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APPENDIX A: PROOFS

The proof of Lemma 1 was provided in the text.

PROOF OF PROPOSITION 1: Equations (21) and (22) follow from integrating the linear
ODE:s (19) and (20) with the initial conditions A4,(0) = C(0) = 0. Substituting A,(7) from
(21) into (23), we find (25). The left-hand side of (25) is increasing in k*, is zero for k* =0,
and converges to infinity when «* goes to infinity. The right-hand side of (25) is decreasing
in k¥, exceeds k, > 0 for «* = 0, and converges to k, when «* goes to zero. Therefore, (25)
has a unique solution for *, which is positive.

Substituting C(7) from (22) into (24), we find

Kjf*[l +ao? /w a(r) U A (u) du} A(7) dT]
0 0

=Kr7+a0'r2/ 0o(T) A, (T)dT
0

610':1 'S} T 5
+T/ a(7)|:/ A.(u) duj|A,(T)dT. (A1)
0 0

Since

KT = Kf?[l +ao? /00 a(T) |:/T A, (u) duj| A, (7) dT]
0 0

+ (K, — K:‘)F — Kf?du’f/ma(ﬂ [/TAr(u) dui|Ar(T) dr
0 0

Dimitri Vayanos: d.vayanos@lse.ac.uk
Jean-Luc Vila: JVila@capulaglobal.com

© 2021 The Authors. Econometrica published by John Wiley & Sons Ltd on behalf of The Econometric Society.
Dimitri Vayanos is the corresponding author on this paper. This is an open access article under the terms of
the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,
provided the original work is properly cited.


https://www.econometricsociety.org/suppmatlist.asp
http://personal.lse.ac.uk/vayanos/Papers/PHMTSIR_ECMAf.pdf
mailto:d.vayanos@lse.ac.uk
mailto:JVila@capulaglobal.com
https://creativecommons.org/licenses/by/4.0/
http://personal.lse.ac.uk/vayanos/Papers/PHMTSIR_ECMAf.pdf

2 D. VAYANOS AND J.-L. VILA

and

(k, — KI)F — Kf?ua'rz/ooa(T) |:/T A, (u) du:|Ar(T) dr
0 0
= —Facrrz/ooa(T)A,(T)Z dr — K:‘Fa(rf/wa(r) [/TA,.(u)du}A,(T) dr
0 0 0
= —fao;z /OC a(T) |:A,(T) + K /T A, (u) du]Ar(T) dr
0 0

:—7610',2/ a(r)TA,(1)dT,
0

where the first step follows from (21) and (25), and the third step follows from integrating
(19) from zero to 7 and using (21) and (25), we can write (A.1) as

Kf7*|:1 + cz<r,2/oooz(7')|:/T A, (u) du}Ar(T)dT]
0 0

=Kj7[1+aa,2/oc a(r)[/TA,(u)du]Ar(T) dT:| —Fao;z/m a(T)TA(T)dT
0 0 0

'S} 4 o0 T
+aa,2/ 0y(7) A, (7) d7 + ‘%/ a(T)U A,(u)zdu]A,(T) dr. (A2)
0 0 0

Equations (21) and (A.2) imply (26). Q.E.D.
PROOF OF PROPOSITION 2: Taking expectations conditional on time ¢ in (8), we find

dE,(ry.) = Kr(7 - Et(rt+7')) dr

= E@u)=(1—e"")F+e"r,. (A3)
Equation (A.3) implies
OE(T1y+
t(rt+ ) — efqu-‘ (A.4)
or,

Equation (27) likewise implies

ﬁft(T)
or;

= A(r) =, (AS)

where the second step follows from (21).

Equation (25) implies that if a > 0 and a(7) > 0 in a positive-measure subset of (0, T),
then «* > k,. Since the right-hand side of (25) increases in a, o, and a(7), and the dif-
ference between the left-hand side and the right-hand side increases in «¥, «* increases in
a, o2, and a(7). O.E.D.

PROOF OF PROPOSITION 3: Equations (1), (2), and (10) imply that the dependent vari-
able in (28) is

A+ C) = [AG AT, + C(r = A7) = [A,(A7)r, + C(AT)])
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and the independent variable is

ALT{Ar(T)I’, + C(1) — [A, (1 = AT)r, + C(1 — A1)] = [A.(AT)r, + C(AT)]}.

Therefore, the FB regression coefficient is
_ Cov{[A,(1) = A,(AT)]r, — A, (7 — AT)ripar, [A (1) — A (7 — A1) — A, (AT) 11}
B Var{[4,(1) — A,(1 — A1) — A,(AT)]r}

[Ar(T) - A,(AT)] Var(r;) — A,(1 — AT)CoV(riyar, 11)

FB

= . (A.6)
[A4,(1) — A,(T — A1) — A,(AT)] Var(r,)
Since (A.3) implies
CoV(Frinr, 1) = Var(r,)e 7, (A7)
we can write (A.6) as
b — A (1) — A (1 — AT)e ™ — A,(AT)
P A - A — A — A,(A)
Taking the limit A7 — 0 and noting from (21) that % — 1, we find
by > LD F AT =1 (k7 — 1)) A (1) K} — a3 (AS)

A(m)—1 KA K

r

where the second step follows from (19) and (25). Since k* > k, when a > 0 and a(7) > 0
in a positive-measure subset of (0, T'), (A.8) implies bgg > 0. Since «* increases in a, o2,
and a(7), (A.8) implies that bgp increases in the same variables.

Equations (1) and (10) imply that the dependent variable in (29) is

A (T = AD)ra + C(r = A1) A (T)ri + C(7)

T—AT T

and the independent variable is

At [A,(T)r, +C(r)  A(AD)r + C(AT)i|
T—AT T B AT ’

Therefore, the CS regression coefficient is

A, (1 — A7) A,(1) At [A(1) A.(A7)
COV e— ts - T
boe — T—AT T T—AT T AT
o= vl AT [A(M _AGDT
T—AT T At !
MCOv(n+AT’ rt) — Ar(T) Var(rt)
___T—A7 T ) (A.9)

Ar [A.(t) A, (A7)
T— AT T AT

:| Var(r,)
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Using (A.7), we can write (A.9) as

A (1 — A7) o KrAT A, (1)
b — — T = AT T
cs

At |:A,(T) 3 A,(AT)]'

T—AT T AT

Taking the limit A7 — 0, we find

2D 40+ A
bes = A,(7)
-1
T
_ 1 A/r(T) + KrAr(T) - 1
ST AW
T
B (K:‘ — K,)A,(T)T
=1- A (A.10)

where the third step follows from (19) and (25). Since «* > k, when a > 0 and a(7) >0
in a positive-measure subset of (0, T), (A.10) implies bcs < 1. Since

A(m)T 1—e™
T— A1) ( 1—ekf7>’
ki(1—-——

*

K. T

r

(A.10) implies that bcs increases in 7 if the function

1_1—6"‘

1
K = X = —_—
() 1—e* 1—e™ «x

is increasing for x > 0. The derivative K’(x) has the same sign as the function

[SIE

I%(x) =1—e"*—xe

The function K (x) is equal to zero for x =0, and its derivative K’(x) has the same sign
asez —1+ 5 which is positive for all x. Therefore, K(x) > 0 for x > 0, and K(x) is
increasing. Q.E.D.

