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APPENDIX B

IN THIS APPENDIX, we provide the proofs of theoretical results and techni-
cal lemmas that were omitted in the paper. We first give, in Section B.1, the
proof of Lemma A.1. Then, in Section B.2, we give a detailed proof of con-
sistency of the XMM estimator (see Appendix A.1.3). In Sections B.3–B.6, we
prove Lemma A.2, Corollary 6, Lemma A.3, and Corollary 8, respectively. In
Section B.7, we discuss regularity conditions for XMM estimation when the
DGP is the stochastic volatility model of Section 3.2. In Section B.8, we derive
the risk-neutral distribution in the stochastic volatility model. In Section B.9,
we prove Lemma A.4. Finally, in Section B.10, we provide the Fourier trans-
form methods used for option pricing and cross-sectional calibration in the
stochastic volatility model. We use the notation K1 and K2 to denote the di-
mensions of functions g1 and g2, respectively. Further, g̃2 denotes function
g̃2 = (g∗′

2 �1)′ = (g′
2� a

′�1)′.

B.1. Proof of Lemma A.1

B.1.1. Conditions for Weak Convergence of the Kernel Empirical Process

The process ΨT(θ)� θ ∈Θ, can be written as

ΨT(θ)=
( √

T
(
Ê[g1(θ)] −E[g1(θ)]

)√
ThdT

(
Ê[g∗

2(θ)|x0] −E[g∗
2(θ)|x0]

)) � θ ∈Θ�(B.1)

where g∗
2 denotes function g∗

2 = (g′
2� a

′)′. Let us rewrite the second component
of ΨT(θ)� For θ ∈Θ, let us define (see Assumption A.12)

ϕ(θ) := ϕ(x0;θ)=E[g∗
2(θ)|x0]f (x0)

and the corresponding kernel estimator

ϕ̂(θ)= 1
ThdT

T∑
t=1

g∗
2(yt;θ)K

(
xt − x0

hT

)
�
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We have √
ThdT

(
Ê[g∗

2(θ)|x0] −E[g∗
2(θ)|x0]

)
=
√
ThdT

(
ϕ̂(θ)

f̂ (x0)
− ϕ(θ)

f (x0)

)
= 1
f (x0)

√
ThdT (ϕ̂(θ)−ϕ(θ))− E[g∗

2(θ)|x0]
f (x0)

√
ThdT (f̂ (x0)− f (x0))

− 1
f (x0)

√
ThdT

(
Ê[g∗

2(θ)|x0] −E[g∗
2(θ)|x0]

)
(f̂ (x0)− f (x0))�

This can be rewritten as√
ThdT

(
Ê[g∗

2(θ)|x0] −E[g∗
2(θ)|x0]

)[
1 + 1

f (x0)
(f̂ (x0)− f (x0))

]
(B.2)

= 1
f (x0)

√
ThdT (ϕ̂(θ)−ϕ(θ))− E[g∗

2(θ)|x0]
f (x0)

√
ThdT (f̂ (x0)− f (x0))�

Under Assumptions A.5–A.9, we have (see Bosq (1998, Theorem 2.3))

f̂ (x0)− f (x0)= op(1)�(B.3)

From (B.1)–(B.3) we get

ΨT(θ)=H0(θ)ν
∗
T (θ)(1 + op(1))� θ ∈Θ�(B.4)

where process ν∗
T (θ) is defined by

ν∗
T (θ)=

⎛⎝
√
T(Ê[g1(θ)] −E[g1(θ)])√
ThdT (ϕ̂(θ)−ϕ(θ))√
ThdT (f̂ (x0)− f (x0))

⎞⎠ � θ ∈Θ�(B.5)

matrix H0(θ) is given by

H0(θ)=
(

IdK1 0 0
0 1

f (x0)
IdK2+L − 1

f (x0)
E[g∗

2(θ)|x0]
)
� θ ∈Θ�

K1 := dim(g1), K2 := dim(g2), and the op(1) term is uniform in θ ∈ Θ. The
following lemma shows that process ν∗

T (θ) is asymptotically equivalent to a
zero-mean empirical process plus a bias function.

LEMMA B.1: Under Assumptions A.4, A.6, A.8, A.9, and A.12,( √
ThdT (E[ϕ̂(θ)] −ϕ(θ))√
ThdT

(
E[f̂ (x0)] − f (x0)

))(B.6)

=
√

limThd+2m
T

m! wm

(
Δmϕ(x0;θ)
Δmf (x0)

)
+ o(1) uniformly in θ ∈Θ�
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PROOF: From a standard bias expansion and Assumption A.8, we have

E[ϕ̂(θ)] −ϕ(θ)= 1
hdT
E

[
ϕ(X;θ)K

(
X − x0

hT

)]
−ϕ(θ)

=
∫

[ϕ(x0 + hTu;θ)−ϕ(x0;θ)]K(u)du

= hmT
m!

∑
α:|α|=m

∫
∇αϕ(x0 + hT ũ;θ)uαK(u)du�

where ũ is an intermediary point (depending on u). Since ∇αϕ is uni-
formly continuous on X ×Θ (Assumption A.12), and Θ is compact (As-
sumption A.4), we have that

∫ ∇αϕ(x0 + hT ũ;θ)uαK(u)du converges to
∇αϕ(x0;θ)

∫
uαK(u)du uniformly in θ ∈Θ for any α ∈ N

d with |α| =m. A sim-
ilar argument applies forE[f̂ (x0)]−f (x0). SinceK is a product kernel of order
m (Assumption A.8), the conclusion follows. Q.E.D.

From (B.4)–(B.6), we deduce

ΨT(θ)= [H0(θ)νT (θ)+ b(θ)+ o(1)](1 + op(1))� θ ∈Θ�(B.7)

uniformly in θ ∈Θ, where the empirical process νT (θ) is defined as

νT (θ)=
⎛⎜⎝

√
T
(
Ê[g1(θ)] −E[g1(θ)]

)√
ThdT

(
ϕ̂(θ)−E[ϕ̂(θ)])√

ThdT
(
f̂ (x0)−E[f̂ (x0)]

)
⎞⎟⎠ � θ ∈Θ�

Lemma A.1 follows if the empirical process νT (θ) converges weakly

νT (θ)�⇒ ν(θ)� θ ∈Θ�(B.8)

where ν(θ) is a Gaussian process on Θ with covariance operator

Γ0(θ� τ)

=
⎛⎝S0(θ� τ) 0 0

0 w2f (x0)E(g
∗
2(θ)g

∗
2(τ)

′|x0) w2f (x0)E(g
∗
2(θ)|x0)

0 w2f (x0)E(g
∗
2(τ)

′|x0) w2f (x0)

⎞⎠ �
θ� τ ∈Θ�

and

S0(θ� τ)=
∞∑

k=−∞
Cov[g1(Xt�Yt;θ)�g1(Xt−k�Yt−k;τ)]�
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To prove the weak convergence (B.8) of empirical process νT (θ), let us note
that

νT (θ)= T−1/2
T∑
t=1

(
vt�T (θ)−E[vt�T (θ)]

)
� θ ∈Θ�

where

vt�T (θ)=
(
g1(Xt�Yt;θ)′�h−d/2

T g̃2(Yt;θ)′K
(
Xt − x0

hT

))′

and g̃2 denotes function g̃2 = (g∗′
2 �1)′. From Theorem 10.2 of Pollard (1990),

the weak convergence of νT (θ) to Gaussian process ν(θ) overΘ⊂ R
p compact

is implied by conditions (i) and (ii) of Proposition B.2.

PROPOSITION B.2: The following conditions are satisfied:
(i) Under Assumptions A.1, A.5–A.15, for any θ1� � � � � θn ∈ R

p, n ∈ N, the vec-
tor (νT (θ1)

′� � � � � νT (θn)′)′ is asymptotically normally distributed with mean zero,
and asymptotic variance–covariance matrix such that

AsCov(νT (θi)� νT (θj))= Γ0(θi� θj)� i� j = 1� � � � � n�

(ii) Under Assumptions A.4, A.5, A.8, A.9, and A.16–A.18, the empirical pro-
cess νT (θ) is stochastically equicontinuous, that is, ∀ε�η > 0, ∃δ > 0,

lim sup
T→∞

P∗
[

sup
θ�τ∈Θ:d(θ�τ)<δ

‖νT (θ)− νT (τ)‖>η
]

≤ ε�

where d(·� ·) is a metric on Θ and P∗ denotes the outer probability.

These conditions imply the weak convergence of empirical process νT (and,
thus, the weak convergence of ΨT ). Conditions (i) and (ii) of the previous
proposition are verified in Sections B.1.2 and B.1.3, respectively.

B.1.2. Finite-Dimensional Convergence

To prove condition (i) of Proposition B.2, we use the Cramer–Wold device
and follow an approach similar to Bosq (1998, Theorems 2.3 and 3.4), and Ten-
reiro (1995, Theorem 1.3.10). Let λ= (λ′

1� � � � � λ
′
n)

′ ∈ R
n(K1+K2+L+1) and define

the zero-mean triangular array

Zt�T =
n∑
i=1

1√
T
λ′
i

(
vt�T (θi)−E[vt�T (θi)]

)
� t ≤ T�T ≥ 1�
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Then we can write

(νT (θ1)
′� � � � � νT (θn)′)λ=

T∑
t=1

Zt�T �

Let m=mT and q= qT be sequences of integer numbers such that

mT =O(Ta)� qT =O(Tb)� 0< b< a< 1�

and let us define k = kT = �T/(mT + qT )�� In particular, kT = O(T 1−a). Let
us divide the sample into 2k+ 1 blocks, whose length is equal to m for blocks
1�3� � � � �2k− 1, equal to q for blocks 2�4� � � � �2k, and equal to T − k(m+ q)
for the last block. More specifically, define

Y1�T =Z1�T + · · · +Zm�T � Y ′
1�T =Zm+1�T + · · · +Zm+q�T �

Y2�T =Zm+q+1�T + · · · +Z2m+q�T � Y ′
2�T =Z2m+q+1�T + · · · +Z2m+2q�T �

���

Yk�T =Z(k−1)(m+q)+1�T + · · · +Zkm+(k−1)q�T �

Y ′
k�T =Zkm+(k−1)q+1�T + · · · +Zkm+kq�T �

Thus, we can write

(νT (θ1)
′� � � � � νT (θn)′)λ=

k∑
l=1

Yl�T +
k∑
l=1

Y ′
l�T +Y ′′

T �(B.9)

where Y ′′
T = Zk(m+q)+1�T + · · · +ZT�T . Then we will prove that the first term in

the decomposition is asymptotically normal and that the last two terms are
negligible.

B.1.2.1. The First Term Is Asymptotically Normal.

LEMMA B.3: Under Assumptions A.1, A.5–A.9, and A.11–A.14, there exist
independent and identically distributed (i.i.d.) random variablesY ∗

l�T , l= 1� � � � �k,
such that Y ∗

l�T

d= Yl�T , l= 1� � � � �k, and
∑k

l=1Y
∗
l�T −∑k

l=1Yl�T = op(1).

