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APPENDIX: PROOFS

THROUGHOUT THE APPENDICES, let C denote a generic positive constant that
may be different in different uses. Let CS, M, and T denote the Cauchy–
Schwarz, Markov, and triangle inequalities, respectively. Let S denote the
Slutzky lemma and CMT denote the continuous mapping theorem. Also, let
CM denote the conditional Markov inequality that if E[|An||Bn] = Op(εn),
then An = Op(εn), and let w.p.a.1 stand for “with probability approaching 1.”
The following standard matrix result is used repeatedly.

LEMMA A0: If A and B are symmetric, positive semidefinite matrices, then

|ξmin(A)− ξmin(B)| ≤ ‖A−B‖� |ξmax(A)− ξmax(B)| ≤ ‖A−B‖�
Also, if ‖Â − A‖ p−→ 0, ξmin(A) ≥ 1/C , and ξmax(A) ≤ C , then w.p.a.1
ξmin(Â)≥ 1/2C and ξmax(Â)≤ 2C�

A.1. Consistency Proofs for General CUE

For Lemmas A1 and A10, let Yi�Zi (i = 1� � � � � n) be i.i.d. m × 1 random
vectors that depend on n and have fourth moments but where we suppress an
n subscript for notational convenience. Also, let

Ȳ =
n∑
i=1

Yi/n� μY =E[Yi]� ΣYY =E[YiY ′
i ]� ΣYZ =E[YiZ′

i]

and let objects with Z in place of Y be defined in the corresponding way�

LEMMA A1: If (Yi�Zi) (i= 1� � � � � n) are i.i.d., ξmax(AA
′)≤ C� ξmax(A

′A)≤
C� ξmax(ΣYY )≤ C� ξmax(ΣZZ)≤ C�m/a2

n −→ 0, an/n≤ C� E[(Y ′
i Yi)

2]/na2
n −→

0� E[(Z′
iZi)

2]/na2
n −→ 0, nμ′

YμY/a
2
n −→ 0, and nμ′

ZμZ/a
2
n −→ 0, then

nȲ ′AZ̄/an = tr(AΣ′
YZ)/an + nμ′

YAμZ/an + op(1)�
PROOF: Let Wi =AZi� Then AΣ′

YZ = Σ′
YW , AμZ = μW �

ξmax(E[WiW
′
i ])= ξmax(AΣZZA

′)≤ Cξmax(AA
′)≤ C�

E[(W ′
i Wi)

2]/na2
n =E[(Z′

iA
′AZi)2]/na2

n ≤ CE[(Z′
iZi)

2]/na2
n −→ 0�
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Thus the hypotheses and conclusion are satisfied with W in place of Z and
A= I. Therefore, it suffices to show the result with A= I�

Note that

E[(Y ′
i Zi)

2] ≤E[(Y ′
i Yi)

2] +E[(Z′
iZi)

2]�
E[Y ′

i ZjZ
′
jYi] = E[Y ′

i ΣZZYi] ≤ CE[Y ′
i Yi] = C tr(ΣYY )≤ Cm�

|E[Y ′
i ZjY

′
jZi]| ≤ C(E[Y ′

i ZjZ
′
jYi] +E[Y ′

jZiZ
′
iYj])≤ Cm�

For the moment suppose μY = μZ = 0. Let Wn = nȲ ′Z̄/an. Then E[Wn] =
E[Y ′

i Zi]/an = tr(ΣYZ)/an and

E[Wn]2/n ≤ E[(Y ′
i Zi)

2]/na2
n

≤ {
E[(Y ′

i Yi)
2] +E[(Z′

iZi)
2]}/na2

n −→ 0�

We also have

E[W 2
n ] = E

[∑
i�j�k��

Y ′
i ZjY

′
kZ�/n

2a2
n

]
= E[(Y ′

i Zi)
2]/na2

n

+ (1 − 1/n)
{
E[Wn]2 +E[Y ′

i ZjY
′
jZi]/a2

n +E[Y ′
i ZjZ

′
jYi]/a2

n

}
= E[Wn]2 + o(1)�

so that by M,

Wn = tr(Σ′
YZ)/an + op(1)�

In general, when μY or μZ is nonzero, note that E[{(Yi − μY)′(Yi − μY)}2] ≤
CE[(Y ′

i Yi)
2] and ξmax(Var(Yi)) ≤ ξmax(ΣYY )� so the hypotheses are satisfied

with Yi −μY replacing Yi and Zi −μZ replacing Yi and Zi, respectively. Also,

Wn = nȲ ′Z̄/an = n(Ȳ −μY)′(Z̄ −μZ)/an + nμ′
Y (Z̄ −μZ)/an(A.1)

+ n(Ȳ −μY)′μZ/an + nμ′
YμZ/an�

Note that

E
[{nμ′

Y (Z̄ −μZ)/an}2
] = nμ′

Y (ΣZZ −μZμ′
Z)μY/a

2
n ≤ nμ′

YΣZZμY/a
2
n

≤ Cnμ′
YμY/a

2
n −→ 0�

so by M, the second and third terms in eq. (A.1) (with Y and Z interchanged)
are op(1). Also, tr(μZμ′

Y )/an = ann
−1(nμ′

YμZ/a
2
n) −→ 0. Applying the result
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for the zero mean case then gives

Wn = tr(Σ′
YZ −μZμ′

Y )/an + nμ′
YμZ/an + op(1)

= tr(Σ′
YZ)/m+ nμ′

YμZ/m+ op(1)� Q.E.D.

It is useful to work with a reparameterization

δ= S′
n(β−β0)/μn�

For notational simplicity we simply change the argument to denote the repa-
rameterized functions, for example, Q̂(δ) will denote Q̂(β0 + μnS

−1′
n δ). Let

Q̂∗(δ) = ĝ(δ)′Ω̂(δ)−1ĝ(δ)/2 be the objective function for quadratic ρ(v), let
Q̃(δ)= ĝ(δ)′Ω(δ)−1ĝ(δ)/2, and let Q(δ)= ḡ(δ)′Ω(δ)−1ḡ(δ)/2 +m/2n.

LEMMA A2: If Assumption 3 is satisfied, then for any C > 0, supβ∈B�‖δ‖≤C μ
−2
n ×

n|Q̂∗(δ)−Q(δ)| p−→ 0.

PROOF: Note that by Assumption 3(ii), μ−2
n nE[‖ĝ(0)‖2] = μ−2

n tr(Ω(β0)) ≤
C� so by Assumption 3(v) and T,

sup
‖δ‖≤C

‖ĝ(δ)‖ ≤ ‖ĝ(0)‖ + sup
‖δ‖≤C

‖ĝ(δ)− ĝ(0)‖ =Op(μn/
√
n)�

Let â(δ)= μ−1
n

√
nΩ(δ)−1ĝ(δ). By Assumption 3(ii),

‖â(δ)‖2 = μ−2
n nĝ(δ)

′Ω(δ)−1/2Ω(δ)−1Ω(δ)−1/2ĝ(δ)≤ Cμ−2
n n‖ĝ(δ)‖2�

so that sup‖δ‖≤C ‖â(δ)‖ =Op(1). Also, by Assumption 3(iii) we have∣∣ξmin(Ω̂(δ))− ξmin(Ω(δ))
∣∣ ≤ sup

‖δ‖≤C
‖Ω̂(δ)−Ω(δ)‖ p−→ 0�

so that ξmin(Ω̂(δ)) ≥ C� and hence ξmax(Ω̂(δ)
−1) ≤ C for all ‖δ‖ ≤ C , w.p.a.1.

Therefore,

μ−2
n n|Q̂∗(δ)− Q̃(δ)|
≤ ∣∣â(δ)′[Ω̂(δ)−Ω(δ)]â(δ)∣∣

+ ∣∣â(δ)′[Ω̂(δ)−Ω(δ)]Ω̂(δ)−1[Ω̂(δ)−Ω(δ)]â(δ)∣∣
≤ ‖â(δ)‖2

(‖Ω̂(δ)−Ω(δ)‖ +C‖Ω̂(δ)−Ω(δ)‖2
) p−→ 0�
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Next, let a(δ̃� δ) = μ−1
n

√
nΩ(δ)−1ḡ(δ̃) and Q(δ̃�δ) = ḡ(δ̃)′Ω(δ)−1ḡ(δ̃)/2 +

m/2n. By Assumption 3, sup‖δ‖≤C�‖δ̃‖≤C ‖a(δ� δ̃)‖ ≤ C� Then by Assump-
tion 3(iv), for ‖δ‖ ≤ C and ‖δ̃‖ ≤ C� it follows by μnS−1

n bounded that

μ−2
n n|Q(δ̃� δ̃)−Q(δ̃�δ)| = ∣∣a(δ̃� δ̃)′[Ω(δ̃)−Ω(δ)]a(δ̃� δ)∣∣

≤ C‖μnS−1′
n (δ̃− δ)‖ ≤ C‖δ̃− δ‖�

Also, by T and Assumption 3, for ‖δ‖ ≤ C and ‖δ̃‖ ≤ C�

μ−2
n n|Q(δ̃�δ)−Q(δ�δ)|
≤ Cμ−2

n n
(‖ḡ(δ̃)− ḡ(δ)‖2 + ‖ḡ(δ)‖‖ḡ(δ̃)− ḡ(δ)‖)

≤ C‖δ̃− δ‖�
Then by T it follows that μ−2

n n|Q(δ̃) − Q(δ)| = μ−2
n n|Q(δ̃� δ̃) − Q(δ�δ)| ≤

C‖δ̃ − δ‖� Therefore, μ−2
n nQ(δ) is equicontinuous on ‖δ̃‖ ≤ C and ‖δ‖ ≤ C�

An analogous argument with â(δ̃� δ) = μ−1
n

√
nΩ(δ)−1ĝ(δ̃) and Q̃(δ̃� δ) =

ĝ(δ̃)′Ω(δ)−1ĝ(δ̃) replacing a(δ̃� δ) and Q(δ̃�δ), respectively, implies that
μ−2
n n|Q̃(δ̃) − Q̃(δ)| = μ−2

n n|Q̃(δ̃� δ̃) − Q̃(δ�δ)| ≤ M̂‖δ̃ − δ‖ on ‖δ̃‖ ≤ C and
‖δ‖ ≤ C� with M̂ =Op(1), giving stochastic equicontinuity of μ−2

n nQ̃(δ)�

Since μ−2
n nQ̃(δ) and μ−2

n nQ(δ) are stochastically equicontinuous, it suf-
fices by Newey (1991, Theorem 2.1) to show that μ−2

n nQ̃(δ) = μ−2
n nQ(δ) +

op(1) for each δ. Apply Lemma A1 with Yi = Zi = gi(δ)� A = Ω(δ)−1�
and an = μ2

n. By Assumption 3, ξmax(A
′A) = ξmax(AA

′) = ξmax(Ω(δ)
−2) ≤ C�

ξmax(ΣYY ) = ξmax(Ω(δ)) ≤ C , E[(Y ′
i Yi)

2]/na2
n = E[{gi(δ)′gi(δ)}2]/nμ4

n −→ 0,
and nμ′

YμY/a
2
n ≤ Cnḡ(δ)′Ω(δ)−1ḡ(δ)/μ4

n = C(nQ(δ)/μ2
n −m/μ2

n) /μ
2
n −→ 0,

where the last expression follows by equicontinuity of μ−2
n nQ(δ). Thus, the

hypotheses of Lemma A1 are satisfied. Note that AΣ′
YZ = AΣZZ =AΣYY =

mIm/μ
2
n� so by the conclusion of Lemma A1,

μ−2
n nQ̃(δ)= tr(Im)/μ2

n +μ−2
n nḡ(δ)

′Ω(δ)−1ḡ(δ)+ op(1)
= μ−2

n nQ(δ)+ op(1)� Q.E.D.

