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This document contains the following supplemental material: an omitted proof (Sec-
tion S.1), formal statements and proofs of results characterizing complementary inde-
pendence for other decision models (Section S.2), probabilistic sophistication for VEU
preferences (Section S.3), and the analysis of the consumption—savings example of Sec-
tion 4.5 (Section S.4).

S.1. OMITTED PROOFS

PROOF OF LEMMA 2: A binary relation > on a convex subset @ of B(3) is
a preorder if it is reflexive and transitive; is monotonic if a > b implies a > b;
is conic if a = b and a € (0,1) imply aa + (1 —a)c > ab+ (1 — @) > c; is
continuous if a* — a, b* — b, and a* > b* for all k imply a > b; is nontrivial if
a > b and not b > a for some a, b.

Now, for a,b € By(2, u(X)), let a =, b iff the left-hand side of Eq. (22)
holds; also, for a,b € B(3, u(X)), let a = b iff the left-hand side of Eq. (23)
holds.

I closely mimic Proposition 4 in Ghirarduto, Maccheroni, and Marinacci
(2004; GMM). Monotonicity, transitivity, and continuity of >, and > follow
directly from the definition and the properties of /. Reflexivity follows from
monotonicity. To show that >, and > are conic (i.e., independent), consider
a€(0,1)and a, b, c € By(3, u(X)) or, respectively, B(3, u(X)). Then, for all
B € (0, 1], note that Blaa + (1 — a)c]+ (1 — B)d = Baa + (1 — 3a)[ﬁ<i—;g)c +
%d] and similarly for b. Thus, a >, b or, respectively, a > b implies, in par-
ticular, that

I(Blea+ (1 —a)cl + (1 - B)d)

= I(Baa +1- Ba)[Bl(l__BZ) c+ 11—_3ﬁad]>

> I<ﬁozb +1- ﬁ”[ﬁfl_;z)H 11—_LfadD

= I(Blab + (1 — a)c] + (1 - B)d)

for all B € (0, 1],s0 aa + (1 — a)c =y ab + (1 — a)c or, respectively, aa + (1 —
a)c = ab+ (1 — a)c. The case a =1 is trivial.

Finally, if > is trivial, then in particular the conjunction “y > v and not
v =oy” is false for all vy, y € u(X). Take y > y': then y > vy’ by monotonic-
ity, and so it must be the case that also vy’ = y. By the definition of >, taking
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a = 1, this implies that I(y) = I ('), which contradicts the fact that [ is nor-
malized. The same argument applies to >.

The first claim now follows by applying Proposition A.2 in GMM to >,.

For the second statement, note that continuity of / implies that the left-
hand side of Eq. (23) holds iff I(aa + (1 — a)c) = I[(ab + (1 — a)c) for all
¢ € By(3,u(X)): that is, one can restrict attention to mixtures with simple
functions. It then follows that > is the restriction of > to By(3, u(X)).

Define >’ on B(3, u(X)) by stipulating that, for all a,b € B(Z, u(X)),
a >'b iff g(a) > q(b) for all g € C. Then >’ is easily seen to be a nontriv-
ial, monotonic, continuous, conic preorder, and clearly a >’ b iff a = b for
a,b e By(3,u(X)): that is, >, is also the restriction of >’ to By(3, u(X)).
Therefore, for all a, b € By(2, u(X)), a = b iff a =’ b. It remains to be shown
that this implies >=>".

Thus, suppose a > b for some a, b € B(3, u(X)). Then, for every a € (0, 1),
aa({2), ab(£2) C intu(X) and aa > ab because > is conic. Hence, there exist
sequences (a*), (b*) in By(2, u(X)) such that a* > aa, b* < ab, a* — aa, and
b* — ab in the supremum norm. Then a* > aa > ab > b* for all k, so also
a* >’ bk. Since >’ is continuous, taking limits as k — oo yields aa >’ ab and
taking limits as @« — 1 yields a >’ b. Exchanging the roles of > and >’ yields
the converse implication. Q.E.D.

S.2. CHARACTERIZATIONS OF COMPLEMENTARY INDEPENDENCE
FOR OTHER MODELS

PROPOSITION 7—Complementary Independence for MEU and CEU Pref-

erences:

1. A MEU preference = satisfies Axiom 7 if and only if there is p € C such
that, forall g € C,2p — q € C (that is, p is the barycenter of C).