PROOF: Let cT := E[(Y1�T )
2]1/2 and 0 < ξT < cT . From Bradley’s lemma

(e.g., Bosq (1998, Lemma 1.2)), there exist i.i.d. random variables Y ∗
l�T , l =

1� � � � �k, such that Y ∗
l�T

d= Yl�T , l= 1� � � � �k, and

P(|Y ∗
l�T −Yl�T |> ξT)≤ 11(cT/ξT )2/5α(qT )

4/5� l= 1� � � � �k�
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where α(·) are the mixing coefficients of process (X ′
t �Y

′
t )

′� It will be proved
below (see Lemma B.4) that cT = O((m/T)1/2). Let ε > 0 be given and let
ξT := ε/kT = o((m/T)1/2). Thus, we have

P(|Y ∗
l�T −Yl�T |> ε/kT)=O(k2/5

T (m/T)
1/5α(qT )

4/5
)
� l= 1� � � � �k�

We deduce

P

(∣∣∣∣∣
k∑
l=1

Y ∗
l�T −

k∑
l=1

Yl�T

∣∣∣∣∣> ε
)

≤ P
(

k∑
l=1

|Y ∗
l�T −Yl�T |> ε

)

≤
k∑
l=1

P(|Y ∗
l�T −Yl�T |> ε/kT)

= O
(
k7/5
T (m/T)

1/5α(qT )
4/5
)
�

Since α(·) has geometric decay by Assumption A.5,O(k7/5
T (m/T)

1/5α(qT )
4/5)=

o(1)� The proof is concluded. Q.E.D.

Thus, we have

k∑
l=1

Yl�T =
k∑
l=1

Y ∗
l�T + op(1)�(B.10)

The asymptotic normality of

k∑
l=1

Y ∗
l�T

d−→N(0�σ2)�

where σ2 > 0 is given below, is proved by using the Liapunov CLT (Billingsley
(1965)). For this purpose we show that

k∑
l=1

E[(Y ∗
l�T )

2] → σ2�

k∑
l=1

E[(Y ∗
l�T )

3] → 0�

These two conditions are verified in Lemmas B.4 and B.5, respectively.

LEMMA B.4: Under Assumptions A.1, A.5–A.9, and A.11–A.14, we have

k∑
l=1

E[(Y ∗
l�T )

2] → λ′Σλ�
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where Σ= (Σij) is the matrix with blocks

Σij =
⎛⎜⎝

∞∑
k=−∞

Cov(g1(Xt�Yt;θi)� g1(Xt−k�Yt−k;θj))

0

0

w2f (x0)E[̃g2(Yt;θi)g̃2(Yt;θj)′|Xt = x0]
)

PROOF: We have

k∑
l=1

E[(Y ∗
l�T )

2]

= kV [Y ∗
1�T ] = kV

[
n∑
i=1

m∑
t=1

1√
T
λ′
ivt�T (θi)

]

= km

T

n∑
i�j=1

λ′
i Cov

[
1√
m

m∑
t=1

vt�T (θi)�
1√
m

m∑
t=1

vt�T (θj)

]
λj�

Since km/T → 1, it is sufficient to prove that

ΣT�ij := Cov

[
1√
m

m∑
t=1

vt�T (θi)�
1√
m

m∑
t=1

vt�T (θj)

]
→ Σij� i� j = 1� � � � � n�

Let us write

ΣT�ij =
(
Σ11
T�ij Σ12

T�ij

Σ21
T�ij Σ22

T�ij

)
�

where

Σ11
T�ij = Cov

(
1√
m

m∑
t=1

g1(Xt�Yt;θi)� 1√
m

m∑
t=1

g1(Xt�Yt;θj)
)
�

Σ12
T�ij = Σ21′

T�ij = Cov

(
1√
m

m∑
t=1

g1(Xt�Yt;θi)�

1√
m

m∑
t=1

h−d/2
T g̃2(Yt;θj)K

(
Xt − x0

hT

))
�
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Σ22
T�ij = Cov

(
1√
m

m∑
t=1

h−d/2
T g̃2(Yt;θi)K

(
Xt − x0

hT

)
�

1√
m

m∑
t=1

h−d/2
T g̃2(Yt;θj)K

(
Xt − x0

hT

))
�

and derive the limit of each term for T → ∞.
(i) For Σ11

T�ij , we have

Σ11
T�ij = Cov(g1(Xt�Yt;θi)� g1(Xt�Yt;θj))

+
m−1∑
l:|l|=1

(
1 − |l|

m

)
Cov(g1(Xt�Yt;θi)� g1(Xt−l�Yt−l;θj))�

From Assumption A.11 and Cauchy–Schwarz inequality, we get

E
[‖g1(Xt�Yt;θi)‖r̄

]
<∞

for r̄ > 2. Then, by the Davidov inequality (Bosq (1998, Corollary 1.1)) and
Assumption A.5, we get∥∥Cov(g1(Xt�Yt;θi)� g1(Xt−l�Yt−l;θj))

∥∥
=O(ρlE[‖g1(Xt�Yt;θi)‖r̄

]1/r̄
E
[‖g1(Xt�Yt;θj)‖r̄

]1/r̄)
for some 0< ρ< 1. Thus, the cross-autocovariances are summable and

lim
T→∞

Σ11
T�ij =

∞∑
l=−∞

Cov(g1(Xt�Yt;θi)� g1(Xt−l�Yt−l;θj))�

(ii) Let us now consider Σ22
T�ij . We have

Σ22
T�ij = Cov

(
h−d/2
T g̃2(Yt;θi)K

(
Xt − x0

hT

)
�(B.11)

h−d/2
T g̃2(Yt;θj)K

(
Xt − x0

hT

))

+
m−1∑
l:|l|=1

(
1 − |l|

m

)
Cov

(
h−d/2
T g̃2(Yt;θi)K

(
Xt − x0

hT

)
�

h−d/2
T g̃2(Yt−l;θj)K

(
Xt−l − x0

hT

))

≡ Γ0T�ij +
m−1∑
l:|l|=1

(
1 − |l|

m

)
ΓlT�ij�
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Let us first consider the covariance term Γ0T�ij . The functions E[̃g2(Yt;θj)|
Xt = ·]f (·) and E[̃g2(Yt;θi)g̃2(Yt;θj)′|Xt = ·]f (·) are Lebesgue-integrable. In-
deed, by twice applying the Cauchy–Schwarz inequality, we get∫ ∥∥E[g∗

2(Yt;θ)g∗
2(Yt;τ)′|Xt = x]

∥∥f (x)dx
≤
∫
E
[‖g∗

2(Yt;θ)‖2|Xt = x
]1/2
E
[‖g∗

2(Yt;τ)‖2|Xt = x
]1/2
f (x)dx

≤
(∫

E
[‖g∗

2(Yt;θ)‖2|Xt = x
]
f (x)dx

)1/2

×
(∫

E
[‖g∗

2(Yt;τ)‖2|Xt = x
]
f (x)dx

)1/2

=E[‖g∗
2(Yt;θ)‖2

]1/2
E
[‖g∗

2(Yt;τ)‖2
]1/2

<∞
by Assumption A.11 and, similarly,∫ ∥∥E[g∗

2(Yt;θ)|Xt = x]
∥∥f (x)dx≤E[‖g∗

2(Yt;θ)‖2
]1/2

<∞�

Since the functions E[̃g2(Yt;θj)|Xt = ·]f (·) and E[̃g2(Yt;θi)g̃2(Yt;θj)′|
Xt = ·]f (·) are Lebesgue-integrable and continuous at x = x0 (Assump-
tions A.12 and A.13), we can apply Bochner’s lemma (e.g., Bosq and Lecoutre
(1987, p. 61)) to deduce that

E

[
h−d
T g̃2(Yt;θj)K

(
Xt − x0

hT

)]
=E[̃g2(Yt;θj)|Xt = x0]f (x0)+ o(1)�

h−d
T E

[
g̃2(Yt;θi)g̃2(Yt;θj)′K

(
Xt − x0

hT

)2]
=w2E[̃g2(Yt;θi)g̃2(Yt;θj)′|Xt = x0]f (x0)+ o(1)�

Then

Γ0T�ij = h−d
T E

[
g̃2(Yt;θi)g̃2(Yt;θj)′K

(
Xt − x0

hT

)2]
+O(hdT )

= w2f (x0)E[̃g2(Yt;θi)g̃2(Yt;θj)′|Xt = x0] + o(1)�

Let us now consider the term
∑m−1

l:|l|=1(1− |l|
m
)ΓlT�ij in equation (B.11). By repeat-

ing the argument used by Bosq (1998, proof of Theorem 2.3), in the case of the
density estimator, it is possible to prove that Assumptions A.5–A.9, A.11, and
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A.14 imply (see Section B.1.4 for the detailed derivation)

m−1∑
l:|l|=1

(
1 − |l|

m

)
ΓlT�ij = o(1)�

Finally, we conclude

lim
T→∞

Σ22
T�ij =w2f (x0)E[̃g2(Yt;θi)g̃2(Yt;θj)′|Xt = x0]�

(iii) Finally, let us consider Σ12
T�ij . By a similar argument as for Σ22

T�ij , the
cross-terms are negligible. Thus, using Assumptions A.1, A.8, A.9, A.13, and
Bochner’s lemma, we get

Σ12
T�ij = Cov

(
g1(Xt�Yt;θi)�h−d/2

T g̃2(Yt;θj)K
(
Xt − x0

hT

))
+ o(1)

= h−d/2
T E

[
g1(Xt�Yt;θi)g̃2(Yt;θj)′K

(
Xt − x0

hT

)]
+ o(1)

= hd/2T w
2f (x0)E[g1(Xt�Yt;θi)g̃2(Yt;θj)′|Xt = x0] + o(1)

= o(1)�

The proof is concluded. Q.E.D.

LEMMA B.5: Under the assumptions of Lemma B.4 and Assumption A.15, the
Liapunov condition holds:

k∑
l=1

E[(Y ∗
l�T )

3] → 0�

PROOF: By Cauchy–Schwarz, we have

k∑
l=1

E[(Y ∗
l�T )

3] = kE[(Y ∗
1�T )

3] ≤ (kE[(Y ∗
1�T )

4])1/2(kE[(Y ∗
1�T )

2])1/2�

Since kE[(Y ∗
1�T )

2] =O(1) by Lemma B.4, it is sufficient to prove

kE[(Y ∗
1�T )

4] = o(1)�
Since (

kE[(Y ∗
1�T )

4])1/4

≤
n∑
i=1

‖λi‖
(
kE

[∥∥∥∥∥ 1√
T

m∑
t=1

(
vtT (θi)−E[vtT (θi)]

)∥∥∥∥∥
4])1/4

�
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we have to show

kE

[∥∥∥∥∥ 1√
T

m∑
t=1

(
vtT (θi)−E[vtT (θi)]

)∥∥∥∥∥
4]

= o(1) ∀i= 1� � � � � n�(B.12)

We have

kE

[∥∥∥∥∥ 1√
T

m∑
t=1

(
vtT (θi)−E[vtT (θi)]

)∥∥∥∥∥
4]

= k

T 2
E

[∥∥∥∥∥
m∑
t=1

VtT�i

∥∥∥∥∥
4]

(B.13)

≤ k

T 2
E

[(
m∑
t=1

‖VtT�i‖
)4]

�

where VtT�i := vtT (θi)−E[vtT (θi)]. Moreover,

E

[(
m∑
t=1

‖VtT�i‖
)4]

=
∑
t

E[‖VtT�i‖4](B.14)

+
∑
t1 �=t2

E
[∥∥Vt1T�i∥∥2∥∥Vt2T�i∥∥(∥∥Vt1T�i∥∥+ ∥∥Vt2T�i∥∥)]

+
∑

t1 �=t2 �=t3
E
[∥∥Vt1T�i∥∥2∥∥Vt2T�i∥∥∥∥Vt3T�i∥∥]

+
∑

t1 �=t2 �=t3 �=t4
E
[∥∥Vt1T�i∥∥∥∥Vt2T�i∥∥∥∥Vt3T�i∥∥∥∥Vt4T�i∥∥]�

where summations are over 1� � � � �m. Let us now derive the orders of the dif-
ferent terms. Since

