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1. InbToductian

ValeatR isk(V &R ) hes beaome akey tod Tor sk manegament of.. nen
dal irstttiutias. T he mgubBEiay emMmamait ad the nesd o antoling
nskinthe...nendal conmunity have proided incantives Torbanks todevelkp
proprietary nsk messurament macek. A mag other achantegss Vabes at
R isk provce guantitative and syrthetic messures of sk thatallowv o tae
into accountbvariacs Kinds ofFatss dgpendence betinean assetretunms, Bl
and non namalty e ects arising fran the presence of .. nendal gotias or
detultnisk foreampke

T here is abogoning intexestan the econanictoundatias of V &R . Fara
lhgtime econamists have arsidered enpirical bdaeviaural madek ofbanks
arinsurance ampanies Where these institutias maxdmise sane utiity ar-
terrauderasohvency astrantolV &R tpe(seet dlier; KashlandR odet
(199 §, and Satomeroand B abbel (199 § ad the referencss thaxain] Simi-
by other researdars have studied gotimal portfolio selectian under imitied
donrsicke rnskas an altematine 1o trad icael mean \arianae et datthaitiers
[s;eR oy (1952), L ewy ad Samat (19 72), A zacand B ana (19 77), Jasan
Koedjk and deVries (1998)] Finally intermal use ofV &R by ..nendal in
stitutias hes bean addressad in a delecated nsk manegament franenark in
ader o mitigate agacy prdolms [Kimball (199 7), ARootand Stan (1998),
Stougitn ad  edrer (1999)] Indssd risk manecement practtiaars de
temireVa kbweb Toreery business unit and perfam inaemattal vV &k
amputatias Tormaneganentof sk imits within tredingbodss. Since the
number of sudh subpartiolics is usually aue lexge this inlvolhes huge Gl
ailtios that predude anlire nsk manegamait 0 ne of the ams of this
paperis 1o danme the sastivity of VY &R with respect o a madi. catian of
e patioloallocation. Sudh asasitivity hes alileedy bean darnved undera
6 aussian and zexo mean assumptian byt aman (VI 6199 7).

D expite of tre intersive e ofV &R there is a imited erature dealing
wrth the thearetical properties ofthese nsk messures and tharaaseguaencs
an rsk manegematt  Falloning an axdamatic gopraadh, A rizner; D elbaen
Eberadt eath (199 6199 7) (seeabol banese (199 7) Taraliemative axdans)
haeproad thaty/ &R ds the subaedd vty property Torsane distributias
ofessetreturs. T his may induce an incative o disegrecaie the partiolics in
aterodramatty/ &R astants. SimibardyV &R is notneasssar ly aanvex
in the patiolo allocatian, whidh may ked o di¢ aulties when aaomputing
gotimal patioics uderVaR astrants. B eside gdoal prgperties of nisk
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messures, itis thus aboimportanttostudy tha r bcal ssaod aderbeaiar.

A partfron the prevass econanicissues, 1tis abo interesting to disass
theesstimation ofthe iskmessurevwhidh is related toguanti e esimation ad
il aalsis. Fullly parametric gopraades are wdely usad by pradtitiaers
(seeeg JP I agnR iskmetrics doaumatatian), and mast often besed an
theassumption ofjantnomality ofessst(arfedorn) returs. T heseparamet
rc goproedss are ratherstinga it T hey generallly implly missped...catian of
te b adVa udassimation. Fully naparanetric gopraedes hae
abo been prypesed ad axrsist in determining the enpincal guantie (the
histarical V &R ) ara smaothed versian ofit[H anel and D as (1982), Fak
(1984),(1985), Jaian (1996, R idder (199 7)] R ety sami- parametric g
praedes hae been develpped. T hey are besad an etherextrame alle g
prodmation forthe A B [B ass, Embredits and Kaetzald (199 8), Embiredts
R esnidkand Samaradnitsky (19 98) ] ar bl kelihood methods [ auéaaux
and Jasiak (1999 a)]

H oneverup tonovthe statistical iterature hes Toassd an the estimatiaon
ofVaR bk vwhk in anumberofcsss, the knonkedoe of partial deriva
e o/ R with respectto poartiolio allocatian is mare uselul Farirnstanae
partial dematives are reguired 1o dak the anvedty of V &R, 1O aaduct
margnal analysis of partioics ar ampute gotimal patioics under V &R
astants. Sudh dematives are essy 1o dere Tor multhvariatke 6 assan
distributias, but, in mastpradtical gpplicatias, the jantcodtaaal p.d.f
ofassetretunrs is nott aussian and involves aamplex @&l dependance [Em-
bredits Il d @ladStauman (1999)] T hegalhareis todarve analytical
faoms Tor these damatines in avary geeral framenak T hese epressias
Gan be used 1o esse statistical inferaae and o perfam bl nisk analysis.

