically lower than those
for 2SLS, and, unlike 2SLS, they are decreasing in the number of instruments used.

Euler Equation Estimation With Repeated Cross-Sections

We estimate the intertemporal parameters using the Euler equation. We need a long
time series because, even under rational expectations, expectation errors do not neces-
sarily average out to zero (or are uncorrelated with available information) in the cross
section, but only in the time series: expectation errors may be correlated with available
information in the cross section in the presence of aggregate shocks. See the discussion
in Hayashi (1987), Attanasio (1999), or Attanasio and Weber (2010). We also need to as-
sume that the lagged variables used as instruments are uncorrelated with the innovations
to the taste shifters ζh�t+1. This is trivially true if taste shifters are constant over time or

1The Cragg–Donald statistic is usually used to provide a test of under-identification. Stock and Yogo (2005)
proposed using it as a test of instrument relevance as well.
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if they are random walks. We maintain one of these two assumptions, a hypothesis that
we can in part test by checking over-identifying restrictions.

We estimate equation (21) using the Consumer Expenditure Survey (CEX). Although
the CEX covers many years, each household is only observed for a few quarters and so we
use a synthetic cohort approach (see Browning, Deaton, and Irish (1985)): we aggregate
equation (21) over groups with constant membership and follow the average behavior
of the variables of interest (or their nonlinear transformation) for such groups. A time
series of quarterly cross sections can be used to construct consistent estimates of these
aggregates and, in this fashion, use a long time period to estimate the parameters of the
Euler equation and test its validity.

We define groups using married couples in ten-year birth cohorts. The assumption of
constant membership of these groups might be questioned at the beginning and at the end
of the life-cycle for a variety of reasons, including differential rates of family formation,
differential mortality, and so on. To avoid these and other issues, we limit our sample to
households whose husband is aged between 25 and 65 and where wives are aged between
25 and 60.2

Having identified groups, we aggregate equation (21) to be estimated across group g
households. For this approach to work, however, it is necessary that the equation to be
estimated is linear in parameters, which would be the case if Mh�t were observable. How-
ever,Mh�t is a nonlinear function of data and unobserved parameters, so that, in principle,
it cannot be aggregated within groups to obtain Mg�t . On the other hand, the parameters
that determine Mh�t can be consistently estimated using the MRS conditions as discussed
in Section 3.1.3 These estimates can be used to construct consistent estimates of Mh�t ,
which can be aggregated across households to give Mg�t .

We can obtain consistent estimates of the grouped variables from the time series of
cross sections, giving the group average log-linear Euler equation:

η̃g�t+1 = κ+ lnβ+ ln(1 + rt+1)−φln cg�t+1 +−γ ln(M̂g�t+1)+ϕPg�t+1 +πzg�t+1� (43)

The residual term η̃g�t+1 now includes, in addition to the average of the expectation
errors and of the changes in taste shifters, several other terms: (i) a linear combination of
the difference between the population and sample averages at time t and t + 1 for all the
relevant variables (induced by the fact that we are considering sample means rather than
population means for group g); (ii) the difference between the (consistently) estimated
Mg�t and its actual value (induced by estimation error in the parameters of the MRS);
(iii) the difference between the innovation over time to the average value of κg�t , which
we have denoted with the constant κ.

All the variables on the right-hand side of equation (43) are observable. We can there-
fore use this equation to estimate the parameters of interest. However, the instruments
need to be uncorrelated with η̃g�t+1.4 The covariance structure of the η̃g�t+1 is quite com-
plex: the contemporaneous covariance of η̃gi�t+1 and η̃gj�t+1 is not, in general, zero, as

2If credit constraints are binding, the Euler equation will not be holding as an equality. The youngest con-
sumers are excluded because they are more likely to be affected by this issue. For older consumers, in addition
to changes in labor force participation and family composition, health status also changes in complex ways that
may be difficult to capture with the taste shifters that we have been considering.

3Mh�t includes χh�t which is unobserved. However, since it is the residual from the MRS equation, it can be
included in the calculation of αh�t that is needed to calculate Mh�t .

4As noted by Deaton (1985) and discussed extensively in the context of the CEX by Attanasio and Weber
(1995), the use of sample rather than population averages for all the ‘group’ variables induces an MA(1) in
the residuals, because of the sampling variation in the rotating panel structure. We need to assume that the
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aggregate shocks have effects that correlate across different groups. When computing
the variance–covariance matrix of the estimates, this structure should be taken into ac-
count. While it is in principle possible, given our assumptions, to estimate the variance–
covariance matrix of η̃g�t+1 from estimated parameters, in practice it turns out to be cum-
bersome, as there is no guarantee that, in small samples, these estimates are positive defi-
nite. Given these difficulties, we follow a different and, as far as we know, novel approach,
based on bootstrapping our sample, with a structure consistent with the basic assumptions
of our model. We describe the bootstrapping procedure in detail in the next subsection.

Bootstrap Procedure

We bootstrap standard errors and confidence intervals for both our MRS and Euler
equations.