2. A CEU preference = satisfies Axiom 7 if and only if there is p € ba,(Y)
such that, forall E € 3, v(E) + [1 —v(Q\ E)] =2p(E).
In statements 1 and 2, p € ba,(>) is the unique probability charge that satisfies
f=f< [uofdp> [uofdp forall complementary pairs (f, f), where u is the
utility function in the MEU or CEU representation of =.

PROOF: Part 1 follows from Lemma 3 and the observation that, for MEU
preferences, the set C constructed in Lemma 2 coincides with C (cf. GMM,
Section 5.1).

For part 2, notice that the Choquet integral is positively homogeneous;
hence, I has a unique extension from B,(3, u(X)) to By(3), and J(a) =
%1 (a) — %I (—a) for all a € By(2). If 3= satisfies complementary indepen-
dence, then, using the VEU representation, I(1g) = p(E) + A(E,[{1£])
and I(=1g) = —p(E) + A(=E,[{1g]) = —p(E) + AE,[{1£]), so I(1g) —
I(—1g) =2p(E). On the other hand, using the CEU representation, I,(E) =
v(E) and I,(—1z) = —[1 — v(2\ E)]; since I = I, the claim follows. In the
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opposite direction, suppose that a = Zszl ailg, for a partition Ei, ..., Ex
of £ and numbers a; < ay < --- < ag. Then I,(a) = Zle ak[v(Uf:kEz) -
U(Uf:k +1 Eo)] and similarly, invoking the condition in the proposition,

I,(—a)= i(—aﬂ[v(@ EZ> — v(l[:j E,5>j|

o)) )

=k+1
K
+1— U(UEg)i|
=k

K
=2 ap(E) + 1, (a),

k=1

and so 11(a) — 1I(—a) = J(a), where J is the linear functional represented
by p. The claim now follows from Lemma 1. Q.E.D.

PROPOSITION 8—Complementary Independence for Variational Prefer-
ences: Let = be a variational preference and assume that the utility function u is
unbounded either above or below. Then = satisfies Axiom 7 if and only if there
exists p € ba,(>) such that

Vgeba,(2), 2p—qeba; () = " (@=c"2p—q)
and

2p—q¢ba;(3) = (@)=

In particular, c*(p) = 0. Finally, p is the unique probability charge such that, for
all complementary pairs (f, ), f = f < fuofdp> fuofdp

The reader is referred to Maccheroni, Marinacci, and Rustichini (2006) for
a discussion of the unboundedness assumption.

PROOF OF PROPOSITION 8: The preference = has a niveloidal representa-
tion /., u, where I.(a) = mingep,, (s f adq + c*(q). For conciseness, say that
c* is symmetric around p € ba;(3) iff it satisfies the condition in Proposi-
tion 8. By Lemma 1, Axiom 7 holds iff the functional J defined by J(a) =
%y + %IC*(a) - %Ic*(y — a) is affine. Thus it suffices to show that J is affine iff
c* is symmetric around p.
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Suppose that ¢* is symmetric around p. Consider a complementary pair
(f.f) and let z € X be such that ! f(w) + 1 f(w) ~ z. Thus, a=uo f =
2u(z) —uof=vy—uof. Nowlet g* € argminge,, (s) [ adq + ¢*(q); since
clearly c*(¢*) < 00, 2p — q* € ba;(2) and c*(g*) = ¢*(2p — g*). Now, for all
g € ba;(2) such that 2p — g € ba,(2),

/(7—a)d(2p—q) +c2p—q)
:y—Z/adp—i-/adq—i-C*(CI)
zv—Z/ader/adq*Jrc*(q*)
:/(y—a)d(zp—q*)+c*(2p—q*)-

Since any g € ba,(2) such that 2p — g € ba,(2) can obviously be written as g =
2p —[2p — q] and all other g € ba,(2) have c*(g) = oo, it follows that I.(y —
a)=y—2[adp+ [adq"+ c*2p —q*) =y —2 [ adp + I.-(a). Therefore,
J(a)=3y+3l-(a) — iI-(y —a) = [adp, that s, J is affine and represented
by p.