T he pgperis atanized as TOllons. INSectian 2, we arsicer tre .. istad
ssaod aderepasias of/ ale atR iskwith respectto portiolio allocation.
W e ceteplidteqressias Trthe . Istand secod ader denvatinves, Whidh
are daacterizad in terms ofanditiaal manatts ofsssetretums gven the
partiolio retum. T his allons 1o disass the anvexdty prgperties ofV albe at
Risk InSedian 3 we inraduce the notian of V&R e datt patola It
extacs the standardd notian of mean\varianae et dent partiolio by &g
VaR as udariying sk messure. Fiistadaeraodias tret daxcy ae de
med ad ineapreted. Sectian 4 is ancamed with statistical inferaae. W e
introduce kermel besad gppraades Trestimating theV albe atR isk dedding
is anedtyand determiningV &R e¢ dattpoartiolics. InSectian 5 these g
praadies are implmeanted an real datga nemely retums an two highly tradsd
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stods an the P anis B aurse. Sectian 6gathers some anduding remarks.
2. T he sarsitiaty ad anvedaty ofV R
21 D e.nianoftteValke atRr isk

W e axidern ..nendal assets Whose pricss at time tare denoted by
Pig 1= 1;::2;n. T henalbeattofapatioiowth allocatias a;; 1= 1; 225N

X
isthen: Wd) =  apic= adPe IFthe patio structure is hed .. xed

beten the aunent date tand the fiure date t+ 1, the dangg in the
matetvaleisgvenby: We1(@) i Wd@) = ae1 i po:

T he purpcse ofF V&R analysis is 1o provice guantitatinve gucelines tor
setting reserne anauts (ar gpital recquiremas) in phese with potential
aaedags inprnas|[sseeg JP I agen (996, W ibon (199 §, Joan
@997), Dutead Pan (997), Dond (2998), Stk (1998) Tor a detaEd
analysis ofthe aonagptof/ & ad goplicatias in sk manegament] Fara
bss prdoebility Bel®, theVale atR iskV aR a;®) isde.ned by :

PdWe1(@) iWga)+ VaR (a;0)< 0]= ©; 21)
where R is the aaditianal distiibution offuture assetpriass gven the infor
maticnada Bbkeattimet Sudhade. niian assumes acatinuous aaditaal
distribution ofieturrs. T ypicalvalues Torthe koss prdosbi ity range fram 1%
105 % , dgpadingan the imehaizan. H encetheV R is the reseneamaunt
sudh that the gldoal pasiian (partioio pLs resene) anly sieers a bss Tora
gven small prdoehi ity® oera..xed periad oftime here nomalized toae
TheVa& canbeasiderad as an uperquantieatbell § 0, snce:

Pdia%:1> VaR (a;8)]= 0; 22
Were Ve 1 = Pe1 i Pe
A tdate tthe VaR is a Tundian of passt infomatian, of the partiolio
struciure a and ofthe Ioss prdosbiity b el® .
226 aussian Gee

InpracticeV ale atR isk is often amputed underthe namality assump-
ton orprce dangs (arretunrs), daoled as V. 1 - L etus introduce 1 cad
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- & the aaditianal mean and cwarancematnx ofthist aussian distiibutiaon.
T hen fran (2.2) and the properties of thet aussian distribution we deduce
teepressian ofteVable atR isk:

VaR (a;0)= ja%et @2 @) 2505 23

wherez; ;. isttequaitikofbell j @ ofthe standard namal distitbutian.
T his eressian shons the dsaompasiian of the VR into tho aampaants
whidh caanpasate Toredpected necatinve retums and risk respectively.