The two-step Heckman-selection procedure for estimating the MRS coefficients can be
bootstrapped in the standard way. Bootstrapping results for our Euler equation requires a
slightly more complicated procedure, however. This is because we aggregate our data into
cohort groups and then implement an IV procedure. Taking Zt as a vector of exogenous
variables, andXt and Yt as endogenous variables (with Yt as our dependent variable), we
can reformulate our approach as estimating the equations

Xt =ΠZt + vt�
Yt =Xtβ+ ut�

where vt is a vector of errors in our first stage. These can be thought of as economic
shocks which may have a complicated structure. For instance, they may be correlated
across time for a given cohort, or may have an aggregate component which is correlated
across cohorts for a given time period. Errors may also be correlated across the equations
for different exogenous variables Zt . We will wish to preserve these correlations when
we implement our bootstrap procedure. In order to do this, we attempt to construct the
variance–covariance matrix of the residuals v. Rather than filling in all possible cross-
correlations in this matrix, we calculate the following moments for each cohort c, and
equation i:

var
(
vi�c

)
�

cov
(
vi�ct � v

i�c
t−1

)
�

cov
(
vi�ct � v

j�c
t

)
�

cov
(
vi�ct � v

i�k
t

)
�

setting all other correlations to zero. Thus we impose, for instance, that there is zero
correlation between vi�ct and vi�kt−1. Unfortunately, there is no guarantee that this matrix will
be positive definite. In our procedure, we therefore apply weights to the nonzero elements
of our ‘off-diagonal’ matrices—which give the covariances across different cohorts for the
same equation—and to our first autocovariances for residuals for the same cohort and

instruments are not correlated with the (average) estimation error of the Mh�t or with the innovations to the
higher moments of the expectation errors (κg�t − κ). This last assumption was discussed in Attanasio and Low
(2004).
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same equation. The weights we apply to these are the maximum that ensure the resulting
matrix is positive definite: in our case, they are both set at 0.23.

Once we have this matrix, we can Cholesky decompose it to obtain a vector of orthog-
onalized residuals

Ω= vv′ = εCC ′ε′�

We then draw from the orthogonalized residuals, premultiply them by C, and then add
them to ΠZt to reconstruct the endogenous variables (including Y ). We then re-estimate
our second-stage equation to obtain a new set of estimates for β.

The values of Zt in our case will depend on the results we obtain from our MRS equa-
tion, so in each iteration of our bootstrap we re-sample with replacement from our dis-
aggregated data, re-run the MRS equation, re-aggregate to obtain the cohort averages
which make up Zt , and then make a draw from our residuals.

Solution Method

Households have a finite horizon and so the model is solved numerically by backward
recursion from the terminal period. At each age, we solve the value function and optimal
policy rule, given the current state variables and the solution to the value function in the
next period. This approach is standard. The complication in our model arises from the
combination of a discrete choice (to participate or not) and a continuous choice (over
saving). This combination means that the value function will not necessarily be concave.
We briefly describe in this appendix how we deal with this potential non-concavity. An
alternative would be to follow the method in Iskhakov, Jørgensen, Rust, and Schjerning
(2017).

In addition to age, there are four state variables in this problem: the asset stock, the per-
manent component of earnings of the husband, vmh�t , the permanent component of wife’s
wage, vfh�t , and the experience level of the wife. We discretize both earning and wage vari-
ables and the experience level, leaving the asset stock as the only continuous state vari-
able. Since both permanent components of earnings are non-stationary, we are able to
approximate this by a stationary, discrete process only because of the finite horizon of the
process. We select the nodes to match the paths of the mean shock and the unconditional
variance over the life-cycle. In particular, the unconditional variance of the permanent
component must increase linearly with age, with the slope given by the conditional vari-
ance of the permanent shock. Our estimates of the wage variance are for annual shocks,
but the model period is one quarter. We reconcile this difference by imposing that, each
quarter, an individual receives a productivity shock with probability 0.25, and this implies
that productivity shocks occur on average once a year.

Value functions are increasing in assets At but they are not necessarily concave, even
if we condition on labor market status in t. The non-concavity arises because of changes
in labor market status in future periods: the slope of the value function is given by the
marginal utility of consumption, but this is not monotonic in the asset stock because con-
sumption can decline as assets increase and expected labor market status in future peri-
ods changes. By contrast, in Danforth (1979), employment is an absorbing state and so
the conditional value function will be concave. Under certainty, the number of kinks in
the conditional value function is given by the number of periods of life remaining. If there
is enough uncertainty, then changes in work status in the future will be smoothed out,
leaving the expected value function concave: whether or not an individual will work in
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t + 1 at a given At depends on the realization of shocks in t + 1. Using uncertainty to
avoid non-concavities is analogous to the use of lotteries elsewhere in the literature.

The choice of participation status in t is determined by the maximum of the conditional
value functions in t. In our solution, we impose and check restrictions on this participation
choice. In particular, we use the restriction that the participation decision switches only
once as assets increase, conditional on permanent earnings and experience. When this
restriction holds, it allows us to interpolate behavior across the asset grid without losing
our ability to determine participation status. We therefore define a reservation asset stock
to separate the value function and the choice of consumption made when participating
from the value function and choice of consumption made when not participating. There
are some regions of the state space where individuals are numerically indifferent between
working and not working. Since we solve the model by value function iteration, it does
not matter which conditional value function we use in these regions.

In solving the maximization problem at a given point in the state space, we use a simple
golden search method. Note that in addition to the optimal total expenditure, the optimal
amount of leisure is computed in each period by solving the MRS condition. We solve the
model and do the calibration assuming this process is appropriate and assuming there is
a unique reservation asset stock for each point in the state space, and then check ex post.

There are no non-concavities due to borrowing constraints in our model because the
only borrowing constraint is generated by the no-bankruptcy condition which is, in effect,
enforced by having infinite marginal utility of consumption at zero consumption.

