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APPENDIX: PROOFS

PrOOF OF THEOREM 2. Take F), y, v x, € Fop. Itis straightforward to show that ®g C Oy.
So, we will focus on showing ®¢ C O5. Take 6 € O¢. For all x,, x; in the support of the
joint covariate space, we will exhibit a conditional distribution (&}, £})|x;, x; satisfying
Assumption 1(b) with A* = 0 and Fyr |y, x, = Fy, y,|x,,x, Where y]’.k =y(x;, A* =0, 87, 0)
forj=s, 1.

Suppose we order the covariate indices for the parameter 6 and there is a strict order-
ing: [gp)(Xx(Dy,s» 0) — &) (X(D),1» )] > [gD-1)(X(D-1),5» ) — &D-1)(X(D-1),1, O)] > -+ >
[8(0)(X(0,5» 0) — &(0)(x(0),:> )] (With some abuse of the order statistic subscript notation).
Since 6 € Oy, the conditional moment inequalities imply

Pr(ys € {(D), ..., () }|x5, x)) =Pr(y e {(D), ..., (D)}|x5, x;) Vd=1,2,...,D.

Let pg o =Pr(ys=d, y: =d'|xs, x;) and Pz,d' =Pr(ys =d, y; =d'|xs, x;). We need to find
(&3, &)|xs, x; such that p¥ , = pg o Vd, d’ and &}|xs, x; ~ &f|xs, x;.

Define Ry, = {&* : y(x5, A* =0, &}, 8) = d}. The set inclusion obtained in the proof of
Proposition 1 shows that

R(’D);tu"'UR(d);tCR(’D);SU"'UR(d);sr vdef{l,..., D} (S1)
Since the sets R(y4);; form a partition ford =0, ..., D, the set inclusion (S1) implies that
R(d);s N R(d/);[ =@ for d/ >d. (82)

Let Ry o = Rg.s N Ry, which is a set in the &}-space (or the &}-space). Cartesian prod-
ucts of these sets will form sets in the (&}, &f)-space, Ry o x Rgr qv = {(&}, ) : &} €
Rd,d/r 8;( S Rd”,d”’}- Finally, let q:} dxd.d" = Pr((s;“, 8?) S Rd,d/ X Rdu,dm|xs,x,). These
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probabilities form the basic building blocks for our constructed (&}, £7)|x;, x; distribu-

. s o y
tion, as Ry, 4 x Rg» g» partitions the (&}, &f)-space. By (S2), q’("d)'(d,)x(d,,),(d,,,) =0ifd <d
ord’ <d”,so

D D d D
* . * _ *
Playan=2.22 Uy, dyxd), @) = > 9(ay, ()< (@), (@)’
420120 =0 g

To get the constructed distribution to match the observed distribution, we will need to
show that there exists g% ;.. v g satisfying

d D
— *
P, @)= Z Z D), ()% (@), (@’ (83)
d=0g—g'

as well as ensuring that Assumption 1(b) holds for the constructed distribution. For each
Ry 4 #9,chooseapointry s € Ry 4. Define (&}, €7)|x;s, x; to be the discrete distribution
on the support points (ry g, rgr av), Pr((ek, €7) = (ra,ar» tar,am )| Xs) X1) = q;’;’d,xd,,yd,,,.l So,
the marginal distribution is

D D
PI'(E? = r(d)y(d/)le’ xt) = Z Z q?d),(d’)x(d.'),(d).
d=0j—g )

The marginal for &7 |x;, x; is similar. To ensure that Assumption 1(b) is satisfied, we will
need the marginals to match, for d > &/,

0= *. —q* - . S4
Z(q(d),(g)x(d),(d’) Ly, @) (54)

d=d

In addition to equations (S3) and (S4), the nonegativity inequalities q;“i, dxd’dn = 0 must
hold. Let p denote the vector of joint probabilities, p = (p(p),(p), P(D), D-1), ---)". Let
q* be the vector of probabilities 90y (dyxan), @y Where d > d and d" > d"), q* =
(q’("D)’(D)X(D)y(D), ...)’. And let Qs be the matrix with elements in {0, 1} such that equa-
tion (83) can be restated as p = Q,q*, and let O, be the matrix with elementsin {1, 0, 1}
such that equation (S4) can be restated as 0 = Q ,g*.

