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SUPPLEMENT TO “BOOTSTRAPPING REALIZED VOLATILITY”
(Econometrica, Vol. 77, No. 1, January, 2009, 283-306)

BY SiLVIA GONCALVES AND NOUR MEDDAHI

THIS SUPPLEMENT IS ORGANIZED as follows. First, we introduce some nota-
tion. Second, we provide auxiliary lemmas (and their proofs) used to derive
the cumulant expansions in Appendix A of the paper. Last, we prove Proposi-
tion 4.2 and part (c) of Proposition 4.3, which were not included in Appendix B.

NOTATION
Recall that o7 = f:i])h o2du < oo, and for any ¢ > 0, of = hl‘i/zx
S22 = ka2 6! where of = (02)72. Note that in general o #
ol= fol oldu. We let o, , = 07/(c?)?? for any q, p > 0. When o7 is replaced

with o) we write o, , ;. Similarly, R, , = R,/(R,)??. We let u, = E| Z|7, where
Z ~ N(0,1) and g > 0, and note that u, =1, uy = 3, us = 15, and ug = 105.
Since w, = 1, we can write o2 = w, 02, which will be convenient for proving the
results for the wild bootstrap (WB).

Write

A

1% —-1/2
Th:Sh(7> =S,(1+~hU,) "2,

h
where

VAR, — py0?) VETIV — V)
= and Uy=———"—,
Vi v,

and V), = Var(Wh—'Ry) = (4 — Mg)?;;. The proof of Lemma S.2 below relies
heavily on the fact that

Sh

1/h
) 2 2
Ry~ poo? =) (r} — po7) and
i=1
1/h

2

5 Mg — 7, _

V== B Y - ),
4 i=1

where for any g > 0, |r;|]9 — p,o] are (conditionally on o) independent with
Zero mean since r; = o;u;, where u; ~ i.i.d. N(0, 1).

Similarly, let S; = (VA™(R; — E*(R))/VV™, Uy = Wh(V* = V) V™,
where V* = Var*(h~'2R}) and V* is a consistent estimator of I*. Then T} =
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2 S. GONCALVES AND N. MEDDAHI

S:(1+~/hU;)~'/2, For the independent and identically distributed (i.i.d.) boot-
strap, V'* = R, — R and V* = R} — R*. For the WB, VV* = (u; — u3®)R, and
Ve = (w5 = D) /)R,

Finally, note that throughout we will use ), S
indices differ, for example, >, =D iy ik -

to denote a sum where all

AUXILIARY LEMMAS

LEMMA S.1: Let q, p, and s be positive even integers. It follows that

1/h -
(S1) Z olof = PR (G G g
i#]
1/h -
(S2) Z ol o'j!’a-; = h73+<q+p+s)/2(a_;{) (0_:) (?2)
il
_ h 2+(q+p+s)/2( Z+p O_h + O'gﬂ a'h " O_h 0—;[’“)

+ 2h—1+(q+p+s)/2 O_Z+P+S.

LEMMA S.2: Under Assumption H, conditionally on o,
(al) E|r|? = p,0of,
@2)  Vi=Var(h"R) = (s — pd)oy,
(a3) E[(R, - szf] = I’ (e — 3pops + 2#;);2,
(@4)  E[(Ro— p20?)'] =31 (s — 13)*(o7)"
B (s — Auaps + 12031 — 68 = 3u2) 0t

— 2 _ _
(8.5) E[(Rz . sz)(l} . I/h)] —h (M4 /‘Lz)(/-lvﬁ /-L2,Uv4) 0.’61,
M

(a6) E[(Rz - sz)z(l} — Vh)]

Mg — —3
=h—= (Ms s — 2paphs + 215 Hs) O
4

352 (M4 - M%)Z(M() - M2M4)
M

@7)  E[(R— o))’V —Vi)]=

x otol +O0(h’), as h—0,
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(a8) E[(R, - M2;)4(I} - V]

M

+ 6(s — 2 — 2papte + 23 pa) (s — pd)af of

+O(h*)y as h—0,
(29) E[(Rz - ,Uvzg)(I} - Vh)z]