Finally, we include here the value functions of the household problem. In each period,
if the woman chooses to participate, the value function is given by

V 1
h�t(Ah�t� vh�t)

= max
ch�t �lh�t

{
u(ch�t� lh�t� Ph�t = 1)+βEt

[
max

{
V 0
h�t+1(Ah�t+1� vh�t+1)

V 1
h�t+1(Ah�t+1� vh�t+1)

}]}
�

(44)

Note that the state variable vh�t is a vector containing the woman and the man’s produc-
tivity type. If she chooses not to participate, the value function is given by

V 0
h�t(Ah�t� vh�t)

= max
ch�t

{
u(ch�t� Ph�t = 0)+βEt

[
max

{
V 0
h�t+1(Ah�t+1� vh�t+1)

V 1
h�t+1(Ah�t+1� vh�t+1)

}]}
�

(45)

The decision of whether or not to participate in period t is determined by comparing
V 0
h�t(Ah�t� vh�t) and V 1

h�t(Ah�t� vh�t). The participation choice, the hours choice, and the con-
sumption choice in t determine the endogenous state variable (assets) at the start of the
next period.

APPENDIX C (TO SECTION 4): DATA SOURCES AND DESCRIPTIVE STATISTICS

As discussed in the paper, most of the data are from the CEX. One important exception
are the data on the real interest rate. We define this variable as the 3-month T-Bill rate
(on a quarterly basis) minus the rate of growth in the CPI. The source for the T-Bill rate
is from the St Louis Fed (https://fred.stlouisfed.org/series/TB3MS).

Table XII presents descriptive statistics at the individual level using data from three
particular years (1980, 1995, and 2012). Married women have seen large changes in their

https://fred.stlouisfed.org/series/TB3MS
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TABLE XII

DESCRIPTIVE STATISTICS FOR MARRIED WOMEN, 1980, 1995, AND 2012a

1980 1995 2012

Demographics No. of children 1.25 1.15 1.17

Education % Less than high school 19.4 12.3 9.7
% High school 44.1 36.8 25.3
% Some college 18.1 25.3 28.5
% Degree or higher 18.4 25.5 36.5

Hours (workers) All 35.2 37.5 38.4
Less than high school 34.9 37.4 34.2
High school 35.2 36.2 38.6
Some college 35.0 36.7 37.1
Degree or higher 35.5 39.7 39.5

Hourly net wages ($ 2016) All 15.58 16.63 18.95
Less than high school 12.16 11.23 11.33
High school 14.22 13.41 14.62
Some college 16.62 16.41 17.28
Degree or higher 19.30 22.26 23.20

% Employed All workers 60.0 69.8 61.9
% Workers part-time 28.4 23.7 20.6

Sample sizes All 2199 2064 2026
Workers 1318 1441 1254

aPart-time is defined as working less than 35 hours per week.

wages, hours, and patterns of employment over our sample period. Employment rates
increased from 60% in 1980 to 69.8% in 1995 before falling back to 61.9% in 2012.

Table XII also shows wage levels over the three years. Average real wages increased
over this period, though with marked differences across different education groups. The
wages of those with less than high school education actually fell slightly from $12.16 in
1980 to $11.33 in 2012. By contrast, married women with a college degree or higher saw
a 20% increase in their wages between 1980 and 2012 (from $19.30 to $23.20). This in-
crease in the education premium has been attributed to skill-biased technological change
which outstripped the supply of educated workers (Goldin and Katz (2007)). Changes
in hours worked across education groups appear to mirror these patterns. While all ed-
ucation groups worked very similar hours in 1980, by 2012 those with a college degree
were working on average five hours more per week than those with less than high school
education, although the fraction with a college degree has markedly increased over the
period.

APPENDIX D (TO SECTION 5)

Alternative Methods of Estimating the MRS

In this appendix, we discuss results from alternative MRS specifications. For compar-
ison with later results, we present a more complete set of parameter estimates from our
baseline MRS specification in Table XIV. First, we present results for the selection probit
(see Table XIII) we run prior to estimating our MRS equation. Husband’s earnings are
strongly negatively correlated with participation.



10 ATTANASIO, LEVELL, LOW, AND SÁNCHEZ-MARCOS

TABLE XIII

SELECTION PROBIT RESULTSa

Log earnings of husband −0�164∗∗∗ (0.007)
Husband employed −1�929∗∗∗ (0.064)
No. of elderly HH members 0�023 (0.026)
Log family size −0�110∗∗∗ (0.022)
Wife: White −0�015 (0.014)
Age −0�056 (0.042)
Age2 0�001 (0.001)
Age3/1000 0�003 (0.018)
Age4/10,000 −0�003∗ (0.001)
Has kids −0�034 (0.018)
No. of kids aged 0–2 −0�515∗∗∗ (0.014)
No. of kids aged 3–15 −0�167∗∗∗ (0.008)
No. of kids aged 16–17 0�071∗∗∗ (0.017)
North East −0�004 (0.015)
Mid West 0�119∗∗∗ (0.014)
South 0�035∗∗ (0.013)

aN = 78�674. ∗p < 0�05, ∗∗p < 0�01, ∗∗∗p < 0�001. Standard errors in parentheses. Additional
controls for season and year dummies and cohort-education interactions.