PROOF OF PROPOSITION 4: The argument in the text shows that Ay,” = k*AF* M
and A7* has the same sign as ao? fowAOO(T)A,.(T) dr. Hence, when a > 0, the change
A6,(7) raises all yields if fooo A6y(7)A,(7)d7 > 0 and lowers them otherwise. The relative
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effect across maturities is
T2
A, (u)du
Ay(fz) 0

(71)
/ A, (u)du

and is independent of A6,(7). Since the functlon A,(1) increases in 7, the function

T A d . . L
W Ade o150 increases, and hence the relative effect across maturities is larger than 1

for ;'] < T3. QED
The proof of Lemma 2 was given in the text.

PROOF OF LEMMA 3: Using the diagonalization

]\42[)_1 Diag(Vl,Vz, ...,VK+1)P,

where Diag(z, 25, ..., zy) is the N x N diagonal matrix with elements (zy, z3, ..., zy),
and multiplying the ODE system (36) from the left by P, we can write it as
PA'(7) + Diag(vy, vy, ..., vg41)PA(T) — PE =0. (A.11)
Integrating (A.11) with the initial condition 4(0) = 0 yields
1 _ -V T 1 _ VT 1 _ VK417
PA(T) = Diag( ¢, ¢ )Pg. (A.12)
Yy %) VK+1
Using
1 _ VT 1 _ —T 1 _ —VK4+1T
Diag( ¢ R ¢ e ¢ )
Yy vy VK41
1 _ VT 1 _ —VT 1 _ VT 1 _ VK417 1 _ VT
=LIK+1+Diag<O, ¢ — ¢ e, ¢ — ¢ >,
141 4] gt Vk+1 V1

where Zy is the N x N identity matrix, we can write (A.12) as

1 — *VLT 1 _ *VZT 1 _ *VlT 1 _ *VK_*_lT 1 _ *I/lT
A(7)=765+P‘1Diag<0, c e = e )Pg
" %) L3 VK+1 L4
A, (1) 1
N Apg,(7) _ I—e™" 0
»
AB,K(T) 0
1 — —nT 1 _ -—nT 1 _ *VK_*_]T 1 _ —VT
+p! Diag<0, ¢ _ ¢ e, ¢ - ¢ )
123 141 VK1 L3
1
0
x P RE (A.13)

0
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Equation (A.13) implies (39) and (40). Integrating (38) with the initial condition C(0) =0
yields (41). QE.D.

We next derive the system of equations in the Laplace transforms. We consider
the general case where there are K demand factors. We assume a(7) = ae " and

0c(1) = Yo, O.ue®7, where N > 1, (@, 8a, {00} iz, ket N> {86, bami,..n) are scalars
and (a, 6,, {8¢, },=1...n) are positive. We set

.....

I= /ooa(T)A('T) dr,
0

JE/ a(r)A(T)A(T) " dT,
0
Forn=1,..., N, we set

I,,E/ e %" A(r)dr
0

and denote by 0, the 1 x (K +1) vector (0, 6, ,, ..., 0k.,). Since the vectors (I, I, ..., Iy)
are (K + 1) x 1, and since the matrix J is (K + 1) x (K + 1) and symmetric, there are a
total of
K+1)(K+2 K
K+1+¥2()+(K+1)N:(K+1)(5+N+2)

distinct elements. These elements are Laplace transforms of the functions (A,(7),
{Api(T)}i=1,..x) and of those functions’ pairwise products. Using (J, {l,}.=1, .,
{©,},-1...~), we can write the matrix M defined in (37) as

~ [/ N
M=T"—a /0 (Z oI — J) 337, (A.14)
n=1

LEMMA A.1: Suppose that a(t) = ae " and 6,(7) = ZL O e %", where N > 1,

(@, 8us {0k ntk=1...kn=1...N> {00, }n=1,..n) are scalars, and (e, 84, {80,}n=1...n) are positive.
The (K + 1)(% + N +2) elements of (I,J,{1,},-1...n) sSolve the system

.....

(8ulisr + M) = 815, (A.15)
1
(89n1K+1 +M)I,, == 6—5, (A.16)
On
forn=1,...,N,and
(8ulisr + M) +IM™ =EIT +1E". (A17)

PROOF: To derive (A.15), we multiply the ODE system (36) by «(7) and integrate from
zero to infinity. This yields

/ma(T)A/(T) dr+ MI — [/‘”am dT}g —0. (A.18)
0 0
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Integration by parts implies
/ a(t)A(t)dT = [oz(*r)A(’r)]gO — / o (r)A(T)dr
0 0

= lim a(7)A(7) — a(0) A(0) + 8, fwa(T)A(T) dr
T—00 0

T—>00

= lim a(7)A(7) + 8, /wa(T)A(T) dr,
0

where the second step follows from «'(7) = —6,a(7) and the third step follows from
A(0) =0. Assuming lim,_, ., a(7) A(7) = 0, a property that is required for the matrix M
to be finite (and that holds for the solution in Theorem 1, as we show at the end of that
theorem’s proof), we find

/Ooa(T)A/(T) dr= 8a/ooa(7)A(T) dr=36,l. (A.19)
0 0

Using (A.18), (A.19), and a(7) = ae™ ", we find (A.15).
To derive (A.16), we likewise multiply the ODE system (36) by e~°»" and integrate from
zero to infinity. This yields

/ e A (r)ydT +MI, — |:/ e dmT d7:|5 =0. (A.20)
0 0
Integration by parts and a zero limit at infinity imply

/ e A'(t)dT = 30n/ e A(7)dT = 8y, 1,. (A.21)
0

0

Using (A.20) and (A.21), we find (A.16).

To derive (A.17), we multiply the ODE system (36) from the left by a(7) A(7)", add to
the resulting (K + 1) x (K + 1) matrix its transpose, and integrate from zero to infinity.
This yields

/Ooo a(n)[A (AT + A A () |dr+MJ+IM" - EIT —IET =0. (A.22)
Integration by parts and a zero limit at infinity imply
/Oooa(T)[A/(T)A(T)T + A1) A'(1)"]dr
= 8, /ODO a(t)A(T)A(7)dT = 8,J. (A.23)

Using (A.22) and (A.23), we find (A.17).

The total number of equations is (K + 1)(% + N +2), which is the same as the number of
unknown Laplace transforms: the vector equation (A.15) yields K + 1 scalar equations,
the vector equations (A.16) for n =1, ..., N yield (K + 1)N scalar equations, and the
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matrix equation (A.17) yields XX+ scalar equations because the matrices in it are
symmetric. Q.E.D.

PROOF OF THEOREM 1: The theorem specializes Lemma A.1to the case K =1, N =2,
011 = =01 =0, 8y, = 84, 89, = 8y, I' = Diag(,, kp), and ¥ = Diag(a;, o). Since K =1

and N = 2, there are nine unknown Laplace transforms, which reduce to seven because
8¢, = 8, implies I; = L. Setting I = (I,,I)", L= (1,2, 152)", and

1 I
] = nr r,B} ,
[1 LY
the seven unknown Laplace transforms are (1,, Ig, .2, 152, 1,,, 1,5, 15 ). Setting

I
Al ,= 0(— - r,2> — 1., (A.24)
o

I
AIB,HEO<—B —IB’2> —1373, (A25)
o

we can write the matrix M given by (A.14) as

2 2

[KL:U?Z'Z;" ‘ f‘;@%’g ,M] . (A26)

The vector equation (A.15) yields the two scalar equations
(80 + 1+ a0?L,) 1, + acl, gy = Sﬁ (A.27)
—ao; ALl 4 (8o + kg — aoyAlg )l =0. (A.28)

The vector equation (A.16) yields the two scalar equations
(59 + K, + ao'rzlr,,)l,,z + aoé],,ﬁlﬁ,z = 8%’ (A.29)
—ao} ALl + (80 + kg — acdgAlg )15, =0. (A.30)

The matrix equation (A.17) yields the three scalar equations

O
(7 + K, + aaf[,,,)l,,, + aaﬁlfﬁ =1, (A31)

(601 + Kk, + Kg + a(TrZI,’, — aa'éAIB,(,)I,.,B + aUé[,}BIB’B — aO'rzAI,y(,I,y, = IB’ (A32)

0
—aO',ZAI,,GI,,B + <7a =+ Kp — aoéAIﬁ,‘;)IB,B =0. (A33)

Equations (A.27)—(A.32) constitute a system of seven equations in the seven unknowns
(I, 1g, 1), 15,154, 1,2, 155). The rest of the proof, which is in the Full Appendix, avail-
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able at http://personal.lse.ac.uk/vayanos/Papers/PHMTSIR ECMACf.pdf, shows that this
system has a solution. Q.E.D.