‖VtT�i‖ ≤ ‖vtT (θi)‖ +E[‖vtT (θi)‖]�
‖vtT (θi)‖ ≤ ‖g1(Xt�Yt;θi)‖ + h−d/2

T ‖g̃2(Yt;θi)‖
∣∣∣∣K(Xt − x0

hT

)∣∣∣∣�
E[‖vtT (θi)‖] =O(1)�

by Assumption A.11, the leading terms are either of O(1) or the terms involv-
ing the highest power of h−d/2

T ‖g̃2(Yt;θi)‖|K(Xt − x0/hT )|.
(i) We have

E[‖VtT�i‖4] = O

(
h−2d
T E

[
‖g̃2(Yt;θi)‖4K

(
Xt − x0

hT

)4])
= O

(
h−2d
T ‖K‖3

∞E
[
‖g̃2(Yt;θi)‖4

∣∣∣∣K(Xt − x0

hT

)∣∣∣∣])�
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From Assumption A.15,

h−d
T E

[
‖g̃2(Yt;θi)‖4

∣∣∣∣K(Xt − x0

hT

)∣∣∣∣]
=
∫
E
[‖g̃2(Yt;θi)‖4|Xt = x0 + hTu

]
f (x0 + hTu)|K(u)|du

=O(1)�

Thus, we get

E[‖VtT�i‖4] =O(h−d
T )�(B.15)

(ii) We have

E
[∥∥Vt1T�i∥∥3∥∥Vt2T�i∥∥] = O

(
h−2d
T ‖K‖2

∞E
[∥∥g̃2

(
Yt1;θi

)∥∥3∥∥g̃2

(
Yt2;θi

)∥∥
×
∣∣∣∣K(Xt1 − x0

hT

)∣∣∣∣∣∣∣∣K(Xt2 − x0

hT

)∣∣∣∣]
)
�

From Assumption A.15,

h−2d
T E

[∥∥g̃2

(
Yt1;θi

)∥∥3∥∥g̃2

(
Yt2;θi

)∥∥∣∣∣∣K(Xt1 − x0

hT

)∣∣∣∣∣∣∣∣K(Xt2 − x0

hT

)∣∣∣∣]
=
∫
E
[∥∥g̃2

(
Yt1;θi

)∥∥3∥∥g̃2

(
Yt2;θi

)∥∥|Xt1 = x0 + hTu�Xt2 = x0 + hTv
]

× ft1�t2(x0 + hTu�x0 + hTv)|K(u)K(v)|dudv
=O(1)�

Thus, we get

E[‖Vt1T�i‖3‖Vt2T�i‖] =O(1)�(B.16)

(iii) Similarly, we have

E
[∥∥Vt1T�i∥∥2∥∥Vt2T�i∥∥2]=O(1)� t1 �= t2�(B.17)

E
[∥∥Vt1T�i∥∥2∥∥Vt2T�i∥∥∥∥Vt3T�i∥∥]=O(1)� t1 �= t2 �= t3�

E
[∥∥Vt1T�i∥∥∥∥Vt2T�i∥∥∥∥Vt3T�i∥∥∥∥Vt4T�i∥∥]=O(1)� t1 �= t2 �= t3 �= t4�
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Therefore, from (B.13)–(B.17), we get

kE

[∥∥∥∥∥ 1√
T

m∑
t=1

(
vtT (θi)−E[vtT (θi)]

)∥∥∥∥∥
4]

= O

(
k

T 2
(mh−d

T +m4)

)

= O

(
m3

T

)
�

since km/T → 1, m/T → 0, and ThdT → ∞. Equation (B.12) follows if we
choose m such that m→ ∞ and m3/T → 0. Q.E.D.

From (B.10), Lemma B.4, and Lemma B.5, we conclude that

k∑
l=1

Yl�T
d−→N(0�λ′Σλ)�

B.1.2.2. The Last Two Terms of the Decomposition (B.9) Are Negligible.

LEMMA B.6: Under the assumptions of Lemma B.4,

k∑
l=1

Y ′
l�T = op(1)� Y ′′

T = op(1)�

PROOF: The proof is similar to the proof of Theorem 1.3.10 in Tenreiro
(1995, p. 14).

(i) We have

Y ′
l�T =

l(m+q)∑
t=lm+(l−1)q+1

Zt�T

=
n∑
i=1

λ′
i

[
1√
T

l(m+q)∑
t=lm+(l−1)q+1

(
vt�T (θi)−E[vt�T (θi)]

)]≡
n∑
i=1

λ′
iUlT�i�

Thus

E

[(
k∑
l=1

Y ′
l�T

)2]1/2

= E

[(
n∑
i=1

λ′
i

(
k∑
l=1

UlT�i

))2]1/2

≤
n∑
i=1

‖λi‖E
[∥∥∥∥∥

k∑
l=1

UlT�i

∥∥∥∥∥
2]1/2

�
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Therefore, it is sufficient to prove

E

[∥∥∥∥∥
k∑
l=1

UlT�i

∥∥∥∥∥
2]

= o(1) ∀i�(B.18)

We have

E

[∥∥∥∥∥
k∑
l=1

UlT�i

∥∥∥∥∥
2]

= kE[U ′
lT�iUlT�i] +

k−1∑
|s|=1

(k− |s|)E(U ′
lT�iUl−sT�i)

and

kE[U ′
lT�iUlT�i] = kTr[V (UlT�i)] = kq

T
Tr

[
V

(
1√
q

q∑
t=1

vt�T (θi)

)]

≡ kq

T
Tr(Σ̃T�ii)�

From the proof of Lemma B.4, Σ̃T�ii =O(1). Since kq/T = o(1), we get

kE[U ′
lT�iUlT�i] = o(1)�

Moreover,∣∣∣∣∣
k−1∑
|s|=1

(k− |s|)E(U ′
lT�iUl−sT�i)

∣∣∣∣∣
≤ k

k−1∑
|s|=1

|E(U ′
lT�iUl−s�T�i)|

≤ 2kq
T

∞∑
s=1

∣∣E(vt�T (θi)′vt−s�T (θi))−E(vt�T (θi))′E(vt−s�T (θi))
∣∣

≤ 2kq
T

∞∑
s=1

∥∥Cov(vt�T (θi)� vt−s�T (θi))
∥∥�

Using the same argument as in the proof of Lemma B.4 (see also Sec-
tion B.1.4), we can show that

∑∞
s=1 ‖Cov(vt�T (θi)� vt−s�T (θi))‖<∞. Thus,

k−1∑
|s|=1

(k− |s|)E(U ′
lT�iUl−sT�i)= o(1)�
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Then (B.18) follows.
(ii) We have

Y ′′
T =

T∑
t=k(m+q)+1

Zt�T =
n∑
i=1

λ′
i

[
1√
T

T∑
t=k(m+q)+1

(
vt�T (θi)−E[vt�T (θi)]

)]

≡
n∑
i=1

λ′
iUT�i

and

E[(Y ′′
T )

2]1/2 ≤
n∑
i=1

‖λi‖E[‖UT�i‖2]1/2�

Therefore, it is sufficient to prove

E[‖UT�i‖2] = o(1) ∀i�
We have

E[UT�iU
′
T�i] = T − k(m+ q)

T
V

[
1√

T − k(m+ q)
T−k(m+q)∑

t=1

vt�T (θi)

]
→ 0

and the proof is concluded. Q.E.D.

B.1.3. Stochastic Equicontinuity

Let us now prove the stochastic equicontinuity of empirical process νT (θ)
(condition (ii) in Proposition B.2) along the lines of Theorem 1 in Andrews
(1991). Let us introduce the matrix-valued triangular array

Wt�T =
(
Zt 0

0 h−d/2
T K

(
Xt − x0

hT

)
IdK2+L+1

)
� t ≤ T�T ≥ 1�

where Zt denotes the instrument. We can write

vt�T (θ)=Wt�Tψ(Yt;θ)� θ ∈Θ�
where

ψ(y;θ)= (g(y;θ)′� g̃2(y;θ)′)′� θ ∈Θ�
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Let {ψj : j ∈ N} be the basis of L2(FY) introduced in Assumption A.16. Without
loss of generality, we can set ψ1(y) = 1. Thus, from Assumption A.16, there
exist sequences {c∗

j (θ) : j ∈ N}, θ ∈Θ, of vector coefficients such that

ψ(y;θ)=
∞∑
j=1

c∗
j (θ)ψj(y)� y ∈ Y�

for any θ ∈Θ, where

lim
J→∞

sup
θ∈Θ

∞∑
j=J

1
λj

‖c∗
j (θ)‖2 <∞�

Thus, we have

νT (θ)− νT (τ)=
∞∑
j=1

(
1√
T

T∑
t=1

(
Wt�Tψj(Yt)−E[Wt�Tψj(Yt)]

))
× [c∗

j (θ)− c∗
j (τ)]

=
∞∑
j=1

(
T−1/2

T∑
t=1

Xj�tT

)
[c∗
j (θ)− c∗

j (τ)]�

where Xj�tT :=Wt�Tψj(Yt)−E[Wt�Tψj(Yt)] and

‖νT (θ)− νT (τ)‖2 ≤
∞∑
j=1

λj

∥∥∥∥∥T−1/2
T∑
t=1

Xj�tT

∥∥∥∥∥
2 ∞∑
j=1

1
λj

‖c∗
j (θ)− c∗

j (τ)‖2�(B.19)

Let d(·� ·) denote the metric on Θ defined by

d(θ�τ)=
( ∞∑
j=1

‖c∗
j (θ)− c∗

j (τ)‖2

)1/2

� θ� τ ∈Θ�

For any η�δ > 0, we have

lim sup
T→∞

P∗
[

sup
θ�τ∈Θ:d(θ�τ)≤δ

‖νT (θ)− νT (τ)‖>η
]

(B.20)

≤ 1
η2

lim sup
T→∞

E∗
[

sup
θ�τ∈Θ:d(θ�τ)≤δ

‖νT (θ)− νT (τ)‖2
]

≤ 1
η2

(
sup

θ�τ∈Θ:d(θ�τ)≤δ

∞∑
j=1

1
λj

‖c∗
j (θ)− c∗

j (τ)‖2

)

× lim sup
T→∞

∞∑
j=1

λjE

[∥∥∥∥∥T−1/2
T∑
t=1

Xj�tT

∥∥∥∥∥
2]
�
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using (B.19). Since

E

[∥∥∥∥∥T−1/2
T∑
t=1

Xj�tT

∥∥∥∥∥
2]

(B.21)

= Tr

(
E

[(
T−1/2

T∑
t=1

Xj�tT

)(
T−1/2

T∑
t=1

Xj�tT

)′])

= Tr(E[Xj�tTX
′
j�tT ])+

T−1∑
|k|=1

(
1 − |k|

T

)
Tr(E[Xj�tTX

′
j�t−k�T ])�

we can study the asymptotic behavior of the different terms in the decomposi-
tion.