TABLE XIV

BASELINE MRS ESTIMATESa

Parameter Estimate (Standard Error) [95% Confidence Interval]

θ 1�75∗∗ (1.230) [0�34�5�12]
φ 0�76∗∗∗ (0.103) [0�55�0�95]
Ψ
Age 0�05∗∗ (0.02) [0�01�0�09]
Age2 −0�0005 (0.0007) [−0�002�0�001]
Age3/1000 −0�01 (0.01) [−0�03�0�01]
Age4/10,000 0�002∗∗ 0.0007 [0�0002�0�003]
North East 0�01 (0.03) [−0�02�0�08]
Mid West −0�05∗∗ (0.01) [−0�07�−0�02]
South −0�11∗∗∗ (0.02) [−0�18�−0�09]
White −0�04 (0.03) [−0�09�0�04]
No. elderly HH members 0�02 (0.02) [−0�02�0�05]
ln(famsize) −0�32∗∗∗ (0.037) [−0�38�−0�23]
Has kids 0�07∗∗∗ (0.021) [0�04�0�12]
No. of kids 0–2 0�15∗∗∗ (0.030) [0�10�0�22]
No. of kids 3–15 0�06∗∗∗ (0.017) [0�04�0�10]
No. of kids 16–17 −0�02∗ (0.011) [−0�05�0�00]
Constant (Ψ0) 4�70 (4.94) [−1�19�18�52]
Heckman selection terms
e1 0�07 (0.167) [−0�18�0�48]
e2 0�05 (0.172) [−0�21�0�51]
e3 0�01 (0.052) [−0�08�0�13]

aN = 50�895. ∗p< 0�10, ∗∗p< 0�05, ∗∗∗p< 0�01. Additional controls for season and year dummies and cohort-education interac-
tions. Confidence intervals are bootstrapped with 1000 replications allowing for clustering at the individual level.
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TABLE XV

MRS ESTIMATES USING GMMa

Fuller GMM

Dependent variable: Wages Wages Leisure Consumption

Parameters
θ 1�75∗∗

[0�34�5�12]
0�46∗

[−0�04�0�61]
13�8

[−120�13�186�11]
0�13

[−0�54�0�58]
φ 0�76∗∗∗

[0�55�0�95]
0�61∗∗∗
[0�48�0�66]

0�17
[−3�44�2�78]

1�38∗∗∗
[1�24�1�74]

Wage elasticities at median
Marshallian 0�18

[0�05�0�38]
0�55

[0�50�1�16]
0�09

[0�00�0�12]
−0�17

[−0�41�−0�08]
Hicksian 0�54

[0�27�1�29]
1�19

[1�10�2�25]
0�11

[−0�01�0�14]
0�77

[0�59�1�10]

aN = 50�895. ∗p < 0�10, ∗∗p < 0�05, ∗∗∗p < 0�01. Controls as in Table 3. Elasticities are calculated as averages within a 5 percent
band of the 50th percentile of the Marshallian distribution. 95% confidence intervals in square brackets. Confidence intervals are
bootstrapped with 1000 replications.

Estimation Method and Normalization

We start by considering the issue of how the MRS is normalized. Recall that our MRS
relationship is

lnwf
h�t =ψ0 +ψzh�t − θ ln lh�t +φ ln ch�t + υh�t � (46)

As Keane (2011) noted, this is not a labor supply equation but an equilibrium condi-
tion in which wages, leisure, and consumption are all endogenous. All three variables are
potentially correlated with the error term υh�t and so there is no natural choice of the
dependent variable.

Despite this, we find that, when conventional methods are used, results can be highly
sensitive to whether wages, leisure, or consumption are placed on the left-hand side of the
MRS equation. Table XV shows results from estimating φ and θ using GMM under the
three different possible normalizations. We include results from our baseline specification
in the first column. The implied parameter estimates and elasticities vary a great deal
across these different approaches. When wages are selected as the left-hand-side variable,
elasticities are relatively large. When leisure is the dependent variable, they are much
smaller. Very similar considerations apply to the estimation of our Euler equation.

Differences of this kind can emerge in IV estimation in 2SLS and GMM estimation
when the instruments chosen are relatively weak. Indeed, Hahn and Hausman (2003)
proposed using the differences in parameters implied by 2SLS estimates run under dif-
ferent normalizations as a test of instruments’ strength.

Various papers have discussed possible remedies for cases when strong instruments
are not available (Hahn and Hausman (2003), Hausman, Newey, Woutersen, Chao, and
Swanson (2012)). One possible solution is to use estimators such as Limited Information
Maximum Likelihood (LIML) rather than 2SLS, which is known to have poor bias prop-
erties in such circumstances (Staiger and Stock (1997), Nelson and Startz (1990)). Using
the notation from Davidson and MacKinnon (2004), for the case where

y = Zβ1 +Yβ2 + u=Xβ+ u�
Y =ΠW + v�
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where Z is a matrix of exogenous variables, Y a matrix of endogenous variables, and
W = [Z�W1] (with W1 being a matrix of instruments). Matrices X and W are n× k and
n× l, respectively (with l ≥ k). In general, so-called k-class estimators such as OLS, 2SLS,
and LIML can be written in the form

β̂LIML = (
X ′(I − kMW )X

)−1
X ′(I − kMW )y� (47)

where MW = I −W (W ′W )W ′. In the case of OLS, k= 0, and in the case of 2SLS, k= 1.
In the case of LIML, we use

k= kLIML = (y −Yβ2)
′MZ(y −Yβ2)

(y −Yβ2)
′MW (y −Yβ2)

� (48)

While LIML is often found to have better bias properties than 2SLS, it has long
been recognized that conventional normalizations of LIML do not have finite moments
(Mariano and Sawa (1972), Sawa (1972)), and simulation exercises have shown that this
can add considerable volatility to empirical estimates (Hahn, Hausman, and Kuersteiner
(2004)). As a result, Hahn, Hausman, and Kuersteiner (2004) recommended the use of
either jack-knifed 2SLS or the modification of LIML proposed by Fuller (1977). For this
latter estimator, we replace k in equation (47) with

kFuller = kLIML − λ

(n− k)� (49)

where λ here is a parameter chosen by the researcher, to obtain a value for β̂Fuller. We
choose a value of 1 for this as suggested by Davidson and MacKinnon (2004), as it yields
estimates that are approximately unbiased. The resulting estimator is guaranteed to have
bounded moments in finite samples (Fuller (1977)). Since the adjustment to LIML is
smaller when (n− k) is large, the Fuller estimator will be closer to LIML when sample
sizes are large relative to the number of instruments. In our case, the Fuller estimator can
be thought of as a compromise between 2SLS and LIML, as it adjusts the value of k we
use downwards slightly towards 1.