L etus ampute the .. 1Istad sscod ader dematinves of heVaR with
respect o the partiolio allocatiaon. W e get:

@V aR (a;®) 1 -
= e a_qtia(\/ aR +(2;0)+ a9
= iEdYerBYe1= iV aR (a@;0)]; (X))
@’V aR (a;®0) _ Zij0 - @d% e
0aga® = @@ ‘' ata
= ﬁvl{y&m%lz iV aR (@:0))  @5)

In pariauler we note that these .. 1Ist and sscod ader denalives are
at ne tuncias of eV &k with aoet dats dgpading an the partiolio al
bbcatian, but indgpadatt of @ . In the next subsection we extad these
inerpretatias of the . iIstand secod aderdematives ofthe V ale atR isk
in tams of ... ist and secod ader adiiaal manaits gven the patioio
vale

236 emval =

T he gaeral eressias Tor tre .. 1Istad seacod ader denvatives of the
VaR ae gwan in the proparty belon: They arevalld ss soonas v, 1 hes a
aotinuass aaditiaal distribution with pasitive da gty and admits seaod
atermangats.

Property 1 :



1) The .rst ader dematie of the Vale atR isk with respect O the
partioio allocatian s

W = iEdVe BV = iV aR «a;0)]

i) T he saocod adar denative of the V alle atR isk with respect to the
partioio allocatian is

@°VaR«@;0) _ @ bgga;t(_
1

VaR @@V Ve 1BV 1= iV aR «@;0)]

@a@a® B 0z
( 8 )
i Ve m¥%e 1= i7]
@Z z=V aR «@a®)

where g, .« danotes the aonditicnal p.d.fofaQ ; .
Proof: 1) Theadtaorde.nngtteVak anbewitienas:

RIX + a;Y > VaR «a;®)]= ®;

X

whereX = §  avie1;Y = iVe1- | e epresion of te st ader
F?

deratie drectly Ollons fran L enmal inA ppaxdix 1.

i) T he second aderdemative Gan be deduasd fram the.. istadereqan
san of the .. Ist ader denative araund a bendmark allocation a,. L etus
seta = a,t " whare' isasmall real rumberande  is the anonical vector;
with all campanents ecual o zerobutthe J* eqal toae. W e dsduce:

OV aR «a:0) a%;(ia;®) = EJX I +"Y = 0]+ o();
where:

X = iVie;l = 181 1V aR «a0;0);

Y = Vet Edyged = 01

T he resultfollons from L enma3 inkA ppendix 2.
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24 CaovedtyoftteV ar

I'tmay be aanvanient Tor a nsk messure 1o be a anvex functian of the
particioallocatiaon thus indudnginaantive forpartioiodivarsl. catian. Han
e epressan of the sscod ader denmatinne of the V&R, we an disass
adtas whidh easure anedty. L et s asider the o terms of the
decompaiian gveninP rperty 1. T he.. istterm is pasitive de. nite a6 soan
as the p.d.f ofthe patiolio prna dange (o retum) is inaessing in its Eft
@l Ths adto is satis.ed ifthis distributian is unimadal but an be
violkied in the ceese ofFsaveral mades in the &l T he seaod tarm involhes
e adtical hetercscadsstiaty ofF daengss in assetpras gven the dange
in the partidiovale. Itis nan necative ifthis coditaal hetercsacadestiaty
inaessss wWith the necatine bel jz ofdance in the patioiovalbe. T his
epressss the idea ofinaessing mulihvariate risk in the Eft il ofpartiolio
retum. To illstrake these tT7Wo ampaats we Turther disass partailr
eanpks.

1) 6 assian distributian
Inthet assian caee casidared in subssdian 2 2, we gett:
0 bgda:2) _ izt a%e

0z a? @
T herebxre:
@ bOYa:t, _ ) _ VaR @;0)+ a%¢
0z (iVaR «a;®)) = 20 @
Lo . . .
W’ fran eguatian (2.3):

T his pasitinve aet datt (es san as @ < ( 5) aonrespads 1o the mul-
pliciie fctor dosenad in eguatian (2.5). B esides the seaod term of the
decompaiian is zaro due 1o the anditical hanasasdsstiaty of yy gven
a%Ye