LEMMA B.7: Under Assumptions A.5, A.8, A.9, A.17, and A.18,

E[Xj�tTX
′
j�tT ]

=
(
V [Ztψj(Yt)] 0

0 w2E[ψj(Yt)2|Xt = x0]f (x0)IdK2+L+1

)
+ uj�T �

E[Xj�tTX
′
j�t−k�T ]

=
(

Cov(Ztψj(Yt)�Zt−kψj(Yt−k)) 0
0 0

)
+ uj�kT � k �= 0�

where V [Ztψj(Yt)] := E[ZtZ′
tψj(Yt)

2] − E[Ztψj(Yt)]E[Ztψj(Yt)]′, Cov(Zt ×
ψj(Yt)�Zt−kψj(Yt−k)) := E[ZtZ′

t−kψj(Yt)ψj(Yt−k)] − E[Ztψj(Yt)]E[Zt−k ×
ψj(Yt−k)]′, and

sup
j

‖uj�T‖ = o(1)� sup
j

T∑
k=1

‖uj�kT‖ = o(1)�

PROOF: (i) We have

E[Xj�tTX
′
j�tT ] =

(
E[ZtZ′

tψj(Yt)
2] −E[Ztψj(Yt)]E[Ztψj(Yt)]′

0
0

h−d
T V

[
ψj(Yt)K

(
Xt − x0

hT

)]
IdK2+L+1

)
�

Let us consider the lower right block. The term

h−d
T E

[
ψj(Yt)K

(
Xt − x0

hT

)]
=
∫
E[ψj(Yt)|Xt = x0 + hTu]f (x0 + hTu)K(u)du
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is bounded uniformly in j ∈ N from Assumption A.17 and the Cauchy–Schwarz
inequality. Moreover, from standard bias expansion and Assumption A.17,

h−d
T E

[
ψj(Yt)

2K

(
Xt − x0

hT

)2]
=
∫
ϕj(x0 + hTu)K(u)2 du

= w2ϕj(x0)+O
(

sup
j

‖D2ϕj‖∞h2
T

)
�

Thus

h−d
T V

[
ψj(Yt)K

(
Xt − x0

hT

)]
=w2E[ψj(Yt)2|Xt = x0]f (x0)+ o(1)

uniformly in j ∈ N.
(ii) We have

E[Xj�tTX
′
j�t−kT ] =

(
Ω11
kT�j 0
0 Ω22

kT�j

)
�

where

Ω11
kT�j = E[ZtZ′

t−kψj(Yt)ψj(Yt−k)] −E[Ztψj(Yt)]E[Zt−kψj(Yt−k)]′�

Ω22
kT�j = h−d

T Cov
[
ψj(Yt)K

(
Xt − x0

hT

)
�ψj(Yt−k)K

(
Xt−k − x0

hT

)]
× IdK2+L+1�

Let us consider Ω22
kT�j . We can use the same arguments as in the proof of

Lemma B.4 to get bounds uniform in j ∈ N from Assumptions A.5, A.8, A.9,
and A.18. Thus,

T−1∑
k=1

∣∣∣∣h−d
T Cov

[
ψj(Yt)K

(
Xt − x0

hT

)
�ψj(Yt−k)K

(
Xt−k − x0

hT

)]∣∣∣∣= o(1)
uniformly in j ∈ N. The proof is concluded. Q.E.D.

From the Davidov inequality, we have

∥∥Cov(Ztψj(Yt)�Zt−kψj(Yt−k))
∥∥≤ const · ρkE[‖Ztψj(Yt)‖r]2/r

(B.22)
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uniformly in j ∈ N for some 0< ρ< 1 and r > 2 as in Assumption A.16. Thus,
from Lemma B.7 and equations (B.21) and (B.22), we get

lim sup
T→∞

∞∑
j=1

λjE

[∥∥∥∥∥T−1/2
T∑
t=1

Xj�tT

∥∥∥∥∥
2]

≤
∞∑
j=1

λj
{
Tr
(
V [Ztψj(Yt)]

)+C1E
[‖Ztψj(Yt)‖r]2/r

+C2E[ψj(Yt)2|Xt = x0]
}

for some constants C1�C2 <∞. Now

Tr
(
V [Ztψj(Yt)]

) = Tr
(
E[ZtZ′

tψj(Yt)
2])

− Tr
(
E[Ztψj(Yt)]E[Ztψj(Yt)]′

)
�

Since

Tr
(
E[ZtZ′

tψj(Yt)
2])=E[‖Ztψj(Yt)‖2

]
and

Tr
(
E[Ztψj(Yt)]E[Ztψj(Yt)]′

)= ∥∥E[Ztψj(Yt)]
∥∥2 ≤ E[‖Ztψj(Yt)‖2

]
�

we have

Tr
(
V [Ztψj(Yt)]

)≤ 2E
[‖Ztψj(Yt)‖2

]≤ 2E
[‖Ztψj(Yt)‖r]2/r

�

Thus, we get

lim sup
T→∞

∞∑
j=1

λjE

[∥∥∥∥∥T−1/2
T∑
t=1

Xj�tT

∥∥∥∥∥
2]

≤ C3

∞∑
j=1

λj
{
E
[‖Ztψj(Yt)‖r]2/r +E[ψj(Yt)2|Xt = x0]

}
= C4 <∞

for some constants C3�C4 <∞ from Assumption A.16. We deduce from (B.20)
that

lim sup
T→∞

P∗
[

sup
θ�τ∈Θ:d(θ�τ)≤δ

‖νT (θ)− νT (τ)‖>η
]

≤ C4
1
η2

(
sup

θ�τ∈Θ:d(θ�τ)≤δ

∞∑
j=1

1
λj

‖c∗
j (θ)− c∗

j (τ)‖2

)
�
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The conclusion follows from

lim
δ→0

sup
θ�τ∈Θ:d(θ�τ)≤δ

∞∑
j=1

1
λj

‖c∗
j (θ)− c∗

j (τ)‖2 = 0�

which is proved by Andrews (1991, Equation (2.6)).

B.1.4. Bounds on Covariance Terms

In this section, we derive a bound for the covariance term
∑m−1

l:|l|=1(1− |l|
m
)ΓlT�ij

in equation (B.11). This is done by deriving two bounds for the covariance
terms.

(i) For this purpose, let us define functions

φi(x)=E[̃g2(Yt;θi)|Xt = x]f (x)�
φl�ij(x�ξ)=E[̃g2(Yt;θi)g̃2(Yt−l;θj)′|Xt = x�Xt−l = ξ]ft�t−l(x�ξ)�

We can write

Cov
(
g̃2(Yt;θi)K

(
Xt − x0

hT

)
� g̃2(Yt−l;θj)K

(
Xt−l − x0

hT

))

=
∫ ∫

φl�ij(x�ξ)K

(
x− x0

hT

)
K

(
ξ− x0

hT

)
dxdξ

−
∫
φi(x)K

(
x− x0

hT

)
dx

∫
φj(ξ)

′K
(
ξ− x0

hT

)
dξ

= h2d
T

(∫ ∫
φl�ij(x0 + hTu�x0 + hTv)K(u)K(v)dudv

−
∫
φi(x0 + hTu)K(u)du

∫
φj(x0 + hTv)′K(v)dv

)
�

From Assumptions A.6, A.7, and A.14, and by the Cauchy–Schwarz inequality,
functions φi and φl�ij are bounded uniformly in l ∈ N. We get

‖ΓlT�ij‖ ≤
(

sup
l

‖φl�ij‖∞ + ‖φi‖∞‖φj‖∞
)
‖K‖2

L1h
d
T ≡ C1h

d
T �(B.23)
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(ii) From the strong mixing property (Assumption A.5) and the Davidov in-
equality, ∥∥∥∥Cov

(
g̃2(Yt;θi)K

(
Xt − x0

hT

)
� g̃2(Yt−l;θj)K

(
Xt−l − x0

hT

))∥∥∥∥
≤ const · ρl ·E

[∥∥∥∥g̃2(Yt;θi)K
(
Xt − x0

hT

)∥∥∥∥r̄]1/r̄

×E
[∥∥∥∥g̃2(Yt−l;θj)K

(
Xt−l − x0

hT

)∥∥∥∥r̄]1/r̄

for some 0< ρ< 1 and r̄ > 2. Moreover, we have

E

[∥∥∥∥g̃2(Yt;θi)K
(
Xt − x0

hT

)∥∥∥∥r̄] ≤ ‖K‖r̄∞E
[‖g̃2(Yt;θi)‖r̄

]
=: ‖K‖r̄∞ci <∞

from Assumptions A.8 and A.11. We deduce

‖ΓlT�ij‖ ≤ C2ρ
lh−d
T(B.24)

for some constant C2 <∞ (that depends on i and j).
Let us now define LT = �h−d/2

T � → ∞. From (B.23) and (B.24), we have,∥∥∥∥∥
m−1∑
l:|l|=1

(
1 − |l|

m

)
ΓlT�ij

∥∥∥∥∥ ≤ 2
m−1∑
l=1

‖ΓlT�ij‖

≤ 2

(
LT∑
l=1

C1h
d
T +

∞∑
l=LT+1

C2ρ
lh−d
T

)

= 2
(
C1LTh

d
T + C2

1 − ρh
−d
T ρ

LT+1

)
≤ const(1/LT +L2

Tρ
LT+1)→ 0�

We deduce
∑m−1

l:|l|=1(1 − |l|
m
)ΓlT�ij = o(1).

B.2. Proof of Consistency

In this section, we prove that P[‖θ̂∗
T − θ∗

0‖ ≥ ε] → 0 as T → ∞ for any ε > 0.
We have

P[‖θ̂∗
T − θ∗

0‖ ≥ ε] ≤ P
[

inf
θ∗∈Θ×B:‖θ∗−θ∗

0‖≥ε
QT (θ

∗)≤QT(θ̂
∗
T )
]

(B.25)

≤ P
[

inf
θ∗∈Θ×B:‖θ∗−θ∗

0‖≥ε
QT (θ

∗)≤QT(θ
∗
0)
]
�
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Let us derive the orders of the RHS term and the left-hand side (LHS) term
inside the probability. Write the criterion as

QT(θ
∗)= [ΨT(θ)+mT(θ

∗)]′Ω[ΨT(θ)+mT(θ
∗)]� θ∗ ∈Θ×B�(B.26)

Then, since ΨT(θ0)=Op(1) from Lemma A.1, and mT(θ
∗
0)= 0, we get

QT(θ
∗
0)=Op(1)�(B.27)

Let us now derive the order of infθ∗∈Θ×B:‖θ∗−θ∗
0‖≥ε QT (θ

∗)� From Lemma A.1 and
the continuous mapping theorem (CMT; Billingsley (1968)), we have

sup
θ∈Θ

ΨT(θ)
′ΩΨT(θ)=Op(1)�

sup
θ∗∈Θ×B

mT(θ
∗)′ΩΨT(θ)=Op(

√
T)�

From (B.26), it follows that

QT(θ
∗)=mT(θ

∗)′ΩmT(θ
∗)+Op(

√
T)

uniformly in θ∗ ∈ Θ× B. Now let λ > 0 be the smallest eigenvalue of Ω (As-
sumption A.20). We get

mT(θ
∗)′ΩmT(θ

∗)

≥ Tλ
(∥∥E[g1(Yt�Xt;θ)]

∥∥2 + hdT
∥∥E[g2(Yt;θ)|Xt = x0]

∥∥2

+ hdT
∥∥E[a(Yt;θ)|Xt = x0] −β∥∥2

)
≥ ThdTλ

(∥∥E[g1(Yt�Xt;θ)]
∥∥2 + ∥∥E[g2(Yt;θ)|Xt = x0]

∥∥2

+ ∥∥E[a(Yt;θ)|Xt = x0] −β∥∥2
)

for T large and any θ∗ ∈Θ×B. From continuity of moment functions (Assump-
tion A.19), compactness of Θ×B (Assumption A.4), and global identification
(Assumption A.2), we have

inf
θ∗∈Θ×B:‖θ∗−θ∗

0‖≥ε
mT (θ

∗)′ΩmT(θ
∗)≥ CThdT

for a constant C = Cε > 0. From bandwidth Assumption A.9, we have
√
T =

o(ThdT ). Thus, we get

inf
θ∗∈Θ×B:‖θ∗−θ∗

0‖≥ε
QT (θ

∗)≥ 1
2
CThdT(B.28)
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with probability approaching 1. Since ThdT → ∞ from Assumption A.9, and
using (B.25), (B.27), and (B.28), the conclusion follows.