— Ma — M3 |: 4(pe — 3papts + 2u3) (ps — ,U«2M4)(;2)2 :|

(s — p3)° _
= TZ(MIO — 2papts — Mofts + 2papd) P o)
4

=0h*) as h—0,
(a10)  E[(R, — mo?)’(V = V3)?]
(g — p3)*
— h2 2
It (

+0Oh®) as h—0,
(all)  E[(Rs— mo?)'(V = V3)*] = O(*) + O(h*) as h— 0,

(s — p3)(ps — Mi)o'_f, 0'_1? +2(ps — M2M4)2(;/f)2)

a12)  E[(R,— mo?)' (V —Vi)?]
s [ 3(1s — 1) (s — 1) (07) 7} }
i 1208 — 13) (s — papna)*(0f) o
+0Oh* as h—DO.

LEMMA S.3: Under Assumption H, conditionally on o,
E(Sy) =0,
ES) =1,
E(S}) =~hB o4,
E(S}) =3+ hByog4,,
E(SyUy) = A1064n,
E(S;U,) = \/Z(Aszs,zt,h),

and as h — 0,

E(S,U,) = A3064.5 + O(h),
E(SZUh) = \/E[D] 038.4.h + Dza—(?,4,h] + O(hS/z),
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ESUD) =0(h7),  ESU) =0(h"),
E(SiU;f) =[Ci0o54 + CzU(%A,h] +O(h),
E(S;U,f) =[E 034 + E20'62,4,h] +O(h).

The constants A, A,, Bi, By, and C, are as in Theorem A.l, and A; = 3A,,
C2 = ZA%, D1 = 6A2, D2 = 4AlBl, E1 = 3C1, and E2 = 12A%

REMARK 1: The WB analogue of Lemma S.2 replaces o with R, and pu,
with p; = E*|n;|?. The WB analogue of Lemma S.3 replaces o, , with R, ,

(and p, with wy = E*|n;|?), yielding for example, E*(S;*f) = \/E(BTR(,A,,Z),
where B} = (ug — 3uim; + 2137) /(i — w3?)>2,

Lemma S.7 below is the i.i.d. bootstrap analogue of Lemma S.3. The next
results are auxiliary in proving Lemma S.7.

LEMMA S.4: Let rf ~ iid. from {r;:i =1,...,1/h}. Under Assumption H,
conditionally on o, for any q > 0 and forany i=1,...,1/h,

(al) E*(Irf|Y)=h""R, and E*(R))=R,=0p(),
(a2) E*[(r* — hRy))* 1 = h*(R, — R)),
(a3) E*[(r* — hRy)’1 = h*(Rs — 3R4R, + 2R)),
(a4)  E'[(r> — hRy)*]1 = h*(Rs — 4RsR, + 6R,R; — 3R;),
(a5) E*[(r* — hRy)’1 = I’ (Ryg — 5RsR; + 10R.R% — 10R,R3 + 4R)),
(ab) E*[(r* — hRy)®*1 = h®(Ryy — 6R R, + 15RgR3
—20RR3 + 15R,R: — 5RY),

(a7) E*[(r* — hRy)"] = Op(h?) forany q>7, as h—0,
(a8) E*[(r* — B*Ry)*] = h*(Rs — R?),
(29) E*[(r? — hRy) (r}* — B’Ry)] = B (Rs — RyRy),
(al0)  E*[(r* — hRy)*(ri* — i*Ry)] = h*(Ry — R} — 2R4R, + 2R,R5),
(all)  E*[(r* — hRy)*(ri* — h*Ry)]

=1’ (Ry) — RyRs — 3RsR, + 3RR, + 3R4R2 — 3R,R)),
(al2)  E*[(r> — hRy)*(rf* — h*Ry)]

s (R12 — R,Rs — 4R \\R, + 4R,R4R; + 6R8R§)

— 6R?R? — 4R¢R3 + 4R,R} ’