As well as its superior bias properties, the Fuller estimator has the advantage that it
is much less sensitive than GMM or 2SLS to the choice of the dependent variable, as
Table XVI shows. Both the elasticity and parameter estimates obtained using alternative
normalizations of the Fuller estimator are very similar to our baseline results.

Alternative Instruments

In Table XVII, we show results using alternative choices of instruments. We show re-
sults using GMM (with wages as the dependent variable) and the Fuller estimator de-
scribed above, in both cases using a full set of cohort-education-year interactions as used
in Blundell, Duncan, and Meghir (1998). This approach is similar to the approach we
adopt for our main results but interacts cohort-education dummies full set of year effects
rather than a polynomial in time trends. The estimates we obtain from fully adopting
the Blundell, Duncan, and Meghir (1998) approach are very similar to our main results,
though somewhat less precise.

The sensitivity of our results to the choice of instruments is on the whole quite small
when we compare it to the differences that can arise from the choice of estimation
method. Just as we find for our main set of results, the hours elasticities estimated us-
ing the GMM estimator with wages as the dependent variable are substantially larger
than those using the Fuller estimator when using the alternative instrument set.
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TABLE XVI

MRS ESTIMATES WITH DIFFERENT DEPENDENT VARIABLESa

Dependent Variable

Wages Leisure Consumption

Parameters
θ 1�75∗∗

[0�34�5�12]
1�84∗

[−0�43�5�38]
1�75∗

[−0�00�4�60]
φ 0�76∗∗∗

[0�55�0�95]
0�76∗∗∗
[0�53�0�95]

0�77∗∗∗
[0�58�0�95]

Wage elasticities at median
Marshallian 0�18

[0�05�0�38]
0�17

[0�06�0�37]
0�18

[0�07�0�42]
Hicksian 0�54

[0�24�1�07]
0�53

[0�23�0�95]
0�54

[0�27�1�29]

aN = 50�895. ∗p < 0�10, ∗∗p < 0�05, ∗∗∗p < 0�01. Controls as in Table 3. Elasticities are calcu-
lated as averages within a 5 percent band of the 50th percentile of the Marshallian distribution. 95%
confidence intervals in square brackets. Confidence intervals are bootstrapped with 1000 replications.

Alternative Samples

Table XVIII shows how our MRS results are affected by alternative sample selection
choices. Column (1) presents results when we exclude those individuals who report work-
ing exactly 40 hours a week. The justification of this experiment is that these individuals
may be affected by some kind of friction that does not allow them to adjust their hours
worked as desired. Such frictions would mean that the MRS condition that we exploit to
recover φ and θ need not hold. Excluding these observations, we obtain greater estimates
of our Marshallian and Hicksian hours elasticities (at 0.45 and 0.72, respectively). These
values are, however, somewhat imprecisely estimated and the confidence bands that sur-
round them include our baseline estimates.

In Column (2), we show results when we exclude individuals working less than 20 hours
per week (with an appropriate adjustment to our selection correction). We consider re-
sults from this specification because there may be certain frictions that prevent individuals
working fewer hours than this, which would again lead to potential violations of the MRS

TABLE XVII

MRS ESTIMATES USING ALTERNATIVE INSTRUMENTSa

Fuller GMM

Parameters
θ 1�93

[−9�09�11�58]
0�08

[−0�20�0�19]
φ 0�76∗∗∗

[0�42�1�03]
0�52∗∗∗
[0�41�0�52]

Wage elasticities at median
Marshallian 0�17

[−0�84�1�13]
1�08

[1�04�2�29]
Hicksian 0�51

[−1�91�2�65]
1�97

[1�82�3�85]

aN = 50�895. ∗p< 0�10, ∗∗p< 0�05, ∗∗∗p< 0�01. We use a full set of cohort-education-year dum-
mies as instruments, following Blundell, Duncan, and Meghir (1998). Controls as in Table 3. Elas-
ticities are calculated as averages within a 5 percent band of the 50th percentile of the Marshallian
distribution. 95% confidence intervals in square brackets. Confidence intervals are bootstrapped with
1000 replications.
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TABLE XVIII

MRS ESTIMATES USING ALTERNATIVE SAMPLES/HOURS MEASURESa

Exc. 40 Hours Exc. <20 Hours Born 1925–1965 Ann. Hours
(1) (2) (3) (4)

Parameters
θ 1�52

[−3�16�5�69]
2�81

[−2�48�9�81]
2�08∗∗∗
[0�68�4�66]

2�30∗
[−1�30�7�00]

φ 0�42∗
[−0�05�0�92]

0�76∗∗∗
[0�33�1�03]

0�56∗∗∗
[0�42�0�82]

0�78∗∗∗
[0�53�1�01]

Wage elasticities at median
Marshallian 0�45

[−0�45�1�41]
0�13

[0�02�0�30]
0�27

[0�09�0�62]
0�13

[−0�09�0�41]
Hicksian 0�72

[−1�29�2�57]
0�39

[−0�14�1�43]
0�53

[0�27�1�09]
0�42

[−0�25�1�24]
N 26,060 47,743 39,057 50,895

a∗p < 0�10, ∗∗p < 0�05, ∗∗∗p < 0�01. Specification (1) excludes individuals who work exactly 40 hours. Specification (2) excludes
those working less than 20 hours (part-time workers). Specification (3) only includes individuals from cohorts with the most similar
labor supply choices over the life-cycle. Elasticities are calculated as averages within a 5 percent band of the 50th percentile of the
Marshallian distribution. 95% confidence intervals in square brackets. Confidence intervals are bootstrapped with 1000 replications.

condition. Excluding these observations delivers somewhat lower elasticity estimates, but
again the estimates are imprecise.