B.3. Proof of Lemma A.2

We use the following lemma.

LEMMA B.8: Under Assumptions A.1–A.20 and A.24, ‖θ̂∗
T − θ∗

0‖ = Op(1/√
ThdT ).

PROOF: We follow the approach in the proof of Lemma A1 in Stock and
Wright (2000). Since θ̂∗

T is the minimizer of QT , we have

QT(θ̂
∗
T )−QT(θ

∗
0)= [ΨT(θ̂T )+mT(θ̂

∗
T )]′Ω[ΨT(θ̂T )+mT(θ̂

∗
T )]

−ΨT(θ0)
′ΩΨT(θ0)

≤ 0�

that is,

mT(θ̂
∗
T )

′ΩmT(θ̂
∗
T )+ 2mT(θ̂

∗
T )

′ΩΨT(θ̂T )+ d1�T ≤ 0�

where d1�T =ΨT(θ̂T )
′ΩΨT(θ̂T )−ΨT(θ0)

′ΩΨT(θ0). By using

mT(θ̂
∗
T )

′ΩmT(θ̂
∗
T )≥ λ‖mT(θ̂

∗
T )‖2�

mT(θ̂
∗
T )

′ΩΨT(θ̂T )≥ −‖mT(θ̂
∗
T )‖‖ΩΨT(θ̂T )‖�

we deduce

‖mT(θ̂
∗
T )‖2 − 2d2�T‖mT(θ̂

∗
T )‖ + d3�T ≤ 0�(B.29)

where

d2�T = ‖ΩΨT(θ̂T )‖/λ and

d3�T = d1�T /λ= [ΨT(θ̂T )
′ΩΨT(θ̂T )−ΨT(θ0)

′ΩΨT(θ0)]/λ�
Inequality (B.29) implies

‖mT(θ̂
∗
T )‖ ≤ d2�T + (d2

2�T − d3�T )
1/2�

Let us now derive the order of the RHS. From Lemma A.1 and CMT, we have

d2�T ≤ sup
θ∈Θ

‖ΩΨT(θ)‖/λ=Op(1)�

|d3�T | ≤ 2 sup
θ∈Θ

|ΨT(θ)
′ΩΨT(θ)|/λ=Op(1)�
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We get ‖mT(θ̂
∗
T )‖ =Op(1)� Define

G(θ∗)= (
E[g1(Xt�Yt;θ)]′�E[g2(Yt;θ)|x0]′�E[a(Yt;θ)−β|x0]′

)
for θ∗ ∈ Θ × B� Since ‖mT(θ

∗)‖2 ≥ ThdT‖G(θ∗)‖2, θ∗ ∈ Θ × B, we deduce
‖G(θ̂∗

T )‖ =Op(1/
√
ThdT )� By the mean-value theorem, we can write1∥∥∥∥ ∂G∂θ∗′ (θ̃

∗
T )(θ̂

∗
T − θ∗

0)

∥∥∥∥=Op(1/
√
ThdT )�

where θ̃∗
T is between θ̂∗

T and θ∗
0. Since θ̂∗

T converges to θ∗
0 by consistency (Sec-

tion B.2) and ∂G/∂θ∗′(θ∗) is continuous by Assumption A.24, we have

∂G

∂θ∗′ (θ̃
∗
T )

p−→ ∂G

∂θ∗′ (θ
∗
0)�

where ∂G/∂θ∗′(θ∗
0) has full rank, by the local identification condition in As-

sumption A.3. The conclusion follows. Q.E.D.

Let us now prove Lemma A.2. From Lemma B.8, it is enough to show that
plimT→∞

∂ĝT
∂θ∗′ (θ̄

∗
T )RT = J0, for any θ̄∗

T such that ‖θ̄∗
T − θ∗

0‖ = Op(1/
√
ThdT ). We

have

∂ĝT

∂θ∗′ (θ̄
∗
T )RT

=

⎛⎜⎜⎜⎜⎜⎜⎝
Ê

[
∂g1

∂θ′ (θ̄T )
]
R1�Z h−d/2

T Ê

[
∂g1

∂θ′ (θ̄T )
]
R2�Z 0

hd/2T Ê

[
∂g2

∂θ′ (θ̄T )
∣∣x0

]
R1�Z Ê

[
∂g2

∂θ′ (θ̄T )
∣∣x0

]
R2�Z 0

hd/2T Ê

[
∂a

∂θ′ (θ̄T )
∣∣x0

]
R1�Z Ê

[
∂a

∂θ′ (θ̄T )
∣∣x0

]
R2�Z −IdL

⎞⎟⎟⎟⎟⎟⎟⎠ �

Thus, we have to show

(i) Ê

[
∂g1

∂θ′ (θ̄T )
]

p−→E

[
∂g1

∂θ′ (θ0)

]
�

(ii) Ê

[
∂g∗

2

∂θ′ (θ̄T )
∣∣x0

]
p−→E

[
∂g∗

2

∂θ′ (θ0)
∣∣x0

]
�

(iii) h−d/2
T Ê

[
∂g1

∂θ′ (θ̄T )
]
R2�Z

p−→ 0�

1More precisely, the mean-value theorem is applied separately for any component of function
G and the intermediary point θ̃∗

T can differ across components.
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Let us now prove these results.
(i) From Assumptions A.4, A.5, A.21, and A.22, the ULLN (see Potscher and

Prucha (1989, Corollary 1)) implies that Ê[ ∂g1
∂θ′ (θ)] p−→ E[ ∂g1

∂θ′ (θ)] uniformly in
θ ∈ Θ. Moreover, E[ ∂g1

∂θ′ (θ)] is continuous w.r.t. θ by Assumption A.24. Then
(i) follows.

(ii) Let g∗
2�i denote the ith component of function g∗

2 for i = 1� � � � �K2 + L.
We have

Ê

[
∂g∗

2�i

∂θ
(θ̄T )

∣∣x0

]
= Ê

[
∂g∗

2�i

∂θ
(θ0)

∣∣x0

]
+ Ê

[
∂2g∗

2�i

∂θ∂θ′ (θ̈T )
∣∣x0

]
(θ̄T − θ0)�

where θ̈T is between θ̄T and θ0. Under Assumptions A.5–A.9 and A.23, one can

show that Ê[ ∂g∗
2�i
∂θ
(θ0)|x0] p→ E[ ∂g∗

2�i
∂θ
(θ0)|x0] and Ê[ ∂2g∗

2�i
∂θ∂θ′ (θ̈T )|x0] = Op(1). Then

(ii) follows.
(iii) Let g1�i denote the ith component of function g1, i= 1� � � � �K1. We have

h−d/2
T Ê

[
∂g1�i

∂θ′ (θ̄T )
]
R2�Z(B.30)

= 1√
ThdT

√
TÊ

[
∂g1�i

∂θ′ (θ0)

]
R2�Z

+ 1√
ThdT

√
ThdT (θ̄T − θ0)

′Ê
[
∂2g1�i

∂θ∂θ′ (θ̈T )
]
R2�Z�

where θ̈T is between θ̄T and θ0� Let us derive the orders of the two terms in the
RHS of (B.30). For the first one,

√
TÊ

[
∂g1�i

∂θ′ (θ0)

]
R2�Z = 1√

T

T∑
t=1

∂g1�i

∂θ′ (Yt�Xt;θ0)R2�Z�

where E[∂g1�i/∂θ
′(Yt�Xt;θ0)R2�Z] = 0. From Assumptions A.5 and A.22, the

CLT for mixing processes (e.g., Herrndorf (1984, Corollary 1)) implies

√
TÊ

[
∂g1�i

∂θ′ (θ0)

]
R2�Z =Op(1)�

Let us now consider the second term in (B.30). From Assumptions A.4, A.5,
A.22, and A.24, the ULLN implies

Ê

[
∂2g1�i

∂θ∂θ′ (θ̈T )
]

=Op(1)�
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Thus, from (B.30) we get

h−d/2
T Ê

[
∂g1�i

∂θ
(θ̄T )

]
R2�Z =Op

(
1√
ThdT

+ 1√
ThdT

)
= op(1)

from the bandwidth condition in Assumption A.9. The proof is concluded.

B.4. Proof of Corollary 6

If the bandwidth is such that c̄ = limTh2m+d
T = 0, from (A.6) the optimal

weighting matrix for a given instrument is Ω = V −1
0 . The proof that Z∗ =

E(∂g
′

∂θ
(Y ;θ0)|X)W (X) is still an optimal instrument is similar to the proof

of Proposition 3, replacing M(Z�c�a) with V (Z�a)= w2

fX(x0)
e′(J ′

0�ZΣ
−1
0 J0�Z)

−1e,

which is the asymptotic variance of β̂T . Thus, the bias-free kernel nonpara-
metric efficiency bound is B(a�x0)= w2

fX(x0)
e′(J∗′

0 Σ
−1
0 J

∗
0)

−1e. Corollary 6 follows
from the block inversion formula.

B.5. Proof of Lemma A.3

B.5.1. Asymptotic Expansion of the Concentrated Objective Function

Since the conditional moment restrictions are satisfied asymptotically, we
have λ̂T

p→ 0, when T → ∞. Therefore, we can consider the second-order
asymptotic expansion of function Lc

T (θ�λ) in a neighborhood of θ= θ0, λ= 0.
Let us first derive the expansion w.r.t. λ. We have

log Ê(expλ′g2(θ)|x0)

� log
[

1 + λ′Ê(g2(θ)|x0)+ 1
2
λ′Ê(g2(θ)g2(θ)

′|x0)λ

]
� λ′Ê(g2(θ)|x0)+ 1

2
λ′V̂ (g2(θ)|x0)λ�

Therefore, we can asymptotically concentrate w.r.t. λ,

λ� −V̂ (g2(θ)|x0)
−1Ê(g2(θ)|x0)�(B.31)

and the asymptotic expansion of the concentrated objective function becomes

Lc
T (θ)� 1

T

T∑
t=1

Ê(g(θ)|xt)′V̂ (g(θ)|xt)−1Ê(g(θ)|xt)

+ 1
2
hdT Ê(g2(θ)|x0)

′V̂ (g2(θ)|x0)
−1Ê(g2(θ)|x0)�
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Criterion Lc
T (θ)multiplied by T is asymptotically equivalent to the criterion of

the kernel moment estimator (see Definition 4) with optimal instrument and
weighting matrix.

Let us now consider the expansion around θ= θ0. We have

Ê(g(θ)|xt)� Ê(g(θ0)|xt)+E
(
∂g

∂θ′ (θ0)
∣∣xt)(θ− θ0)�

V̂ (g(θ)|xt)� V (g(θ0)|xt)�
and similarly for the expectations of function g2. Thus, we get

Lc
T (θ)� 1

T

T∑
t=1

{
Ê(g|xt)+E

(
∂g

∂θ′
∣∣xt)(θ− θ0)

}′
V (g|xt)−1

×
{
Ê(g|xt)+E

(
∂g

∂θ′
∣∣xt)(θ− θ0)

}
+ 1

2
hdT

{
Ê(g2|x0)+E

(
∂g2

∂θ′
∣∣x0

)
(θ− θ0)

}′
V (g2|x0)

−1

×
{
Ê(g2|x0)+E

(
∂g2

∂θ′
∣∣x0

)
(θ− θ0)

}
�

where functions g and g2 are evaluated at θ0.