Let P̂(β�λ)= ∑n

i=1 ρ(λ
′gi(β))/n�

LEMMA A3: If Assumptions 3 and 4 are satisfied, then w.p.a.1 β̂ =
arg minβ∈B Q̂(β), λ̂ = arg maxλ∈L̂n(β̂) P̂(β̂�λ)� and λ̃ = arg maxλ∈L̂(β0)

P̂(β0�λ)

exist, ‖λ̃‖ = Op(
√
m/n), ‖λ̂‖ = Op(

√
m/n)� ‖ĝ(β̂)‖ = Op(

√
m/n), and

Q̂∗(β̂)≤ Q̂∗(β0)+ op(m/n)�
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PROOF: Let bi = supβ∈B ‖gi(β)‖. A standard result gives maxi≤n bi =
Op(n

1/γ(E[bγi ])1/γ)� Also, by Assumption 4 there exists τn such that
√
m/n =

o(τn) and τn = o(n−1/γ(E[bγi ])−1/γ)� Let Ln = {λ :‖λ‖ ≤ τn}� Note that

sup
λ∈Ln�β∈B�i≤n

|λ′gi(β)| ≤ τn max
i≤n

bi =Op
(
τnn

1/γ(E[bγi ])1/γ
) −→ 0�

Then there is C such that w.p.a.1, for all β ∈ B� λ ∈Ln� and i≤ n� we have

Ln ⊂ L̂(β)� −C ≤ ρ2(λ
′gi(β))≤ −C−1�

∣∣ρ3(λ
′gi(β))

∣∣ ≤ C�
By a Taylor expansion around λ= 0 with Lagrange remainder, for all λ ∈Ln,

P̂(β�λ)= −λ′ĝ(β)+ λ′
[

n∑
i=1

ρ2(λ̄
′gi(β))gi(β)gi(β)′/n

]
λ�

where λ̄ lies on the line joining λ and 0� Then by Lemma A0, w.p.a.1 for all
β ∈ B and λ ∈Ln�

−λ′ĝ(β)−C‖λ‖2 ≤ P̂(β�λ)≤ −λ′ĝ(β)−C−1‖λ‖2(A.2)

≤ ‖λ‖‖ĝ(β)‖ −C−1‖λ‖2�

Let g̃ = ĝ(β0) and λ̃ = arg maxλ∈Ln P̂(β0�λ)� By ξmax(Ω(β0)) ≤ C it follows
that E[‖g̃‖2] = tr(Ω)/n ≤ Cm/n� so by M, ‖g̃‖ = Op(

√
m/n)� By the right-

hand side inequality in eq. (A.2),

0 = P̂(β0�0)≤ P̂(β0� λ̃)≤ ‖λ̃‖‖g̃‖ −C−1‖λ̃‖2�

Subtracting C−1‖λ̃‖2 from both sides and dividing through by C−1‖λ̃‖ gives

‖λ̃‖ ≤ C‖g̃‖ =Op(
√
m/n)�

Since
√
m/n= o(τn) it follows that, w.p.a.1, λ̃ ∈ int(Ln) and is therefore a local

maximum of P̂(β0�λ) in L̂(β). By concavity of P(β0�λ) in λ, a local maximum
is a global maximum, that is,

P̂(β0� λ̃)= max
λ∈L̂(β0)

P̂(β0�λ)= Q̂(β0)�

Summarizing, w.p.a.1 λ̃= arg maxλ∈L̂(β0)
P̂(β0�λ) exists and ‖λ̃‖ =Op(√m/n)�

Also, plugging λ̃ back into the previous inequality gives

Q̂(β0)=Op(m/n)�
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Next, let Q̂τn(β) = maxλ∈Ln P̂(β�λ)� By continuity of gi(β) and ρ(v), and
by the theorem of the maximum, Q̂τn(β) is continuous on B� so β̂τn =
arg minβ∈B Q̂τn(β) exists by compactness of B. Let ĝτn = ĝ(β̂τn)� By the left-
hand side inequality in eq. (A.2), for all λ ∈Ln,

−λ′ĝτn −C‖λ‖2 ≤ P̂(
β̂τn�λ

) ≤ Q̂τn

(
β̂τn

) ≤ Q̂τn(β0)≤ Q̂(β0)(A.3)

= Op(m/n)�

Consider λ= −(ĝτn/‖ĝτn‖)τn� Plugging this into eq. (A.3) gives

τn
∥∥ĝτn∥∥ − cτ2

n =Op(m/n)�
Note that for n large enough, m/n≤ Cτ2

n� so that dividing by τ2
n gives∥∥ĝτn∥∥ ≤Op(τ−1

n m/n)+Cτn =Op(τn)�

Consider any αn −→ 0 and let λ̆= −αnĝτn . Then ‖λ̆‖ = op(τn) so that λ̆ ∈ Ln
w.p.a.1. Substituting this λ̆ in the above inequality gives

αn
∥∥ĝτn∥∥2 −Cα2

n

∥∥ĝτn∥∥2 = αn(1 −Cαn)
∥∥ĝτn∥∥2 =Op

(
m

n

)
�

Note that 1 − Cαn → 1, so that this inequality implies that αn‖ĝτn‖2 =
Op(m/n)� Since αn goes to zero as slowly as desired, it follows that∥∥ĝ(β̂τn)∥∥ = ∥∥ĝτn∥∥ =Op(

√
m/n)�

Let λ̂= arg maxλ∈Ln P̂(β̂τn�λ). It follows exactly as for λ̃� with β̂τn replacing β0,
that ‖λ̂‖ =Op(√m/n) and, w.p.a.1, λ̂= arg maxλ∈L̂(β) P̂(β̂τn�λ), so that

Q̂τn

(
β̂τn

) = P̂(
β̂τn� λ̂

) = max
λ∈L̂(β)

P̂
(
β̂τn�λ

) = Q̂(
β̂τn

)
�

Then w.p.a.1, by the definition of Q̂τn(β) and β̂τn� for all β ∈ B�

Q̂
(
β̂τn

) = Q̂τn

(
β̂τn

) ≤ Q̂τn(β)= max
λ∈Ln

P̂(β�λ)≤ Q̂(β)�

Thus, w.p.a.1 we can take β̂= β̂τn �
Now expand around λ= 0 to obtain, for ĝi = gi(β̂) and Ω̂= Ω̂(β̂)� w.p.a.1,

Q̂(β̂)= P̂(β̂� λ̂)= −ĝ′λ̂− 1
2
λ̂′Ω̂λ̂+ r̂� r̂ = 1

6

∑
ρ3(λ̄

′ĝi)(λ̂′ĝi)3/n�
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where ‖λ̄‖ ≤ ‖λ̂‖ and r̂ = 0 for the CUE (where ρ(v) is quadratic). When β̂ is
not the CUE, w.p.a.1,

|r̂| ≤ ‖λ̂‖max
i
biCλ̂

′Ω̂(β̂)λ̂≤Op
(√
m/nn1/γ(E[bγi ])1/γ

)
C‖λ̄‖2

= op(m/n)�

Also, λ̂ satisfies the first-order conditions
∑n

i=1 ρ1(λ̂
′ĝi)ĝi/n= 0� By an expan-

sion, ρ1(λ̂
′ĝi) = −1 − λ̂′ĝi + ρ3(v̄i)(λ

′ĝi)2/2, where v̄i lies in between 0 and
λ′ĝi and either ρ3(v̄i)= 0 for the CUE or maxi≤n |v̄i| ≤ maxi≤n |λ̂′ĝi| ≤ τn −→ 0.
Expanding around λ= 0 gives

0 = −ĝ− Ω̂λ̂+ R̂� R̂= 1
2

n∑
i=1

ρ3(v̄i)(λ̂
′ĝi)2ĝi/n= 0�

Then either R̂= 0 for the CUE or we have

‖R̂‖ ≤ Cmax
i
bi|ρ3(v̄i)|λ̂′Ω̂λ̂=Op

(
n1/γ(E[bγi ])1/γm/n

) = op(
√
m/n)�

Solving for λ̂= Ω̂−1(−ĝ+ R̂) and plugging into the expansion for Q̂(β̂) gives

Q̂(β̂)= −ĝ′Ω̂−1(−ĝ+ R̂)− 1
2
(−ĝ+ R̂)′Ω̂−1(−ĝ+ R̂)+ op(m/n)

= Q̂∗(β̂)− R̂′Ω̂−1R̂/2 + op(m/n)= Q̂∗(β̂)+ op(m/n)�

An exactly analogous expansion, replacing β̂ with β0, gives

Q̂(β̂)= Q̂∗(β0)+ op(m/n)�

Then by the definition of β̂�

Q̂∗(β̂)= Q̂(β̂)+ op(m/n)≤ Q̂(β0)+ op(m/n)
= Q̂∗(β0)+ op(m/n)� Q.E.D.

LEMMA A4: If Assumptions 2–4 are satisfied, then ‖δ̂‖ =Op(1)�

PROOF: By Lemma A3, w.p.a.1, ‖ĝ(β̂)‖ = Op(
√
m/n)� so that Assump-

tion 2(iii) and m/μ2
n ≤ C give

‖δ̂‖ ≤ Cμ−1
n

√
n‖ĝ(β̂)‖ +Op(1)=Op(

√
m/μn)+Op(1)=Op(1)�

Q.E.D.
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PROOF OF THEOREM 1: By Lemma A3 and m/μ2
n ≤ C it follows that, para-

meterizing in terms of δ= S′
n(β−β0)/μn (where δ0 = 0),

μ−2
n nQ̂

∗(δ̂)≤ μ−2
n nQ̂

∗(0)+ op(1)�
Consider any ε�γ > 0� By Lemma A4 there is C such that Pr(A1)≥ 1−ε/3 for
A1 = {‖δ̂‖ ≤ C}. In the notation of Lemma A2 let A2 = {sup‖δ‖≤C μ

−2
n n|Q̂∗(δ)−

Q(δ)| < γ/3} and A3 = {μ−2
n nQ̂

∗(δ̂) ≤ μ−2
n nQ̂

∗(0)+ γ/3}. By Lemma A2, for
all n large enough, Pr(A2) ≥ 1 − ε/3 and by Lemma A3, Pr(A3) ≥ 1 − ε/3�
Then Pr(A1 ∩ A2 ∩ A3)≥ 1 − ε and on A1 ∩ A2 ∩ A3,

μ−2
n nQ(δ̂) ≤ μ−2

n nQ̂
∗(δ̂)+ γ/3 ≤ μ−2

n nQ̂
∗(0)+ 2γ/3

≤ μ−2
n nQ(0)+ γ =m/μ2

n + γ�

where the second inequality follows by δ̂ ∈ A3. Subtracting m/μ2
n from both

sides it follows that A implies μ−2
n nḡ(δ̂)

′Ω(δ̂)−1ḡ(δ̂)≤ γ. Since ε�γ can be any
positive constants, we haveμ−2

n nḡ(δ̂)
′Ω(δ̂)−1ḡ(δ̂)

p−→ 0. Then, by Assumptions
2(ii) and 3(ii),

μ−2
n nḡ(δ̂)

′Ω(δ̂)−1ḡ(δ̂)≥ Cμ−2
n nḡ(β̄)

′ḡ(β̄)≥ C‖δ̂‖2�

so that ‖δ̂‖ p−→ 0. Q.E.D.