(a13)  E*((r;> = hRy)(r7* — B*Ry)*) = I’ (Ryy — 2R4Rs — RsR, + 2R;R,),
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(ald)  foranyq, p>0, E*[(r7> —hRy)I(r* — h*Ry)"]
=O0p(hi*?") as h— 0.
LEMMA S.5: Let ri ~ iid. from {r;:i=1,...,1/h}. Under Assumption H,
conditionally on o,
(al) V*=Var(h™'”R;) =R, — R;,
(a2) VE_Vr= R; — Ry — [(R; — Ry))* +2Ry(R; — Ry,
(a3) E*[(R; — Ry)’] = h*(Rs — 3R,R, + 2R}),
(ad) E*[(R; — Ry))*'1 = h*[3(Rs — R3)’]
+ h*(Rg — 4RsR, + 12R4R; — 6R; — 3R}),
(a5) E*[(R; — Ry)’1 = h’[10(Rs — 3R,R;, + 2R3) (R, — R3)]
+O0p(h*) as h—0,
(@a6)  E*[(R;— Ry)*1=M[15(Ry — RD*1+ Op(h*) as h— 0,
(a7) E*[(R; —Ry)1=0p(h*) for q=7,8, as h—0,
(ad) E*[(R; — Ry) (R} — Ry)] = h(Rs — R4R»),
(a9) E*[(R; — Ry)*(R; — Ry)] = h*(Rs — R} — 2R4R, + 2R,4R)),
(al0)  E*[(R; — Ry’ (R — R)]1=3h*(Rs — RyR,)(Ry — R3)
+O0p(h*) as h—0,
(all)  E*[(R; — R)*(R; — Ry)]

) 4(Rs —3R4R, + 2R3)(Rs — R4R,)
N + 6(R; — R3)(Rs — R} — 2R¢R, + 2R,R5)

+Op(h*y as h—0,

(al2)  E*[(R; — Ry)’(R; — Ry)] = IP[15(Rs — R3)* (R — R4R,)]
+O0p(h*) as h—0,
(al3)  E*[(R; — R)*(R; — R)1=0p(h*) as h—0,
(al4)  E*[(R:— R,)(R; — Ry)*] = h*(Ryp — 2R,Rs — RsR, + 2RR,),
(al5)  E'[(R; — Ry’ (R; — Ry)’]
= I’[(Rs — R5))(Rs — R}) + 2(Rs — RyR»)*1 + Op(h*)
as h—0,

(al6)  E*[(R;— Ry)’(R; —R)*1=0p(h’) as h—0,
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_ R2)2 _ R2
(a17) E*[(Rz _ R2)4(R: _ R4)2] — h3 [ 3(R4 R2) (RS R4) :|

+ 12(Rs — R4R;)*(Rs — R3)
+Op(h*)y as h—0.
LEMMA S.6: Let rf ~ iid. from {r;:i=1,...,1/h}. Under Assumption H,
conditionally on o, as h — 0,
(al)  E'[(R;— R)(V* —V*)]=h(Rs — 3RyRy + 2R3) + Op(h?),
(a2)  E*[(R;—R)*(V* = V")

_ [ Rs— R2 —2RR, +2R,R%) — 3(R, — R2)?
B —2Ry(Rs — 3R,R, + 2R3)

@3)  E'(R; = RV — V") = R’[3(Ry — R)(Rs — 3R4R, + 2R))]
+ OP(h3)7

] + OP(h3)a

(ad)  E'[(R—R)'(V* = V™)
— 5 4(Rs — 3R4R; + ZR%)(R6 — R4R>)
B +6(Rs — R3)(Rs — R; —2R¢R, + 2R4R?)

— W[15(R, — R3)’]

— I[20R5(Rs — 3R4Ry + 2R3) (R, — R2)1 + Op(h),
@5  EL(R;— R)(V" = V") =0p(h?),
(@6)  E'[(R;— R)*(V* = V")

- |:(R4 — R%)(Rs — Rﬁ) +2(Rs — R4R,)?