In the opposite direction, suppose that y+ 11..(a) — 11+(y—a) = [ adp for
all a, y — a € By(2); also, for every f € Fy, let my € X be such that u(m;) =
Imin,e u(f(w)) +  max,co u(f(w)) and recall that u(x;) = I+(u o f). For
every g € ba,(2) such that 2p — g € ba,(2),

c*(2p — q) =sup u(xy) — / uofdQ2p—gq)

feFo

=—2/uofdp+suplc*(uof)—/(—uof)dq

feFo

=—2/uofdp+sup2/uofdp

JeFo

+ L Quimy) — uo f) —2u(my) — f (—uof)dq

=supl-Qu(ms) —uof)— /[2u(mf) —uofldg

feFo

=supl+(uof) —fuoqu:c*(q).

feFy
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The last step follows because, for every f € F,, there is f € F; such that uo f =
2u(my) — u o f; therefore, computing the supremum over f € F; is the same
as computing it over the complementary acts f constructed from each f € F

in this way. If instead 2p — g ¢ ba;(3) but ¢*(g) < oo, the above calculations
still show that

supucey) ~ [ e fd2p-q)=c'(@) <ox.

feFoy

Now 2p(£2) — q(£2) = 1, so there must be E € 3 such that 2p(F) — g(E) < 0.
Therefore,

Sup u(x;) — / wo fd(2p—q)

feFoy

:sup]c*(uof)—/uofd(zp_q)

feFo

> sup Le(B+(a—PB)lp) — /[B +(a—B)1E1dC2p—q)

a,Beu(X):a>p

= sup LB+ (a—PB)lp) —B—(a—P)2p(E) —q(E)]

a,Beu(X):a>p

> sup B-B-(a—PB)2pE)—q(E)] =00,

a,Beu(X):a>p
which contradicts ¢*(g) < oo. The second equality follows from the fact
that 2p(£2) — g(£2) = 1, and the second inequality follows from monotonic-

ity of I.; the final equality uses the fact that u(X) is unbounded and
2p(E)—q(E) <. Q.E.D.

PROPOSITION 9: Let = be a smooth-ambiguity preference (with finite sup-
port ). If there exists p € ba,(3) such that u(q) = w(2p — q) forall q € ba,(2),
then Axiom 7 holds. Furthermore, if 0 € intu(X), p is the only probability charge

such that, for all complementary pairs (f, ), f = f_iﬁ‘Ep[u ofl>E,[uofl.
PROOF: Let (h, h) be complementary and write a =uoh, y—a=uo h.
Then h = hiff [ $(E, lal)du > [ ¢ (E,[y— al)du, thatis, iff [ ¢(E,[a])du >

[ & (y + E,[—al)dp. Under the assumption that u(q) = u(2p — q), this can
be rewritten as

/ & (E, [a]) dp > / ¢ (y+Esp o[—al)dps
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Since ¢ is strictly increasing, this holds if and only if E [a] > J.

Now let f, f, g, g, and « be as in Axiom 7. Suppose that f = fand g = 2.
Letting uo f = vf—uofand uog = vy, —uog,the preceding argument implies
that E [uo f]> 1y, and E,[uog] > 1y, Hence, E,[uo(af + (1—a)g)] = y. =
ay;+ (1 —a)y,. Since uo (af +(1—a)g) = ya — uo (af + (1 —a)g), conclude
thataf + (1 —a)g = af+ (1 — a)g, that is, the axiom holds.

Finally, if u o f = y — u o f, then as noted above, f = f iff E,luo f1=> 1.
Substituting for y and simplifying, this is equivalent to ;E [0 f]1> 1E[uo 1,
and the factor 1 can be dropped. Now consider g # p, so there is a € By(2)
with E [a] > E,[a]. Since by assumption 0 € intu(X), assume [—1, 1] C u(X).
Construct f € F, such that u o f(£2) C [0, %] and uo f = aa + B with o > 0.
Then let f € F be such that o f = —u o f. Finally, construct g and g such
that uog=uo f —E,[uo f] and uogzuof_—Ep[uof_]: this is possible as
1>uof(w)=0>u o f(w) > —1and [-1,1] C u(X). Clearly, E, [uo g] =
0=E,[uoglanduog=—uof+E,[uof]=—uog;hence, g~ g. However,
E,luogl=Ejuo fl-E,uofl<0and Ej[uogl=E,[-uog]>0, thatis,
E,[uo gl > E,[u o g], which is inconsistent with g ~ g. QO.E.D.