B.5.2. Asymptotic Expansion of θ̂T

We have

E

(
∂g

∂θ′
∣∣xt)(θ− θ0)=E

(
∂g

∂θ′
∣∣xt)R1(η

∗
1 −η∗

1�0)�

We get

Lc
T (η

∗)� 1
T

T∑
t=1

{
Ê(g|xt)+E

(
∂g

∂θ′
∣∣xt)R1(η

∗
1 −η∗

1�0)

}′
V (g|xt)−1

×
{
Ê(g|xt)+E

(
∂g

∂θ′
∣∣xt)R1(η

∗
1 −η∗

1�0)

}
+ 1

2
hdT

{
Ê(g2|x0)+E

(
∂g2

∂θ′
∣∣x0

)
R1(η

∗
1 −η∗

1�0)

+E
(
∂g2

∂θ′
∣∣x0

)
R2(η

∗
2 −η∗

2�0)

}′
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× V (g2|x0)
−1

{
Ê(g2|x0)+E

(
∂g2

∂θ′
∣∣x0

)
R1(η

∗
1 −η∗

1�0)

+E
(
∂g2

∂θ′
∣∣x0

)
R2(η

∗
2 −η∗

2�0)

}
�

The asymptotic expansion of η̂∗
1�T is obtained from the maximization of the

first term in Lc
T (η

∗), since the contribution of the second term is asymptotically
negligible. We get

√
T(η̂∗

1�T −η∗
1�0)

� −
[

1
T

T∑
t=1

R′
1E

(
∂g′

∂θ

∣∣xt)V (g|xt)−1E

(
∂g

∂θ′
∣∣xt)R1

]−1

× 1√
T

T∑
t=1

R′
1E

(
∂g′

∂θ

∣∣xt)V (g|xt)−1

∫
g(y;θ0)f̂ (y|xt)dy�

Thus
√
T(η̂∗

1�T −η∗
1�0)

� −
(
R′

1E

[
E

(
∂g′

∂θ

∣∣xt)V (g|xt)−1E

(
∂g

∂θ′
∣∣xt)]R1

)−1

× √
T

∫ ∫
R′

1E

(
∂g′

∂θ

∣∣x)V (g|x)−1g(y;θ0)f̂ (y�x)dxdy

� −
(
R′

1E

[
E

(
∂g′

∂θ

∣∣xt)V (g|xt)−1E

(
∂g

∂θ′
∣∣xt)]R1

)−1

× 1√
T

T∑
t=1

R′
1E

(
∂g′

∂θ

∣∣xt)V (g|xt)−1g(yt;θ0)�

The bias term induced by the kernel estimator is asymptotically negligible since
Thd+2m

T = o(1). The asymptotic expansion of η̂∗
2�T can be deduced from the

maximization of the second component of Lc
T (η

∗). Estimator η̂∗
2�T converges

at a nonparametric rate and terms involving (η̂∗
1�T −η∗

1�0) can be neglected. We
get √

ThdT (η̂
∗
2�T −η∗

2�0)

� −
[
R′

2E

(
∂g′

2

∂θ

∣∣x0

)
V (g2|x0)

−1E

(
∂g2

∂θ′
∣∣x0

)
R2

]−1

×R′
2E

(
∂g′

2

∂θ

∣∣x0

)
V (g2|x0)

−1
√
ThdT

∫
g2(y;θ0)f̂ (y|x0)dy�
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Then point (i) of Lemma A.3 is proved.

B.5.3. Asymptotic Expansion of λ̂T
We have from (B.31),

λ̂T � −V̂ (g2(θ̂T )|x0)
−1Ê(g2(θ̂T )|x0)� −V (g2(θ0)|x0)

−1Ê(g2(θ̂T )|x0)�

Moreover,

Ê(g2(θ̂T )|x0)

�
∫
g2(y;θ0)f̂ (y|x0)dy +E

(
∂g2

∂θ′
∣∣x0

)
(θ̂T − θ0)

�
∫
g2(y;θ0)f̂ (y|x0)dy +E

(
∂g2

∂θ′
∣∣x0

)
R2(η̂

∗
2�T −η∗

2�0)

(since the contribution of η̂∗
1�T −η∗

1�0 is asymptotically negligible)

� (Id −M)
∫
g2(y;θ0)f̂ (y|x0)dy�

where M is the matrix in (A.19). Then

λ̂T � −V (g2(θ0)|x0)
−1(Id −M)

∫
g2(y;θ0)f̂ (y|x0)dy

and point (ii) of Lemma A.3 is proved.

B.6. Proof of Corollary 8

From Appendix A.1.4, equation (A.5), the asymptotic distribution of the op-
timal kernel moment estimator of θ∗

0 is such that(√
T(η̂1�T −η1�0)

′�
√
ThdT (η̂2�T −η2�0)

′�
√
ThdT (β̂T −β0)

)′
(B.32)

= −(J ′
0ΩJ0)

−1J ′
0ΩĝT (θ

∗
0)+ op(1)�

where Ω= V −1
0 , matrix V0 is given in (A.2), and

J0 =

⎛⎜⎜⎜⎜⎜⎜⎝
E

(
∂g1

∂θ′

)
R1 0 0

0 E

(
∂g2

∂θ′
∣∣x0

)
R2 0

0 E

(
∂a

∂θ′
∣∣x0

)
R2 −IdL

⎞⎟⎟⎟⎟⎟⎟⎠
=:

⎛⎝E
(
∂g1

∂θ′

)
R1 0

0 J∗
0

⎞⎠ �
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For Z =E(∂g(Y ;θ0)
′

∂θ
|X)V (g(Y ;θ0)|X)−1, we have

E

(
∂g1

∂θ′

)
=E

[
E

(
∂g′

∂θ

∣∣X)
V (g|X)−1E

(
∂g

∂θ′
∣∣X)]

= V (g1)�

Thus

(J ′
0ΩJ0)

−1J ′
0Ω=

⎡⎣
(
R′

1E

[
E

(
∂g′

∂θ

∣∣X)
V (g|X)−1E

(
∂g

∂θ′
∣∣X)]

R1

)−1

R′
1

0

0

(J∗
0

′Σ−1
0 J

∗
0)

−1J∗
0

′Σ−1
0

]
�

We get

(J ′
0ΩJ0)

−1J ′
0ΩĝT (θ

∗
0)(B.33)

=
⎡⎢⎣
(
R′

1E

[
E

(
∂g′

∂θ

∣∣X)
V (g|X)−1E

(
∂g

∂θ′
∣∣X)]

R1

)−1

R′
1

√
TÊ[g1]

(J∗
0

′Σ−1
0 J

∗
0)

−1J∗
0

′Σ−1
0

√
ThdT Ê[g∗

2|x0]

⎤⎥⎦ �
Let us now compute ξ := (J∗

0
′Σ−1

0 J
∗
0)

−1J∗
0

′Σ−1
0 Ê[g∗

2|x0]. Let us denote G :=
E(∂g2

∂θ′ |x0)R2 and A := E( ∂a
∂θ′ |x0)R2. Then ξ = (ξ′

1� ξ
′
2)

′ ∈ R
s∗ × R

L solves
J∗

0
′Σ−1

0 (Ê[g∗
2|x0] − J∗

0ξ)= 0, that is,(
G′Σ11

0 +A′Σ21
0 G′Σ12

0 +A′Σ22
0

−Σ21
0 −Σ22

0

)(
Ê[g2|x0] −Gξ1

Ê[a−β0|x0] −Aξ1 + ξ2

)
= 0�

where Σij0 , i� j = 1�2, denotes the blocks of Σ−1
0 . Solving for ξ2 in the second

block equation, we get

ξ2 = −Ê[a−β0|x0] +Aξ1 − (Σ22
0 )

−1Σ21
0 (Ê[g2|x0] −Gξ1)�

By replacing in the first block equation, and using Σ−1
0�11 = Σ11

0 − Σ12
0 (Σ

22
0 )

−1Σ21
0

and (Σ22
0 )

−1Σ21
0 = −Σ0�21Σ

−1
0�11 from the formulas of the inverse of a block matrix,

we get

ξ1 = (G′Σ−1
0�11G)

−1G′Σ−1
0�11Ê[g2|x0]

and

ξ2 = −Ê[a−β0|x0] +Σ0�21Σ
−1
0�11Ê[g2|x0]

+ [A−Σ0�21Σ
−1
0�11G](G′Σ−1

0�11G)
−1G′Σ−1

0�11Ê[g2|x0]�
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Thus, using (B.32), (B.33), Σ0�11 = V (g2|x0), and Σ0�21 = Cov(a�g2|x0), we get

√
T(η̂1�T −η1�0)= −

(
R′

1E

[
E

(
∂g′

∂θ

∣∣X)
V (g|X)−1E

(
∂g

∂θ′
∣∣X)]

R1

)−1

×R′
1

√
TÊ[g1] + op(1)�√

ThdT (η̂2�T −η2�0)

= −
(
R′

2E

(
∂g′

2

∂θ

∣∣x0

)
V (g2|x0)

−1E

(
∂g2

∂θ′
∣∣x0

)
R2

)−1

×R′
2E

(
∂g′

2

∂θ

∣∣x0

)
V (g2|x0)

−1
√
ThdT Ê[g2|x0] + op(1)

and √
ThdT (β̂T −β0)

=
√
ThdT Ê[a−β0|x0] − Cov(a�g2|x0)V (g2|x0)

−1
√
ThdT Ê[g2|x0]

−
[
E

(
∂a

∂θ′
∣∣x0

)
R2 − Cov(a�g2|x0)V (g2|x0)

−1E

(
∂g2

∂θ′
∣∣x0

)
R2

]

×
(
R′

2E

(
∂g′

2

∂θ

∣∣x0

)
V (g2|x0)

−1E

(
∂g2

∂θ′
∣∣x0

)
R2

)−1

×R′
2E

(
∂g′

2

∂θ

∣∣x0

)
V (g2|x0)

−1
√
ThdT Ê[g2|x0] + op(1)�

The asymptotic expansions for η̂1�T and η̂2�T correspond to the asymptotic ex-
pansions of the XMM estimators η̂∗

1�T and η̂∗
2�T in Lemma A.3(i). The conclu-

sion follows.

B.7. Regularity Conditions in the Stochastic Volatility Model

In this section, we discuss the technical regularity assumptions for the XMM
estimator (see Appendix A.1.1) when the DGP P0 is compatible with the
stochastic volatility model (3.6)–(3.8). They concern the stationary distribution
(Section B.7.1) and the existence of moments (Section B.7.2).

B.7.1. Stationary Distribution

Let us consider process {Xt = (r̃t�σ
2
t ) : t ∈ Z}, where the dynamics of r̃t =

rt − rf�t and σ2
t under the DGP P0 are defined in Section 3.2. Markov process



32 P. GAGLIARDINI, C. GOURIEROUX, AND E. RENAULT

Xt is exponential affine,

E0

[
e−z′Xt+1 |Xt

]
=E0

[
e−ur̃t+1−vσ2

t+1 |Xt

]=E0

[
e−(γ0u+v)σ2

t+1E0[e−uσt+1εt+1 |(σ2
t )�Xt]|Xt

]
=E0

[
e−(γ0u+v−(1/2)u2)σ2

t+1 |σ2
t

]
= exp

[
−a0

(
γ0u+ v− 1

2
u2

)
σ2
t − b0

(
γ0u+ v− 1

2
u2

)]
= exp[−A(z)′Xt −B(z)]�

where A(z) = (0� a0(γ0u + v − 1
2u

2))′, B(z) = b0(γ0u + v − 1
2u

2), for z =
(u� v)′ ∈ C

2 such that Re(γ0u+ v− 1
2u

2) >−1/c0, and functions a0 and b0 are
defined in Section 3.2.