A.2. Conditions for the Linear Model

LEMMA A5: If Assumption 5 is satisfied, then ξmin(E[(yi−x′
iβ)

2|Zi�Υi])≥ C .
Also, for Xi = (yi� x′

i)
′, E[‖Xi‖4|Zi�Υi] ≤ C�

PROOF: Let � = β0 − β and let �̃ be the elements of � corresponding to
the vector η̃i of nonzero elements of ηi from Assumption 5. Then yi − x′

iβ=
εi + η̃′

i�̃+Υ ′
i �� so that

E[(yi − x′
iβ)

2|Zi�Υi] ≥ E[(εi + η̃′
i�̃)

2|Zi�Υi]
= (1� �̃′)Σi(1� �̃′)′ ≥ ξmin(Σi)(1 + �̃′�̃)≥ C�

giving the first conclusion. Also, E[‖xi‖4|Zi�Υi] ≤ CE[‖ηi‖4|Zi�Υi] +
CE[‖Υi‖4|Zi�Υi] ≤ C and E[y4

i |Zi�Υi] ≤ CE[‖xi‖4‖β0‖4|Zi�Υi] + E[ε4
i |Zi�

Υi] ≤ C , giving the second conclusion. Q.E.D.

LEMMA A6: If Assumption 5 is satisfied, then there is a constant C such that
for every β ∈ B and m, C−1Im ≤Ω(β)≤ CIm.
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PROOF: By Lemma A4, C−1 ≤E[(yi − x′
iβ)

2|Zi] ≤ C , so that the conclusion
follows by Im =E[ZiZ′

i] and Ω(β)= E[ZiZ′
iE[(yi − x′

iβ)
2|Zi]]. Q.E.D.

LEMMA A7: If Assumption 5 is satisfied, then Assumption 3(v) is satisfied,
‖n−1

∑
i Ziz

′
i −E[Ziz′

i]‖
p−→ 0� and ‖n−1

∑
i Ziη

′
i‖ =Op(√m/n)�

PROOF: For the last conclusion, by E[η′
iηi|Zi] ≤ C we have

E

[∥∥∥∥n−1
∑
i

Ziη
′
i

∥∥∥∥2]
= n−1E[Z′

iZiη
′
iηi] ≤ Cn−1E[Z′

iZi] = Cm/n�

so the last conclusion follows by M. For the second to last conclusion, we have

E

[∥∥∥∥n−1
∑
i

Ziz
′
i −E[Ziz′

i]
∥∥∥∥2]

≤ E[Z′
iZiz

′
izi]/n

≤ √
E[‖Zi‖4]/n√E[‖zi‖4]/n−→ 0�

so it also follows by M.
Next, by Assumption 5 and Lemma A6 we have

‖E[Ziz′
i]‖2 = tr

{
E[ziZ′

i](E[ZiZ′
i])−1E[Ziz′

i]
} ≤ tr(E[ziz′

i])≤ C�
Then we have by CS, Υi = Snzi/√n� G= −E[Ziz′

i]S′
n/

√
n, and

μ−1
n

√
n‖ḡ(β̃)− ḡ(β)‖ = μ−1

n

√
n‖G(β̃−β)‖ = ‖E[Ziz′

i](δ̃− δ)‖
≤ ‖E[Ziz′

i]‖‖δ̃− δ‖ ≤ C‖δ̃− δ‖�
Also, by Ĝ= Ĝ(β) not depending on β, by ‖S−1′

n ‖ ≤ C/μn, and by T,

‖Ĝ√
nS−1′

n ‖ ≤
∥∥∥∥ 1√

n

∑
i

Ziη
′
iS

−1′
n

∥∥∥∥
+

∥∥∥∥1
n

∑
i

Ziz
′
i −E[Ziz′

i]
∥∥∥∥ + ‖E[Ziz′

i]‖

= Op

(√
n

μn

√
m

n

)
+ op(1)+O(1)=Op(1)�

so that for M̂ = ‖Ĝ√
nS−1′

n ‖ =Op(1)� by CS,

μ−1
n

√
n‖ĝ(β̃)− ĝ(β)‖ = μ−1

n

√
n‖Ĝ(β̃−β)‖

= ‖Ĝ√
nS−1′

n (δ̃− δ)‖ ≤ M̂‖δ̃− δ‖� Q.E.D.
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LEMMA A8: If Assumption 5 is satisfied, then Assumption 3(iii) and Assump-
tion 8(i) are satisfied.

PROOF: Let Xi = (yi� x
′
i)

′ and α = (1�−β′)′� so that yi − x′
iβ = X ′

iα. Note
that

Ω̂(β)−Ω(β)=
p+1∑
k��=1

F̂k�αkα�� F̂k�

=
n∑
i=1

ZiZ
′
iXikXi�/n−E[ZiZ′

iXikXi�]�

Then E[X2
ikX

2
i�|Zi] ≤ C by Lemma A4 so that

E[‖F̂k�‖2] ≤ CE[
(Z′

iZi)
2E[X2

ikX
2
i�|Zi]

]
/n≤ CE[(Z′

iZi)
2]/n−→ 0�

Then supβ∈B ‖Ω̂(β)−Ω(β)‖ p−→ 0 follows by B bounded. The other parts of
Assumption 8(i) follow similarly upon noting that

Ω̂k(β)−Ωk(β)=
p+1∑
�=1

F̂k�α�� Ω̂
k��(β)−Ωk��(β)

= F̂k�� Ω̂
k�(β)=Ωk�(β)= 0� Q.E.D.

LEMMA A9: If Assumption 5 is satisfied, then Assumption 3(iv) and Assump-
tion 8(ii) are satisfied.

PROOF: Let Σ̃i = E[XiX
′
i |Zi]� which is bounded by Lemma A5. Then by α=

(1�−β) bounded on B we have |α̃′Σ̃iα̃−α′Σ̃iα| ≤ C‖β̃−β‖. Also, E[(a′Zi)2] =
a′E[ZiZ′

i]a= ‖a‖2� Therefore,

|a′Ω(β̃)b− a′Ω(β)b| = ∣∣E[
(a′Zi)(b′Zi)E[(X ′

i α̃)
2 − (X ′

iα)
2|Zi]

]∣∣
≤ E[|a′Zi||b′Zi||α̃′Σ̃iα̃− α′Σ̃iα|]
≤ CE[(a′Zi)2]1/2E[(b′Zi)2]1/2‖β̃−β‖
≤ C‖a‖‖b‖‖β̃−β‖�

We also have

|a′Ωk(β̃)b− a′Ωk(β)b| = ∣∣2E[
(a′Zi)(b′Zi)E[xikX ′

i(α̃− α)|Zi]
]∣∣

≤ CE[|a′Zi||b′Zi|E[|xij|‖Xi‖|Zi]
]‖β̃−β‖

≤ C‖a‖‖b‖‖β̃−β‖�
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The other parts of Assumption 8(ii) follow byΩk��(β) andΩk�(β) not depend-
ing on β� Q.E.D.

PROOF OF THEOREM 2: The result will follow by Theorem 1 upon show-
ing that Assumptions 2 and 3 are true. We now verify Assumption 2. As-
sumption 2(i) holds by hypothesis. For Assumption 2(ii), note that by G =
−E[Ziz′

i]S′
n/

√
n�

μ−1
n

√
nḡ(β)= √

nG(β−β0)/μn = −√
nGS−1′

n δ�

Then by nS−1
n G

′GS−1′
n ≥ CnS−1

n G
′Ω−1GS−1′

n and Assumption 1 we have

μ−1
n

√
n‖ḡ(β)‖ = (δ′[nS−1

n G
′GS−1′

n ]δ)1/2 ≥ C‖δ‖�
Next, let R̂= ∑

i(Ziz
′
i −E[Ziz′

i])/n and note that

ĝ(β)= ĝ(β0)− 1
n

∑
i

Zix
′
i(β−β0)

= ĝ(β0)− 1
n

∑
i

Ziη
′
i(β−β0)+μnn−1/2(−R̂+E[Ziz′

i])δ�

By Lemma A7, ‖R̂‖ p−→ 0, so that by T and CS, w.p.a.1,∥∥(−R̂+E[Ziz′
i])δ

∥∥ ≥ ‖E[Ziz′
i]δ‖ − ‖R̂δ‖ ≥ (C − ‖R̂‖)‖δ‖ ≥ C‖δ‖�

Also, as previously discussed, μ−1
n

√
n‖ĝ(β0)‖ = Op(1) and by Lemma A7,

μ−1
n

√
n‖∑

i Ziη
′
i/n‖ =Op(1)� so that by B compact,

M̂ = μ−1
n

√
n sup
β∈B

∥∥∥∥ĝ(β0)− 1
n

∑
i

Ziη
′
i(β−β0)

∥∥∥∥ =Op(1)�

Then by T it follows that w.p.a.1 for all β ∈ B�
‖δ‖ ≤ C∥∥(−R̂+E[Ziz′

i])δ
∥∥ ≤ μ−1

n

√
n‖ĝ(β)‖ + M̂�

giving Assumption 2(iii).
Next, Assumption 3(i) holds by Lemma A5 and E[(Z′

iZi)
2]/n −→ 0, (ii)

holds by Lemma A6, (iii) holds by Lemma A9, (iv) holds by Lemma A8, and
(v) holds by Lemma A7. Q.E.D.

A.3. Asymptotic Normality

The next result is a general result on asymptotic normality of the sum of a
linear and a quadratic form. Let Xi denote a scalar random variable where we
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also suppress dependence on n� let Zi and Yi be m× 1 random vectors as in
Lemma A1, and let Ψ = ΣZZΣYY +Σ2

ZY � ξ̄Z = ξmax(ΣZZ)� and ξ̄Y = ξmax(ΣYY ).