S.3. PROBABILISTIC SOPHISTICATION FOR VEU PREFERENCES

An induced likelihood ordering =, is represented by a probability u € ca;(2)
iff, for all E, F € 3, E 3=, F iff w(E) > w(F). Finally, a probability measure u
is convex-ranged iff, for every event E € 3 such that u(E) > 0 and for every
a € (0, 1), there exists 4 € 3 such that A C E and u(A) = au(E).

PROPOSITION 10: Fix a VEU preference relation = and let p € ca,(3) be the
corresponding baseline probability. If the induced likelihood ordering ‘=, is repre-
sented by a convex-ranged probability measure u € ca,(Y), then u = p.

PROOF: Fix x,y € X with x > y. Since the ranking of bets xEy is repre-
sented by w and also by the map defined by E +— u(x)p(E) + u(y) p(E°) +
A(E,[{ - xEY]), there exists an increasing function g:[0, 1] — [u(y), u(x)]
such that u(x)p(E) + u(y) p(E) + A(E,[{ - xEy]) = g(un(E)) for all events
E [this function g will in general depend upon x and y, but this is inconse-
quential]. Since A(E,[{-yEx]) = AE,[{ - (x+y—xEy)]) = A(E,[{-xEY]),

(28) g((E)) — (1 — u(E)) = [u(x) —u(y)12p(E) — 1)

for all events E € 3. Since g is increasing, so is the map y > g(y) — g(1 —
v); thus, w(E) = w(F) if and only if p(E) = p(F). Now, since w is convex-
ranged, for any integer n there exists a partition {E7, ..., E"} of (2 such that
K(E}) = % for all j =1,..., n; correspondingly, p(E;?) =p(E}) forall j, k e
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{1, ..., n} and, therefore, p(E}) = % for all j =1,..., n. This implies that for
every event E such that w(FE) is rational, p(E) = w(E).

To extend this equality to arbitrary events, note that for every event E such
that w(E) > 0 and number r < w(E), since w is convex-ranged, there ex-
ists L C E such that u(L) = ﬁ w(E) = r. Similarly, for every event E such
that w(E) < 1 and number r > w(E), there exists an event U O E such that
w(U) =r. To see this, note that w(2\ E) >0and 1 —r < u(2\ E), so there
exists L C 2\ E such that w(L) =1 — r; hence, U = 2\ L has the required
properties.

Now consider sequences of rational numbers {¢,},-0 C [0, 1] and {u,},50 C
[0, 1] such that £, 4 w(E) and u, | w(E). By the preceding argument, for every
n > 1 there exist sets L, C E C U, such that w(L,) =¢, and w(U,) = u,,. It was
shown above that p(L,) = n(L,) and p(U,) = n(U,); moreover, L, C E C U,
implies that p(L,) < p(E) < p(U,). Therefore, p(E) = u(E). Q.E.D.

S.4. CONSUMPTION-SAVINGS PROBLEM: FORMALITIES

As a preliminary step, consider a two-period version of the problem with EU
preferences,

max v(w — §) + 8[mv(Hs) + (1 — m)v(Ls)];

s€[0,w]
that is, find the optimal amount of savings s given wealth w, discount factor 8,
and probability of high return 7. It is easy to verify that the solution is lin-
ear: s = aw, where « € (0, 1) depends upon all parameters but not on w. This
standard result will be used below to construct the solution to the multiperiod
problem with VEU preferences.

Now verify Egs. (10), (11), and (12). Fix0<7<T and 0<t<T — 1. If
t > 7 — 1, then one easily verifies that E,[{,|[I].(w)] = E,[{,] =0 for all w. If
instead t <7 —1, then E,[{/|I].(w)] = {/(w).

For 7 =0, this implies that ({,)o<,.7_1 satisfies the properties in Definition 1.
For 7 > 0, together with Eq. (7), this implies that ¢, ;1. (@) = p(Il.(w)){(®)
fort > 7—1and ¢, i, (@) =0 otherwise. Equation (12) follows immediately.