B.7.1.1. Strict Stationarity and Geometric Strong Mixing. From Proposi-
tion 2 in Gouriéroux and Jasiak (2006), the ARG process (σ2

t ) is stationary
if 0 ≤ ρ0 < 1, with marginal invariant distribution such that [(1 − ρ0)/c0]σ2

t ∼
γ(δ0), where γ(δ0) denotes the gamma distribution with parameter δ0. Thus,
when ρ0 < 1, process (Xt) admits the marginal invariant distribution

f (x)= 1
σ
φ

(
r̃ − γ0σ

2

σ

) [(1 − ρ0)/c0]δ0

Γ (δ0)
e−(1−ρ0)/c0σ

2
(σ2)δ0−1�(B.34)

x= (r̃�σ2) ∈ R × R
+ = X �

To prove that (Xt) is geometrically strongly mixing, we use Proposition 4.2 in
Darolles, Gouriéroux, and Jasiak (2006), and verify the condition

lim
h→∞

∂A

∂z′ (0)
h = 0�(B.35)

We have

∂A

∂z′ (0)=
(

0 0
γ0ρ0 ρ0

)
�

Condition (B.35) is satisfied if ρ0 < 1. Thus, with Yt = (Xt+1� � � � �Xt+h̄)′ for
given h̄ ∈ N, we conclude that Assumption A.5 is satisfied if 0 ≤ ρ0 < 1�

B.7.1.2. Smoothness of the Marginal Distribution. The stationary distribu-
tion f in (B.34) is in C∞(X ). Moreover, we have

f (x)≤ C1e
−(1−ρ0)/c0σ

2
(σ2)δ0−3/2� x ∈ X �
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for a constant C1 > 0. Thus, ‖f‖∞ <∞ if, and only if, δ0 ≥ 3/2. Moreover, we
have the following lemma.

LEMMA B.9: ‖Dmf‖∞ <∞ if and only if δ0 ≥ 3/2 +m.

PROOF: Let m ∈ N. Since f ∈Cm(X ), to prove ‖Dmf‖∞ <∞, it is sufficient
to show that any partial derivative of order m of function f is bounded at the
boundary of X , that is, for r̃ → ±∞, σ2 → ∞, σ2 → 0. From (B.34), let us
write

f (r̃�σ2)= Cφ[h(r̃�σ2)]e−λσ2
(σ2)δ0−3/2� (r̃�σ2) ∈ X �

where λ= (1 − ρ0)/c0, C = λδ0/[Γ (δ0)], and

h(r̃�σ2) := r̃ − γ0σ
2

σ
�

The function h is such that

∂h

∂r̃
(r̃�σ2)= 1

σ
�

∂h

∂σ2
(r̃�σ2)= −γ0σ − (r̃ − γ0σ

2)/2
√
σ2

σ2
= −γ0

1
σ

− 1
2σ2

h(r̃�σ2)�

We deduce the following assertions:
(i) Any partial derivative of f is a linear combination of functions of the

type

φ(n)[h(r̃�σ2)]h(r̃�σ2)ke−λσ2
(σ2)l� n�k ∈ N� l ∈ R�

(ii) Since function h �−→ φ(n)(h)hk is bounded for any n�k ∈ N, it is suf-
ficient to prove that partial derivatives of order m are bounded for σ2 → 0.
This is the case if and only if the smallest power l of σ2, which occurs in partial
derivatives of order m, is nonnegative.

(iii) The smallest power of σ2 is featured by ∂mf/∂(σ2)m and is l = δ0 −
3/2 −m. We conclude that ‖Dmf‖∞ <∞ if and only if δ0 ≥ 3/2 +m.

Q.E.D.

Thus, Assumption A.6 is satisfied if δ0 ≥ 3/2 +m. For instance, for m = 2,
we get δ0 ≥ 7/2.

B.7.2. Existence of Moments

For expository purposes, let us assume that the actively traded derivatives
at date t0 have times-to-maturity hj = 1 (and moneyness strikes kj) for j =
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1� � � � � n and that we are interested in estimating the price of the derivative
with time-to-maturity h= 1 and moneyness strike k. The moment function is
given by

g∗
2(yt;θ)= e−rf�t+1e−θ1−θ2σ

2
t+1−θ3σ

2
t −θ4 r̃t+1

⎛⎜⎜⎜⎜⎜⎜⎜⎝

erf�t+1

ert+1

(ert+1 − k1)
+

���

(ert+1 − kn)+
(ert+1 − k)+

⎞⎟⎟⎟⎟⎟⎟⎟⎠

−

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
1

ct0(k1�1)
���

ct0(kn�1)
0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
�

where yt = (r̃t+1�σ
2
t+1�σ

2
t )

′ and rt+1 = r̃t+1 + rf�t+1. The relevant variables are
Yt = (r̃t+1�σ

2
t+1�σ

2
t ) and Xt = (r̃t�σ2

t ), respectively. Note that function g∗
2 does

not depend on r̃t and thus we have dropped this variable fromYt . The following
lemma provides a condition for E0[‖g∗

2(Yt;θ0)‖4]<∞ (see Assumption A.11).

LEMMA B.10: The function g∗
2(·;θ0) is such that E0[‖g∗

2(Yt;θ0)‖4]<∞ if and
only if

θ0 ∈ Γ =
{
(θ1� θ2� θ3� θ4)

′ ∈ R
4
∣∣θ3 >−1/4c0�

θ2 >− 1
4c0

1 − ρ0 + 4c0θ3

1 + 4c0θ3
− γ0θ4 + 2θ2

4 + (2 + γ0 − 4θ4)
+
}
�

PROOF: Since (er − s)+ ≤ er for any r� s ∈ R, condition E0[‖g∗
2(Yt;θ)‖4]<∞

is satisfied if and only if

E0

[
e−4θ1−4θ2σ

2
t+1−4θ3σ

2
t −4θ4 r̃t+1

]
<∞�(B.36)

E0

[
e−4θ1−4θ2σ

2
t+1−4θ3σ

2
t −4(θ4−1)r̃t+1

]
<∞�

We have

E0

[
e−4θ1−4θ2σ

2
t+1−4θ3σ

2
t −4θ4 r̃t+1

]
=E0

[
e−4θ1−4(θ2+γ0θ4)σ

2
t+1−4θ3σ

2
t E0(e

−4θ4σt+1εt+1 |σ2
t+1�σ

2
t )
]
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=E0

[
e−4θ1−4(θ2+γ0θ4−2θ2

4)σ
2
t+1−4θ3σ

2
t
]

= e−4θ1E0

[
e−4θ3σ

2
t E0

(
e−4(θ2+γ0θ4−2θ2

4)σ
2
t+1 |σ2

t

)]
= e−4θ1−b0(4(θ2+γ0θ4−2θ2

4))E0

[
e−[4θ3+a0(4(θ2+γ0θ4−2θ2

4))]σ2
t
]

if

1 + 4c0(θ2 + γ0θ4 − 2θ2
4) > 0�

Moreover, since [(1 − ρ0)/c0]σ2
t ∼ γ(δ0), we have

E0

[
e−[4θ3+a0(4(θ2+γ0θ4−2θ2

4))]σ2
t
]

= 1(
1 + c0

1 − ρ0

[
4θ3 + a0(4(θ2 + γ0θ4 − 2θ2

4))
])δ0

if

1 + c0

1 − ρ0

[
4θ3 + a0(4(θ2 + γ0θ4 − 2θ2

4))
]
> 0�

We deduce that conditions (B.36) are satisfied if and only if

1 + 4c0(θ2 + γ0θ4 − 2θ2
4) > 0�(B.37)

1 + c0

1 − ρ0

[
4θ3 + a0(4(θ2 + γ0θ4 − 2θ2

4))
]
> 0�

1 + 4c0(θ2 + γ0(θ4 − 1)− 2(θ4 − 1)2) > 0�

1 + c0

1 − ρ0

[
4θ3 + a0

(
4(θ2 + γ0(θ4 − 1)− 2(θ4 − 1)2)

)]
> 0�

Since θ2 +γ0(θ4 −1)−2(θ4 −1)2 = θ2 +γ0θ4 −2θ2
4 +(4θ4 −γ0 −2) and function

a0 is increasing, we can distinguish between two parameter regions to solve
system (B.37).

(i) First Case. 4θ4 − γ0 − 2 ≥ 0, that is, θ4 ≥ (2 + γ0)/4. In this region, sys-
tem (B.37) is equivalent to

1 + 4c0(θ2 + γ0θ4 − 2θ2
4) > 0�

1 + c0

1 − ρ0

[
4θ3 + a0(4(θ2 + γ0θ4 − 2θ2

4))
]
> 0�

Let us introduce the new variable x = 4c0(θ2 + γ0θ4 − 2θ2
4). Then this system

becomes

x >−1�

1 + 4c0θ3

1 − ρ0
+ ρ0

1 − ρ0

x

1 + x > 0�
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By transforming the second equation, we get

x >−1�
(1 + 4c0θ3)x >−(1 − ρ0 + 4c0θ3)�

There is no solution for which 1 + 4c0θ3 < 0. Indeed, the second equation be-
comes

x <−1 − ρ0 + 4c0θ3

1 + 4c0θ3
= −1 + ρ0

1 + 4c0θ3
<−1�

which is incompatible with the first equation. Instead, for 1 + 4c0θ3 > 0, the
second equation becomes

x >−1 − ρ0 + 4c0θ3

1 + 4c0θ3
= −1 + ρ0

1 + 4c0θ3

and implies the first equation. To summarize, a first region of solutions is

θ4 ≥ (2 + γ0)

4
� 1 + 4c0θ3 > 0� x >−1 − ρ0 + 4c0θ3

1 + 4c0θ3
�

that is,

θ4 ≥ (2 + γ0)

4
� θ3 >−1

4
c0�

θ2 >− 1
4c0

1 − ρ0 + 4c0θ3

1 + 4c0θ3
− γ0θ4 + 2θ2

4�

(ii) Second Case. 4θ4 − γ0 − 2 < 0, that is, θ4 < (2 + γ0)/4. In this region,
system (B.37) is equivalent to

1 + 4c0(θ2 + γ0(θ4 − 1)− 2(θ4 − 1)2) > 0�

1 + c0

1 − ρ0

[
4θ3 + a0(4(θ2 + γ0(θ4 − 1)− 2(θ4 − 1)2))

]
> 0�

By introducing the new variable y = 4c0(θ2 + γ0(θ4 − 1)− 2(θ4 − 1)2) and re-
peating the same argument as above, we get the second region of solutions,

θ4 <
(2 + γ0)

4
� 1 + 4c0θ3 > 0� y >−1 − ρ0 + 4c0θ3

1 + 4c0θ3
�

that is,

θ4 <
(2 + γ0)

4
� θ3 >−1

4
c0�

θ2 >− 1
4c0

1 − ρ0 + 4c0θ3

1 + 4c0θ3
− γ0θ4 + 2θ2

4 + 2 + γ0 − 4θ4� Q.E.D.
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From Lemma B.10, the condition E0[‖g∗
2(Yt;θ0)‖4] <∞ is satisfied, when-

ever the risk premia parameters θ0
2 and θ0

3 for stochastic volatility are above
some thresholds. In particular, the lower bound for θ0

2 depends on θ0
3 and θ0

4.
Imposing the no-arbitrage restriction θ0

4 = γ0 + 1/2, the inequality constraints
become

θ0
3 >−1

4
c0� θ0

2 >− 1
4c0

1 − ρ0 + 4c0θ
0
3

1 + 4c0θ
0
3

+ γ0

2
+ 3(−γ0)

+ + 1
4
�

These constraints are satisfied for the parameter values used in Section 3.4.3.