Our goal then can be summarized as showing that 3¢* > 0 such that: (A) p =
0Osq*; and (B) 0 = Q,q*. Let z be a (D + 1)2-dimensional vector conformable with
p,z= (Z(D),('D)’ Z(D),(D-1)» - - ). Letwbea (D+1)(D+ 2)/2—dimensional vector, w =
(..., w@), @) ---) . Farkas’ lemma states that if

z / Os . . z / Py _
(w) <Qp>zo implies (w) (0)—21720,

then 3¢* > 0 satisfying (A) and (B) above.?

1A continuous distribution for (&%, €7)|xs, x; could be obtained by defining the density on each R; o # 0
to be a constant chosen so that Pr((&¥, &}) € Rg, 4| X5, X¢) = ql*i,d,xd,/,d,,,.

2Farkas’ lemma actually states that the condition provided is both necessary and sufficient; see Matousek
and Gartner (2007, Proposition 6.4.1).
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Each element Dy () (d"), (d") of ¢* appears in exactly one equation from con-
straints (A) and either zero or two (with positive and negative signs) from constraints (B).
In particular, elements of the form qz‘ 0).(d)x(d),(d") with d > d’ appear in (A) but not (B).
Hence, (j})/(g;) > 0 implies z(gy, () = 0 forNd > d’. Otherwise, (;)/(8;) > 0 yields, for
d#+d, Z(d),(d) t+ Wiy, @) ~ W), (d) >0withd e{d, ..., D}, 4 € {0, ..., d}. Define @(d)‘. =
maX~dE{0’m’d} U)(d),(g) and W. (d) = minge{d’myD} w((j),(d) for d = 0, ey D. Then Z(d),(d") >
ﬂ)(d)’. — w~,(d’)-

Also, the conditional moment inequalities yield Pr(y; € {(D), ..., (d)}|xs, x;) >
Pr(y; € {(D), ..., (d)}|xs, x;) ford =1, ..., D, which implies

D d-1 D d-1
ZZp(d) @ = ZZ% @ ford=1,. (S5)
d=d 4=0 d=d d=0

Ford=1,...,D,let ay) denote the slackness in the inequalities in (S5),

D d-1 D d-1
Ay =22 Py, ZZ% @’
d=d Ei:O dd 0
so that aiy) > 0ford =1, ..., D. We use these expressions to substitute for all terms of

the form p(4, 4—1) in the equality (S6) below:3

/
zp= Z Z(dy,(d) P(d),(d) + Z (z@), (@) Py, @) + 2@, (@) P, )
d=0 d~d'

> Z (z(a), (@) Py, (@) + Z2@), @) Pd), ()

d>d'
> ((ay,. — w. @) Py, @) + (W), = w.,(@)) Py, d))
d>d'
= [a(D)@(D),- —amyw. )+ Y (4@ — (@@ A @), (S6)
D—-1
(aa+1) — (agasn) A a(d)))w.,(d)]
d=1
D
+ (W), —w.,(0)) Z P, @) T (Wp),. —w., (D)) Z P(d), (D)
d=1 =
D—-1 D d-1
+ ) (W, —w. (d))[(“ d+1)/\“<d))+zzp(d) @ T Z Pay@ 7
d=1 d=d 4=0 d=d+1

3The expressions below apply to the case D+ 1 = 2 with the convention that summations are taken to be
zero when the upper limit is strictly less than the lower limit.
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D d-1
Z ZP(&),@]

d=d+14d=0

Now we can show directly that the expression in (S6) is nonnegative. First, note that
foralld > d', wa),. — .,y = wiay, @) = Wiay, @) =0-

Next, show that the term in square brackets in (S6) is nonnegative. For each d =
1,...,D,

D-1 D-1
apy+ Y (a@) — (@@+1) A aw))) = a) + [Z (a@+1) = (@@+1y A a(d’)))]- (S8)
d'=d d'=d