2) 6 aussian model wiith udoserned heteroce ety

T he prevas exanpk éan be extandad by allloning for undoserved hee
aapaty | ae pradsely Et s introdue an heteraogpaty Becior uad
assume that the aditical distiibution ofFassetprice dangss gven e in
fomatian held at ime thes meen 1 (U ad variaxe - (U. T hevanas
terms ofthe decompasi tian Gan essi ly be computed and admitepliatioms.
Farirstance we get:

z

0a:d2) = Ganz)i (WU

where g,z is the ( aussian distributiaon of the patiolio price dangs
g\en tre heterapaty Bdon and | danoies the heteragea ty distribution

W e deduce that:
00.42) 0, ..,
Bbgg@ _ g7 _ g% EDi (U
0z Ga:e(2) GaeZi)} (U U
" _H#
g, 009021 .
1 @Z

where the epectatian is taken with respect 1o the madi..ed prdoebi ity |
de.ned by :
z

1 (U= gad@)y (U] GarezZ) (D U
D ue to aaditiaal namalty we dotan :

" #
@ bgQa;e, _ o VaR (a;0)+ a% ()
iy GV R @0 = E; 2 40 : @8

L etus procsed with the secod term ofthe dscompaaion. W e gete:

VelYe 1BY%1 = iz]
= ElVdYe 1 B¥Y%1= iz:U+ Vi EdYe 1 0% 1= iZ;:4:
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T heaoditicnalhonesaadsstidtygvenu implies thetV Ve 1 PY%: 1 = iz; U
does notdgpend an e bBelz and we deduce thatt:

@

V1{Yt+1158/t+1 =ijz] = —V EdYtHPR/tH = iz;u]
= @@Z Y afl(L(’u)g‘a(.z 2.0 : @)

Letws cetal fomukes 2.6 ad 2.7), wen 1y = 0;8yie Tora
adticalt assian randaon wak with stodestic voatiity, Fan 2.6 we
deduce that:

" #
@ bgYat, 1

0z (iVaR «a;®))= VaR «a;0)E: 0 @) > 0
Ran 2.7), we get:
0 0, e
iﬁvl[yﬁlja%l: iZ] = i@ V: 1z ) KL)a
" ##
_ .0 - {Ya
= |@ zZVI a (Va ,
" #
_ -dYa
= +ZZV: 20 1(L)a ;

whidhis narnecatinvetrz = V aR (@;0). Thaekre eV &R is aanvexwhen
price dhangss Dllowab assian random vwakwith stodestic ot F ey

3. V&R EBEC deitP ortiolio

P artiolio sebction is besed on atrade @ betinean epecied retum and
nsk ad requires adxac forthe risk messure o be impkEmeanted. U sually
te rskis esalated by the aodiianal secod adermanet; ie otk
it/ T his lecs 10 the determinatian of the mean\ariane et dentpatioio
introducd byl arkoitz (1952). 1'tcan abobe besed on asafty .. 1Istaite
rHan (prdosbi ity ofF & lure), inftally prapased by R oy (1952) [seel ew ad
Samak (L9 72), A zacandB ana (19 77), Jansen, Kcedijkand deV nies (1998)



Torgoplicatias] In this section we extiad the theary ofed dattpartiolics,
wvwhenV alle atR isk is adgoted as risk messure insteed ohvariance.

31 D e.nitian

W e asidera gven budgetw 10 be allocated at ime tanagn risky
asets ad a nskfiee asset T he price attofthe nsky assets arep Wheress
the price of the riskfiee asscetis ae ad te nskiree intexsstrake isr. T he
budget anstraint akdate tis

W= a,+ adeg

where a, Is the anantinested in the riskfiee assetand a the allocatian in
e risky ass=ts. T he partioioval e at the TOloning date is -

We1

ao(1+ r)+ a(btl

w@+ r)+ afpes § @+ r)pd

w(l+ N+ aV%: (S):
T heValke atR isk ofthis partioliois de.ned by :

PWe1< iVaRdao;a;80)]= @; B
and can be writien in t&ms ofthe gquanti E ofthe risky partofthe partiola

VaR (ao;a;0)=w(@+ r)+ VaR (a;®); (G2)

vwhere VaR (a;0)satis.es: Pfa% 1< iV aR «a;0)]= @: (€1S)
Wede.nreaVak et dattpatioloas apartioiowrth allocatian soMing
the castraned gotimizatian prdolam :

8

=maxy EWVNe:

_ 34
- st VaRa,a;®) -VaRy;

whareV aR , iIsabaxdmarkV aR kel



T his prdblEm is ecuinalea it o

8

=>max, aEye:
_ @35)
" st VaR@;®) -VaR, gw(@+ r)= V&R ,;

TheVaR et deantallocation dgpencs an the ks pradoebility @, an the
baudV aR , Imiting the autharized risk (in the aotextofFapital adeouecy
recuiremant of the B asske Canmitiee an B ankiing Supervisian, usually ae
third a ae garter of the budget allocaied 1 trading adtivities) and an
the initial budgetw . Itis danoted by ag = a®;VeR ,]. T he castantis
binding at the gotimum and a{ soles the ... iIstadercaandtias :

_ JOVaR ¢,

8
EE%lz l;t@ia(at@);

= B9
~ VaR @%0) = VER;

where | {is al agrange multiplier: In partiaulritimplies proparicality at
e gotimum betinean the gldoal and bl epedtatias ofthe netcars .

h i
Eder= .6 Ye B Ye1= iVR, : B7)

4. Statistical inkeree

Estimation methads can be develgoped fram statiaaery doservatias of
\ariablks afintersst H enceitis preferabe toasiderthe ssquence ofretums
(e 1 i po=peirstead of the price maodi.. Gtias P+ 1 i P+ and accadingly
the allocatias messured invalles insteed ofshares. In this sectian Vg | =
(&1 i Po~pedaoiss the retum and a the allocatian in\ale.

I aeoerwe aasider the se ofii.d. retums, whidh allons toaad the
dgpendence an pastinfamation.

41 Estimation oftte V alle &R isk

Since the partiolio \vale ramars the same Wwhether allocatias are mea
sured in shares anvales, eV &R isstillde.ned by :

Rl ia% 1> VaR a;®)]= 0;

10



ad since the retums are l.1.d. itdoes notdgpend an the past:

Hia% > VaR @;0)]= @:

I'ten be asisEatly esimated fron T dosenatias by replkang the
unknonn distributian of the partiolio \alLe by a smaothed goproamatian.
Far this purmpase we inrioduae ab assian kermel ad de. ne the estimaited
VeR, daoted by V4R | a5

A !
12X i VR
T e h
where0 isthecd.f ofthe standard nomal distribution andh is theselected
bandwidth. In practice equatian (4.1) is sohed numerically by at ass
\ ewton algaittm. 1fvar® danotes the gpprodmatian atthep® step ofthe
algoitthm, the ypdating is gven by the reaursive fomula .
A !
1X ia%% jvar®
T o1 _h !
1 X a4+ var®

Th h

=0; 41

©

var® D = var® 4+ 42)

€1

where* is the p.d.f ofthe standard nomal distiibutiaon.

T hestartingvales Torthealgattm canbesstequal totteV &8 dotained
uderat assan asssumption artre histoicalV &R (empincal guant |).

0 ther dacs then the (0 assian kemel may abo be made withaut af
TBcting the procedure substantially. T het aussian kermel hes the achantege
ofbang essy O iNtegate and dic erattiatke fron an analytical parntohvien
and impkEmentfron a aamputerized pantohvien.

Fnally Et s emak that, due 1o the small kermmel dmasaan (ae), we
do not e the standard aurse ofFdmasianality often enacounteraed in karel
methods. H ence aur gopraadh is abo feesibE in the presencee of a e
numberof essets.

42 CaonvedtyoftteV &R

Aan the eressiaon ofthe sacod aderdematinve oftheV &R proaded in

2 .
P 1perty 1, we knovthat-theh aw@v@;‘:—@ﬁ:;@) is positive samice. nite i
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@I)ggat(z)>0a_d@v[y&lﬁ%l 1 A0 Brrecative 7 vales, T hese

sm:gentomdudscal eeaybededa:lwltmtraargtoesumaleite

Vale atRisk Indssd aasistent estimatars of the p.d.f of the patioio
alle and oftre aaditical varnance are .