B.8. ARG Risk-Neutral Dynamics

In this section, we derive the dynamics of the ARG stochastic volatility
model under the risk-neutral distribution Q defined by the s.d.f. Mt�t+1(θ0) =
e−rf�t+1 exp(−θ0

1 − θ0
2σ

2
t+1 − θ0

3σ
2
t − θ0

4r̃t+1). In Section B.7.1, we derived the his-
torical conditional moment generating function of Xt+1 = (r̃t+1�σ

2
t+1):

E0[exp(−ur̃t+1 − vσ2
t+1)|xt](B.38)

= exp
[
−a0

(
γ0u+ v− 1

2
u2

)
σ2
t − b0

(
γ0u+ v− 1

2
u2

)]
�

Let us compute the risk-neutral conditional moment generating function of
(r̃t+1�σ

2
t+1). We have

EQ0 [exp(−ur̃t+1 − vσ2
t+1)|xt]

=E0[Mt�t+1(θ0)exp(−ur̃t+1 − vσ2
t+1)|xt]/E0[Mt�t+1(θ0)|xt]

= e−θ0
1−θ0

3σ
2
t E0

[
exp(−(u+ θ0

4)r̃t+1 − (v+ θ0
2)σ

2
t+1)|xt

]
= exp

{
−
[
a0

(
γ0(u+ θ0

4)+ (v+ θ0
2)− 1

2
(u+ θ0

4)
2

)
+ θ0

3

]
σ2
t

− b0

(
γ0(u+ θ0

4)+ (v+ θ0
2)− 1

2
(u+ θ0

4)
2

)
− θ0

1

}
by using E0[Mt�t+1(θ0)|xt] = e−rf�t+1 and (B.38). From equations (3.9), we have

γ0(u+ θ0
4)+ (v+ θ0

2)− 1
2
(u+ θ0

4)
2

= u(γ0 − θ0
4)+ v− 1

2
u2 + θ0

4γ0 + θ0
2 − (θ0

4)
2

2

= −1
2
u+ v− 1

2
u2 + λ0

2�
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where λ0
2 = θ0

2 + γ2
0/2 − 1/8 and

θ0
1 = −b0(λ

0
2)� θ0

3 = −a0(λ
0
2)�

Thus, we get

EQ0 [exp(−ur̃t+1 − vσ2
t+1)|xt](B.39)

= exp
[
−a∗

0

(
−1

2
u+ v− 1

2
u2

)
σ2
t − b∗

0

(
−1

2
u+ v− 1

2
u2

)]
�

where

a∗
0(u)= a0(u+ λ0

2)− a0(λ2)= ρ∗
0u

1 + c∗
0u
�

b∗
0(u)= b0(u+ λ0

2)− b0(λ
0
2)= δ∗

0 log(1 + c∗
0u)�

with

ρ∗
0 = ρ0

(1 + c0λ
0
2)

2
= ρ0

[1 + c0(θ
0
2 + γ2

0/2 − 1/8)]2
�

δ∗
0 = δ0�

c∗
0 = c0

1 + c0λ
0
2

= c0

1 + c0(θ
0
2 + γ2

0/2 − 1/8)
�

By comparing (B.38) and (B.39), we deduce that, under the risk neutral dis-
tribution, the returns follow a stochastic volatility model with risk premium
parameter γ∗

0 = − 1
2 and ARG stochastic volatility with parameters ρ∗

0, δ∗
0, and

c∗
0 �

B.9. Proof of Lemma A.4

We have to show that

PQ0 [σ2
t+1 + · · · + σ2

t+h ≥ z|σ2
t+h = s�σ2

t = σ2
0 ]

is increasing w.r.t. s� for any z�

This condition is implied by

PQ0 [σ2
t+1 + · · · + σ2

t+h−1 ≥ z|σ2
t+h = s�σ2

t = σ2
0 ](B.40)

is increasing w.r.t. s� for any z�

Since the ARG process is time-reversible, condition (B.40) is equivalent to

PQ0 [σ2
t+1 + · · · + σ2

t+h−1 ≥ z|σ2
t = s�σ2

t+h = σ2
0 ](B.41)

is increasing w.r.t. s� for any z�
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To show (B.41), we use the stochastic representation of Markov process (σ2
t ),

σ2
t+1 = g(σ2

t � ut+1)�(B.42)

where the innovation ut+1 is independent of σ2
t . By l-fold compounding of func-

tion g w.r.t. the first argument, we have σ2
t+l = gl(σ

2
t � ut+1� � � � � ut+l), say, and

σ2
t+1 + · · · + σ2

t+h−1 = G(σ2
t � ut+1� � � � � ut+h−1), where G(σ2

t � ut+1� � � � � ut+h−1) =
g(σ2

t � ut+1)+ · · · + gh−1(σ
2
t � ut+1� � � � � ut+h−1). Condition (B.41) becomes

PQ0 [G(s�ut+1� � � � � ut+h−1)≥ z|σ2
t+h = σ2

0 ]
is increasing w.r.t. s� for any z�

This condition is satisfied if function G is increasing w.r.t. the first argument,
that is, if the function g in the stochastic representation (B.42) is increas-
ing w.r.t. the first argument. The latter condition is equivalent to σ2

t+1 being
stochastically increasing in σ2

t under Q.
Finally, let us show that σ2

t+1 is stochastically increasing in σ2
t underQ for the

ARG process. This follows from the gamma-Poisson mixture representation of
the ARG process,

σ2
t+1/c

∗
0 |ζt+1 ∼ γ(δ∗

0 + ζt+1)� ζt+1|σ2
t ∼ P(ρ∗

0σ
2
t /c

∗
0)�

where γ and P denote gamma and Poisson distributions, respectively. Then
σ2
t+1 is stochastically increasing in ζt+1, and ζt+1 is stochastically increasing in
σ2
t . The conclusion follows.

B.10. Calibration of the Parametric Stochastic Volatility Model

In this section, we describe the computation by Fourier transform meth-
ods of the option prices in the parametric stochastic volatility model of Sec-
tion 2.6.1. These Fourier transform methods are used for the cross-sectional
calibration of the model parameters. The risk-neutral distribution Q is given
in equations (2.15) and (2.16). The option price is such that

ct(h�k)= B(t� t + h)EQ[(expRt�h − k)+|σ2
t ]

= EQ[(exp R̃t�h − k̃)+|σ2
t ]�

where R̃t�h = r̃t+1 + · · · + r̃t+h is the cumulated excess return of the underlying
asset between t and t+h, and k̃= B(t� t+h)k is the discounted moneyness of
the option. Let us introduce the variable s := log(k̃) and define the function

φ(s)= eαsEQ[(exp R̃t�h − es)+|σ2
t ]� s ∈ R�
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for a given α> 0 (for expository purposes we omit the dependence of function
φ on time-to-maturity h and current volatility value σ2

t ). Following Carr and
Madan (1999), the Fourier transform of φ is (see below)

φ̂(u)=
∫ ∞

−∞
e−iusφ(s)ds = Φ(iu− α− 1)

α2 + α− u2 − iu(2α+ 1)
� u ∈ R�(B.43)

where

Φ(z)=EQ[exp(−zR̃t�h)|σ2
t ]�

For the ARG model, function Φ is given by (see below)

Φ(z)= exp[−Ahσ
2
t −Bh]�(B.44)

where Ah =Ah(z) and Bh = Bh(z) are defined recursively by

Ah = a∗
0(w+Ah−1)� A1 = a∗

0(w)�

Bh = Bh−1 + b∗
0(w+Ah−1)� B1 = b∗

0(w)�

w= −z(1+z)/2, a∗
0(u)= ρ∗

0u

1+c∗0u
, and b∗

0(u)= δ∗
0 log(1+c∗

0u). By inverse Fourier
transform, we get the option price

ct(h�k)= e−αs

2π

∫ ∞

−∞
eiusφ̂(u)du�

where s = log(B(t� t+h)k) in the RHS. Since function φ(s) is real-valued, we

have φ̂(−u)= φ̂(u). It follows that

ct(h�k)= e−αs

π
Re

∫ ∞

0
eiusφ̂(u)du�(B.45)

To compute the integral (B.45), we introduce a finite upper integration
boundary Λ > 0 and we discretize the resulting integral over [0�Λ]. More
precisely, let Λ > 0 be such that |φ̂(u)| is small for u > Λ. Define the grid
uk = (Λ/N)(k−1) for k= 1� � � � �N , whereN ∈ N is the number of grid points.
Then we have

ct(h�k)� e−αs

π
Re

∫ Λ

0
eiusφ̂(u)du

� Λe−αs

π
Re (1/N)

N∑
k=1

ei(Λs/N)(k−1)φ̂k�

where φ̂k := φ̂(uk).
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To summarize, the algorithm to compute ct(h�k) is as follows:
Step 1. Compute the coefficients

φ̂k := −1
2

exp[−Ahσ
2
t −Bh]

wk
� k= 1�2� � � � �N�

where

Ah = a∗
0(wk +Ah−1)� A1 = a∗

0(wk)�

Bh = Bh−1 + b∗
0(wk +Ah−1)� B1 = b∗

0(wk)�

wk = − 1
2(α

2 + α− u2
k − iuk(2α+ 1)), and uk = (Λ/N)(k− 1)�

Step 2. Compute the inverse Fourier transform of the coefficients

ct(h�k)= Λe−αs

π
Re (1/N)

N∑
k=1

ei(Λs/N)(k−1)φ̂k�

PROOF OF EQUATION (B.43): We have

φ̂(u)=
∫ ∞

−∞
e−(iu−α)sEQt [(eR̃t�h − es)+]ds

= EQt

[∫ ∞

−∞
e−(iu−α)s(eR̃t�h − es)+ ds

]

= EQt

[
eR̃t�h

∫ R̃t�h

−∞
e−(iu−α)s ds−

∫ R̃t�h

−∞
e−(iu−α−1)s ds

]
= EQt

[
− 1
iu− αe

−(iu−α−1)R̃t�h + 1
iu− α− 1

e−(iu−α−1)R̃t�h

]
= 1
α2 + α− u2 − iu(2α+ 1)

EQt [e−(iu−α−1)R̃t�h]�

where EQt [·] = EQ[·|σ2
t ]� Q.E.D.

PROOF OF EQUATION (B.44): Under the risk-neutral distribution Q, we
have r̃t = − 1

2σ
2
t + σtεt , where εt ∼ IIN(0�1) and (σ2

t ) follows an ARG pro-
cess independent of (εt) with parameters ρ∗

0, δ∗
0, and c∗

0 . Thus,

Φ(z)= EQt

[
exp

(
z

2
σ2
t�t+h − z(σt+1εt+1 + · · · + σt+hεt+h)

)]
= EQt

[
exp

(
1
2
(z+ z2)σ2

t�t+h

)]
�
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where σ2
t�t+h := σ2

t+1 + · · · + σ2
t+h� From standard results for affine processes in

discrete time (e.g., Darolles, Gouriéroux, and Jasiak (2006)), equation (B.44)
follows. Q.E.D.
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