PROOF OF PROPOSITION 5: Using K = 1 and (A.26), we can write the system (36) as

A(1)+ (K, + aO'rZI,’,)A,(T) + aO'éI,’BAB(T) —1=0, (A34)
Ap(T) — ao. ALy A (1) + (kg — aaéAIB,e)AB(T) =0, (A.35)

and the solution to that system, given in Lemma 3, as

1 — VT 1 _ —VT 1 _ VT
Alr) =t ¢r< = ) (A.36)
141 14 151
l1—e™ 1—e™"
Ag(T) = dm( - ) (A.37)
| %) 141

Equations (A.34) and (A.35), together with the initial conditions A4,(0) = Az(0) =0, im-
ply A4;(0) =1 and A}(0) = 0. Differentiating (A.35) at zero and using Al, , > 0, which
follows from M,; < 0 and (A.26), we find A%(0) > 0. Hence, A4,(1) >0, Ay(7) >0, and
Ag(7) > 0 for small 7.

Suppose that the two eigenvalues of M are real and without loss of generality set
v, > v,. Since the function (v, 7) —> = decreases in v, the term in parentheses in
(A.37) is positive. Since, in addition, 4 B(T) > 0 for small 7, ¢, > 0, and hence, Az(7) >0
for all 7. Since

Ay(1) =dpe™" —e™7)
and ¢g >0, A,(7) > 0. Since

1 _ e*VlT
Ar(T) _ 141 ¢r
Ag(t) l—e™ 1—e ¢B
b -
14 141
_ 1 L
= ” 1—e ™" ¢B
R S|
EE)

and the function (v1, v, 7) — =7

-1 271 (1) 1
o ,[A (7)] < 0. Since

increases in 7 because its derivative has the same
sign as

A(r)y=e""+ ¢>,(e"’27 — e‘””),

the sign of 4/ (7) can change at most once. Hence, A/ (7) > 0 for 7 € (0, 7') and 4/(7) <
0 for 7 € (7/,0), where 7' is a threshold in (0, co]. The function A,(7) has the same
behavior for a different threshold 7.

When a ~ 0, A, (r) > 0 because Lemma A2 implies ¢, =~ 0, v =
k, > 0, and v, ~ kg > 0. When a(7) =0, I,, = 1,5 = 0 and, hence, (A.34) implies


http://personal.lse.ac.uk/vayanos/Papers/PHMTSIR_ECMAf.pdf
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A, (1) = =" > 0. In both cases, 7 = co. When a ~ co, Lemma A.2 implies that for

K

»
7 bounded away from zero,

1 /1 1—e™"
Ar(T) ~ _1<—_ +Er_7>

a3 \ Vv

00 ) 1_e—721-’ )
- L Jo 1= L)
- - o0 1_6—721’ 2 7,
/ d /

/0 a(T)(iﬂz ) :
1 /0 () (1= e ™) (e ™ — ™) dr’
I R

0

Since this is negative for 7 close to co, T < 0.

Suppose that the two eigenvalues of M are complex. Since they are conjugates, we set
vy = p+i§ and v, = pu — i§ for real numbers (u, £). Equations (A.36) and (A.37) imply
that (A,(7), Ag(7)) takes the form

1_
asng

A (T) = o+ Prie " CoS(ET) + drpe*sin(éT), (A.38)
Ag(T) =g+ dp1e " cos(ET) + Ppre " sin(éT) (A.39)
for real numbers {¢; .}, p.n0,1,2- Since the initial conditions A4,(0) = Az(0) =0 imply

b0+ ¢j1=0for j=r, B, condition 4,(0) =1 implies —¢, 1 + ¢,,& =1, and condition
A(0) =0 implies —¢p 1 + ¢pp.& =0, we can write (A.38) and (A.39) as

A (1) = ¢,,0|:1 - %e"” sin(ér) —e™ ™ 005(57)} + ée“” sin(é7), (A.40)

Ag(T) = (j;B,O[l - %e"” sin(é71) — e *7 cos(§7):|. (A41)
Differentiating (A.40) and (A.41), we find
p+ € p
A(T)= .o £ e M sin(ér) +e " |:cos(§r) — E sin(ff)i|, (A.42)
2 2
A1) = o= ;Lg e M7 sin(£7). (A.43)
Since Ap(r)>0 for small 7, ¢4 > 0, and hence, Ap(t) >0 for 7 € (0, %). The derivative

Ar(T) 1 :
[—AB ;] has the same sign as

A (1) Ap(1) — A, (1) Ay(T)

— e M |:COS(§T) _ % Sin(gq-)i| ¢B,0|:1 — %e*“" sin(ét1) —e 7 COS(fT):|
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2 2
— le“” sin(fr)qbﬁ,o'u t¢ e M sin(éT)
3 3
= bpoe™ |:COS(§T) - %sin(fr) - €’”:|, (A.44)

where the second step follows from (A.40)—(A.43) and the third step follows by rearrang-

ing. Since ¢ > 0, [%]/ is negative if the term in brackets in (A.44) is negative. That

term is concave in u and is maximized for u given by

_1 Sin(§7') freM=0 & M= Sln(f’T) )

& &

The maximum is
cos(gry — SMED [y oo (SMED V| _ gy SIED (A45)
&T &t &t
where
Hx) = xc':os(x) 14 log(sm(x))
sin(x) X
The function H(x) is equal to zero for x = 0, and its derivative is
x cos(x) — sin(x)
) x cos(x) 2 x2 — 2x cos(x) sin(x) + sin’(x)
H (x)=-— ) . : = ) .
sin“(x)  sin(x) sin(x) xsin®(x)
x

Since

% — 2x cos(x) sin(x) 4 sin’(x) > x* — 2|xsin(x)| + sin’(x) = (|x| — |sin(x)|)* > 0

for x #0, H'(x) > 0 for x <0 and H'(x) < 0 for x > 0. Since, in addition, H(0) =0, then

H (x) < 0. Hence, the maximum (A.45) is negative for 7 € (0, ‘—’;l), and so is [%]’. This

establishes the results in the proposition for 4(7) and Af‘;((:)), and for the threshold 7 = %

The result for A4(7) and for a threshold 7 > 7 follows because A 5(0) =0and Ap(r)>0
for 7 € (0, 7) imply Ag(7) > 0 for 7 € (0, 7].