Finally, in Column (3), we consider only those ten-year birth cohorts with the most
similar labor supply behavior over the life-cycle. In particular, we exclude those born be-
fore 1925, as they tend to work fewer hours at older ages than other cohorts, and those
born after 1975, as less-educated individuals born after this date tend to have lower em-
ployment rates than other earlier cohorts at the same ages. Using this sample, we obtain
a Marshallian elasticity of 0.27 and a Hicksian elasticity of 0.53. While the Marshallian
elasticity estimated from this sample is slightly higher than our baseline estimates, the
Hicksian elasticity is essentially unchanged.

Alternative Definitions of Hours

In Column (4) of Table XVIII, we consider how elasticity estimates are affected when
we use an alternative measure of hours of leisure. The measure we use here is

leisure = 5200 − hours per week × weeks worked per year
52

� (50)

This measure accounts for the observed variation in weeks worked per year in addition
to variation in hours worked per week across workers.

The elasticities resulting from this exercise are, in general, lower, but on the whole,
similar to those in our baseline specification, with a Marshallian elasticity of 0.13 and a
Hicksian elasticity of 0.42. The value of θ is larger than in our main results (at 2.30), and
much less precisely estimated. The value of φ is essentially unchanged.

External Parameters for the Calibration

Table XIX reports the complete set of estimated and external parameters used in the
calibration. The first panel reports the estimated parameters from Tables 3 and 4. The
second panel reports parameters that come from external sources.



AGGREGATING ELASTICITIES 15

TABLE XIX

EXTERNAL PARAMETERS

Estimated Parameters (From First-Order Conditions)

Curvature on leisure θ 1�75
Curvature on consumption φ 0�76
Curvature on utility γ 2�07

Exogenous Parameters

Interest rate (annual) r 0�015
Regression log wage on age and age2 (Men) ιm1 , ιm2 0�0684�−0�00065
Husband and wife wage correlation ρ 0�25
Standard deviation of permanent shock (Men) σξm 0�077
Standard deviation of initial wage (Men) σξm0 0�54
Length of life (in years) T 50
Length of working life (in years) R 40

APPENDIX E (TO SECTION 6): RESULTS FOR CES AND ADDITIVE SEPARABILITY

In this appendix, we discuss results for alternative specifications of our utility function.
In particular, we consider results from a standard CES utility function (where we impose
that θ = φ), and one where we impose additive separability between consumption and
leisure (i.e., γ = 0).

Table XX presents parameter estimates when we impose the restrictions implied by
CES utility. Under this functional form for utility, we get a slightly larger value of φ and a
much lower value of θ than we obtain from our preference specification (at 0.83 compared
to 0.76 and 1.75 that we obtain for φ and θ, respectively, in Table 3). We also obtain a
slightly larger value of γ, however (at 3.04 compared to 2.07 for our less restrictive utility
function).

Taken together, the CES parameter estimates imply that utility is less concave in leisure,
and hence that labor supply elasticities are greater. We show the elasticities implied by
these estimates in Table XXI. While Marshallian hours elasticities for the CES specifi-
cation are only greater at the upper end of the distribution, the estimated Hicksian and
Frisch hours elasticities are roughly 50% larger. The CES estimates also imply a more sub-
stantial degree of non-separability between consumption and leisure. The Frisch elasticity
of consumption with respect to predictable wage increases has a median of around 0.4
compared to 0.05 from our main estimates. This reflects both a greater sensitivity of the
marginal utility of consumption to changes in leisure and the fact that leisure responses to
given wage changes will, in general, be greater under these preferences. Finally, we note

TABLE XX

PARAMETER VALUES

CES

φ 0�83
[0�66�0�97]

θ 0�83
[0�66�0�97]

γ 3�04
[0�64�4�27]
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TABLE XXI

ELASTICITIES AT PERCENTILES OF MARSHALLIAN DISTRIBUTION: CESa

γ = 0 CES

Wage Interest Rate Wage Interest Rate

Frisch Frisch Marshallian Hicksian Frisch Frisch

Hours worked Hours worked
10th 0�84

[0�23�3�17]
0�84

[0�23�3�17]
−0�24

[−0�30�−0�11]
0�48

[0�41�0�60]
1�08

[0�97�1�47]
0�83

[0�63�1�32]
25th 0�83

[0�23�3�15]
0�83

[0�23�3�15]
−0�04

[−0�13�0�12]
0�60

[0�51�0�76]
1�16

[1�06�1�56]
0�85

[0�65�1�35]
50th 0�90

[0�25�3�40]
0�90

[0�25�3�40]
0�21

[0�10�0�42]
0�77

[0�67�0�98]
1�33

[1�23�1�75]
0�93

[0�71�1�47]
75th 1�04

[0�29�3�93]
1�04

[0�29�3�93]
0�54

[0�39�0�82]
1�04

[0�89�1�32]
1�66

[1�53�2�17]
1�13

[0�86�1�78]
90th 1�98

[0�55�7�50]
1�98

[0�55�7�50]
1�11

[0�88�1�55]
1�62

[1�39�2�06]
2�71

[2�51�3�57]
1�89

[1�44�2�99]
Consumption Consumption

25th 0�00
[−�−]