A !
)I -
@)= T—lh y a%’;'z : @3

€1

q q
X P izt X Pageiz' X M8z
yiyt h yt h yt h
\?[Yt 1ﬁ&t1—2]_ = i N
o+ o+ T 1
X HaR/tlz X _ueﬁ/tiz
h h

= =

@4

43 EBstimationofaV &R et dent poartiolia

D Le 1o the rather simpke fams ofthe ... iIstand sscod ader dematives
ofteV &R, itisanveniatttogoply at assli enton algorittim when deter
miningtheVak et datpatolo Il ae preasely Etus bdk Tora solutian
10 the gptimizatian prablem (3.5) in andgibaurhood of the allocation a® .
T he gotimizatian prdolem beaomes ecuinvalent o

max aEVe:

@V aR

st VaR @®;0)+ 5 @®;0)a ja®]
2\ aR

@a@a®
T his prdolem admits the solutian :

@®;e)a 1a®] - VeR,

1
* 2—[3 ia®

@’V aR .0V aR
¢+ — ® =12 """ (A0)- il = ()
2 319
2(VER, iV aR @®;08))+ Q(a@;®)§

@2V aR :
Eveil 92020 @®; @) 'Eye 1
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@’V aR

©)- il .
H@a@ao(a o)) (= V¥
witn: 0 @50)= L3R ooyt LR @0yt qose).
Togatihe esumage e theaet cz% reaursan s rqo@bcazl byits enpl nal
aunt@apart in wnidh the eqedation Eyg. 1 Is replbad by © = i Ve

T €tl
whikEtheVa ad it dematives are rplbacd by tharanrespading kermel
estimates gvan in the t\o prevas subssclias.

5. A nempinal ilLstratian

T his sectian illustrates the impEmatation of the estimatian pracsdures
desaibed in Section 4! W e analyze two aompanies Isted an the P aris
Bause: Thanson CSF (ebctranic devics) and L U réal (aametics). B oth
stods belog o the Fendh stokindex Gt C 4. T he dataare daily retums
recorded fram 04/01/199 7 ©05/04/1999, i.e 546doseratias. T he retum
meen and standard deviation are 0.004% ad 1.26% forthe ..i1ststodk
00586 ad 1.330% forte ssood stodk || inmum retums are -4524%
ad -4.341% , vwhile madmum valles are 3985% and 4.013h , respecinnely.
W ehaetxrsdennsss-0237 ad 0.060, ad forkurtcsis 4099 and 4.295.
T his indicates that the data canottbe asiderad as namallly distributed (it
is an../mmed by thealles 375 ad 420.0 aken by the JargueB era (1980)
tBstsEtistg. T he aneltian is 0.0036 . W e hae deded the aosaae of
dynamics by examining the autoconelogans, partial autocorelogans ad
L JugB ok statistics.

Fgure 1 shons the estimated VaR of a patiolo induding these tho
stods with div erantallocatias. T he allocatias renge fram 0 (1) ©1 (0) in
ThansonCSF ( 0 ré&l) stodk T he boss prdoebiity bwelis 1% . T he deshed
ine proidss the estimated V&R besad an the kermel estimator (4.1). W e
hae selbecied the bandwidth acooding 1o the dessical propariaali ty ke
h = =3, Ti¥5 whare, is the standard deviation of the partiolio re
wmwth allbcatian a. W e abo prodce the estimates gven by (2.3) besed
an the namality asssumptian (solid ne) ad the estimates using the eanpin-
al .. istpacntike (dsshaed Ine). T hestandard VaR basad an the namality
assumptian are far below the ather estimated values as itauld have bean

16 auss programs develpped o this section are avdi Ebe an reguest
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ejpected fram the skenness and kurtasis eibited by the individual stodk re

twims. ThisstandardV &k  lads toan undarsstimatiaon ofthe resernve anaunt
amed o merpoiattial Issss. W e note thatthe kermel basad estimatorand
peraati E besad estimatar ked tosimi arresullis with asmaother-pattermn for

IN SERT Hgurel : Estimated V &R

L etus noveamire tesagtivities. Estimated ... istpartial darivatives of
tepatolioVak aegveninFgure?2. T hesold ine proAdess the estimate
of the partial darmatinve Tortre .. 1iststodk T hamsan CSF besed an a karel
gopraadh. T he dotied ine aaneys its 6 aussian counterpart and does not
retect the non maotoniaty of the .. 1Ist denvative. T he tho ather dashed
inss gve the analogos aunes Torthe sscod stodkl 0 réal A tihe patiolio
anespadng O teminmum VaR in Hguare 1, the .. istderivatives Wt
each partiolo allocation are equal as seen anHgure 2, and aanddewrth the
L agrange mutiplier assocaated with the acostranta; + a; = 1.