If 7 < 0o, then Ap(7) =0 and Aj(7) <0.1If A,(7) <0, then Al , > 0 and (A.35) imply
A, (7) < 0. If A};(qz-) =0, then Al, 4 > 0 and (A.35) imply A,(T) =0, and (A.35) implies
A.(7) = 1. Hence, in both cases, A4,(7) < 0 for 7 smaller than and close to 7. This yields
the result in the proposition for 4,(r) and for a threshold 7 < 7. Q.E.D.

Lemma A.2 derives the asymptotic behavior of (v, v2, ¢,, ¢5) when a ~ 0 and a ~ oo.
To state and prove the lemma, we define the functions

lee" 1= e—v/f

F(V, V') = /Ooa(T) ——dr,
0

14 14

ﬁ(v, V') = F(V, V/) —F(v,v),
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Ig(v, 1/) =F,v)+ F(I/, 1/) — 2F(v, 1/),
1—e™

Glv)= ‘/OO 0(7) dr,
0

G(V, V) =G(V)-G).

We also note that the definitions of (/, I,,, I, ) imply

Ir,r=/ OZ(T)Ar(’T)z d'T,
0

l,g= /ooa(T)Ar(T)AB(T) dr.
0

(A.46)

(A.47)

LEMMA A.2: Suppose that there is one demand factor, the matrices (I, 3) are diagonal,
and a(t) and @ have a positive and a finite limit, respectively, at T = 0. When a ~ 0 and
a= o0, (vi, v, ¢,, ¢pg) are real, and their asymptotic behavior is as follows:

o When a~0, (vi, v, ¢, bp) ~ (K, kg, @°c,, acy), where

2 2
Q[gUBF(Kh KB)
=

—r

K, — Kg
_ O'rzG(Kr)
=
r B

1 _ 1 =
L4 I/Vhena%oo, (V15V25 d)r, (bB)Q:(agnl’VZ,a 3Cr, d)ﬁ),Where

ny = oy

o] -7 2
/ a(T)(1 —_e ) dr
0 Vs

o0 1 _ 2T
/ a(T) _e dr
1 0 Vs

S— <0,

n 00 _ VT 2
! / a(7)(1 _e > dr
0 9]

o0 1 _ T
/ 0(r) — dr
0

Vs

00 T 2
/ 0((7')(1 _e ) dr
0 vy

o] _ T [e’S] 1_ —v)T 2
/ T / a(T)( ¢ ) dr
0 vy _Jo v

o0 o0 X
/ 0(r)dr / a(T) 1-¢ dr
0 0 vy

EB:

2

and v, solves

* l—e™ 7
2 00 [/ a(r)—— dT] !
7 3[/ a(r)dr — =2 2 ] >0,
0

(A.48)

(A.49)

(A.50)

(A51)

(A.52)

(A.53)
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PROOF: Substituting (A.36) and (A.37) into (A.34), and identifying terms in % and
(% — %), we find
b, (vi —v) —v + K, + aafl,,, =0, (A54)
—¢r+ ¢,k +ao}l,,) + paocyl,; =0, (A.55)
respectively. Using (A.54), we can write (A.55) as
& (1 =) —1) + ¢Ba0'§1r,3 =0. (A.56)
Substituting (A.36) and (A.37) into (A.35), and identifying terms, we find
¢dp(v) —1vy) —ac?Al, =0, (A.57)
—ppvy — AL+ ¢B(KB — aa'éAI,;,g) =0, (A.58)
respectively. Using (A.57), we can write (A.58) as
v, — ¢, (v — 1) + Kg — aa'éAI[;,(, =0. (A59)

Equations (A.54), (A.56), (A.57), and (A.59) constitute a system of four equations in
the four unknowns (v, v2, ¢,, ¢g). Substituting (A.36) and (A.37) into the definitions
(A.46), (A.47), (A.24), and (A.25) of (I,,,1,5,Al,4,Alg,), we can write that system
as

¢r(vl - VZ) — " + Ky + acrrz[F(v] ) VI) + Z(b,ﬁ(V] ) VZ) + (b%ﬁ(]}], VZ) = 0’ (A'6O)

b,(1— b1 — ) + 242 [F i, ) + b, F(m, v2)] =0, (A61)

0, (A62)

]
]
bs(vr —12) — ac [G() + ¢, G(w1,v2) — dp[F (w1, 12) + v, E(n, v)]]
vy — by — 1) + K — bpac[G (v, 1) — bpF (0, 1)] =0 (A63)

Suppose that a ~ 0. Setting (¢,, dg) = (a’c,, acg), we can write (A.60)—(A.63)
as

ae,(vi —v) —vi + Kk + aO’,Z[F(Vl, V) + 26136}13(7/1, )+ aﬁcrzﬁ(Vl, Vz)] =0, (A.64)
C,(l — 613(,’,)(1/1 — )+ CéO’é [FA‘(VI, V) + a3crﬁ(vl, Vz)] = 0, (A65)
cs(ri —m) — o’ [G(vy) + @e.Gvy, vy) — acg [F(Vl, v) +d’c,F (v, )] =0, (A.66)

—vy, —a’e,(v; — 1) + Kg — azcgag[é(vl, V) — acﬁff“(vl, vz)] =0. (A.67)

The asymptotic behavior of (v, v2, ¢,, ¢g) is as in the lemma if (A.64)—(A.67) has a
nonzero solution (v, v,, ¢, ¢g) for a = 0. For a =0, (A.64) implies v, = k,, (A.67) im-
plies v, = kg, (A.66) implies ¢z = ¢, and (A.65) implies ¢, = c,.
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Suppose that a =~ oco. Setting (v, ¢,) = (a%m, a’%c,), we can write (A.60)-(A.63)
as

a*%c,(a%nl —») —n + a3k,

+ado?[Fatn, atnm) +2a ¢, F(atn,, m) + a i P (adny, 1)] =0, (A.68)
a'e(1—a35¢)(asn — )

—i—a?(bB B[ (a n,v)+a” 3cF(a%n1 o) = (A.69)
a’jq-"ﬁ(a?nl — ) — a%o-rz[G(a%nl) +aie, G(aSnl, )

— dp[F(atn,m) +a e F(atn,m)]] =0, (A.70)
a'[-v— a’ic,(aénl — 1) + Kg]

— bp2[G(atny, m) — dpF(adny, v:)] = 0. (A71)

The asymptotic behavior of (v, v2, ¢,, ¢g) is as in the lemma if (A.68)—(A.71) has a

nonzero solution (n, v,, ¢,, ¢) for a = co. Noting that

1 o0
lim a§F(a§n1,a§n1)=—/ a(r)dr,
0

2

a—00 ny
o0 —I)T
. 1 1 1 1—e™
lim a3F(a3I’l1,V2)=— a(t)——dr,

1 o0
lim a%G(a%nl)z—/ 0(r)dr,
0

a—>o0 n]

we can write (A.68)—(A.71) for a = oo as

-7

1 —
ny — 0'r2|:—2/ a(t)dT + 2c¢, —/ a(T) dr
ny Jo %)

o 1—em\>
—i—cf/ a(T)(i) dT] =0, (A.72)
0 1)
1 00 —1T 00 1_ —vyT 2
L (S Eal il M / a(r)<7") dr =0, (AT3)
ni Jo v 0 12}
1 o] [o9) 1_ X
— B(T)dr—l-c,/ 0(1) — dr
ny Jo 0 vy
1 [e9) 1_ -7 [e9) 1_ -7 2
_¢B|:_/ a(T)L dT+Cr/ a(7’)< ¢ ) d’T] =0, (A74)
ny Jo v 0 v