LEMMA A10: If (Xi�Yi�Zi) (i = 1� � � � � n) are i.i.d., E[Xi] = 0� E[Zi] =
E[Yi] = 0, ΣZZ and ΣYY exist, nE[X2

i ] → A� n2 tr(Ψ) → Λ� nE[X4
i ] −→ 0,

mn4ξ̄2
Zξ̄

2
Y −→ 0� n3(ξ̄2

ZE[‖Yi‖4] + ξ̄2
YE[‖Zi‖4]) −→ 0, and n2E[‖Yi‖4] ×

E[‖Zi‖4] −→ 0, then

n∑
i=1

Xi +
∑
i �=j
Z′
iYj

d−→N(0�A+Λ)�

PROOF: Let wi = (Xi�Yi�Zi) and for any j < i, let ψij = Z′
iYj +Z′

jYi. Note
that

E[ψij|wi−1� � � � �w1] = 0�

E[ψ2
ij] =E[(Z′

iYj)
2 + (Z′

jYi)
2 + 2Z′

iYjZ
′
jYi] = 2 tr(Ψ)�

We have
n∑
i=1

Xi +
∑
i �=j
Z′
iYj =

n∑
i=2

(Xi +Bin)+X1�

Bin =
∑
j<i

ψij =
(∑

j<i

Zj

)′
Yi +

(∑
j<i

Yj

)′
Zi�

Note that E[X2
1 ] = (nE[X2

i ])/n −→ 0� so X1
p−→ 0 by M. Also, E[XiBin] = 0

and

E[B2
in] =E

[∑
j�k<i

ψijψik

]
= (i− 1)E[ψ2

ij] = 2(i− 1) tr(Ψ)�

Therefore,

sn =
n∑
i=2

E[(Xi +Bin)2] = (n− 1)E[X2
i ] + 2

n∑
i=2

(i− 1) tr(Ψ)(A.4)

= n− 1
n

nE[X2
i ] +

(
n2 − n
n2

)
n2 tr(Ψ)−→A+Λ�

Next, note that

E[B2
in|wi−1� � � � �w1] = T1i + T2i + 2T3i�
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T1i =
(∑

j<i

Z′
j

)
ΣYY

(∑
j<i

Zj

)
�

T2i =
(∑

j<i

Y ′
j

)
ΣZZ

(∑
j<i

Yj

)
� T3i =

(∑
j<i

Y ′
j

)
ΣZY

(∑
j<i

Zj

)
�

We also have

T3i −E[T3i] = T31i + T32i + T33i�

T31i =
∑
j<i

Rj� Rj = [Y ′
jΣZYZj − tr(Σ2

ZY )]�

T32i =
∑
k<i

Sk� Sk =
(∑
j<k

Yj

)′
ΣZYZk� T33i =

∑
j<k<i

Y ′
kΣZYZj�

ByE[(Y ′
i �Z

′
i)

′(Y ′
i �Z

′
i)

′] being positive semi-definite it follows that |Y ′
jΣZYZj| ≤

(Y ′
jΣZZYj +Z′

jΣYYZj)/2. Note that

E[(Y ′
jΣZYZj)

2] ≤ CE[(Y ′
jΣZZYj)

2] +CE[(Z′
jΣYYZj)

2]
≤ Cξ̄2

ZE[‖Yj‖4] +Cξ̄2
YE[‖Zj‖4]�

Note that
∑n

i=2 T31i = ∑n

i=2(n− i+ 1)Ri so that

E

[(
n∑
i=2

T31i

)2]
≤ E[(Y ′

jΣZYZj)
2]

n∑
i=2

(n− i+ 1)2

≤ Cn3
{
ξ̄2
ZE[‖Yj‖4] + ξ̄2

YE[‖Zj‖4]} −→ 0�

so that
∑n

i=2 T31i
p−→ 0 by M. We also have

E[Y ′
i ΣZYΣZZΣYZYi] ≤ ξ̄ZE[Y ′

i ΣZYΣYZYi] = ξ̄Z tr(ΣYZΣYYΣZY)

≤ ξ̄Zξ̄Y tr(ΣYZΣZY)≤ ξ̄2
Zξ̄Y tr(ΣYZΣ−1

ZZΣZY)

≤ ξ̄2
Zξ̄Y tr(ΣYY )≤mξ̄2

Zξ̄
2
Y �

so that E[S2
i ] ≤ (i− 1)mξ̄2

Zξ̄
2
Y . In addition E[Si|wi−1� � � � �w1] = 0� so that

E

[(
n∑
i=3

T32i

)2]
= E

[{
n∑
i=3

(n− i+ 1)Si

}2]

=
n∑
i=3

(n− i+ 1)2E[S2
i ]
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≤
n∑
i=3

(n− i+ 1)2(i− 1)mξ̄2
Zξ̄

2
Y

≤mn4ξ̄2
Zξ̄

2
Y −→ 0

and hence
∑n

i=3 T32i
p−→ 0� It follows analogously that

∑n

i=3 T33i
p−→ 0� so

by T,
∑n

i=3{T3i − E[T3i]} p−→ 0� By similar arguments we have
∑n

i=2{Tri −
E[Tri]} p−→ 0 (r = 1�2), so by T,

n∑
i=2

(E[B2
in|wi−1� � � � �w1] −E[B2

in])
p−→ 0�

Note also that E[X2
i ] = E[X2

i |wi−1� � � � �w1] and that

n∑
i=2

E[XiBin|wi−1� � � � �w1]

=
n∑
i=2

∑
j<i

E[Xi(Z
′
iYj +Z′

jYi) |wi−1� � � � �w1]

=
n∑
i=2

{
E[XiZ

′
i]
(∑

j<i

Yj

)
+E[XiY

′
i ]

(∑
j<i

Zj

)}

=E[XiZ
′
i]
n−1∑
i=1

(n− i)Yi +E[XiY
′
i ]

n−1∑
i=1

(n− i)Zi�

Therefore,

E

[(
n∑
i=2

E[XiBin|wi−1� � � � �w1]
)2]

≤ C(
E[XiY

′
i ]ΣZZE[YiXi] +E[XiZ

′
i]ΣYYE[ZiXi]

) n−1∑
i=1

(n− i)2

≤ Cn3ξ̄Y ξ̄ZE[X2
i ] ≤ Cξ̄Y ξ̄Zn2 = C(mn4ξ̄2

Y ξ̄
2
Z)

1/2/m1/2 −→ 0�

Then by M, we have

n∑
i=2

E[XiBin |wi−1� � � � �w1] p−→ 0�



GMM WITH WEAK MOMENTS 15

By T it then follows that

n∑
i=2

{
E[(Xi +Bin)2 |wi−1� � � � �w1] −E[(Xi +Bin)2]}(A.5)

=
n∑
i=2

(E[B2
in |wi−1� � � � �w1] −E[B2

in])

+ 2
n∑
i=2

E[XiBin |wi−1� � � � �w1] p−→ 0�

Next, note that

n∑
i=2

E

[(∑
j<i

Y ′
jZi

)4]

=
n∑
i=2

∑
j�k���m<i

E[Y ′
jZiY

′
kZiY

′
�ZiY

′
mZi]

=
n∑
i=2

{
3

∑
j �=k<i

E[Z′
iYjY

′
jZiZ

′
iYkY

′
kZi] +

∑
j<i

E[(Z′
iYj)

4]
}

=E[(Z′
1ΣYYZ1)

2]
n∑
i=2

3(i− 1)(i− 2)+E[(Z′
1Y2)

4]
n∑
i=2

(i− 1)

≤ n3ξ̄2
YE[‖Zi‖4] + n2E[‖Zi‖4]E[‖Yi‖4] −→ 0�

It follows similarly that
∑n

i=2E[(∑j<i Z
′
jYi)

4] −→ 0� Then by T,

n∑
i=2

E[B4
in] ≤

n∑
i=2

{
CE

[(∑
j<i

Y ′
jZi

)4]
+CE

[(∑
j<i

Z′
jYi

)4]}
−→ 0�

Therefore,

n∑
i=2

E[(Xi +Bin)4] ≤ CnE[X4
i ] +C

n∑
i=1

E[B4
in] → 0�(A.6)

The conclusion then follows from eqs. (A.4), (A.5), and (A.6) and the martin-
gale central limit theorem applied to

∑n

i=2(Xi +Bin). Q.E.D.

We again consider the parameterization where δ= S′
n(β− β0)/μn and β=

β0 + μnS
−1′
n δ. We will let a δ subscript denote derivatives with respect to δ,
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for example, so that giδk = ∂gi(0)/∂δk =GiS
−1′
n ekμn� where ek is the kth unit

vector. Also let Ω̃ = Ω̂(β0), Ω̃k = ∑n

i=1 gig
′
iδk
/n� Ωk = E[Ω̃k], B̃k = Ω̃−1Ω̃k�

and Bk =Ω−1Ωk.

LEMMA A11: If Assumptions 1–4 and 6–9 are satisfied, then

√
m‖Ω̃−Ω‖ p−→ 0� μn

√
m‖Ω̃k −Ωk‖ p−→ 0�

√
m‖B̃k −Bk‖ p−→ 0�

PROOF: Note that μnS−1
n is bounded, so that ‖giδk‖ ≤ C‖Gi‖� Then by stan-

dard arguments and Assumption 6,

E[m‖Ω̃−Ω‖2] ≤ CmE[‖gi‖4]/n−→ 0�

E[m‖Ω̃k −Ωk‖2] ≤ CmE[∥∥giδk∥∥2‖gi‖2
]
/n−→ 0�

so the first two conclusions hold by M. Also, note that Ωk′Ωk ≤ CΩk′Ω−1Ωk ≤
CE[giδkg′

iδk
], so that by Assumption 6, ξmax(Ω

k′Ωk) ≤ C . Also, Bk′Bk ≤
CΩk′Ωk ≤ CE[giδkg′

iδk
]. Then w.p.a.1,

√
m‖B̃k −Bk‖ ≤ √

m‖(Ω̃k′ −Ωk′)Ω̃−1‖ + √
m‖Bk′(Ω− Ω̃)Ω̃−1‖

≤ C√
m‖Ω̃k −Ωk‖ +C√

m‖Ω̃−Ω‖ p−→ 0� Q.E.D.

LEMMA A12: If Assumptions 1–4 and 6–9 are satisfied, then

nS−1
n

∂Q̂(β0)

∂β
= μ−1

n n
∂Q̂(0)
∂δ

d−→N(0�H +Λ)=N(0�HV H)�

PROOF: Let g̃ = ĝ(β0)� g̃δk = ∂ĝ(0)/∂δk = ∑
i GiS

−1′
n ekμn/n� ḡδk =

E[∂gi(0)/∂δk] = GS−1′
n ekμn, Ûk = g̃δk − ḡδk − B̃k′g̃, and let λ̃ be as defined

in Lemma A3. Consider an expansion ρ1(λ̃
′gi)= −1 − λ̃′gi + ρ3(v̄i)(λ̃

′gi)2/2�
where |v̄i| ≤ |λ̃′gi|� By the envelope theorem and by Q̂(δ)= Q̂(β0 +μnS−1′

n δ),

ne′
kS

−1
n ∂Q̂(β0)/∂β= n[∂Q̂(β0)/∂β]′S−1′

n ek = μ−1
n n(∂Q̂/∂δk)(0)

= μ−1
n

∑
i

λ̃′giδkρ1(λ̃
′gi)

= −μ−1
n ng̃

′
δk
λ̃−μ−1

n nλ̃
′Ω̃kλ̃+ r̂�

r̂ = μ−1
n

∑
i

λ̃′giδkρ3(v̄i)(λ̃
′gi)2/2�
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By Lemma A3, ‖λ̃‖ = Op(
√
m/n)� Note that either β is the CUE or

maxi≤n |v̄i| ≤ ‖λ̃‖b̂ for b̂ = maxi≤n ‖gi‖� and that b̂ = Op(n
1/γ(E[bγi ])1/γ) by

a standard result. Therefore, by Assumption 9, either β̂ is the CUE or
maxi≤n |v̄i| ≤ Op(

√
m/n)b̂ = Op(n

1/γ(E[bγi ])1/γ√m/n) p−→ 0� It follows that
maxi≤n ρ3(ξ̄

′
igi)≤ C w.p.a.1 and, by ξmax(Ω̃)=Op(1)� √

m/μn ≤ C , and by As-
sumption 9 that either r̂ = 0 for the CUE or

|r̂| ≤ μ−1
n C‖λ̃‖b̂nξ̄′Ω̃ξ̄=Op

(
μ−1
n m

3/2n1/γ(E[bγi ])1/γ/
√
n
)