— 12(Rs — RiR2)(Ry — R3)(Ry) :| +O0p(h),
+4(R2)*[3(Rs — R9)*]

@7)  EL(R;— R)*(V* = V)| = 0p(h),
(@8)  E'[(R;—R)‘(V*—V*?
=I’[3(Rs — R’ (Rs — R}) + 12(Rs — R4yR:)*(Rs — R)) ]
— W[60(R; — R5)*(Rs — R4Ry)(R,)]
+ I[60(Ry — R3)*(Ry)*] 4 Op(hY).

LEMMA S.7: Let rf ~ iid. from {r;:i=1,...,1/h}. Under Assumption H,
conditionally on o,

E*($) =0,
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E* S =1,
E*(S;) =hB,,
E*(S;") =3+ hB,,
and as h — 0,
E*(S;U;) = Ay + Op(h),
E*(82U;) =VhA, + 0p(h*?),
E*(SPU;) = As + Op(h),
E*(S;*U;) =~hD + 0p(h*?),
E*(S;U) =0p(h'?), E*(SPU) =0p(h'7?),
E*(SPUR = C+Op(h), E*(S;'U) =E + Op(h).

The bootstrap constants A,, Az, Bz, C D and E are as in Theorem A. 2, and A';

and B, are such that A; =3 A, and B, =

PROOFS OF LEMMAS S.1-S.7

PROOF OF LEMMA S.1: For (S1), note that
1/h 1/h 1/h 1/h
- (£4)E)- ()
i#] j=1 i=1
1/h 1/h
ho1ta2 (hl—q/Z Z O'iq> h1+p/2 (hl—p/Z Z O'jp)
i—1 j=1
1/h
— o Hap)2 (hl(q+p)/2 Z 0.;1+P>

i=1
_ p2Hgtp)2 (4 P q+p
=h (o) of —h al™™).

For (S2), note that
1/h 1/h 1/h 1/h
Zovre= (1) (o) () -2
i#j#k i=1 j=1 k=1 i=1
_ Z 0_q+p s Z 0_q+s p Z O_q p+s,

#J i#J i#]
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and then proceed as for (S1). Q.E.D.

PROOF OF LEMMA S.2: (al) Equality (al) follows from r; = o;u;, where u; ~
ii.d. N(0, 1).

(a2) Note that R, = Y"/" 2, where r? is (conditional on o) independent with
Var(r?) = E(r!) — (E(r))’ = ot — (1202)” = (g — pd)of, with of = (a7)2.
To prove the remaining results, we use the multinomial formula to compute
the coefficients in the expansions. In particular, we have that

n! n n n
(ar+ay+--+a)" = E aj'ay ---a,.

nl,nz,...,ndz(]
ny+--+ng=n

ni'ny! - ony!

(a3) Write

1= E[(R, — pao)']

Uh 1k 1)k
- E[ZZZU? — w20 (1} — a0} (r — MzO’,f)j|.
i=1 j=1 k=1

The only nonzero contribution to /; is when i = j = k, in which case we get

E[(r} — u207)’] = (s — 3paps + 2u3) 07 and Iy = W (e — 3papts + 203) 0,
proving (a3).

(a4) Using the independence and zero mean property of {r; — u,o?}, we have
that

E[(R, ~ pac?)']

1/h 1/h

= DO EL0? - o)1+ 3 Y EIG7 — ma? PIBIGE - e )
= i#]
1/h yh
= Bl = )1} ot + 3Bl = ) Y ol
= oy

= (s — 313 + 6 — dpapie) oy
+30u0 12 ((@7) — ()]
=31 (s — pd)*(07)”
1 (g — dpape + 12042 — 6t — 3ud) (af),
where we have made use of Lemma S.1 and of the results

El[(u; — p2)*] = Elu — 4uips] + 6ufp3 — 4udus + p3]

l
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= g — 35 + Oz s — dptaphe.
E[(u} = p2)’1 = E[u! = 2u} i + p3] = pa — 3.