00 _ T e} _ ;T 2
/ 0" dr — ¢, / a(r)(L) dr=0. (AT5)
0 V) 0

%)
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Equations (A.73) and (A.74) imply (A.53). Equation (A.53) has a solution 7,. Indeed,
when v, goes to infinity, the left-hand side is

L )

/ 0(7)dr V2 2
0

because @ has a finite limit at zero, and the right-hand side is

%)

%)

fwa(T)(l — e*VZT)e*V2T dr
ke J=alt ()]

/N a(T)(l — e”’zf) dr v, /OO a(t)dr
0 0

because () has a positive limit at zero. Hence, the left-hand side exceeds the right-hand
side. When (a(7), {0, (7)}«=1...x) becomes zero for 7 larger than a finite threshold 7', and
v, goes to minus infinity, the left-hand side is

* nT _ vn(T-1)
T fo o()e=" —e""]dr  _r 7) 1
0 = > 0 + o0 -
v2 / O(r)dr 2 / o(r)dr V2
0 0
and is smaller than the right-hand side, which is

= v v -n712
evzr/o a(T)[e 2t e )] dr T 1
o - —2v to v )
2 f a(T)[eVZT - e”Z(T_T)] dr 2 2
0

Hence, a solution 7, € (—o0,00) to (A.53) exists. When T = oo, (a(7), 6(1)) ~
(ae~%7, fe=%") for 7 large and for 0 < 8, < &,. When v, goes to —2  the right-hand side
goes to infinity, while the left-hand side remains finite. Hence, a solution v, € (—37“, o0)
to (A.53) exists.

Using (A.73) to eliminate ¢, in (A.72), we find n; = n,. Equations (A.73) and (A.75)
imply ¢, = ¢, and ¢4 = ¢, respectively. The Cauchy-Schwarz inequality implies 72, > 0
and, hence, ¢, < 0. O.E.D.

PROOF OF PROPOSITION 6: Proceeding as in the proof of Proposition 3, we find that
the FB regression coefficient is

Ngg,, Var(r;) + Ngg g Var(S,)

bFB = 2 2
[A,(7) — A,(1 — A1) — A,(A7)] Var(r,) + [Ag(7) — Ag(7 — AT)] Var(B,)
2 2
NFB,V% +NFB,B%
= ! Z , (A.76)

2
[A,(1) — A(7 — Ar) — A,(AT)]Z% +[Ag(r) — Ag(r — AD)]’

r

X
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where
Nrpj=[A;(1) — Aj(T — Ar)e 9% — A(AT)][A;(7) — Aj(T — A1) — A;(AT)]

for j = r, B. Taking the limit in (A.76) when A7 — 0, and noting from (A.36) and (A.37)
that 442 1 and 2827 _, 0, we find

2 2
[AL(7) + K, A, () — 1] [AL(7) — 1]5 +[ AL + KBAB(T)]A/B(T)%
bes = . (A7)

2
[4.(r)—1] (T—-I-A’( 228 %
Kpg

For 1 < min{7, 7}, A,(7) > 0, Ag(7) > 0, and A} (7) > 0. Moreover, (A.34) implies

A1) + K, A (1) — 1 = —ao}l,, A7) — aoyl, g Ap(T) <0, (A.78)
A(t)—1=—(k,+ac’l,,) A (1) — ao-él,,BA,;(T) <0, (A.79)

where the inequalities follow from A,(7) > 0, Ag(7) >0, I,, >0, and I,z > 0, which in
turn follows from M, , > 0 and (A.26). Equations (A.77), Ag(7) > 0, A3(7) > 0, (A.78),
and (A.79) imply bgg > 0.

When a ~ 0, (A.36), (A.37) and (vi, v2, b,, bp) ~ (K., kg, @°C, ,acy) (Lemma A.2) im-
ply

2
Vq ; Ky (1 . eiK'T) > + e c [L/ (1) + KBLB(T)]L (T)_
: , . N + o(a?),

bgp =
(1 - e"‘") + a’ c (T)
K,

where

1—e ™™ 1—e™"
Lg(7)= — .
Kg K,

Since Lg(7)L(7) > 0, and (A.46) and (A.54) imply

00 1— e 2
V) — K, = aaf/ 0[(7’)<;> dr + O(az), (A.80)
0 Ky

then bFB > 0.
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When a ~ 00, (A.36), (A.37), and (v, v2, ¢,, Pg) =~ (a%m , V2, a’%E,, Eﬁ) (Lemma A.2)
imply that for 7 bounded away from zero,

2 —VHT 2
(o ni— _ 1—e™ _ 0
_r + d)B <evzf + Kﬁ_i)elqr_ﬁ

K, iz K
bep = > 2 > £y o(1)
ﬂ + $2 e_ZVZTﬁ
K, B Kg
1—e™"
d)z — e—Vz’T(T2
=14+—2 — +o(D). (A.81)
r =2 _2,r 0-3
—_ + ¢[3€ 2
K, Kg

Hence, brg > 1. We next show that b increases in 7 if (43) holds. Equation (43) implies
that the left-hand side of (A.53) exceeds the right-hand side for v, = 0, and, hence, (A.53)
has a solution 7, < (. We write (A.81) as

G, Niy(1) 0

2

—_+o(l), (A.82)
O'r —2 O-.B
— + ¢BDFB(T)—
r KB

bpg =1+

K

where

2z7 zT
e — e
Npg(1) = ———,
z

Dgg(7) = 6227,

and z = —v, > 0, and consider the derivative

2

—
[ ¢ ;Nes(7)0; j|’
o’ g
— + ¢, Dpp(1) L
K, Kg
0'r2—2 2 AT/ -4 O-g ! /
K_d)ﬁo'ﬁNFB(T) + ¢BK_[NFB(T)DFB(T) - NFB(T)DFB(T)]
r B

2

o a1
|:—r + ¢BDFB(T)_B:|
K, Kg

|:NFB(T):|/ _ |:1 — e”i|, = e—zr > 0
Dyg(7) B z B ’

Nip(7)Dgp(7) — N (1) D (1) > 0. Since, in addition,

Since

Nig(T) = 27T — 7 > 0,

bpg Increases in 7.
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Proceeding as in the proof of Proposition 3, we find that the CS regression coefficient
is

Ncs, Var(r,) + N¢s g Var(B,)

bes = 2 2
A A, A.(A A Ag(A
T (1) _ A(47) Var(r,) + p(7) _ Ap(A7) Var(B,)
T— AT T AT At
2 o2
NCS,r% + NCS,BK_B
_ : ’ e (ASY)
At [[Am) _ A@DTe; | [A(1)  A(AD)] 9
T—AT T AT K, T AT Kg
where

N — [Aj(T—AT)e_KjAT B Aj(T)]|:Aj(T) B Aj(AT)]
ST T—AT T T AT

for j =r, B. Taking the limit in (A.83) when A7 — 0, we find

2
bes — ([A’T(T) —[AL(r) + K,A,(T)]} [A’T(” _ 1} /s

Ky

2
+ [Aﬁ:” ~ [y + KBAB(T)]} i &)

Kp
([ ]2 [42]%)
T K, T Kg

2
=1- ([A;(»r) + Kk, A (T) — 1][‘4’(7) — 1}5
T K,
2
+ [Ap(m) + KBAB(T)]AB(T) 2)
T KB
2 2 2. 2
/([A’(T) —1} Iy [—AB(”} ﬁ). (A84)
T K, T Kg

For 7 < min{7, 7}, Ag(7) > 0 and Aj(r) > 0, and (A.78) and (A.79) hold. Equation
(A.79) and the initial condition A4,(0) =0 imply A4,(7) — 7 < 0. Equation (A.9), Ag(7) >
0, Ay(7) >0, (A.78), and A,(7) — 7 < 0 imply bcs < 1.