The term on the left is the sum of coefficients on wg, ., ..., wp),., and the term in the
square brackets on the right is the sum of coefficients on w. (4), ..., w. (p-1) for d =
1,..., D. Moreover, when d = 1, the expression on the right is the sum of coefficients on
w. (0, ---» W.,(D—1), which is exactly equal to the sum of coefficients on w3, ., ..., Wp),..
These relationships are used to rearrange the initial expression. In particular using (S8)
we can find nonnegative values b4, 4) such that (i) aip) = Zd, b(p) @) and ay —

d
(a(d+1) A (l(d)) = Zd’:O b(d),(d’) for d = 1,...,D -1 and (ii) an) = Zd/zl b(d/),(o) and

ag+1) — (@ AN ag)) = Z?:d by, ford=1,...,D— 1. Hence, we can write
D-1
apyW(D),. — 4w, 0) + Y (ata) — (@a+1) A aay)) Wiy,
d=1
D-1
= Y (@) — (@@ A a@))w. )
d=1

1 D-1 d
(Z (D), (d) )w(D) +) <Z bay, @) )w(d).

d'=0 d=1 \d'

D—-1 D D
- [Z (Z b(d’),(d)>w.,(d) + (Z b(d’),(O))W-,(O)i|

d=1 \d'=d d'=1
D

b, @) (W), — w~,(d))) + D by, ) (W, — . ()
d'=1

where the final inequality follows from the terms in each sum being nonnegative.
Finally, show that the term in square brackets in (§7) is nonnegative. This term is the
minimum of the following expressions in (S9) and (S10):

D d-1 D d-1

a(d+1)+ZZP(d) @t Z Py, @)~ Z Zp(d),(gz) (59)

d=d 4=0 =d+1 d=d+14=0
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= _i Zd: Py, ~ Z Zp(d

d=d+14=0 d=d+14=0
D ! D d-1
Z Z +Zp(d)(d)+ Z P Z Zp(d
d=d-+14=0 d=d+1 d=ds+1d=0
D d—1
= 2. Pan@ T2 P@.@
g:d-{-l d=0
and similarly,
D d-1 D a1
“<d>+ZZP(d> @t Z Py, @~ > Zp(g),@ (S10)
d=d4=0 =d+1 d=d414=0
d-1
:Zp(d), + Z p(d) @)
=0 =d+1

Both terms (S9) and (S10) are seen to be sum of probabilities, and hence nonnegative,
so the minimum of these two terms is also nonnegative:

D d-1 D d-1
0= (a@sny Aa@) + D ) Py iyt Z Py, @)~ Z 2Py
d=d d=0 d=d+1 d=d+14=0

It follows that z’p > 0, which completes the argument for the case where there is
a strict covariate index ordering. When the covariate index ordering is weak (includes
some ties), the analogous argument applies imposing additional restrictions as in (52)
on the partition R, 4 and using the information provided by the additional implied mo-
ment inequalities to verify Farkas’ lemma as above. Finally, we can conclude that a con-
structed disturbance distribution exists that satisfies Assumption 1 and generates a con-
structed outcome and covariate distribution that matches the observed distribution, so
that ®g C 05 and Oy is sharp. O

Proor oF ProrosITiON 3. Inbinary choice, it will be useful to note that when Pr(y; = 1|
Xs, X;) = Pr(y; = 1|xy, x,) then Pr(ys; = 0|xg, x;) = Pr(y; = 0|x;, x;). In this case, take an
arbitrary 6. Then D(xy, x4, 0) = {{0}}, {{1}}, or {{0}, {1}}. In any of these cases, H(xg, x4,
0) =0, s0 H(xs, x;, 0) =0V0 when Pr(y, = 1|xg, x;) = Pr(y, = 1|x5, x).

Another useful finding is that for any 6 such that D(x;, x;, ) = {{0}, {1}}, H (xs, x;,
0) =2 pebxs, i, 0) EMYs € D} — 1{y € D}Ixs, xi] = [Pr(ys = 0|xs, x;) — Pr(y: = 0| xs, x)] +
[Pr(ys = 1|xs, x;) — Pr(y, = 1|xs, x,)] = 0.