(a5) We have

M4 - Iu’% h—l
Iz
1/h

X ZE(”? — 1} a0} — a0t + popaaf)
i=1

E[(R— mo0?)(V = V)] =

2
Mg — Ky Py
=——h 'h? (s — M2M4)0'2
M4
h (pg — M%)(,U«() - M2M4)—6
= ag,.
M

(ab6) We have

E((Ry— pa0?)’(V = V)

M4 — N«z -
= =20 Y EN07 — ma0?) (1 — o))
s i=1
_ (e w3) (s — i — 2pape + 2#%#4);2‘
Ma

(a7) Write E((R, — w2023V = Vi) = ((ua — w3)/ma)h 1, where by the
independence and mean zero property of |r;|? — .o,

1/h
L= E[(r] — ma07)’ (1} — pao)]
i=1

1/h
+3) E[(7 = 120V (1} = pao)) (] — o)
i#j
1/h 1/h
=My 0" +3E[(u} — mo)’1E[(] — po) (u} — wa)] Y _ oo
i=1 i#]

= 31 (s — 12) (o — papa) o 0 + O,
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given Lemma S.1, the fact that ol0 = O(1) under our assumptions, and where
M, = E[(u? — u2)*(u} — pq)] is a constant, and E[(u? — u,)*] = sy — p3 and
E[(u; — po) (U — pa)] = o — papha.

(a8) Write E((R, — pa0?)*(V = Vi) = (s — 12)*/pua) k™' I, where by the
independence and mean zero property of |r;|? — w0, and Lemma S.1,

1/h

L= E[(r] — mao})'(r} — pao)]
i=1

1/h
+4) E[(r] — o0 JEL(r] — pao]) (r} — pao))]
i#]
1/h
+6)  EL(r] = p20)VIEL(] — p207)(r] — pao)]
i#]
= MR + AMa(1* (o)’ = W oT?) + 6Mu(h'a 7} — o)
= *[4M,(0?)’ + 6M50? o] + O(R),

where My = E[(u} — p2)* (] — pa)], My = E[(1 — o)’ 1EL(UF — o) (U — pa)]1 =
(6 — 3papta + 2u3) (e — mopta), and Ms = E[(u? — uo)*1E[(u? —iz)z(u? -
pa)l = (s — i — 2papis + 235 14) (g — 3, and given the fact that o = O(1)
under our assumptions.

(29) Write E((R, — pa0?)(V — Vi)?) = ((a — p3)*/ud)h 2 Y} EL(7 —
W207) (1} — uao )1 = O(h?).

(a10) Write E((R, — 1202 (V =Vi)?) = (s — w3)*/m3)h~*1,, where by the
independence and mean zero property of |r;|7 — p,o,

1/h
Li=Y El(r} — ma0}) (r} — o)l

i=1

1/h
+ Y EL07 — oo} V1L — pao})’]
i#]
1/h
+ ZZE[(’”,'Z — o) (r} — ,LL4(T,-4)]E[(I”]2 - ,U«ztsz)(”? - ,U~4CT;1)]
i#]

= D10} + Dy(ha} af — P0)?) +2D5(h* (af)’ — W a}?)
= 1* (Do} of +2D5(0t)’) + O(h),
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given Lemma S.1, and where D; = E[(u? — w2)*(uj — wa)?l, D> = E[(u? —
w2’ 1EN(U] — pa)®1 = (pta — p3) (g — p13), and D3 = [E((u7 — pa) (] — pa)) I =

(o — popta)®. o
(al1) Write E((Rs — p20?)*(V = Vi)?) = (g — pd)/pd)h~Is, with

1/h
Is =Y EL(r7 — 207) (r} — pac)’]
i=1
1/h
+ ) EL07 = meo?IELC] — a0 )]
i)
1/h
+3) E[07 = mao)VIEL] = p20)) (1} = )]
i#]
1/h
+6)  E[(r] — n20))’(rf = maoDIEL(] — o)) (] = paor))]
i#]
= KWl + Ky (W ol af — i) 4 3Ks(Wa} )’ — h'a}?)
+ 6K, 0 — ol
= 1*(K>0f 0} + 3K30} 0, + 6K, of)

+h°(K; — K> — 3K; — 6K4)CT_;1,4,

where we have used the independence and mean zero property of |r,| — pyo,
Lemma S.1, and where K, through K, are constants that depend on u,. Since
U_Z = 0O(1), the result follows.