= Op
(
n1/γ(E[bγi ])1/γm/

√
n
) p−→ 0�

As in Lemma A3, w.p.a.1 λ̃ satisfies the first-order conditions∑
i

ρ1(λ̃
′gi)gi/n= 0�

Plugging in the expansion for ρ1(λ̃
′gi) and solving gives

λ̃= −Ω̃−1g̃+ R̂� R̂= Ω̃−1
∑
i

ρ3(v̄i)gi(λ̃
′gi)2/n�

Either R̂= 0 for the CUE or by ξmax(Ω̃
−1)≤ C and ξmax(Ω̃)≤ C w.p.a.1,

‖R̂‖ ≤ Cmax
i≤n

‖gi‖λ̃′Ω̃λ̃≤ Cb̂‖λ̃‖2 =Op
(
n1/γ(E[bγi ])1/γm/n

)
�

Now, plug λ̂ back into the expression for ∂Q̂(0)/∂δk to obtain

μ−1
n n

∂Q̂

∂δk
(0)= μ−1

n ng̃
′
δk
Ω̃−1g̃−μ−1

n ng̃
′B̃kΩ̃−1g̃+ r̂

+μ−1
n ng̃

′
δk
R̂−μ−1

n nR̂
′Ω̃kR̂+μ−1

n nR̂(Ω̃
k + Ω̃k′)Ω̃−1g̃�

Note that by Assumption 6 and μnS−1
n bounded, E[‖giδk‖2] = tr(E[giδkg′

iδk
])≤

Cmξmax(E[GiG
′
i]) ≤ Cm. Therefore, ‖g̃δk − ḡδk‖ = Op(

√
m/n)� We also have

‖μ−1
n

√
nḡδk‖ ≤ ‖√nGS−1′

n ‖ ≤ C� so that ‖ḡδk‖ = O(μn/
√
n)� Therefore, by√

m/μn ≤ C and T, ‖g̃δk‖ =Op(μn/√n)� so by CS,∣∣μ−1
n ng̃

′
δk
R̂

∣∣ ≤ μ−1
n n‖g̃δk‖‖R̂‖ =Op

(√
nn1/γ(E[bγi ])1/γm/n

) p−→ 0�

Let Ω̃k�k = ∑
i giδkg

′
iδk
/n and Ωk�k = E[giδkg′

iδk
]. By Assumption 6 and M

we have ‖Ω̃k�k − Ωk�k‖ p−→ 0� so by Lemma A0, Assumption 6, and μnS−1
n

bounded, w.p.a.1

ξmax(Ω̃
k�k)≤ ξmax(Ω

k�k)+ 1 ≤ Cξmax(E[GiG
′
i])+ 1�



18 W. K. NEWEY AND F. WINDMEIJER

Therefore, M̂ =
√
ξmax(Ω̃)ξmax(Ω̃k�k)=Op(1), so that for any a�b� by CS,

|a′Ω̃kb| ≤ [a′Ω̃ab′Ω̃k�kb]1/2 ≤ M̂‖a‖‖b‖�
Then

|μ−1
n nR̂

′Ω̃kR̂| ≤ M̂μ−1
n n‖R̂‖2

= Op
(
μ−1
n

{
n1/γ(E[bγi ])1/γm/

√
n
}2) p−→ 0�

We also have ‖Ω̃−1g̃‖ =Op(√m/n)� so that by
√
m/μn ≤ C�

|μ−1
n nR̂(Ω̃

k + Ω̃k′)Ω̃−1g̃| ≤ CM̂μ−1
n n‖R̂‖‖Ω̃−1g̃‖

= Op
(
n1/γ(E[bγi ])1/γm/

√
n
) p−→ 0�

By T it now follows that

μ−1
n n

∂Q̂

∂δk
(0)= μ−1

n ng̃
′
δk
Ω̃−1g̃−μ−1

n ng̃
′B̃kΩ̃−1g̃+ op(1)

= ḡ′
δk
Ω̃−1g̃+ Ûk′Ω̃−1g̃+ op(1)�

where Ûk = g̃δk − ḡδk − B̃k′g̃� For Bk defined preceding Lemma A11, let Ũk =
g̃δk − ḡδk −Bk′g̃. Note that n‖g̃‖2 =Op(m). By Lemma A11 and m/μ2

n ≤ C we
have

nμ−1
n |(Ûk′Ω̃−1 − Ũk′Ω̃−1)g̃| ≤ Cnμ−1

n |g̃′(B̃k −Bk)Ω̃−1g̃|
≤ Cnμ−1

n ‖g̃‖2‖B̃k −Bk‖ p−→ 0�

Note also that by the usual properties of projections and Assumption 6,
nE[‖Ũk‖2] ≤ CE[‖giδk‖2] ≤ Cm� so that nμ−1

n |Ũk′(Ω−1 − Ω̃−1)g̃| p−→ 0. Sim-
ilarly we have μ−1

n ḡ
′
δk
(Ω̃−1 −Ω−1)g̃

p−→ 0, so that by T

nμ−1
n

∂Q̂

∂δk
(0)= nμ−1

n

(
ḡδk + Ũk

)′
Ω−1g̃+ op(1)�

It is straightforward to check that for Ui defined in Section 2 we have

Ũk = n−1
n∑
i=1

UiS
−1′
n ekμn� ḡδk =GS−1′

n ekμn�
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Then stacking over k gives

nμ−1
n

∂Q̂

∂δ
(0)= nS−1

n

[
G′Ω−1g̃+ n−1

n∑
i=1

U ′
iΩ

−1g̃

]
+ op(1)�(A.7)

For any vector λ with ‖λ‖ = 1, let Xi = λ′S−1
n G

′Ω−1gi� Yi = Ω−1gi, Zi =
UiS

−1′
n λ/n, and A= λ′Hλ� Then from the previous equation we have

nμ−1
n λ

′ ∂Q̂
∂δ
(0)=

n∑
i=1

Xi +
n∑

i�j=1

Y ′
i Zi + op(1)�

Note that E[Z′
iYi] = 0 by each component of Ui being uncorrelated with every

component of gi. Also, by ‖S−1
n ‖ ≤ C/μn,

nE[|Y ′
i Zi|2] ≤ CE[‖g′

iΩ
−1Ui‖2]/nμ2

n

≤ C(
E[‖gi‖4] +E[‖Gi‖4])/nμ2

n −→ 0�

Then
∑n

i=1Z
′
iYi

p−→ 0 by M. Then by eq. (A.7),

nμ−1
n λ

′ ∂Q̂(0)
∂δ

=
n∑
i=1

Xi +
∑
i �=j
Z′
iYj + op(1)�

Now apply Lemma A10. Note that ΣYY = Ω−1 and ΣZY = 0, so that Ψ =
ΣZZΣYY = n−2E[UiS

−1′
n λλ′S−1

n U
′
i ]Ω−1� By Assumption 1 and the hypothesis of

Theorem 3, we have

nE[X2
i ] = nλ′S−1

n G
′Ω−1GS−1′

n λ−→ λ′Hλ=A�
n2 tr(Ψ)= λ′S−1

n E[U ′
iΩ

−1Ui]S−1′
n λ−→ λ′Λλ�

Also, note that ξmax(S
−1′
n λλ′S−1

n ) ≤ C/μ2
n, so that ξ̄Z ≤ C/μ2

nn
2� We also have

‖√nS−1
n G

′Ω−1‖ ≤ C by Assumption 1 and ξmax(Ω
−1)≤ C� Then

nE[|Xi|4] ≤ nE[‖λ′√nS−1
n G

′Ω−1gi‖4]/n2 ≤ CE[‖gi‖4]/n−→ 0�

mn4ξ̄2
Y ξ̄

2
Z ≤ Cmn4/(μ2

nn
2)2 ≤ Cm/μ4

n −→ 0�

n3
(
ξ̄2
ZE[‖Yi‖4] + ξ̄2

YE[‖Zi‖4])
≤ n3C

(
E[‖gi‖4] +E[‖Gi‖4])/μ4

nn
4 −→ 0�

n2E[‖Yi‖4]E[‖Zi‖4]
≤ n2CE[‖gi‖4](E[‖gi‖4] +E[‖Gi‖4])/μ4

nn
4 −→ 0�
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The conclusion then follows by the conclusion of Lemma A10 and the Cramer–
Wold device. Q.E.D.

LEMMA A13: If Assumptions 1–4 and 6–9 are satisfied, then there is an open
convex set Nn such that 0 ∈ Nn and w.p.a.1 δ̂ ∈ Nn� Q̂(δ) is twice continuous
differentiable on Nn, and for any δ̄ that is an element of Nn w.p.a.1,

nS−1
n [∂2Q̂(δ̄)/∂β∂β′]S−1′

n = μ−2
n n∂

2Q̂(δ̄)/∂δ∂δ′ p−→H�

PROOF: By Theorem 1, δ̂
p−→ 0� Then there is ζn −→ 0 such that w.p.a.1

δ̄ ∈Nn = {δ :‖δ‖< ζn}� By Assumption 3, for all δ ∈Nn,

μ−1
n

√
n‖ĝ(δ)− ĝ(0)‖ ≤ M̂‖δ‖ ≤ M̂ζn p−→ 0�

As previously shown, μ−1
n

√
n‖ĝ(0)‖ = Op(μ

−1
n

√
n
√
m/n) = Op(1)� so

supδ∈Nn μ
−1
n

√
n‖ĝ(δ)‖ = Op(1) by T. Now let τn go to zero slower than μn/

√
n

but faster than n−1/γE[supβ∈B ‖gi(β)‖γ]−1/γ , which is possible by Assumption 9,
and let Ln = {λ :‖λ‖ ≤ τn}� Then maxi≤n supβ∈B�λ∈Ln |λ′gi(β)| p−→ 0 similarly
to the proof of Lemma A3. For all δ ∈Nn, let λ̂(δ) = arg maxλ∈Ln P̂(δ�λ)� By
an argument similar to the proof of Lemma A3, an expansion of S(δ� λ̂(δ))
around λ= 0 gives

0 = P̂(δ�0)≤ P̂(δ� λ̂(δ))

= ĝ(δ)′λ̂(δ)+ 1
2
λ̂(δ)′

[
n∑
i=1

ρ2(λ
′gi(δ))gi(δ)gi(δ)′/n

]
λ̂(δ)

≤ ‖ĝ(δ)‖‖λ̂(δ)‖ −C‖λ̂(δ)‖2�

Adding C‖λ̂(δ)‖2 and dividing through by C‖λ̂(δ)‖ gives

‖λ̂(δ)‖ ≤ C‖ĝ(δ)‖ ≤ C sup
δ∈Nn

‖ĝ(δ)‖ =Op(μn/
√
n)�(A.8)

It follows that w.p.a.1 λ̂(δ) ∈ intLn for all δ ∈Nn� Since a local maximum of a
concave function is a global maximum, w.p.a.1 for all δ ∈Nn�

Q̂(δ)= P̂(δ� λ̂(δ))�
Furthermore w.p.a.1 the first-order conditions

n∑
i=1

ρ1(λ̂(δ)
′gi(δ))gi(δ)/n= 0
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will be satisfied for all δ, so that by the implicit function theorem, λ̂(δ) is twice
continuously differentiable in δ ∈ Nn and hence so is Q̂(δ)�

Here let ĝi = gi(δ̄), ĝ = ĝ(δ̄)� λ̂ = λ̂(δ̄)� Ω̂ = −∑n

i=1 ρ2(λ̂
′ĝi)ĝiĝ′

i/n� ĝiδk =
∂gi(δ̄)/∂δk� ĝδk = ∂ĝ(δ̄)/∂δk, and Ω̂k = −∑

i ρ2(λ̂
′ĝi)ĝiĝ′

iδk
/n. Then expand-

ing ρ1(λ̂
′ĝi)= −1 +ρ2(v̄i)λ̂

′ĝi for |v̄i| ≤ |λ̂′ĝi| and letting Ω̄k = −∑
i ρ2(v̄i)ĝi ×

ĝ′
iδk
/n, the implicit function theorem gives

λ̂δk = ∂λ̂

∂δk
(δ̄)= Ω̂−1

[∑
i

ρ1(λ̂
′ĝi)