−1�31
[−1�81�−1�05]

0�91
[0�82�1�08]

0�63
[0�54�0�80]

0�32
[0�12�0�53]

−0�59
[−0�93�−0�45]

50th 0�00
[−�−]

−1�31
[−1�81�−1�05]

1�07
[0�97�1�27]

0�72
[0�62�0�91]

0�37
[0�15�0�62]

−0�58
−0�91�−0�44]

75th 0�00
[−�−]

−1�31
[−1�81�−1�05]

1�23
[1�12�1�44]

0�80
[0�68�1�01]

0�42
[0�17�0�69]

−0�57
[−0�90�−0�43]

aElasticities are calculated as averages within 5 percent bands of the 10th, 25th, 50th, 75th, and 90th percentiles of the Marshallian
distribution. 95% confidence intervals in square brackets. Confidence intervals are bootstrapped with 1000 replications.

that the interest rate Frisch elasticity at the median is much lower than in our baseline
specification.

Table XXI also shows Frisch elasticities for our preference specification in the case
where we impose additive separability for preferences over consumption and leisure (i.e.,
we impose that γ = 0). This necessarily sets the Frisch consumption responses to wage
changes to zero. It turns out that Frisch hours elasticities are very similar to those esti-
mated when we allow for non-separability in our main specification. This reflects the fact
that when, as we find, the parameters θ and φ are small and α large, then the numerator
and denominator in formulae for Frisch elasticities given in equations (36) and (37) will
be dominated by the term Mt . Consequently, the impact of small changes in γ will be
limited.

When additive separability is imposed, the Frisch elasticity is identical—a direct result
of setting ucl = 0 in expressions (39) and (40). The estimated Frisch elasticity of consump-
tion with respect to the interest rate (now simply given by −1/φ) also falls relative to our
baseline results, from a median value of −1�19 in our baseline results to −1�31.

APPENDIX F: RETURNS TO EXPERIENCE

We recalibrate parameter values: the fixed cost of working, F̄ , child care price, p, the of-
fered wage gender gap, and ψ0. In addition to these parameters, we also need to calibrate
the parameter that characterizes human capital accumulation function and its depreci-
ation rate.5 As in the baseline, we identify these parameters by targeting participation
rate of women, the participation rate of mothers, the average hours worked, the observed

5Note this is only one parameter in contrast to the two parameters ιf1 and ιf2 for the exogenous wage growth
that were used in the baseline economy.
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TABLE XXII

BASELINE ECONOMY: CALIBRATED PARAMETERS AND TARGETSa

Values

Parameter Name Ret to Exp Baseline

Constant term weight of leisure ψ0 4.13 4.20
Child care cost p 5820 967
Fixed cost of working F̄ 315 468
Offered wage gender gap at age 22 y

f
0 /y

m
0 0.78 0.74

Standard deviation of permanent shock (Women) σξf 0.063 0.063
Standard deviation of initial wage (Women) σξf �0 0.50 0.50
Exogenous growth in offered wage ι

f
1 – 0.052

Exogenous growth in offered wage ι
f
2 – −0.0006

Women’s human capital tech ν 0.003 –
Discount factor (annualized) β 0.99 0.99
Depreciation rate δ 0.017 –

Targets Data Ret to Exp Baseline

Weekly hours worked 37.2 37.5 37.2
Participation rate 0.684 0.690 0.679
Participation rate of mothers 0.538 0.544 0.546
Observed wage gender gap 0.720 0.716 0.727
Observed variance wage growth (Women) 0.004 0.005 0.004
Observed initial variance of wages (Women) 0.14 0.15 0.15
Wage growth (if younger than 40) 0.012 0.013 0.010
Wage growth (if older than 40) 0.001 0.013 0.004
Median wealth to income ratio 1.84 1.82 1.80
Observed depreciation rate −0.050 −0.040 0.02

aStatistics for women born in the 1950s and aged 25 to 55. Wage growth and depreciation rate are annual.

wage gender gap, the observed wage growth at early ages, and the observed depreciation
of wages during non-participation (we take this figure from Attanasio, Low, and Sánchez-
Marcos (2008)). We report the calibrated parameters in Table XXII and compare them
to the baseline. In the context of returns to experience, where there is a strong incentive
to work to reap future returns, a much larger child care cost is required in order to reduce
participation and match participation statistics.

Analogously to Figure 2, Figure 4 shows life-cycle profiles in the simulations and in
the data; and Table XXIII reports additional statistics on the distribution of hours and
of wages. There are some differences between the model with returns to experience and
the baseline. First, there is a decline in the participation profiles at ages beyond 35. These
patterns are not observed either in the data or in the baseline model. Second, very few
women change their participation decisions. For example, the fraction of women who
worked in all previous periods at the age of 52 is 57%, which compares to 40% in the
economy without returns to experience. Third, the child care cost that is needed here to
keep women out of the labor market during childbearing is substantially higher because
of the incentive to accumulate labor market experience. In particular, the monetary fix
child care cost is up to 76% of median earnings of a women aged 25 to 55.
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TABLE XXIII

RETURNS TO EXPERIENCE: STATISTICS ON HETEROGENEITYa

Data Model

Participation rate mothers with children aged 3–17 0.682 0.672
Participation rate childless women 0.755 0.724

Average hours worked 10th percentile 20 21
Average hours worked 25th percentile 35 31
Average hours worked 50th percentile 40 40
Average hours worked 75th percentile 40 46
Average hours worked 90th percentile 48 50

Wage 10th percentile 8.16 7.43
Wage 50th percentile 15.05 15.58
Wage 90th percentile 29.23 31.71

aWomen without dependent children are women who have never had children and those whose
children are over 17.