(a12) Write E((R;, — pa0?)*(V = Vi)?) = (s — u2)?/u2)h 21, with

1/h
Iy=Y_E[(7 — mao}) (1} — pao!)’]
i=1
1/h
+ Y E[07 — mao)) 1EL(r] — pao)?]
i#]
1/h
+8> E[(7 — ma0?) (r} — mao)IEL(] — pao?) (rf — pac)]
i#]
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1/h
+6 Y EL(? =m0 (r} = o) IEL( = poo?)]
i#]
1/h
+4) E[(r] — o) PIEL(0] — pmao)) (rf — pao?)’]
i#]
1/h
+6) EL(r7 = pa0))’(rf = maoDIELG] — oo (rf — paor))]
i#]
1/h
+3 ) El07 = pa0)VIEL(] — a0 V1EL(r — pao)’]
i#j#k
1/h
+12 ) EL07 = pa0?VIELGT — o)) (] — pao)]
i#j#k
x E[(r; — paop) (1} — pac)]

= 1°[315(07) 0f + 12J5(08) of] + O(h®) + O(h),

given the independence and mean zero property of |r;|? — u,o, Lemma S.1,
and where J; = (E[(u; — w2)*D?E[(1] — pwa)*] = (g — p3)*(ug — pu3) and Jg =
El(u; — wo)*1(E[(uf — o) (uf — pa) ) = (pa — p3) (e — pojna)’. Q.E.D.

PROOF OF LEMMA S.3: The first two results are obvious given S;,. The re-
maining results follow from the definition of S, and Lemma S.2. Q.E.D.

PROOF OF LEMMA S.4: Part (al) follows from the properties of the i.i.d.
bootstrap. The remaining results follow from (al), given the binomial ex-
pansions. Note in particular that since R, = Op(1), it follows that E*[(r}* —
hR,)?] = Op(h?). For instance, for (a2), E*[(r;> — hRy)*1 = E*(r}* — 2r*hR, +

(hR,)*) = h*(R, — R3). The other results follow similarly. Q.E.D.
PROOF OF LEMMA S.5: For (al), since r; are i.i.d. from {r;:i=1,...,1/h},
it follows that

1/h 1h
V* = h~! Var* (Z r;‘z) =h! ZVar*(r;"z) = h™* Var*(r}?).
i=1

i=1

But Var*(r;?) = E*(r;*) — (E*(r1*))* = h*R, — (hRy)*. Thus, V* = R, — R3. Part
(a2) follows because V* = Ry, — R? and V* = R} — R32. For the remaining of
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the proof, note that /" 1 =h2—h™', Y, 1 =h"3+2h" — 312, and
S e 1 =h"* =673+ 11h~2 — 6h~". In addition, note that

1/h 1/h
R;—Ry=) (r’—hRy) and R;—Ry=h"'> (ri*—W’Ry),

i=1 i=1

where for any, g > 0, {|r;|? — h"?R,} are (conditionally on the sample) i.i.d.
with zero mean and R, = Op(1). Using this independence property, we evalu-
ate the bootstrap expectations of the sums of products and cross-products of
|rf|7 — h9?R, by relying on Lemma S.4 to compute the appropriate bootstrap
moments of products and cross-products of |r}|9 — h?*R,. We proceed as in
the proof of Lemma S.2 and use the multinomial expansions to compute the
number of coefficients in each sum. O.E.D.