This fact and Eq. (7) imply that, for all F € I1,,

T-2

Ve(f) =E,luo fIF1= Y |E,[{ruo fIF]|

t=0

T T-2 T
=Y 8E,lvofIFl— Y Ep[a,pzyvofs F} .
t=0 t=max(0,7—1) s=0

Now if s < 7, then E,[{v o fi|[I,(w)] = v o f{(w)E,[{|II,(w)], which is 0
for t >7—1.If s > 7 and ¢ > s, then f; depends upon ry,...,r,_; and ¢,
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depends upon r,, .41, and these are independent (given II,(w)), so E,[{v o
LI (w)] = E,[vo fiIl.(w)]E,[{|II,(w)], which again equals 0. Finally, if
s =1t+1, then E,[{vo [l (0)] = E,[E,[{ivo ft+1|Hz+1(w)]’Hr] =E,[vo
f,+1Ep[§,|H,+1]|HT(w)] =0, because ¢t > max(0, 7 — 1) implies # + 1 > 7 and
E,[{|F]1=0 for all F € II,;,. Taking 7 = 0, this argument yields Eq. (10) di-
rectly; for 7 > 0, note that since t > 7 — 1, {; i1.(0)(w) = p(II(w)){;(w), and so
again Eq. (11) follows (cf. footnote 28).

Consistent planning can be formalized as follows. Let By = {f € F 4 (wo) : fr =
wf;}. Then, assuming that B, has been defined for 7 < T, let

B.=(Jarg max  V(fill.(w)).

weN w>0 feBryr:wr(w)=w

The following result implies the stated equivalence (see item 4 in the propo-
sition for 7 =0). For a,b € {H, L}, let n(a,b) =1if a = b and n(a,b) = —1
otherwise.

PROPOSITION 11: For all w> 0, 7=0,...,T, and F € 1I., the problem in
Eq. (13) has a unique solution, which takes the form s.p(w) = a,w; for ¢ > 0
small, o, p € [0, 1]. Furthermore,

Vi(w) = BLv(w),

D, (w|F) = B v(w) (¢
q)T,T—l(wlF) = 77(’"7—1, H) : B’T,T—lv(w)7

gp1',7'—2(u)|F‘) = T](rT—Zy rT—l) . BT,’T—ZU(w)7

Il
A

.. T—2),

where B,, — 0 as e — 0. Finally, (for ¢ > 0 small) forall T=0,...,T, v € ,
and f € B,, the following statements hold:

1' fT(w) = (1 - aT,H,—(w))wqf(w)'

2. V.(wl(@) =3, 8 E,lvo filll.(w)].

3. Foral t=1—-2,...,T -2, & (w (o (0) =EllmLw X
ZsT:t+2 SS_Tvofs|Hr(w)]-v

4. If f, g € B, and w!(w) = wé(w), then f, (') =g (o) forallt=7,..., T
and G e I, with G C 11 (w).

PROOF: For 7 =T, the objective function in Eq. (13) reduces to v(w — s).
Thus, the unique solution is s} . (w) = 0, that is, arr = 0. Clearly V7 (w) =
v(w), and P, can only be defined for t = T — 2, in which case @7 7 ,(w|F) =
Lroap(@)Vp(w) = n(rr_y(w), rro () - 27 ev(w), where o = F [actually, F =
{w}]. Thus, Br.7_» =2 Te. Note that 87,7, — 0 as € — 0.
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Now assume the claim is true for 7+ 1 < 7T". Then the objective in Eq. (13) is
equivalent to

v(w —s) + 6B, Bv(Hs) + %U(Ls)}

= 8[Bri1,r-1 + By lv(HS) — v(Ls)]
T2

—8 ) Brerv(Hs) +v(Ls)],

t=71+1

which is a two-period consumption-savings problem with EU preferences,
probability of high output equal to

1 T-2
5:87]-’+1 - Z Br+1,t

t=7—1

T-2
P 2 :
41 2 BT+1,I

t=7+1

aT =

and discount factor equal to

)