Response to Temporary Wage Changes

In Table XXIV, we report the labor supply responses in the economy with returns
to experience. The key finding is that, in contrast to the economy without returns to
experience, the extensive margin response is close to zero and, as a result, the aggre-
gate elasticity is about half of the one in the baseline economy (reproduced in the fi-

FIGURE 4.—Life-cycle profiles: baseline model (solid black line) versus data (dashed red line).
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TABLE XXIV

RETURNS TO EXPERIENCE: FRISCH CHANGESa

Intensive Elasticity
Extensive Agg Hours
Response 25th 50th 75th Elasticity Baseline

25–29 0.02 0.65 0.81 1.15 0.91 1.85
30–34 0.04 0.63 0.79 1.17 0.91 1.48
35–39 0.03 0.63 0.78 1.17 0.90 1.45
40–44 0.03 0.61 0.79 1.19 0.89 1.35
45–49 0.04 0.60 0.77 1.19 0.88 1.39
50–55 0.07 0.58 0.75 1.09 0.86 1.45

aThe extensive response is the percentage point change in participation in response to a 1% increase in the wage. The aggregate
hours elasticity reports the percentage change in hours corresponding to a percentage change in the wage, accounting for changes at
both the extensive and intensive margins.

nal column). In the return to experience economy, there is a strong incentive to par-
ticipate to obtain the return to experience. The larger child care cost of participating
that is estimated in this economy alongside the strong incentive to participate implies
that changes in the current wage make little difference to the incentive to participate.
As expected, the size of the intensive margin response is similar to the one in the econ-
omy without returns to experience. Our results here are in line with Imai and Keane
(2004) who argued that the response of labor supply to transitory changes in wages
may be mitigated when there are returns to experience. Our results show that the re-
sponse of the participation margin to a transitory anticipated change in the wage (for
given preferences on the intensive margin) may be very different depending on the as-
sumption that is made about the nature of the wage growth over the life-cycle (exoge-
nous or endogenous). The extra wage that is provided by an anticipated increase in the
wage in a particular period is a small fraction of the total return to participate in that
period (in particular at early ages) and then it has a small impact on the participation
decision.

It may well be that the small response of the extensive margin labor supply that we
find is related to the simple model of return to experience we have considered. Whether
returns to experience operate in a more subtle manner through intensive margins and
the number of hours is a question we leave for future research. If that is the case, we
would need to change substantially the estimation methods we used in the core of the
paper.

One possibility, of course, is that returns to tenure are important for some occupations
and/or skill levels and not for others. In such a case, it would be necessary to introduce an
additional dimension of heterogeneity that would make the aggregation issues we have
repeatedly stressed even more salient.6

Life-Cycle Responses to Changes in Wage Profiles

Finally, in Table XXV, we report the extensive, intensive margin and the macro re-
sponses to an increase in the entire wage profile of 10% for both husband and wife. In

6Alternatively, it could be that returns to experience depend on hours worked. Blundell, Costa, Meghir, and
Shaw (2016) showed that these returns are close to zero for part-time work.
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TABLE XXV

LABOR SUPPLY CHANGES, MARSHALLIANa

Intensive Elasticity
Extensive Agg Hours
Response 25th 50th 75th Elasticity

Ret to experience 0.53 0.25 0.40 0.77 0.99
Baseline 0.51 0.28 0.42 0.67 0.91

aThe extensive response is the percentage point change in participation in response to a 1% increase in the wage. The aggregate
hours elasticity reports the percentage change in hours corresponding to a percentage change in the wage, accounting for changes at
both the extensive and intensive margins.

this case, the response at both the extensive and the intensive margin is very similar in the
economy with and without returns to experience.

APPENDIX G (TO SECTION 3): SELECTION CORRECTION

In this appendix, we consider an extension of the full model that we calibrate in Sec-
tion 5.3. We allow for taste shocks χ and ζ in the utility function. We solve and simulate
this economy and explore the ability of our empirical strategy in Section 3 to recover the
preference parameter values that are assumed in the simulations (φ= 0�76 and θ= 1�75).
We discretize both χ and ζ.

In the first column of Table XXVI, we report the OLS estimates of the MRS equation
using simulated data. We estimate φ = 0�52 and θ = 1�97. These are clearly biased with
respect to the assumed parameter values. As discussed in Section 3, there are two reasons
for the bias. First, regressors are endogenous since consumption and leisure are corre-
lated with the error term in the MRS equation, and, second, there is non-random self-
selection of women into the labor market. In order to address the first issue, we solve and
simulate the economy for several cohorts of women that differ in the average wage they
face. We use the variation in wages across cohorts to instrument consumption and leisure
in the MRS equation and we provide the estimates in the second column of Table XXVI.
Estimated parameter values are still biased with respect to the assumed parameter values.
In order to address the consequences of non-random selection, we estimate a probit of
the participation decision in which we include as exclusion restrictions a cohort dummy
and the log of husband earnings (the same as what we used in the data). We then include
the selection correction terms as regressors of the MRS equation and report the results
in the third column of the table. In this case, estimated parameter values are very close to
the assumed parameter values.

TABLE XXVI

MRS ESTIMATES WITH SIMULATED DATAa

OLS IV IV + Selection Correction

φ 0�52∗∗∗ 0�61∗∗∗ 0�76∗∗∗

(0�000130) (0�00229) (0�0666)
θ 1�97∗∗∗ 2�20∗∗∗ 1�71∗

(0�000561) (0�00528) (0�902)

aStandard errors in parentheses. ∗p< 0�10, ∗∗p< 0�05, ∗∗∗p< 0�01.
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