When a ~ 0, (A.36), (A.37), (v1,v2, b, Pp) = (K, Kg, a°C,, acy) (Lemma A.2), and
(A.80) imply

2

2 —KpT -
o 1—6 r [’} 1_e:<r7
bes=1—a al _K)T a(r) | —=———) dr+o(a).
1—e™ 0 K,
k|1-—
K, T

Hence, bcg is smaller than and close to 1. Moreover, bcs increases in 7 because the func-
tion K (x) defined in Proposition 3 is increasing for x > 0.
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When a ~ 00, (A.36), (A.37), and (v, v2, ¢,, Pg) =~ (a%ﬁh 7y, a’%E,, Eﬁ) (Lemma A.2)
imply that for 7 bounded away from zero,

0.2 1 _ e*l_/zT 1 _ e*l_/zT 0-2
_“+¢ﬁ(_nﬁ+KB v ) —
2 2
bes=1— . — £ o). (A.85)
o —fl—e"\"0p
I + d)ﬁ - = -
K, VT Kg

Hence, bcs < 1. We next show that bcs is negative and decreasing in 7 if (43) holds. We
write (A.85) as

0'2 —2 0’2
K—r + ¢5NCS(T)K—B

bes=1-— 2 +o(), (A.86)
(o

r -2 O-B
— + ¢gDcs(7)—
K, Kp

where

ZT zZT

e —1\ e =1 e —1 2
Ncs(7)5<€”+’</3 > ) ) DCS(T)E< >7

and z = —v, > 0. Equation (A.86) implies

mqm

5; [Nes(r) — Dcs(T)]

2 |

2 2
o

r -2 O'
—+ ¢BDCS(T)—
K, Kg

eZT _ 1 eZ’T _ 1
Ncs(7) — Des(7) = |:6”+(KB_ ) e :| o
e

1
T
B e —1 T T —e 4+ 1e —1
>le —
zZT

1 _zTe
zr z
and xe* — e* + 1 > 0 for all x, (A.87) implies bcs < 0. Consider next the derivative

Since

T zZT

2 2/
g —2 Op
— + ¢pgNes(m)—
K, Kpg

2 2
g —2 O-B
—+ ¢gDes(1)—
K, Kg

4
—% [N’s(ﬂ Dies(1)] + Kf[N/S(r)Dcsm Nes(T)Dig(7)]
B

0_2 . 0_2 2
[_, + ¢5Dcs(7)—‘3}
K, Kp
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Since

1 efm—11]e" -1
Nig(17) — Dig(1) = |:zezT + <KB — ;)e“ + > ]

ZT zZT

o 1\ e —172°1e" —z(e7 — 1)
Tl T\ 2’7

2272 —zre 4 e —1e"—1 zre —eT 4+ 1zre —e7 + 1
= 2 + 2
zT zT zT zT

and x?¢* —xe* + e — 1> 0 for all x, Nx(7) — Dis(7) > 0. Since

Nes(m) zre” 7' (A4 z7) (e — 1) — z7e™ LeT—1—z7
fry = Zzé =z ——mmMM
Dcs(’T) " —1

(ezr _ 1)2 (en _ 1)2

and e* — 1 — x > 0 for all x, N (7)Dcs(7) — Nes(7)Dg(7) > 0. Hence, bcs decreases
in 7. Q.E.D.

PROOF OF PROPOSITION 7: Substituting C(r) from (41) into (42), using
I' = Diag(,, kg) and ¥ = Diag(a7}, 03), and dropping the subscript 1 from functions
of the single demand factor, we find

Xr= KT+ ao, |:/OO Oo(T) A, (T)dT
/wa(7)< A,(u)du)A,(T) dr

— X oo0((7')( AB(u)st)A,(T)dT

0
oo

a(T)

7 / A, (u)? du)A (r)dr
0.2 00 T
+—’3/ a(T)(/ Aﬁ(u)zdu)A,(T)dTi|, (A.88)
0 0

2
X5 =a0',§|:/(;oo 0o(T) Ag(T)dT

—X,/wa(7)</TA (u)du)AB(T) dr

B/wa(T)( Ag(u) du)AB(T) dr
/mam( A,(u)zdu)AB(T)dT

7/0001(7) / Ag(u)? du)AB(T)dT:| (A.89)
0
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The system of (A.88) and (A.89) is linear in (x,, xz) and its solution is

=% [K,7+ aaf/ Oo(T)A(T)dT + C,i|
0

X 1—l—ao-é/ooa(T)(/TAB(M)dbl)Aﬁ(T)dT]
L 0 0

- aaé/oo 00(1) Ag(T)dT + Cﬁ}
0

X a(rf/ooa(r) (/TAB(u)dM>A,.(T)dT] }
L 0 0

1 o0
Xs=1 [ao-é/o Oo(T)Ag(T)dT + Cﬁ}

X l—l—aO'rz/oo a(T) (/TA,(M) du)Ar(T) d7i|
L 0 0

— K,7+aa,2/ OO(T)Ar(T)dT-i-C,]
0

x |ao; /Ooa(T)(/TA,(u)du)AB(T) d7:| }
0 0

where
D= [1 + aaf/ooc a(7) (/OTAr(u)du>Ar(fr)dT]
X —1+aa§/Oma(f)(/OTAB(u)du)AB(T)dT}
- -aaf/oooa(q') </OTAB(u)du>A,(T)dT]
x —aaé /Oooa(r)(/OTA,(u)du)AB(T) dT:|
and -

2 2

C = ao; o, /ma(T)(/TA,(u)Zdu>Aj(7) dr
2 0 0

ao-fo-é o i )
+ T/ a(7)</ Ap(u) du>Aj(T)dT
0 0

21

(A.90)

(A.91)

for j =r, B. The effect of a change in the demand intercept from 6,(7) to 6y(7) + Aby(7)
on the yield y,” for maturity 7 is Ay” = €0 which from (41), (A.90), and (A.91) is

Ay” = %{ [aaf /oc Aby(7)A,(7) dT]
0

X |:1+a0'§ /Ooa(T)(/TAg(u)du)Aﬁ(T)dT]
0 0
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- [aoé/wAeg(T)AB(T) d7:| [w}/m a(T)(/TAB(u)dLL)A,(T) dT“
0 0 0

/ A (u)du
X 0—
T

+%{[aa§/ AOO(T)AB(T)dT:|
0

X [1 + ao;z/ooa(T) (/TA,(u)st)A,(T)dT]
0 0
_ [aa,?/wAeo(r)A,(T)dT] [aa-é/m a(T)(/TA,(u)du)AB(T) dT:|}
0 0 0

/TAB(u) du
x| (A.92)

T

Hence, the change A6fy(7) affects yields only through f0°° Aby(7)A,.(t)dT and
JoS Aby(T) Ag(T) d.
When the change A6,(7) is a Dirac function with point mass at 7*,