ĝiδk
n

− Ω̂kλ̂

n

]
= −Ω̂−1

[
ĝδk + (Ω̄k′ + Ω̂k)λ̂

]
�

Also, for Ω̄ = −∑
i ρ2(v̄i)ĝiĝ

′
i/n� the first-order conditions 0 = ∑

i ρ1(λ̂
′ĝi)×

ĝi/n= −ĝ− Ω̄λ̂ imply that

λ̂= −Ω̄−1ĝ�

Next, by the envelope theorem it follows that

Q̂δk(δ̄)=
∑
i

ρ1(λ̂
′ĝi)λ̂′ĝiδk/n�

Let ĝiδkδ� = ∂2gi(δ̂)/∂δk ∂δ�, ĝδkδ� = ∂2ĝ(δ̂)/∂δk ∂δ�� Ω̂
k�� = −∑

i ρ2(λ̂
′ĝi)ĝiδk ×

ĝ′
iδ�
/n, and Ω̄k� = −∑

i ρ2(v̄i)ĝiĝ
′
iδkδ�

/n� Differentiating again yields

Q̂δkδ�(δ̄)=
∑
i

[
ρ1(λ̂

′gi)
(
λ̂′
δk
ĝiδ� + λ̂′ĝiδkδ�

)
+ ρ2(λ̂

′ĝi)
(
λ̂′
δk
ĝi + λ̂′ĝiδk

)
λ̂′ĝiδ�

]
/n

= n−1
∑
i

[
(−1 + ρ2(v̄i)λ̂

′ĝi)
(
λ̂′
δk
ĝiδ� + λ̂′ĝiδkδ�

)]
− λ̂′

δk
Ω̂�λ̂− λ̂′Ω̂k��λ̂

= −λ̂′
δk
ĝδ� − λ̂′ĝδkδ� − λ̂′(Ω̄� + Ω̂�′)λ̂δk − λ̂′(Ω̄k� + Ω̂k��)λ̂�

Substituting in the formula for λ̂δk and then λ̂ we obtain

Q̂δkδ�(δ̄)= ĝ′
δk
Ω̂−1ĝδ� + λ̂′(Ω̄k + Ω̂k′)Ω̂−1ĝδ� − λ̂′ĝδkδ�(A.9)

+ λ̂′(Ω̄� + Ω̂�′)Ω̂−1ĝδk

+ λ̂′(Ω̄� + Ω̂�′)Ω̂−1(Ω̄k′ + Ω̂k)λ̂− λ̂′(Ω̄k� + Ω̂k��)λ̂
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= ĝ′
δk
Ω̂−1ĝδ� + ĝ′Ω̄−1ĝδkδ� − ĝ′Ω̄−1(Ω̄k + Ω̂k′)Ω̂−1ĝδ�

− ĝ′Ω̄−1(Ω̄� + Ω̂�′)Ω̂−1ĝδk

+ ĝ′Ω̄−1(Ω̄� + Ω̂�′)Ω̂−1(Ω̄k′ + Ω̂k)Ω̄−1ĝ

− ĝ′Ω̄−1(Ω̄k� + Ω̂k��)Ω̄−1ĝ�

Next, let Ω̆k = ∑
i ĝiĝ

′
iδk
/n� Note that |1 + ρ2(v̄i)| ≤ C|v̄i| ≤ C|λ̂′ĝi|� so that

by CS and M,

‖Ω̄k − Ω̆k‖ ≤ C
∑
i

|v̄i|‖ĝi‖
∥∥ĝiδk∥∥/n

≤
(
C

∑
i

v̄2
i /n

)1/2(∑
i

‖ĝi‖2
∥∥ĝiδk∥∥2

/n

)1/2

≤ C(λ̂′Ω̂λ̂)1/2

[∑
i

(‖ĝi‖4 + ∥∥ĝiδk∥∥4)
/n

]1/2

= Op
({μ2

nE[d4
i ]/n}1/2

) p−→ 0�

Also, for Ωk(δ)=E[gi(δ)giδk(δ)′], by Assumption 8(i) and S−1
n μn bounded we

have ‖Ω̆k −Ωk(δ̄)‖ p−→ 0� Then by T,

‖Ω̄k −Ωk(δ̄)‖ p−→ 0�

Let Ωk��(δ) = E[giδk(δ)giδ�(δ)′] and Ωk�(δ) = E[gi(δ)giδkδ�(δ)′]� Then it fol-
lows by arguments exactly analogous to those just given that

‖Ω̂−Ω(δ̄)‖ p−→ 0� ‖Ω̄−Ω(δ̄)‖ p−→ 0� ‖Ω̂k −Ωk(δ̄)‖ p−→ 0�

‖Ω̂k�� −Ωk��(δ̄)‖ p−→ 0� ‖Ω̄k� −Ωk�(δ̄)‖ p−→ 0�

Next, as previously shown, μ−1
n

√
n‖ĝ(δ̄)‖ = Op(1). It follows similarly from

Assumption 7 that

μ−1
n

√
n‖∂ĝ(δ̄)/∂δ‖ = √

n‖Ĝ(β̄)S−1′
n ‖ = √

n‖Ĝ(β0)S
−1′
n ‖ + op(1)�

Then by Assumption 6, E[‖Gi‖2] ≤ Cm, so by M,(√
n
∥∥[Ĝ(β0)−G]S−1′

n

∥∥)2 =Op
(
E[‖Gi‖2])/μ2

n =Op(1)�
Also by Assumptions 1 and 3 we have

√
n‖GS−1′

n ‖ ≤ C . Then by T and Assump-
tion 1,

√
n‖Ĝ(β0)S

−1
n ‖ ≤ √

n
∥∥[Ĝ(β0)−G]S−1′

n

∥∥ + √
n‖GS−1′

n ‖ =Op(1)�
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Then by T it follows that

μ−1
n

√
n‖∂ĝ(δ̄)/∂δ‖ =Op(1)�

By similar arguments it follows by Assumption 6 that

μ−1
n

√
n‖∂2ĝ(δ̄)/∂δ∂δk‖ =Op(1)�

Next, for notational convenience let Ω̃ = Ω(δ̄) and Ω̃k = Ωk(δ̄)� By As-
sumption 2, ξmax(Ω̃

−1)≤ C , so that ξmax(Ω̃
−2)≤ C� It follows as previously that

ξmax(Ω̄
−2)≤ C and ξmax(Ω̂

k′Ω̄−2Ω̂k)≤ C w.p.a.1, so that

‖Ω̄−1Ω̂kΩ̄−1 − Ω̃−1Ω̃kΩ̃−1‖
≤ ‖Ω̄−1Ω̂k(Ω̄−1 − Ω̃−1)‖ + ‖Ω̂−1(Ω̂k − Ω̃k)Ω̃−1‖

+ ‖(Ω̂−1 − Ω̃−1)Ω̃kΩ̃−1‖ p−→ 0�

Then by Assumption 8 it follows that

μ−2
n n

∣∣ĝ′Ω̄−1Ω̄kΩ̂−1ĝδ� − ĝ′Ω̃−1Ω̃kΩ̃−1ĝδ�
∣∣

≤Op(1)‖Ω̄−1Ω̄kΩ̂−1 − Ω̃−1Ω̃kΩ̃−1‖ p−→ 0�

Therefore, we can replace Ω̄ and Ω̂ by Ω̃ in the third term in eq. (A.9) with-
out affecting its probability limit. Let Q̃k��(δ) denote the expression following
the second equality in eq. (A.9), with Ω̃ replacing Ω̄ and Ω̂ throughout. Then
applying an argument similar to the one just given to each of the six terms
following the second equality in eq. (A.9), it follows by T that

μ−2
n n|Q̂δkδ�(δ̄)− Q̃k��(δ̄)| p−→ 0�

Next, we will show that

μ−2
n n|Q̃k��(δ̄)− Q̃k��(0)| p−→ 0�

Working again with the third term, let F(δ)=Ω(δ)−1Ωk(δ)Ω(δ)−1. It follows
from Assumptions 3 and 8 similarly to the previous argument that for any a
and b� |a′[F(δ̄) − F(0)]b| ≤ C‖a‖‖b‖‖δ̄‖� Also, by Assumptions 3 and 7 we
have μ−1

n

√
n‖ĝ(δ̄) − ĝ(0)‖ p−→ 0 and μ−1

n

√
n‖ĝδk(δ̄) − ĝδk(0)‖

p−→ 0. It then
follows by CS and T that

μ−2
n n

∣∣ĝ(δ̄)′F(δ̄)ĝδk(δ̄)− ĝ(0)′F(0)ĝδk(0)
∣∣

≤ μ−2
n nC

(‖ĝ(δ̄)‖∥∥ĝδk(δ̄)∥∥‖δ̄‖ + ‖ĝ(δ̄)− ĝ(0)‖∥∥ĝδk(δ̄)∥∥
+ ‖ĝ(0)‖∥∥ĝδk(δ̄)− ĝδk(0)

∥∥) p−→ 0�
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Applying a similar argument for each of the other six terms and using T
gives μ−2

n n|Q̃k��(δ̄)− Q̃k��(0)| p−→ 0� It therefore suffices to show that μ−2
n n×

Q̃k��(0)
p−→Hk��

Next, let Ωk = Ωk(β0), Ωk� = Ωk�(β0), Ωk�� = Ωk��(β0), g̃ = ĝ(β0)� g̃δk =
∂ĝ(0)/∂δk, and g̃δkδ� = ∂2ĝ(0)/∂δ� ∂δk. Note that

Q̃k��(0)= g̃′
δk
Ω−1g̃δ� + g̃′Ω−1g̃δkδ� − g̃′Ω−1(Ωk +Ωk′)Ω−1g̃δ�

− g̃′Ω−1(Ω� +Ω�′)Ω−1g̃δk

+ g̃′Ω−1(Ω� +Ω�′)Ω−1(Ωk′ +Ωk)Ω−1g̃

− g̃′Ω−1(Ωk� +Ωk��)Ω−1g̃�

Consider once again the third term in Q̃k��(0)� that is, g̃′Ag̃δ� , where A =
−Ω−1(Ωk+Ωk′)Ω−1. Now apply Lemma A1 with Yi = gi�Zi =GiS

−1′
n μnek, and

an = μ2
n to obtain

μ−2
n ng̃

′Ag̃δ� = − tr(Ω−1(Ωk +Ωk′)Ω−1Ω�′)/μ2
n + op(1)�

Let Hn = nS−1
n G

′Ω−1GS−1′
n . Then applying a similar argument to each term in

Q̃k��(0) gives

μ−2
n nQ̃k��(0)=Hnk�� +μ−2

n tr
[
Ω−1Ωk��′ +Ω−1Ωk�′

−Ω−1(Ωk +Ωk′)Ω−1Ω�′ −Ω−1(Ω� +Ω�′)Ω−1Ωk′

+Ω−1(Ω� +Ω�′)Ω−1(Ωk′ +Ωk)−Ω−1(Ωk� +Ωk��)
]

+ op(1)
=Hnk�� +μ−2

n tr
[
Ω−1(Ωk��′ −Ωk��)+Ω−1(Ωk�′ −Ωk�)

−Ω−1(Ωk +Ωk′)Ω−1Ω�′ +Ω−1(Ω� +Ω�′)Ω−1Ωk
]

+ op(1)�
By tr(AB)= tr(BA) for any conformable matrices A and B, we have

tr[(Ω−1Ω�′)(Ω−1Ωk)] = tr(Ω−1ΩkΩ−1Ω�′)�

Also, for a symmetric matrix A� tr(AB)= tr(B′A)= tr(AB′), so that

tr(Ω−1Ωk��′)= tr(Ω−1Ωk��)� tr(Ω−1Ωk�′)= tr(Ω−1Ωk�)�

tr[Ω−1(Ω�Ω−1Ωk)] = tr[Ω−1(Ωk′Ω−1Ω�′)]�
Then we have μ−2

n nQ̃k��(0) = Hnk�� + op(1), so that the conclusion follows
by T. Q.E.D.
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LEMMA A14: If Assumptions 1–4 and 6–9 are satisfied, then nS−1
n D̂(β̂)

′Ω̂−1 ×
D̂(β̂)S−1′

n

p−→H +Λ=HV H.