Take 6 € ®g and show that H (xg, x;, 0) = H(xy, x¢, 0g) a.s., so that H(0) = H(0y).
Cases:

(@) Ag(xy, x;, 6) > 0. Then D(xy, x;, 0) = {{1}}, so H(xy, x4, 6) = Pr(ys = 1|xg, x;) —
Pr(y; = 1|xg, x;). Since 6 € Og, Pr(ys; = 1|xs, x;) — Pr(y; = 1|xg, x;) > 0. If Pr(y,; =
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(b)

()

1|xs, x;) — Pr(y; = 1|xs, x;) > 0, then we must have by Proposition 1, D(x;, x/, 6p) =
{{1}}, so H (x5, x;, 0) = H (x5, x¢, 00). If Pr(ys = 1|x5, x;) — Pr(y, = 1|x,, x;) =0, then
as noted above H (x, x;, ) =0 = H (xy, x;, 0p).

Ag(xs, x;, 8) = 0. Then D(x;, x;, 6) = {{0}, {1}}, so as noted above H (x;, x;, 8) = 0.
Since 6 € ©g, we must have Pr(y, = 0|xy, x;) — Pr(y; = 0|xy, x;) > 0 and Pr(y, = 1|
Xs, X;) — Pr(y; = 1|x5, x;) > 0. So, Pr(ys = 1|xg, x;) = Pr(y; = 1|xs, x;), and H (xg, x4,
6o) = 0. Hence, H (xg, x4, 0) = H(xg, x4, 69).

Ag(xs, x4, 0) < 0. Similar to case (a), H (x5, x, 0) = H (x5, x;, 6p).

So, we have shown that H (xg, x;, 8) = H (x5, x;, 6p) a.s., and so H(0) = H(6p).
Now take 0 ¢ ®g and show H (6) < H(6g). Let

A= {(x5, x1) : E[mp(ys, yi, X5, X1, 0)|x5, x;] < 0 for some D € D}
= {(xs, x/) : E[1{ys € D} — 1{y; € D}|x, x;] < 0 for some D € D(xy, x;, 6)}.

Since 6 ¢ O, Pr(A) > 0.% Consider (x;, x;) € A.

(€))

(b)

(©

Ag(xs, x;, 0) > 0. But Pr(y; = 1|x, x;) < Pr(y; = 1|xg, x¢). Then Pr(ys = 0|xs, x;) >
Pr(y; = 0|xy, x;) and Ag(xy, x;, 60) < 0. Hence, D(xy, x, ) = {{1}} and D(x;, x,,
0o) = {{0}}, and H (xs, x;, 0) = Pr(ys = 1|x5, x;) — Pr(y; = 1]xg, x;) < 0 < Pr(y; = 0|
X5, X¢) — Pr(y: = O|xs, x¢) = H (x5, x¢, 00).

Ag(xs, x¢, ) = 0. Then D(x;, x;, 0) = {{0}, {1}}, so H(xs, x;, ) = 0. But since
(x5, x¢) € A, Pr(ys = 1|x, x;) # Pr(y; = 1|xg, x;). Suppose Pr(ys = 1|x5, x;) > Pr(y, =
1|xs, x,), then Ag(xy, x4, 60) > 0, and H (xg, x4, 600) = Pr(ys = 1|xg, x;) — Pr(y; =
1|xg, x;) > 0= H (x5, x;, 6). The argument holds similarly when Pr(y,; = 1|x;, x;) <
Pr(y; = 1|xs, x;). So H (xg, x¢, 60) > H (x5, x4, 6).

Ag(xs, x¢, 0) < 0. Arguing similar to (a), H (xs, x¢, 69) > H (x5, x¢, 0).

So, we have shown that H (xg, x;, 8g) > H (x5, x;, 0) for (x5, x;) € A. For (x4, x;) ¢ A, it is
straightforward to show H (x;s, x¢, 8) = H (x5, x¢, 8g) using previous arguments. Hence,
H(0p) — H(6) = E[1{(xs, x) € A}(H (x5, x¢, 09) — H (x5, x¢, 8))] > 0. The result follows.

O
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4Suppose A is measurable or contains a measurable set of positive measure.
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