/ Aby(1)A;(7)dT = A;(7")
0

for j =r, B, and (A.92) becomes

1 [ A, (u)du
A (r _ _|:Ar(7_*) 0
D T

t,m*

/TAB(u)du
(7 ] (A.93)

where

Ar(q-*) = aa',zAr(q-*) |:1 + aaé /OO a(T) </T Ag(u) du)AB(T) d7:|
0 0

_ ao-éAB(q-*) |:ao-r2/ooa(7) (/TAﬁ(u)du>A,(T) dT],
0 0
Ag(r) = wéAB(T*)[l +a0? f ) a(r)( f TAr(u)du>A,(T) df}
0 0

—ao’ A,(%) [ao‘é /wa(r) </TA,(u)du>AB(T) dT].
0 0
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Using (A.93), we can write (44) in the equivalent form

f A.(u)du /Tl Ag(u)du
+ Ag(T))

0
|:A(T) B 1—7_1 ]

/ A, (u)du sz Ag(u)du
[ O 20

T2
/ A, (u)du
+ Ag(T1)

/ A (u)du

< [Ar(Tl)AB(TZ) - Ar(Tz)Aﬁ(Tl)]

/Tl A (u)du /72 Ag(u)du /TZ A (u)du /TI Ag(u)du
X |: k 0 -0 0 :| >0. (A9%4)

T1 T2 T2 T1

+ Ag(1)

T2

/ AB(u)du}

[A (1) ———

+ Ap(72)

/ Ap(u) du]

T1

|:A () ———

To show that (A.94) holds, we show that each of the two terms in brackets is positive. The
second term is positive because it has the same sign as

/n A, (u) du/T2 Ag(u)du — /TZ A, (u) du/n Ag(u)du
0 0 0 0

:/Tl A, (1) du/T2 Ag(u)du
0 7

_ sz A, (u) du/‘Tl Ag(u)du
T 0
n A, (71) i
>'/0‘ [Aﬁ(u)/lﬁ(:)]du/n Ap(u)du

2 Ar(Tl) m
[ ot sin

=0,

where the second step follows because Ag(7) > 0 and [%]/ <0 for 7 € (0, 7). The first

term is equal to

[Ar(Tl)AB(Tz) — Ar(Tz)Aﬁ(Tl)]D
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and is positive if D > 0, since Ag() > 0and [422] < 0 for 7 € (0, 7). Integration by parts

Ag(7)
implies that for j =r, B,

/OO a(7)</TAj(u) dl/l)Aj(’T)d'T
0 0
T 2200 0 T 2
:[a(r)(/ Aﬂu)du)} —l—/ </ Aj(u)du) da(T)
0 0 0 0
_ /m a(T)(/TAj(u)du>Aj(7)d7,
0 0

(A.95)

where da (1) denotes the measure generated by the nondecreasing function —a(7) (which

is possibly discontinuous at a finite threshold T'). Since

T 2900 T 2
[a(T) ([ Aj(u) du) ] = lim |:a(1') (/ Aj(u)du> :| =0,
0 0 T—>00 0

where the second step follows because M is finite, (A.95) implies

[e'e] T 2
- . f </ A,«(u)du) da(T)
/ C\((T)(/ Aj(Ll)dbl)Aj(T)dT: 0 A0 > 0.
0 0

2

Likewise,

/ooa(T) (/TA,(u) du)Aﬁ(T) d7+/ooa(7') (/TAB(u)du>A,(T) dr
0 0 0 0
=2|:a(7)(/TA,(u) du) </TAB(u) du>j|
0 0 0
+2fw</7 A,(u)du) (/T Ag(u) du) da(T)
0 0 0

(A.96)

_ fooa(f) </TA,(u)du>AB(T)dT - /wa(r) </TAB(u)du>A,(T)dT
0 0 0 0

= /ooa(T) </TA,(L£) du)AB('r) dT—l—/ooa(T) (/TAB(M) du)A,.('r) dr
0 0 0 0

= /OO</TA,(u) du) (/TA,;(u) du) da(T)
0 0 0

and, hence,

|:/°° a(T) (/TA,(M) du)AB(T) dT] [/ma(T)(/TAB(u) du)A,(T) d7:|
0 0 0 0

o) T T 2
|:/ (/ A (1) du) (/ Ag(u) du) d&(T)]
< LJo 0 0 .

= 4

(A.97)
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Equations (A.96) and (A.97) imply that D > 0 if

o] T 2 o0 T 2
|:/ (/ A.(u) du) d&(T)] |:/ (/ Apg(u) du) d&(7)1|
0 0 0 0
0 T T 2
> [/ (/ A, (u) du) </ Ag(u) du) d&(fr)} ,
0 0 0

which holds because of the Cauchy-Schwarz inequality. Q.E.D.

APPENDIX B: DEMAND OF PREFERRED-HABITAT INVESTORS

There are overlapping generations of preferred-habitat investors living for a period of
length T' < oo and arbitrageurs living for a period of length dt. Thus, at each point in time
there is a continuum of investor generations and one arbitrageur generation. Arbitrageurs
and investors receive endowment W at the beginning of their life and consume at the
end of their life. Arbitrageurs use their endowment to buy bonds. Investors use their
endowment to buy bonds and to invest in a private opportunity (“real estate”) that pays
at the end of their life. To ensure that the slope of the investors’ demand for bonds is finite,
we require that substitution between bonds and the private opportunity is imperfect. We
model imperfect substitution by assuming that bonds pay in a good 1 (“money”) and the
private opportunity pays in a different good 2 (“real estate services”). The endowment
W is in good 1. Arbitrageurs and investors can use good 1 to invest in bonds and in the
private opportunity.

Consider the optimization problem of an investor # born at time 0. We denote by Z,(ff
the number of units of the bond with maturity 7 that the investor holds at time ¢ € [0, T7],
where one unit of the bond is an investment in the bond with face value 1. We denote by
W,..; the value of the investor’s bond portfolio at time ¢ and denote by dc, , the investment
in the private opportunity between ¢ and ¢ + dt, both expressed in units of good 1. We
denote by (W,,y,, dc,,) the counterparts of (W, dc,,) when expressed in units of the
bond maturing at time 7"

W _ I/Vn,t
n,t — (T—1)°
Pt
Je = dc,,
Cnt P(T_l)

We finally denote by B<T “ > 0 the number of units of good 2 that an investment of one
unit of good 1 at time ¢ yields at time 7'. The investor’s budget constraint is

P
aw,, = / Z“)d(,ﬂ ,)) dr — dé,,. (B.1)
The investor’s utility at time 7" is
u(CT)—i—/ BIOPTVde,, (B.2)

and it consists of two parts: a utility u(C7) that is an increasing and concave function of the
consumption Cr of good 1 at time 7', and a utility fOT B "P" dé,, that is equal to the
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consumption of good 2 at time 7" and is derived from the accumulated investment in the
private opportunity between times 0 and 7. The marginal utility #'(C7) converges to infin-
ity when Cr goes to a lower bound C and converges to zero when Cr goes to infinity. The

investor has max-min preferences. At each time ¢ € [0, T'], the investor chooses (Z,(I ) Cot)
to maximize the minimum of (B.2) over sample paths of g, = (r;, Bi,-- - BK )7 and

37" subject to the budget constraint (B.1) and the terminal condition Cr = W.