PROOF: For ĝi = gi(β̂)� an expansion like those above gives ρ1(λ̂
′ĝi)= −1−

λ̂′ĝi + ρ3(v̄i)(λ̂
′ĝi)2, so that w.p.a.1,

1
n

∑
i

ρ1(λ̂
′ĝi)= −1 − λ̂′ĝ+ r�

|r| ≤ Cmax
i

|ρ3(v̄i)|λ̂′Ω̂(β̂)λ̂≤ C‖λ̂‖2�

By ‖λ̂‖ = Op(
√
m/n) and ‖ĝ‖ = Op(

√
m/n) we have |λ̂′ĝ| = Op(m/n)

p−→ 0�
Also, |r| =Op(m/n) p−→ 0, so that by T,

1
n

∑
i

ρ1(λ̂
′ĝi)

p−→ −1�(A.10)

Next, consider the expansion ρ1(λ̂
′ĝi) = −1 + ρ2(v̄i)λ̂

′ĝi as in the proof
of Lemma A13. As discussed there, λ̂ satisfies the first-order condition 0 =∑

i ρ1(λ̂
′ĝi)ĝi/n = −ĝ − Ω̄λ̂ for Ω̄ = −∑

i ρ2(v̄i)ĝiĝ
′
i/n� so that for ĝiδk =

∂ĝi(δ̂)/∂δk� ĝδk = ∂ĝ(δ̂)/∂δk� and Ω̄k = −∑
i ρ2(v̄i)ĝ

′
iĝiδk/n we have

λ̂= −Ω̄−1ĝ�
∑
i

ρ1(λ̂
′ĝi)ĝiδk/n= −ĝδk − Ω̄k′λ̂= −ĝδk + Ω̄k′Ω̄−1ĝ�

Also, note that for Ū = ∑n

i=1Ui/n� we have ŪS−1′
n ekμn = g̃δk − ḡδk −Ωk′Ω−1g̃.

Then, in terms of the notation of Lemma A13, it follows similarly to the argu-
ments given there that[

1
n

∑
i

ρ1(λ̂
′ĝi)

]2

e′
knS

−1
n D̂(β̂)

′Ω̂−1D̂(β̂)S−1′
n e�

= μ−2
n n

(
ĝ′
δk
Ω̂−1ĝδ� − ĝδkΩ̂−1Ω̄�′Ω̄−1ĝ− ĝ′Ω̄−1Ω̄kΩ̂−1ĝδ�

+ ĝ′Ω̄−1Ω̄kΩ̂−1Ω̄�′Ω̄−1ĝ
)

= μ−2
n n

(
g̃′
δk
Ω−1g̃δ� − g̃δkΩ−1Ω�′Ω−1g̃− g̃′Ω−1ΩkΩ−1g̃δ�

+ g̃′Ω−1ΩkΩ−1Ω�′Ω−1g̃
) + op(1)

= μ−2
n n

(
g̃δk −Ωk′Ω−1g̃

)′
Ω−1

(
g̃δ� −Ω�′Ω−1g̃

) + op(1)
= ne′

kS
−1
n (G+ Ū)′Ω−1(G+ Ū)S−1′

n e� + op(1)�
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Note that by Assumption 1, nS−1
n G

′Ω−1GS−1′
n −→H�Also, ξmax(E[UiS

−1′
n e�e

′
�×

S−1
n U

′
i ])≤ C/μ2

n� so that

E[(ne′
kS

−1
n G

′Ω−1ŪS−1′
n e�)

2]
= ne′

kS
−1
n G

′Ω−1E[UiS
−1′
n e�e

′
�S

−1
n U

′
i ]Ω−1GS−1′

n ek

≤ Cne′
kS

−1
n G

′Ω−2GS−1′
n ek/μ

2
n ≤ CHnkk/μ

2
n −→ 0�

Now apply Lemma A1 to ne′
kS

−1
n Ū

′Ω−1ŪS−1′
n e� for A=Ω−1, Yi =UiS

−1′
n ekμn�

Zi =UiS
−1′
n e�μn, andμ2

n = an�Note that ξmax(A
′A)= ξmax(AA

′)= ξmax(Ω
−2)≤

C . Also, by S−1
n μn bounded, ξmax(ΣYY ) ≤ ξmax(E[UiU

′
i ]) ≤ C and ξmax(ΣZZ) ≤

C� Furthermore, m/a2
n =m/μ4

n −→ 0� an/n= μ2
n/n≤ C , μY = μZ = 0, and

E[(Y ′
i Yi)

2]/na2
n ≤ CE[‖Ui‖4]/na2

n ≤ CE[‖gi‖4 + ‖Gi‖4]/na2
n −→ 0�

Then by the conclusion of Lemma A1,

ne′
kS

−1
n Ū

′Ω−1ŪS−1′
n e� = nȲ ′AZ̄/an = tr(AΣ′

YZ)/an + op(1)
= tr(Ω−1E[UiS

−1′
n e�e

′
kS

−1
n U

′
i ])+ op(1)

= e′
kS

−1
n E[U ′

iΩ
−1Ui]S−1′

n e� + op(1) p−→Λk��

Then by T,

e′
knS

−1
n D̂(β̂)

′Ω̂−1D̂(β̂)S−1′
n e�

p−→Hk� +Λk��

The conclusion then follows by applying this result for each k and �� Q.E.D.

PROOF OF THEOREM 3: Let Yn = nμ−1
n ∂Q̂(0)/∂δ. Then expanding the first-

order conditions as outlined in Section 5 gives

0 = nμ−1
n

∂Q̂(δ̂)

∂δ
= nμ−1

n

∂Q̂(0)
∂δ

+ nμ−2
n

∂2Q̂(δ̄)

∂δ∂δ′ μnδ̂�

By Lemma 13, nμ−2
n ∂

2Q̂(δ̄)/∂δ∂δ′ is nonsingular w.p.a.1. Then by CMT, Lem-
mas A12 and A13, and S,

μnδ̂= S′
n(β̂−β0)=

[
nμ−2

n

∂2Q̂(δ̄)

∂δ∂δ′

]−1

nμ−1
n

∂Q̂(0)
∂δ

=H−1Yn + op(1)�

Then by Lemma A12 and S,

S′
n(β̂−β0)

d−→H−1N(0�H +Λ)=N(0� V )�
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Also, by Lemmas A13 and A14,

nS−1
n ĤS

−1′
n = μ−2

n n
∂2Q̂(δ̂)

∂δ∂δ′
p−→H� nS−1

n D̂
′Ω̂−1D̂S−1′

n

p−→HV H�

Also, Ĥ is nonsingular w.p.a.1, so that

S′
nV Sn/n = (nS−1

n ĤS
−1′
n )−1nS−1

n D̂
′Ω̂−1D̂S−1′

n (nS−1
n ĤS

−1′
n )−1

p−→H−1HV HH−1 = V �
To prove the last conclusion, note that rnS−1

n c −→ c∗ and S imply that

rnc
′(β̂−β0)= rnc′S−1′

n S′
n(β̂−β0)

d−→N(0� c∗′V c∗)�

r2
nc

′V̂ c/n= rnc′S−1′
n (S′

nV̂ Sn/n)S
−1
n crn

p−→ c∗′V c∗�

Therefore, by CMT and S,

c′(β̂−β0)√
c′V̂ c/n

= rnc
′S−1′
n S′

n(β̂−β0)√
r2
nc

′S−1′
n (S′

nV̂ Sn/n)S
−1
n c

d−→ N(0� c∗′V c∗)√
c∗′V c∗ =N(0�1)�

For the linear model we proceed by verifying all of the hypotheses of the
general case. Note that gi(β) = Zi(yi − x′

iβ) is twice continuously differen-
tiable and that its first derivative does not depend on β� so Assumption 7 is
satisfied. Also, by Lemma A5,(

E[‖gi‖4] +E[‖Gi‖4])m/n≤ CE[‖Zi‖4]m/n−→ 0�

ξmax(E[GiG
′
i])≤

p∑
j=1

ξmax(E[ZiZ′
ix

2
ij])≤ Cξmax(CIm)≤ C�

so that Assumption 6 is satisfied. Assumption 8 is satisfied by Lemmas A8
and A9. Assumptions 2–4 were shown to hold in the proof of Theorem 2.
Assumption 9 can be shown to be satisfied similarly to the proof of Theo-
rem 2. Q.E.D.

A.4. Large Sample Inference Proofs

The following result improves upon Theorem 6.2 of Donald, Imbens, and
Newey (2003). Let g̃ = ĝ(β0) by only requiring that m/n −→ 0 in the case
where the elements of gi are uniformly bounded.
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LEMMA A15: If E[(g′
iΩ

−1gi)
2]/mn−→ 0, then

ng̃′Ω−1g̃−m√
2m

d−→N(0�1)�

PROOF: Note that E[g′
iΩ

−1gi] =m so that by M,∑n

i=1 g
′
iΩ

−1gi/n−m√
2m

=Op
({
E[{g′

iΩ
−1gi}2]/nm}1/2) p−→ 0�

Now apply Lemma A9 with Yi = Zi = Ω−1/2gi/
√
n(2m)1/4, so that ξ̄Z = ξ̄Y =

n−1(2m)−1/2� Note that Ψ = ΣYYΣZZ + Σ2
YZ = 2Im/n22m = Im/n

2m, so that
n2 tr(Ψ)= n2 tr(Im/n2m)= 1� Also note that

mn4ξ̄2
Zξ̄

2
Y =m/4m2 −→ 0�

n3
(
ξ̄2
ZE[‖Yi‖4] + ξ̄2

YE[‖Zi‖4])
≤ n32

{
n−2(2m)−1E[{g′

iΩ
−1gi}2/n22m]} −→ 0�

n2E[‖Yi‖4]E[‖Zi‖4] = n2
{
E[{g′

iΩ
−1gi}2]n−2(2m)−1

}2 −→ 0�

It then follows by Lemma A10 that
∑

i �=j g
′
iΩ

−1gj/
√

2m
d−→ N(0�1)� so the

conclusion follows by T. Q.E.D.