T-2 '
)4 § :
T+1 2 BT+1J

t=7+1

ox

Since B,41, — 0 as ¢ — 0, for ¢ small, =, 6, € (0,1), so a,r €[0,1]. To
complete the inductive step, the statement about V,(w) follows from standard
arguments, so consider the functions @, ,. For ¢ > 7,

d)T,l(wlF) = 8{¢T+1,1(Ha7+1w|F N HT) + d)T+1,t(LaT+1w|F N LT)}
= 5{B7+1,tv(HaT+lw) + BT+1,[v(LaT+1 w)}
and the claim follows from the properties of power utility; for ¢ = 7, we get
¢T,T(w|F) = 6{7’(H7 H) ' BT+1,TU(HaT+lw)
+ W(L, H) : BH—I,TU(LaH—lw)}
and again the claim follows; for t =1 —1,
d)f,r—l(w|F) = 8{"’7(”7—17 H) ' [BT-H,T—lv(HaT-Hw)
+ n(rff‘l’ L) : BT+1,T—1U(LaT+lw)]}
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=8{n(rr_1i, H) - [Brs1,r—1v(H o, w)
— Brt (Lo w)]};
finally, for t =1 —2,
D 2(WIF) =E,[ {26 Vo((1 = ar p)w)|F]
=02, 1) - 277 BIV((1 — ar p)w)

and the assertion follows. Note that 8., , — 0 as ¢ — 0. Furthermore, if
Br—>0fort=7—-1,...,T —2as e— 0, then also B,, — 0.

Turn to the final claim. For 7 = T, by construction fr = w{r =(1-
U1 117 )Wrs 8 Q71w = 0; also, Vr(wh(w)) = v(wh(w)) = v o fr(w) =
E,[vo fr|IIr(w)]. The only continuation adjustment to be examined is

D7 (W) T (@) = {r 2 (0)WVr(wh(w)) = {ra(@)v(wh(w))
= {ra(0)v(fr(w)) =E,[{r2vo frlll(w)],

so item 3 holds. Finally, item 4 holds trivially.

Now assume the claim is true for 7 +1 < T and consider 7 < T. Fix w € 2
and w > 0 for which C(w, w) = {f € B, :w{(w) = w} # . Clearly, for every
s € [0, w] there is an act f € C(w, w) with f,(w) = w — s. Furthermore, any
two acts f, g € C(w, w) such that f;(w) = g,(w) clearly also satisfy wfﬂ(w/) =
w? 41(w") forall " € Il (w), and item 4 of the inductive hypothesis implies that
then f;(w') =g/(w’) aswellforallt =741, ..., T. Therefore, V.(f|Il,(w)) =
I/T(gu]r(w)) AISO, lff € C('LU, (1)), then f € B7'+1 C fA(wO) and so w_fT(w) €
[0, w]. Thus, one can identify each choice of s € [0, w] with a class of acts in
C(w, w) that deliver the same continuation payoff; conversely, these classes
partition C(w, w).

Now consider f € C(w, w) and let s = w — f,(w). By the induction hypoth-
esis, since f € B.,y, for all o’ € Il (w), V. 1 (r.(0)s) = Z:T:m 8 E,[vo
filll,41(w")], so by iterated expectations 6E , [V, (r,$)|I].(w)] = ZLTH 8T x
E,[v o filll,(w)]. Moreover, again for o' € Il.;1(w), P,y (r;(w)s]
,1(0)) = Epllim, o) Soriin 8 o filll, ()] forall t =7—1,...,
T —2. Since, for v’ € Il (w), II, (") equals either I, (w)NH, or II.(w)NL.,
Egq. (12) and the induction hypothesis imply that

6{¢T+1,Z(HS|HT(Q)) r\|I{7') + (pT+],l(Ls|HT(w) N LT)}

T
:Ep[gt,m(w) Y 8o, ( H,(w)].

s=t+2

Therefore, V,(f|11,(w) equals the value of the objective function in Eq. (13)
at s = w — f,(w). It then follows that f maximizes V(-|II,(w) over C(w, w) if
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and only if w — f,(w) = &, 51, w. A fortiori, this is the case for f € B,. This
and the induction hypothesis immediately imply item 4. Finally, items 2 and 3
follow from the arguments given in the last paragraph (which apply to any act
that prescribes the consistent planning choices from time 7+ 1 onward). Q.E.D.
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