PROOF OF LEMMA S.6: Using part (a2) of Lemma S.5, forg=1,...,4, we
can write

($3)  EUR; = R)' (V" = V)]
=E*[(R; — R)‘(R; — Ry)] — E*[(R; — Ry)*]
—2(Ry)E*[(R; — Ry)'™]
=I-11-1Ii.
Similarly, for g =1, ..., 4, note that
E[(R; = R)! (V" = V"))
= E*[(R; — Ry)*(R; — Ry)’] — 2E*[(R; — Ry)™" (R} — Ry)]
— 4R E*[(R; — Ry)™(R; — R)1+ E*[(R; — Ry)*]
+4(R)E*[(R; — Ry)*™ ]+ 4(Ry)E*[(R; — Ry)™ 1.
For (al), set ¢ =1 in (S3). We have that
I} = E*[(R; — Ry)(R; — R)]1 = h(Rs — RyR,),
L, = E*[(R; — Ry)’1 = h*(Rs — 3R4R, + 2R)),
I; =2R,E"[(R; — Ry)*] = 2R, h(Ry — R3)]
by Lemma S.5 (a8), (a3) and (al), respectively. Thus

E*[(R; = R)(V* = V)]
= A[(Rs — R4Ry) — 2Ry(Ry — R3] — B*(Rs — 3R4R, + 2R3)
= h(Rs — 3R4R, + 2R}) + Op(h?).
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The remaining results follow similarly. Q.E.D.

PROOF OF LEMMA S.7: The proof follows the proof of Lemma S.3, given the
definition of I"* and given Lemmas S.5 and S.6. Q.E.D.

PROOFS OF PROPOSITIONS 4.2 AND 4.3(C) IN SECTION 4
PROOF OF PROPOSITION 4.2: When g(z) = log z, we have that

«/Q o6 T aN1/2 ,é,,(p)
Guion(r) = 22 T2 1) 4 T BT
3 (0’4)3/2 ﬁ glog(a'z)

1 (ghH? 4 b g2 200 g2
D))
ﬁ o2 3(0.4)2 3(0.4)2

whereas for g(z) =z, g’(z) =0 and

e
‘h(x)—? (F)3/2

1 (eH'?[ ,(40°0?\ 20°02
=————| x| = B — .
ﬁ o2 3 (g*)? 3 (o%)?
Since (0*)> < g% by the Cauchy-Schwarz inequality, it follows that % <

%(0602/(9)2) —1< %(0602/(F)2), which implies that g j(x) < g1 (x) for x
fixed and nonzero. When x = 0, it follows trivially that g 1,,(0) = ¢,(0). Q.E.D.

2x*+1)

PROOF OF PROPOSITION 4.3(C): Define C = 40°/(~/2(0*)¥?) and C* =
(150° — 90* 2 + 2(02)%)/(Bo* — (02)*)*2, and note that C > 0. It suffices to
prove that |C — C*| < |C]|, which in turn is equivalent to proving 0 < C* < 2C.
Next we show that C* > 0. The Jensen inequality implies that o* > (¢2)%, and

since o > 0, it follows that the denominator of C* is positive. For the numer-
ator of C*, note that we can write

156° — 95 2 4+ 2(?)’ = 150% — 9(c*) ™"

+2(0?)’
> 9((0*)" = (@) + 60° +2(a?)’,

using —(0?2)% > —F._Since the function ¢ (x) :_x3/2 for x > 0 is convex, we
have that (64)¥2 — (o*)*? > 0, which implies 150° — 90* 02 + 2(0?)* > 60° +
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2(0?)? > 0, proving that the numerator of C* is also positive. Next we prove
C*/C < 2. We can write

C* 150°—90* 0> +2(0?)° 2V2(c*?
C 8a° (3ot — (02232

C1 X Cz.

We show that C; <2 and C, < 1. First, note that
6 _ Q4 42 “2\3
150 90'_0 +2(0?) <2
8t

— 150°—90* 02 +2(0?)’ < 160°

— 0<0°+70" o2 +20%(o — (0?))),

which proves the result since (0% = (0¥ >0and 0 < o0+ 7o o2. Finally, we
have that

2V/2(a%)" N < (T (=
WOW < <~ 8(0’4)3 < (30’4 — (0’2)2)3

= 8() =o'+ ("~ (@)))"

which holds true since (* — (2)?) > 0. Q.E.D.
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