IN SERT Hgue? : Estimated sa sttty

W hat could be sad abautVaR anvedty when a partiaular allocatian

a is adopted ? B oth conditias L0917 gl MbesBleid A for

necative z \valles an beven.ed in aderodakVaek anedty W ean

e the estimatars basad an (4.3) ad (44 Torsudh a\ven.caion. L etus

tHeadvas..ed patOiowth allocationa = (0 5,0 5)°. Figare 3 gvwes the

estimated kg derivative of the p.d.f of the partiolio returms (see (4.3)) ad
shons that the .. Istaoditian is notempirnclly satis..ed.

Il SERT Hgure 3: Frstadton foranedty

I aeover the secod aodiian is abo notemnpincally met  Indesd we
Gan dosene in Figure 4 thatthe solld and deshed ines riepresanting the tho
agenales of the estimated coditical variance (see (44)) are notstrictly
pasitive Tornecative z vales. H enacewe aonduce o the lbal noh anvedty
ofteVaR forapatiolio ealy inested in ThonsonCSF ad L 0 réaal
Sudh a..nding is notnecsssari ly \alid Tor ather allocatiaon structures.

IN SERT Hgure4 : Secod codition foranvedty
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W e ed this sectiaon by disassing the shepes of e estimated VaR . W e
ampare thet assian and kamel gopreedes in Hguress 5 and 6 T he asset
allbcatias range fron -1 ©1 in both assets. T he aontour plot conespads
W inaanais in te estimated VaR by 0.5% . H ence the aattour ines ar
respad osuaessive isd/ &R aunvess with ek 05% , 1%, 1.5% , ..., starting
fion 0 (albcationa = (0;0)9. Underat aussian assumptian, the isd/ &R
aonespads o an eliptical surfece (see FHgure b). T heisd/ R dotained by
e kamel gopraadh are prodad in Figure 6 W e dosene that the aone
soadingVak are alhays hiderthen et assian ass ad thaksymme
oy with respect 1o the aign is st In particuler; withaut the ¢ aussian
assumptian, the diredtias of stegpest (resp.  fatiest) sscat are o mare
stradit nss. H onever uder both aaomputatias ofisd/ &R the partiolics
with stepest (lep. tatiest) ssaatare dotained Torallocation of the same
(resp. Qopasite) sigs.

Fnally the iso/ &R aurves aan be used o daradierize eV &R e dent
patiolcs. T heestimated et dentpatiolioforagven authaized BelVAR
is gvan by the tenganoy pdntbetneen the iso/ &R aune of Bl VAR , ad
tesstofins witheguatian: a1 + 3, D = onsant where?, 1 daoe
e esimated mears. Sine the 10/ &R aurves do not dit er substantially
an arrempirnal eanpk the et datpatiolG are notvery mudh ae ected
by the use of the ( aussian ar the kermel goprcedh. T his ..nding wauld be
dnallanged ifassets with nonlinearpayor' s sudh es qotias, were introduced
in the patolo

IN SERT FHgueb5 : Isd/ak Curnes byt aussian gopraadh
IN SERT Fgue 6. 1sd/ &R Cunes by karmel gopraadh
6 Caduding memarts

W ehave asidaed the local properties oftheV aleatR sk Inpartiaular
we hae damnead eplatepressias Torthe sastivties ofthe sk messures
with respect 1o the partiolio allocation and goplied the resuls 1o the deter
minatian of V&R et dent partiolics. T he enpinal goplication pants aut
te draene betneen aVak amalysis besed an ab aussian assumptian Tor
asset retums and adirectnaparametric gopraadh.