PROOF OF THEOREM 4: By an expansion in λ around λ= 0 we have

Q̂(β0)= −λ̃′g̃− λ̃′Ω̄λ̃/2�

where Ω̄= −∑
i ρ2(v̄i)gig

′
i/n� v̄i = ξ̄′gi, and ‖ξ̄‖ ≤ ‖λ̃‖. Also, by an expansion

around 0 we have ρ1(λ̃
′gi)= −1 + ρ2(v̆i)λ̃

′gi with |v̆i| ≤ |λ̃′gi|� so that for Ω̆=
−∑

i ρ2(v̆i)gig
′
i/n the first-order conditions for λ̃ give 0 = −g̃− Ω̆λ̃. Note that

for �n = n1/γ(E[bγi ])1/γ√m/n we have

max
i≤n

|1 + ρ2(v̆i)| ≤ C‖λ̃‖max
i≤n

gi =Op(�n)�

Let Ω̃= ∑
i gig

′
i/n� By Lemma A0, ξmax(Ω̃)≤ C w.p.a.1, so that for any a�b�

|a′(Ω̆− Ω̃)b| ≤
∑
i

|1 + ρ(v̆i)||a′gi||b′gi|/n

≤ Op(�n)
√
a′Ω̃ab′Ω̃b=Op(�n)‖a‖‖b‖�
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It follows similarly that

|a′(Ω̆− Ω̃)b| ≤Op(�n)‖a‖‖b‖�
It then follows from �n −→ 0, similarly to Lemma A0, that ξmin(Ω̆) ≥ C

w.p.a.1, so λ̃= −Ω̆−1g̃� Plugging into the above expansion gives

Q̂(β0)= g̃′Ω̆−1g̃− g̃′Ω̆−1Ω̄Ω̆−1g̃/2�

As above ξmin(Ω̃) ≥ C w.p.a.1, so that ‖Ω̃−1g̃‖ ≤ C‖g̃‖ = Op(
√
m/n) and

‖Ω̃−1g̃‖ =Op(√m/n). Therefore, by �n
√
m−→ 0�

|g̃′(Ω̆−1 − Ω̃−1)g̃| = ∣∣g̃′Ω̆−1(Ω̃− Ω̆)Ω̃−1g̃
∣∣ ≤Op(�n)Op(m/n)

= op(
√
m/n)�

It follows similarly that |g̃′(Ω̆−1Ω̄Ω̆−1 − Ω̃−1)g̃| = op(√m/n)� so that by T,

Q̂(β0)= g̃′Ω̃−1g̃/2 + op(
√
m/n)�

It follows by mE[‖gi‖4]/n−→ 0 that ‖Ω̃−Ω‖ = op(1/√m), so that g̃′Ω̃−1g̃ =
g̃′Ω−1g̃+ op(√m/n) and, by T,

Q̂(β0)= g̃′Ω−1g̃/2 + op(
√
m/n)�

It then follows that

2nQ̂(β0)−m√
m

− ng̃′Ω−1g̃−m√
m

= 2n√
m

[
Q̂(β0)− g̃′Ω−1g̃

2

]
= op(1)�

Then by Lemma A15 and S we have

2nQ̂(β0)−m√
m

d−→N(0�1)�

Also, by standard results for the chi-squared distribution, asm−→ ∞ the (1 −
α)th quantile qmα of a χ2(m) distribution has the property that [qmα −m]/√2m
converges to the (1 − α)th quantile qα of N(0�1)� Hence we have

Pr(2nQ̂(β0)≥ qmα )= Pr
(

2nQ̂(β0)−m√
2m

≥ qmα −m√
2m

)
−→ α�

Q.E.D.

PROOF OF THEOREM 5: Let B̂ = nS−1
n D̂(β0)

′Ω̂(β0)
−1D̂(β0)S

−1′
n and B =

HV H� It follows from Lemma A14, replacing β̂ with β0, that B̂
p−→ B� By
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the proof of Theorem 3, S, and CM we have

T̂ = (β̂−β0)
′Sn(S′

nV̂ Sn/n)
−1S′

n(β̂−β0)

= Y ′
nB

−1Yn + op(1) d−→ χ2(p)�

Then by Lemma A12,

LM(β0)= n
∂Q̂(β0)

′

∂β
S−1′
n B̂−1nS−1

n

∂Q̂(β0)

∂β
= Y ′

n(B+ op(1))−1Yn

= Y ′
nB

−1Yn + op(1)�
Therefore, we have LM(β0)= T̂ + op(1)�

Next, by an expansion, for H̄ = nS−1
n ∂

2Q̂(β̄)/∂β∂β′ S−1′
n ,

2n[Q̂(β0)− Q̂(β̂)] = n(β̂−β0)
′[∂2Q̂(β̄)/∂β∂β′](β̂−β0)

= (β̂−β0)
′SnH̄S′

n(β̂−β0)�

where β̄ lies on the line joining β̂ and β0 and H̄
p−→H by Lemma A13. Then

by the proof of Theorem 3 and the CMT,

2n[Q̂(β0)− Q̂(β̂)] = {Y ′
nH

−1 + op(1)}{H + op(1)}{H−1Yn + op(1)}
= Y ′

nH
−1Yn + op(1)�

It follows that 2n[Q̂(β0)− Q̂(β̂)] =Op(1)� so that

2n[Q̂(β0)− Q̂(β̂)]/√m−p p−→ 0�

Therefore, it follows as in the proof of Theorem 4 that

2nQ̂(β̂)− (m−p)√
m−p = 2nQ̂(β0)− (m−p)√

m−p + op(1)

=
√

m

m−p
2nQ̂(β0)−m√

m
+ p√

m−p + op(1)
d−→N(0�1)�

Next, note that H−1 ≤ V in the p.s.d. sense so that V −1 ≤H� It follows that

Y ′
nH

−1Yn ≥ Y ′
nB

−1Yn
d−→ χ2(p)�

Then Pr(2n[Q̂(β0)− Q̂(β̂)]> qpα)= Pr(Y ′
nH

−1Yn > q
p
α)+ o(1)≥ α�
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Next, in considering the CLR test, for notational convenience evaluate at β0

and drop the β argument, for example, so that R̂ = R̂(β0)� By have B̂
p−→ B,

it follows that B̂ ≥ (1 − ε)B w.p.a.1 for all for ε > 0. Also by m/μ2
n bounded,

for any C there is ε small enough so that (1 − ε)C − εm/μ2
n is positive and

bounded away from zero, that is, so that (1 − ε)C − εm/μ2
n ≥ C (the Cs are

different). Then by hypothesis, multiplying through by 1 − ε, and subtracting
εm/μ2

n from both sides it will be the case that

ξmin(μ
−2
n Sn(1 − ε)BS′

n)− (m/μ2
n)≥ (1 − ε)C − εm/μ2

n ≥ C�
Then w.p.a.1,

F̂ = R̂−m
μ2
n

= ξmin(μ
−2
n SnB̂S

′
n)− m

μ2
n

≥ ξmin(μ
−2
n Sn(1 − ε)BS′

n)− (m/μ2
n)≥ C�

Also, by the proof of Theorem 4,

AR −m
μ2
n

=
√
m

μ2
n

AR −m√
m

p−→ 0�

Therefore, we have w.p.a.1,

AR − R̂
μ2
n

= AR −m
μ2
n

− F̂ ≤ −C�

It follows that w.p.a.1,

AR

R̂
= (AR −m)/μ2

n +m/μ2
n

F̂ +m/μ2
n

≤ C/2 +m/μ2
n

C +m/μ2
n

≤ 1 −C�

Therefore, by R̂≥ Cμ2
n +m−→ ∞� w.p.a.1,

R̂

(AR − R̂)2
= 1

R̂

1

(1 − AR/R̂)2

p−→ 0�

Note that AR − R̂ < 0 w.p.a.1, so that |AR − R̂| = R̂− AR. Also, similarly to
Andrews and Stock (2006), by a mean value expansion

√
1 + x= 1+ (1/2)(x+

o(1))� so that

̂CLR = 1
2
{
AR − R̂+ [(AR − R̂)2 + 4 LM ·R̂]1/2

}
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= 1
2

{
AR − R̂+ |AR − R̂|

[
1 + 4 LM ·R̂

(AR − R̂)2

]1/2}

= 1
2

{
AR − R̂+ |AR − R̂|

[
1 + 2 LM

R̂

(AR − R̂)2
(1 + op(1))

]}

= L̂M
R̂

R̂− AR
(1 + op(1))�

Let rn = ξmin(SnBS
′
n/μ

2
n)� Then rn − m/μ2

n ≥ C by hypothesis. Then R̂/μ2
n =

rn + op(1) as shown below. It then follows that

R̂

R̂− AR
= R̂/μ2

n

(R̂−m)/μ2
n − (AR −m)/μ2

n

= rn + op(1)
rn −m/μ2

n + op(1) = rn

rn −m/μ2
n

+ op(1)�

It then follows that

CLR =
(

rn

rn −m/μ2
n

)
LM+op(1)�

Carrying out these same arguments with qm−p
s +qps replacing AR it follows that

q̂s = 1
2
{
qm−p
s + qps − R̂+ [(qm−p

s + qps − R̂)2 + 4qps · R̂]1/2
}

=
(

rn

rn −m/μ2
n

)
qps + op(1)�

giving the conclusion with cn = rn/(rn −m/μ2
n).

It now remains to show that R̂/μ2
n = rn + op(1). Note that for S̄n = Sn/μn�

R̂/μ2
n = min

‖x‖=1
x′S̄nB̂S̄′

nx� rn = min
‖x‖=1

x′S̄nBS̄′
nx�

By Assumption 1 we can assume without loss of generality that μn = μ1n and

S̄n = S̃n diag(1�μ2n/μn� � � � �μpn/μn)�

Let ej denote the jth unit vector and consider xn such that x′
nSnej = 0 (j =

2� � � � �p) and ‖xn‖ = 1. Then by S̃n bounded and CS,

‖x′
nS̄n‖ =

∥∥∥∥∥x′
nS̃n

[
e1 +

p∑
j=2

(μjn/μn)ej

]∥∥∥∥∥ = ‖x′
nS̃ne1‖ ≤ ‖S̃n‖ ≤ C�
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Also, by B̂
p−→ B there is C such ‖B̂‖ ≤ C and ξmin(B̂) ≥ 1/C . w.p.a.1. Let

x̂= arg min‖x‖=1 x
′S̄nB̂S̄′

nx and x∗
n = arg min‖x‖=1 x

′S̄nBS̄′
nx� Then w.p.a.1,

C−1‖x̂′S̄n‖2 ≤ R̂/μ2
n ≤ x′

nS̄nB̂S̄
′
nxn ≤ C�

C−1‖x∗′
n S̄n‖2 ≤ rn ≤ x′

nS̄nBS̄
′
nxn ≤ C�

so that there is C̄ such that w.p.a.1,

‖x̂′S̄n‖ ≤ C̄� ‖x∗′
n S̄n‖ ≤ C̄�

Consider any ε > 0. By B̂
p−→ B� w.p.a.1 ‖B̂−B‖ ≤ ε/C̄2. Then, w.p.a.1,

R̂/μ2
n ≤ x∗′

n S̄nB̂S̄nx
∗
n

= rn + x∗′
n S̄n(B̂−B)S̄nx∗

n ≤ rn + |x∗′
n S̄n(B̂−B)S̄nx∗

n|
≤ rn + ‖x∗′

n S̄n‖2‖B̂−B‖ ≤ rn + C̄2(ε/C̄2)= rn + ε�
rn ≤ x̂′S̄nBS̄nx̂= R̂/μ2

n + x̂′S̄n(B− B̂)S̄nx̂≤ R̂/μ2
n + ε�

Thus, w.p.a.1, rn − R̂/μ2
n ≤ ε and R̂/μ2

n − rn ≤ ε, implying |R̂/μ2
n − rn| ≤ ε�

showing |R̂/μ2
n − rn| p−→ 0. Q.E.D.
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