PROPOSITION B.1: Assume that 3 has full rank, K > 1, B(T Y is an invertible function of
(Bi.ts --+» Br.1) ", and the term structure involves no arbitrage (i.e., (34) holds). At time t, the

investor holds only the bond maturing at time T and no other bonds. The number 4% 50 of
units of the bond held by the investor solves

W (ZT") =PI BT, (B.3)

PROOF: Defining (,udz’n’t, 05, by

(T) P(T)
; d pa—D dTEMz,n,zdf'i‘O'Z,n,,dBt,

t

where dB, = (dB,,,dBg 1., ...,dBg )", we write the budget constraint (B.1) as
AWy, =y, dt + a4, ,dB, — dé,,. (B.4)

Integrating (B.4) from 0 to T and using the terminal condition Cr = Wy, we write the
investor’s optimization problem at ¢ =0 as

T T T
max min [ <WO / Mz’n,,dt—k/ o-z’n’tdB,—Aéoy,,—/ d@,,,[)
2w qe, BT 0 0 0

T
+ Bo, Py A, + / B P dén,t}, (B.5)
0

where we allow for the possibility that ¢, has a discrete change A¢, o at ¢t = 0. Since X has
full rank and K > 1, r, is not perfectly correlated with (B;,, ..., Bk.,). Since, in addition,

(T " is an invertible function of (B; 1 --+» Bk.1), sample paths of g, and BAL’?” exist such

that B OPID = w/ (W, — Aéy) for t > € and for any e > 0. Hence, the minimum in (B.5)
is smaller than

T T T
min |: (Wo+/ Mznzdl+/ ozntdBt—Aéo,n—/ d@n,[>
an B0 0 w 0 w 0

+ B PN, + U (W — ACO)/ de, z},

which in turn is smaller than

T—t
‘IIBZ[ )

T T
min [u(Wo Aéy) + u/ (W — A@o)(/ ,uzmdt—i—/ (rzyde,>
0 0

+ ﬁéQPé”Aéo,n} (B.6)
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because u is concave. If o , , # 0 for any interval in (0, T'), then the minimum in (B.6) is
minus infinity because the Brownian motion has infinite variation. Therefore, 05,,=0,
that is, the investor holds the bond maturing at time T and zero units of all other bonds.
Since absence of arbitrage requires w , , =0, (B.6) is smaller than

u(Wy — A&y + B P AG,,

and, hence,

T T T
max min [ (WO +/ My, dt +/ Oy dBy — AC, — / dé,,,,>
2 en e, BSTTY 0 0 0

T
A(T) p(T) A A A(T—1) p(T—1) A
+ Bo.. Py AC,1,1+f B}('lt )Pz( )dcn,tj|
0

< max[u(W, — Aéy) + B PV AG) ] (B.7)

AC(]’n

Setting Z\) =0 for t > 0 and 7 # T — ¢, and dé,, =0 for ¢ > 0 in (B.5), we find that
(B.7) holds also in the reverse sense and is, therefore, an equality. The optimal A¢, , thus
satisfies

u (Wy — Aéy ) = BT PS. (B.8)

Since WO — AG,,, represents units of the bond maturing at time 7T that the investor holds
at time 0, (B.8) yields (B.3) for # = 0. The same argument yields (B.3) for > 0. Q.E.D.

Proposition B.1 implies that preferred-habitat investors demand only the bond whose
maturity coincides with the time when they consume. To ensure that the demand by
preferred-habitat investors takes the specific functional form (5)—(7), we assume specific

functions for the utility © and the return B(” on the prlvate opportunity.

Suppose C = —o0, u(Cr) = —e 7, and ﬁff? — e , where B!” is given by (6) and (7).
Proposition B.1 implies that the number Z,™” of units of the bond maturing at time T
and held at time ¢ by an investor born at time 0 is given by

Z(T-0

e n P(T t>B<T DN Z;’Tf” — —log(PlfT")) _ /3§T_t)-

This coincides with the demand (5)—(7) with «(7) =1, except that (5)—(7) concern the
present value of the bond rather than its face value, that is, the units of the bond. To derive
the demand (5)—(7) expressed in present-value terms, we modify the assumed functions

for u and B{7). We can obtain the demand (5)—(7) for a set of values of g, whose probability
can be made arbitrarily close to 1.
Suppose that there are two types of preferred-habitat investors born at each time

t in equal measure. For type 1 investors, C = 0, u(C,,7) = log(C,,7), and " =

n,t'

1 (1) 3 . . LR

e where B,” is given by (6) and (7), and e is positive and small. For type
v ’

(T+t—t")

n,t'

2 investors, C = —oo and é
with the function

= 1. To define u(C,,r) for type 2 investors, we start

N(x)= —IOg%,
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defined for x > 0. The function N(x) converges to infinity when x goes to zero and
converges to zero when x goes to infinity. It decreases for x € (0, e) and increases for
x € (e, T). Its minimum value, obtained for x = ¢, is —%. We take x to represent marginal
utility '(C,,r) and take N (x) to represent C,, . This defines u(C,.r) for C,,.r > —% and
u'(Cyr) € (0, e). To define u(C,.7) for C,.r < —é and ' (Cr) > e, we extend u/'(Cyyr)
as a linear function of C,. (Other extensions are possible as well.) We set the derivative of
the linear function so that u'(C,, ) is continuously differentiable at the extension point,
and we take the extension point to be u/'(C;,r) = e(1 — €) (rather than u'(C,,r) =€) so

that the derivative is finite. We thus set

u(Cur) = Nﬁl(CH—T) for Cir = N[e(1 —€)],

e’(1 —e)?
W(Coip)=e(1—€) — lm;(li_z)[c,g “N[e(l—o)]] for Cror < N[e(1 - &)].
Since u'(C,r) is positive and decreasing, u(C,,r) is increasing and concave.

Proposition B.1 implies that the number Z,(,,Tf” of units of the bond maturing at time T
and held at time ¢ by a type 1 investor born at time 0 is given by

1

=P<T—z>[§(T—t)'
5 (T—1) t n,t
Zn,z
This yields the demand
A 1
(T—t) 7(T—t) _ _ (T—1)
Pt Zn,[ - 'é(T_’) =-B ’
n,t

expressed in present-value terms, when B8!" " < —e. Proposition B.1 implies that the num-

ber Z,(LT,”) of units of the bond maturing at time 7" and held at time ¢ by a type 2 investor
born at time 0 is given by

N—I(Z’(gt—t)) — Pt(T—t)
when P,(T”) < e(1 — €). This yields the demand
Pt(Tft)Zil?;ft) — PI(T’”N(P;T’”) - _ log(PfT*’)),

expressed in present-value terms. The aggregate demand, expressed in present-value
terms, across type 1 and type 2 investors when B! ™ < —e and P{" ™" < e(1 —€) is

~log(P) = BT

and coincides with the demand (5)-(7) with a(7) = 1. Condition B!" " < —e requires that
the demand intercept in (5) is negative (smaller than —¢). Condition P{" ™" < e(1 — ¢)
requires that zero-coupon bonds trade below e(1 — €) and, hence, below par value. The
probability of the set of values of g, such that the two conditions hold simultaneously can
be made arbitrarily close to 1 if 7 is sufficiently large and 6,(7) is sufficiently small.
Proposition B.1 and the subsequent analysis require K > 1. To extend them to K =0,
we assume that ﬁf{f” is equal to a deterministic function of 7' — ¢ plus random noise that
is independent across investors # in the same generation. Because of the random noise,



PREFERRED HABITAT AND THE TERM STRUCTURE 29

3" is not perfectly correlated with r,, and the proof of Proposition B.1 goes through.
Because the random noise is independent across investors in the same generation, BE,T[”

averages to a deterministic function of 7 — ¢.

APPENDIX C: CALIBRATION

The material in Appendix C is included in the Full Appendix, available at http:
//personal.lse.ac.uk/vayanos/Papers/PHMTSIR _ECMACf.pdf.
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