T his analysis hes bean perfamed undertho resstrictive codiians, nemely
Li.d retums ad astant partolio allocatias. T hese aaditias éan be
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weskenaed. Forinstance we éGan intraduce naparametricll arkor modeks or
retums, alloaning Tar nonlinear dynamics and aompute the conrespading
adtaalV R tetherwith thardenmatives. Sudh an exiarsian is under
arentdevelppment T he assumptian of aastat hadings until the bendx
mark harzan can abo be questiaad. Indesd in practice the partidio can be
freoLently updated and amajarpartofthe nsk Gan be due to ungpprpnate
updating T he e@ectof a dynamic strategy an theVak an anly be \al
ated byl atte Carbb methods [see Tarinstance the impulbe respase analyais
in (6 awmaoux ad Jasiak (1999b)] It hes abo 1o be Een into acoount
wvwhen determining a dyramicVaR e¢ adatt hedging strategy [see Foellimer
ad! edkert (1998)] Fnally Etus mmark that aur kermel based gppraadh
Gan be usad 1o analy=e the sasitivity of the epected shartill 1.e. the ex
pected ks knoning that tre Iss is lrgertatagven bss guentie. T hisis
abo under aurmratdevelpmant
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A ppadix 1l
BEpasion ofaguati ke

Lemmal : | etus aasider a bivariate aatinuas vaoiar (X ;Y ) ad the
qentieQ (;0) de.ned by :

X + ™Y > Q(50)]= @:
T hen:

JQ Ci0)= EN K+ = Q0
P roof: | etus denotie by T(X;y) the jantp.d.f oftreparX ;Y ). W eget:
PIX + Y > Q(50)]= @
z'z # :
O _ Toyix dy=0:
QC®iY
T he dio erentiation With respect o'’ proades.

Z 90 (h0) _
@..’ iy FQCh0) iyiy=0;

whidh lecks 1o

B CH0) | YFQCI®) i Yiyly
o” fQ (58) i "YWy

EY X +"Y =Q(50)]:
Q.ED
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A ppaexdix?2
BEpasion of e caaditiaal exqpectatian

L emma?2 : | etus aasderacaitinuas threedmasigalvedor(X ;Y ;2 );
ten:

EX § + 'Y =0]

#
- Ex g =010 PP copxivg =03
z=0
i"% CoviX;YJY =z[}b=0+ "E[Y J = 0]@?—ZE[Xj = z]L=o + o(Y;

whereg is the margral p.d.f of’ .

P roof: | etus danoke by T(X;y;z) the jantp.d.f ofthe ripk X ;Y;Z)

and by £ Vi) = f(;(g)’z)tecrrdﬁdlalp.d.fofx Y gvenl = z. The
adtical epedatian isgven by :
ZZ

XFOGY; i"YIxty
77

CFOGY; iTYXY

zz zz
@

xFOGY; 0)xdy 5 xy@f(x;mo)dxdy e
i ZZ + 0
FOCY0NXY § y%f(x;w)dxdy

#
= EKX =01:i"E xv%’—f’f(x Y300 =0

EX § + 'Y = 0]

—
- Z

" #
+ "EX j = 0E Y%ff(x Y308 =0 +o()
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@ bgf

= EXJ =0]i"Cov[X;Y W(X Y5008 = 01+ o)

_ .0 bga(2)

= EXJ =10]i 2z

b=0 Cov[X;Y g =10]

i COCY SR CGY DR = 01+ 00): (AY)

L etus novaosider the denvatine of the coditical cowariane. W e get:

@ NV
@CQ/[X Y3 = 7]
= @@Z[E[XYj =Z]iEX§ = ZJEY § = Z]I
" # " #
— Exy%fa;Yﬁ)j:Z iE[Xj :Z]E Y@@?;ngo(;Y_i)j:Z

0 _ _
5, EX 3 = ZElY ] = 7]
" #

= Cov X;Y %ﬁ’f(x YR =z i%E[Xj =zE[YJ = z]-

T heeqasian ofl. enma?2 directly Ollons aftersubstitution in equatian
(Ald).

0 .ED

Lamma3: W henE[Y J = 0]= 0, the eqpasian reducs 1:
EXJ§ +"Y =0]

= EXJ =015 covpeiv g = 0]
i"% Cov[X;YF = zIk-o + o():
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Lemmad: W henE[Y J = 0]=0, addCov[X ;Y J = z]is indgpaxait
ofz (adtical hanesaedstiaty) the eqasian reducss 1o

EX § + 'Y =0]

.0 bgg(2)
0z
L etus Emark thatl enma4 is in partiaulb\ald Torat assian vector
X ;Y;Z). Inthis sped..cse We et

= EXJ¥ =10]i k=0 Cov[X ;Y § = 01+ o(").

1 1 1(z § E1 Y
boo(@) = i bgl¥ i bgV 1 iz—%;
@ bogo(»), _ EI _

Tz Ty
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